N

N

Inhibition of splitting of the chiral and deconfinement
transition due to rotation in QCD: the phase diagram of linear
sigma model coupled to Polyakov loop
Pracheta Singha, Victor E Ambrus, Maxim N Chernodub

» To cite this version:

Pracheta Singha, Victor E Ambrus, Maxim N Chernodub. Inhibition of splitting of the chiral and deconfine-
ment transition due to rotation in QCD: the phase diagram of linear sigma model coupled to Polyakov loop.
Physical Review D, 2024, 110 (9), pp.094053. ¢10.1103/PhysRevD.110.094053). <hal-04659563)

HAL Id: hal-04659563
https://hal.science/hal-04659563v1

Submitted on 6 Jun 2025

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License


https://hal.science/hal-04659563v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

arXiv:2407.07828v2 [hep-ph] 13 Feb 2025

Inhibition of splitting of the chiral and deconfinement transition due to rotation in
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We discuss the effect of rigid rotation on the critical temperatures of deconfinement and chiral
transitions in the linear sigma model coupled to quarks and the Polyakov loop. We point out
the essential role of the causality condition, which requires that any point of the system should
rotate slower than the velocity of light. We show that imposing this physical requirement leads to
inhibition of the splitting between the chiral and confining transitions, which becomes negligibly
small (AT ~ 1 MeV or less) for experimentally relevant, slow angular velocities 2 ~ 10 MeV of
a (5 — 10) fm-sized systems. Moreover, the boundedness of the system has a much bigger effect
on temperature splitting than the rotation itself: the splitting reaches 10 MeV in a small, one-
fermi-sized non-rotating system. The temperature splitting may, however, become enhanced in an
academic limit of ultra-relativistic regimes when the boundary of the system rotates at near-to-light

velocities.

I. INTRODUCTION

The experimental observation of highly vortical quark-
gluon plasmas created in non-central heavy-ion collisions
has sparked significant theoretical interest in elucidating
the properties of this unprecedentedly vortical fluid [1, 2].
The vortical effects of the plasma have been examined
through hydrodynamic and transport-based models [3,
4], as well as lattice first-principle approaches rooted in
numerical Monte Carlo techniques [5-12].

The strong, non-perturbative nature of quark-gluon
plasma precludes the reliable theoretical exploration of
its dynamics using conventional, perturbative analytical
methods. This constraint necessitates reliance on effec-
tive theoretical models that describe the infrared proper-
ties of QCD. On the other hand, numerical techniques
provide us with information on the behavior of ther-
modynamic characteristics, such as critical temperature,
often without pointing out a physical mechanism that
lies behind the numerical data [6-8, 11] (see, however,
the conjecture of the negative Barnett effect put for-
ward in Ref. [13]). Although numerical methods often do
not directly elucidate the mechanisms underlying non-
perturbative effects, the data they generate provide us
with invaluable information for constraining effective the-
oretical models and thereby enhancing our understanding
of the underlying physical phenomena. In our paper, we
will use one of such models, which is the linear sigma
model with quarks [14] improved with a coupling to the
Polyakov line (PLSM,) [15-19].

The lattice simulations have revealed that vorticity in-
fluences the thermodynamic properties and phase struc-
ture of quark-gluon plasma in a somewhat unexpected
way, as the critical temperature of the deconfining phase
transition appears to be a rising function of the angu-
lar velocity both for pure gauge theory [6, 7] and for
QCD [8, 11]. On the contrary, most theoretical models,
including field theoretical approaches and holographic

techniques, predict that the critical temperature should
be a diminishing function of the angular velocity [20-28].
This property is readily understood at the level of quarks:
the coupling of the intrinsic angular momentum of the
constituents of the system to the angular velocity of its
global rotation should break the chiral condensate, thus
leaving less condensate to be evaporated by the thermal
fluctuations. The breaking of the condensate by rotation
is a quark analog of the Barnett effect, which tends to
polarize spins and orbital momenta in the direction of
the angular velocity [29].

The situation on the theoretical side can be improved
by phenomenologically tuning the parameters of the sys-
tem in such a way that the parameters of the origi-
nal model become dependent on the angular velocity it-
self [30]. However, similarly to the first-principle numer-
ical approaches, the fine-tuned effective infrared models
offer somewhat limited help in elucidating the physical
mechanism that lies behind this fine-tuning. On the
other hand, the inclusion of couplings that depend on
the external parameters (temperature, rotation) aligns
well with the logic of the Polyakov-loop improved models,
in which the Lagrangian that incorporates the dynamics
of the loop contains already temperature-dependent cou-
plings [31-33].

One should also comment on the potential risk of dou-
ble counting of the gluonic degrees of freedom when in-
corporating the Polyakov loop terms into effective quark
models, such as the Nambu-Jona-Lasinio [34, 35] or
quark-meson sigma models. For example, in the linear
sigma model with quarks [14], formulated at zero temper-
ature, the terms that provide the interaction of mesons
with quarks and the self-interaction of the mesons are
interpreted as a result of the dynamics of gluons. In
other words, in this and similar models, the gluon de-
grees of freedom are already considered to be integrated
out. Therefore, an additional interaction of the quark
fields with the gluon field corresponding to the Polyakov



loop may be regarded as a redundancy. However, one
can justify the presence of these terms by arguing that
the original quark-meson model [14] has been developed
to describe zero-temperature physics, which does not ac-
count for the global center symmetry Zs. The breaking of
this symmetry is associated with the finite-temperature
deconfinement transition. The information about this
transition is carried by the Polyakov loop, which ap-
pears only in a finite-temperature system. Moreover,
the time-like gauge field should be interpreted as a non-
trivial classical background, capturing essential features
of the confinement-deconfinement transition in QCD. In
contrast, the residual gluon fluctuations, which are inte-
grated out in this and similar models, are accounted for
through their contribution to the effective four-fermion
interaction terms or the interaction with colorless bound
states, such as light mesons. Therefore, the inclusion
of the Polyakov loop in the finite-temperature effective
model seems to be a legitimate extension of the zero-
temperature version of the model [36].

In our paper, we consider the traditional sigma model
in which the model parameters and couplings do not de-
pend on external parameters.

The subject of our paper is devoted to the suggestion
that the rotation can split the deconfinement and chi-
ral transitions of QCD put forward in Ref. [37]. This
hypothesis sounds very reasonable since the global rota-
tion can affect gluons and quarks in different ways, thus
forcing the transition to split into the transitions asso-
ciated, separately, with gluons (the deconfinement tran-
sition) and quarks (the chiral transition). On the other
hand, Ref. [37] did not consider the boundary effect of
the system. The absence of a transverse boundary in-
curs, in a rigidly rotating case, superluminal velocities
of rotating matter that may lead to the appearance of
unphysical artifacts in calculations [38]. One could ar-
gue, however, that if the superluminal effect appears at
a large enough distance from the center or rotation —as
it happens for a slowly rotating system— then the break-
ing of the causality is not a physically relevant property
due to the existence of the finite correlation length in the
system. Therefore, the effect of the boundaries on the
splitting of the transitions needs to be clarified.

Unfortunately, the PLSM, cannot describe the chi-
ral (or chiral and deconfinement) phase transitions even
qualitatively. However, this model, similarly to the one
considered in Ref. [37], serves as a very successful effec-
tive model for characterizing the infrared phenomenology
of the non-rotating quark-gluon matter. In this paper,
we use it to probe the effects associated with the spatial
boundedness of the system in the presence of rotation
and confront them with the results in the unbounded
case [37]. Moreover, we expect, given our results be-
low, that the modification of the effective infrared model
by introducing environment-dependent couplings will not
modify the qualitative conclusions of our paper.

