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studies: Application to real time welding simulations
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Real time simulations of welding processes remain intractable despite the impressive increasing computing power. This paper presents the case of a 
thermo-elasto-plastic problem with located moving heat loading. A novel non-intrusive a posteriori reduced order strategy for building multiparametric 
computational vademecum dedicated to real-time simulations of nonlinear thermo-mechanical problems is proposed. The high order proper generalized 
decomposition (HOPGD) is used to seek separated representation of solutions with some precom-puted snapshots. Furthermore, a relaxation method is 
successfully applied to accelerate this procedure. The accuracy of the constructed computational vademecum is controlled by a localized multigrid selection 
method that allows an automatic selection of snapshots in the areas of interest of the parameter space. Examples of multiparametric computational vademecum 
taking into account some material parameters will be shown in this paper.

1. Introduction

In spite of the impressive progresses in computer science, tradi-
tional approaches reach some limitations when dealing with nonlinear
parametric problems, like in inverse identification or optimization of
the welding or additive manufacturing processes. A very large number
of solutions of the concerned model has to be computed for different
values of the problem parameters. In addition, when real-time simula-
tions are required, it remains intractable with traditional computational
approaches, due to the increasing degrees of freedom and complexity
of the models.

In this context, model order reduction (MOR) techniques [1] have
been developed recently. The resulting computational vademecum [2]
(called also virtual charts [3,4] or meta-model computations), actually a
series of parametric solutions, allows real-time simulations of paramet-
ric problems and open numerous possibilities in integrated simulation-
based engineering. The construction of computational vademecum con-
sists in usually two stages: offline and online. With the MOR techniques,
the parametric solutions are computed and stored as a series of vectors
(reduced bases) at offline stage once for all for building the computa-
tional vademecum. Then the computational vademecum, served as a sort
of numerical or graphical handbook, can provide a real-time response
for any value of parameters at the online phase. Depending on the way

* Corresponding author.
E-mail addresses: Ye.Lu@insa-lyon.fr (Y. Lu), Nawfal.Blal@insa-lyon.fr (N. Blal), Anthony.Gravouil@insa-lyon.fr (A. Gravouil).

the reduced bases (RBs) are built with, two families of MOR approaches
can be distinguished: a posteriori and a priori.

A posteriori approaches consist, usually, in employing the proper
orthogonal decomposition (POD) method [5] to extract the most sig-
nificant characteristic of the solution as RB that can be then applied
to models with slight changes to the original one. Thus this kind of
approaches needs some priori computed solutions and the resulting
reduced order models can be usually solved efficiently. The POD-based
MOR has been successfully applied in the context of solid mechanics
(see e.g. Refs. [6–13]). The main issue of such approaches is the loss
of efficiency when dealing with nonlinear problems with high para-
metric dependency. Several approaches, e.g. the Empirical Interpola-
tion Method (and its discrete counterpart DEIM) [14,15], the hyper-
reduction methods [9,16,17] and the asymptotic numerical method
[5,18,19] that allows eliminating the re-computation of the tangent
matrix, are introduced to accelerate the computations, but real time
requirements remain intractable.

The other family of approaches, i.e. a priori, is based on the proper
generalized decomposition (PGD) [20–22]. The main advantage of
these approaches lies in the separated representations of solutions,
which is firstly introduced under the name of “radial approximation”
[23] by Pierre Ladeveze in the 80s within the framework of the LArge
Time INcrements (LATIN) method [24,25], for solving high nonlin-
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Fig. 1. Number of iterations during the construction of 3D PGD approximations.

Table 1
CPU time for 3D HOPGD.

Number of modes Iterations CPU time

HOPGD 60 2832 400 s
HOPGD + Relaxation 62 1284 240 s

Table 2
CPU time of 5D HOPGD.

Number of modes Iterations CPU time

HOPGD 91 4528 915 s
HOPGD + Relaxation 97 2641 563 s

ear problems. These PGD-based methods do not require any previ-
ous solution and the RBs are built on-the-fly by solving the resulting
multi-dimensional models in which model parameters (boundary con-
ditions, initial conditions, geometrical parameters, material and pro-
cess parameters…) are considered as extra-coordinates. Many problems
are solved using the PGD approaches; interested readers are referred
to [20,21,26–29] and the references therein. A series of computational
vademecum are constructed for different problems in sciences and engi-
neering such as thermal control of industrial furnaces [30], shape opti-
mization [2,4], computational surgery [31–33], etc. The use of compu-
tational vademecum can provide real-time responses at the online phase,
since the multidimensional models have been solved offline for every
possible value of parameters. This opens various possibilities and devel-
opment in integrated simulation-based engineering. However, such
approaches are usually intrusive. In particular, one can cite a recent
paper [42] successfully using the PGD-based approach for the thermal
process of welding, however, the application for nonlinear mechanical
problems involving material plasticity is still under development.

