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Abstract
The aim of this work is to present a mathematical framework for the study of flickering inputs in visual processing tasks.
When combined with geometric patterns, these inputs influence and induce interesting psychophysical phenomena, such
as the MacKay and the Billock–Tsou effects, where the subjects perceive specific afterimages typically modulated by the
flickering frequency.Due to the symmetry-breaking structure of the inputs, classical bifurcation theory andmulti-scale analysis
techniques are not very effective in our context. We thus take an approach based on the input–output framework of control
theory for Amari-type neural fields. This allows us to prove that, when driven by periodic inputs, the dynamics converge to
a periodic state. Moreover, we study under which assumptions these nonlinear dynamics can be effectively linearized, and
in this case we present a precise approximation of the integral kernel for short-range excitatory and long-range inhibitory
neuronal interactions. Finally, for inputs concentrated at the center of the visual field with a flickering background, we directly
relate the width of the illusory contours appearing in the afterimage with both the flickering frequency and the strength of the
inhibition.

Keywords Neural field model · Amari-type equation · Time-periodic external input · Localized flickering input · Application
to visual processing

1 Introduction

In computational neuroscience, neural fields are fundamental
models for understanding the collective behavior of neu-
ronal populations. Initially developed in the 1970s to model
the sensory visual cortex [1–3], they have been refined and
adapted to account for various factors such as the functional
architecture of the primary visual cortex [4–10], and tem-
poral delays [11, 12]. These models are highly suitable for
describing phenomena like spontaneous geometric visual
hallucinations that emerge in the visual field due to sud-
den qualitative changes in specific physiological parameters
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[3, 5]. They also prove effective in understanding sensory-
driven and self-organized cortical activity interactions when
the visual stimulus exhibits regular shape and complete dis-
tribution across the visual field, with symmetry respecting a
subgroup of the Euclidean group [13].

In this study, we use neural fields to understand the impact
of flickering external inputs on the perception of visual phe-
nomena. This situation has been investigated in [14], in a
slightly different setting, for spatially homogeneous inputs.
In this work, continuing the research line started in [15,
16], we are interested in visual stimuli that do not neces-
sary exhibit symmetries. As such, the standard tools from
equivariant bifurcation theory cannot be employed and we
resort to an approach inspired by control theory, where the
external input is seen as the control.

Specifically, we consider the following Amari-type neural
field equation,

∂u

∂t
= −u + ω ∗ f (u) + I . (1)

This equation is characterized by a spatial interaction kernel
ω, a firing rate function f , and a time-periodic external input
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I , where ∗ denotes convolution in space. Here, I captures the
cortical response to flickering visual stimuli, and the solution
u represents the perceived visual pattern.

Since the aim of this paper is to understand the effect of
flickering visual stimuli under normal conditions, the param-
eters defining the mean field equation, such as those for the
kernel ω or the firing rate function f , are chosen so that,
in absence of input (e.g., I ≡ 0), a unique stable stationary
solution for (1) exists.

Under these assumptions, we theoretically study equation
(1) allowing to predict cortical dynamics under a time-
periodic inputs I . In particular, we show that introducing
a time-periodic input I ensures the dynamic to converge
toward a globally attractive periodic state. Additionally, the
solution of the neural field equation respects the symmetries
of the vector field (r.h.s. of (1)), entailing that a spatially
homogeneous input will produce a spatially homogeneous
solution. This differs from the model proposed in [14] for
studying flicker-induced phosphenes, where the input affects
system stability, and a homogeneous input results in an non-
homogeneous solution.

We then show under which conditions it is possible to
approximate the nonlinear dynamics (1) with their lineariza-
tion, and study the latter via Fourier techniques. Namely,
when ω is taken to be a difference of Gaussians, we explic-
itly calculate the integral kernels solving the linear version
of (1), thus generalizing a technique introduced for the static
case in [15, 17]. This allows not only to exhibit an explicit
expression for the attractive periodic state u� in the one-
dimensional case, but also in the general case, albeit only
for one-dimensional inputs (i.e., inputs that depend on a sin-
gle variable).

These theoretical results are particularly relevant to study
flicker-induced visual phenomena. Indeed, geometric pat-
terns commonly studied in visual processing, and particularly
visual illusions, often include concentric circles or radial
shapes whose induced cortical input is effectively repre-
sented by one-dimensional inputs, due to the retinotopic
mapping from the retina to V1.

Our research inquires on how localizedflicker inputs inter-
act with these geometric patterns: leveraging analysis from
the linear case, we explicitly derive solutions correspond-
ing to these time-dependent inputs. In accordance with [15,
17], localized information generates geometric patterns com-
plementary to its position, and we show how flicker induces
their perceivedmotion.We also explore how kernel and input
parameters influence solution dynamics, affecting the per-
ceived pattern size. Indeed, we theoretically show that the
thickness of the illusory contours induced by an input local-
ized at the center of the fovea depends on the frequency of
the background flickering. Moreover, we show how this phe-
nomenon is strictly connected with the relative strength of
the long-range inhibition. Finally, we apply these findings

to psychophysical experiments like the MacKay effect [18]
and Billock–Tsou illusion [19], showcasing how parameter
variations impact the size and reproducibility of perceived
phenomena.

1.1 Structure of the Paper

The paper is organized as follows. In Sect. 2, we present the
neural field model with periodic input. We address the well-
posedness of the Cauchy Problem, the existence of a globally
attractive periodic solution, and we study its behavior in the
presence of quasi-linear firing rate functions. We show that
if the input is sufficiently small, the solution to the general
mean field equation behaves like the solution to the equation
characterized by the linear firing rate function.

Section 3 deals with the linear mean field equation. We
decompose the globally attractive periodic solution using
Fourier transform in space and Fourier expansion in time for
the input, introducing the convolution with a suitable kernel.
We restrict ourselves to the 1D case, where we can directly
compute these kernels using results from complex analysis,
extending a technique proposed in [15]. The proof of some
necessary technical results is postponed to Appendix A.

Finally, in Sect. 4, we use the explicit representation of the
globally attractive state of the mean field equation to apply
the theoretical results to the domain of visual processing.
Firstly, we investigate the solution in response to a localized
flickering visual stimulus in the linear case of the firing rate
function. Then, we examine how the parameters defining the
equation, including kernel and input parameters, influence
the solutions. We explore how these findings can be applied
to psychophysical experiments that can be approached from
a one-dimensional perspective, such as the MacKay effect
and the Billock–Tsou illusion.

Notation

The Euclidean norm of a point x ∈ R
d is denoted by |x |, and

〈·, ·〉 denotes the scalar product inRd . Given a complex num-
ber z ∈ C, we denote with �z and �z its real and imaginary
part, respectively.

For 1 ≤ p ≤ ∞, we consider the Lebesgue func-
tional space L p(Rd) with its standard norm ‖·‖p. We define
L∞([0,∞); L p(Rd)) as the space of all real-valued func-
tions u on R

d × [0,∞) such that

‖u‖L∞
t L p

x
:= ess sup

t≥0
‖u(·, t)‖p < ∞.

We endow this space with the norm ‖u‖L∞
t L p

x
. Note that for

u ∈ L∞([0,∞); L p(Rd)) and almost every t ∈ [0,+∞)we
have that u(·, t) ∈ L p(Rd).

We let û be the Fourier transform of a function u ∈
L p(Rd). When u ∈ L p(Rd) ∩ L1(Rd), this is given by
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û(ξ) =
∫
Rd

u(x)e−2π i〈x,ξ〉 dx . (2)

The inversion formula then reads

u(x) =
∫
Rd

û(ξ)e2π i〈x,ξ〉 dx .

2 Neural Field Model with Periodic Input

In this section, we collect results concerning the neural field
equation (1), for general, and in particular nonlinear, activa-
tion functions.

We consider the following assumptions on the parameters:

1. The spatial interaction kernel ω : Rd → R is an even
function (i.e.,ω(x) = ω(−x)), and it satisfies ‖ω‖1 < 1.

2. The firing rate function f : R → R is Lipschitz contin-
uous, such that f (0) = 0, maxs∈R f ′(s) = f ′(0) = 1,
and ‖ f ′‖∞ ≤ 1.

3. The external visual input I belongs to L∞([0,+∞),

L p(Rd)).

Remark 2.1 In the static case, namely when the input I (x, t)
= I (x) is time independent, these assumptions ensure that
there is a unique stable stationary state associated with the
mean field equation (1), see [15, 16].

2.1 Well-Posedness of the Cauchy Problem

We use classical tools of functional analysis in Banach
spaces (for a general reference, see [20, 21]), to show the
property of existence and uniqueness of a solution to equa-
tion (1). Assume 1 ≤ p ≤ ∞, we define the operator
A : L p(Rd) −→ L p(Rd) as:

A := − I+W f (3)

with I identity operator and

W f u(x) = [ω ∗ f (u)](x) =
∫
Rd

ω(x − y) f (u(y))dy. (4)

We recast equation (1) as a Cauchy Problem in L p(Rd):

{
u′(t) = F(t, u)

u(0) = u0, u0 ∈ L p(Rd)
(5)

with F(t, u) = Au(t)+ I (t) and I ∈ L∞([0,∞); L p(Rd)).