The structure of the paper is as follows. In Section II,
we describe the formulation of the PLSM, model in a

non-rotating system. Section III is devoted to the de-
scription of the rigidly rotating environment. To respect
the causality, the rigidly rotating system requires the
introduction of the boundaries in the transverse plane,
which is perpendicular to the angular velocity vector.
The cylindrical boundary quantizes the transverse ra-
dial modes, leading to a complication of the energy spec-
trum and requiring extensive numerical computations.
In the same section, we show explicitly how quantization
emerges in the case of spectral boundary conditions. Sec-
tion IV investigates the phase diagram, the nature of the
phase transitions, and the splitting in chiral and decon-
fining transitions. The effects of the finite radius of the
cylinder, the chemical potential, and, finally, the rotation
are studied in detail. The last section is devoted to our
conclusions.

II. THE MODEL
A. Lagrangian

The Polyakov-loop enhanced linear sigma model cou-
pled to quarks (PLSM,) has three types of variables: the
quark spinor (z) accounting for Ny = 2 flavours and
N, = 3 colours, the O(4) chiral fields ¢ = (o, 7) with the
pion isotriplet # = (7,7, 7°), and the Polyakov loop
variable L(z). They enter the Lagrangian of the model
via the following three terms that are associated with the
mentioned variables:

£=Lo(o.7) + Lo(L) + Lo, 0. L). (1)

In this section, we will briefly describe the properties of
the model in the unbounded case.

1. Chiral sector

The chiral field ¢ = (o, 7) encodes, as it follows from
its name, the chiral features of the model, with o play-
ing the role of an approximate order parameter of the
chiral transition. The field o tends to zero in the large-
temperature, chirally restored phase and is non-vanishing
in the low-temperature, chirally broken phase. In QCD
with realistic masses of quarks, the chiral transition be-
tween the two phases is a smooth crossover, implying the
absence of a well-defined thermodynamic transition at
finite temperatures.

The chiral part of the PLSM, Lagrangian is given by
the first term of Eq. (1):

Ly(o,7) = = (0,00"0 + 0,70"7) — Vy(o,7),  (2)

N | =

where the phenomenological potential of the chiral fields,

Vy(o, 7) = %(02 + 72— v —ho, ()



exhibits both spontaneous and explicit breaking of chi-
ral symmetry. The potential gives a non-zero expectation
value (o) = f for the o field and a vanishing pion expec-
tation value, () = 0, providing the masses m, and mg
to the sigma and the pion mesons. Writing o = (o) + do
and 7 = (7) 4 67, these masses can be obtained from the
expansion in terms of small fluctuations do and d7:

V=V + %mg&ﬂ + %miéfr’z +.on, (4)
with Vo = V({(0), (7)) = 3((0)? = v?)? — h{o) and
mg = X(3(0)? —v*), m2 = (0)? —* (5)

T

where we imposed (7) = 0 as it follows from the minimum
of the potential (3).

The analysis of the linear sigma model is usually done
in a mean-field approach, in which the “slow” meson sec-
tor is considered a classical field. In contrast, quarks are
treated as quantum fields that represent “fast” degrees of
freedom. The parameters of the Lagrangian (2) are cho-
sen to match the low-energy phenomenology [39]. The
masses in Eq. (5) serve as the model parameters that co-
incide with corresponding meson masses in the vacuum,
i.e., at zero temperature, T = 0, and in the absence of
rotation, = 0: m, = 138 MeV and m, = 600 MeV. In
the absence of electromagnetic interactions, the masses
of the charged, 7+, and neutral, 7°, mesons do not split.

The explicit symmetry-breaking term is determined by
the PCAC relation, h = f,m?2. Consequently, in the vac-
uum state, v2 = f2 —m2 /X and m2 = 2\f2 + m2. By
selecting the mass of the ¢ meson m, = 600 MeV, one
gets a reasonable value for the quartic interaction cou-
pling, A = 20. If the explicit symmetry breaking term
were absent, h = 0, then the model (2) would experience
a second-order phase transition [40] from the chirally bro-
ken symmetry phase to the chirally restored phase at the
critical temperature T, = v/2v. The explicit symmetry-
breaking term removes the exact chiral O(4) symmetry of
this theory and alters the phase transition into a smooth
crossover in consistency with the QCD phenomenology.
Notice that the pion fluctuations play no major role in
the chiral phase transition [41] for the case of the chiral
transition (see also a discussion in Ref. [42]). Therefore,
below, we focus only on the sigma direction of the chiral
sector.

2. Confining sector

The confining properties of the system are accounted
for by the second term in Eq. (1), which describes the
complex-valued Polyakov loop variable,

L(z) = %Tr d(x),

The integration takes place along a closed loop in the
compactified imaginary time 7 = x4, where A4 = iAp is
the matrix-valued temporal component of the Euclidean
gauge field 4, and the symbol P denotes path ordering
that insures the gauge-covariance of the whole expres-
sion (6). In the PLSM,, the Polyakov loop L plays the
role of a homogeneous classical scalar field, which can
be associated with a coordinate-independent gluon field
Ay = 3(ts Af’) +tg Aflg)) as & = exp(—iAy/T), where
ts3 and tg are the diagonal generators of the SU(3) gauge
group.

The Polyakov loop serves as an approximate order pa-
rameter for the confining properties of QCD. The expec-
tation value of the Polyakov loop (6) vanishes at zero
temperature, signaling the absence of the free quarks at
T = 0 and taking a finite value at the high temperature
in the quark-gluon plasma phase. The confining proper-
ties of the two phases are also smoothly connected. In
a pure Yang-Mills theory (in the limit of QCD when the
masses of quarks become infinitely large), the Polyakov
loop becomes an exact order parameter that vanishes (is
a finite quantity) in the whole low-temperature (high-
temperature) phase. The Lagrangian of the theory is
invariant under the center Zs symmetry, L — e2™/3,
with n = 0,1, 2, which is pertinent to the pure gauge the-
ory. At the same time, a coupling to dynamical quarks
breaks the Zs symmetry explicitly.

The Polyakov loop is coupled to the rest of the fields in
the linear sigma model, similar to the case of the Nambu—
Jona-Lasinio model as discussed in Refs. [31, 32, 43]. The
second term in Eq. (1),

Ly =-V,(L,T), (7)

is the potential term of the Polyakov action in the pure
Yang-Mills theory not coupled to quarks. We treat the
Polyakov loop in a mean-field approach, disregarding a
kinetic term for this variable.

We use a specific form for the phenomenological po-
tential of the Polyakov loop [43]:

Vi (L, T 1 N

+b(T) In {1 —6L"L+4 (L*3 + L3> ~3 (L*L)z] ,

with the parameters

a(T) =ap + a1 (1:;9) + as <€9)2 (9a)

b(T) =bs (?)g : (9b)

where Tp is the critical temperature in the pure gauge
case: Ty = Tsyz) = 270MeV. The phenomenological
parameters in Eq. (9) are

ap = 1672/45 ~ 3.51, a; = —2.47,

10
as = 152, b3 = —1.75. ( )



The set of parameters (10) satisfies, with reasonable
accuracy, the following requirements emergent from ther-
modynamics of SU(3) Yang-Mills theory [43]: (i) the
Stefan-Boltzmann limit is reached at T — oo; (ii) a
first-order phase transition takes place at T = Tp; (iii)
the potential describes the existing lattice data for the
Polyakov loop and the thermodynamic functions such as
pressure, energy density, and entropy.

