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N-Path Filtering and Mixing Analysis -
A General Approach Based on Fourier Transform

F. Podevin, Member, IEEE, I. Bendjeddou, F. Mohsen, C. A. Dobrin, S. Ibrahim, A. Al Shakoush, M. Diallo, J.
Corsi, L. Vincent, M. J. Barragan, Member, IEEE, S. Bourdel, Member, IEEE

Abstract—This article proposes a general approach to accu-
rately model the N-path filters and mixers, with the double
purpose of bringing a better insight in the frequency transposition
phenomena and opening the door towards a more general dis-
cussion concerning NPF-NPM and their outstanding properties
as passive circuits. Thanks to a Fourier transform analysis, some
mathematical equations are rigorously derived for both filtering
and mixing voltage gains. The analysis is compared with ideal
simulations for various sets of parameters: source impedance Ra,
load impedance RL, switch resistance Rsw, capacitive path CL.
Some error curves are extracted validating the initial hypotheses
for the model in a given range of capacitances values. As a
proof of concept, it is shown that the model complies with the
measurements results with very good accuracy. The error is less
than 10.5% on the two first harmonics prediction.

Index Terms—N-path mixer, N-path filter, bandpass filter,
switching circuit, LTI model.

I. INTRODUCTION

FOR the last fifteen years, N-path filters and mixers (NPF-
NPM) have been spreading worldwide, enabling a one-

block solution to tunable passive filtering and mixing functions
[1], [2]. Due to its passive nature, N-path circuits opened
the door to very low power circuits for energy-efficient re-
ceivers such as wake-up radios [3] or Bluetooth low energy
systems [4]. Thanks to their inherent reconfigurability, N-
path architectures also allow for seamless operation across
different target standards. Moreover, the introduction of har-
monic rejection N-path mixers (HR-NPM) [5] makes these
structures very suitable for the implementation of efficient
widely tunable receivers. For software-design radios (SDR),
HR-NPM architectures feature in the same block both mixing
and filtering of the RF signal coming from the antenna [5],
contrarily to conventional wideband SDR, as in [6] or in [7],
where filtering and mixing functions are performed through
two distinct blocks.

The fields of investigation for N-path are many-fold. In
mixer-first architectures, matching to the antenna is a key
constraint in the design [8], among others as low noise [9]
and high linearity [10]. In LNA-first architectures, antenna
matching is performed by the LNA but there exists other key
design constraints. As an example, for HR-NPM, tolerance
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to blockers [11] and low circuit complexity [12], [13], are
also targeted. If we focus now on the two main functions of
an NPF-NPM, addressing the design of an N-path structure
requires defining its input impedance (targeting matching to
source or, contrarily, operating in high-impedance mode),
specifying its RF and IF bandwidths, and enhancing its conver-
sion gain. In this regard, the development of a simple model
for N-path circuit that captures its behavior, including both
source and load impedances in order to predict accurately its
input impedance, filtering and mixing responses, is of key im-
portance for the design and understanding of these structures.
Such model aims at proposing a linear time-invariant (LTI)
behavior equivalent to the dynamic linear time varying (LTV)
behavior of the N-path. For better understanding, Fig.1.a and
Fig.1.b provide an example of N-path with N = 4 showing
the LTV circuit and its common representation split in two
blocks: the filtering block with an LTI model consisting of an
RLC circuit followed by a mixing block represented from a
functional point-of-view.

A first example of such model was proposed in 2010, in
[14], deriving the transposition of the low-pass baseband fil-
tering response RLCL (see Fig.1.a) towards high frequency. In
[14], for the very first time, the source impedance Ra and the
load impedance RL dynamic transpositions were considered.
However, the capacitive dynamic transfer was not taken into

(a)

(b)

Fig. 1: Example of NPF with N = 4. a) LTV circuit. b) 2-
block representation at fundamental frequency, LTI model with
RLC circuit for filtering and functional block for mixing. The
switch resistance has been represented as Rsw.
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account. This aspect was included in 2015 by the same team, in
[15], that employed a time-domain approach to derive a quasi-
complete model integrating both shunt antenna, Rsh, i.e.,
the transposition of Ra, dynamic baseband load impedance,
RB , i.e. the transposition of RL and dynamic equivalent
capacitance, CB , i.e., the transposition of CL. However, the
model did not include a dynamic equivalent inductor in parallel
to the dynamic capacitor, and consequently could not describe
the observed bandpass RF filtering response. In [16], a similar
model was proposed including both the dynamic inductor
LB and capacitor CB , taking into account the shunt antenna
impedance but, however, ignoring the load impedance of the
mixer. This model was further enhanced in [17], where all
relevant impedances in Fig. 1b. were considered. Nevertheless,
the current convolution with load impedance is still not clearly
highlighted. In this time-domain approach, only the behavior
around fundamental frequency is explored. In [18], commented
in [19], an interesting current-based approach was proposed
in the frequency domain, introducing convolution between
current and baseband impedance. This enables, among other
advantages, to simply introduce an expression of the input
impedance depending on the considered clock harmonic com-
ponent. However, the derivation of the RF input impedance
seen from the source side is simplified as it does not consider
the shunt antenna impedance. This is of minor importance
for large values of N , but might have an impact on the
filtering and mixing gains for low values of N such as N =4.
Currently, the models presented in [15] and [16] are still
widely used, as in [20] where a stack of seven capacitors is
used as a charge pump. A simple transformer is added in the
proposed LTI model to take into account the voltage gain due
to charge pump while including the antenna shunt impedance
and the dynamic load resistance. However, as the filtering
response is not under study, no LC network is represented.