Definition 2.1 A solution of the Cauchy Problem (5) is an
absolutely continuous function u : [0,∞) → L p(Rd),

which is differentiable almost everywhere on [0,∞) and sat-
isfies equation (5) for almost every t ∈ [0,∞) with initial
condition u(0) = u0.

Proposition 2.1 For any initial condition u0 ∈ L p(Rd), the
Cauchy Problem (5) has a unique solution taking values in
L p(Rd) that is locally Lipschitz continuous on [0,∞).

Proof Firstly, we show that F(t, ·) is Lipschitz in L p(Rd).
Suppose u1, u2 ∈ L p(Rd), by Young’s convolutional
inequality, we have

‖ω ∗ [ f (u1) − f (u2)]‖p
p ≤ ‖ω‖p

1 ‖ f (u1) − f (u2)‖p
p. (6)

This yields

‖F(t, u1) − F(t, u2)‖p ≤ (1 + ‖ω‖1)‖u1 − u2‖p. (7)

The existence of a Lipschitz solution to the Cauchy Problem
(5) follows by [20, Thm. 8.1] (see also [21, Thm. 7.3]). Such
solution is unique as a consequence of Gronwall’s Lemma,
thanks to the Lipschitz continuity of F .

In order to study symmetries of solutions to (5), we intro-
duce the following.

Definition 2.2 Given a map φ : R
d → R

d , we say that a
function u : Rd → R is φ-invariant if u ◦ φ = u. Moreover,
an operator A is φ-equivariant if A(u ◦ φ) = A(u) ◦ φ for
any u in its domain.

The following result shows that the solution to (5) respects
the symmetries of the equation.

Proposition 2.2 Consider φ ∈ C1(Rd;Rd) with Jacobian
Jφ s.t. |det(Jφ)| = 1. Assume that the operator W f is
φ-equivariant. Then, for any φ-invariant input and any
φ-invariant initial condition, the solution to theCauchyProb-
lem (5) is φ-invariant.

Proof Consider u(x, t) solution of (5) and let v(x, t) =
u(φ(x), t). Then, v satisfies:

{
∂tv(x, t) = −v(x, t) + ω ∗ f (v(·, t))(x) + I (x, t)

v(x, 0) = u0(x).
(8)

The result follows from the uniqueness of the solution.

Since W f is a convolution operator, it is φ-equivariant
for all translations φ(x) = x − a, a ∈ R. Hence, spatially
homogeneous inputs and initial conditions yield spatially
homogeneous solutions.

In general, W f is φ-equivariant if ω(x − φ−1(z)) =
ω(φ(x) − z) for all x, z ∈ R, and hence, additional symme-
tries depend on the kernel ω. We mention that if ω is radial
(i.e., ω(x) = ω(|x |)), thenW f is equivariant w.r.t. rotations.
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2.2 Existence of Periodic Solution

In this section,we study the long-termbehavior of the dynam-
ical system governed by (1), when the external input is
periodic.

Theorem 2.3 If the input I ∈ L∞([0,∞); L p(Rd)) is T -
periodic in time, then (1) has a unique T -periodic solution
u�(t) ∈ L p(Rd) such that for any other solution u of (1) it
holds

‖u(t) − u�(t)‖p ≤ e−t(1−‖ω‖1)‖u(0) − u�(0)‖p. (9)

Proof Consider thePoincarémap� associatedwith themean
field equation (1):

� : L p(Rd) −→ L p(Rd)

u0 �−→ u1
(10)

where u1 := u(T ) with u(t) denoting the trajectory asso-
ciated to the differential equation (1) with initial condition
u(0) = u0. The idea is to prove that the Poincaré map �

is a contraction. As such, it will have a unique fixed point.
Due to the periodicity of the input and the uniqueness of the
solution, this yields the existence and the uniqueness of the
periodic solution. The attractiveness follows from standard
estimates.

Let us consider u(t) solution for the Cauchy Problem (5)
associatedwith (1)with initial condition u0 and let v(t) be the
solution to (5) with initial condition v0. Then, by Variation
of Constant formula, and taking the L p norm, we have:

et‖u(t) − v(t)‖p − ‖u0 − v0‖p

≤
∫ t

0
es‖ω ∗ [ f (u(s)) − f (v(s))]‖pds

≤ ‖ω‖1
∫ t

0
es‖u(s) − v(s)‖pds.

(11)

Rewriting the inequality as:

z(t) := et‖u(t) − v(t)‖p ≤ z(0) + ‖ω‖1
∫ t

0
z(s)ds, (12)

we can apply Gronwall’s Lemma (see Lemma A.18) to get:

z(t) ≤ z(0)e
∫ t
0 ‖ω‖1ds = z(0)et‖ω‖1 . (13)

It follows then that for every t we have:

‖u(t) − v(t)‖p ≤ e−t(1−‖ω‖1)‖u0 − v0‖p. (14)

Finally, if we use (14) for t = T , we obtain:

‖�(u0) − �(v0)‖p ≤ e−T (1−‖ω‖1)‖u0 − v0‖p. (15)

This implies the Poincaré map � to be contractive since the
period T is positive and 1 − ‖ω‖1 > 0.

Let u� be the unique periodic solution of (1); the thesis
follows by applying (14) to u� and to any other solution u of
(1).

It is worth noting that if the firing rate function f is linear,
we can identify the initial condition that yields the periodic
solution.

Proposition 2.4 Let 1 ≤ p ≤ ∞ and assume f (s) = s. If
the input I ∈ L∞([0,∞); L p(Rd)) is T -periodic in time, the
periodic solution u� is the solution of (1) passing through the
point

u0,I := (I−eT A)−1
[
−

∫ T

0
e−s A I (s)ds

]
. (16)

Proof Let us use the operator notation introduced in (3). The
Variation of Constants formula allows us to write, for a given
u0 ∈ L p(Rd), the unique solution u(t) to the Cauchy Prob-
lem associated with equation (42) as:

u(t) = et Au0 + et A
∫ t

0
e−s A I (s)ds. (17)

Taking as initial condition the function1

u0,I := (I−eT A)−1
[
−

∫ T

0
e−s A I (s)ds

]
(18)

independent of time but dependent on the non-homogeneous
external input I . Then, the solution u(t) for the Cauchy Prob-
lem (5) is periodic with the same periodicity as I :

u(t) − u(t + T )

= et A
[
(I−eT A)u0,I +

∫ T

0
e−s A I (s)ds

]
= 0. (19)

This completes the proof of the statement.

2.3 Quasi-Linear Nonlinearities

We investigate under which circumstances having a linear
or nearly linear firing rate function provides sufficient infor-
mation to understand the problem. Specifically, we observe
when the presence of a nonlinear firing rate function f does
not produce a significantly different outcome compared to
the scenario where the equation is linear.

1 (I−eT A) is invertible since A is a contraction thanks to ‖ω‖1 < 1.
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2.3.1 Prior Estimates

Proposition 2.5 Let 1 ≤ p ≤ ∞. For any solution u of (1),
we have

‖u(t)‖p ≤ e−t(1−‖ω‖1)‖u(0)‖p + ‖I‖L p
x ×L∞

t

1 − ‖ω‖1 . (20)

Proof Writing the solution to (1) using the Variation of Con-
stant formula with initial condition u0 ∈ L p(Rd) and taking
its L p norm, we get:

et‖u(·, t)‖p − ‖u0‖p

≤
∫ t

0
es‖ω‖1‖u(·, s)‖pds +

∫ t

0
es‖I (·, s)‖pds

≤ ‖ω‖1
∫ t

0
es‖u(·, s)‖pds + ‖I‖L p

x L∞
t

∫ t

0
es ds.

(21)

Rewriting the inequality as:

v(t) := et‖u(·, t)‖p ≤
v(0) + ‖ω‖1

∫ t

0
v(s)ds + ‖I‖L p

x L∞
t

∫ t

0
es ds, (22)

using Gronwall’s Lemma (see Lemma A.18), we have:

v(t) ≤ v(0)e‖ω‖1t + ‖I‖L p
x L∞

t

1 − ‖ω‖1 (et − e‖ω‖1t ). (23)

The statement immediately follows.

If the firing rate function f is linear, the estimate can be
improved.

Proposition 2.6 Let 1 ≤ p ≤ ∞ and assume that f (s) = s.
Then, for any solution u of (1) we have

lim sup
t→∞

‖u(·, t)‖p ≤ ‖I‖L p
x ×L∞

t
. (24)

Proof Let A be the L p-operator defined in (3). For any initial
condition u0 ∈ L p(Rd), we can take the L p norm of the
solutionwritten using theVariation of Constant formula (17),
to obtain:

‖u(·, t)‖p ≤ e−t‖A‖‖u0‖p + (1 − e−t‖A‖)‖I‖L p
x ×L∞

t
(25)

The statement follows by taking the limit as t tends to +∞,
since ‖A‖ < 1 due to the fact that ‖ω‖1 < 1.

2.3.2 Linear Approximation

In this section, we compare the solutions to (1) with a
nonlinear and a linear firing rate function f : R → R,
for small inputs. More precisely, for a given input I ∈
L∞([0,+∞), L p(Rd)) and for any ε > 0, we let uNL(ε)

be the solution to (1) with input ε I , and initial condition
uNL(ε)|t=0 ≡ 0. The solution to the linear equation

∂u

∂t
= −u + ω ∗ u + ε I , u(0) = 0, (26)

is denoted by εuL, where uL is the solution to (26) with
ε = 1. Observe that this is true due to the choice of the initial
condition.

