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On the cut-elimination of the modal p-calculus:
Linear Logic to the rescue

Esaie BAUER & Alexis SAURIN 20
Université Paris Cité & CNRS & INRIA, Pl. Aurélie Nemours, 75013 Paris, France

—— Abstract

This paper presents a proof-theoretic analysis of the modal mu-calculus, well-known in verification
theory and relevant to the model-checking problem. More precisely, we prove a syntactic cut-
elimination for the non-wellfounded modal mu-calculus, using methods from linear logic and its
exponential modalities. To achieve this, we introduce a new system, uLLZ, which is a linear
version of the modal mu-calculus, intertwining the modalities from the modal mu-calculus with
the exponential modalities from linear logic. Our strategy for proving cut-elimination involves (i)
proving cut-elimination for puLLZ and (ii) translating proofs of the modal mu-calculus into this new
system via a "linear translation," allowing us to extract the cut-elimination result.

2012 ACM Subject Classification Theory of computation — Proof theory; Theory of computation
— Modal and temporal logics; Theory of computation — Linear logic; Theory of computation —
Logic and verification; Theory of computation — Type theory

Keywords and phrases proof theory, verification theory, model checking theory, circular proofs, cut
elimination, exponential modalities, fixed-points, linear logic, modal mu calculus, non-wellfounded

proofs, sequent calculus

1 Introduction

Eliminability of cut and the modal p-calculus. Since Kozen’s seminal work on the
modal p-calculus [12], this logic based on modal logic extended with least and greatest
fixed-points has been extremely fruitful for the study of computational systems, especially
reactive systems, both for their specification and their verification. In addition to its wide
expressive power, its deep roots in logic also allow for a number of fruitful approaches, be
they model-theoretic, proof-theoretic, automata-theoretic, as well as complexity-theoretic.

Still, cut-elimination — a cornerstone of modern proof-theory — only received partial
solutions [17, 5, 15, 16, 1], either as cut-admissibility statements (usually obtained as
corollary of a completeness theorem with respect to a cut-free proof system — and therefore
noneffective) or as syntactic cut-elimination results capturing only a fragment of the calculus.
Some of them are admissibility results [17, 1], possibly using non-wellfounded or circular
systems (allowing proof-trees with infinitely long branches). Systems with w-rule (allowing
infinitely branching proof-trees) also enjoy cut-admissibility (see [11] for instance), however
a problem that arises when trying to describe a syntactic cut-elimination is the fact that a
choice on the number of times a p-rule must be made sometimes before knowing how many
times it should be to fit each hypotheses of a v-rule. In [5], the authors discuss a specific
example where syntactic cut-elimination fails. Syntactic results of cut-elimination can still be
found in w-rule systems [16, 5, 15], however these systems are strict fragments of the modal
p-calculus. In fact, there is no syntactic cut-elimination theorem for the modal p-calculus.

The present work establishes syntactic cut-elimination theorems for the modal p-calculus
by providing a proof-theoretic analysis grounded on linear logic stemming from the striking
remark that logic presents at the same time a deep unity and a wide diversity.

On unity and diversity in computational logic. While the unity of logic is embodied by
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its fundamental objects and questions', the vast diversity of logics and the broad nature of
reasoning are a source of multiplicity of formalisms which often turn out to be incompatible.
This leads, for instance, Miller [14], to argue that “it is far more accurate to say that
its universal character has been badly fractured in the past few decades”, due to the wide
range of its applications, the various families of logics that have emerged and the different
computational tools that are in use often with little relationship. Miller’s analysis of this
fracture goes to the point of proposing the following questions as the first of a list of
“challenges”:

Challenge 1: Unify a wide range of logical features into a single framework. How best can we
explain the many enhancements that have been designed for logic: for example, classical /
intuitionistic / linear, fized points, first-order / higher-order quantification, modalities,
and temporal operators? (...)

In the present paper, we partially address Miller’s first challenge, providing a common
framework for two of the main logics that emerged in the 1980s, Kozen’s modal p-calculus [12]
and Girard’s linear logic [9]. Working in the setting of circular and non-wellfounded proof
systems for the above logics, we propose a so-called linear decomposition of the modal u-
calculus in linear logic with fixed-points. This proof-theoretic analysis of the modal u-calculus
allows us a finer-grained treatment of syntactic cut-elimination.

Cut-admissibility vs cut-elimination. The treatment of the cut-inference in sequent-
based proof-systems follows two main traditions: (i) one can consider cut-free proofs as
the primitive proof-objects, establishing that the cut-inference is admissible (according to
that tradition, the cut-inference essentially lives at the meta level, ensuring compositionality
of the logic) or (ii) one can consider that the cut inference lives at the object-level and
is a fundamental piece of proofs, establishing that it is eliminable thus ensuring the sub-
formula property (and its numerous important consequences, ranging from consistency to
interpolation properties). This second tradition often comes with the investigation of a
syntactic, or effective, approach to cut-elimination, consisting in a cut-reduction relation on
proofs, shown to be (at least) weakly normalizing, the normal forms being cut-free proofs. In
several settings (most notably LJ and LL [9]), such cut-reductions may have a computational
interpretation that is the starting point of Curry-Howard correspondence built upon sequent
calculus [0].

Linear Logic. Linear logic (LL) is often described as a resource-sensitive logic. It is more
accurate, though, to view it as a logic designed for analyzing cut-elimination itself. Indeed, LL
comes from an analysis of structural rules, aiming at controlling them rather than weakening
them as in substructural logics. This solves some fundamental drawbacks of cut-elimination
in classical logic, such as its non-termination or non-confluence. For instance, LL permits
the decomposition of both intuitionistic and classical logic, in a structured and fine-grained
manner allowing the refinement of the cut-elimination of those logics as well as their notion of
model (allowing the building of a non-trivial denotational model of proofs for classical logic);
the prototypical example of such a linear decomposition consists in decomposing the usual
intuitionistic arrow (that is the function type of the A-calculus), A = B, into a replication
operator and a linear implication, !A — B [9, 7]. Further analyzes on these exponential
modalities led to the finding of alternative presentations offering the possibility to tame their

! E.g. how to design logical languages and use logical consequence from a model- or a proof-theoretic
perspective, what are the invariants emerging from models or proofs and how to provide algorithms and
software to mechanize these studies and with what intrinsic expressiveness and complexity?
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complexity in a flexible way, introducing light logics, but considering alternative — generally
weaker — exponential modalities. The proof theory of LL was extended to LL extended with
fixed-points in the finitary and non-wellfounded setting [2, 8, 20] and pLL> allowed for the
same kind of linear decomposition for (the non-wellfounded version of) plLJ and plLK. A
natural question is therefore whether LL and its extensions with fixed-points can help us
achieving syntactic cut-elimination for the modal u-calculus as well.

Contributions. The discussion of the above paragraph suggests a first question: what
would be a linear decomposition of the modal p-calculus? The first contribution of this paper
is to provide such a linear decomposition of the modal p-calculus which is compatible with
circular and non-wellfounded proof theory, uLLZY. This linear-logical modal p-calculus will
allow us to complete the analysis of cut-elimination for the modal u-calculus.

We therefore adopt the following roadmap in the body of the paper: in Section 2, we recall
the necessary technical background about uLL™ and pLKE (with list and sequence-based
sequents). In Section Section 3, we motivate and introduce pLLf, the linear calculus in
which one can decompose the modal p-calculus. We then prove cut-elimination for yLLF in
Section 4 before defining the linear decomposition of uLKE and concluding its cut-elimination
theorem in Section 5 in the form of an infinitary weak-normalizing cut-reduction system.

2 Sequent calculi for (non-)wellfounded & circular proof systems
2.1 The Modal p-calculus

Formulas. First we define the pre-formulas of the modal p-calculus, uLKgX:
F,G 2= a€cA|XeV|uX.F|vX.F|OF|OF|F*|F—-G|FVG|FAG|F|T.

Knaster-Tarski’s theorem guarantees the existence of extremal fixed-points for monotonic
functions on complete lattices; monotonicity is reflected syntactically as a positivity condition
on fixed-point variables. We therefore consider only pre-formulas satisfying this condition:

» Definition 1 (Positive and negative occurrence of a fixed-point variable). Let X € V be a
fized-point variable, one defines the fact, for X, to occur positively (resp. negatively) in a
pre-formula by induction on the structure of pre-formulas:
X occurs positively in X.
X occurs positively (resp. negatively) in c(F, ..., Fy,), if there is some 1 < i < n such
that X occurs positively (resp. negatively) in F; for c € {O,0,V, A}.
X occurs positively (resp. negatively) in FL if it occurs negatively (resp. positively) in F.
X occurs positively (resp. mnegatively) in F' — G if X occurs either positively (resp.
negatively) in G or negatively (resp. positively) in F.
X occurs positively (resp. negatively) in 0Y.G (with Y # X ) if it occurs positively (resp.
negatively) in G (for 6 € {u,v}).