In this work, we propose a simple model for the NPF-
NPM behavior derived in its entirety in the frequency domain
for arbitrary source and load impedances. The equivalent
analytical model takes into consideration all the harmonic
components of the clock signal which constitutes the main
contribution of this work. This is of major interest in the
context of HR-NPM or widely tunable receivers where some
clock strategies can include harmonics use, as in [21]. From
the filtering point-of-view, it will be shown that the behavior
can be represented as an RLC filter. After reminding the
principle of N-path filters or mixers in section 2, we analyze in
section 3 the input impedance of the LTV NPF-NPM circuit,
based on a simple Fourier transform approach, and validate a
general harmonic-dependent LTI model, valid for an arbitrary
load. A specific focus is made on antenna matching. In section
4, we provide a general expression for the filtering and mixing
gains, discussed in section 5 on the basis of a number of
different simulated application cases. Section 5 also includes
some model error analysis to verify the accuracy of the model.
Finally section VI validates the model with some measurement
comparisons. Section VII concludes this work and provides
some perspectives.

II. PRINCIPLE OF N-PATH MIXER

NPF is an electronic circuit using N paths, materialized
by N identical capacitors CL. As illustrated on Fig.2.a and
Fig.2.f, it consists in sampling, through a switch, at every
period TLO and during a time interval of TLO/N , an RF signal
vRF (t) = A(t)cos(2πfRF t+ϕ(t)), where amplitude A(t) and
time varying phase ϕ(t) capture the modulation of the received
signal.

From the receiver point-of-view, this modulation effect is
considered in frequency domain as the transposition of a
baseband signal, VBB(f), around a radio-frequency carrier,
fRF , as illustrated in [22], [23], which is written as:

VRF (f) = VBB(f) ∗
(
δ(f − fRF ) + δ(f + fRF )

2

)
(1)

with ∗ the convolution product and δ(f−fRF ) the Dirac peak
at frequency fRF .

Capacitor CL is replenished only during the nth time
interval of width TLO/N . The action is repeated N times per
period, at each path, with a time delay between the switches
clock signals of two consecutive paths equal to TLO/N . If
frequency f is close to fLO = 2π/TLO then the signal is said
in the filter bandwidth where center frequency is fLO. In that
way, NPF is very efficient to improve the rejection of non-
desired signals (interferences due to blockers for example).
If f is close to kfLO = 2πk/TLO then the signal is still in
a filter bandwidth, centered around kfLO this time. Filtering
response around kfLO is represented in Fig.3.b.

The signal Vin in Fig.2 and represented in frequency domain
in Fig.3, is the one after the source impedance Ra, at the
circuit input node, where the input impedance Zin is defined.
NPF is particular in that sense that the RF output signal is
also the RF input Vout(f) = Vin(f). Impedance RL stands
for the load at the capacitors nodes, for example an output
buffer input impedance. It is interesting to note that, at this
capacitor node, the voltage Vc,n(f) is a mixed version of the
RF signal with the LO clock that samples the RF, as illustrated
in Fig.3.c. For this reason, NPF inherently provides a mixing
function and is irrespectively referred to as NPF or NPM in
the literature and may be used for that purpose. Authors are
considering RL as a simple high resistive load for illustration
and write ZL = CL∥RL in that precise case, but ZL could be a
more complex impedance as CL∥RL(f)∥XL(f) for example,
leading to a higher order mode filtering.

For pedagogical aspects, and in order to exemplify the high
selectivity behavior of the LTV circuit of Fig.2.a, its time vary-
ing response is plotted in Fig.4 where vin(t) and any vc,n(t)
result from theoretical simulations with ideal components. The
chronogram representation restricts vRF (t) to Acos(2πfRF t)
with the purpose of better understanding. Once steady-state
is reached, it is noteworthy that for fRF = fLO, vc,n(t) is
almost constant except slight variations observed during on-
switch slot. For fRF ∼ fLO, vc,n(t) varies at intermediate
frequency fIF = fRF − fLO. Signal of frequency fRF far
from fLO (or from any fLO harmonics) is filtered. Lastly, for
fRF = 2fLO, vc,n(t) tends to be almost constant once again
with still some little glitches occurring while switch is on.
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 2: Example of NPF with N = 4. Linear time vary-
ing model LTV. a) to d) Different ways to represent the
same circuit. e) Quasi equivalent circuit. f) For the sake of
simplicity, the chronogram representation restricts vRF (t) to
Acos(2πfRF t). The switch resistance has been represented as
Rsw.

III. IMPEDANCE ANALYSIS

A. Fourier transform approach
Authors are proposing a general demonstration of their

model based on the schematics presented in Fig.2 associated

(a)

(b)

(c)

Fig. 3: Modulated RF and IF signals, as a transposition of BB
signal and their filtering response.

with some mathematical derivations.
1) Extra parameters and methodology presentation::

Fig.2.b reproduces Fig.2.a where we define the virtual voltage
vx(t) at the node in between Rsw and the switches, still
considered as ideal. We define as well an effective resistance
R′

a as a single lumped series combination of Ra and Rsw:
R′

a = Ra + Rsw. An accurate way to analyse such net-
work consists in performing RF signal processing through the
various filtering and sampling functions, once steady state is
reached. By introducing a Thevenin-Norton transformation, it
becomes easy to calculate vx(t) in time domain by considering
either current or voltage sampling, and then to transform
equations from time to frequency domain.

