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Curvature-Driven Conformal Deformations
ETIENNE CORMAN, Université de Lorraine, CNRS, Inria, LORIA, France

In this paper, we introduce a novel approach for computing conformal defor-
mations in R while minimizing curvature-based energies. Curvature-based
energies serve as fundamental tools in geometry processing, essential for
tasks such as surface fairing, deformation, and approximation using devel-
opable or cone metric surfaces. However, accurately computing the geomet-
ric embedding, especially for the latter, has been a challenging endeavor.
The complexity arises from inherent numerical instabilities in curvature esti-
mation and the intricate nature of differentiating these energies. To address
these challenges, we concentrate on conformal deformations, leveraging
the curvature tensor as the primary variable in our model. This strategic
choice renders curvature-based energies easily applicable, mitigating pre-
vious manipulation difficulties. Our key contribution lies in identifying a
previously unknown integrability condition that establishes a connection be-
tween conformal deformations and changes in curvature. We use this insight
to deform surfaces of arbitrary genus, aiming to minimize bending energies
or prescribe Gaussian curvature while sticking to positional constraints.

Additional Key Words and Phrases: conformal geometry, Willmore energy,
Gaussian curvature

1 INTRODUCTION

Curvature flows stand as indispensable tools in computer graphics
for surface manipulation. They iteratively deform surfaces by mini-
mizing an energy while complying with given constraints, such as
area or volume preservation, positional constraints. They essentially
define surfaces as the minimizers of specific energies. Our contribu-
tion lies in presenting a unified method for computing conformal
curvature flows. Our focus revolves around two primary types of
curvature-based flows in computer graphics: fairing flows, aimed
at surface smoothing, and intrinsic flows, for which computing an
embedded representation is often unnecessary.

The first category, fairing flows, progressively molds surfaces to
make it as round as possible by minimizing the surface bending.
This is quantified by the magnitude of the shape operator S, en-
capsulating the variations in surface normals across all directions.
These techniques have found extensive applications in diverse do-
mains such as biophysics [Canham 1970; Helfrich 1973], computer
animation [Bridson et al. 2005; Grinspun et al. 2003; Terzopoulos
et al. 1987], inpainting [Bobenko and Schrdoder 2005; Lévy 2003],
and form finding [Joshi and Séquin 2007; Vaxman et al. 2018]. Typi-
cally, these bending energies aim to decrease the norm of the shape
operator [Hagen and Schulze 1987; Joshi and Séquin 2007; Lott and
Pullin 1988; Moreton and Séquin 1992]
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Fig. 1. Minimizing bending energy in Eq. (1) on spot for p equal to 1 (top,
Willmore flow), 2 (middle) and 3 (bottom).

When p = 1 this reduces to the celebrated Willmore energy [Joshi
and Séquin 2007; Willmore 1965], however larger values of p create
a stronger smoothing effect on regions with higher curvature (see
Figure 1). Gruber et al. [2020; 2019] have also explored higher powers
of mean curvature, achieving similar deformations. However, their
method is confined to this very particular energy and is incompatible
with intrinsic flows.

The second category: the intrinsic flows, is commonly used in
the computer graphics community to “flatten” the surface not vi-
sually but from the intrinsic perspective of an observer “living" on
the geometry. The Ricci flow, introduced by Hamilton [1988] and
notably utilized in proving the Poincaré conjecture, falls within
this category. Combinatorial counterparts of such flows [Chow
and Luo 2003; Jin et al. 2008] have found successful applications
in conformal mesh parametrization. In computer graphics, these
flows naturally arise when computing texture atlases [Sheffer et al.
2007], cone parametrization for quad remeshing [Ben-Chen et al.
2008], or surface approximation using developable patches for man-
ufacturing [Yuan et al. 2023]. Here, the focus is on modifying the
Gaussian curvature, i.e., the determinant of the shape operator. As
this information is independent of the immersion, computations
often directly apply to the metric without explicit geometric realiza-
tion [Springborn et al. 2008] — a focus of interest in this paper and
illustrated by Figure 2. While an immersion can be computed from
the deformed metric [Chern et al. 2018], this process results in the
loss of the relationship between the deformation and the curvature,
and thus, cannot be used for fairing flows.

Considering only conformal deformations significantly enhances
numerical stability while maintaining the capacity to represent
a large family of deformations. Prior research has highlighted the
potential for curvature flows to induce extreme surface deformations
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Fig. 2. Immersion of a combinatorial Ricci flow toward a cone metric. Blue
spheres highlights —7/2 cones and red spheres 7/2 cones.

and unwanted metric distortions [Crane et al. 2011, 2013b; Gruber
and Aulisa 2020; Soliman et al. 2021], negatively impacting long
term numerical stability [Bobenko and Schréder 2005]. Although
adaptive remeshing can maintain mesh quality [de Goes et al. 2008],
it does not always improve asymptotic stability. Thus, in this paper,
we limit ourselves to conformal surface deformations, constraining
the surface during the flow solely to local scaling and rotation in
space.

Numerical stability in computing curvature-based energies poses
a notorious challenge. Conventionally, ensuring a geometric realiza-
tion of the flow involves formulating these energies in terms of ver-
tex displacement or Jacobian matrices [Xu and Zhou 2009]. However,
evaluating curvature, a second-order derivative of point positions,
on a discrete mesh introduces considerable numerical instability.
Further complicating matters, computing the energy gradient, cru-
cial for the flow, necessitates intricate computations [Eigensatz and
Pauly 2009; Eigensatz et al. 2008; Gruber and Aulisa 2020; Soliman
et al. 2021], sometimes even prior to any discretization.

In contrast, we change variables to directly operate with scale fac-
tors and shape operators. These new variables offer two significant
advantages: improving long term stability and simplifying manipu-
lations of curvature-based energies. Having access to the complete
curvature tensor enables us to handle a wide range of energies,
including fairing and intrinsic energies. However, a critical question
remains: under what conditions can the curvature tensor and the
scale factor be integrated to reconstruct the point positions defining
a conformal deformation? We answer this question by introducing
a previously unknown necessary and sufficient integrability con-
dition for topological spheres. This condition establishes a crucial
link between the derivative of local rotations and our variables,
i.e., the scale factor and shape operator. We complete the picture
with a characterization of flow integrability applicable to surfaces
of arbitrary genus and point position constraints.

To concretize these findings, we employ Discrete Exterior Calcu-
lus [Hirani 2003] for discretizing these equations while the discrete
shape operator is approximated using Regge finite elements [Li 2018;
Regge 1961]. Overall, we propose a general algorithm designed for
two primary objectives: firstly, the minimization of fairing energies,
accommodating high-power norms and vertex position constraints.
Secondly, the optimization of a combinatorial Ricci energy [Chow
and Luo 2003], achieving a predefined Gaussian curvature density.

May 2024.

Spin transformation. There exist significant connections between
our theory and the spin transformations explored by Kamberov et
al. [1998] and later applied to geometry processing [Chern et al. 2015;
Crane et al. 2011, 2013b]. The integrability condition introduced by
Crane et al. [2011] relies solely on the change in mean curvature. In
contrast, ours explicitly exposes the change in the entire curvature
tensor, thereby enabling a broader range of applications. Despite
their apparent differences, both of these integrability conditions are
equivalent and are sufficient for defining a conformal deformation.
Appendix D provides an in-depth discussion of this matter.

2 BACKGROUND ON ROTATION FIELDS

As we will extensively use rotation fields, we provide a brief overview
of the definitions and properties crucial for this paper. Throughout
we use SO(3) to denote the set of 3 X 3 rotation matrices satisfy-
ing RTR = RRT = I, det(R) > 0, where I is the identity. We use
s0(3) to denote the set of 3 X 3 skew-symmetric matrices ' =
whose non-zero components describe the axis and magnitude of a
rotation. The corresponding rotation matrix is obtained through the
exponential map exp : s0(3) — SO(3).

For convenience, we introduce the notation 9 € so0(3) to designate
the skew-symmetric matrix defined by the vector v = (v1,v2,03) 7 €
R3 as follows:

-,

0 3 —U3
0:=|—03 0 01
vy —U1 0
Conversely, a skew-symmetric matrix w € s0(3) corresponds to
the axis-angle vector of & € R3

23
& = |w31
012
The exponential map can then be evaluated using Rodrigues’
formula

0 b2

exp(d) = I +sin(|o|) o] +(1- cos(|0|))I B
v v

representing the rotation of axis v and angle |o|. Notably, the ex-

ponential map is not one-to-one: as the angle increases, exp will

return to the same rotation many times.

Rotation fields. A rotation field R : M c R — SO(3) assigns
rotation matrices to each point of the domain M. We define the
Darboux derivative of R as the skew-symmetric-valued differential
1-form w : TM — $0(3) such that

dR = wR. 2

The Darboux derivative is closely tied to the exponential map. If
w is constant with respect to evaluation against the tangent to the
curve along a path y : R — M, integrating Eq. (2) along this path
yields
Ry(r) = exp (f%/(o) (Y'(O))) Ry (0)-
Intuitively, w(X) € s0(3) represents the axis-angle rotation speed
of R in the direction X € TM. Importantly, not every so(3)-valued

1-form w is a Darboux derivative of some rotation field. For a more
detailed explanation, we refer to Corman and Crane [2019, App. A.2].