The definition (6) of the Polyakov loop implies that the
value of this quantity is limited to the interval |L*| < 1
and |L| < 1, which is also consistent with a logarithmic
divergence of the potential (8). According to the param-
eter set (10), the value L* = L = 1 can only be reached
in the limit T — oo. In the confined phase, T' < Ty,
the potential has one trivial minimum, L = 0. As the
temperature rises and the system undergoes the phase
transition, the single minimum at L = 0 of the poten-
tial splits into three degenerate minima labeled by the
Zs variable. Thus, in the deconfined phase, the Z3 sym-
metry is spontaneously broken, and (L) # 0.

One can argue that in the presence of vorticity,
the rotation effects should be incorporated into the
Polyakov loop potential because this potential describes
the (de)confinement phenomenon in SU(3) gauge theory
while, at the same time, the deconfinement transition
is affected by the rotation of the same pure gauge mat-
ter [6, 7]. This modification of the potential is related
to the very fundamental non-perturbative mechanism of
confinement and, therefore, cannot be taken into account
analytically.! Hence, the rotation-dependent terms in
the potential should be introduced in a phenomenologi-
cal way, as it was done in Ref. [28]. By promoting the
parameters of the Polyakov loop potential to phenomeno-
logical functions of the angular velocity, one finds that
the model, indeed, better describes a particular, volume-
averaged set of available lattice data for vortical gluon
matter.

However, the recent lattice data have demonstrated
that the rotation generates inhomogeneities of the
Polyakov loop expectation values in the radial direc-
tion with respect to the axis of rotation [12]. This ef-
fect cannot be described by translation-invariant terms
in the potential that were incorporated in the study of
Ref. [28]. Therefore, in our paper, we follow the stan-
dard approach in which the potential does not include
additional rotation-dependent contributions (8). This
approach will allow us to test how well the traditional
model describes the rotational phenomena in the quark-
gluon plasma.

1 For a perturbative calculation of a rotational contribution to an
effective potential of the Polyakov loop, see Refs. [44, 45].

8. Quark sector

The third term of the full Lagrangian (1),
Lo=1 i) — glo +iysT - 7)] 9, (11)

describes the spinor doublet v = (u,d)? of the light
quarks which interacts with the meson fields ¢ and 7.
The spinor field ¢ also interacts with the SU(3) gauge
field A, via the covariant derivative:

D=~"D,, D,=0,—iA,. (12)
The gauge field represents, according to Eq. (6), a non-
trivial background due to the Polyakov loop L.

The spontaneous symmetry breaking in the chiral field
sector, (o) # 0, also gives the constituent mass m, =
g{o) to the quark field. Setting the vacuum mass for
the constituent quark to 307 MeV gives us the Yukawa
coupling g ~ 3.3. At low temperatures, quarks are not
excited, and the model (2) becomes the standard linear
o-model without quarks [46].

Thus, the fermion field ¢ couples two other variables:
the Polyakov loop L and the chiral field ¢, linking con-
fining and chiral properties together. Moreover, the dy-
namical quark fields 1) are affected by the global rotation.
As the quarks interact with the Polyakov loop L and the
chiral field ¢, the rotation influences both the chiral dy-
namics and the confining properties of the model. There-
fore, this model allows us to study how rotating simul-
taneously affects color confinement and chiral symmetry
breaking.

Summarizing the description of the system, we dis-
cussed an effective infrared model that describes the low-
energy dynamics of quark degrees of freedom that are
also coupled to the confining gluonic degrees of freedom.
The latter is represented by the gauge field A4, which
is directly related to the confining order parameter, the
Polyakov loop. One could think that in this approach,
the additional explicit quark-gluon interactions, relevant
at T' # 0, might represent an additional redundancy since
the gluonic fields are already incorporated in the T = 0
parameters of the quark-meson model. However, in the
adopted approach, these terms are treated differently:
the Polyakov loop in quark-gluon terms accounts for the
central symmetry that distinguishes the confining and
deconfining phases and represents a non-trivial classical
gluon background, while the quark-meson and meson-
meson terms originate from the 7" = 0 gluon fluctuations
that are not treated as classical fields.

B. Thermodynamics of nonrotating system

Before considering the main subject of our paper, the
quark system in rotation, we first comprehensively de-
scribe the general principle of how the thermodynamics
of the non-rotating plasma is determined in the PLSM,



model. A more detailed review and careful determina-
tion of the thermodynamic properties of the model will
be reported in our forthcoming paper [47].

1. Thermodynamic potential

We adopted the mean-field approximation by replacing
o and 7 by their mean-field (expectation) values as we
discussed above, in the ground state, (7) = 0 in all stud-
ied phases. The quantity (o) determines the strength of
the chiral symmetry breaking and can be nonzero.

The partition function of the PLSM, follows directly
from its Lagrangian (1):

z = exp{—% [V¢(a, )+ VL(L)] } (13)

X/Dl/)Dq/_)exp{/Oﬁdr/vdgzﬁq(d),a,L)} ,

where an irrelevant overall normalization factor has been
omitted. Equation (13) gives us the thermodynamic po-
tential of the model,

ThhZ

F(T)=- 7

= V(o) + Vi(L) + Fyy(o, L), (14)

where the meson potential V and the Polyakov loop po-
tential V7, can be read from Egs. (3) and (8).

The last term in Eq. (14) corresponds to the quark
contribution to the thermodynamic potential, which is
given by the last multiplier in Eq. (13). The quark part
can be split into its vacuum and thermal constituents:
Fypp = Fﬁ—}c + F 5 o where the vacuum contribution to

the thermodynamic potential,
d3
vac __
FWZ ——2N5Nf/( mE £, (15)

is infinite. We, however, follow the arguments provided
in Ref. [39] and ignore below the vacuum quark part
M vac __ M - B 3
by .settlng FWZ = 0. Since no.w Fyy = qu, .we vx{ﬂl
omit the “thermal” [ superscript and instead identify

the fermionic grand potential entirely with its thermal

contribution [39, 48]:
F,-=—9N.T d3p Tr.1n |1 —B(Ec+iCAg)
v = f (27‘(‘)3 Z I'eln +e y
s==+
(16)

where & = F —qpu represents the effective energy relative
to the Fermi level Ep = p for particles (¢ = +) and Ep =
—p for antiparticles (¢ = —), with p being the quark
chemical potential. The trace Tr. over colour indices can
be taken explicitly:

Fu;= 2NfTZ/ dp (17)

¢==+1

where we introduced the particle and antiparticle contri-

butions, respectively (see Ref. [49] for technical details):
Fi=Ih[l+ 3Le P&+ £ 3L e 2%+ 4 6_3B£+} ,
F_=1In[1+3L% % +3Le 2% + %51, (18)

2. Saddle point approrimation

We find the mean-field values of the fields ¢ and L
at thermodynamic equilibrium by minimizing the total
free energy with respect to o, Ly = L, and L_ = L*
variables:

OF _OF _ 0F
o 0L  OL*

=0. (19)

These equations can be expressed with the help of the
following derivatives:

OFy 1 8Fi

1 s 19F,
30(BEL) "*TT30L.

fr =5

fum - o (20

From Eq. (18), it is not difficult to see that the above
quantities take the following explicit form:

Liefﬂgi + 2L3F67265i + e—3BEx

= 21
fi 1+ 3Li€_6£i + 3L:F6_255i 4 e—3BEx’ ( a)
" 21b
Jex = 1+3Lye P8+ 3L e 288 4 e3P’ (21b)
6—2[353:
frg= (21c)

1+3Lye P8+ 4 3L e 28+ 4 308"

One obtains the following explicit form of the saddle-
point equations (19):

oF  9Vy -

% oo gy, (22)
oF é)VL d3 D
aLi 8Li 6NfT ;1/ f<i7 (23)

where we identified the fermion condensate in the first
equation,

(1)) = 6Nygo (24)
! gzil/ 27) 3E

while the derivatives of the mesonic and Polyakov loop
potentials read as follows:

% =X\o? —v*)o —h, (25a)
ovy, _ 67T*b(T)(Ls — 2L3 + L3 L)
oL, 1 6L*L + 4(L*3 + L?) — 3(L*L)?