Proposition 2.7 Let 1 ≤ p ≤ ∞, and assume that f ∈
C2(R;R) with f ′′ ∈ L∞(R). Then, there exists a constant
c > 0, depending only on ω, I , and ‖ f ′′‖∞, such that

‖uNL(ε) − εuL‖p ≤ cε2, (27)

In particular, if the input I is T -periodic in time, letting
u�
NL(ε) and (resp. εu�

L) be the unique periodic solutions to
the nonlinear (resp. linear) neural field equation with input
ε I , we have

u�
NL(ε) = εu�

L + O(ε2). (28)

Proof To lighten the notation, we drop the explicit depen-
dence on ε. Let us start by defining

v = uNL − εuL. (29)

Then, v(0) = 0 and v satisfies

∂tv = −v + ω ∗ [ f (uNL) − εuL]. (30)

In particular, by the Variation of Constant formula, the solu-
tion of (30) reads

v(t) = e−t
∫ t

0
es[ω ∗ ( f (uNL) − εuL)](s)ds. (31)

The fact that f ′′ ∈ L∞(R) allows to consider, for any
x ∈ R

d and t ≥ 0, the following

f (uNL(x, t)) ≤ uNL(x, t) + ‖ f ′′‖∞uNL(x, t)2

2
. (32)

Here, we used the Taylor development of f (uNL(x, t)) in 0,
together with the fact that f (0) = 0 and f ′(0) = 1.
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We now claim that there exists c1 > 0, depending only on
ω and I , such that ‖u2NL‖p ≤ c1ε2. Indeed, u2NL solves the
equation

∂tw = −w + h, h = uNL (ω ∗ f (uNL) + ε I ) , (33)

with initial condition w(0) = 0. As a consequence,

et‖u2NL‖p ≤
∫ t

0
es‖h(s)‖p ds. (34)

By Proposition 2.5, there exists c2 > 0, depending only on
ω and I , such that ‖uNL‖p ≤ c2ε, and hence, at any fixed
time s > 0 we have

‖h‖p ≤ ‖ω ∗ f (uNL)‖∞‖uNL‖p + ε‖uNL‖p‖I‖∞
≤ ‖ω‖q‖uNL‖2p + ε‖uNL‖p‖I‖∞
≤ c2(c2‖ω‖q + ‖I‖∞)ε2.

(35)

Here, in the second inequality, we used Young’s convolution
inequality together with the fact that ‖ f ′‖∞ ≤ 1. Plugging
the above in (34) proves the claim.

By the previous claim, (31), and (32), there exists a con-
stant c3 > 0, depending only on ω, I , and ‖ f ′′‖∞, such
that

et‖v(t)‖p

≤
∫ t

0
es‖ω‖1

(
‖v(s)‖p + ‖ f ′′‖∞‖u2NL‖p

2

)
ds

≤ ‖ω‖1
∫ t

0
es‖v(s)‖pds + c3ε

2
∫ t

0
es ds.

(36)

Finally, the statement follows by applying Gronwall’s
Lemma (see Lemma A.18).

The previous result shows that the solutions to the linear
and to the nonlinear equation are similar in norm, when the
input is sufficiently small. It is worth noticing that a similar
result can be recovered by replacing the smallness assump-
tion on the input by an assumption on the firing rate function.

Proposition 2.8 Assume that there exists η > 0 such that
f (s) = s for any s such that |s| ≤ ‖I‖2

L∞
t L p

x
+ η. Then,

letting uNL be any solution to the nonlinear equation (1) and
uL be a solution to the corresponding linear equation, we
have

‖uNL − uL‖p
t→∞−−−→ 0. (37)

Proof We can write the solution uNL of the nonlinear equa-
tion (1) as sumof the linear uL solution for the linear equation
(26) plus a function u in the following way:

uNL = u + uL; (38)

where u satisfies:

∂t u = −u + ω ∗ [ f (uNL) − uL]. (39)

By Proposition 2.6 and the assumption on f , for t sufficiently
large we have f (uL(t)) = uL(t). Hence, for t sufficiently
large and any x ∈ R

d it holds

f (uNL) − uL = f (u + uL) − f (uL)

=
∫ u+uL

uL
f ′(s)ds.

(40)

Taking the L p norm of the solution to (39) with initial
condition u0 ∈ L p(Rd) written using Variation of Constant
formula, exploiting (40), we have:

et‖u(t)‖p − ‖u0‖p ≤ ‖ω‖1
∫ t

0
es

∥∥∥∥
∫ u+uL

uL
f ′(s)ds

∥∥∥∥
p

≤ ‖ω‖1
∫ t

0
es‖u(s)‖pds.

(41)

Applying Gronwall’s Lemma (see Lemma A.18), the state-
ment follows.

3 Explicit Solutions in the Linear Case

In this section, we set the firing rate function to be linear, i.e.
f (s) = s, and we deal with the following semi-linear neural
field equation:

∂u

∂t
= −u + ω ∗ u + I , (42)

for a T -periodic input I . The goal is to provide an explicit
expression for its unique attractive periodic solution. To
lighten the notation, we will assume the periodicity of the
external input I to be T = 2π .

3.1 Decomposition of the Solution

Let us define a(ξ) := ω̂(ξ) − 1, where ω̂ is the Fourier
transform of the kernelω. For a generic function u ∈ L p(Rd)

allowing Fourier transform, we have:

Au(x) =
∫
Rd

a(ξ)û(ξ)e2π i〈x,ξ〉dξ,

et Au(x) =
∫
Rd

eta(ξ)û(ξ)e2π i〈x,ξ〉dξ,

(43)

using the operator notation introduced in equation (3) with
f (s) = s.
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Remark 3.2 Due to the fact that ω is even, we have that a(ξ)

is real for any ξ ∈ R. Hence,

i� − a(ξ) �= 0 for all � ∈ Z and ξ ∈ R. (44)

Moreover, thanks to ‖ω‖1 < 1, it holds a(ξ) < −c with c
real positive constant.

Since the input I is 2π -periodic, we can write it as the
Fourier series

I (x, t) =
∑
�∈Z

I�(x)e
i�t , ∀t ∈ R, (45)

here, we let

I�(x) = 1

2π

∫ 2π

0
I (x, τ )e−i�τ dτ. (46)

We denote by Î� the Fourier transform in space of I�. With
these notations, we have the following.

Proposition 3.9 The initial condition u0,I ∈ L p(Rd) that
determines the periodic orbit u� reads

u0,I =
∑
�∈Z

∫
Rd

Î�(ξ)e2π i〈x,ξ〉

i� − a(ξ)
dξ. (47)

Proof We consider the solution u(t) of (42) with initial con-
dition u0,I , and we focus on the non-homogeneous term of
u(t) written using Variation of Constant formula. Taking
advantage of the notation introduced in (43), we have

et A
∫ t

0
e−s A I (s)ds

= et Ag +
∑
�∈Z

(∫
Rd

Î�(ξ)e2π i〈x,ξ〉

i� − a(ξ)
dξ

)
ei�t

(48)

with

g(x) := −
∑
�∈Z

∫
Rd

Î�(ξ)e2π i〈x,ξ〉

i� − a(ξ)
dξ. (49)

Since u(t) is periodic and coincides with u�(t) if and only if
u0,I + g = 0, then u0,I = −g.

Theorem 3.10 Let u� be the globally attractive periodic solu-
tion of (42). The following decomposition holds:

u�(x, t) = I (x, t) +
∑
�∈Z

(I� ∗ K�)(x)e
i�t , (50)

where I� is defined in (46), and the Fourier transform of K�

is given by

K̂�(ξ) = i� − ω̂(ξ)

i� + 1 − ω̂(ξ)
. (51)

Proof It follows from the proof of Proposition 3.9 that we
can write the periodic attractive solution u� of Theorem 2.3
using the following expansion

u�(x, t) =
∑
�∈Z

u�
�(x)e

i�t for all t, (52)

where the coefficients u�
�(x) are given by:

u�
�(x) =

∫
Rd

Î�(ξ)

i� − a(ξ)
e2π i〈x,ξ〉dξ. (53)

Since a(ξ) = ω̂(ξ) − 1, we have:

1

i� − a(ξ)
= 1 + K̂�(ξ), K̂�(ξ) = i� − ω̂(ξ)

i� + 1 − ω̂(ξ)
. (54)

Substituting (54) in (53), the proof of the statement follows
applying the Convolution theorem to the product Î� K̂�.

3.2 Inverting 1D Kernels

From now on, we will consider d = 1 (i.e R
d = R), and

in accordance with previous results on static external input
([15, 16]), we assume the kernel to be defined as a difference
of Gaussians 2:

ω(x) := (2πσ 2
1 )−1e

− |x |2
2σ21 − k(2πσ 2

2 )−1e
− |x |2

2σ22 (55)

with k ≥ 1, 0 ≤ σ1 < σ2, and σ1
√
k ≤ σ2. For reasons that

will be evident later on, we assume, moreover, that σ 2
1 /σ 2

2 ∈
Q.