For the sake of avoiding the intrusive aspect, recently, a POD-based
computational vademecum [34] has been built through an a posteriori
approach for welding processes. In this work, snapshots are computed
with the standard finite element (FE) method. A manifold-based method
[17,34,35] is proposed to interpolate both the space and time POD-
RBs with respect to the variation of parameters. Thus there is no com-
plex computation at the online phase (no equilibrium equations have
to be solved) and real-time space-time responses can be obtained. This
strategy of construction of computational vademecum without intrusive
effects has been applied to standard welding simulations. The real-time
computational vademecum can be helpful for engineers to make opti-
mization decisions of welding processes.

In the same context, this paper presents an alternative a posteriori
non-intrusive tool to build the multiparametric real time space-time

computational vademecum using the high order PGD (HOPGD) method
[36]. Similarly to PGD methods, the problem parameters are consid-
ered as extra-coordinates of solutions. Then a separated representation
of solutions is constructed by HOPGD. However, the RB functions are
computed offline, through an a posteriori approach, with some precom-
puted snapshots. The greedy algorithm incorporated with an alternative
fixed point strategy is used for the search of the basis functions. In order
to increase the convergence rate, the dynamic relaxation method (i.e.
Aitken’s Delta Squared method [37–39]) is proposed to accelerate the
greedy algorithm. Its efficiency will be shown with several examples in
this paper. Once the basis functions are constructed offline, solutions for
new values of parameters can be provided online by the computational
vademecum at real-time rates.

In order to control the accuracy of computational vademecum, a local
refinement methodology [34] is applied to select the necessary snap-
shots in the parameter space for a given error. Exhaustive generations
of snapshots, at expensive computational cost, can be then avoided.

Starting with the problem statement, this paper introduces the
weakly coupled thermo-mechanical formulation in section 2. A new
strategy with HOPGD method for building multiparametric computa-
tional vademecum is presented in section 3. The convergence accelerator
of HOPGD will also be presented. Section 4 presents some application
examples of the proposed approach. Finally, computational vademecum
dedicated to parametric studies of welding processes will be shown at
the end with a sensitivity analysis.

Notation: In this paper, the studied quantities of interest depend on
the space-time coordinates (𝐗, t) ∈ Ω × [0,T]⊂ ℝ

4 and a set of parame-
ters 𝜇 ∈  ⊂ ℝ

d. The associated physical problem is then said to be a
(4 + d)D problem, in order to describe its dimension.

2. Problem statement

2.1. Strong formulation

Let us consider a transient thermo-elasto-plastic problem. Under
weak coupling assumption, the transient heat transfer analysis can be
carried out prior to the mechanical analysis, by solving the following
governing equation

𝜌C
d𝜃(𝐗, t)
dt

+ div 𝐪(𝐗, t) = r(𝐗, t) in the matrial domain Ω (1)

where “div •” is the divergence operator with respect to the initial posi-
tion X, d•/dt the material time derivative, 𝜌 and C are respectively the
material density and specific heat capacity, and r is the internal heat
generation.

The linear isotropic Fourier constitutive law is enforced here

𝐪(𝐗, t) = −𝐤.∇𝜃(𝐗, t) (2)

where 𝐤 is the thermal conductivity.
Different boundary conditions (BCs) and initial conditions can be

defined

⎧⎪⎨⎪⎩

𝐪(𝐗, t).𝐧(𝐗, t) = 𝐪(𝐗, t) on the surface 𝜕Ω𝐪

𝜃(𝐗, t) = 𝜃(𝐗, t) on the surface 𝜕Ω𝜃

𝜃(𝐗, t = 0) = 0

(3)

Considering a reference frame Ω̃ moving at constant velocity 𝐯, the
original problem reads

𝜌C
𝜕𝜃(𝐱, t)