» Definition 2 (Formulas). A ulK formula F is a closed pre-formula such that for any
sub-pre-formula of F of the form §X.G (with 6 € {u,v}), X does not occur negatively in G.

By considering the u, v, X-free formulas of this system, we get a fixed-point-free version
of the modal p-calculus: LKg. By considering the O, O-free formulas of uLKg, we get the
p-calculus. Finally, the intersection of these two systems, is the propositional classical logic.

Sequent calculus. We now define the sequents, inference rules and proofs for LK.
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» Definition 3 (Sequent). A sequent is a pair of two lists of formulas T, A, that we usually
write I' = A. We call T’ the antecedent of the sequent and A the succedent of it. We also
refer to the formulas of T' (resp. A) as the hypotheses (resp. conclusions) of the sequent.

» Remark 1 (Derivation rules & ancestor relation). In the structural proof theory literature,
inference rules are usually given together with an ancestor relation (or sub-occurrence relation)
between formulas of the conclusion and formulas of the hypotheses. While this relation is
often overlooked we provide some details here. Sequent being lists, we define the ancestor
relation, to be a relation from the positions of the formula in the conclusion, to the positions
of the formula in the hypotheses.

Those ancestor relations will be dealt graphically, by drawing the ancestor relation on
sequents when needed and leaving it implicit when unambiguous.

We define inference rules for LK in figure 1. Rules for LK will be the OJ, {-free rules of
LKg. We add rules of figure 2 to LK, (resp. LK) to get the fixed-point version uLK® (resp.

uLKET) of this system. The exchange rule (ex) from figures 1 and 3 allows one to derive

o)

the rule ex(o) for any permutation o of [1,#(I")], where o(I") designates the

action of o on the list I', with the induced ancestor relation. In the rest of the article, we
will intentionally treat the exchange rule implicitly: the reader can consider that each of our
rules are preceded and followed by a finite number of rule (ex).

Proofs of non fixed-point systems, LK, LK are the trees inductively generated by the
corresponding set of rules of each of these systems. We can define a first notion of infinite
derivations, pre-proofs, that will soon be refined:

» Definition 4 (Pre-proofs). Given a set of derivation rules, we define pre-proofs to be the
trees co-inductively generated by rules of each of these systems.

» Example 1 (Regular pre-proof). Regular pre-proofs are those pre-proofs having a finite
number of sub-proofs. We represent them with back-edges. Taking F := v X.0X, we give an

IvX.FFAX I uvX.F,AX
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FEEF 4 FEF
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» Remark 2. The pre-proofs define an inconsistent system. In fact, any sequent is provable:

F-vX.X , wvXXF AD
rFvX.X " vXXEA

T A cul

To define a sound non-wellfounded proof system, we need a last definition:

» Definition 5 (Active & Principal occurrence of a rule). We define active occurrences (resp.
principal formula) of the rules of figures 1, 2, 3 and j to be the first occurrence (resp. formula)
of each conclusion sequent of that rule except for:

(ex) which does not contain any active occurrences nor principal formulas;

(cut) which does not contain any active occurrences but has F as principal formula;

the modal rule () where all the occurrences are active and OF is the principal formula.

From that, we define the proofs as a subset of the pre-proofs:

» Definition 6 (Validity and proofs). Let b = (s;)ic., be a sequence of sequents defining an
infinite branch in a pre-proof w. A thread of b is a sequence (F; € 8;)i>n 0f occurrences such
that for each j, F; and Fj11 are satisfying the ancestor relation. We say that a thread of b is
valid if the minimal recurring formula of this sequence, for sub-formula ordering, exists and
is (i) either a v-formula and appearing on the succedent of its sequent or is a p-formula and
appearing in the antecedent of its sequent and (ii) the thread is infinitely often active (there
are an infinite number of active formulas in it). A branch b is valid if there is a valid thread
of b. A pre-proof is valid and is a proof if each of its infinite branches are valid.

» Remark 3. The least (1) and greatest (v) fized-point constructors have the same derivation
rules: they will be distinguished thanks to the validity condition which is a parity condition
akin to parity games for the p-calculus.

» Example 1. The pre-proofs of Example 1 and Remark 2 are respectively valid and invalid.

» Example 2 (Valid and not valid pre-proofs). Here, we give some examples of infinite proof,
we use a notation Nat := puX.1V X, representing the type of natural numbers. We can
represent any natural number n by a finite proof m,:

S n
Mo = F1VNat v Twpri= ENeb
F Nat " E Nat 77T

There also exists an infinite pre-proof on = Nat which is not valid: ::%Zi@ The

infinite branch here is supported by one only thread which is not valid as the minimal formula
s a p-formula appearing on the right of the proof. Which is coherent with the interpretation
that 1 is a least fixed-point, we want to reject an infinite natural number. Note that the same

kind of proof with Nat:=vX.1V X would have given a valid proof. The followin, of
ax M \/2
11 . NatF Nat 75
} . . ... 11V Nat 7 Nat-1V Nat "
(representing the double function) is valid: - Nat Hr Nat - Nat vz/ir The

1V Natt Nat 7

Natt Nat—_""
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Figure 3 Rules of multiplicative and additive linear logic

only infinite branch is the branch going infinitely on the right at the application of (V;)-rule.
This branch is supported by the infinite thread in the antecedent of each sequents which has a
p-formula as its minimal formula.

2.2 Linear Logic

The main difference between LK (or LJ) and LL lies in the fact that formulas are not always
erasable nor duplicable. Hence, the sequent A, B - A is not always provable, neither is
At A® A (asequent similar to A+ A A A in LK). This restriction allows LL to interpret
programs with finer resource control than LK (or LJ). Here we recall the usual definitions of
both the wellfounded and non-wellfounded systems of LL, following the definitions of the
previous section. (We are less colloquial: complete definitions can be found in appendices.)

Formulas. The pre-formulas of the non-wellfounded linear logic, uLL*™ are:
F,G 2= a€A|XeV|uX.F|vX.F|F*|F—-G|

FRG|FRG|L|1|F&G|F&G|0|T|?F|IF.

Positivity of those pre-formulas are defined the same way as for uLKZj formulas, identifying
—o to — (see details in appendix A.1). Formulas are defined similarly to puLK.

The !, ?-free formulas of pLL™ are the formulas of uMALL®, the multiplicative and
additive fragment of non-wellfounded linear logic. The u, v, X-free fragment of formulas of
uLL™ are the formulas of linear logic LL. The !, ?-free formulas of uLL™ are the formulas
of uMALL®®, the multiplicative and additive fragment of non-wellfounded linear logic. The
i, v, X-free fragment of formulas of puLL* are the formulas of linear logic LL. The intersection
of these two fragment is MALL, the multiplicative and additive fragment of linear logic.

Sequent calculus. The definition of sequent is the same as for uLKgj. The rules of MALL

are given by figure 3, the rules of LL are the rules of MALL together with the rules of figure 4.

We add rules of figure 2 to MALL (resp. LL) obtain gMALL® (resp. uLL®).  Pre-proofs,
active & principal occurrence as well as validity are defined as in the previous section.

In linear logic, the property of being duplicable or erasable can be obtained via ? (read
why not) and ! (read of course) modalities. If a hypothesis is preceded by an ! modality, one
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can duplicate or erase it via the (I.) (contraction) and the (!y) (weakening) rules, respectively.

Additionally, the (14) (dereliction) rule allows to use the hypothesis inside the !. Finally, the
(!5) (promotion) rule is the only right-rule on the ! modality and allows one to use a conclusion

formula preceded by an ! if and only if each hypothesis in the sequent is preceded by an !.