T4



One immediately notices that Egs. (25) contain cubic
powers of the order parameters, which implies that the
saddle-point equations (19) should provide us with multi-
ple solutions. The physically permitted solutions should
satisfy the following constraints:

0<o< fr, 0<L,L*"<1. (26)
The first condition in Eq. (26) appears on physical
grounds as we expect that both thermal fluctuations and
finite-density environment restore the chiral symmetry
instead of enhancing its breaking. This assertion is equiv-
alent to the statement that the zero-temperature QCD
vacuum, defined as a state at T =0 and p = 0 (and, ap-
propriately, at Q = 0), the highest value of the mean-field
(expectation) value of the o meson field gives the quarks
their maximal (constituent) dynamical mass, m, = go,
in the whole phase diagram. The value of ¢ is a positive
quantity because of the presence of the last term in the
potential (3) on the chiral field ¢, with h > 0 fixed by
the phenomenology.

The second restriction in Eq. (26) also has two bounds.
The lower bound appears due to the property that in
the vacuum, the Polyakov loop expectation value van-
ishes, L = L* = 0, reflecting the fact that the addi-
tion of an infinitely heavy (anti-)quark requires an in-
finitely large change in the thermodynamic potential of
the system. Therefore, the corresponding contributions
of one quark, Fo = —T'InL, and of one anti-quark,
Fg = —TInL*, are infinite. Notice that within the scope
of the Polyakov loop models, the two conjugate fields
L and L* are treated as real but independent numbers.
It means, in particular, that the free energy of a heavy
(anti-)quark, defined above, is a real number.

As the medium becomes more energetic (either denser,
at higher chemical potential u; or hotter, at higher tem-
perature T'), the quark-gluon medium enters a deep de-
confinement phase, which is achieved when the Polyakov
loop and its conjugate approach their maximal expecta-
tion values, L, L* — 1. Values outside the intervals indi-
cated in Eq. (26) cannot represent physically realizable
systems. The upper bound on the Polyakov loop (26)
arises due to the mathematical definition of the Polyakov
loop (6).

Moreover, if even Eqs. (19) give us multiple solutions
satisfying the physical constraints of Egs. (26), we should
select the true ground state distinguishing it from un-
stable and (meta)stable states. The unstable solutions
correspond to points of, respectively, local maxima or
saddle points of the total free energy, F. The lowest-
free-energy minimum represents the true stable ground
state of the system. Quantum and thermal fluctuations
typically drive a quantum system from metastable states,
associated with local free energy minima, to the true
ground state, corresponding to its global minimum.

In order to evaluate the free energy (14), we add the
mesonic potential (3) and the Polyakov-loop potential (8)
to the fermionic contribution (16). The latter expression

can be simplified using the integration by parts,

_ _ ’p p°
Fyp=—Py;=—6N; > @np 35 (27)
s=%1

In consistency with thermodynamics of fermionic gases,
the fermionic pressure (27) is given by the expectation

— iy V.

value of the canonical expression: Py, =

C. Phase diagram of non-rotating plasma

For a static plasma, the thermodynamic limit has a
well-defined meaning, which allows us to check our al-
gorithms for determining the phase diagram before pro-
ceeding, in the next section, to the more complicated case
of the rigidly-rotating plasma.

In terms of the chiral properties, the phase diagram of
the theory contains two phases: the chirally broken phase
and the chirally restored phase, separated by a transition
point. At low values of the vector chemical potential, the
phase diagram is known to possess a smooth crossover,
which does not contain any thermodynamic singularity.
Therefore, both phases are analytically connected. At
higher values of the chemical potential, the division be-
tween the phases turns into a first-order phase transition
separated from crossover by an end-point at which the
system experiences a second-order phase transition.

A similar behavior is also pertinent to the Polyakov
loop expectation value, which is an order parameter for
the confining (low-temperature) and deconfining (high-
temperature) phases. Below, we demonstrate these prop-
erties, highlighting the subtleties of the determination of
the critical points in the phase diagram.

—0.2 } p =025 GeV T [GeV] 1

0.147 === 0.150
o 047 ) T J— 0.151
> N 0.149 « -  0.152 —-—-.
G 06 [ S = 7
- o amenman 2
= —08
1t
-12 : ‘ ‘ ‘
0 02 04 06 08 1

o/ fx

FIG. 1. Dependence of the grand canonical potential F' in the
PLSM, model on the expectation value of the o field at the
fixed value of the vector chemical potential, © = 0.25 GeV.
Various temperatures near the phase transition point are
shown. The small filled circles indicate the value of the nor-
malized expectation value of the sigma field, o/ f=, which cor-
responds to the global minimum of F' at each temperature 7T'.

Figure 1 illustrates the typical behavior of the full ther-
modynamic potential (14) — excluding the vacuum part



— as a function of the ¢ mean field at the vector chem-
ical potential 4 = 0.25 GeV, which is sufficiently large
to allow for a first-order phase transition. In this figure,
we consider the field o as a free (external) parameter
and find the values of the L and L* that minimize F
at fixed values of o, T, and p. In the vicinity of the
phase transition, the free energy F' develops multiple ex-
trema corresponding to two minima and one maximum.
The thermodynamically favored phase corresponds to the
global minimum, while the other minimum represents a
metastable state and the maximum gives us an unstable
point.

At this particular value of the vector chemical po-
tential, u = 0.25 GeV, the phase transition appears at
T. ~ 0.15 GeV, implying that the theory stays in the
chirally-broken phase at lower temperatures and in the
chirally-restored phase at higher temperatures. Notice
that the chiral restoration in the high-temperature phase
has an approximate meaning. Indeed, Fig. 1 shows that
at the phase transition point, the mean value of the field
o drops rather strongly but still does not vanish at the
high-temperature phase at T > T,. The same remark
applies also to the deconfinement transition.
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FIG. 2. Temperature dependence of the normalized order
parameter for the chiral phase transition, o/ f=, and the order
parameters for the confinement-deconfinement transitions, L
and L*, at u = 0.25 GeV.

Figure 2 shows the order parameter for the chiral tran-
sition, o, normalized to its vacuum value oyac = fr as
a function of temperature. In the same figure, we also
show the expectation value of the Polyakov loop L and
its conjugate L*, which are the confinement order pa-
rameters. This figure clearly shows that the increase in
temperature or chemical potential drives the system from
the confinement (chirally broken) to the deconfinement
(chirally restored) phase, as expected.

Notice that the presence of finite density of quark
matter, characterized by the non-zero chemical poten-
tial, u # 0, leads to the explicit breaking of the charge-
conjugation symmetry, such that the properties of quarks
become different from the properties of anti-quarks. In

particular, the free energy of an infinitely heavy quark,
Fg = —TInL, and the free energy of an anti-quark,
Fg = —TInL*, differ from each other (we remind that
both L and L* are real-valued quantities). Figure 2 illus-
trates this behavior: adding another quark to a quark-
rich medium (with g > 0) is more costly than adding an
anti-quark to the same medium (i.e., Fo > Fg for all
values of u > 0).

We are now interested in identifying a line in the (T —pu)
plane of parameters where exactly the transition takes
place. In the case of a first-order phase transition, which
is realized in the presence of a nonzero quark density, it
is sufficient to find the point along the temperature di-
rection (that is, at a fixed p and varying T') where the
order parameter(s) exhibit a discontinuity. Typically, the
discontinuity in the ¢ condensate is accompanied by dis-
continuities in the other thermodynamic parameters, in-
cluding in the values of the Polyakov loops L and L*.
While the intuitive picture of the (phase) transition be-
havior is clearly seen from Fig. 2 at a high u, it is not
the case at lower densities, where the system undergoes
a so-called crossover transition without encountering a
thermodynamic singularity.