L T,M

L%

M

Fig. 3. We represent the geometry of a surface in R® using a map f that
associates each point on a surface M with its coordinates in Euclidean space.

3 CONFORMAL SURFACE DEFORMATION
3.1 Notations

Let M be a 2-manifold immersed in R® through the mapping f :
M — R3. We denote N : M — R3 the unit normal to the surface as
in Figure 3. The metric induced by the immersion f is denoted by
(,.) £ and dA f represents its associated area element. The reference
to the immersion is sometimes omitted.

The shape operator S : TM — TM is the linear map defined as
the covariant derivative of the normal

Sp(X) = -VxN, X €T,M.

As demonstrated by Do Carmo and Flaherty [1992, p. 128], this
linear map is symmetric with respect to the metric induced by the
immersion, ie., (S(X),Y)r = (X,S(Y))f for all X, Y € TM. The
Gaussian curvature K, at point p € M is the determinant of S, and
the mean curvature is the half of its trace, Hp = trSp/2.

3.2 Conformal Deformation and Curvature

A deformation of the surface is simply the definition of a new im-
mersion f : M — R3. Any conformal deformation can be defined
by a log-scale factor u : M — R and a rotation field R : M — SO(3)
as follows:

df = e“RTdf. 3)
As proved in Appendix A, it is necessary that the Darboux deriv-

ative w of the rotation field R satisfies the following integrability
condition:

B(X) = -+ du(X)N = N x df ((X)), )

where 7 : TM — TM is a symmetric linear map from the tangent
bundle to itself.

The quantities u and 7 have a direct geometrical meaning. Indeed,
the variations of the rotation field are responsible for the change in
variations of the surface normals, so the Darboux derivative of the
rotation field must be related to a change in curvature.

THEOREM 3.1. Ifthe immersionf is conformal; then, the Darboux
derivative w of the rotation field R is uniquely defined by Eq. (4) where
u and 7 represent, respectively, the change in Gaussian curvature and
the change in the shape operator:

Au =K — e?“K,

T=5-¢e“S.
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In Theorem 3.1, the relation between the log-scale factor and
the Gaussian curvature is ubiquitous in conformal parametriza-
tion [Ben-Chen et al. 2008; Springborn et al. 2008]. The change in
shape operator, however, appears to be novel.

Most importantly, the pair u, 7 contains enough information to
reconstruct the deformation f . Indeed, the Darboux derivative w
is recovered from the pair u, r through Eq. (4), which, in turn, is
sufficient to compute the rotation field R as a solution of Eq. (2).
Finally, the new immersion is derived from u and R by solving Eq. (3).
Therefore, we can (and will) use u and 7 as our sole variables when
computing conformal curvature flows.

However, not all pairs u, 7 define a valid conformal deformation.
The integrability condition in Eq. (4), underlying a linear relation
between w and the pair u, 7, relies on the fact that w is the Darboux
derivative of some rotation field which is not guaranteed by the
integrability condition.

THEOREM 3.2. If M is simply connected, the vector-valued 1-form
e“RTdf is exact if and only if w satisfies Eq. (4) and Eq. (2).

As a consequence, u and 7 are interdependent in a nonlinear way.
We could compute a conformal deformation by directly tackling the
nonlinear system of equations of Theorem. 3.2. However, we would
be limited to surfaces with trivial topology. Instead, we prefer to
follow the path of Crane et al. [2013b], and compute a surface flow
that effectively linearizes these equations. This enables us to deal
with surfaces of arbitrary genus.

3.3 Surface Flow

Our objective is to compute a conformal deformation minimizing
an energy & that depends solely on u and 7:

min E(u, 1)

f:M—M s.t.  f conformal

For stability and efficiency, we change our variables to the log-
scale factor u and the change in curvature 7. Recall that this algo-
rithm is possible because u and 7 are sufficient to define a conformal
deformation (cf. Sec. 3.2).

Following Crane et al. [2013b], we solve this optimization problem
by generating a sequence of immersions f; : M — R3, starting
from fy = f, that converges to the minimum of the optimization
problem as ¢ increases. The derivative at time 0 of a quantity u and
7 will be noted @ and 7. At time 0, there is no deformation; hence,
u =0, 7 = 0 and R is uniformly equal to the identity. Similar to the
Newton method for optimization, we compute a descent direction
1, 7 by minimizing a quadratic approximation Qg (u, 7) of the energy
&E(u, ) under the flow integrability constraints:

min Qg (i, 7)
u:M—->R s.t.
t:TM —->TM

flow constraints (Sec. 3.3).

The flow integrability constraints are derived by taking the time
derivative of the integrability conditions outlined in Theorem 3.2.
Additionally, for immersions of non-simply connected surfaces and
when considering position constraints, specific constraints are nec-
essary. Both cases can be formulated as the preservation of integrals.

May 2024.
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Fig. 4. The flow must preserve the integral over the manifold of (a) harmonic
vector fields, and (b) the gradient of g solution of Poisson’s equation, so
that the relative position of points p, g € M remains constant.

3.3.1 Darboux Derivative Integrability. From the definition of w
(Eq. (2)) and taking its time derivative at 0:

dR = GR + wR = 6.
Since w is a linear function of u, 7, its time derivative is o (u, 7) =
(1, 7). Thus, (1, 7) is an exact form, implying that it is both closed

g

and orthogonal to ;,i = 1,..., h — a basis of harmonic 1-forms

/(5(u,f),m>=o, Vie{L... h} )
M

These two conditions ensure that w (1, 7) is still a derivative of a
rotation field.

3.3.2 Integral Preservation. As demonstrated in Appendix B, the
flow must preserve the integrals over the manifold of all harmonic
vector fields (Fig. 4a). Furthermore, it is also possible to constrain
the relative positions of points p, ¢ € M by ensuring that the flow to
preserve the integral of gradient of the function g (Fig. 4b), where g
is the solution of the equation Ag = §p — &4.

Let v : M — TM be the tangent vector field representing either a
harmonic vector field or the gradient of the function g. Our aim is to
ensure the preservation of the integral fM dfi (v) dAy, throughout
the flow. Consider a R3-valued 1-form f that solves

A1f = +d (df (o).

where A1 := d§ + dd is the Hodge Laplacian of 1-form, and § :=
*d# the co-differential [Morita 2001, p. 155]. As demonstrated in
Appendix B, ¢ and 7 must satisfy:

/Mudf(a)dAf+/Mw(a,i')/\ﬁ:0. @)

4 DISCRETIZATION

In practice, our geometrical flow is performed on a manifold ori-
ented triangle mesh M = (V, E, F) without boundaries. Here, i € V
represents vertices, ij € E denotes edges, and ijk € F signifies
triangles. The immersion is represented by a vector f; € R per
vertex i € V, and edge vectors are succinctly noted as e;; = f; — fj.
We assume that the triangle areas, given by A;jx = e;; X ey, are

. s . jk .
strictly positive. Consequently, any inner angle o; ~ ata vertexi € V

May 2024.
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Fig. 5. The symmetric matrix T; jx (depicted with an orange ellipse) is inter-
polated from the values 7 € RIE! assigned to edges (represented by the bold
line lengths). The value 7;; corresponds to the tangent-tangent component
of the matrix (¢;;, T; jxtij)-

within the triangle ijk € F is strictly bounded between 0 and 7, and
each triangle is equipped with an outward unit normal N; . € R3.

Our discretization relies on using Regge finite elements [Li 2018;
Regge 1961] to approximate the symmetric tensor 7. In their lowest
order, Regge elements assign a value 7 € RIEI per edge, which is
interpolated into a constant symmetric matrix T;jx € Sym,(R) (see
Fig. 5). Here, Sym,(R) represents the set of symmetric matrices
expressed in local triangle coordinates. Further details on Regge
finite elements can be found in Section 4.1.

We define the log-scale
factor u € RIVl as a
value per vertex. The ro-
tation field R;jx is an as-
signment of rotation ma-
trix per triangle ijk € F,
and its Darboux derivative
wij € $0(3) is defined per
oriented dual edge ij, as
in [Corman and Crane 2019]. Thus, &;; is the axis-angle repre-
sentation of the rotation between R;jx and R;;;, namely:

Rjii = exp (wij) Riji- (8)

We also define the discrete Laplacian A as
the weighted graph Laplacian W € RIVI*IV,

where
(Wf); = Z %(cotalicj+cota{i)(ﬁ—ﬁ) i Aj
fjeEee

=wij v

for each vertex i € V, where k,[ denote l
the vertices opposite to edge ij. The cotan-
weights w;j simply account for the shape of
the triangles (see Crane et al. [2013a, Chap-
ter 6]).
The discretization of the main integrability condition (Eq. (4)) is
discussed in Section 4.2, and the discrete flow integrability condi-
tions are detailed in Section 4.3.



4.1 Regge Finite Element

In this section, we present a succinct overview of low-order Regge
finite elements [Li 2018], and their application to approximate the
shape operator on a triangle mesh.

We denote tlkj € R? as the unit edge vector expressed in an

arbitrary local basis of triangle ijk and nfj =] tlkj € R? as the unit

edge normal obtained by a 90° counter-clockwise rotation of the

edge vector around the triangle normal.
Regge elements offer a low-

order approximation of symmet-

ric matrix fields on triangle meshes.