Therefore, a formula !A can be produced if each hypotheses producing it are duplicable
and erasable. Therefore, in linear logic, contractions and weakenings are possible but in a
more controlled way, especially when it comes to cut-reduction sequences: having modalities
for contractions and weakening sequentializes certain reductions. This gives the property
of strong normalization to LL [19], which can not be obtained from LK (see section 5.4.4
in [18]). However, the good normalization properties of LL can be recovered by using a linear
translation from LK to LL, similar to the double negation translations from LK to LJ. Indeed,
every formula, every sequent and every proof of LK can be translated into a proof in LL by
adding ? and ! modalities, for instance:

» Example 3 (Linear translation example). We translate each connectives c¢(Ay,...,A,) by
W(e(?A1,...,7A,)) and add a ? on the succedents (the additionnal rules are shown in red):
AFa Y,
o PAETA L
AFA 1L r -
T e FeA)7A , _AFA 5 7
e S e F7(2A)L 24 TAF7A "
A —ArAd N(CA)E o TAF 74,74 :
At 5 AF A d

I(21(2A) - — 2A) F 74,74
(N(?A)L —24)F?24 ¢

By taking any maximal sequence of cut reduction on such proofs in LL and using the strong
normalization property, we find a cut-free proof of the same sequent in LL. This projects to
an LK proof of the original sequent, by simply forgetting superfluous modalities. In Section 5,
we will use this technique to prove the cut elimination of the modal y-calculus.

3 A linear-logical modal mu-calculus

In the present section, we introduce an extension of uLL* with modalities akin to the modal
mu-calculus. The term logical emphasizes the fact that the logic is linear in the use of
resources, not in the structures of its models as in LTL or linear-time p-calculus [21].

To motivate a linear-logical modal p-calculus, we need to understand what problem will
be encountered by the translation of uLK into a linear logic system extended with O and ¢
modalities (the aim of this linear-logical modal p-calculus is ultimately to refine uLKgY). Let
us add them in the system as well as the modal rule, and let us extend the (—)* translation
on modalities the same way as in Example 3: (0A)® :=1074° (OA)® := 074",

-AA

Or+0OA4,0A

U, Following the usual LK to LL sequent translation,

Let us consider the modal rule [,

- A, B
- OA, 0B

Up, with an instance of the rule

where I' = [] and A = [B]:

?

‘p
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T'FAA LFOA OA A o LA, O, I0 - A, 74,00 o

OC FO4,0A 7 [+ OA A < THEOAA 7Y O, ITHIA,7A,0A P
I'FAA o [LOAOAF A . LA, 00, 1T, AF?A, 00

Or, 0A - OA 7P [LOAF A < TOAFA 7Y O, I0,7AF 2A, QA" P

Figure 5 Rules involving modalities for puLLZF

we should start with the sequent (from bottom to top)  ?!007A°, ?10?B® and end up with
F7A°,7B°.
To get to - 7A®,?7B*, we will have to remove both the ¢ and the 00 with a modal rule.

However, whatever sequence of rule that we use, we always get to a sequent containing an !
1074, 07B* 0
- 71074%,07B° ¢

: b . We

F 72107 A°107B*

F2107A%, 21078 @

are stuck at this point: the top sequent is conclusion of no rule of the system (except for the

cut and exchange of course).

and a modality O or {. Here is an example of such a derivation:

In our attempt to translate this rule we are left with an unprovable sequent where a
I-formula is in a context with a {-formula, not ?-formulas. It would therefore be convenient
to have promotion with right contexts possibly prefixed with ¢, dually with left contexts

Or’, I+ A, 7A, 0A!
prefixed with O: ’ 18,0
Or, 014,74, 04!

!g . Considering such a promotion rule allows us to

F7A° 7B°
FO?4%,07B° &
FH107A4°,07B® '};
FI074%, 078§

F 21007 A°, 107 B 'f;
F21074%, 71078 @
does not work when there are two or more U-formulas at the left of the sequent. We will
give the correct translation for a non-empty antecedent later.

finish the derivation of our (0,) instance: . Note that this translation

Allowing {-formulas in the succedent and (-formulas in the antecedent of the sequent of
a promotion has implications for the system’s robustness to cut-elimination.

For instance, taking the (7,/?,) principal case and adding modal-formulas to the context,
naturally requires to be able to weaken ¢/O-formulas (this corresponds to the reason for the
design of the promotion rule in LL):

TiFA, L, D005 CF7A5 0As IL kA

L F?2C, A, Y D, 005,2C F 705, 00N © ~ ?w; 'ws O, Ow

Fl, !FQ, Drg F AQ, ?A% <>A3 cut F17 !FQ, DF5 F Ag, ?AQ, <>A3

Similarly, the (?./7,) key-case naturally asks to be able to contract O-formulas. More details
can be found in appendix B.1.

We now give a formal definition of the linear-logical modal p-calculus: pLLgY. Pre-formulas

of uLL® are defined as:  F,G == a€ A| X eV |puX.F|vX.F|Ft|F—-G|F®G

|FRQG|L|1|FeG|F&G|0|T|?2F|!F|OF | OF.

We get positivity of an occurrence and the definition of formulas of pLLZ in the same

way as for puLL> and pLKg. Rules for uLL are the rules for uLL* together with rules

depicted in figure 5. Note that (!,) (resp. (7)) is a special case of (!g) (resp. (?E)). From

these rules, we define the sequents, pre-proofs and proofs similarly to systems of Section 2.
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» 4  Cut-elimination for pLL7

s In order to eliminate cuts for ulLLZ we shall use a generalization of the cut inference,
»ss  multicuts, as done in previous works on similar non-wellfounded proof systems [3, 4, 3]. The
0 multicut is extensively defined in appendix C.1.

» Definition 7 (Multicut rule). The multicut rule is a rule with an arbitrary number of

hypotheses:
' F A e r,FA,

r-A
%0 The ancestor relation v sends one formula of the conclusion to exactly one formula of the

mcut(c, 11)

w1 hypotheses; whereas the 1L -relation links cut-formulas together.

» Remark 4. The idea of the multicut is to abstract a finite tree of binary cuts quotiented by
cut-commutation rule. We give an example of a multicut rule and represent graphically v in

red and 1L in blue.
FAB BFC C+FD

A, D

We can understand the multicut rule as a tree of binary cuts through the (cut/mcut)-
principal case:

mcut(¢, 1)

Iy FF A Io, F' - As
r+FFA Ty, FFA
', To Ay Ay cut S R 2 > meut(s/, 1L")

TF A mcut(e, 11) r-A

262

%3 Here, i/ sends on C formulas that were sent on C by v, either it uses the ancestor relation of
2 the cut-rule that has been merged. The relation 1L’ is obtained from 1L by adding F 1" F+.

xs 4.1 The (mcut) reduction steps

26 We will use a multicut reduction strategy. We first describe the steps of reduction. To
%7 describe these mcut-steps of reduction, we will use a notation and a definition:

x5 » Notation 1 ((!)-contexts). C"/D denotes a list of pLL -proofs, all concluded by a (%), a
260 (?E), a (Op) or a (Op)-rule.

270 CHY denotes a list of uLL-proofs which are all concluded either by a (O,)-rule or a
o (Op)-rule.
2 In the latter case, C denotes the list of uLLZ -proofs formed by gathering the immediate

a3 subproofs of the last (Op) or (Op)-rule.

aa > Definition 8 (Restriction of a multicut context). Let% mcut(e, 1) be a multicut occurrence
o such thatC=s; ... sy andlet s; :=F Fy,..., Fy,, we define Cr, to be the sequents linked
zs  to the formula F; with the 1l -relation. We extend this definition to contexts of formulas.
o (More details are provided in Appendiz C.2.)