In the absence of a discontinuity at low u’s, the system
goes continuously from one phase to the other as the ther-
modynamic parameters change. In practical terms, dis-
criminating between a first-order transition and a sharp
crossover transition poses a formidable numerical chal-
lenge. Pinpointing the exact position of the pseudo-
critical parameters of the crossover transition has a cer-
tain degree of arbitrariness, which depends on the choice
of the observables used to identify the crossover.
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FIG. 3. Phase diagram for unbounded static PLSM, model in
T — p plane for the normalized order parameter of the chiral
transition o/ fr, as well as the confining transition, L and L*.
The phase diagram features a crossover transition line at lower
vector chemical potentials p, which is marked by the dashed
line. The first-order phase transition at higher values of u is
shown by the solid line. The critical end-point that separates
these regimes occurs at (T, pe) = (0.2043,0.1123) GeV. It is
marked by the star “*”.



In our work, the point of the crossover is identified
as an inflection point with respect to the relevant or-
der parameters o, L, and L*. The inflection is searched
along a straight line that is connected with the ori-
gin of the parameter space, 4 = T = 0. The result-
ing phase diagram is shown in Fig. 3. Qualitatively,
it agrees with known results obtained in the thermo-
dynamic limit [19].> There is no splitting between the
deconfining and chirality-restoring transitions neither for
the thermodynamic phase transition at higher y nor for
the crossover regime at the lower-density part of the
phase diagram at smaller values of the chemical poten-
tial pu. As we will see below, this property will be lost
for a system where two of the three spatial directions are
bounded, as it is pertinent to the rotating systems.

At the low-T high-y corner of the phase diagram
of Fig. 3, a strong chiral transition, which is marked
by a substantial discontinuity in the chiral condensate,
is accompanied by very modest discontinuities in the
Polyakov loop L as well as its conjugate L*. There-
fore, the free energies of a heavy quark and a heavy anti-
quark experience a relatively insignificant change across
the transition. This observation provokes the natural
question of whether this transition can be interpreted
as a deconfining transition. This question is more than
legitimate as the Polyakov loop, strictly speaking, does
not play the role of an order parameter in the presence
of dynamical quarks that break the center Zs symme-
try explicitly. Physically, it means that even at vanish-
ing chemical potential, the dynamical quark fields screen
the chromoelectric field of a heavy test quark Q. The
process proceeds via the breaking of the confining string
attached to the heavy quark through the ¢g pair cre-
ation. Therefore, the free energy associated with the
Polyakov loop L corresponds to the free energy of the
Q7 heavy-light meson, which takes a finite value even in
the hadronic phase. Consequently, the expectation value
of the Polyakov loop, strictly speaking, does not vanish
in the hadron phase [51].

This effect becomes even more pronounced in the pres-
ence of a finite chemical potential, as the Polyakov loop
gets screened by the on-shell quarks that are already
present in the system. Moreover, when the density of
quarks is high, the mean inter-quark density is smaller
than the distance at which the QCD string gets formed.
Therefore, the confining property is, in a rigorous sense,
lost as the confining string of the heavy quark cannot de-
velop in the system. This analogy with QCD has a qual-
itative nature since the effective PLSM, model does not
possess the dynamical gluon degrees of freedom responsi-
ble for the string formation. Still, using continuity argu-
ments that connect analytically the low-T" high-y corner

2 The predictions of the effective models may differ quantitatively
depending on number of quark flavors, values of the model cou-
plings, treatment of field fluctuations and implementation of
renormalization (see, for example, Ref. [50]).

of the phase diagram with the high-temperature plasma,
we interpret the weak discontinuity in the Polyakov loop
as a signature of a deconfining transition. It is necessary
to mention that at the high quark density, the phase
structure of QCD is expected to become more complex
as the ground state may be described by more involved
quark condensates [52]. We do not expand further our
speculations about the high-density and low-temperature
corner of the QCD phase diagram as this parameter goes
beyond the applicability of the simple low-energy models
such as PLSM,.

III. THE PLSM, MODEL IN RIGID ROTATION

Below, we discuss the formulation of the PLSM, sys-
tem at finite angular momentum. To facilitate the anal-
ysis of the phase diagram, we will employ corotating co-
ordinates, defined by the angular velocity €2 entering the
grand canonical ensemble. To avoid superluminal coro-
tating velocities, the system must be enclosed in a cylin-
drical volume, where suitable boundary conditions must
be enforced in the plane transverse to the angular veloc-
ity vector.

A. Co-rotating frame

The description of the fermionic fields in the co-
rotating reference frame follows the standard proce-
dure [20, 53, 54]. We switch to corotating coordinates,
defined with respect to the static cylindrical coordinates
of the inertial laboratory reference frame (denoted by
subscript “lab”) by

t = tiab © = @rapb — Qtap , (28)

where Q = |€2] > 0 represents the angular frequency
of the corotating observer. The line element ds®> =
guvdx*dx” in the corotating coordinates reads as follows:

ds® = (1-p*Q?)dt* —2p*Qdtdp—dp* —p*d® —d=* . (29)

According to the standard procedure, the curvilinear
metric g,,, can be brought to Minkowski form by intro-
ducing the non-holonomic, orthonormal tetrad (vierbein)
vector field, e = €40, and the associated one-forms
w = wﬁ‘da&“, defined by

e; = 0y + Qy0y — 20y), wh = dt,

es = 0y, w® = dx — Qudt, (30)
ey =0y, w¥ = dy + Qudt ,
e; =0, w? =dz,
— &, B G _ s6
such that g,, = ndéwuwf and Wy e = 0%.

The Cartan coefficients associated with the tetrad are
defined by the commutation relation [e4,e;] = ca;%€s,



where eg are considered as differential operators (30).
Taking into account the following explicit form of the
nontrivial pairs of these commutation relations,

[65,653} = Qeg, [65, 6@] = —Qei., (31)

we find the following non-vanishing Cartan coefficients:

Ct*ig = Cgfjfc =0. (32)
The connection coefficients I'j64 = %(cﬁ&d +Cpas — Crap)
vanish identically, except for the following component:

Ty50= Q. (33)

The Dirac action can be written in curvilinear coordi-
nates as

S= / do=gLp
Lp =1 i)+ A+ py° - go] e, (34)

where D, = 0, + I, is the covariant derivative and
A = q"A, is the Abelian gauge field, corresponding to
the Cartan subgroup of the SU(3) gauge group, writ-
ten in the Feynman slash notation. Here, we have also
included the vector chemical potential y to account for
the shifts of the Dirac sea in the presence of matter—
anti-matter imbalance. The spin connection coefficient

is given by I', = *%Wffr,@%
S8y = i‘[fy[3 ,~7] represent the spin part of the generators
of the Lorentz transformations.

We choose the gamma matrices with respect to the

tetrad vector fields in the Dirac representation,

;¢ (1 0 ;[ 0 ol
’7_(0 _1)7 '7_<_0_g O>7 (35)

with o being the Pauli spin matrices:

#=(1o) #=(7) =(2) @

With the above convention, the single non-vanishing
spin connection coefficient takes the simple form, I'; =
—1§25%, implying

587 where the structure

iD; = i0, + QJ7, (37)

where
z . z 2_1 o 0
J* = —i0, + 57, S —2<0 crz)’ (38)

are the operator of the total angular momentum and its
spin part, respectively.