This field assigns a symmetric

matrix Tz € Symy(R) to

each triangle ijk, which is con-

stant on that triangle. While the

field is globally discontinuous, its

tangent-tangent component (i.e.,

(tll‘j, Tijk tlkj)) remains continuous

across the mesh. Regge elements
are uniquely described by a single
degree of freedom (dof) 7;; per edge, representing this continuous
component.

The Regge basis function Slk. is nonzero only within the triangle
ijk and interpolates the dof on edge ij within ijk. As such, it is the
unique symmetric matrix on triangle ijk € F such that its tangent-
tangent components are equal to one on edge ij and to zero on
edges jk and ki:

. () ()T + () ()T

ij . ik . i
2sin a{ sin a}‘ !

With these bases, the dofs 7 € RIF! are interpolated to a constant
symmetric matrix T;jx € Sym,(R) inside triangle ijk € F by the
linear combination:

— k i J
Tijk = TijSij + TijJl.k + Tkiski'

The Regge finite elements basis is entirely intrinsic to the surface,
hence, many equations can be expressed as trigonometric functions
of the triangle inner angles a.

Curvature tensor estimation. To approxi-
mate the shape operator S(¢) := —V;N, we
must evaluate its tangent-tangent compo-
nent at each edge ij € E. We define a vertex
normal N; € R3 at vertex i € V as the av-
erage of adjacent normals weighted by tri-
angle area. The dof s;; is then computed by
approximating the covariant derivative by
finite differences:

1
sij= ———=(Ni=Nj, fi— fi).
J | ﬁ _ f_} |2 ( J J >
The symmetric curvature tensor, denoted as S;ji, is interpolated
across any triangle ijk € F by a linear combination of the Regge
bases. Figure 6 illustrates the approximation capabilities of Regge

Curvature-Driven Conformal Deformations « 5

Fig. 6. Smallest (left) and largest (right) principal curvature directions ob-
tained by eigen-decomposition of the discrete shape operator approximated
by Regge finite elements.

basis by computing the principal curvature directions at each face
of a triangle mesh.

4.2 Discrete Infinitesimal Rotation

We have now all the tools to discretize
the conformal Darboux derivative presented
in Eq. (4). Drawing inspiration from the
Discrete Exterior Calculus (DEC) frame-
work [Hirani 2003], we represent the dis-
crete dual 1-form w;; as the integral of the
continuous 1-form along the dual path con-
necting the circumcenters c;j, cj; of two
neighboring triangles ijk, jil € F. Given
that the gradient of the log-scale factor Vu
and the symmetric tensor T remain constant per triangle, we can
decompose this integral into two parts: the first extending from the
circumcenter c; ji to the edge mid point m;; in the direction nfj and

the second from m;j to cj; along _"5'1" This decomposition yields:

- ~k =l
wijzwij_wjis (9)

Sk i =k : y i

where o = fcijk w(nij). The distance from c;j; to m;;j is

|e;j| cot a;c] /2, resulting in the expression for the half-rotation:

ok = %|eij|cota;ga(ng). (10)

The first part of Eq. (4) relies solely on the log-scale factor differen-
tial du, and is evaluated in the direction of the edge normal ni‘ - using
the property of the Hodge star on the 1-form (i.e., *du(n) = du(Jn)):

s du(nf))Njje = —du(tf) N = Nijk. (11)

uj — uj
Ifi = fil

The second part of Eq. (4) (i.e., nXdf (7)) depends on the symmet-
ric tensor 7 and requires a specific treatment. The matrix T; ;. ap-

’i‘j can be decomposed in the basis (tlkj, nfj) in
triangle i jk. This decomposition reads as Tijknf?j = t{‘j (tfj, Tijknf?j)+

plied to the direction n

nf](nlfj T; jkn{.‘j). The differential of the immersion df transforms

tangent vectors into vectors immersed in R3, so df(tlk]) = e;j/|eijl

May 2024.
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and df(n{.‘j) = Njjk Xeij/leij|. This leads to the discrete formulation:

k _
Nijk de(f(nij)) = thk X |e |<tlJ l]k"l]>
|e,~j|<"ij’ Tijnly).

(12)

Putting together Eq. (10), Eq. (11), Eq. (12) and the decomposition
of Tjj into the the Regge basis, we obtain the formula for the
discrete half rotation:

63{‘] = _E cota’ N,Jk (ui —uj)
+ CO’[D{ ZabceHUk TabCij XNl]k<t ab 1]>
+ cota ZabceHUk TabCij <n,] ab ,j>
Here, I1; ;. = {ijk, jki, kij} is the set of circular permutations of in-
dices ijk, and the terms (tlkj, S¢ nk yand (nk S¢
of the inner angles a:

P J} are functions

k 1 b
(t}é SC .) (284% — 1) 5 cotag® — (2845 — 1)2 cot ab ,
S;bnu> = 1—04; —cot aé’c cot (xza

where 8, is the Kronecker delta, equal to 1 if a = b and 0 otherwise.

4.3 Discrete Integrability Conditions

Using our discrete Darboux derivative, we are ready to derive the
discretization of the integrability conditions for the surface flow
exposed in Section 3.3. There are two constraints to consider: i) the
integrability of @ into a rotation field (Eqgs. (5) and (6)) and ii) the
non-simply connected constraints and position constraints both
covered by Eq. (7).

4.3.1 Exactness. The discrete Darboux derivative o is a dual 1-form
in the sense of DEC [Hirani 2003]. As explained in Section 3.3, it
is imperative to ensure that it is exact, or equivalently closed and
orthogonal to all harmonic 1-forms.

First, the discrete exterior derivative of w must vanish (Eq. (5)),
meaning that the sum of w;; on any dual cycles centered on vertex
i € V must be zero:

(dw); = Z wij = 0. (13)
ijeE
Second, w must be orthogonal to all discrete harmonic 1-forms. In
DEC a harmonic primal 1-form 5 : E — R is a value per edge whose
differential and co-differential are zero [Desbrun et al. 2006]. There
are exactly 2g := 2 — |V| + |E| — |F| independent harmonic 1-forms
on a mesh without boundaries, and a basis {ryi},i =1,...2g can
be computed using the Gram-Schmidt process proposed by Crane
et al. [2013b, Appendix C.1]. Using the primal-dual scalar product
defined by Desbrun et al. [2005], we obtain the discrete integrability
condition:
Z nhwij =0, Vae{l,...2g}. (14)
ijeE

4.3.2 Integral Preservation. We ensure the preservation of the inte-
gral of a face-based vector field v : F — R3 by discretizing Eq. (7).
We define the differential form f;; € R3 to be a vector-valued pri-
mal 1-form, assigning a vector at each oriented edge ij € E. By
definition, this form is a solution of three linear systems (one per

coordinate)

Al ﬁ = d;rv,

May 2024.

where the Hodge Laplacian A; € RIEXIEl is defined by Fisher
et al. [2007, p. 3], and d; € RIFIXIE] is the exterior derivative of
a dual 1-form which sums the edge values adjacent to a triangle
(d1m)ijk = nij + njk + Nki-

The first term /M udf(v) dAs in Eq. (7) is discretized by integrat-
ing the piece-wise constant vector, multiplied by the piecewise linear
log-scale factor u : V. — R. We immediately obtain the weighted
sum: § ke Aijivijk (Ui + uj +ug).

The discretization of the second term, i.e., @ A f, is obtained using
the discrete wedge product between a dual and a primal 1-form
defined by Hirani et al. [2003] as the scalar product of the two
vectors.

Assembling these two pieces together, the discretization of Eq. (7)
reads:

1 -
- Z Aijkvijk(u,-+uj+uk)+ Z(uinﬂijZO. (15)

3
ijkeF ijeE

Non-simply connected surfaces. To preserve non-simply connected
surfaces during the flow, it is necessary to compute a basis for har-
monic vector fields v : F — R3 whose integrals over the mesh
remain constant, as detailed in Appendix B.1. This involves "con-
verting" the harmonic 1-form basis {r]i},i =1,...,2g, defined in
Section 4.3.1, into vector fields using the algorithm proposed by
Crane et al. [2013b, App. C.1].

Position constraints. Suppose we wish to constrain the flow to
preserve the position of the vertices i; € V fora = 1,...,n. Let
5? be the discrete Dirac function, which is equal to one at vertex
i = ig and zero otherwise. We consider all the n(n — 1)/2 pairs
of distinct constrained vertices to build a the family of functions

{g“b}, a,b € {1,...,n}, solutions of Poisson’s equation

wg® = 57— sb.

As explained in Appendix B.2, the vector fields v® = V¢ where
V is the piecewise linear gradient as defined in [Botsch et al. 2010,
p. 44], should satisfy Eq. (15).

5 ALGORITHM

Now that we have discretized our integrability conditions, we are
prepared to elaborate on our discrete algorithm for conformal flow,
as outlined in Algorithm 1. Each iteration involves three steps: i)
an optimization step determines a descent direction by solving a
quadratic programming problem (Sec. 5.1), ii) the rotation field
R is computed from its Darboux derivative w by solving a linear
least-squares problem (Sec. 5.2) and iii) an as-conformal-as possible
deformation is obtained by solving Eq. (3) in a least-squares sense
(Sec. 5.3).