𝜕t
+ 𝐝𝐢𝐯 𝐪(𝐱, t) + 𝜌C𝐯.∇𝜃(𝐱, t) = r(𝐱, t) 𝐢𝐧 Ω̃ (4)

or with the steady-state assumption, as proposed in Ref. [17]

div 𝐪(𝐱, t) + 𝜌C𝐯.∇𝜃(𝐱, t) = r(𝐱, t) in Ω̃ with
𝜕𝜃(𝐱, t)

𝜕t
= 0 (5)

where 𝐱 is the current position vector of a material point defined by 𝐗 at
initial time in Ω̃. At each time t, 𝐱 = 𝐗 + 𝐯t. Note that the steady-state
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Fig. 2. Successive refinements in the 2D parameter space.

Fig. 3. Welding work-piece: geometry and boundary conditions.

Table 3
Material properties and load data.

Notation Name Values

Cp Specific heat capacity 432 J kg−1 K−1

𝜆 Thermal conductivity 46 Wm−1 K−1

𝛼 Thermal expansion 1.2 × 10−5 K−1

E Young’s modulus 210 × 109 Pa
𝜈 Poisson ratio 0.3
𝜎y Initial yield stress 300 × 106 Pa
H Linear isotropic hardening parameter 21 × 109 Pa
Q Heat flux 8 × 106 Wm−2

𝐕 Velocity of loading 0.001 m s−1

description is suitable for problems with a stationary regime reached
throughout the process, like welding (e.g Refs. [40–42]). In addition,
the solutions are solved in Ω̃, where BCs are not defined and should be
chosen in an appropriate way to well approximate original solutions in
the fixed frame. In this work, one adopts this steady-state formula for
the thermal analysis in the moving frame.

Mechanical analysis is carried out in the fixed frame, which consists
in seeking the admissible fields 𝝈, 𝐮 and 𝜺p satisfying the following
balance equations and BCs

⎧⎪⎨⎪⎩

div 𝝈(𝐗, t) + 𝐟 (𝐗, t) = 0 in Ω

𝝈(𝐗, t).𝐧(𝐗, t) = 𝐅(𝐗, t) on 𝜕Ω𝐅

𝐮(𝐗, t) = 𝐮(𝐗, t) on 𝜕Ω𝐮

(6)

where 𝝈 = 𝐃 ∶ 𝜺e = 𝐃 ∶ (𝜺 − 𝜺p − 𝜺𝜃) with 𝜺 = ∇s𝐮(𝐗, t), under infinitesi-
mal strain assumption, and 𝐃 denotes the fourth order elasticity tensor.
The thermal strain denoted by 𝜺𝜃 results from the thermal expansion:
𝜺𝜃 = 𝛼𝜃𝐈, where 𝐈 is the second-order identity tensor and 𝛼 is the ther-

mal expansion coefficient.
The complementary plastic behavior law with an isotropic harden-

ing R reads

⎧⎪⎨⎪⎩

f (𝝈,p) = ‖𝝈d‖ − 𝜎y − R(p)

𝜺̇p = (f )
<𝝈d∶𝝈̇d>

Rg

𝝈d

‖𝝈d‖
(7)

where 𝜎y denotes the initial yield stress, (•) the Heaviside function,
𝝈d the deviatoric stress tensor, <A> the positive part of A, and p the
equivalent plastic strains and g = dR

dp
.

Then, the state vector of the thermo-elasto-plastic problem can be
defined as

𝕏 =
{
𝜃,𝐮, 𝜺p,𝝈,p

}T
(8)

2.2. Weak form and FE discretization

The variational formulation of the thermal problem (5) reads

∫Ω̃𝜌C𝐯.∇𝜃𝜃
∗dΩ̃ + ∫Ω̃∇𝜃.𝐤.∇𝜃

∗dΩ̃ + ∫𝜕Ω̃𝐪
𝐪𝜃∗ds = ∫Ω̃r𝜃

∗dΩ̃ (9)

where 𝜃 and 𝜃∗ are respectively the trial and test functions.
With similar definitions for displacement functions 𝐮 and 𝐮∗, the

equivalent mechanical variational form of (6) reads

−∫Ω

𝝈(𝐮) ∶ 𝜺(𝐮∗)dΩ + ∫Ω𝐟 .𝐮
∗dΩ + ∫𝜕Ω𝐅

𝐅.𝐮∗ds = 0 (10)

The FE semi-discretized form for the thermo-elasto-plastic problem
involves

𝐊̃th𝜽(t) = 𝐐(t) (11)

where 𝜽 and 𝐐 are respectively nodal temperature and external heat
flux vector. The modified thermal conductivity matrix involves an addi-
tive advection term: 𝐊̃th =

∑
elements(𝐁

T
th
.𝐤.𝐁th + 𝐍T .𝜌C𝐯T .𝐁th), where 𝐁th

3
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and 𝐍 are the usual matrices respectively for temperature gradient and
interpolation of the element temperature 𝜃.