Then, the Dirac equation for the spinor % in the co-
rotating reference frame reads as follows:

YO (i0r + Ao + 4+ QJ?) +iv -V —gojp =0.  (39)

Its charge conjugate that satisfies the same equation is

¢ = iy2eh* : 40

V= (40)

The Dirac equation in the rotating reference frame (39)
implies a simple linear relation,

H=Hu-Q-J, (41)

between the Dirac Hamiltonian in the rotating reference
frame, H = i0;, and the Hamiltonian in the laboratory
reference frame, Hy,, = i0y,,,,. The change in the Hamil-
tonian of the system (41) as we move from one reference
system to the other is given by the coupling of the angu-
lar velocity €2 and the total angular momentum J. The
same property applies also to classical mechanical sys-
tems and to thermodynamics [55, 56].

Below, the thermodynamic quantities will be evaluated
in the Euclidean spacetime in the Matsubara formalism.
Under the Wick rotation to the imaginary time, t — 7 =
it, the partition function of the model takes the form:

Z = / [idyt][d] exp(S)

B
SE:/ dT/d3x£E7 (42)
0 |4

where V represents the system volume (a cylinder of ra-
dius R and infinite longitudinal extent). The Euclidean
Lagrangian L reads as follows:

Lp=1 (-0 +QJ +ids+p) +iv-V —go).
(43)

B. Dirac modes and spectral boundaries

In order to understand the thermodynamics of the ro-
tating system, we need to calculate the eigenenergy of
the Hamiltonian H = id; in the rotating reference frame,
which is bound in the transverse directions by a cylindri-
cal boundary. The eigenvalues are characterized by the
quantum numbers associated with the angular momen-
tum JZ#, the longitudinal momentum P* = —id,, and the
helicity h = S-P/p operators. These operators commute
with the Hamiltonian, and therefore, their eigenvalues
can be used to label the system solutions. The solution
can be found using the strategy of Ref. [57] generalized to
the Ny = 2 flavor fermions in the constant Polyakov loop
background with N, = 3 colors. Omitting the technical
details that will be presented elsewhere [47], we outline
briefly below the most essential features of this proce-
dure.

Using the cumulative label j to denote the eigenvalues,
we impose

HU; = &°U;,
PZUj = ]{ijUj s

JZUj = ijj 5
hUj = /\jUj . (44)



Here the frequency wj is related to the Minkowski energy

E; > 0 in the laboratory reference frame as follows:

Wf =GB = Aoy —p—Qm;. (45)
The right-hand side corresponds to a solution of the Dirac
equation (39) for which the symbol ¢; = %1 distinguishes
between particle (positive energy) and anti-particle (neg-
ative energy) solutions. The superscript a indicates
that the gauge field contribution corresponding to the
Polyakov-loop background has been taken into account,
w?¢ = w; — Ao;;. The tilde notation denotes the subtrac-
tion of the angular momentum term, w; = w; — Qmy,
corresponding to the shift in the Hamiltonian (41), while
wj = gjE; — p. Notice that the index m; runs over half-
integer numbers, m; = £1/2,£3/2,....

In the mean-field approximation that we are employ-
ing, the gauge field is diagonal in color space, Ay =
$(A3t? + A§t®). The cylindrical modes U; in Eq. (44)
can be taken as eigenvectors of both diagonal generators
t3 and t® of the gauge SU(3) group. Thus,

AoUj = Ao;iUj, (46)
where we denote the components of the background field

(-AO;la -AO;Q; A0;3) = ((,25, ¢/7 7¢ - ¢/)7

1
ey L
=3 +M

/771 3
QS* 2"40 2\["4

—p— o = 7%,43 , (47)

of the SU(3) Polyakov loop:

1 / /

L,=L= g(ew’ + &89 4 e BloFe )) , (48)
1 / /

L_=L*= g(efﬁd’ + 7P 4 ePlete )) . (49)

The modes U; must satisfy boundary conditions on
the enclosing cylinder of radius R. In this paper, we em-
ploy the spectral boundary conditions [58] as discussed
for the cylindrical setup in Ref. [57]. These conditions
provide necessary and sufficient conditions to yield a con-
sistent quantization by imposing the self-adjointness of
the Hamiltonian. In terms of the eigenspinors Uj, the
spectral condition amounts to the vanishing of either the
top and third (for m; > 0) or the second and fourth com-
ponents of the spinor U; (for m; < 0). These conditions
guarantee the conservation of the total vector (baryon)
charge inside the cylinder, as well as the self-adjointness
of the Hamiltonian.

The solutions of the eigenvalue equations (44) for a
single-species fermion satisfying the spectral boundary
conditions were reported in Ref. [57]. For our prob-
lem, the eigenenergies are given by Eq. (45), where

E; = 1/p? + M2 is the Minkowski energy, M = go is
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\/W is the total momentum

magnitude and the transverse momentum g; is quantized
due to the imposed cylindrical boundary conditions:

¢;R = Cmj—1.0,0 My >0,
iR =
g_mj_%,gj, m; <0.

the particle mass, p? =

(50)

Here &, is the £th nonzero root of the Bessel function:

Jn(fn@) = 01

where the natural number [ = 1,2,...
modes.

The quantization is compatible with the charge con-
jugation operation, by which the spinors Vj(z) =
iv?U? (x) = i(—1)™¢;U;(x) must also belong to the set of
the modes {U;}. Here, the cumulative index j represents
the set of charge-conjugated eigenvalues with respect to

7, i.e.

with  n>0, (51)

labels the radial

j = (gj7fjvcj7>\j7mj7£j7kj)a
j:(_gjvfjacja)\ja_mj7£ja_kj)’ (52)

with f; = u,d and ¢; = 1,2,3 being the flavour and
colour quantum numbers, respectively.

C. Free energy of the rotating system

The average thermodynamic potential of the rotating
fermionic ensemble can be split into a vacuum and a ther-
mal part, similar to the static case considered above. The
thermal part can be written in analogy with Eq. (27):

2T Ny dk -
e - (53)
b,s=+1

where we introduced for notational brevity the sum over
the radial quantum numbers,

2= > (54)

m=—o0 [=1

keeping in mind that the index m = :I:%,:I:%, ... Tuns
over all odd half-integer values.

In order to compute F; in Eq. (53), we note the follow-
ing relation: ¢;w¢ = E; —¢;(Qm; + p + Ao,c). Flipping
the sign of m; in the sum over “b” for the antiparticle

—1), we have q;@f — g'j — G Ao, s
with E’J = &; — Qm,; being the corotating effective energy
and & = E; —q;u. Then, F; can be computed using the
colour eigenvalue Eqgs. (46)—(47) as follows:

sector (when ¢; =

3
E = Z In(1+ e_’B(gg'_“AU?C))

c=1

= In[1 + 3Lce P& + 3L_ e 26 4 ¢35 (55)



Notice that F. in Eq. (55) coincides with the one in
Eq. (16) after replacing the laboratory-frame energy &
with the corotating energy, gg.

The thermal free energy F,,; in Eq. (53) is identical to
the one for the static reference frame (17) after replacing
the integration with respect to the three-momentum via

d3p 1 dk
/(%)3 — Wzb:/% (56)

So far, in this section, we have only discussed the ther-
modynamics of the fermionic part of the model. The
bosonic part is encoded in the classical condensate o,
which is not affected by rotation directly. The effect of
rotation on the field o appears only through the inter-
action with fermionic loops, which do feel the rotation
directly, as we discussed in this section. Moreover, we
treat the condensate ¢ in the homogeneous approxima-
tion that is used in most of the studies so far. Namely, the
condensate is set to be a coordinate-independent quan-
tity. While noticing that the homogeneous approxima-
tion allows us to compare our results with the results
of other approaches, we acknowledge that the realistic
rotating plasma should develop a radial inhomogeneity,
which should become rather pronounced for fast rota-
tion [12, 59, 60]. We will address the inhomogeneous
thermodynamic ground state of the vortical plasma else-
where.