Algorithm 1 SURFACEFLOW (M, f, &max)

Input: A manifold, orientable triangle mesh M = (V,E, F) with
vertex coordinates f : V — R3, a step size limitation angle
fmax~

Output: Deformed vertex positions f .

L ope 1074

2: fori=1...itmax do



Evaluate energy & for vertex coordinates f
Compute gradient Gg and Hessian Hg wrt u, 7
Augment the Hessian: H < Hg + p|Gg|I
Build integrability constraint matrix C

U, T — argminc[ﬂzo T41TH[¥] +G5l7]

Compute o from u,

Rescale w so that |w;j| < &max forall ij € E
10: Compute rotation field R from o

11 Find new vertex position f from R and u
12: Optional: Update p with backtracking

0

13: return f

5.1 Optimization

Each iteration begins by determining a suitable descent direction
that satisfies the integrability constraints exposed in Section 4.3
while reducing the objective function & : (u,7) — R. To achieve
this, the energy is approximated by a quadratic function based on
its second-order Taylor expansion at the point u = Og|v|, 7 = Oz,
expressed as:

&) = E(0,0)+GE[41+ 41 He [ 4],

Here, Gg € RIVI*IEl represents the gradientand Hg, € RIV IFIEXIVI+IE|

denotes the Hessian matrix of & with respect to u and 7. Examples
of such objectives and approximations are provided in Section 6.
To improve stability, the Hessian is augmented by the diagonal

M Ogvixier | o RIVHEXIVI+HEl where M e

mass matrix I = [
Ogleixv)  Q

RIVIXIVIand 0 € RIEEXIE gre the respective lumped mass matrices
of linear and Regge finite elements:

1 1
M = 3 Z Ajjks Qijij =3 (Aijk +Ajil) .
ijkeF
Overall, at each iteration, we solve the quadratic programming
problem:

min E(0,00+GLI %1+ 341 [Hg +al] [¥]
u:V-_R
t:E—>R
subect to:
2ijegwij(u, 1) =0, VieV
2ijer njjwij(u, 1) =0, Va=1,...,29
2lieV Ui 2ijkeF %U?jk + Xijeg wij(u, T)ﬁ,bj =0, Vb=1,...,n

The parameter o € R is selected to be proportional to the norm
of the gradient, ensuring adaptability at each step:

1

a:p(Ggqugy,
with p = 1074,

Backtracking. Optionally, the value of p can be updated through
the backtracking procedure in Alg. 2. This adaptation is useful for
the strongly non-convex energies outlined in Sections 6.1 and 7.4. If
the objective & computed on the deformed mesh f is greater than
the previous state &, it indicates that an oversized step has failed
to decrease the energy. Hence, we discard f and compute a new
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descent direction, which is closer to a gradient descent, by increasing
p by of factor 2. This procedure is repeated until an immersion f is
found that decreases the objective. In such a case, the deformation
replaces the initial mesh (i.e., f « f ) and p is decreased by of factor
0.9 to encourage large steps. Algorithm 2 provides a pseudo-code of
this algorithm.

Algorithm 2 BACKTRACKING (M, f, f p)

Input: A manifold, orientable triangle mesh M = (V, E, F) with ver-
tex coordinates f : V — R3, and deformed vertex positions
f : V — R3. The current penalty p € R.
Output: New vertex positions f : V — R3 and updated penalty
pER.
1: Evaluate old objective value & from f
. Evaluate new objective value & from f
. if & < & then
fef
p — Max(0.9p,107%)
else
fef
p2p
9: return f, P

A U

Step size limitation. To prevent numerical instability, we enforce
an upper bound on the rotation speed of the field R. Recall that for an
edge ij € E, |;| represents the angle of rotation between R; j and
Rj;;. To mitigate the risk of oversized steps, we rescale u and r so that
the maximum rotation angle over all edges, i.e., ¢ = max; JeE | il is

smaller than a specified threshold &max. More precisely, we compute

fmax

t= min( F 1) and update the variables u « tu and 7 « t7.In

practice, we set Emax to 25°, unless otherwise stated. While other
strategies are discussed in Section 7.1, this straightforward step
size limitation is often sufficient to ensure convergence under mesh
refinement (see Fig. 12).

Convergence to a global minimum. The flow integrability con-
straints are a linearization of the nonlinear integrability conditions
outlined in Theorem 3.1. Hence, the optimization problem, and the
algorithm may converge to a local minimum.

5.2 Rotation Field

Given a pair u, 7 defining a conformal deformation and a descent
direction for the objective &, the Darboux derivative w;; is computed
at each edge ij using Eq. (9). These derivatives define the rotation
field R : F — SO(3) solution of Eq. (8) for all edge ij € E:

Rjii = exp (wij) Rijk-

Due to discretization errors, this system does not have a solution.
Hence, we compute R in the least-squares sense, seeking the field
that best accommodates the system for all edges. For efficiency, the
rotation matrix R; j is represented by a unit quaternion A;jx € H
per triangle ijk € F. The rotation matrix exp (w;;) is converted to a
unit quaternion using the quaternion exponential map expy (v) =
cos |o] + ﬁ sin o] € H applied to half the vector &;; € R® = ImH.
Thus, the quaternion field A : F — H representing R : F — SO(3)
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Fig. 7. Bending energy optimization for p = 1 (Willmore flow, top), 2 (mid-
dle) and 3 (bottom). It produces a stronger smoothing effect on high curva-
ture regions for higher values of p.

is a solution of the optimization problem:
min ;i ‘)w —ex (ai)/l |2
AP ijeE |Mjil PH | 32 ijk
s.t. |Al]k| =1, Vl_]k eF.

(16)

As it is common in frame field design [Knoppel et al. 2013], the
unit constraint per triangle is replaced by a more manageable norm
over all triangles 3;jxcF Mijk|2 = 1. With this modification, A be-
comes the eigenvector associated to the smallest eigenvalue of the
symmetric quadratic form defined by the objective in Eq. (16). Once
the optimal A is determined, it is projected to a unit quaternion
Aijk < Aijk/|ijk| on each triangle ijk before being converted to a
rotation matrix R; ;. € SO(3).

5.3 Immersion

The new vertex positions f : V — R3? are computed from the log-
scale factor u : V — R and a rotation field R : F — SO(3). This
process involves discretizing and solving Eq. (3) in a least-squares
sense.

Following the approach of Springborn et al. [2008], the log-scale
factors u; and u; are averaged at each edge ij to obtain a total
scale factor e(#*147)/2_Similarly, a rotation Rij = %(Rijk +Rjyp) is
computed for each edge ij € E by averaging the contributions of
the rotation field on the two adjacent triangles ijk, jil € F. We aim
to solve the discretized Eq. (3), represented by the linear system of
equations

1
fi-fi= eg(ui+uj)le;(fi ~f), VijeE

=i

for unknown values f (V- R

Similarly to Crane et al. [2011; 2013b], we solve a linear least
squares problem weighted by the cotan-weights. The resulting sys-
tem of linear equations takes the form of a Poisson problem for each
coordinate a = 1, 2, 3:

WF® = divy®.

Here, W is the discrete Laplacian defined in Sec. 4 and divy denotes
the discrete divergence given by (divu); := 3;jeg wijpij for each
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Fig. 8. Bending energy minima (Sec. 6.1) for p equal to 1 (aka Willmore
flow), 2 and 3 with positional constraints highlighted in red. The santa is
computed with &max = 5°.

vertex i € V. The solution of this system is not, in general, a discrete
conformal deformation in the sense of Springborn et al. [2008]. How-
ever, conformality is reached under mesh refinement (see Sec. 7.1).

To prevent infinite growth induced by certain objective functions
(cf. Sec. 6.1), the new vertex positions are rescaled, ensuring that
the total area remains constant.

6 OBJECTIVE FUNCTIONS

Multiple objective functions can be used in our algorithm. We
present here two concrete applications: a discretization of the bend-
ing energy introduced by Eq. (1) and a discrete Ricci flow.

6.1 Bending Energy

The bending energy, as defined in Eq. (1), can be minimized within
our theoretical framework by reformulating it using our variables u
and 7. Using the conformal scaling of the volume form (i.e., dA; =

e dA ), Eq. (1) is transformed to suit our optimization algorithm:

1 3112p _1 2p 2(1-
E/M”S”F dAf-E/Mns—rnF 0P da

It is worth noting that this energy reduces to the Willmore energy
when p = 1.

This function is discretized by integrating the log-scale factor u
over each triangle:

By =3 O ISy —TylPes D@4 17)
ijkeF
The quadratic approximation of Eq. (17), formed by the gradient
Gg and the Hessian matrix Hg, can be computed solely in term of
cotangents of triangle inner angles. Given the non-convex nature of
this energy, we omit the cross partial derivative terms of the Hessian
matrix, as explained in Appendix C.1. Additionally, for p > 1, the
energy consistently decreases when the log-scale factor u increases.
To prevent infinite area growth, the mesh is rescaled to unit area at
each iteration.
Results of this flow are illustrated in Figures 1, 7 and 8. As an-
ticipated, higher power results in stronger smoothing effects, with
high-curvature regions quickly becoming spherical. This behavior



contrasts with the Willmore flow (p = 1) where high curvature
areas are addressed by shrinking.