The mechanical solution is given when the following residual van-
ishes

⎧
⎪⎪⎨⎪⎪⎩

𝐑(𝐔(t)) = 𝐅ext(𝐔(t)) − 𝐅int (𝐔(t))

with 𝐅ext(t) = ∫Ω𝐍
T .𝐟 dΩ + ∫𝜕Ω𝐅

𝐍T .𝐅 ds

𝐅int (t) = ∫Ω𝐁
T
m.𝝈 dΩ

(12)

where 𝐔 is the nodal displacement vector, 𝐅ext and 𝐅int are respectively
the associated external and internal force vectors. 𝐁m is the usual matrix
for displacement gradient.

Furthermore, this residual problem can be solved with the Newton-
Raphson scheme and incorporated with the radial return mapping algo-
rithm for plasticity flows. The transient thermal problem is solved by a
first order time integrator.

3. A new strategy for multiparametric computational vademecum

This section presents a strategy for multidimensional parametric
studies, based on the high order PGD (HOPGD) [36] which can be
seen as an a posteriori version of standard PGD methods. A convergence
acceleration technique, i.e. Aitken’s Delta Squared method, is intro-
duced to accelerate the convergence of this PGD construction. Further-
more, the multigrid snapshots selection is used to sample the parameter
space.

3.1. A posteriori high order PGD-projection

Similarly to higher-order SVD or the PARAFACmethods, the HOPGD
is proposed to obtain separated approximations of known functions.
Given a d-dimensional function f (𝜇,… , 𝜇d) ∈ L2(Ω) with coordinates
𝜇i|i=1,d, the HOPGD seeks a L2 projection of the original function in
the following form

f (𝜇1, 𝜇2,… , 𝜇d) ≈ f
n(𝜇1, 𝜇2,… , 𝜇d)

=

n∑
m=1

Fm1 (𝜇1)F
m
2 (𝜇2) · · · F

m
d
(𝜇d)

= fn−1 + Fn1(𝜇1)F
n
2 (𝜇2) · · · F

n
d
(𝜇d)

(13)

where n is the rank of approximation, Fm
i
|i=1,d are the unknown func-

tions of the m-th mode.
The L2 projection is formulated as a minimization problem as fol-

lows

⎧
⎪⎨⎪⎩

Find fn ∈ Vn ⊂ L2(Ω) such that

J(fn) = min
fn

(1
2
‖fn − f‖2L2(Ω)

) (14)

or equivalently the solution of

(fn, f s) = (f , f s) for all f s ∈ Vn (15)

The minimization problem can be solved by a greedy algorithm
with an alternating direction strategy (fixed point iteration), as for PGD
[21,43]. At each iteration n, the following local optimization problem
is solved
(

d∏
i=1

Fd, 𝛿f

)
=
(
f − fn−1, 𝛿f

)
(16)

with test functions 𝛿f = 𝛿
∏d
i=1 Fi = 𝛿F1F2… Fd + F1𝛿F2… Fd + · · · +

F1F2… 𝛿Fd.
The alternating direction strategy is used for computing the compo-

nents Fi, as illustrated in Algorithm 1.
The rank of approximation n is determined by the given accuracy,

which means that the greedy algorithm will not stop until the error

indicator is satisfied: ‖fn − f‖2
‖f‖2 ≤ 𝜖f .

Robustness and efficiency have been shown in standard PGD meth-
ods with this kind of algorithm [21,43]. For a moderate multi-
dimensional matrix, the HOPGD can be obtained efficiently with Algo-
rithm 1. Several examples can be found in Ref. [36]. Moreover, it can

4
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be proved that in the case of two parameters, the HOPGD is equiva-
lent to the well known SVD (POD method). For multi-parameters cases,
the functions produced by HOPGD may not be optimal. Compared with
HOSVD, HOPGD has the advantage of a straightforward generalization
to high dimensions [36].