2) Currents along paths, in(t), and main hypotheses:
Hence, Fig.2.c represents the Thevenin equivalent circuit of
Fig.2.a whilst Fig.2.d shows the same approach where R′

a has
been simply replaced by N parallel NR′

a. Fig.2.d is fully
equivalent to Fig.2.a, so that we can define current iRF (t) as

iRF (t) =
vRF (t)

R′
a

(2)

Leading to IRF (f) in frequency domain:

IRF (f) =
VBB(f) ∗

(
δ(f−fRF )+δ(f+fRF )

2

)
R′

a

(3)

We can now introduce the N currents in(t). The first
hypothesis is as follows: when the switch of the nth cell
is close, during the interval [nTLO

N ; (n+1)TLO

N ], we consider
that currents il ̸=n(t) present a negligible value as compared
to in(t). This is valid as long as we can assume a strong
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Fig. 4: LTV results for N = 4, Ra = 50 Ω, Rsw = 10 Ω,
RL = 1 kΩ, CL = 20 pF, fLO = 1 GHz. a) fRF = 1 GHz.
b) fRF = 1.05 GHz. c) fRF = 1.5 GHz. d) fRF = 2 GHz.

capacitive RF path through CL, meaning that first 1
ωCL

≪ RL

which is most of the time the case with high input impedance
buffers, and that second 1

ωCL
≪ R′

a which is a more
risky assumption when dealing with rather small antenna
impedances. On the basis of this assumption, we can say
that in(t) is the time-windowed version of iRF (t) during the
considered nth slot. Also, once switch n is closed, during
TLO

N , CL empties the accumulated charges through R′
a (the

N parallel NR′
a) and its own RL. Once switch n is open,

CL empties the accumulated charges through RL only. Within
the demonstration, the second hypothesis suggests that CL can
discharge completely in R′

a during the time slot TLO

N , meaning
that R′

aCL ≪ TLO

N . That way, we can state that the discharge
is a continuous discharge through RL and NR′

a, leading to
the quasi-equivalent circuit of Fig.2.e. The pertinence of both
hypotheses will be checked afterwards in section V.C.

3) vx(t) and Vx(f) calculation: We consider first vx(t) as
the sum on n of the time-windowed versions of the various
vc,n(t) as shown in Fig.2.f. This can be mathematically written

as

vx(t) =

N−1∑
n=0

(
vc,n(t) ·

[
wTLO

(
t− nTLO

N

)
∗ΠTLO

N

(t)

])
(4)

where ΠTLO
N

(t) is a gate of width TLO

N centered around t = 0.
This gate is convoluted around each Dirac peak of the Dirac
comb wTLO

(
t− nTLO

N

)
.

Fourier transform of ΠTLO
N

(t) is TLO

N · sinc(πf TLO

N ).

Fourier transform of wTLO

(
t− nTLO

N

)
is WfLO

(f) ·
e−j2πfn

TLO
N .

Gating is a shaping response corresponding to convolution in
time domain leading to a product in frequency domain.

In parallel, from Fig.2.e, it can be stated that

vc,n(t) = in(t) ∗ z(t) (5)

where z(t) is the time representation of Z(f) in frequency
domain:

Z(f) = NR′
a∥ZL(f) (a) (6)

Z(f) =
NR′

aRL

NR′
a +RL + j2πfNR′

aCLRL
(b)

(6).a is the lowpass filter impedance, which response is rep-
resented on Fig.3.c. (6).b is the lowpass filter impedance of
cutoff frequency 1

2πCL(NR′
a∥RL) when RL is a simple high

resistive load. Whatever low pass filter Z(f), vx(t) is re-
written as (7)

vx(t) =

N−1∑
n=0

{[in(t) ∗ z(t)]

·
[
wTLO

(
t− nTLO

N

)
∗ΠTLO

N

(t)

]} (7)

Finally, we can express in(t) as the sampled and hold version
of iRF (t):

in(t) = iRF (t) ·
(
wTLO

(
t− nTLO

N

)
∗ΠTLO

N

(t)

)
(8)

From (7) and (8) in time domain, and as demonstrated in
Appendix A, an explicit expression of Vx(f) in frequency
domain is given by (9)

Vx(f) =

+∞∑
k=−∞

{
IRF (f) ·

1

N
· sinc2

(
kπ

N

)
· Z(f − kfLO)

}
(9)

4) Input impedance Zin calculation:

Zin(f) =
Vin(f)

Iin(f)
(10)

whilst Vin(f) is obtained through the following voltage sum,

Vin(f) = Vx(f) +RswIin(f) (11)

and Iin(f) is obtained through current node law,

Iin(f) = IRF (f)−
1

R′
a

Vx(f) (12)
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so that Zin(f) can be developed as in (13).

Zin(f) = Rsw +
Vx(f))

IRF (f)− 1
R′

a
Vx(f)

(a)

Zin(f) = Rsw+∑+∞
k=−∞

[
1
N · sinc2

(
kπ
N

)
· Z(f − kfLO)

]
1− 1

R′
a

∑+∞
k=−∞

[
1
N · sinc2

(
kπ
N

)
· Z(f − kfLO)

] (b)

(13)

The component of Zin(f) at f ∼ kfLO, namely Z
(k)
in , is edited

synthetically through (14) and (15) where ∆f = f − kfLO.