6.2 Combinatorial Ricci Flow

Our combinatorial Ricci flow is designed to achieve prescribed angle
defects at each vertex. Angle defects serve as discrete approxima-
tions of the Gaussian curvature integrated within the neighborhood
of a vertex [Botsch et al. 2010, p. 47]. Hence, a sphere-like trian-
gulation with constant angle defect is not confined to a geometric
sphere, as is the case with constant Gaussian curvature. Nonethe-
less, developable triangle meshes are still characterized by their
vanishing angle defects. This characteristic makes angle defects a
prominent quantity in geometry processing and is utilized in the
computation of various objects, including cone parametrizations,
polycubes, and approximations of developable surfaces.

Gaussian curvature prescription is also possible with our for-
mulation. However, it requires the minimization of a non-convex
energy compensating for the change in area, as demonstrated by
Theorem 3.1.

Angle defect. On a triangle mesh, the integrated Gaussian curva-
ture is approximated by the angle defect K : V' — R at each vertex.
At vertex i, K; is defined as the difference between 27 and the sum
of all corner angles incident to i:

Ki =21 - Z a,icj.

ijkeF

Following [Ben-Chen i
et al. 2008; Springborn
et al. 2008], the change
in integrated Gaussian
curvature in Theorem 3.1
is discretized by the
equation

Wu=K-K, (18)

where W € RIVIXIVI is the cotan-Laplacian and K,I% e RIVI are
respectively the angle defect of the initial and deformed mesh.

Combinatorial Ricci energy. To prescribe a given angle defect
K : V — R, our goal is to minimize the gap between the target
defect K and the defect obtained after conformal deformation K in
the least-squares sense. To achieve this, we minimize the quadratic
energy

&Ew) =3(K-K)"WHK-K),
where the inverse Laplacian lowers the derivative order with respect
to the log-scale factor. Incidentally, the gradient of this energy leads
to the discrete Ricci flow of Jin et al. [2008].

Using Eq. (18) and ignoring the constant term, the objective func-
tion boils down to:

Ew) =tu"Wu+(K-K)u.

Angle defect prescription. Prescribing angle defects through an im-
mersed combinatorial Ricci flow allows us to obtain a geometric re-
alization of cone metrics, which are ubiquitous in mesh parametriza-
tion. As shown in Figure 2 and the top row of Figure 9, we are
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Fig. 9. Four cone metrics (—7/2 cones in blue, 7z/2 cones in red) are im-
mersed in R3 with our discrete Ricci flow. Top row: the cones are extracted
from a polycube. Bottom row: the cones are extracted from a frame field.
Even though an immersion does not always exist in the latter case, the final
iteration deviates from the target angle defect by no more than 2°.

Fig. 10. Conformal deformation to a mesh with zero angle defect (and
Gaussian curvature) at each vertex, visualized here at iterations 1, 15 and
150. Right: the final iteration maximum absolute angle defect is 1.3°.

able to compute embeddings of cone metrics extracted from a poly-
cube [Tarini et al. 2004] whose immersion exists and can be realized
in R3. However, our computations do not attempt to align normals
with Cartesian axes. Figure 11 and the bottom row of Figure 9 il-
lustrate immersions of cone metrics obtained using a curvature
concentration method [Ben-Chen et al. 2008] and the singularities
of a smooth frame field [Ray et al. 2008]. In this case, the existence
of an immersion is not guaranteed.

The angle defect prescription also allows us to visualize a flow
toward a flat torus (Fig. 10) or a space of everywhere negative
Gaussian curvature, illustrated in Figure 17. Across all the ricci flow
examples, the angle defect deviates by no more than 4° from the
target. This error is highest near ridges and cone points (Fig. 11 and
Fig. 10), and so is the conformal distortion (Fig. 11, right).

7 EVALUATION AND COMPARISON

Our algorithm is implemented in MATLAB and tested on a 3.6 GHz
Intel Core i9 machine with 8 cores. All the key components of the
methods (finding a descent direction by solving the quadratic pro-
gramming problem, computing the rotation field R through eigen-
decomposition, and reconstructing the deformation with a linear
solve), are computed using the built-in functions QUADPROG, EIGS,
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Fig. 11. Angle defect distribution obtained with [Ben-Chen et al. 2008] (left)
whose cones are highlighted with colored spheres. Its immersion deviates
from the target angle defect by at most 2.8° (middle) while staying close to
a conformal deformation (right).

and MLDIVIDE. One iteration takes approximately 15 seconds for a
12k vertices mesh with 47k degrees of freedom. The primary com-
putational cost is solving the quadratic programming problem. The
execution time and number of iterations relative to the mesh sizes
for each figure are reported in Appendix E. The code and deformation
videos are also included in the supplementary material.

We assess the quality of a map ¢ : f(M) — f(M) through the
quasi-conformal error C. This error is defined as the ratio of largest
to smallest singular value of the differential dg [Sander et al. 2001].
An exactly conformal deformation is achieved when C = 1.

7.1 Convergence Under Refinement

Due to spatial and temporal discretization errors, integrability is
never exactly satisfied. However, we can check that our finite ele-
ment simulation converges to a conformal deformation under sur-
face refinement.

In this experiment, we apply our discrete Willmore flow to a
collection of meshes converging to a smooth surface. The flow is
stopped when the objective function shows insignificant progress
and meets the criterion: |§ — &| < 107%& as shown in Figure 12,
top. Given that this flow is known to converge to a sphere, we
measure, for each final mesh, the distance to a sphere by evaluating
the maximum gap between the distance of each vertex to the center
of mass and the target radius. The left plot in Figure 12 illustrates the
quadratic convergence of our algorithm with respect to the mean
edge length. Importantly, this convergence rate remains unaffected
by the choice the step size limitation strategy.

Nevertheless, the convergence to a conformal deformation de-
pends on the choice of maximal rotation angle &max allowed between
two adjacent faces (Fig. 12, right). This is explained by the fact that
this angle is independent of the mesh resolution. Consequently, on
fine meshes the field R can rotate at a higher speed than on coarse
meshes with larger edge lengths. Thus, for a fixed &max, the flow will
allow larger deformations on a fine mesh than on a coarse approxi-
mation. In this case, convergence to a conformal deformation is not
observed under mesh refinement, and the conformal distortion sta-
bilizes at a small value. Empirically, we find that linear convergence
is obtained when &y ax is chosen proportionally to the squared mean
edge length. However, it requires more iterations for larger meshes
to reach convergence. For simplicity, we choose to keep &max has
an adjustable parameter.
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Fig. 12. Convergence under mesh refinement of our Willmore flow applied
to a T-shape (top far left). The log-log plot of the distance to a sphere of
the converged surface versus the mean edge length h (bottom left) shows
that our algorithm converges to a sphere independently of the choice of
step size limitation &yax. However, to ensure convergence to a conformal
deformation, &may should chosen be proportional to h?.

7.2 Conformal Equivalence of Spherical Parametrizations

In Figure 1, our bending flow
exhibits convergence toward a - -~ .

sphere for three different values pr
[ \& \L

of p (inset top row). Given that all

conformal maps from the sphere
to itself are known to be M6bius
transformations, we propose to
verify whether these deforma-
tions are conformally equivalent
to each other. To achieve this, we employ the Mobius registration
algorithm proposed by Baden et al. [2018] to compute the optimal
conformal alignment of the three spherical parametrizations (inset
bottom row). Our findings indicate that the angular distance be-
tween any pair of corresponding vertices is at most 0.63 degrees,
thus confirming conformal equivalence within acceptable numerical
margins.

For the dog model in Figure 7, the maximum error is 2.88 degrees.
This discrepancy primarily stems from the significant conformal
distortion observed when p = 1. By reducing the step size &max to 5°
instead of 25°, the maximum error decreases to 0.83 degrees. This
illustrates the trade-off between speed and conformal distortion
discussed in Section 7.1.

“a

7.3 Willmore Flow Comparison

Several algorithms are available for computing a flow from a surface
to a sphere. We compare our method with three of them in terms
of numerical stability and conformal distortion. In order to assess
their numerical stability, we use the largest possible step size for
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Fig. 13. Conformal distortion comparison of four geometric flows converg-
ing to a sphere: (a) [Kazhdan et al. 2012], (b) [Crane et al. 2013b], (c) [Gruber
and Aulisa 2020] and (d) our method, applied to a hand model after 1, 4
and 25 iterations. The algorithm of Gruber et Aulisa [2020] is visualized at
iterations 20, 50 and 90. We set parameters to achieve maximal convergence
speed.

each method. As explained in Section 7.1, there is a trade-off be-
tween the number of iterations and the conformal distortion. As we
favor speed, all the deformations suffer from high, but comparable,
distortion.

All the algorithms are implemented in MATLAB, except for [Gru-
ber and Aulisa 2020], for which a C++ code is provided by the
authors. The four algorithms undergo testing on the same machine
using a 10k vertices mesh. Figure 13 illustrates the evolution of the
quasi-conformal distortion during the flow, while Figure 14 records
the evolution of the Willmore energy versus the number of iterations
and the execution time.

The modified mean curvature flow [Kazhdan et al. 2012] can take
exceptionally large steps toward the sphere, but its intermediate
meshes deviate significantly from being conformal and exhibit high
distortion. In contrast to the other three algorithms, its primary
objective is not to minimize the Willmore energy.