218 We give the reduction steps of the exponential fragment of pLLg in figures 6 and 7. For
a9 commutative steps, we only describe steps where the principal formula of the rule that will
20 be commuted is in the succedent of the sequent. For principal steps, we only describe steps
21 where the cut-formula on which the step is applied is a ? or {-formula. The rest of the
2 cases can be retrieved by duality or can be found in Appendix C.3 as well as rules for the
;3 non-exponential fragment.
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71' 7r
Ty, 00 F A, 241,04, o Ty, 00 F A, ?A1, OA, c'/d meut(s, 1L)
0,00, FIAPA, 08, » 2 IT,O0" = A28 0N ’
T, 007 F 1A, 7A, OA meut(z, 1) /.00 F 1A, 77, OA' P
™ ™ ™ ™
T'HAA 'HAA C ' A A C , /
Or - o4, 0a P i o) T AN mcut(e, L) Trean 0w c o T AT 5mcut(L TR
mcut(e _— ) T - . 7 9w
Or’ + OA, OA/ ’ Or F0a,0a’ 7 I’ 64, A ' G6A, A
us s s s
[ F6A,64,A T+ §A,04,A c L THAA TFAA L
TTrsaa " l)w I/ - 04,04, A/ meut(e/, 1L") rTrzaa ¢ i) ~ T ran mecut(e/, 1L")
mcut(e _——————— mcut( ¢ —_—
I/ F 64, A/ ' ' F oA, A ¢ T F 24, A/ ' R W
Figure 6 ulLLZ commutative cut-elimination steps (commutation with right rules) — § € {7, 0}
i Cr.a FMZM NN
R ) ) §A §A l ’
T'FO0A0A, A mcut(s/, 1L
o Wde 10 s 0,00, 0,002, T3 F As,  7A1, 002, 7A1,0A: o ( )
) ) 4,4 ‘e e
t(e, 1L Iy, 00,00, IT's F As, 7Ty, 02, OT
%7 W, R, meut(e, L) 1,00, O, I's E Ag, 7T, 0T, OT'2 0.0,
!Fh Drz, P3 [ A3, ?Fh <>F2
C kA
F'FA na mcut(s’, 1L)
—7 + Ow /0 I3k Ag
CI‘,N Bt 514, A t( J_L) ~ T - F AL A TWy W
mcut(e, Ty, )7
PTERSE: , TAsTOAS D3 . 2 Ow,
Iy, 002, T's F A1, 742, 0As
I FA A 0,003, A 7A2, 0As3
. 74 — ’ 70 I - A A 2,003, A F 7A2, 0As
TTE?AA o, 003, 7A F 705, 0A; P d ’ 4 d t(, 1L’
! 21 L% 2,043 mcut(z, L) e TFA meut(s', 1L)

TFHA

Figure 7 One side of the pLL principal cut-elimination steps — in all these proofs, § € {7, 0}

¢ Definition 9 (Reduction sequence). A reduction sequence (m;)ici4x (A € w+1) is a ~
5 sequence such that mo does not contain more than one (mcut) rule per branches.

286 We want to prove that each reduction sequence converges to a cut-free proof. However,
257 the theorem is certainly not true as such, even for infinite reduction sequences: one can
s well apply infinitely many reductions only on some part of the proof, without reducing
259 some cuts in another part of the proof. Therefore, we need to be finer, motivating the
20 following definition, directly borrowed from [1, 3] (the notion of residual is the usual one
21 from rewriting):

22 Definition 10 (Fair reduction sequences [4, 3]). A reduction sequence (7;)ic., is fair, if for
w3 each m; such that there is a reduction R to a proof @', there exist a j > i such that m; does
204 not contain any residual of R.

205 We can now state our cut-elimination theorem:

26 » Theorem 1 (Cut-elimination for puLL). Every fair (mcut)-reduction sequence of pLLF
207 walid proofs converges to a cut-free valid proof.
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To prove it, we will translate formulas, proofs and (mcut)-steps of pLLY into pLL™ and use
the following cut-elimination result from [20]:

» Theorem 2 (Cut-elimination for uLL*®). Ewvery fair (mcut)-reduction sequence of pLL™
valid proofs converges to a cut-free valid proof.

In [20], exponential formulas, proofs and cut-steps are encoded into uMALL**.We could have
made the choice to encode the modalities of uLLgZ directly into uMALL™, replaying the
proof of [20] to get cut-elimination. However, using the uLL® cut-elimination theorem as
such, makes our approach more modular and more easy to adapt to future extensions of
uLL™ validity condition or variants of its cut-elimination proof.

4.2 Translation of pyLLY into pulLL™

We give a translation of pLL into puLL® (more details can be found in appendix C.4):

» Definition 11 (Translation of ulLLZ into plLL*®). Translation of formula is defined
inductively on the formula:
Translations of & and O-formulas: (QA)°:=74° and (OA)° :=14°.
Translations of atomic and unit formulas and variables f: fe=1f
Translations of other non-fized-point connectives: c(Ay,...,A,)° =c(AY,...  A2).
Translations of fized-point connectives are given by: (6X.F)° := 6X.F° (with § € {u,v}).

Translation of structural rules for modalities, (O.), (Ow), (O.) and (Oy) are respectively
(?c), (Pw), () and (!y). Translation for the promotions (1) and (?E) are respectively (1)
and (?,). Translation of the modal rules are given by:

ek A% A°

|

-da?

11

24 0y, O, AF 7A1,08y ,  T§,1T5,A° 247, 7A3

w I 47767

IT° F14°, 72A° 7

Translation of other inference rules (r) are (r) themselves.
Translation of pre-proofs are defined co-inductively using translations of rules.

The translation preserves validity both ways:

» Lemma 1 (Validity robusteness to (—)° translation). Let w be a uLLgy pre-proof, then w is
valid if and only if ° is.

Proof. Let B a branch of 7, we have that B is validated by a thread (4;) if and only if B°
is validated by (A$) as the minimal recurring fixed point formula is a v on the right (resp. p
on the left) in (A;) if it is in (AY). <

Finally, we have to make sure (mcut)-reduction sequences are robust under this translation.
In our proof of the final theorem, we also need one-step reduction-rules to be simulated by a
finite number of reduction steps in the translation.

» Lemma 2. Consider a pLLS reduction step my ~> 1, there exist a finite number of pLL™
proofs g, ..., 0, such that: g =00—>60—...=>0,_1—0,=mn5.

Proof. We only give a sketch of the proof, full proof can be found in appendix C.5. Reductions
from the non-exponential part of uLL translates easily to one step of reduction in pLL*.
The same is true for the exponential part except for the commutation of the modal rule.

! Ty, 002, 7A = A4, 00, 7 T2, 175, 1A° - 7AS, 7AS

‘P
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The translation of the left proof of this step is of the form (we only do the case of ¢p, O, is
similar):

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

366

Here, we notice that for each dereliction on a cut-formula there exists a corresponding
promotion that will be erased by a dereliction/promotion key-case. The first promotion will
therefore commute under the cut and then each dereliction on formula of the conclusion will
commute as well and each dereliction and each promotion on cut-formulas will be erased,
finally we commute the translation of the modal rule under the multicut. <

Now that we know a step of (mcut)-reduction in uLLg translates to one or more plLL™
(mcut)-reduction steps, it is easy to translate each reduction sequence of pLLf into reduction
sequence of pulLL®. However, to use the cut-elimination theorem of uLL®, we need the
reduction sequence to be fair. The purpose of the following lemma is to control the fairness
of the translated reduction sequence:

» Lemma 3 (Completeness of the (mcut)-reduction system). Let m and 7" be two puLLZ proofs.
If there is a puLL> -redex R sending 7° to 7'° then there is also a pLLE -redex R’ sending 7
to a proof @', such that in the translation of R', R is reduced.

Proof. We only prove the exponential cases, the non-exponential cases being immediate. We
have several cases:
If the case is the commutative step of a weakening (resp. a contraction, resp. a dereliction)
(r), as it is on top of a (mcut), it necessarily means that (r) comes from a rule (') being
the translation of a contraction (resp. a weakening, resp. a dereliction) which is also on
top of an (mcut) in 7, we can take R’ as the step commutating (') under the cut.

If it is a principal case again on a contraction or a weakening (r) on a formula ?A (resp.

lA), it means that each proofs cut-connected to ?A (resp. !A) ends with a promotion. As
m° is the translation of a uLLY-proof, it means that (r) is the translation of a weakening
or contraction rule (r') on a formula 7A’ (resp. !A’) or QA" (resp. TJA’)on top of a
(mcut). It also means that all the proofs cut-connected to these formulas are promotions
or modal rules (no other rules than a modal rule nor a promotion in puLLY translates to
a derivation ending with a promotion). Therefore, the principal case on (r') is possible,
we define R’ to be this principal case.
If it’s a principal case on a dereliction, we have that it comes from a dereliction and a
promotion in the original proof, and we can take R’ to be this redex.
If it is the commutative step of a promotion (r), it means that all the proofs of the
contexts of the (mcut) are promotions or modal rules. Meaning that (r) is contained in
the translation of a promotion (r') on top of the (mcut). We also have that the context
of this (mcut) are only proofs ending with promotions. We therefore need to make sure
that each (mcut) with a context full of promotions or modal rules are covered by the
~~-relation. Looking back at figure 6 together with conditions given by each corresponding
lemmas, we have that:

The commutation of (!g) (or (?E)) is covered by the first commutative case in 6.

If it is a modal rule that is ready to be commuted, then other rules are necessarily

modal rules and therefore is covered by the second commutative case in 6.