Remark 3.3 According, e.g., to [15], letting σ2 = ασ1 for
α > 1, we have

‖ω‖1 = 1 − k + 2

⎡
⎣k

(
α2

k

) 1
1−α2 −

(
α2

k

) α2

1−α2

⎤
⎦ . (56)

As a consequence, the assumption ‖ω‖1 < 1 is satisfied for
k and α sufficiently near to 1. In particular, if α = √

2, this
holds for k ∈ [1, 2).
2 The difference of Gaussians kernel, commonly used in visual pro-
cessing, models neural interactions by encoding short-range excitation
and long-range inhibition between neurons.
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The Fourier transform of ω can be explicitly expressed as

ω̂(ξ) =e−2π2σ 2
1 ξ2 − ke−2π2σ 2

2 ξ2 . (57)

The objective here is to compute the inverse transform of
K̂�(ξ) when ω is defined as (55). The idea is to apply the
Residue Theorem to compute the real integral of

K̂�(ξ)e2π i xξ = (i� − ω̂(ξ))e2π i xξ

1 + i� − ω̂(ξ)
, ξ ∈ R, (58)

generalizing the strategy adopted in the case of static inputs
in [15].

By definition, the function (58) consists of exponentials
that can be extended into the complex plane C. We then
introduce the set of its simple poles

P� := {z ∈ C | 1 + i� − ω̂(z) = 0}. (59)

As noted in [15] (see also [22]), given that 1+ i�− ω̂(z) is a
complex exponential polynomial, the assumption σ 2

1 /σ 2
2 ∈

Q implies that P� is discrete and countable.
Denoting by z̄ the complex conjugate of z ∈ C, the set of

poles has the following symmetries.

Proposition 3.11 Let z ∈ P�, � ∈ Z. Then,

− z ∈ P� and z̄,−z̄ ∈ P−�. (60)

The proof of this proposition depends on the explicit form
of the kernel ω introduced in (55). Details are provided in
Appendix A (see Proposition A.19).

For the static case (� = 0), it directly follows that the
presence of one pole automatically determines the presence
of three additional ones.

Corollary 3.12 Assume � = 0. If z ∈ P0 , then z̄,−z̄,−z ∈
P0.

We then compute K�, leveraging on the symmetries of
Proposition 3.11. More precisely, we focus on the poles that
lie in the positive quadrant

P+
� := {z ∈ P� ∪ P−� | �z > 0,�z > 0}; (61)

in particular, we can write

P+
� =

+∞⋃
n=0

(
P+

� ∩ {|z| < Rn}
)

, (62)

where Rn = (Mn+ ε)1/α , for appropriate positive constants
M, ε, α. Since P+

� is discrete, we pick the enumeration3

P+
� = {z0, z1, . . .} (63)

3 To lighten the notation, we do not explicit the dependence of z j on �.

such that �z j ≤ �z j+1 and, if �z j = �z j+1, it holds �z j ≤
�z j+1.

Proposition 3.13 The kernel K�(x) defined in (51) can be
recast, if � �= 0, as

K�(x) =
+∞∑
j=0

2πe−2π |x |�z j
c j

e− sgn(�)i(2π�z j |x |+φ), (64)

or, if � = 0, as

K�(x) =
+∞∑
j=0

4πe−2π |x |�z j
c j

cos(2π |x |�z j + φ), (65)

where z j ∈ P+
� , and we denote with c j := ω̂′(z j ), and with

φ := arctan
(�c j/�c j

)
.

Proof Weoutline the proof here,with further details provided
in Lemma A.20. The key point is using the symmetries of
the poles identified in Proposition 3.11 to apply the Residue
Theorem.

We start by observing that

K� =
{
2K 2

0 if � = 0

sgn(�)K 1
� + K 2

� if � �= 0
(66)

where the Fourier transforms of K 1
� and K 2

� are

K̂ 1
� (ξ) = i |�|

(1 + i� − ω̂)(1 − i� − ω̂)(ξ)

K̂ 2
� (ξ) = ω̂(ξ)(ω̂(ξ) − 1) + �2

(1 + i� − ω̂)(1 − i� − ω̂)(ξ)
.

(67)

Observe that the set of poles of themeromorphic continuation
of K ν

� , ν = 1, 2, are exactly P� ∪ P−�.
To compute the inverse Fourier transforms of (67), we use

the Residue Theorem. More precisely, we will show that

∫
R

K̂ ν
� (ξ)e2π i xξ dξ = lim

n→+∞

∫
�n

K̂ ν
� (z)e2π i xz dz, (68)

for a particular choice of contours �n ⊂ C. By the Residue
Theorem, we will then compute the integrals on the l.h.s. by
computing the residues of K̂ ν

� at the poles contained in �n .
An example of our choice of integration path is shown in

Fig. 1 for � = 0. Specifically, for n ∈ N, we define �n :=
[−Rn, Rn] ∪ C+

n , where Rn = (Mn + ε)1/α , with M, ε, α

as appropriate constants, [−Rn, Rn] ⊆ R, and C+
n = {z =

Rneiθ ∈ C | θ ∈ [0, π ]}.
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Fig. 1 Visualization of the meromorphic continuation of (58) for � = 0
in the complex plane C. The parameters for the kernel ω are set to be
k = 1, 2π2σ 2

1 = 1, and 2π2σ 2
2 = 2. The color indicates the argument

of the function values in the complex plane, with the graph becoming
paler as the absolute value increases. The poles (zeros of 1+ ω̂(z)) are
highlighted in blue: for any z ∈ P0, the points −z,−z̄, z̄ ∈ P0 (see
Corollary 3.12). Finally, the thick black line represents the integration
path used in Proposition 3.13 (Color figure online)

For � ∈ Z, � �= 0, we obtain (see Lemma A.20):

K 1
� (x) = −2π i

∞∑
j=0

e−2πx�z j
|c j | sin(2π |x |�z j + φ),

K 2
� (x) = 2π

∞∑
j=0

e−2πx�z j
|c j | cos(2π |x |�z j + φ),

(69)

where φ = tan−1
(�(c j )/�(c j )

)
and c j = �z j + i�z j . The

thesis follows by Euler’s formula for the complex exponen-
tial.

Finally, for � = 0, we apply the same reasoning, noting
that K̂ 1

0 = 0. The thesis follows by considering 2K̂ 2
0 .

The following result is a direct consequence of Theorem
A.21.

Theorem 3.14 Considering the enumeration (61), we have:

e2π |x |�z0
2π/|c0| K�(x)

=
{
e− sgn(�)i(2π�z0|x |+φ) + O(1/x) � �= 0

2 cos(2π |x |�z0 + φ) + O(1/x) � = 0.
(70)

Remark 3.4 Although we restricted to the case T = 2π , the
results of this section hold for any T > 0, by replacing �with
�(2π/T ) in the definition of K�. In particular, this changes
the poles appearing in Proposition 3.13 and in Theorem 3.14.

4 Application to Visual Processing

As stated in introduction, neural field equations provide a tool
for understanding the collective behavior of large populations
of neurons, and they are particularly used in the context of
visual perception. Here we are interested in understanding
the solution concerning localized flickering and geometric
visual stimuli as external inputs. In this context, the external
stimulus I represents cortical input, a deformed version of
retinal stimulus due to the retino-cortical map.

4.1 Retino-Cortical Map

The propagation of the visual signal from the retina to the
primary visual cortex V1 is performed through the optical
nerve. This propagation respects the topographic organiza-
tion of the retina ([23]): adjacent locations on the retina
project to adjacent neurons inV1 by a “continuous” point-by-
point relationship. This induces a topographic map, referred
to as the retino-cortical mapping.

Formally, this map is shown to be well approximated,
close to the center of the field of view, by the complex
logarithmic function (e.g., see [24]). More precisely, let
(ρ, θ) ∈ (0,∞) × [0, 2π) denote the polar coordinates in
the visual field (or in the retina) and x := (x1, x2) ∈ R

2

denote the cortical coordinates in V1. The analytic expres-
sion is given by:

R ∼= R
2 −→ V1 ∼= R

2

(ρ, θ) �−→ (x1, x2)
(71)

where (x1, x2) := (log ρ, θ). We refer to [5] for more details
on this topic.

4.2 Binary Representation and Geometric Stimuli

It is common in psychophysical experiments, such as those
performed in [18, 19, 25], to examine how flicker interacts
with circular and radial patterns. These geometric stimuli can
be represented in cortical coordinates x := (x1, x2) ∈ R

2 as
follows:

IC (x) = cos(2πζ x1), IR(x) = cos(2πζ x2) (72)

where ζ ∈ R
+. The choice of this representation for circu-

lar IC and radial IR patterns is motivated by the analogous
geometric hallucinatory patterns described in [5] and [3].

To visualize IC and IR in terms of images, it is common
to represent them as contrasting black and white regions, as
displayed in Fig. 2. Specifically, we define the binary pattern
bI of a function I : R2 → R as
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Fig. 2 Binary stimulus representation using (73). a Display of the cir-
cular pattern in retinal coordinates (polar coordinates) of the visual field.
bDisplay of the circular pattern in V1 coordinates via the complex log-
arithm map defined in (71). This corresponds to the binary version of

IC (x) = cos(2πζ x1). c Display of the radial pattern in retinal coordi-
nates of the visual field.dDisplay of the radial pattern inV1 coordinates.
This corresponds to the binary version of IR(x) = cos(2πζ x2)

bI (x) =
{
0 if I (x) > 0 (black color)

1 if I (x) ≤ 0 (white color).
(73)

This representation highlights the zeros level-set {x ∈ R
2 :

I (x) = 0} of I , which delineates the boundary between dif-
ferent regions in the image generated by the function I , thus
outlining the shapes within the image.