3.2. Convergence accelerator

One considers a convergent sequence F(k)
i
in Algorithm 1. The equiv-

alent fixed point formula reads

F(k+1)
i

= g(F(k)
i
) (17)

The relaxation method can then be applied in order to accelerate the
convergence of the resolution scheme. With a well chosen relaxation
parameter w, the prediction of F̃(k+1)

i
at step k is improved by using the

previous iterations without perturbing the stability of the numerical
scheme

⎧
⎪⎨⎪⎩

F̃(k+1)
i

= g(F(k)
i

)

F(k+1)
i

= wF̃(k+1)
i

+ (1 − w)F(k)
i

(18)

One possibility to compute w is given by Aitken’s Delta Squared
method [37,38], also called dynamic relaxation (the relaxation coeffi-
cient w is re-actualized at each iteration)

w(k) = −w(k−1) 𝛿k
𝛿k+1 − 𝛿k

(19)

where 𝛿k+1 = F̃(k+1)
i

− F(k)
i
. In the vector case, equation (19) reads

w(k) = −w(k−1)
𝜹
T
k
(𝜹k+1 − 𝜹k)

‖𝜹k+1 − 𝜹k‖2 (20)

Remark 1. The relaxation parameter k is determined by taking into
account two previous steps. Therefore, for the first two steps, there is
no better guess for w except 1.

Remark 2. Application of this accelerator to the greedy algorithm 1
for HOPGD is straightforward. The relaxation parameter should be spe-
cific to each function Fi|i=1,8 and re-actualized at every step. In vec-
tor cases, the relaxation parameter is calculated using equation (20)
and applied for the concerned vector. This parameter estimation may
be costly, but the speed-up for large dimensional cases is obvious, as
shown hereinafter.

Considering a three dimensional matrix 𝐔(𝐗, t, 𝜇)∈ ℝ
9317×117×6, a

FE solution of transient thermo-mechanical problems with a discretiza-
tion of 9317 × 117 × 6 respectively in space 𝐗, time t and one material
parameter 𝜇, the HOPGD approximation is then given by

𝐔(𝐗, t, 𝜇) ≈ 𝐔n(𝐗, t, 𝜇) =
n∑

m=1

𝚽m(𝐗)⊗ 𝐕m(t)⊗ Fm(𝜇) (21)

where 𝚽 and 𝐕 denote the space and time functions respectively. ⊗ is
the usual tensor product operator.

The HOPGD coupled with the relaxation method shows a good
convergence rate (see Fig. 1). Compared to the original fixed point
sequence which convergents linearly, as shown in many cases [39],
much fewer iterations are required in order to build the PGD functions
when coupling with the relaxation process, and computational cost is
much cheaper (Table 1).

Another comparison example for a higher dimensional matrix
𝐔(𝐗, t, 𝜇, 𝜉, 𝜂) is illustrated in Table 2. The discretization used for
𝐗, t, 𝜇, 𝜉 and 𝜂 is 9317 × 117 × 2 × 2 × 2. The 5D HOPGD approximation
reads then

𝐔(𝐗, t, 𝜇, 𝜉, 𝜂) ≈ 𝐔n(𝐗, t, 𝜇, 𝜉, 𝜂)

=

n∑
m=1

𝚽m(𝐗)⊗ 𝐕m(t)⊗ Fm1 (𝜇)⊗ Fm2 (𝜉)⊗ Fm3 (𝜂)

(22)

A good speed-up (almost 2×) has been shown in both two examples
with application of the relaxation method. Although the constructed
PGD functions are slightly modified by the relaxation, a good conver-
gence rate is obtained, even for high dimensional matrices.

3.3. Separated variable representation

The presented HOPGD opens possibilities to perform the parametric
studies for high dimensional problems, with some previous knowledge
of the solution. As soon as the parameter functions (e.g F(𝜇)) are con-
structed, all solutions with respect to the variation of the parameter 𝜇
in its range can be known.