Lo ™, Tnt1 Tosm
I F A9, AS - Iy = A2 AL Lo T, Anpr F AL 17 T ms Appm F A 17
TS F A7, Ay 05 - Ao 7AW ARG FIALL DT M A P AL
TS - 1A439,7A9 TS F1A435,7A8 P 0,1, 745, F 245, ¥ TS, PAS o F2AS e
- !Ao7 ?Fo mCLIt(L7 JJ_)
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We use the two previous lemma, to prove the following:

» Corollary 1. For every fair uLLY reduction sequence (7;)ic1+x (A € w+ 1), we have:
a fair uLL™ reduction sequence (6;)ic14x (N €w+1);
a sequence of strictly increasing (¢(i))ic1+x of elements of 1+ X;
for each i, 0,0y € 77

Proof. We construct the sequence by induction on the steps of reductions of (7;);c14x-
For i = 0: 6y = 75, ¢(0) =0 and ko = 0:
For ¢ + 1, suppose we constructed everything up to rank ¢. We use lemma 2 on the step
m; ~» Tig1 to get a finite sequence of reduction m; = @) ~» -+ ~> 0, = m;y;. We then

construct both sequences by setting (i + 1) := @(i) +n, O,)4; = 0'; (for j € [0,n]).

We get fairness of (0;);c14+n from lemma 3 and from the fact that after the translation of an
(mcut)-step, 7° ~ 1'%, each residual of a redex R of 7°, is contained in the translations of
residuals of the associated redex R’ of lemma 3. <
4.3 Cut-elimination for pulLLY

Finally, we can prove the main theorem of the section:

Proof of Theorem 1. Let (m;);c14+x be a uLLZ reduction sequence. We use corollary 1 and

get a fair uLL™ reduction sequence (6;);c1+x and a sequence (¢(i));c14+x of natural numbers.

By theorem 2, we know that (6;);c., converges to a cut-free proof 6 of uLL>. Now suppose
for the sake of contradiction that (;) does not converge to a (mcut)-free pre-proof, meaning
that there is a j and a path p such that for each proof 7;/, with j' > j, there is an (mcut)-rule
at the end of path p. This means that the translation of p leads to an (mcut) for each proof
6, with 7' > ¢(j), contradicting the convergence of (;) to a cut-free proof. We also have
that (m;) converges to a pre-proof m such that 7° = 6, as ;) is equal to 77 under the
multicuts. Moreover by lemma 1, 7 is valid. It is also cut-free, by cut-freeness of 6. <

5 Cut-elimination of LK

We extend the translation from [20] of LK™ to uLKE to obtain a translation into pLLZ. We
already gave a translation at the beginning of Section 3. However, this translation only worked

when there was an empty antecedent. Taking back our example and adding the left side to it:
e 7A%TAC 0
I'FFA 07T - 074, 0?74 P
9 . . s bl ? !<>
TrFOF oA OF.0A Up would end up on something like this: 7T - 71074 O7A ds'p

?da '07 !d
070 = 2102 4%, 2107A° i
Now, if I contains more than two formulas, we are not able to apply (7,) on it. By adding

an !-connective in the translation of O-formulas: (JA® := 0?7 A®, we can conclude:
e 7A% 7A° 1.7
170° - 7A% 74 0T
170 - 174, 7A P
O17re = OI17A4%, O?A° D?p 0
DT F 710174%, O7A® 'd"P'O '
OTe = 2107 A ?IO7A®

?da ‘poed

Based on this, we define a translation from pLKgF into pLLF:

13
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IOI7A® F21017F, 21070

Figure 8 Linear translation of the modal rules

» Definition 12 (Linear translation of uLK). We define the translation (—)° from formulas
of uLKg to formulas of pLLg] by induction on these formulas in the following way:

(A = Ag)® = 1(741° —0 745°) X* =X (LX.A)® = 1uX.7A®
(A1 A Ag)® :=1(74,° & 7A5°) T :=1T (vX.A)® =WwX.7A°
(A1 V Ag)® :=1(74,° & 74,°) F*:=10 (0A)® :=1074°

(AL = 1(24%)* a®:=la (OA)* :=10174°

We also have a translation for sequents: (I’ A)® :=T*F ?A®.
We have the following property that must be kept in mind when defining rule translations:
» Proposition 1. Let A be a ulLK formula, then A® is an !-formula.

We give the translation of modal rules in figure 8 and the rest in the appendix D.1. We then

define translations of proofs coinductively on the proofs using the translation of each rule.

As the smallest formula (for inclusion ordering) of a totally ordered set of translations is the
translation of the smallest formula, and that a branch of 7® contains all the translations of
threads from 7 and vice-versa, we have the following;:

» Lemma 4 (Robustness of (—)° to validity). If 7 is a valid pre-proof iff =* is valid.

We define a translation SK(—) going from plLL formulas and pre-proofs to pLKfY
formulas and pre-proofs, by forgetting linear information from formulas and pre-proofs
(ie erasing exponential modalities, as well as dereliction and promotion, and projecting
other connectives or inferences to the corresponding pulLKg] connectives and inferences):
SK(14) := SK(A) SK(?A) := SK(A). As our goal is to come back to puLKZ from a
translation into pylLL{, we can restrict our translation to the ®,%, L, 1-free fragment of
pLLEy. The full definition of SK((—)) translation and proofs of the two following lemmas
can be found in appendix D.2.

» Lemma 5 (Robustness of the skeleton to validity). If 7w is a ulLL wvalid pre-proof then
SK(r) is a uLKZ walid pre-proof, and vice-versa.

» Lemma 6 (Composition of SK(—) and of (—)°*). Let 7 be a uLKg pre-proof. We have that
SK(r*) is equal to 7.

We define our rewriting system using the SK() translation:

» Definition 13 ((mcut)-rewriting system of uLKZ). We define (mcut)-rewriting system of
uLKg to be the (mcut)-system obtained from ulLL (mcut)-system by forgetting the linear
information of proofs of this system.

IOIACIOTF® 21070

A® & ?7F* 7T° A®, F* 7T
AT 7Ee e O F DAY PR o T
AFFT N AFFT A 7F* - 77" ~p<>
DAFOFROT © ~  ORATFORE,QM* ° TA.OFF ol P O1AT. 07F F 070 P
IO7A* - OFe, o ¢ IOPAY 107F* - OIT° ¢
’ 24,19 ’ 20,18
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Finally, we have the following theorem:
» Theorem 3. The (mcut)-reduction system of uLKZF is an infinitary weakly-normalizing.

Proof. Consider a uLKg proof m and a fair reduction sequence o from 7*. By theorem 1,
oL converges to a cut-free uLLY proof. By applying SK(—) to each proof in the sequence,
we obtain a sequence of pLKE valid proofs which are all valid and such that either SK(m;) =
SK(m;4+1) or SK(m;) reduces to SK(m;11) with one step of pLKZF mecut-reduction. By
dropping the equality cases, we obtain a puLKF cut-reduction sequence ok that is infinite
and converges to a valid, cut-free uLKg proof. <

6 Conclusion

We have introduced plLLfj a linear version of the modal u-calculus as well as its circular
and non-wellfounded system, and we proved a cut-elimination theorem with respect to
the call of fair cut-elimination reduction sequences, generalizing previous results on the
non-wellfounded proof theory of linear logic. By means of a linear translation of the circular
and non-wellfounded proof systems for the modal p-calculus, pLK, to pLLZ, we obtained
a cut-elimination theorem the non-wellfounded sequent calculus for the modal p-calculus.

In our opinion, this work presents a new and interesting application of linear logic to
modal p-calculus, developing proof theories in both domains and highlighting the potential
for cross-fertilization for the two communities. Indeed, this constitutes the first full syntactic
cut-elimination theorem for a proof system modelling the full modal p-calculus.

Moreover, due to the fine-grained cut-elimination inherited from linear logic, one can
hope to have a non-trivial cut-elimination equivalence on uLKZ proofs and therefore to be
able to design a denotational semantics for proofs of modal u; such a question was, till now,
beyond reach not only due to the lack of a syntactic cut-elimination theorem, but also due
to the lack of structure in proofs of the modal p-calculus.

From the linear logic-theoretic point of view, our system pulLZ can be viewed as a
linear logic with two sets of exponential modalities satisfying different structural rules
and exponential. This is akin to so-called light logics [10, 13], that are variants of linear
logics developed by taming the power of exponential modalities in order to control the
complexity of cut-elimination (for instance constraining the ?-context of a promotion to
be immediately derelicted after a promotion ensures that typable programs have at most
elementary complexity [10]). Still, our calculus is new in this respect as, to our knowledge, it
has never been considered in the realm of light logics. We are pursuing a detailed investigation
of those light logics in presence of fixed-points in order to generalize the above cut-elimination
results in a uniform way.