Our method is comparable to Crane et al. [2013b] in terms of inter-
mediate surfaces and conformal distortion. Although our execution
time per iteration is higher (11.5s in average) than this method (5.9s
in average), we can take larger steps, especially near convergence,
resulting in comparable total running times for both methods.

The Willmore flow of Gruber and Aulisa [2020] requires very
small time steps in the early stages of the optimization to prevent
blow up. As described in the paper, careful step size scheduling
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Fig. 14. Willmore energy evolution of four geometric flows: conformalized
flow [Kazhdan et al. 2012], robust fairing [Crane et al. 2013b], Gruber and
Aulisa [2020] and ours. All methods eventually reach the energy minimum
and are set up to achieve maximum convergence speed, except ours whose
step size limitation &4 is set to 25°. Our method is the fastest in number
of iterations but is comparable to [Crane et al. 2013b] in term of execution
time. The surface evolution for each method is illustrated in Figure 13.

following a geometric progression is necessary. Even though the
cost of one iteration (8.3s) is lower than our method, it takes longer
to reach convergence. The deformation stays close to conformal
during the simulation, even though it is not its primary objective.

7.4 p-Willmore Flow

Our method is versatile and accommodates various objective func-
tions. For instance, Gruber et al. [2020; 2019] introduced the p-
Willmore energy:

i /M tr(S)%P dA ;,
as an efficient flow for smoothing surfaces. Its numerical computa-
tion involves an ad hoc weak formulation of the curvature, with an
additional conformal penalty to preserve the triangle shapes during
the flow.

Within our framework, we can optimize this energy by reformu-
lating it using our variables u and z:

%/ tr(S)ZPdAf:%/ tr (S — 7)2P 2(1-P)u dAf.
M M

This function is discretized by integrating the log-scale factor u
over each triangle:

E(u,7) = % Z tr (Sijk - Tijk)zp e%(l_P)(ui+uj+uk)Aijk_ (19)
ijkeF

Similar to the bending energy in Section 6.1, minimizing this
functional would lead to infinite surface growth, so we rescale the
mesh at each iteration. The quadratic approximation is computed
in Appendix C.2.

The top rows of Figure 16 illustrate this flow for p = 2 and
p = 3. For this mesh, the p-Willmore flow appears to be comparable
to the bending flow in Figure 7. However, we observe that this
energy can reach undesirable minima, as saddle points (H = 0) tend
to be weakly penalized. For example, when imposing positional
constraints, instead of yielding a smooth interpolation, this energy
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Fig. 15. The p-Willmore energy minimization of Gruber and Aulisa [2020]
compared to our method. The energy is scaled so that the minimum value
is 1 for any p. Our method is always faster, requires less iterations and its
cost per iteration is independent of the value p. The surface evolution of
each method is illustrated in Fig. 7 for p = 1 and Fig. 16 otherwise.

can lead to surfaces reminiscent of a constant-mean-curvature, as
seen in Figure 19.

In comparison to Gruber and Aulisa [2020], our algorithm exhibits
greater stability, allowing larger steps and faster convergence to
the sphere both in terms of number of iterations and execution
time (Fig. 15). Additionally, our average execution time per iteration
remains lower than 10 seconds, independently of the parameter p.
In contrast, the p-Willmore flow experiences a range from 9s/it for
a standard Willmore flow to 23s/it for p = 2. The latter takes 200
iterations and 76 minutes to reach convergence.

As illustrated in Figure 16, our method requires higher values of
p to achieve a flow comparable to Gruber and Aulisa [2020]. The
high smoothness of their shapes appears to be a side effect of their
conformal penalty, which relies on the normal field, creating a stiffer
deformation than that imposed by the energy. Nonetheless, their
average conformal distortion remains comparable to ours, with their
worst score being 1.15 for p = 2 against 1.09 for our Willmore flow.

7.5 Shape From Metric

Chern et al. [2018] proposed an algorithm for realizing geometric
immersions of a given metric. This method, when combined with a
discrete Ricci flow [Zhang et al. 2015], can also compute conformal
deformations to achieve prescribed angle defects.

In this experiment, target angle defect remains constant across all
vertices and, in accordance with the Gauss-Bonnet theorem, must
be equal to —47/|V|. Since the integrated Gaussian curvature is
prescribed instead of the Gaussian curvature itself, the resulting
surface is not an immersion of a hyperbolic space but rather an
immersion of a space with everywhere negative Gaussian curvature.

As depicted in Figure 17, their results exhibit a comparable maxi-
mum angle defect error, albeit some error spikes. Their conformal
error is also higher with a maximum of 1.6 against 1.3 with our
method. The surfaces are different as an immersion may not exist
and several approximations are possible.
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Fig. 16. The p-Willmore flow computed with our method (top rows) com-
pared to Gruber and Aulisa [2020] (bottom rows).

Fig. 17. A conformal immersion of a double torus with everywhere negative
Gaussian curvature is computed with our combinatorial Ricci flow (right)
compared to the shape from metric algorithm [Chern et al. 2018] (left).
Shape from metric generates spikes in deviation from the target angle
defect (middle row) and our immersion is less conformally distorted (bottom
row).

8 LIMITATIONS AND FUTURE WORK

Failure cases. The main limitation of our method, inherent to any
low-order finite element simulation, is its sensitivity to triangulation
quality and how closely the triangle mesh approximates an under-
lying smooth surface. In Figure 18 (left), the inadequate curvature



Fig. 18. Due to poor curvature approximation, our bending flow may fail in
presence of sharp edges (left, p = 1) or on coarse meshes (right, p = 2).

approximation of sharp features results in pronounced discretiza-
tion artifacts upon convergence, even when starting from a high
density Delaunay triangulation. Coarse meshes exacerbate this issue
while suffering with a significant triangle distortion during deforma-
tion. As shown in Figure 18 (right), this distortion can occasionally
prevent the convergence of the our bending flow, regardless of the
chosen step size.

Boundary conditions. Our focus was on surfaces without bound-
aries. However, boundary conditions can be studied both in the
theoretical and practical aspects. Essentially, it involves modifying
the integrability conditions to account for boundary edges forming
loops around boundary vertices.

Future work. We are hopeful that this paradigm will find applica-
tions in various areas of geometry processing and that extending
the analysis beyond conformality will enable numerically robust
and precise control of surface curvature.
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A PROOF: CONFORMAL DEFORMATIONS AND
DARBOUX DERIVATIVE

In this section, we provide a proof for Theorems 3.1 and 3.2. The
proof is organized into three parts. First, we compute the integrabil-
ity condition on the Darboux derivative and deduce Theorem 3.2.
Second, we demonstrate that the conformal deformation described
in Eq. (3) defines an adapted frame on the deformed surface. Third,
leveraging the results of Cartan’s method of moving frames, we
establish the relationship between the log-scale factor u and the
symmetric linear map 7 to changes in curvature.

For a detailed introduction to Cartan’s method, we refer the in-
terested reader to O’Neil [2006].

Adapted frames. Throughout the proof, we will need three local
coordinate systems: an extrinsic basis adapted to the surface immer-
sion (&1, &, €3), a tangent vector basis X;, X, € TM and a 1-form
basis 61,62 : TM — R.

To achieve this, we assign at each point of a small domain Q c M,
an adapted orthonormal frame E = [él 2 é3] € SO(3), forming
a smooth rotation field. These frames are chosen so that é3 aligns
with the surface normal N. Since é1,é; € R3? are tangent to the
surface, they are associated to tangent orthogonal vectors X1, X, €
TM satisfying df (X1) = &1, df (Xz) = é;.

The coframes 6; : TM — R are defined as the dual of these
tangent vectors &;(X;) = §;; (or 5;(X) = (X;, X)) and form a basis
of 1-forms. Hence, any 1-form « can be decomposed as:

a=a(X)e + a(X2)a;. (20)

Even though the frames and coframes are defined locally, all our
results are independent of these local coordinate systems.

A.1 Integrability Condition

Our objective is to compute @, the Darboux derivative of the rotation
field R (see Sec. 2), by taking the exterior derivative of Eq. (3).

Following the definition of conformal deformations in Eq. (3), the
vector-valued 1-form e“R7df must be closed:

0=d(df) = d(e“RTdf) = e“R" (du A df — w A df). (21)
The term e“R" in Eq. (21) is invertible and can be simplified:
w Adf =du Adf. (22)
Evaluating the wedge products in the local basis (X1,X2), yields:
w(X1)er — o(Xp)er = du(Xq)es — du(Xy)e;.

Taking the scalar product with the adapted frames (e, &y, €3),
leads to three equations characterizing «:

el w(X1)ex = —du(Xy),
& o(Xe)er = ~du(X)),
é;ra)(Xl)éz = é;'—a)(Xg)él.
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Furthermore, é;wég and é;—wél can be decomposed in the 1-form
basis of coframes (51, 62) (see Eq. (20)), using three real-valued
functions a,b,c : M — R:
éi'—a)ég = xdu,

é;—a)ég = -b&y — cbo, (23)
€, weé = ady + bay.