4.3 Localized Flickering Input

From a perceptual point of view, a possible way to model
localized flickering behavior is by using a sinusoidal input.
Typically, localized flickering information is concentrated
either in the center of the visual field or its periphery; there-
fore, we consider the following representation in cortical
coordinates of V1

I (x, t) := H(x1) cos(λt) (74)

with x = (x1, x2) ∈ R
2, t ∈ R, λ ∈ [0,+∞) and where H

is the Heaviside step function

H(x1) =
{
1 if x1 ≥ 0

0 if x1 < 0
.

The role of theHeaviside function is to localize the sinusoidal
flicker either in the periphery (by taking H(x1)) or in the
center of the visual field (considering H(−x1)).

In this Section, we study the effect of stimulus (74) in the
case where the firing rate function f is linear. We recall that,
in Sect. 2, we showed that the solution for a general nonlinear
f is well approximated by the linear case under appropriate
assumptions on the input or on f .

We introduce the following notation

V �
λ (x, t) :=
− sgn(x1)

|c0||z0| e
−2π�z0|x1| cos(2π�z0|x1| − λt + �); (75)

here, z0 is the smallest pole in P+
� , according to the enu-

meration (63), c0 = ω′(z0), and � = tan−1 (�c0/�c0) +
tan−1 (�z0/�z0).
Proposition 4.15 Let us consider I (x, t) = H(x1) cos(λt),
and assume f (s) = s. Then, solutions of (42) converge
toward the attractive periodic state:

u�(x, t)

= I (x, t) + V 1
λ (x, t) + O

(
e−2π |x1|�z0

x1

)
,

(76)

where V 1
λ is defined in (75) with � = 1.

Proof We compute u� relying on (50) and (70), by replacing
� with �λ since the time periodicity of I is 2π/λ.

We notice that, for � = 0we have (I ∗K0)(x1) = 0.On the
other hand, for � �= 0, the Fourier coefficients are given by
I�(x1) = H(x1)/2 if � = ±1, otherwise I�(x1) = 0. Then,
we get the statement computing

(K1 ∗ H)(x1)
eiλt

2
+ (K−1 ∗ H)(x1)

e−iλt

2
= cos(λt)(K 2

1 ∗ H)(x1) + i sin(λt)(K 1
1 ∗ H)(x1)

= V 1
λ (x, t),

(77)

where the last equality has been obtained integrating by parts
and rearranging according to trigonometric formulas.
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Fig. 3 Binary representation of the input (74) and of the corresponding
solution (76) (or (78) if λ = 0). Bulbs in the white region indicate the
presence of flickering lights if λ �= 0. The kernel parameters for (55)
are set to be k = 1, σ1 = 1/

√
2π and σ2 = 2/

√
2π . a Display of (74)

in cortical coordinates. If λ �= 0, �+ switches from black to white due

to the presence of flicker. b Display of (78) in cortical coordinates. If
λ �= 0, the vertical stripes are moving stripes to the right with frequency
λ. c Display of the input (74) in retinal coordinates. d Display of the
corresponding solution (78) in retinal coordinates

We observe that when λ = 0 the input I defined in (74)
transitions from describing a flickering region to one charac-
terized by static localized information. In this case, we can
compute the solution similarly.

Corollary 4.16 Let us consider I (x) = H(x1), and assume
f (s) = s. Then, the solutions of (42) converge toward the
attractive stationary state:

u�(x) = I (x) + V0(x) + O
(
e−2π |x1|�z0

x1

)
(78)

where V0(x) := V 0
0 (x, t) defined in (75) with � = 0.

The input I defined in (74) corresponds to peripherally
localized information in the visual field, subjected to flick-
ering (if λ = 0, we only have localized information). In
cortical coordinates, the function I partitions the correspond-
ing image into two complementary sets:

�+ := {x ∈ R
2 : x1 ≥ 0},

�− := {x ∈ R
2 : x1 < 0}. (79)

The set �+ identifies the region of the image abundant in
localized information, while �− corresponds to the region
characterized by the absence of visual input.

We present a visual depiction of the input (74) and of
the corresponding solution u�, at a fixed time t̄ , in Fig. 3.
Images (a) and (c) represent the input in cortical and retinal
coordinates, respectively. The cortical and retinal represen-
tations of the solution are presented in images (b) and (d),
respectively.Wenotice u� partitions its domain in accordance
with the input: �+ remains unaltered, while �− undergoes
a transformation, exhibiting patterns characterized by mov-
ing vertical stripes of uniform width, a consequence of the
cosine that appears in the second term on the l.h.s. of (76).
For large values of x1, the exponential term ensures that u�

remains positive across�+ while oscillatingwithin�−.Near
x1 = 0, where this reasoning might not apply, small oscil-
lations may occur in �+. Here, the outcome depends on the
principal pole, and consequently on parameters σ1, σ2 and λ.

We achieve similar results by examining (78) when λ = 0
with the difference that vertical stripes remain static rather
than moving.

Finally, it is worth noticing that we would obtain the same
results, if we were to consider H(x2) instead of H(x1). The
only distinction would be at the level of the emergent pat-
tern: instead of vertical, we would have horizontal stripes
corresponding to radial patterns (see Fig. 2, images (c) and
(d)).

4.3.1 Biasing theWidth of the Stripes

The size of the vertical stripes in (76) depends on the prin-
cipal pole z0 ∈ P+

1 , and consequently on the parameters
defining ω, namely σ1, σ2, and the flicker frequency λ of the
input. In particular, we are interested in understanding how
the principal pole’s real and imaginary parts vary when the
flicker frequency increases. Indeed, by Proposition 4.15 the
width of the induces stripes is approximately 1/(2�z0).

Proposition 4.17 The principal pole z0 ∈ P+
1 satisfies

�z0 = 1

4σ2
√
2 log(λ/k)

+ O
(
log−3/2(λ/k)

)
,

�z0 =
√
log(λ/k)√
2πσ2

+ O
(
log−3/2(λ/k)

)
. (80)

Proof First, observe that the elements z ∈ P+
1 , as the flicker

frequency λ varies, satisfy one of the following equations:

1 + iλ = ω̂(z) or 1 − iλ = ω̂(z), (81)

where ω̂ is defined in (57).
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We start by claiming that for any z ∈ P+
1 it holds

ω̂(z) = −ke−2πσ 2
2 z

2
(1 + R(z))), (82)

where R(z) = O(λ−γ ) with γ := 2
σ 2
2 −σ 2

1
σ 2
1

> 0. Indeed,

taking the modulus in (81) and using the fact that σ1 < σ2
we obtain

1 + λ2 ≤ (1 + k)e−2πσ 2
1 (�z2−�z2). (83)

This yields

(�z)2 − (�z)2 ≤ − 1

2πσ 2
1

log
1 + λ2

1 + k
. (84)

This allows to estimate

|R(z)| = k−1
∣∣∣e−2π(σ 2

1 −σ 2
2 )z2

∣∣∣ ≤ k−1
(
1 + λ2

1 + k

)− γ
2

, (85)

proving the claim.
We now replace the expression (82) in (81), obtaining

e−2πσ 2
2 z

2 = −1 + iλ

k

(
1 + O(λ−γ )

)
. (86)

Taking the (complex) logarithm4 we obtain that z = w +
i2π� + O(λ−γ /2), where � ∈ Z and

w2 = − 1

2πσ 2
2

(
log

√
1 + λ2

k
+ i arctan λ

)
. (87)

One can then solve the above in terms of �w and �w.
This yields a fourth degree equation, whose solution can be
approximated via the Taylor expansion of the square root
for λ � 1, yielding the remainder term O(log−3/2(λ/k))
appearing in the statement. The statement follows by observ-
ing that, in order for z to be the principal pole z0 (i.e., the
solution of (81) with smallest real and imaginary part), one
has to choose � = 0.

From this proof, particularly from (82),wenotice the dom-
inance of the inhibitory part of the kernel (55) in influencing,
along with flicker frequency, the behavior of the poles. This
emphasizes the importance of inhibition in neural models,
consistent with the observations in [16], where inhibition,
interpreted through the firing rate function, plays a crucial
role in shaping neural activity and enabling the model to
accurately replicate visual phenomena.

4 One has to pay attention to the fact that the complex logarithm is a
multi-valued function.

Fig. 4 Display of the kernel ω(x) defined by equation (55), with k = 1
and various values of (σ1, σ2) as specified in (88). The box on the right
provides a zoomed-in view of the central region near the origin to better
illustrate the behavior of the three functions

To visualize this parameters dependence, we take λ ∈
[2, 100], while for the kernel (55) we set k = 1 and consider
the following couples:

1) : (σ1, σ2) = (0.2/
√
2π, 0.4/

√
2π)

2) : (σ1, σ2) = (1/
√
2π, 2/

√
2π)

3) : (σ1, σ2) = (0.4/
√
2π, 0.8/

√
2π).

(88)

Figure 4 illustrates how the kernel ω changes with different
values of (σ1, σ2) specified. We note that these values satisfy
‖ω‖1 < 1.