Another important direction for future work is whether our linear-logical modal mu-
calculus can be adapted to the wellfounded proof-systems of linear logic with fixed-points in
a pllg sequent calculus and whether one can adapt our methodology to obtain, via a linear
translation from puLKg to pullg a cut-elimination theorem for the finitary sequent calculus
for modal p. This question is highly challenging due to the complex structure of the rules
for fixed-points in finitary puLL. While the skeletons obtaing by forgetting linear information
from pullg proofs should readily provide uLKg proofs and simulates the cut-elimination, is
a far less obvious whether one can design a linear translation from ulLKg to pulLLg which
commutes with cut-elimination as in the present paper.

15
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A Appendix on the section 2

A.1 Details of definitions of Linear Logic

» Definition 14 (Positive and negative occurrence of a fixed-point variable). Let X € V be a
fized-point variable, one defines the fact, for X, to occur positively (resp. negatively) in a
pre-formula by induction on the structure of pre-formulas:
The variable X occurs positively in X.
The variable X occurs positively (resp. mnegatively) in c(Fy,..., F,), if there is some
1 <i < n such that X occurs positively (resp. negatively) in F; for ¢ € {®,%,&,®,!,7}.
The variable X occurs positively (resp. negatively) in F* if X occurs negatively (resp.
positively) in F.
The variable X occurs positively (resp. negatively) in F —o G if X occurs either positively
(resp. negatively) in G or negatively (resp. positively) in F.
The variable X occurs positively (resp. negatively) in §Y.G (with Y # X ) if it occurs
positively (resp. negatively) in G (for § € {u,v}).

B Appendix on the section 3

B.1 Details on the discussion about robustness of yLLY

As said in the core of the paper, taking the (?,/7) principal case:

A, Ty, CF 24y

ST L A R I kA
D E2C,A; Y 020 EA, P~ S
Fl '1_,2 - Al ?A2 cut Fl, 'FQ = Ag, 7A2

? .1

CTWHy W

and adding modal-formulas to the context, naturally requires to be able to weaken ¢ /-
formulas (this corresponds to the reason for the design of the promotion rule in LL):

TiFAL 000, CF 285, 085 Lok A

Fl H 707 Al v !FQ, DF&?C F ?AQ7 <>A3 P ?W, !W, DW

| . ? .
[, 10, 03 = Ag, 7A0, OA3 cut i, Dl B Ag, TA2. 083

Moreover, the weakening on ¢ (and dually on 0J) is necessary to preserve the cut-elimination
property, as the sequent - ¢_L, 1 is provable with (cut) and without (O ):

—  aX

F1 ! 0LFOL |,
F1,720L Y 20LFOL 'pt
FoL1 o

but is unprovable without (cut) and without (Qy) as we cannot apply any rules on such a
sequent. Similarly, the (?./7,) key-case naturally asks to be able to contract {-formulas.

I E7C,7°C, Ay o Do, '3, O 7A9, 0A5

I =?2C,A, ¢ L9, 003, 7C F 7Aq, OA3 .pt“’“)
Fl, !PQ, DF;; }_ Al, ?AQ, <>A3 o

!FQ, Drg, CH ?A27 <>A3

T, F?2C,20,A, g, (015,70 F 77y, 0A; P Ty, (T3, C' F ?Ag, OA,
Ty, Ty, 005 F 7C, Ay, 7A,, OA, U A, 70 F 7R, OA,
T, 1Ty, Ty, OO0y, (s F Ay, 209, 709, 00, OAs
Ty, M5, Ty, (5 - A1, 789,785,045 Oc

Fl, !FQ, DF;; " Al, ?AQ; <>A3

) <> W

2

cut.
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By examining the following proof, one can once again see the necessity of (Q.) for preserving
cut-elimination in such a system:

FoLOL & FoLOL o
F?o1,0L 4 Fro1,00 M

ax

O1F Q1 F?01,701,0L 0L
20101 P F?01,01L ®0L t
F01,0L @0OL cu

The conclusion sequent is unprovable, as the only rule that can be applied on it is a (®),
leaving us with an unprovable sequent:

unprovable
}_
-— L
EL .
- L O
FOL 01 o FOL P
FOolL,O0L0OL

C Appendix on the section 4

C.1 Details on the multicut rule (Definition 7)
The multi-cut rule is a rule with an arbitrary number of hypotheses:

A, ... T,FA
r-A
Let C1:={(1,4,5) |1 € [1,n],j € [1, #1:]},C2 := {(2,4,7) | i € [1,n],j € [1,#A]}, vis a
map from (1, [1,#I]) U (2,1, #A]) to C = C; UCs and L is a relation on C:
Elements of (k,n) are sent on Cj;

" mcut(e, 11)

The map ¢ is injective;

If (k,i,7) 1L (K',4',4") then k # K/,

The relation 1L is defined for C'\ ¢, and is total for this set;
The relation 1l is symmetric;

Each index can be related at most once to another one;

If (1,4,75) 1 (2,%,4"), then the T;[j] = Ay [5'];

The projection of 1. on the second element is acyclic and connected.

C.2 Details on the restriction of a multicut context (Definition 8)
C

> Definition 15 (Restriction of a multicut context). Let = mcut(, 1L) be a multicut-
occurrence such that C =s; ... s, andlet s;:=Fy,...,Fy, - Gi,...,G,,, we define ij
(resp. Ca,) with Fj € s; (resp. Gj € s;) to be the least sub-context of C such that:
The sequent s; is in Cp; (resp. Ca,);
If there exists | such that (1,i,7) 1L (2,k,1) or (2,4,7) 1L (1,k,1) then s € Cr,; (resp.
Sk € CGJ.);
For any k # i, if there exists | such that (1,k,1) 1L (2,k",1') or (2,k,1) 1L (1,K',1") and
that sy, € Cr,; (resp. s € Cg;) then sy € Cp; (s € Cg, ).
We then extend the notation to contexts, setting Cy := 0 and Crr :=CrUCr.
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C.3 Full (mcut)-reduction steps

» Definition 16 (uMALL>™ & pLL>™ (mcut)-reduction steps). Reduction steps of pMALL™
are given in figures 9, 10 and 11.

Reduction steps of uLL™ are the reduction steps of pMALL™ together with the steps of
figures 12, 13, 14, 15.

C.4 Details on (—)°-translation

» Definition 17 (Translation of ulLLZ into pulLL*®). Translation of formula is defined
inductively on the formula:
Translations of & and O-formulas: (QA)° :=74° and (OA)° :=14°.
Translations of atomic and unit formulas and variables f: fe=1f
Translations of other non-fized-point connectives: c(Ar,...,An)° = c(AS, ..., A2).
Translations of fized-point connectives are given by: (6X.F)° := 6X.F° (with § € {u,v}).

Translation of structural rules for modalities, (O.), (Ow), (O:) and (Oy,) are respectively

(?C)7 (?“))’ ('P) and (!w):

*C

T'EA 0 0 I'° = A° 0 '-0A,0A, A 0, O I°F7A4°,74° A°
I'OA A VY e F?24° A° Y I'FOA A ¢ I°F74° A°
A o e+ A° OAOAF A o I° 1A% 1A° - A°
T AL A Dw e “To 1 A0 L Ao !w ] ~ !c
rLOAr A e 1A° F A° ILOAFA ¢ e 1A° F A°
Translation of the modal rules and promotion rules are given by:
ek A° A°
— W!d,?d 0,00 F A, 7A1, 0As 0 o TS, TS = A, 7A9,7AS
: ! Ty, 00 F 1A, 740,04, P IT9, TS - 1A4°, 7A8, 7AS

IT° HF14°,72A° 7

I, A° F A°
!da?d !FlyljFQaA F ?Ala <>A2 10 s !Fiv !ngAo - ?AT’?AS

Op ~ e, A° - 7A° :
oA TAT P Ty, 00, 7A 741,04, F TS, T3, 1A° F 749, 7A3

Translation of other inference rules (r) are (r) themselves.
Translation of pre-proofs are defined co-inductively using translations of rules.

C.5 Proof of lemma 2

» Lemma 7. Consider a uLL reduction step mg ~> w1, there exist a finite number of pLL™
proofs g, . .., 0, such that:

mg=00—60— ... 0,_1— 0, =m7.