Z
(k)
in = Rsw +

γ
(k)
N · Z(∆f)

1− 1
R′

a
· γ(k)

N · Z(∆f)
(14)

We define here γ
(k)
N by:

γ
(k)
N =

1

N
· sinc2

(
kπ

N

)
(15)

When Z(f) is the basic impedance of (6).b, then:

Z
(k)
in = Rsw+

γ
(k)
N ·NR′

aRL

NR′
a +RL + j2π∆f ·NR′

aCLRL − γ
(k)
N ·NRL

(16)

B. Linear Time Invariant LTI model

Let’s call

R
(k)
B = γ

(k)
N RL

C
(k)
B =

CL

2γ
(k)
N

α
(k)
N =

Nγ
(k)
N

1−Nγ
(k)
N

R
(k)
sh = α

(k)
N R′

a

(17)

(16) is simplified when introducing the equivalent dynamic
resistance R

(k)
B , the equivalent dynamic capacitor C

(k)
B , the

shunt impedance R
(k)
sh , as demonstrated in Appendix B.

Z
(k)
in = Rsw +

R
(k)
sh ∥R(k)

B

1 + j2π · 2∆f · C(k)
B

(
R

(k)
sh ∥R(k)

B

) (18)

(18) shows similarities with a combo of parallel re-
sistances and resonating network at kfLO: Z

(k)
B =

R
(k)
sh ∥R(k)

B ∥C(k)
B ∥L(k)

B in series with Rsw. One resistance is
the source-dependant shunt resistance R

(k)
sh whilst the other is

the transposition of the load impedance through the N-path
circuit R(k)

B . Inductance is defined by L
(k)
B = 1

(2πf0)2C
(k)
B

. It is
worth mentioning that authors’ model is provided by (18) and
not by the combo. We provide a representation of the latter
in Fig.5, filtering LTI circuit, as its equivalent model when
f ∼ kfLO leads to the same approximation as in (18).

C. Matching to source

We will consider f = kfLO for that purpose. The particular
condition of matching, useful for mixer-first architectures,
implies Z(k)

in = Ra. By developing the previous equations and
applying this additional trend, the value of R

(k)
L_match where

R
(k)
B = γ

(k)
N R

(k)
L_match can be retrieved. At resonance,

Rsw +R
(k)
sh ∥R(k)

B = Ra (19)

that is equivalent to (20).

γ
(k)
N R

(k)
L_match =

α
(k)
N R′

a · (Ra −Rsw)

α
(k)
N R′

a − (Ra −Rsw)
(20)

Let’s call

ρ =
Rsw

Ra
(21)

Then

R
(k)
L_match = Ra ·

1

γ
(k)
N

·
α
(k)
N (1 + ρ) · (1− ρ)

α
(k)
N (1 + ρ)− (1− ρ)

(22)

IV. FILTERING AND MIXING RESPONSES

A. Filtering gain

For f ∼ kfLO, filtering voltage gain is given by (23)∣∣∣∣ Vin(f)

VRF (f)

∣∣∣∣ =
∣∣∣∣∣ Z

(k)
in

Ra + Z
(k)
in

∣∣∣∣∣ (23)

B. Mixing gain

As aforementioned in (5), vc,n(t) = in(t) ∗ z(t) which can
be re-written as

vc,n(t) =

[
iRF (t) ·

(
wTLO

(
t− nTLO

N

)
∗ΠTLO

N

(t)
)]

∗ z(t)
(24)

Fourier transform of vc,n(t) leads to:

Vc,n(f) =
[
IRF (f) ∗

(
WfLO

(f) · e−j2πfn
TLO
N

· 1
N

· sinc
(
πf

TLO

N

))]
· Z(f)

(25)

Fig. 5: Representation showing the two functions: filtering and
mixing. Filtering LTI model at harmonic k of the LO clock.
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By reminding that RF signal is the convolution of baseband
signal around fRF , and that IRF (f) =

VRF (f)
R′

a
then it clearly

appears that

Vc,n(f) =

VBB ∗
(

δ(f−fRF )+δ(f+fRF )
2

)
R′

a

∗
(
WfLO

(f) · e−j2πfn
TLO
N

· 1
N

· sinc
(
πf

TLO

N

))]
· Z(f)

(26)

which can be split in two terms

Vc,n(f) =

[
+∞∑

q=−∞

{
VBB ∗ δ(f − fRF − qfLO)

2R′
a

· e−j2π qn
N

· 1
N

· sinc
(qπ
N

)}
+

+∞∑
p=−∞

{
VBB ∗ δ(f + fRF − pfLO)

2R′
a

·e−j2π pn
N · 1

N
· sinc

(pπ
N

)}]
· Z(f)

(27)

The only part of Vc,n(f) spectrum for which Z(f) is non
null is for |f | below cutoff frequency, typically 1

2πCL(NR′
a∥RL)

for simple high resistive load RL. For carrier frequencies
fRF ∼ kfLO, this corresponds to the filtering of the spectrum
in the low frequencies part in such a way that only the
components corresponding to q = −p = −k remains. The
corresponding VC,n is referred to as V

(k)
C,n in (28).