Then, for every pair (σ1, σ2) of (88), we numerically com-
putewithMathematica the principal pole z0 = z0(λ), varying
λ in the range [2, 100]. We then plot the real part�z0(λ), the
imaginary part �z0(λ), and the size of the vertical stripes
1/(2�z0(λ)) for each pair (σ1, σ2). The results are displayed
in Fig. 5, where we compare the approximating functions
of Proposition 4.17 (illustrated with dashed lines), with the
numerical computations (depicted with solid lines). In gen-
eral, as the frequency increases, �z0(λ) decreases (Fig. 5,
image (a)), while �z0(λ) increases (Fig. 5, image (b)). Con-
sequently, this affects the width of the bars, which is given
by 1/(2�z0); Fig. 5, image (c) illustrates its increase as λ

grows.
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Fig. 5 Analysis of the principal pole z0(λ) ∈ P+
1 , as (σ1, σ2) varies

according to (88), with λ ∈ [2, 100]. The dashed lines represent the
approximating functions determined in Proposition 4.17,while the solid

lines illustrate the numerical computations of the poles for varying λ,
performed using Mathematica. a Plot of �z0(λ). b Plot of �z0(λ). c
Plot of 1/(2�z0(λ)), the width of the vertical stripes

4.4 Relationship with Psychophysical Experiments

Localized information is employed for example in [13, 15,
16] to formally describe perceptual phenomena such as the
Mackay effect and the Billock–Tsou illusion, using neural
field models.

4.4.1 MacKay Effect

The visual phenomenon known as the MacKay effect ([25])
occurs when the perception of radial and circular patterns is
mixed. Specifically, we concentrate on the impact of observ-
ing a radial pattern, causing circles to appear superimposed
on it. This psychophysical experience is illustrated in Fig. 6,
image (a).

In [15], the authors show that this experience can be repro-
duced using a neural fieldmodel governed by (1)with a linear
firing rate function f (s) = s and static visual input defined
as:

I (x) := cos(2πζ x2) + H(−x1), (89)

where x = (x1, x2) ∈ R
2, ζ ∈ R

+. We recall that H(−x1)
models localized information in the center of the visual field.

Remark 4.5 The authors in [15, 17] show the existence of a
globally attractive stationary stable state for (1), under the
assumptions defined at the beginning of Sect. 2 with a time-
independent input. Then, combining the results from [15, 17]
withCorollary 3.12, the solutions of linear (1)with input (89)
converge toward:

u�(x)

= Ĩ (x) + V0(x) + O
(
e−2π |x1|�z0

x1

)
,

(90)

where Ĩ (x) = (1 + Cζ ) cos(2πζ x2) + H(−x1) with Cζ =
ˆω(ζ )/(1 − ω̂(ζ )) accordingly to [17, Prop.1].

The localized information in the center of the visual field,
modeled by the Heaviside function, causes the emergence of
vertical stripes in the complementary peripheral part. Sec-
tion 4.3.1 investigates how the size of these illusory patterns
depends on the parameters of the equation, specifically on
the principal pole of the kernel K�, for the appropriate �. By
changing (σ1, σ2) according to (88), the size of the perceived
patterns modifies.

MacKay’s study ([18]) notes that the effect persists under
strobe lights. If the redundant information flickers, i.e., we
substitute H(−x1) with H(−x1) cos(λt), the size of the pat-
terns adjusts accordingly to (76). This is illustrated in Fig.
6, image (c), where we show the localized information in
the center of the visual field and how the solution of the
corresponding neural field equation changes with varying
parameters (σ1, σ2) and λ, in accordance with results pre-
sented in Sect. 4.3.1.

4.4.2 Billock–Tsou Illusion

Billock and Tsou’s work on visual illusions ([19]) explores
the interaction of flickering visual stimuli, such as a series
of light flashes on a monitor, with geometric visual patterns.
In particular, we focus on radial patterns introduced in the
center of the visual field surrounded by peripheral flickering,
raising the perception of concentric circles in the flickering
peripheral area. An illustration of this effect is found in Fig.
7.

Previous works ([13, 16, 17]) have addressed the repro-
ducibility of this phenomenon using mean field equations
with a static input (i.e., no flicker in the complementary area
to the geometric visual stimulus). In particular, [16, 17] show
that reproducing the phenomenon is closely linked to the non-
linearity of the mean field equation (1).
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Fig. 6 Relationship withMacKay effect. aDepiction ofMacKay effect
([18]): the visual stimulus consists of radial patterns and it is displayed
on the top. Looking at the center of the stimulus leads to an afterimage
of concentric rings superimposed on the background, as illustrated on
the bottom (representation by [26]). b MacKay effect reproduced in
[17]: top image represents the binarized input (89) (visual stimulus) in
retinal coordinates. The bottom image shows the binary solution (the

perceived image) to the corresponding linear mean field equation (1) in
retinal coordinates. c Display in retinal coordinates of different bina-
rized solutions (76) (for a fixed t̄) corresponding to the binarized input
(74) describing localized information in the center of the visual field.
Parameters (σ1, σ2) are varied according to (88) and λ ∈ {0, 100}. The
variation in the size of the patterns translates to changes in the width of
the perceived circular patterns in image (b) at the bottom

Fig. 7 Billock–Tsou’s psychophysical experiment in the visual field.
The visual stimulus is depicted in black: fan shapes pattern in the center
of the image. The peripheral area to the stimulus is subject to flickering.
Concentric circles represented in gray are the illusory effect within the
flickering area. Image adapted from [19] (Color figure online)

Remark 4.6 Let us consider (1) with linear firing function
f (s) = s and the following input:

I (x, t) = H(−x1) cos(2πζ x2)︸ ︷︷ ︸
static input

+ H(x1) cos(λt)︸ ︷︷ ︸
flickering input

(91)

where x = (x1, x2) ∈ R
2, ζ, λ ∈ (0,∞). The static input

corresponds to the one used in [16, 17]. According to [17,
Prop. 5] and [16, Thm. 4.1], the solution with respect to
the static input converges to a combination of horizontal
and vertical stripe patterns in the peripheral area, instead of
exclusively vertical stripes. On the other hand, the solution
corresponding to the flickering input converges to (76), leav-
ing the peripheral visual field unchanged. This aligns with
the irreproducibility of the effect in the linear case, even if
adding the flickering inputs.

Numerical simulations performed in Julia allowus to solve
the nonlinear mean field equation (1) with input (91) and fir-
ing rate function fM,α(s) = max{−M,min{1, αs}}, where
M, α > 0. Here, the temporal oscillation λ = 60 is chosen to
align with frequencies known from psychophysical studies
(e.g., [27, 28]) that induce significant illusory effects. Results
are depicted in Fig. 8, showing the reproducibility of the phe-
nomenonwith nonlinear parametersM = 1.5 andα = 3, and
kernel parameters k = 1, (σ1, σ2) = (0.4/

√
2π, 0.8/

√
2π).

Circular patterns lightly move, suggesting slightly pulsation.
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Fig. 8 Binary illustration of the periodic attractive state u� of (1) with
modified input (91), adjusted to accommodate a larger visual stimulus
at the center of the visual field: I (x, t) = H(5 − x1) cos(2πζ x2) +
H(x1 − 5) cos(λt). We use the firing rate function f1.5,3(s) =
max{−1.5,min{3, s}}, along with kernel parameters for (55) chosen

to be k = 1, (σ1, σ2) = (0.4/
√
2π, 0.8/

√
2π) and flicker frequency

λ = 60. The evolution of the solution is depicted across frames over the
time interval [t, t = T ], where T = 2π/λ. a Display of u� in cortical
coordinates. b Display of u� in retinal coordinates

5 Conclusions and FutureWorks

In this paper, we study neural field dynamics in presence of
time-periodic inputs, which model flickering visual stimuli.

We consider the neural field equation (1), where parame-
ters are chosen so that, in the absence of input (I ≡ 0), there
exists a unique stable stationary solution. When the input
I is periodic in time, we show the exponential convergence
toward a unique periodic solution u� for (1), which preserves
the symmetries of the dynamic. This differs from the model
presented in [14] for flickering phosphenes, where spatially
homogeneous inputs can lead to non-homogeneous solutions
due to input impact on system stability.

We further show that when the L∞ norm of the input
is small, the nonlinear dynamics (1) can be approximated
by its linearization. So, in the linear case, we determine a
decomposition for u� in terms of the external input and a
new kernel based on ω. For x ∈ R, when ω is taken to
be a difference of Gaussians (e.g., (70)), we can explicitly
write the analytic expression of these kernels, extending the

technique introduced for the static case in [15, 17] for the
periodic case.

We then use this explicit representation to apply our
theoretical results to visual processing. Geometric patterns
commonly used in the study of visual illusions, such as
concentric circles or radial shapes, are effectively one-
dimensional when processed in the primary visual cortex
(V1). Therefore, we formally study their interaction with
localized flickering stimuli: in agreement with previous
results ([15, 17]), localized information generates the geo-
metric percepts, while we show that flicker determines their
perceived motion. Additionally, we emphasize the impor-
tance of the inhibitory component of the kernel along with
flicker frequency in shaping the size of the perceived pattern.