IV. SPLITTING OF TRANSITIONS

In this section, we thoroughly evaluate the phase di-
agram of the PLSM, inside the cylindrical volume fol-
lowing our strategy described in Section ITI. While the
static PLSM has been intensively investigated in the lit-
erature, the effects of the cylindrical boundaries on the
phase diagram have never been studied in this model.
Noticing that the boundary conditions are essential for
our study to keep causality in place, we investigate the
effect of boundaries on the splitting of the chiral and de-
confinement transitions below.

A. Effect of cylindrical boundaries for static plasma
1. Softening, shifting, and splitting of transitions

We minimize the free energy of the system enclosed in
the cylindrical cavity, Egs. (14) with the fermionic free
energy given in Eq. (53). The latter quantity can only
be evaluated with the use of extensive numerical methods
since the sum over the radial excitations (54), provided
by the zeros of Bessel functions (50), can involve up to
10° terms to guarantee the convergence of the sum.

First, we consider the non-rotating case with 2 = 0.
In Fig. 4, we show the mean values of the chiral conden-
sate and the Polyakov loops as functions of temperature
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for various radii R of the cylinder at chemical poten-
tials g = 0 and g = 0.25 GeV. In an infinite volume
and for vanishing chemical potential, y = 0, the tran-
sition has the nature of a smooth crossover, since none
of the order parameters show anything similar to criti-
cal behavior. At pu = 0.25 GeV, the R — oo transition
is a strong first-order phase transition. What happens
with these transitions when we decrease the radius of the
cylinder R?

First, we notice that the decrease of the radius leads
to the softening of the transition seen in the behaviour of
all order parameters and for all chemical potentials. This
property agrees with our experience for a finite volume,
for which — if the system is bounded in all three directions
— the thermodynamic phase transition cannot be realized.
Therefore, even a first-order phase transition (that takes
place at higher chemical potential) is softened, becoming
a crossover transition in a finite volume. An existing
smooth crossover at zero chemical potential becomes even
softer. A similar softening behavior of our system, for
which only two dimensions out of three are restricted, is
compatible with the mentioned finite-size softening effect.

The described softening of the transition temperature
is most clearly seen for the condensate o for the large
chemical potential p = 0.25 GeV. As the radius dimin-
ishes, the jump in the condensate diminishes and, at
R = 2 fm, it is not seen at all. This radius corresponds
to the energy scale of 100 MeV, which is compatible with
the pion mass. Therefore, the restriction of one of the di-
mensions to this value leads to a drastic softening effect
on the phase transition.

Second, we find that the decrease in the radius of the
cylinder R leads to an increase in the pseudocritical tem-
peratures of both crossovers. This effect can also be an-
ticipated given the fact that the decrease of the radius
leads to a suppression of the thermal contribution to the
chiral condensate inside the cylinder [57], due to an en-
hancement of the mass gap induced by the transverse
momentum quantization. In order to overcome this gap,
higher temperatures are needed. Due to the coupling be-
tween the chiral and confining degrees of freedom in the
PLSM,, the expectation value of the Polyakov loop fol-
lows the same behavior. The enhancement of the critical
temperature is, therefore, a finite-volume phenomenon.

Third, we see that the inflection points at the small-
est studied radius R = 1 fm of the o condensate and
the mean Polyakov loop do not coincide, with the decon-
finement crossover transition being slightly lower than
the chiral transition. Therefore, one expects that in a
system with bounded spatial dimensions, the chiral and
confinement transitions split, thus creating an already-
deconfined but still-chirally broken quark-gluon matter.

Strictly speaking, due to the crossover nature of these
transitions and a finite width of both transitions, the con-
finement and chiral restoration never set exactly at the
mentioned intermediate region of temperatures. Nev-
ertheless, this intermediate phase is characterized by a
nonzero o condensate (a chirally broken regime) and a
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FIG. 4. The dependence on temperature of (top) the normalized chiral order parameter o/ f, and (bottom) the confinement
order parameters L and L* for a static (QR = 0) cylindrical system of various radii for (left) vanishing, 4 = 0 and (right) a

non-zero, i = 0.25 GeV, chemical potentials.

nonzero expectation value of the Polyakov loop L (a de-
confinement regime). This splitting effect produced by
the finite size of the system becomes stronger for a denser
system.

Thus, the softening, shifting and splitting of the chiral
and deconfining transitions are finite-volume effects.

2. Quantifying the splitting of transition temperatures

How strong is the splitting in chiral and deconfining
temperatures? To this end, we found the inflection points
in the chiral order parameter, o, and in the deconfining
order parameter, L. We plot these crossover tempera-
tures in Fig. 5(a) at a fixed radius of the system R de-
termined along a diagonal line crossing the origin of the
parameter space, T'= pu = 0.

Figure 5(a) demonstrates that the splitting takes its
maximal value at vanishing chemical potential, u = 0. As
the chemical potential increases, the splitting decreases.
Thus, the finite-volume effect of the splitting gets reduced

in the finite-density system. Moreover, we see the already
noticed property that the decrease in the radius of the
cylinder increases the splitting.

The finite-volume splitting effect is rather noticeable at
R =1 fm, where the difference in temperature achieves
a rather modest 5 — 6% of the pseudo-critical tempera-
ture. However, in this case, the radius of the cylinder is
about the size of the hadron, so that at this size, strictly
speaking, the system is not in a bulk state, at least with
respect to the transverse directions. In other words, there
is space only for two or three hadrons to fit into the trans-
verse plane of the area A ~ 3.14fm?, which does not
allow us to consider this system as a thermodynamically
large ensemble, at least, in the transverse directions.

However, already at R = 3 fm, the splitting of the
chiral and deconfining transitions is barely noticeable.
The transverse area becomes rather large, A ~ 28 fm?,
which allows us to consider this system as a bulk medium
that gets closer to the thermodynamic limit, R — oo.
And, in agreement with almost no splitting found at R =
3 fm, there is no splitting between the transitions in the
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FIG. 5. (a) The crossover temperatures as a function of the

chemical potential p for the chiral transition and the decon-
finement transition determined from the inflection points of
the o condensate and L (or L*). Several values of the ra-
dius of the cylinder are shown. (b) The split in the transition
temperatures (57) for chiral and confinement-deconfinement
crossovers at different fixed chemical potentials as a function
of the (inverse) radius. All plots are shown for zero angular
velocity, QR = 0.

thermodynamic limit, as we have found in the previous
section.

Figure 5(b) allows us to quantify the magnitude of the
splitting as a function of the radius. Here we evaluate
the crossover temperatures along the line of constant p
and for presentation reasons, we plot the split in the
pseudo-critical temperatures of chiral, Téa), and decon-

fining, TC(L), transitions:
AT, =T —TF) > 0, (57)

as a function of the inverse radius, 1/R. This Figure
nicely illustrates two properties of the non-rotating sys-
tem: both the increase in the radius of the cylinder and
the increase of the baryon density of the medium in-
side the cylinder diminish the split. For the discussed
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R = 3 fm cylinder, which can loosely be considered a
bulk system, the finite-size splitting amounts to a tiny
AT,. ~ 1 MeV at zero-density plasma (1 = 0). Notice
that to maintain consistency in our notation, we denote
the pseudo-critical temperatures 7T}, also by T¢.

After determining the effect of the finite volume on
the splitting of the transition temperatures, we can look
at the impact of rotation on the bulk properties of the
system, such as the phase transition diagram. Here, the
word “bulk” implies that we neglect the surface effect of
the boundary related to the existence of the mass gap
of the system. In a system with a mass gap M, the
boundary affects the properties of the system given by
the distance of one correlation length A = 1/M from the
boundary. The phenomena found in this section so far
can be considered as the manifestation of this edge effect.