V (k)
c,n (f) =

1

R′
a

[
VBB ∗

(
δ(f − fRF + kfLO) · e+j2π kn

N

2

+
δ(f + fRF − kfLO) · e−j2π kn

N

2

)]

· 1

N
sinc

(
kπ

N

)
· Z(f)

(28)

By defining fRF − kfLO = fIF as the intermediate
frequency, the bracketed text in (28) is the spectral response
of V (k)

IF,n(f) defined in time domain by (29).

v
(k)
IF,n(t) = A(t)cos

(
2πfIF

(
t+

knTIF

N

)
+ ϕ(t)

)
(29)

V
(k)
IF,n(f) is the transposition around fIF = fRF − kfLO of

baseband signal, the same way as VRF (f) is the transposition
around fRF of baseband signal. Frequency transposition and
filtering of baseband signal at IF are illustrated on Fig.3.c.
Both V

(k)
IF,n(f) and VRF (f) present the same modulus as

VBB(f). Hence mixing gain is independent from path, as
illustrated on Fig.4, and can be written as (30).∣∣∣∣∣V (k)

c,n (f)

VRF (f)

∣∣∣∣∣ =
∣∣∣∣ 1

R′
a

· 1

N
sinc

(
kπ

N

)
· Z(f)

∣∣∣∣ (30)

If Z(f) is the one of (6).b then∣∣∣∣∣V (k)
c,n (f)

VRF (f)

∣∣∣∣∣ =
∣∣∣∣ 1

R′
a

· 1

N
sinc

(
kπ

N

)
· NR′

a∥RL

1 + j2πfCL(NR′
a∥RL)

∣∣∣∣
(31)

Inherently, the mixing voltage gain does not present the
same bandwidth, and attenuation, as the filtering voltage gain,
which will be verified in the next section. Note that, if source
and load impedances are different from simple resistances, it
is enough to change Ra to Ra∥Xa and RL to RL∥XL in the
previous equations.

V. DISCUSSION ON MODEL VALIDITY AND ACCURACY

A. Simulated cases

In order to validate the harmonic model presented so far
for both filtering and mixing gains, four cases with ideal
components are simulated through harmonic balance (HB), at
fLO = 1 GHz. For the sake of honesty, authors chose reason-
able values for their constant parameters while studying the
impact of the varying one, meaning small value of the number
of paths N = 4, typical antenna impedance Ra = 50 Ω, lossy
switches Rsw = 10 Ω, not so high resistive load RL = 1 kΩ,
but kept a capacitive path strong enough, i.e CL = 20 pF, in
order to respect the main hypothesis of the model consisting
in neglecting the leakage currents flowing to source or load
impedances rather than in capacitance. Fig.6 represents the
gains-frequency variations with N , all other items being kept
equal. Fig.7 concerns CL influence. Fig.8 focuses interest on
various low and high RL. Finally, Fig.9 checks the antenna
source impact on the gains-frequency responses.

CAD HB simulations for RF filtering, in straight lines, have
the RF frequency varying continuously from 0.5 to 3.5GHz so
that a continuous simulated curve can be observed in Fig.6.a,
7.a, 8.a, 9.a. 200 harmonics are considered for HB. In the mean
time, calculations in dashed lines are performed three times
where the frequency range representation for each k is chosen
in such a way that curve for k = 2 cuts curves for k = 1 and
k = 3. This does not occur specifically at fRF = 1.5 GHz
and fRF = 2.5 GHz but in between 1 and 2 GHz or 2 and
3 GHz, respectively.

On the other hand, CAD HB simulations for IF filtering, in
straight lines, concern conversion gains and mixing responses,
meaning an IF frequency range around the fundamental and
its harmonics, leading to the three non-continuous curves in
Fig.6.b, 7.b, 8.b, 9.b where the IF frequency range was chosen
from 0 to 0.5 GHz in the CAD tool. Calculations with square
dots are performed three times: between 0.5 and 1.5 GHz for
k = 1, between 1.5 and 2.5 GHz for k = 2, between 2.5 and
3.5 GHz for k = 3.

Some slight discrepancies are expected between simulations
and calculations due to the two initial hypotheses. The fol-
lowing subsection discusses the model validity on the basis
of those simulated cases. To go further in depth with model
accuracy, a specific subsection follows detailing the model
errors.
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Fig. 6: Analytical (straight) and simulated (square dots) re-
sponses versus N . Ra = 50 Ω, Rsw = 10 Ω, RL = 1 kΩ,
CL = 20 pF, fLO = 1 GHz. a) Filtering voltage gain. b)
Mixing voltage gain.
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Fig. 7: Analytical (straight) and simulated (square dots) re-
sponses versus CL. N = 4, Ra = 50 Ω, Rsw = 10 Ω,
RL = 1 kΩ, fLO = 1 GHz. a) Filtering voltage gain. b)
Mixing voltage gain.
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Fig. 8: Analytical (straight) and simulated (square dots) re-
sponses versus RL. N = 4, Ra = 50 Ω, Rsw = 10 Ω,
CL = 20 pF, fLO = 1 GHz. a) Filtering voltage gain. b)
Mixing voltage gain.
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Fig. 9: Analytical (straight) and simulated (square dots) re-
sponses versus Ra. N = 4, Rsw = 10 Ω, RL = 1 kΩ,
CL = 20 pF, fLO = 1 GHz. a) Filtering voltage gain. b)
Mixing voltage gain.
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B. Discussion on model validity as compared to simulated
cases

In Fig.6, it is noteworthy that, despite the aforementioned
approximations, the model fits very well the simulation with
the number of path, even for N as small as 4. The model
is particularly correct at fundamental and does not exceed
0.4 dB for the second harmonic at fLO = 2 GHz. Even if
filtering response around kfLO presents higher attenuation as
compared to filtering response around fLO, filtering at kfLO is
still of high interest because the circuit only needs clock signal
at fLO to mix with fRF ∼ kfLO whereas some charge pump
can act as a passive voltage amplifier, as in [20]. With the
considered components values, for small N , filter attenuation
might prevent from using the NPF at third harmonic but for
big N , it is interesting to discuss the compromise between
surface on the die and the reduced consumption of the VCO
by a factor of 3.