Noting A the s0(3)-valued 1-form A;; := &/ we;j, we have w =
EAET. Breaking down this matrix multiplication, we obtain:

5 5T _ 55T . . . .
o =A2(e18, — e8] ) +Az3(285 — e3¢, ) +Asz1(83e; —é1é5).
Here, the matrix é; é;.'— —é¢jé] is simply the cross product matrix

associated to the vector &; X &; = —éj. Hence, the s0(3)-valued
1-form w reduces to:

& = —Arze3 — Ay3ér — Asép.
Replacing the coefficients of A with Eq. (23), yields:
& = —* duN + (b1 + c53)e1 — (ad1 + bay)es.
To obtain the integrability condition in Eq. (4), we introduce the

symmetric linear map 7 : TM — TM, whose decomposition in the
local basis (X1, Xo) reads:

a b

b ¢

o=l %[y 0|70

51(X)].

Necessary and sufficient condition. In summary, Eq. (4) is a re-
formulation of Eq. (22) which is equivalent to Eq. (21), expressing
the closedness of e“R"df. Therefore, if M is simply connected and
assuming that o is the Darboux derivative of some rotation field R,
the form e“RTd f is closed, hence exact. This concludes the proof of
Theorem 3.2.

A.2  Adapted Frames on the Deformed Surface

Darboux derivatives. The variation of the frame field E can be de-
scribed by the left Darboux derivative @’ : M — s0(3), as presented
in Section 2:

dE = o"E.
The derivative @ represents the speed of rotation in the canonical
basis of R3. Instead, the method of the moving frames utilizes the
right Darboux derivative @R : TM — s0(3), defined as:

dE = EaR.
In this case, the speed rotation is expressed in the basis of the frame
itself. For instance, the coefficient (Z)fz denotes the speed of rotation

around the axis €3, while @1Lz represents the speed of rotation around
the third axis of the ambient space.

Conformal change of frames. Following Eq. (3), the immersion f
maps &; to e“RT ¢;. Thus, the orthonormal frame E := RT E is adapted
to the deformed surface, meaning that the vectors é, é; € R are
tangent to the deformed immersed surface and é; € R? is its normal.
Hence, there exist tangent vectors Xl,Xz € TM inverse image of
€1, €2 by the immersion, i.e., df:()zi) := ¢;. The coframes dual to
X1, X; are denoted by 61,62 : TM — R.

Due to conformality, X and X are equal up to scale:

df(Xy) = & = Ré; = RAf(X1) = e“df(X1) = df (e”i(l) )



This leads to a conformal scaling between the frames (resp. coframes)

defined by f and the deformed surface defined by f:
X; = e“)?i, gi = e Y5j. (24)

The right Darboux derivative &R of the frame E is given by:

dE = d(RTE) = -RTwE + RTEdR = E(-ET wE + &%),

thus @R = @R — ET wE. Detailing each component of E and injecting

Eq. (23), we conclude that the Darboux derivative is altered by the

conformal deformation in the following way:

d)ﬁz =R — «du,
67)23 =Wys + bo1 + ¢oa, (25)

_~R _ - 7=
Wqy = &3y — aé1 — boy.

A.3 Relation to Curvature

We are ready to evaluate the impact of the deformation on the
curvature as the right Darboux derivative and the coframes uniquely
characterize the surface curvature [O’Neill 2006, p. 270]:

doR, = K1 A 62, (26)
~R (v ~R (v
S= (A_) 1(){1) Ci) 1()52) ) (27)
—(/)23(X1) _wzg(XZ)

Here, the shape operator S : TM — TM is the opposite of the
normal covariant derivative S(X) := —VxN. (Note that [O’Neill
2006] uses a row-based indexation of matrices, so that their w is
opposite to ours.)

Gaussian curvature. By injecting Egs. (25) and (24) into Eq. (26),
and after simplification, we recover the infamous Cherrier for-
mula [Ben-Chen et al. 2008; Cherrier 1984]:

Au =K — %K.

Curvature tensor. By injecting Eqgs. (25) and (24) into Eq. (27), the
symmetric linear map 7 turns out to be the change in shape operator:

S _ cz)%():(l) f)fl():(z)]
—6023(X1) _w§3(X2)

— (Dgl():(l) @51():(2) _-u [a b]
_@53()(1) _(Z)§3(X2) b ¢

=e US—e7¥r.

B PROOF: VECTOR FIELD INTEGRAL PRESERVATION

Let v : M — TM be a tangent vector field. We aim to have the
flow preserve the integral /M df (v) dAs over time. Taking the time
derivative at time 0 yields

. _ T
/M udf(0) dAs = /M RTdf (0) dAs. (28)

The Hodge decomposition [Morita 2001, p. 160] of the 2-forms
df (v) dAf yields df (v) dAf = df+cdAf, wherec € R3 is a constant
and B : TM — R3 is a vector-valued 1-form. In practice, f is
computed by solving the equation A;f = *d(df(v)) where Ay =
dd + d9 is the 1-form Hodge Laplacian [Morita 2001, p. 155].

Moreover, by taking the exterior and time derivative at time zero
of Eq. (2), we find that dR = . Since R is only known through ¢, it
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can be chosen up to an additive constant. Without loss of generality,
we assume that R sums to zero, i.e., /M R dAf =0.
Therefore, Eq. (28) is further transformed as:

/Mudf(o)dAfz—/MRTdﬁ—Mc.

Using Stokes’ theorem on a manifold without boundary, we ob-
tain:

/Madf(u)dAf=—M+/MdRTAﬁ=—/M@Aﬁ.

B.1 Non-simply Connected Surfaces

To define a deformation, the 1-form e“R " df must be exact, implying
orthogonality to all harmonic 1-forms 5:

/ e“RTdf A *p = 0.
M
Evaluating the 2-form df A #n on the basis X1, X2 € TM yields:

df A #n(Xy, Xo) = df (X1)n(X1) + df (X2)n(X2)
=df (n(X1)X1 +n(X2)X2) .

Let v = n(X1)X1 + n(X2)X>2 be the tangent vector field dual to the
form 1, we have the integrability condition:

/ e“RTdf (v) dAg =0.
M
The flow must preserve the integral d f (v) over time.

B.2 Relative Point Position

Given two points p, g € M, we wish to preserve their relative posi-
tion, i.e., the vector f(p) — f(q) € R®, during the deformation.

Let g : M — R the solution of Poisson’s equation Ag = &, — dq,
where §, is the Dirac delta at point p € M. Then, the integral of

the ith component of the vector d f (Vg) represents the difference
in position between points p and g:

[ aFanans = [ a.virans =~ [ aofidas
= —fi(p) + fil9).

Thus, the integral of d f (Vg) over the surface should remain con-
stant during the flow.

C DISCRETE ENERGIES

This section is dedicated to computing a quadratic approximation
of the discrete energy function & : (u,7) — R at the point u =
Ogivi, T = Ogjz.

C.1 Bending Energy
We first consider the bending energy & as defined in Eq. (17).
Gradient. The gradient G} with respect to the variable u; is ob-

tained by summing over all triangles ijk € F incident to vertex
ieV:

2
Gt = > 1A= p)lSijillf Aijie
ijkeF
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Similarly, the derivative GiTj with respect to the variable 7;; is
obtained by a summing over all triangles ijk € F adjacent to the
edge ij € E:

_ 2p-0[ 17 Sij
Gjj=- Z PlIS;jrlly [8] Qijk[iﬁf]Aijk
ijkeF
Here, Q;jx € R3*3 is the matrix storing all inner products between
the three Regge basis functions defined on triangle ijk:
k gk k Qi k QJ
Qijk = <S]lk> ;]})F <S]lk’ S]lk>F <Sjlk’S]]Cl>F
J J i J J
(S SipIF <Ski,8;k>F (S SiF

The coefficients of Q; ;. are trigonometric functions of the corner
angles a:

. . 2
k2 _ 2 Jk 2 ki 1 ik ki
||Sl.j||F = l+cot®a; cot®ai'+; |cota; —cotaj ) ,

<S;§-,S}k>F = (cot ak] cotar]” — 5) (cot aj?l + 1) .

Hessian matrix. Given that the bending energy defined in Eq. (17)
becomes non-convex when p > 1, we convexify its quadratic ap-
proximation by omitting the cross partial derivatives with respect
to u and 7. The second derivatives with respect to u and 7 results in
a block-diagonal approximation of the Hessian matrix Hg. The hes-
sian matrix is assembled by summing the contributions H; j € R3X3
from each triangle ijk € F to the corresponding coefficients of Hg.
This approach is a standard practice for finite element matrices.

The second derivatives with respect to u;, uj, uj are the same
value for each coefficient:

_ 2 2 2p
H?jk =51 = p) NISijrlle Aijklrsss.

The Hessian matrix H;j; € R¥3 with respect to 7;, Tjk> Tki in
triangle ijk is given by:

2(p-1
H,-Tjk:PHSijk”F(p )QijkAijk

2(p—2 Sij Sij T
+2p(p_1)||sijk”[:(1] ) l]kli‘g{k][z-;ckjl QijkAijk-

C.2  p-Willmore Energy

Let us examine the discrete p-Willmore energy & : (u,7) — R

defined in Eq. (19). To evaluate this energy, it is crucial to compute

the trace of the symmetric matrix T;jx for each triangle ijk. As

detailed in Sec. 4.1, this matrix is expressed as a linear combination

of Regge basis functions whose traces are determined by the formula:
ki

i _ 4 ij
trSjk—l cota;” cota .