Proof. Reductions from the non-exponential part of uLLg (€, <4, <y, <,,) translates easily
to one step of reduction in uLL®. The same is true for the exponential part except for the
commutation of the modal rule. The translation of the left proof of it is of the form (we only
do the case of ¢y, O, is similar):

580

e} o o o
sl wy Thn+1 Tn+m
o ) o o o o
9 - A3,A7 OhEAA, Mo An EALL T Anpm F Bnam
14,7 14, a 5 5 Ao dy - d 5 ) > A O rdy +d
TS F A3, 7A3 : IT; A7, 747 50, Ana F2AR Wotms Anm F2Bngm
7o 140 2A0 P 170 140 2A0 P o ° ° ‘P o o o Y
IS F 1AS, 7AS T, =149, 7A8 o1, 7An F7AL L Mot PAngm F ?Anim mcut(e, L)
o o bl
F 1A T

We use a more general lemma:
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Iy -AL A Iy - Ay, Ay I3, A1, As - Ag ®
', Do A1 ® Ao, Aq, Ay T Te, A @AFA; L C mcut(, 11)
TFA ’
TEA mcut(¢/, 1L7)
I, A A [y, Ay = Ay x5 I3 Ay, A, Ag 3
[1,05, A1 B Ay - Aq, Ay LT A ®ALA; T C meut(s, 1L)
T'FA ’
T A mcut(¢/, 1L7)
Iy EALA [y, Ay = Ay Uy, Av- Ay, A3
[, T, A —0 Ay F Ay, Ay 'R A <Ay A; T C meut(s, 1L)
T'A ’
AL A Iy, As F Ay I's, A1 F Ay, As c P
T A mcut(¢/, 1L7)
1, ' =2y C
TL1FA, & F1 7 C ~ —————— meut(/, 1L)
T A mcut(c, 11) r-A
' E A
1, 1 '+ A C
T F LA TF T T ()
A
T A mcut(c, 11) r-A
T FF&FA, " Ty, Fy & Fy Ay e meut(e, 1)
T'FA ’
' = F, Ay Iy, Fy = A ,
J_I_/
T A mcut (¢, 1L7)
I Fi& PNy ! Ty - F & F, Ay ToC meut(s, 1)
I'A ’
'y, F; A Iy F F; Ao C , ,
T A mcut(¢/, 1L7)
w( n L EE
I - AL A, T Ty, AL E A, ! C meut(s, 1L)
T'FA ’
Fl,A}_Al FQFAaA2 / /
T A mcut (¢, 1L7)
- ax
AF A c c (1L
TF A meut(e, L) ~> oA Meu (v, 1)
F1|_F,A1 FQ,Fl—AQ t
cu
I, oA Ay C
T A mcut(¢, 1)
' FF, A Iy, F Ay , ,
TEA mcut(¢/, 1L7)
Fl,F[X :5XF]|_A1 FQ"F[X :6XF],A2
[1,6X.FFA; ! [ F6X.F A, r
A mcut(c, 11)
Iy, FIX = 6X.F] - A Iy - FIX = 0X.F], A
T, 0X.FFA ! Ty FOX.F, A Y
J_I_/
T A mcut (s, 1L7)
6 € {u,v}

Figure 9 Principal (mcut)-step of pMALL>
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ax
’2 :: i mecut(e, 1) ~ AR A ax
1,
% mcut(e, L) ~ 1 br
— 1
% meut(e, 1)  ~ 1+ L
TF A, A, A TFALAA  C /
) ) ? ’ t A
TEA 4,4 i ¢ mcut(¢, 1) - PF A A A :’S’mcu o
I A; B Ag, A ’ I'F AL B A, AT
AL, A EA T4, 4, A ¢ mcut(¢/, L")
F7A1 ® A2 FA ! C mcut([, J_I_) ~ FI7A17A2 F AI ® ’
T, A, @ Ay F A ’ I A @A A
A F A A o, F’A/l F Az A } ¢ mcut(s/, 117)
T'FA — Ay, A C meut(, ) [V, A1 - Ay, A
I+ A —o Ay, A ’ ' A — Ay, AT
oAb rArA e
/ —— ()} mcut (s, 117)
I"FA- A Cmct( 1) ~ [AFA ( )J_
ut(e, - I ~ )
TFALA Ir AL A
Ik A A IE A A
SRS o A mentr )
rara ¢ mcut(e, 1) - reds (=)
AL A ’ rALFA :
I F AL A Iy F Ag, A
5 D e VRV
PrlylaAT TATTATA, ’
Iy AL A Crag meut(t', L) Iy Ay, Ay Cry oy
[, To b Al ® Az, Ag, Ag "
I, Al AL Iy, As = A
5 e Y meut(n 1)
PrTas Ay 2 174 ’
Fll,Al = All CF/UA’I mcut(bl’ J_I_/) FI27A2 F A/2 CF’27A’2
Iy, Ay A [y, Ay - Ay x5
1,02, A1 B Ao F Ay, Ay :
Ty F AL A, T Ay b A
—o;
?1% =2 A '7 3/13412 - QﬂUAll /&I?AIZ mCUt(L J.L) e
M?,Al =0 2 17\% 7
i HALAL Cryag meut(t 1L Iy, Ao b Ay Cryag
Iy - A Ay [a, Ay - Ay
—oy

F17F27A1 78 A2 F AlaAQ

Figure 10 Commutative (mcut)-step of the multiplicative fragment of MALL

meut(e”, L")

mcut (s, 1)

meut(e”, L")
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PFrAJﬂ C
LFT,A
rora Y ¢
L,0F A
LEFLA
IHFA C
'+ F A
DEEA
IFFA C
', F+ A
'+ Ay, A PF&A/&
IV A & Ay, A "oc
IFA &As, A
[V, A F A [V, Ay - A
T/, A, & Ay - A Yoe
DA @A FA

meut(t, L) ~ TET,A 7
—F0
meut(s, L) ~>  T,0F A
r+-F' A
— ¢ mcut(¢, 1) ;
mCUt(L J_L) e M ( re {@Thu’l'?’/’f‘})
’ N
IF'FA
—— ; ¢ mcut(¢, 1) ;
mcut(e, 1) w ILEFRA r (ref{®im,um})
’ I F A
A
mcut(e, 1)
I'F Ay, A’ / / I+ As, A’ " 7
TF A, A mcut (', 1L") TF A, A . mcut(s”, 1L")
TFA &As A r
mcut(e, 1)
A FA I A FAN  C
: t(, 1’ ? (. 1L
F,All_A mcu (Lv ) F,AQI—A mcu (L s )

T,A @A - A !

Figure 11 Commutative (mcut)-step of the additive fragment of uMALL>
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i
T, 00 F A, 2A1, OAs

0y, 00 F1A,2A,0A, P CY/0

T, 007 F 14, 7A, OA meut(z, 1)
i
THAA
Or+0A4,0A 7 ¢H
Orr o4, on et )
™
TEA
THoA A Y
TN mcut(e, 11)
™
oA 0AA
TF6A,A ¢
Y WN mcut(e, 11)
™
Tk AA
I24,A ¢
A A mcut(e, 11)
5e{?,0}

Figure 12 First side of commutative cut-elimination steps of pLLg

™

IT;, 00, AF 781,085

Ty, 00, 2AF ?2A1,0A, P CY/D

7,007, 7A F 74, O A meut(s, L)
™
TakF A
— =0,
ar, 0A = OA
O OAE OA mcut(c, 11)
7r
rEA
[L6AFA Y
T SAE A mcut(¢, 1)
™
[0A,0AF A
I0AFA  °°
T S AE A mcut(¢, 11)
71'
THAA
ILIAFA ¢ ¢
T IAE A mcut(c, 11)
6 e {,0}

™

Ty, 00 F A, 2A;, 07, CY/O

I, O0 F A 7A QN o
T, O0" - 14, 7A, QA" P

s

THAA

¢ mcut(e, 11)

' F A A

r-A C

I"E§A A

Or + OA, 0A" °

™

mcut(c/, 1L7)

!/ /
I"'-A b

™

TFOA,6A,A  C meut(s', 1)

T'F 64,64, A

' F oA A ©
T
TFAA C

WY mcut (s, 1L7)

24,0

T
Ty, 00, A 2Aq, OA, c'/e
I, 00, A ?A, 08"
7,00, 2AF ?7A, OA" P
™
LLAFA  C
I/, A+ A
Or’, A+ OA’
™
FI_F/A}_—A,C mcut (s, 117)
I/ 0AFA Y
i
[,0A,0AF A C
I/,6A4,6AF A’
I, 6AF AN €
m
IAFA  C
TN
IV A A

mcut(e, 11)
Op

mcut(c/, 1L7)

mcut(¢/, 1L7)