B. Effect of rotation on temperature splitting

We now consider the pseudocritical transition temper-

atures Tég ) and T, ,ECL ) at finite volume and with rotation
for the case when p = 0, when the split (57) between
these two temperatures is maximal, as shown in Fig. 6.
Panel (a) of Fig. 6 shows the dependence of both T,.(L)
(upper, dashed lines with empty symbols) and T,.(o) (the
lower, solid lines with the filled symbols) on the radius of
the cylindrical boundary, for various values of the rota-
tion parameter, taken such that QR = 0 (the blue lines
and the rhombi), 0.9 (the orange lines and the triangles),
0.98 (the green lines and the circles) and 1 (purple lines
and squares) is kept fixed. When QR < 1, it can be

seen that the gap T, ng )T, ;Z ) reduces as R is increased,
becoming negligible when R 2 2 fm. In the case when
QR =1, the gap never fully disappears.

In panel (b) of Figure 6, we show the difference AT, of
the transition temperatures (57) as a function of the in-
verse radius of the cylinder, 1/R, at various rotation fre-
quencies QQR. The results are shown for vanishing chem-
ical potential, u = 0, where the splitting takes its max-
imum value. One can clearly see that the rotation does
not increase the splitting. On the contrary, the difference
in temperatures between the chiral and deconfining tran-
sitions, generated by the finite-volume effects, becomes
even smaller as the rotation frequency increases.

Thus, rotation inhibits the splitting of temperatures
rather than producing it.

Let us relate the results shown in Fig. 6 to the physical
conditions corresponding to the realistic conditions of the
vortical plasmas produced in the relativistic heavy-ion
collisions. In the RHIC experiment, the vorticity of the
quark-gluon plasma corresponds to the angular frequency
of  ~ 6.6 MeV [2], which translates to QR ~ 0.165
for a system of a rather large size R = 5 fm. Thus,
the rotation velocity at the boundary of the system is
much smaller than the ultrarelativistic limit QR = 1. To
put this number in a different perspective, the rotational
Lorentz factor at the edge of the system for RHIC-type
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FIG. 6. Effect of rotation on the separation of chiral and de-
confinement crossovers: (a) the pseudocritical temperatures
as a function of R and (b) their difference ATc (57) as func-
tions of the cylinder radius R and its inverse, 1/R, respec-
tively, at different values of QQR. The results are shown for
vanishing chemical potential © = 0, which gives the maximum
temperature difference AT.. In panel (a), the empty (filled)
symbols correspond to chiral (deconfinement) transitions.

collisions amounts to 1/4/1 — (QR)? =~ 1.01, providing
us with a minuscule one-percent enhancement. In other
words, the effect of the presence of the boundary of a
rotating system on the thermodynamic properties of this
system is much larger than the effect of the rotation itself.

Consider also an academic limit of the ultrarelativistic
vorticities, for which the parameter QR reaches QR =1
value. Since at such rotation, the matter effects may po-
tentially be also important, in Fig. 7, we plot the splitting
as the function of Q2R for various values of the chemical
potential p at different sizes R of the system. The results
confirm that, similarly to the finite-volume effects, the in-
creasing chemical potential inhibits the split in the transi-
tion temperatures. Moreover, for all chemical potential,
the increase of the rotation frequency up to QR ~ 0.9
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inhibits the temperature difference. However, at event
faster rotations, as QR — 1, the splitting in the tran-
sition temperature starts to increase, reaching a larger
value at QR = 1. Still, even at p = 0, the rotation-
induced splitting in the academic ultrarelativistic regime
reaches a rather moderate value, AT, ~ 11 MeV.

According to Fig. 7, the split in the transition temper-
ature appears to grow when Q2R approaches the maximal
value limited by the causality, QR = 1. As can be seen
in panel (a) of Fig. 6, the gap AT.(QR = 1) initially
decreases with increasing R, while when R increases be-
yond 3 fm, it increases. Since the split appears due to a
lower pseudocritical temperature for the Polyakov loop L
than for o, we can expect that the gap AT, widens with
increasing R and then again shrinks, as for both L and
o, T. = 0 when R — co. We note, however, that prob-
ing this large- R regime is computationally expensive, and
we therefore leave it for the more detailed analysis in our
forthcoming publication [47].

Finally, we would like to comment on the nature of the
crossover transition in the regime where the chiral and
deconfinement transition temperatures do not coincide.
Panel (a) of Fig. 8 shows the temperature dependence
of both the sigma meson ¢ and the Polyakov loop L, in
the case when R = 3 fm and p = 0, for QR = 0, 0.8
and 1. These values of QR were chosen to correspond
to the maximum value of AT}, its minimum value, and
again the peak reached at the causality limit, respec-
tively. Looking at the plot, we can see that the chiral
and deconfinement transitions are very much overlapped
and no clear distinction between their respective pseud-
ocritical transition temperatures can be seen. Panel (b)
of the same figure shows the scaled slopes N9 /9T and
OL/OT, where ¢ = o/ fr, for the above mentioned values
of QR. Here the normalization A is such that the peak
of 95 /0T lies at the same value as that of 0L/90T. While
the peaks of these slopes, used by us to identify the cor-
responding pseudocritical temperature, do not coincide,
the bell-shaped areas developing around these peaks are
overlapped. We can thus conclude that a discussion of
a unique value for the pseudocritical temperature, and
hence the identification of a split between deconfinement
and chiral symmetry restoration, is at best ambiguous in
the case of bounded rotating systems.

V. CONCLUSIONS

In our paper, we discussed how the rigid rotation of
quark-gluon plasma, modeled by the Polyakov-loop en-
hanced linear sigma model with quarks, affects the criti-
cal temperatures of deconfinement and chiral transitions.
We highlighted the importance of the causality condi-
tion, which requires that any point in the system rotates
slower than the speed of light. Since the rotation is rigid,
the causality condition limits the size of the system in
the transverse directions, R < 1/, where Q > 0 is the
angular frequency.
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We found that the confinement and chiral transitions
split in the system. However, this splitting effect origi-
nates not due to the rotation of the system but rather
due to its finite volume. In a very small non-rotating
system with a radius of one fermi, the splitting can reach
a modest AT, ~ 10 MeV, which is comparable with the
width of the crossover transition [61-63]. For systems
of the size of about 3-5 fm, the splitting becomes very
negligible, AT ~ 1 MeV.

Contrary to expectations, the rotation appears to in-
hibit this finite-volume splitting: as the angular velocity
increases, the chiral and deconfining temperatures ap-
proach each other. The splitting is also inhibited by a
finite chemical potential: as the density of the plasma
increases, the splitting between the chiral and confining
transitions becomes smaller.

We have also considered an ultra-relativistic regime
where the boundary of the system rotates very close to
the speed of light. In this, the temperature splitting be-
comes visible again, but it still remains in the modest
10 MeV range.

One should stress that we used the uniform ap-
proximation, in which both the chiral condensate and
the expectation value of the Polyakov loop are treated
as coordinate-independent quantities. This approach,
which can be justified for the central region of the plasma
that rotates with a slow rotational velocity, QR < 1, can-
not be applied for rapidly rotating systems for which the
boundary velocity reaches QR ~ 1. For such plasmas,
the inhomogeneities must be taken into account. This
important question will be addressed elsewhere. Never-
theless, we believe that the results of this paper, obtained
in the uniform approximation, are applicable to realistic
plasmas that rotate relatively slowly.

We conclude that rotation is unlikely to induce the
splitting between chiral and confining transitions in re-
alistic vortical plasmas created in relativistic heavy-ion
collisions.
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