Finally, we relate these findings to psychophysical experi-
ments that are interpretable from a one-dimensional perspec-
tive, such as the MacKay effect ([18]) and the Billock–Tsou
illusion ([19]). Due to the explicit representation of the linear
solution, we show flicker frequency and kernel parameters
change the size of patterns in the MacKay effect; on the
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other hand, we recognize (in agreement with [16]) that the
Billock–Tsou illusion remains a result of nonlinear firing rate
functions. Future studies will explore the influence of non-
linear shapes and parameter dependencies (σ1, σ2) and λ on
the nonlinear Billock–Tsou effect.

6 Technical Results

We begin with the following Gronwall’s Lemma, see, for
instance, [29, Proposition 2.1] for a proof.

Lemma A.18 Assume that u ∈ C([0, T );R), T ∈ (0,∞)

satisfies for any t ∈ [0, T ] the integral inequality

u(t) ≤ u(0) +
∫ t

0
g(s)u(s)ds +

∫ t

0
h(s)ds, (A1)

for some 0 ≤ g ∈ L1(0, T ) and h ∈ L1(0, T ). Then, for any
t ∈ [0, T ], u satisfies the inequality

u(t) ≤ u(0)eG(t) +
∫ t

0
h(s)eG(t)−G(s)ds, (A2)

where G(t) = ∫ t
0 g(s).

6.1 Computation of the 1D Kernel

In appendix,we develop the proofs related to Sect. 3, building
on complex analysis results.

The aim is to compute the inverse transform of K̂�(ξ)

when ω is defined as in (55), using the Residue Theorem to
evaluate the real integral of

K̂�(ξ)e2π i xξ = (i� − ω̂(ξ))e2π i xξ

1 + i� − ω̂(ξ)
, ξ ∈ R, (A3)

generalizing the strategy adopted in the static case in [15].
We consider the set

P� := {z ∈ C | 1 + i� − ω̂(z) = 0}, (A4)

which is the set of the poles of the meromorphic continuation
of (A3). We recall that, as noted in [15] (see also [22]), given
that 1 + i� − ω̂(z) is a complex exponential polynomial,
the assumption σ 2

1 /σ 2
2 ∈ Q implies that P� is discrete and

countable.

Proposition A.19 Let z ∈ P�, � ∈ Z. Then,

− z ∈ P� and z̄,−z̄ ∈ P−�, (A5)

where z̄ denotes the complex conjugate of z.

Proof Since 1+ i� − ω̂ is an even function, −z ∈ P�. Then,
we rewrite 1 + i� − ω̂(z) = 0 as:

i� + 1 = e−2π2σ 2
1 z

2 − ke−2π2σ 2
2 z

2; (A6)

this is equivalent to:

1 = e−2π2σ 2
1 (�z2−�z2) cos(4π2σ 2

1 �z�z)+
−ke−2π2σ 2

2 (�z2−�z2) cos(4π2σ 2
2 �z�z),

� = −e−2π2σ 2
1 (�z2−�z2) sin(4π2σ 2

1 �z�z)+
+ke−2π2σ 2

2 (�z2−�z2) sin(4π2σ 2
2 �z�z).

(A7)

It follows that if z ∈ P�, then it satisfies (A7), and the conju-
gate z̄ satisfies (A7) for P−�.

We computed K� in Proposition 3.13 using the symme-
tries of the poles identified in Proposition A.19 to apply the
Residue Theorem. First, we observed

K� =
{
2K 2

0 if � = 0,

sgn(�)K 1
� + K 2

� if � = 0
(A8)

where the Fourier transforms of K 1
� and K 2

� are given by:

K̂ 1
� (ξ) = i |�|

(1 + i� − ω̂(ξ))(1 − i� − ω̂(ξ))

K̂ 2
� (ξ) = ω̂(ξ)(ω̂(ξ) − 1) + �2

(1 + i� − ω̂(ξ))(1 − i� − ω̂(ξ))
.

(A9)

The K ν
� for ν = 1, 2 are determined by switching from the

exponential series (50) to its trigonometric form, exploit-
ing the Convolution theorem. The expression (A8) is then
obtained by returning to the exponential form.

Notice that the set of poles of the meromorphic continu-
ation of K ν

� , ν = 1, 2, are exactly P� ∪ P−�. The residue of
K ν

� (z)e2π i xz in z is computed as (e.g, see [30]):

Res(K 1
� (z)e2π i xz, z) = i |�|e2π i xz

(2(1 − ω̂)ω̂′)(z)
,

Res(K 2
� (z)e2π i xz, z) = (ω̂(ω̂ − 1)(z) + �2)e2π i xz

(2(1 − ω̂)ω̂′)(z)
.

(A10)

Observe that if z ∈ P±� then (1 − ω̂)(z) = ∓i�.

Remark A.7 Let us denote with cz = ω̂′(z), with z ∈ C.
Explicitly writing the real and imaginary part leads to

1

cz
= �cz − i�cz

|cz |2 ,
1

c−z̄
= −�cz + i�cz

|cz |2 . (A11)
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Wenow focus on the poles that lie in the positive quadrant:

P+
� := {z ∈ P� ∪ P−� | �z > 0,�z > 0}; (A12)

and since P+
� is discrete, we pick the enumeration

P+
� = {z0, z1, . . .} (A13)

such that �zi ≤ �zi+1 and, if �zi = �zi+1, it holds �zi ≤
�zi+1.

Lemma A.20 Assume P+
� defined as in (A12) with the enu-

meration provided in (A13). The kernels defined in (A9) can
be recasted as:

K 1
� (x) = − 2π i

∞∑
j=0

e−2π |x |�z j
|c j | sin(2π |x |�z j + φ),

K 2
� (x) = 2π

∞∑
j=0

e−2π |x |�z j
|c j | cos(2π |x |�z j + φ),

(A14)

where φ = tan−1
(�c j/�c j

)
.

Proof To compute the inverse Fourier transforms of (A9),
we use the Residue Theorem. More precisely, we will show
that
∫
R

K̂ ν
� (ξ)e2π i xξ dξ = lim

n→+∞

∫
�n

K̂ ν
� (z)e2π i xz dz, (A15)

for a particular choice of contours �n ⊂ C. By the Residue
Theorem, we will then compute the integrals on the l.h.s. by
computing the residues of K̂ ν

� at the poles contained in �n .
Specifically, for n ∈ N, we define �n := [−Rn, Rn] ∪

C+
n , where Rn = (Mn + ε)1/α , with M, ε, α as appropriate

constants, [−Rn, Rn] ⊆ R, andC+
n = {z = Rneiθ ∈ C | θ ∈

[0, π ]}. Then, applying the same reasoning as [15, Theorem
B.1 ], it is possible to show that:

lim
n→∞

∫
C+
n

K̂ ν
� (z)e2π i xzdz = 0, (A16)

from which it follows (A15).
On the other hand, the denominator of K̂ ν

� , ν = 1, 2 is
given by (1 + i� − ω̂)(1 − i� − ω̂) and therefore the set of
poles it is the same and it is given by P� ∪ P−�. We observe
that the poles considered by the path are those of the set P+

�

and minus their complex conjugates. Then, denoting with
h(z) = K̂ ν

� (z)e2π i xz , we have (A15) equal to:

2π i
∞∑
j=0

(
Res(h(z), z j ) + Res(h(z),−z̄ j )

)
. (A17)

Developing (A17) for ν = 1, we have:

K 1
� (x) = − 2π i

∞∑
j=0

e−2πx�z j
2|c j |2 (e2π i�z j x (�c j − i�c j )

+ e−2πxi�z j (�c j + i�c j ))

= −2π i
∞∑
j=0

e−2πx�z j
|c j |2 (�c j cos(2π�z j x)

+ �c j sin(2πx�z j ))

= −2π i
∞∑
j=0

e−2πx�z j
|c j | sin(2πx�z j + φ).

(A18)

Analogously for ν = 2, we have:

K 2
� (x) = 2π

∞∑
j=0

e−2πx�z j
|c j | cos(2πx�z j + φ). (A19)

The thesis follows, since K ν
� for ν = 1, 2 are an even function

in x .

Considering the enumeration defined in (63), the “princi-
pal” term of K�(x) computed in (A14) is the one correspond-
ing to z0 ∈ P+

� .

Theorem A.21 Given K ν
� (x), with ν = 1, 2, the following

approximations hold:

e2π |x |�z0K 1
� (x) = −2π i

|c0| sin(2π |x |�z0 + φ) + O(1/x),

e2π |x |�z0K 2
� (x) = 2π

|c0| cos(2π |x |�z0 + φ) + O(1/x),

(A20)

where z0 ∈ P+
� and φ = tan−1 (�c0/�c0).

Proof We rewrite (A14) as:

K 1
� (x) =− 2π i

e−2πx�z0
|c0| sin(2π |x |�z0 + φ) + R1(x)

K 2
� (x) = 2π

e−2πx�z0
|c0| cos(2π |x |�z0 + φ) + R2(x)

(A21)

where

R1(x) = −2π i
+∞∑
j=1

e−2πx�z j
|c j | sin(2π |x |�z j + φ j )

R2(x) = 2π
+∞∑
j=1

e−2πx�z j
|c j | cos(2π |x |�z j + φ j ).

(A22)
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Step 1: We start by showing that |c j | is bounded from
below by a constant and this holds for every j ∈ N.