Fig.7 typically illustrates the impact of the capacitive path.
For extremely high values of CL, model perfectly suits the
simulation, but for capacitances values in the order of 10 pF,
where fLO = 1 GHz, it differs further and further from it when
the considered harmonic increases. This is due to the influence
of other components on the current charge of the capacitor.
Despite a lack of accuracy in the model, this observation is
of importance when considering integration: low capacitances,
already sensitive to mismatch, might lead to bandwidth even
more sensitive to the mismatch of other components.

In Fig.8, it appears that the constraints of the load
impedance are somewhat nonexistent for model validity. In
practice, low RL leads to increased losses and poor filtering
and mixing voltage gains. Finally, Fig.9 shows the impact of
source impedance on attenuation: higher IRF is reached and so
higher gain is demonstrated when Ra is small. Besides, even
for low Ra, due to the strong value of α(k)

N , Rsh is sufficiently
high not to impact filtering gain or bandwidth.

C. Model accuracy: the capacitance value trade-off

The proposed model relies on two main hypotheses: 1) for
charging purposes, it is assumed a strong capacitive RF path
through CL, that is, i) 1

ωCL
≪ RL which is usually the

case for high input impedance buffers; and ii) 1
ωCL

≪ R′
a,

which may be hard to implement for low-impedance antenna
sources, and 2) for discharging purposes, it is assumed that the
discharge time of CL in R′

a during the time slot TLO

N is fast,
that is, R′

aCL ≪ TLO

N . By considering the most constraining
condition for charging, and focusing on harmonic k, these two
assumptions can be expressed as,

1/ωLOCL

R′
a

≪ k (32)

1/ωLOCL

R′
a

≫ N

2π
(33)

Complying with both (32) and (33) requires a trade-off. In
this work, for simplicity, we propose 1/ωLOCL

R′
a

= 1, that is
particularizing in a capacitance value CL of 3.2 pF for fLO =
1 GHz, a null Rsw and Ra = 50 Ω. The model is expected

to provide the best accuracy for this value of CL, and deviate
from the observed behavior as we move away from it. In other
words, for filtering purposes, this value is expected to ensure
the best compromise between charging and discharging time
of the N-path if the designer targets an RLC-like behavior, i.e.
the most symmetrical as possible around fLO. The objective is
different when dealing with N-path mixer: in order to get high
conversion gain, it is of major importance to charge CL during
TLO

N with the highest available current, which is facilitated by
much higher capacitance values than the proposed trade-off.
Typically with the previous data, a capacitance of 32 pF can
be a good choice.

In order to quantify the model accuracy and to validate
the initial conditions, two error functions are proposed. For
both Av and Gc, σerror is the relative error between the
maximum calculated voltage gain and the maximum simulated
voltage gain. ϵerror is the maximum relative error between
the simulated and calculated low cut-off frequency, fl, and
between the simulated and calculated high cut-off frequencies,
fh:

Av σerror =
|Av|simmax − |Av|calmax

|Av|simmax

(a)

Gc σerror =
|Gc|simmax − |Gc|calmax

|Gc|simmax

(b)

Av ϵerror = max

(
fsim
l,Av

− f cal
l,Av

fsim
l,Av

;
fsim
h,Av

− f cal
h,Av

fsim
h,Av

)
(c)

Gc ϵerror = max

(
fsim
l,Gc

− f cal
l,Gc

fsim
l,Gc

;
fsim
h,Gc

− f cal
h,Gc

fsim
h,Gc

)
(d)

(34)

First, we consider ϵerror. For any values of the harmonic
components, any Av , Gc, and any CL within a range of two
decades over the proposed trade-off value and two decades
below, ϵerror < 2%. This is true as long as a cut-off frequency
is observable. For example, no cut-off can be defined for the
third harmonic in Fig. 7.a. In that case, it can be simply stated
that the N-path filter does not work anymore. Second, Fig.10
and Fig.11 provide σerror as a function of CL by considering
for x-axis the ratio 1/k.ωLOCL

R′
a

where k = 1 for Fig.10 and k =
3 for Fig.11. As can be observed in all the curves of Fig.10 and
Fig.11, there is a minimum in the model error, which can be
explained by the trade-off between (32) and (33). Obviously,
for very low CL (right part of the hollow-like curves), the error
increases drastically due to charge phenomena and for very
high CL (i.e., low values in the x-axis), the error increases
due to discharge phenomena. In Fig.10.a, a minimum error
around 1% is reached for a ratio of 0.8, that is close to our
proposition of 1 for R′

a = 50 Ω. The minimum error deviates
from this location when increasing R′

a, since the need for
high CL becomes significant, underlining the importance of
the charging hypothesis. Additionally, it is observed that the
model error increases with R′

a, reaching up to 22% when R′
a =

RL = 1 kΩ. This observation emphasizes the impact of the
discharge phenomena, that so far has been rarely considered
when dealing with N-paths. Concerning the third harmonic in
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Fig. 10: Filtering voltage gain error function. a) At fundamen-
tal. b) At third harmonic. N = 4, Ra = 50 Ω, Rsw = 0 Ω,
RL = 1 kΩ, fLO = 1 GHz, CL varies.