Considering a transient nonlinear thermo-mechanical problem, the
prior known solutions 𝐔(𝐗, t), corresponding to different parameter val-
ues 𝜇i ∈

[
𝜇1, 𝜇N

]
, are pre-computed with full FE models. The PGD func-

tions Fm(𝜇) are then provided by the HOPGD projection according to
an error criterion. Any new solution corresponding to a new value in

5
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[
𝜇1, 𝜇N

]
can be obtained with the local interpolation strategy illustrated

in Algorithm 2.

Remark 3. A global interpolation can be chosen if necessary. Here,
the parameter function is interpolated locally for the stabilization of
schema.

3.4. Multigrid selection of the snapshots

The new solutions depend strongly on the quality of the basis func-
tions constructed with snapshots. With the aim of selecting the snap-
shots that provide reliable solutions in the parameter space, a local

6
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Fig. 4. Problem definition with boundary conditions.

Table 4
Geometry parameter of FE model.

Lx(m) Ly(m) Lz(m) E.T. E.N. N.N. G.N.

0.3 0.1 0.02 CUB8 (P1) 7200 9317 8

Notes. “E.T.”: Element Type, “E.N.” Element Number, “N.N.”: Node Number, “G.N.”: Gauss point
Number per element.

Fig. 5. Localized refinements in the 1D parameter space.

error control strategy is used.
Given a 2D parameter space  ∶ 𝜇 ×𝜉 with 𝜇 ∈ 𝜇 and 𝜉 ∈ 𝜉 ,

the location of snapshots that should be selected for constructing the
reliable HOPGD functions can be determined through a local refinement
approach which can be summarized into two main steps.

First of all, an error indicator should be defined for quantities of
interest in order to assess the quality of grids. An example reads

𝜖(𝐔) =
‖𝐔HOPGD(tm) − 𝐔HFM(tm)‖2

‖𝐔HFM(tm)‖2
(23)

where (•)(tm) denotes the solution at the final time step and XHFM the
solution computed with high-fidelity model (HFM). The new solution
𝐔HOPGD is computed at the center of the parameter space (see Algorithm
3). Although other choices of error indicator exist. This error, regarding
the final quantities, is adopted since in welding problems the quanti-
ties of interest are usually those in final time, like residual stresses or
welding induced distortions.

Fig. 6. 4 + 1D computational vademecum developed in matlab.

Then, the first order grid is defined as the corners of . By subdivid-
ing the current domain, the refinement is successively executed when
the error indicator is superior to the tolerance 𝜖c, which is illustrated in
Algorithm 4.

An example of local refinements in the 2D parameter space is shown
in Fig. 2. It should be noticed that the refinement is performed locally
on the sub-domains where the error condition is not satisfied. Exhaus-

Table 5
Illustration of parameter refinement.

Grid order Corners of the grid Operating point Error (𝝈VM) Error test

1 432, 900 666 4.75% 0
2 432, 666 549 1.85% 0
2 666, 900 783 1.15% 1
3 432, 549 490.5 0.90% 1
3 549, 666 607.5 0.82% 1
3 666, 900 724.5 1.15% 1

Notes. “Error test: 1/0” means the error condition is satisfied or not.
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Table 6
CPU time and memory for 4 + 1D computational vademecum.

Offline Online

4 snapshots HOPGD Total

CPU time 28 h 1200 s < 29 h < 1 s
Memory 166 Mbytes 40 Mbytes 40 Mbytes –
Full FEM – – – 7 h

Fig. 7. 3D parameter space with snapshots.

tive generations of snapshots in the parameter space can therefore be
avoided. And the error of the final grid is controllable.

Similar adaptive sampling strategies have been used in RB meth-
ods [44–46] (see also an adaptation to PGD [47]). In those methods,
the sampling points for constructing the RB are selected and enriched
through a greedy algorithm coupled with a residue analysis dedicated to
estimate the error of each sub-domain, at offline stage. The refinement
effort is then localized on those domains where the error condition is
not satisfied. Compared to these methods, the proposed method may
involve more HFM computations, since the evaluation of the error esti-
mate requires expensive standard full computations. This point requires
to be improved by considering another inexpensive error estimator for
the proposed method (e.g a posteriori residue analysis in the parameter
space).

4. Application examples: computational vademecum of welding-like
simulations

4.1. Numerical model

The work-piece with prescribed boundary conditions is shown in
Fig. 3. The heat source moves along the line of symmetry. The used
material properties as well as the load parameters are given in Table 3.
All the material properties are assumed independent on the tempera-
ture.