+d

Figure 13 Second side of commutative cut-elimination steps of pLLZ

mcut(c, 11)

mcut (¢, 1L
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™
L FOASAA
Crs T W - ~
- meut(s, 1)
IPTETS P 1, ", A
TFA
— 0w 1/0
Cr v BEOAA meut(s, 1)
!Fla 2, F3 7?A27<>A3 ’
DiEAA 12,00, A F 242,048 1y
T F2A,A; 4 10,00, 7AF 7245, 0A; P meut(s, 1L)
THA ’

™

Cr.a T 64,04, A c/H c/y
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Ty, 00, T, 00, Ts - As, 7A1, 002, 7A1, O

mcut(:’, 1L)
2.1

Iy, 00,00, I's = Az, 7T, OT'2, T2

I, 00, T's - As, 7T, OT'2

Cr.a

'kA

I's A3

mcut (s, L")
2.1

‘wy w

T, T3 F A1, 7A9

<>W7 |jw

', 00, T's F A1, 7A2, 0As3

Iy - A A

T, 0003, A - 722, OAs

*Cy-C

Qe Le

C

in all these proofs, § € {7, 0}

Figure 14 First side of the principal cut-elimination steps of puLLZ

s
T,04,6AF A

O TI0AEA 5C4JAD v
i meut(s, AL)
IPTETS TP 1, 82, OAs

kA

Crove. BOAEA Sw s oL
PrEPT A, 1A bAy Tt

T, AFA T, 003 F A, 7A2, 0As

10

T, IAF A, Y 1T, 005 F 1A, 7A,, OAs

TEA mcut(e, 1)

T

T'FA

Cr.a [,6A4,6AF A c/r c/r

ITy, 002, 07,00, Ts - As, 7A1, 00, 7A1, OAS

!Fl,DFQ,DFQ,Fg F Ag,?rh <>F2,<>F2

'y, 00, Ty = Az, 7T, OI'2

Cr,a

kA L
meut(s/, 1L")

|

Twy ew

IT1,Ts F Ay, 77,

Ow, Uw

!Fl, DFQ, I'sF A1, ?AQ, OA3

Iy F A A

T, 003, A - 20, OAs

<>C7 DC

C

mcut(e/, 1L)

mcut (e, 1L")
?..1

‘cyc
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Modal p-calculus cut-elimination

» Lemma 8. Letn € N, letdy,...,d, € Nandletpy,...,p, €{0,1}. Let w be a uLL> -proof
concluded by an (mcut)-rule, on top of which there is a list of n proofs wy,...,m,. We ask
for each m; to be of one of the following forms depending on p;:
If p; =1, the d; + 1 last rules of m; are d; derelictions ((74) or (14)) and then a promotion
rule ((!,) or (7,)). We ask for the principal formula of this promotion to be either a
formula of the conclusion, or to be cut with a formula being principal in a proof m; on
one of the last d; + p; rules.
If p; =0, the d; last rules of m; are d; derelictions.
In each of these two cases, we ask for m; that each principal formulas of the d; derelictions to
be either a formula of the conclusion of the multicut, either a cut-formula being cut with a
formula appearing in 7; such that p; = 1. We prove that m reduces through a finite number
of mcut-reductions to a proof where each of the last d; + p; rules either were eliminated by a
(1p/'a)-principal case, a (7,/wnde)-principal case or were commuted below the cut.

Proof. We prove the property by induction on the sum of all the d; and of all the p;:
(Initialization). As the sum of the d; and p; is 0, all d; and p; are equal to 0, meaning
that our statement is vacuously true.

(Heredity). We have several cases:

If the last rule of a proof 7; is a promotion or a dereliction for which the principal
formula is in the conclusion of the (mcut), we do a commutation step on this rule
obtaining 7/. We apply our induction hypothesis on the proof ending with the (mcut);
and with parameters d}, ..., d] as well as p},...,p,, and proofs 7/, ..., n/,. To describe
these parameters we have two cases:

If the rule is a promotion. We take for each j € [1,n], d; = d;; pj = p; if j # i,

p; = 0; i = m; if j #i.

If the rule is a dereliction. We take for each j € [1,n], d; = d; if j # 4, d} = d; — 1;

P =Dpj-
The 7 will be the hypotheses of the (mcut) of 7. Note that } d; + > p; =
>>d; + Y p; — 1 meaning that we can apply our induction hypothesis. Combining our
reduction step with the reduction steps of the induction hypothesis, we obtain the
desired result.
If there are no rules from the conclusion but that one m; ends with d; > 0 and
p; = 0, meaning that the proof ends by a dereliction on a formula F. This means that
there is proof m; such that p; = 1 and such that F' is cut with one of the formula
of m;. As p; = 1, F is the principal formula of the last rule applied on 7;. We
therefore can perform an promotion/dereliction principal case on the last rules from
m; and 7;, leaving us with a proof 7’ with an (mcut) as conclusion. We apply the
induction hypothesis on this proof with parameters d} = dy,...d, =d,—1...,d, =d,,,
p1 = p1,---,0; = pj—1,...,p,, = p, and with the proofs being the hypotheses of
the multicut. Combining our steps with the steps from the induction hypotheses, we
obtain the desired result.
We will show that the case where there are no rules from the conclusion and that no =;
are such that d; > 0 and p; = 0, is impossible. Supposing, for the sake of contradiction,
that this case is possible. We will construct an infinite sequence of proofs (6;);en all
different and all being hypotheses of the multi-cut, which is impossible. We know
that there exist a proof 6y := m; ending with a promotion on a formula F' and that
this formula is not a formula from the conclusion. This proof is in relation by the
Al -relation to another proof 6, := m;;. We know that this proof cannot be m; because
the Il -relation extended to sequents is acyclic. This proof also ends with a promotion
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Figure 16 Translation of the fixed-point and modal fragment of rules of uLKg into puLLZF

on a principal formula which is not from the conclusion. By repeating this process, we
obtain the desired sequence (6;)i¢en, giving us a contradiction.

The statement is therefore true by induction |

We apply this result on this proof with all the p; being equal to 1 and with d; = #(A;) +#(T%).
We can easily check that the conditions of the lemma are satisfied. Moreover, we notice that
there will be only one promotion rule commuting under the cut and that it commutes before
any dereliction, giving us one translation of the functorial promotion. |

D Appendix on the section 5

D.1 Linear translation of rules

» Definition 18 ((—)°-translation of rules). The translation into uLLE of rules of uLKg are

depicted in figure 16, 17 and 18.

D.2 Details on SK(-)-translation

» Definition 19 (uLKZ-Skeleton). We define ulLKg -skeleton on the ®,%, L, 1-free fragment

of uLLE formula. We define this translation inductively as follows (§ € {u,v}):
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Figure 17 Translation of LK connective-rules of pLKZ into pLLZ
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SK(F&G) = SK(F)ASK(G) SK(Fa&G) SK(F)V SK(G) SK(F+) = SK(F)*
SK(F — G) = SK(F)— SK(G) SK(DF) = OSK(F) SK(OF) = OSK(F)
643 SK(a) = a SK(T) = T SK(0) = F
SK(*F) = SK(F) SK(!F) = SK(F)
SK(uX.F) = uX.SK(F) SK(vX.F) = vX.SK(F) SK(X) = X
64 uLL sequents are translated to sequent of skeletons of these formulas. Rules are translated
65 straightforwardly by forgetting the linear information, translation are given in figures 19 and
646 2(}.
647 Translations of pre-proofs are obtained co-inductively by applying rule translations.

«s D.3 Details on proofs of lemma 5 and 6

s0 > Lemma 9 (Robustness of the skeleton to validity). If w is a pLLE wvalid pre-proof then
oo SK(m) is a uLKg wvalid pre-proof, and vice-versa.

st Proof. This comes from the fact that (i) minimal formula of a set of translated formulas
o2 is the translation of the minimal formula of the set of initial formulas; (ii) translations of
3 branches contains all the translations of formulas of the initial branch and vice-versa. <«

e« » Lemma 10 (Composition of SK(—) and of (—)°). Let 7 be a uLK pre-proof. We have
ess  that SK(m®) is equal to 7.

s Proof. This comes from the fact that (—)°-translation translates each rules (r) of uLK to
7 a derivation containing the pre-image of (r) by the translation SK(), adding only exponential
ess  rules. As exponential rules disappears from the proof by SK(), we get that SK(r*) is equal
0 to (r). We coinductively apply this result on pre-proofs. <
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Figure 20 SK(—)-translation of modal rules of uLL*™
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