Fig.10.b, the observations are qualitatively similar, with a shift
towards higher trade-off capacitances (with a ratio of 3) but
also higher minimum errors and a more pronounced impact of
the discharge phenomena. Nevertheless, the error stays inferior
to 25% for a large range of R′

a from 50 Ω to 1 kΩ and for a
ratio 1/k.ωLOCL

R′
a

from 0.04 to 0.2, which is already interesting
for an analytical pre-design.

As for mixing conversion gain in Fig.11, there exists also
a trade-off but it is noteworthy that the impact of the charge
phenomena is much more significant with minimum Gc σerror

obtained for 1/ωLOCL

R′
a

ranging from 0.01 to 0.04. Concerning
the second harmonic, it has not been shown in the figures for
the sake of conciseness, as it presents a similar behavior in
between k = 1 and k = 3.

VI. VALIDATION THROUGH MEASUREMENTS

A. Design implementation

In order to better depict the scope of this study, an NPF-
NPM structure has been implemented and measured. The
circuit components are chosen in order to minimize the mean
model error over all the harmonics, for both filtering voltage
gain, Av , and mixing voltage gain, Gc. As a matter of fact,
only the Av and Gc will be provided without any comparison
with the state-of-the-art of the other characteristics, although
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Fig. 11: Mixing voltage gain error function. a) At fundamental.
b) At third harmonic. N = 4, Ra = 50 Ω, Rsw = 0 Ω,
RL = 1 kΩ, fLO = 1 GHz, CL varies.

components choices were driven by non-linearity, power con-
sumption and noise considerations. The clock frequency is set
to 0.5 GHz. The source from instrument tool will provide a
50-Ω impedance. In the technology at hand, Global Foundry
45RFSOI, the switches present a resistance Rsw of 15 Ω,
corresponding to a gate width of 10 µm, a median value that
maintains an optimal balance between noise figure and energy
consumption. The MOM capacitance presents a bottom plate
at M2 level, leading to a shunt parasitic capacitance of only
10% of its nominal value. The choice of CL = 25 pF appears
to be a good compromise for illustrating the model accuracy
as 1/k.ωLOCL

R′
a

is equal to 0.2 for k = 1, 0.1 for k = 2 and
0.065 for k = 3.

The implemented circuit is shown in Fig.12. It includes
a 25% Windmill frequency divider as in [24]. The latter is
interesting as it uses only one NOR gate buffer per phase to
minimize power consumption and phase noise. When com-
pared to state-of-the-art designs as detailed in [24], it requires
half the power consumption and has 2-dB less phase noise.
To measure the scattering parameters in a 50-Ω environment,
a single-stage "unity-gain" buffer is added at the output.
In practice, buffer shows a 1.8-dB gain, simulated at post-
layout simulation levels. For practical measurements,and after
deembedding, the buffer allows S21 to accurately represent
the mixing voltage gain of the structure when used with a
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Fig. 12: Implemented circuit in Global Foundry 45RFSOI.
N = 4, Ra = 50 Ω, Rsw = 15 Ω, high-Z RL = 1 from
buffers, CL = 25 pF, fLO = 0.5 GHz.

high-impedance output node.

B. Measurement results

All small-signal S-parameters measurements are performed
via on-wafer probing using an Anritsu 2-port MS4640B series
Vector Network Analyzer (VNA). Fig.13 compares the calcu-
lated, simulated with ideal components, simulated with PDK
and measured AV and Gc. The calculated results are obtained
from (23) and (31). Calculus is performed three times to plot
the response around the three targeted harmonics: 0.5 GHz,
1 GHz and 1.5 GHz. The CAD HB simulations are considering
200 harmonics. For Av , they have the RF frequency varying
continuously from 0.25 to 1.75 GHz so that a continuous
simulated curve can be observed in Fig.13.a. For Gc, IF
frequency ranges from 0 to 0.25 GHz around the fundamental
and its harmonics, leading to the three non-continuous curves
in Fig.13.b. Measurements are fully extracted from small-
signal S-parameters. Measured S11 enables to derive the ratio
Vin/VRF that is Av . Measured S21 with 50-Ω ports is first
deembedded from buffer voltage gain. Then, thanks to Av , the
ratio Vc,n/VRF that is exactly Gc can be extracted. Fig.13.a
and b show a very good prediction of the model as compared
to ideal simulation. Also, the maturity of the technology proves
excellent agreement between ideal simulation, PDK simulation
and measurements. Due to probes limitations, measurements
were conducted only up to 1.2 GHz, restricting model com-
parison to the two first harmonics only. Table I summarizes
the errors between model and other plots.

VII. CONCLUSION

In this work, a general approach to accurately model N-path
filters and mixers has been proposed. The model considers
the impact of both source and load impedances. Thanks to
a frequency-domain analysis based on the Fourier transform,
we were able to derive for the first time a set of mathematical
equations to accurately describe the behavior of the filtering

TABLE I: MODEL ERROR FOR FIG.13.A AND B.