Since the problem (geometry, material, loading, BCs) is x-z plane
symmetric, only one half of the actual problem is modeled Fig. 4(a).
The mesh characteristics are presented in Table 4.

The thermal analysis is performed in the moving frame for a good
efficiency. The control volume is defined as a domain of 0.25 m long
(see Fig. 4(b)), in which the material flows through with the same con-
stant velocity as loading in the x direction. The laser can be therefore
viewed as a fixed loading in the control volume and is located 0.09 m
from the inlet boundary. The inlet boundary is prescribed with the ini-
tial temperature 𝜃0 = 0, while the outlet boundary is prescribed with
zero heat flux.

One recalls here the state vector of the problem

𝕏 =
{
𝜃,𝐮, 𝜺p,𝝈,p

}T
(24)

4.2. 4 + 1D computational vademecum

Let us consider a material parameter Cp(J kg
−1 K−1) ranging in

[432 900], in order to study its influence on the quantities of interest
of the welding problem (e.g. residual stresses and distortions), paramet-
ric solutions are required. The HOPGD representation reads then

𝐔(𝐗, t,Cp) ≈
n∑

m=1

𝚽m(𝐗)⊗ 𝐕m(t)⊗ Fm(Cp) (25)

For the sake of computing the basis functions that can provide
accurate solutions (error <1.5%), 4 snapshots {432 549 666 900} are
selected in the parameter range with the multigrid selection method,
after two localized refinements, as shown in Fig. 5. The errors of resid-
ual stress corresponding to each order of grid can be found in Table 5.
The same work can be done for other state variables. These 4D paramet-
ric solutions form then a computational vademecum (see Fig. 6). More-
over, as it is shown in Table 6, the memory needed for storing the
HOPGD functions is very limited (<40 Mbytes) and the computational
vademecum can provide real-time solutions, whereas it takes 7 h for

Fig. 8. Successive local refinements in the 3D parameter space.
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Table 7
Errors at some operating points in the refined 3D parameter space.

Grid order Operating point (Cp , 𝛼, 𝜎y) Error (𝝈VM) Error (p)

3 (783 1.215 350) 3% 5%
3 (549 1.485 450) 3% 6%
3 (490.5 1.1475 375) 1% 3%
3 (607.5 1.2825 325) 1% 2%
3 (490.5 1.1475 475) 1% 3%
3 (607.5 1.2825 425) 1% 2%
3 (724.5 1.1475 475) 1% 3%
3 (841.5 1.2825 425) 1% 2%

running a complete FE calculation and needs more than 160 Mbytes to
store the complete FE solutions.

Similar results can be found in the work of [34] using a POD-based
approach. In that case, the memory required for storing the snapshots is
less than here, since the POD basis functions are optimal. However, for
multiparameter cases, the POD-based approach becomes less efficient.

4.3. 4 + 3D computational vademecum

This section presents an example of 4 + 3D computational vademe-
cum taking into account three material parameters: thermal capac-
ity Cp(J kg

−1 K−1) ∈ C = [432 900], thermal expansion 𝛼(10−5 K−1) ∈
𝛼 = [1.08 1.62] and initial yield stress 𝜎y(MPa) ∈ 𝜎 = [300 500]. In
this case, the HOPGD representation of the solution of the welding prob-
lem reads

𝐔(𝐗, t,Cp, 𝛼, 𝜎y) ≈
n∑

m=1

𝚽m(𝐗)⊗ 𝐕m(t)⊗ Fm1 (Cp)⊗ Fm2 (𝛼)⊗ Fm3 (𝜎y) (26)

The parameter space  ≔ C ×𝛼 ×𝜎 and the 8 snapshots defin-
ing the first order grid are illustrated in Fig. 7. In order to have reliable
solutions (with error ≤ 6%), two successive localized refinements with
the multigrid method are performed in the 3D parameter space (see
Fig. 8). The solution errors associated with some operating points are
shown in Table 7. As shown in Fig. 9, the snapshots needed for provid-
ing accurate thermo-mechanical solutions with HOPGD are localized in
some sub-domains of the 3D parameter space.

The memory storage and the total offline CPU time (including snap-
shots computations and HOPGD) for constructing this computational
vademecum (see Fig. 10) is shown in Table 8. On the one hand, HOPGD
approximation allows an economic storage of snapshots (full FE solu-
tions which require 3Gbytes totally). On the other hand, instead of re-

Fig. 9. Final grid (order 3) in the 3D parameter space.