Suppose we are in the region of the complex plane where
the poles are characterized by the real part smaller than the
imaginary part, i.e., �z j ≤ �z j , then we have:

|c j | = 2|z j ||2π2σ 2
1 e

−2π2σ 2
1 z

2
j − 2π2σ 2

2 e
−2π2σ 2

2 z
2
j |

≥ 4π2σ 2
1 |z0|e−2π2σ 2

1 (�z2j−�z2j )

≥ 4π2σ 2
1 |z0| := C̃ .

(A23)

On the other hand, suppose the poles lie in the region of
the complex plane, where the imaginary part is larger than
the real part, i.e., �z j > �z j . Let us show that

lim sup
j→∞

(�z2j − �z2j ) = M . (A24)

Indeed, this will imply that |c j | ≥ 2|z0|e−M , which together
with the previous point will yield that |c j | is uniformly
bounded from below.

To this purpose, we start by observing that

1 = �ω̂(z jn ) ≤ e−2π2σ 2
1 (�z jn

2−�z jn 2)

+ke−2π2σ 2
2 (�z jn

2−�z jn 2) (A25)

Assuming, by contradiction, that there exists a subsequence
( jn)n∈N such that

lim sup
n→∞

(�z2jn − �z2jn ) = +∞,

the r.h.s. of (A25) tends to 0 as k tends to +∞. This is a
contradiction, which proves (A24).

Step 2: Estimate of Ri (x), i = 1, 2. Since the function
τ �→ e−2πxτ is decreasing, we have

|Ri (x)| ≤ 2π

C

+∞∑
j=1

z j∈P++
0

e−2πx�z j

≤ 2π

C

∫ +∞

�z0
e−2πxτdτ

= 1

C

e−2πx�z0
x

.

(A26)

The result follows since K� is an even function in x .

Acknowledgements This work has been supported by the grant ANR-
20-CE48-0003 of the Agence Nationale de la Recherche.

Author Contributions All authors contributed equally.

Funding Open access funding provided by CentraleSupélec.

DataAvailability The raw data supporting the conclusions of this article
will be made available by the authors, without undue reservation.

Declarations

Conflict of interest The authors declare no conflict of interests.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing, adap-
tation, distribution and reproduction in any medium or format, as
long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indi-
cate if changes were made. The images or other third party material
in this article are included in the article’s Creative Commons licence,
unless indicated otherwise in a credit line to the material. If material
is not included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds the
permitted use, youwill need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

References

1. Amari, S.I.: Characteristics of random nets of analog neuron-like
elements. IEEE Transactions on Systems, Man, and Cybernetics
2(5), 643–657 (1972)

2. Wilson, H.R., Cowan, J.D.: Excitatory and inhibitory interactions
in localized populations of model neurons. Biophysical Journal
12(1), 1–24 (1972)

3. Ermentrout, G.B., Cowan, J.D.: A mathematical theory of visual
hallucination patterns. Biological cybernetics 34(3) (1979)

4. Bressloff, P.C., Cowan, J.D.: The functional geometry of local and
horizontal connections in a model of v1. Journal of Physiology-
Paris 97(2–3), 221–236 (2003)

5. Bressloff, P.C., Cowan, J.D., Golubitsky,M., Thomas, P.J.,Wiener,
M.C.:Geometric visual hallucinations, euclidean symmetry and the
functional architecture of striate cortex. Philosophical Transactions
of the Royal Society of London. Series B: Biological Sciences
356(1407), 299–330 (2001)

6. Veltz, R., Chossat, P., Faugeras, O.: On the effects on cortical spon-
taneous activity of the symmetries of the network of pinwheels in
visual area v1. The Journal of Mathematical Neuroscience (JMN)
5, 1–28 (2015)

7. Faye, G., Chossat, P., Faugeras, O.: Analysis of a hyperbolic
geometric model for visual texture perception. The Journal of
Mathematical Neuroscience 1, 1–51 (2011)

8. Sarti, A., Citti, G.: The constitution of visual perceptual units in
the functional architecture of V1. Journal of computational neuro-
science 38(2), 285–300 (2015)

9. Bolelli, M.V., Citti, G., Sarti, A., Zucker, S.W.: Individuation of
3d perceptual units from neurogeometry of binocular cells. arXiv
preprint arXiv:2410.02870 (2024)

10. Bolelli, M.V., Citti, G., Sarti, A., Zucker, S.: A neurogeometric
stereo model for individuation of 3d perceptual units. In: Nielsen,
F., Barbaresco, F. (eds.) Geometric Science of Information, pp.
53–62. Springer, Cham (2023)

11. Faye, G., Chossat, P., Faugeras, O.: Some theoretical results for
a class of neural mass equations. arXiv preprint arXiv:1005.0510
(2010)

12. Faye, G., Faugeras, O.: Some theoretical and numerical results for
delayed neural field equations. Physica D: Nonlinear Phenomena
239(9), 561–578 (2010)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2410.02870
http://arxiv.org/abs/1005.0510


Journal of Mathematical Imaging and Vision (2025) 67 :47 Page 19 of 19 47

13. Nicks, R., Cocks, A., Avitabile, D., Johnston, A., Coombes, S.:
Understanding sensory induced hallucinations: From neural fields
to amplitude equations. SIAM Journal on Applied Dynamical Sys-
tems 20(4) (2021)

14. Rule, M., Stoffregen, M., Ermentrout, B.: A model for the ori-
gin and properties of flicker-induced geometric phosphenes. PLoS
computational biology 7(9), 1002158 (2011)

15. Tamekue, C., Prandi, D., Chitour, Y.: A mathematical model of
the visual mackay effect. SIAM Journal on Applied Dynamical
Systems 23(3), 2138–2178 (2024)

16. Tamekue, C., Prandi, D., Chitour, Y.: Reproducibility via neural
fields of visual illusions induced by localized stimuli. Discrete and
Continuous Dynamical Systems - B 30(4), 1441–1471 (2025)

17. Tamekue, C., Prandi, D., Chitour, Y.: Cortical origins of mackay-
type visual illusions: A case for the non-linearity. IFAC-
PapersOnLine 56(2), 476–481 (2023)

18. MacKay, D.M.:Moving visual images produced by regular station-
ary patterns. Nature 180(4591), 849–850 (1957)

19. Billock, V.A., Tsou, B.H.: Neural interactions between flicker-
induced self-organized visual hallucinations and physical stimuli.
Proceedings of the National Academy of Sciences 104(20), 8490–
8495 (2007)

20. Deimling, K.: Ordinary Differential Equations in Banach Spaces,
vol. 596. Springer, Berlin, Heidelberg (2006)

21. Brezis, H.: Functional Analysis. Sobolev Spaces and Partial Dif-
ferential Equations. Universitext. Springer, New York (2010)

22. Berenstein, C.A., Gay, R.: Complex Analysis and Special Topics
in Harmonic Analysis. Springer, New York (2012)

23. Tootell, R.B., Silverman, M.S., Switkes, E., De Valois, R.L.:
Deoxyglucose analysis of retinotopic organization in primate stri-
ate cortex. Science 218(4575), 902–904 (1982)

24. Schwartz, E.L.: Spatial mapping in the primate sensory projection:
analytic structure and relevance to perception. Biological cyber-
netics 25(4), 181–194 (1977)

25. MacKay, D.: Some further visual phenomena associated with reg-
ular patterned stimulation. Nature 180(4595), 1145–1146 (1957)

26. Leviant, I.: Does ‘brain-power’make enigma spin? Proceedings
of the Royal Society of London. Series B: Biological Sciences
263(1373), 997–1001 (1996)

27. Shenyan,O., Lisi,M.,Greenwood, J.A., Skipper, J.I.,Dekker, T.M.:
Visual hallucinations induced by ganzflicker and ganzfeld differ in
frequency, complexity, and content. Scientific Reports 14(1), 2353
(2024)

28. Bartossek, M.T., Kemmerer, J., Schmidt, T.T.: Altered states phe-
nomena induced by visual flicker light stimulation. PloS one 16(7),
0253779 (2021)

29. Emmrich, E.: Discrete Versions of Gronwall’s Lemma and Their
Application to the Numerical Analysis of Parabolic Problems.
Technische Universität Berlin, Berlin (1999)

30. Cartan, H.P.: Théorie élémentaire des fonctions analytiques d’une
ou plusieurs variables complexes. Hermann Editeurs (1997)

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

123


	Neural Field Equations with Time-Periodic External Inputs and Some Applications to Visual Processing
	Abstract
	1 Introduction
	1.1 Structure of the Paper
	Notation

	2 Neural Field Model with Periodic Input
	2.1 Well-Posedness of the Cauchy Problem
	2.2 Existence of Periodic Solution
	2.3 Quasi-Linear Nonlinearities
	2.3.1 Prior Estimates
	2.3.2 Linear Approximation


	3 Explicit Solutions in the Linear Case
	3.1 Decomposition of the Solution
	3.2 Inverting 1D Kernels

	4 Application to Visual Processing
	4.1 Retino-Cortical Map
	4.2 Binary Representation and Geometric Stimuli
	4.3 Localized Flickering Input
	4.3.1 Biasing the Width of the Stripes

	4.4 Relationship with Psychophysical Experiments
	4.4.1 MacKay Effect
	4.4.2 Billock–Tsou Illusion


	5 Conclusions and Future Works
	6 Technical Results
	6.1 Computation of the 1D Kernel

	Acknowledgements
	References