σerror(%) Av Gc

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
Ideal sim. 0.15 0.04 1.33 0.02 2.99 6.85
PDK sim. 1.70 2.36 0.53 0.08 2.99 11.17

Meas 5.51 10.49 NA 0.96 2.43 NA
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Fig. 13: Measured, simulated with ideal components, sim-
ulated with PDK and calculated through model responses.
a) Filtering voltage gain. b) Mixing voltage gain. N = 4,
Ra = 50 Ω, Rsw = 15 Ω, high-Z RL from buffers,
CL = 25 pF, fLO = 0.5 GHz.

and mixing voltage gains around each harmonic component
of the LO clock. The filtering voltage gain is calculated
from (23), with the help of (15), (16) and (18), while the
mixing voltage gain is calculated from (31). If source and
load impedances are different from simple resistances, it is
enough to change Ra to Ra∥Xa and RL to RL(f)∥XL(f)
in the previous equations. The analysis has been validated on
the basis of simple Ra and RL, showing the limits of the
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model in terms of a maximum targeted error on the filtering
and mixing functions within a specific range of capacitive
paths values. As a proof-of-concept, an NPF-NPM has been
implemented and characterized in the laboratory. Measurement
results are in good agreement with the analytical model for
both fundamental and second harmonic, with an error less than
10.5%.

APPENDICES

A. Proof for (9) from (7) and (8)
From (7) and (8), it comes for vx(t) in time domain

vx(t) =

N−1∑
n=0

{[(
iRF (t) ·

(
wTLO

(
t− nTLO

N

)
∗ΠTLO

N

(t)
))

∗ z(t)
]

·
[
wTLO

(
t− nTLO

N

)
∗ΠTLO

N

(t)

]} (35)

In frequency domain, this leads to

Vx(f) =

N−1∑
n=0

{[(
IRF (f) ∗

(
WfLO

(f) · e−j2πfn
TLO
N

· 1
N

· sinc
(
πf

TLO

N

)))
· Z(f)

]
∗
[
WfLO

(f) · e−j2πfn
TLO
N · 1

N
· sinc

(
πf

TLO

N

)]}
(36)

that can be written in a more explicit way by

Vx(f) =

N−1∑
n=0

{[
+∞∑

q=−∞

(
IRF (f − qfLO) · e−j2π qn

N

· 1
N

· sinc
(qπ
N

))
· Z(f) ]

∗
[
WfLO

(f) · e−j2πfn
TLO
N · 1

N
· sinc

(
πf

TLO

N

)]}
(37)

or even more explicit

Vx(f) =

N−1∑
n=0

{
+∞∑

k=−∞

[
+∞∑

q=−∞
(IRF (f − qfLO − kfLO)

·e−j2π qn
N · 1

N
· sinc

(qπ
N

))
· Z(f − kfLO)

·e−j2π kn
N · 1

N
· sinc

(
kπ

N

)]}
(38)

By inverting the summations

Vx(f) =

+∞∑
k=−∞

[
+∞∑

q=−∞
(IRF (f − qfLO − kfLO)

· 1
N

· sinc
(qπ
N

)
· 1

N
· sinc

(
kπ

N

)
· Z(f − kfLO)

·
N−1∑
n=0

{
e−j2π qn

N · e−j2π kn
N ·
})]

(39)

The sum on n is non-null only for q = mN − k with m a
relative integer. Also Vx(f) is non-null for f ∼ kfLO due
to Z(f − kfLO). Let’s focus on frequency f = kfLO; the
identification of the component kfLO of Vx(f), that is to say
Vx(kfLO) with the corresponding component of IRF (kfLO−
qfLO−kfLO) leads to q = −k as the unique solution. Finally,
(9) is proven.

Vx(f) =

+∞∑
k=−∞

[
IRF (f) ·

N

N2
· sinc2

(
kπ

N

)
· Z(f − kfLO)

]
(40)

B. Proof for (18) from (16) and (17)

As a reminding, when Z(f) is the basic impedance of (6),
then:

Z
(k)
in = Rsw+

γ
(k)
N ·NR′

aRL

NR′
a +RL + j2π∆f ·NR′

aCLRL − γ
(k)
N ·NRL

(41)

By naming
R

(k)
B = γ

(k)
N RL (42)

Then, Z(k)
in comes to

Z
(k)
in = Rsw+

+
NR′

aR
(k)
B(

NR′
a +

R
(k)
B

γ
(k)
N

−NR
(k)
B

)
+ j2π∆f ·NR′

a
1

γ
(k)
N

CL ·R(k)
B

(43)

which can be arranged as follows:

Z
(k)
in = Rsw+

+
NR′

aR
(k)
B(

NR′
a +

1−Nγ
(k)
N

γ
(k)
N

R
(k)
B

)
+ j2π∆f ·NR′

a
1

γ
(k)
N

CL ·R(k)
B

(44)

Let’s call

C
(k)
B =

CL

2γ
(k)
N

R
(k)
sh = α

(k)
N R′

a

α
(k)
N =

Nγ
(k)
N

1−Nγ
(k)
N

(45)

We can now re-write Z
(k)
in

Z
(k)
in = Rsw +

R
(k)
sh ·R(k)

B(
R

(k)
B +R

(k)
sh

)
+ j2π · 2∆f · C(k)

B R
(k)
sh ·R(k)

B

(46)
or more explicitly the harmonic-dependant impedance of (18).

Z
(k)
in = Rsw +

R
(k)
sh ∥R(k)

B

1 + j2π · 2∆f · C(k)
B

(
R

(k)
sh ∥R(k)

B

) (47)
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