Fig. 10. 4 +3D computational vademecum.

Table 8
CPU time and memory for 4 + 3D computational vademecum.

Offline Online

74 snapshots HOPGD Total

CPU time 518 h 15 h 533 h < 1 s
Memory 3 Gbyts 654 Mbyts 654 Mbyts –
Full FEM – – – 7 h

Fig. 11. Welding model and the position of the studied interest quantity: deflection in A.

running FE computation which takes 7h for a new parameter value, the
space-time solutions for new parameters can be provided at real time
rates (<1s) by the computational vademecum. Although the offline cost
for building the snapshots and HOPGD may be expensive (which should
be much less with parallel solvers), it is obviously advantageous to loose
time at this stage compared to that earned at online phase, especially
in the case of repetitive tasks.

Other process parameters can be also taken into account for building
the computational vademecum. This kind of computational vademecum can
serve as a database and be used online by engineers for optimization or
inverse identification problems of welding processes.
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Fig. 12. Numerical experiences for sensitivity analysis.

Fig. 13. Deflection of the welding work-piece modified by three input parameters
Cp , 𝛼, 𝜎y.

4.4. Application of computational vademecum to sensitivity analysis

Sensitivity analysis consists in the study of the influence of input
variation (uncertainties) on the output of a model. It is usually applied
to numerical welding simulation in order to find out the dominant vari-
ables on the output quantities (e.g. distortions or residual stresses) [48].

This section illustrates the application of the constructed 4 + 3D
computational vademecum for sensitivity analysis. As an example, the
influence of material parameters on the deflection of the welding work-
piece is studied herein. The displacement of the point A located at the
center of the bottom is selected as a measure of deflection (see Fig. 11).
For different input parameters, the outputs (space-time simulations of
welding) can be provided by the computational vademecum very fast,
which makes possible a database with a large number of numerical
experiences. Such an approach allows to avoid the cumbersome task of
repeating huge computations with a sampling technique.

Let us assume a set of material properties with uncertainties on
three parameters modeled as random variables with a normal distribu-
tion: thermal capacity Cp(J kg

−1 K−1) ∼  (666, 66.62), thermal expan-

sion 𝛼(10−5K−1) ∼  (1.35, 0.132) and initial yield stress 𝜎y(MPa) ∼

 (400, 402), where  (𝜇, 𝜎2) denotes the normal distribution with a
mean 𝜇 and a standard deviation 𝜎. The convergence of the random
sampling is reached with 6050 numerical experiences, as shown in
Fig. 12(a). The mean value of the deflection is −5.48 × 10−5m. It should

be highly noticed that these 6050 experiences need totally 6050 × 7 h
(5 years !) with standard FE simulations. With the constructed com-
putational vademecum, the convergence is inexpensive, since the solu-
tions can be generated at very low cost (<20 min). Fig. 12(b) illustrates
the distribution of the work-piece deflections at final time with 1000
numerical experiences. It is shown that the distribution of outputs has a
standard deviation of 12%, like input parameters. Focusing now on the
time evolution of the deflection in A, one can see that the deflection is
mainly influenced by 𝛼 and 𝜎y and slightly modified by the variation of
Cp, as shown in Fig. 13.

5. Conclusion

A new a posteriori non-intrusive strategy dedicated to construction
of multiparametric computational vademecum has been presented. A sep-
arate representation of solutions, which contains explicitly the param-
eter functions allowing the exploitation of the parameter space, is con-
structed by the HOPGD method with some pre-computed snapshots. A
dynamic relaxation method has been successfully applied to improve
the convergence rate of the HOPGD procedure. In order to efficiently
sample the parameter space, a multigrid method that allows automatic
localized refinements is employed to select the snapshots.

The application to construct computational vademecum for a nonlin-
ear thermo-mechanical problem shows the efficiency of the proposed
approach. For a given level of accuracy, limited memory is necessary
to store the snapshots. And the computational vademecum can provide
real-time space-time online response for any parameter value. The use
of computational vademecum can be helpful for simulation-based engi-
neering and sensitivity analysis. Future work consists in applying the
proposed approach to industrial engineering problems of welding (with
more realistic loading and possible complex metallurgy effects) and the
improvement of the multigrid method for high dimensional problems.
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