Gradient. The gradient G} with respect to u; is obtained by sum-
ming over all triangles ijk € F incident to vertex i € V:

2p
G = Z 3(1-p)tr (Sijk) Ajjk-
ijkeF
The derivative Gl.Tj with respect to the variable ;; is obtained by
a summing over all triangles ijk € F adjacent to the edge ij € E:

2p—1
Gij=- Z ptr (Sijk) d;jkAijks
ijkeF
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p=2 p=3

Fig. 19. Minima of the p-Willmore energy (Sec. 7.4) for p equal to 2 and 3
with positional constraints highlighted in red. In contrast to the bending
energy (Fig. 8), the p-Willmore flow can converge to minima reminiscent
of a constant-mean-curvature surface (bottom). We use &max = 5° for the
santa.

whered; ;. € R3 is the gradient of tr (Tijk) with respect to 7ij, 7jk, Tx;:

1—cot a{k cot a}‘l
dijk = | 1—cot a;."' cot a,’;j

ij jk
1—cot ap cot Ul{

Hessian matrix. Similar to Section C.1, we omit the cross deriva-
tives and assemble the Hessian matrix by aggregating derivatives
from individual triangles.

The second derivatives with respect to u;, uj, uy are the same
value at each coefficient:

u 2 2 2
Hijk = 5(1 —p) tr SUk AijklRSXS'

The Hessian matrix with respect to i}, 7jk, 7x; in triangle ijk is
the symmetric matrix:

T 2p=2 T
Hijk = p(2p - 1)tr (Sl]k) dijkdijkAijk'

D SPIN TRANSFORMATION

In this section, we study the theoretical connections between our
method and spin transformations [Crane et al. 2011; Kamberov
et al. 1998]. Our theory is rewritten with the quaternion formalism
used in these articles. This naturally leads to showing that the
integrability conditions of Crane et al. [2011] is implied by ours. We
then conclude that both integrability conditions are equivalent in
defining conformal deformations in the case of simply connected
surfaces. Nevertheless, the approach introduced in this paper offers
a finer control over the curvature tensor.

D.1 Conformal Deformation

In the main text, we define a deformation of the surface is simply
the definition of a new immersion f : M — R3. Any conformal



deformation can be defined by a log-scale factor u : M — R and a
rotation field R : M — SO(3) as follows:

df = e“RTdf.
We proved that the Darboux derivative w of the rotation field R
satisfies the following integrability condition:

B(X) = — * du(X)N — N x df (r(X)),

where 7 : TM — TM is a symmetric linear map from the tangent
bundle to itself.

D.2 Quaternions and conformal deformations

The key idea behind spin transformations is to represent the surface
immersion f : M — ImH as a map from a manifold M to the space
of imaginary quaternions ImH, identified with the Euclidean space
R3. A conformal deformation of the surface is then represented by
the immersion f : M — Im characterized by:

df = Adfa, (29)

where A : M — H is a quaternion field.

This formulation is closely related to the one presented in this
paper. In particular, the Darboux derivative w of our rotation field
R : M — SO(3) also appears in the exterior derivative of A.

LEmMA D.1. If the quaternion field A : M — H satisfies Eq. (29),
then
dA = J(du+3)A, (30)
where u : M — ReH is the log-scale factor and w : TM — s0(3) is
a Darboux derivative and satisfies Eq. (4). Here, & : TM — ImH is a
ImH-valued 1-form.

Proor. To prove Eq. (30), we compute the Darboux derivatives of
the two linear maps defining conformality: Qs (v) = e"Ro for any
v: M — R3 and Qg(q) := AgA for any field of imaginary quater-
nions q : M — ImH. They respectively represent the conformal
deformation described in Eq. (3) and its representation in the space
of quaternions depicted in Eq. (29). For any vector field v identified
as a field of imaginary quaternions g, these two maps are equivalent
if their Darboux derivative dQ o Q=1 are equal.

The Darboux derivative of Qs is given by

dQRaQ]{@1 = (dueR + e wR)e ™ R" = dul + w. (31)
To compute the Darboux derivative of Qy in the space of quater-
nion, we need the inverse of Qy (i.e., Qiﬂl(q) = A"1gA71) and its

differential (i.e., dQg(q) = dAgA + AgdA). Then, the Darboux deriva-
tive applied to g : M — ImH reads

(d0s 0 07) (@) = dAQR" (@)1 + 205 (@)dA
=dA g+ qdAr-?
= 2Re(dAA 1) g + 2Im(dAAY) x q.

By comparing with Eq. (31), we observe that the real part of
2dAA~! corresponds to du, while the imaginary part corresponds
to the so(3)-valued 1-form w. Hence, using the vector notation
& € ImH, we get: 2dAA~! = du + &.

Since Eq. (29) defines a conformal deformation, the Darboux de-
rivative o satisfies Eq. (4). o
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D.3 Mean curvature change

We are now ready to prove that Lemma 2.3 of Kamberov et al. [1998],
and later used as integrability condition by Crane et al. [2011; 2013b],
is a direct consequence of Theorem 3.1.

LEMMA D.2. If the quaternion field A : M — H satisfies Eq. (29),
then Lemma 2.3 of Kamberov et al. [1998]:

df Add=—(H - e“H)AdAy, (32)
holds true.

Proor. Using Lemma D.1 and replacing « by Eq. (4), we obtain
a characterization of A with respect to u and 7:

2d = (du — +duN — Ndf (1)) A, (33)

where N : M — ImH is the normal field represented as an imaginary
quaternion field.

To prove Eq. (32), we take the wedge product between df and
Eq. (33). Assuming that the immersion f : M — ImH is conformal,
we have that Ndf(X) = df(JX) for all tangent vectors X € TM,
where J is the 90° counterclockwise rotation around the normal
(see [Crane 2013, p. 15]). Hence, the wedge product between df and
the terms depending on the scale factor u cancels out:

df A (du —=duN) = =df (JVu) dAy + Ndf(Vu) dAf = 0.
Using the definition of the quaternion multiplication, the last

term, depending on the curvature change 7, becomes the trace of
the symmetric tensor:

(df ANAF()(X, Y) = dfONAF(£(Y)) = dF (VINIF (£(X))
= (N, df (X) xdf(z(Y)) - df (Y) x df ((X)))
=trr (N, df(X) x df(Y)).

Finally, using Theorem 3.1, we obtain
df Add=—(H - e“H)AdAy,

where dAf(X,Y) = (N,df(X)xdf(Y)) is the volume form [Crane
2013, p. 21]. o

D.4 Equivalence

So far, we have demonstrated that our integrability condition in
Egs. (4) and (30) implies that of Crane et al. [2011] in Eq. (32). On
simply connected surfaces, both conditions are equivalent.

THEOREM D.3. For simply connected surfaces, there exist A, u, H
satisfying Eq. (32) if and only if there exist A, u, t satisfying Eq. (4)
and Eq. (30).

PRrOOF. Necessary condition. Suppose that Eq. (4) and Eq. (30) are
satisfied by A, u, 7 and M is simply connected, then we can apply
Theorem 3.2 to obtain a map f : M — R3 = ImH satisfying Eq. (29).
Hence, Lemma D.2 applies and Eq. (32) is satisfied.

Sufficient condition. Suppose that Lemma D.2 is satisfied by A and
u. Following Crane et al. [2011, Appendix B], Eq. (32) is equivalent
to the fact that the 1-form Adf2 is closed. Therefore, if M is simply
connected, the form Adf2 is also exact and there exists a map f :
M — ImH satisfying Eq. (29). Since the deformation is conformal,
we can apply Theorem 3.1 and there exist A, u, 7 satisfying Eq. (4)
and Eq. (30). o
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Table 1. Statistics for each figure: number of degrees of freedom in the finite
element approximation (i.e., |[V| + |E|)), number of iterations, number of
steps requiring backtracking and execution time per iterations in seconds.

#dofs #it. # oversteps time per it.
Fig. 1 p=1 46850 33 0 12.9s
Fig.1 p=2 46850 50 0 12.2s
Fig1 p=3 46850 82 0 14.65
Fig. 2 46850 46 19 15.2s
Fig.7 p=1 34482 23 0 7.0s
Fig.7 p=2 34482 25 0 7.2s
Fig.7 p=3 34482 47 0 8.9s
Fig.8 p=1top 15994 25 0 10.4s
Fig.8 p=2top 15994 60 0 9.1s
Fig.8 p=3top 15994 60 0 11.3s
Fig.8 p=1bot. 39994 60 0 22.1s
Fig.8 p=2,bot. 39994 66 7 25.2s
Fig.8 p=3,bot. 39994 93 6 25.4s
Fig.9  cube 79874 106 0 35.2s
Fig.9  bob 49392 81 0 26.9s
Fig. 9 kitten 20000 65 0 7.2s
Fig.9  bunny 57154 86 0 21.4s
Fig. 10 49392 96 0 26.3s
Fig. 11 55902 151 0 44.2s
Fig. 12 81550 11 0 34.0s
Fig. 13 39982 25 0 11.5s
Fig.16 p=2 34482 21 0 10.0s
Fig.16 p=3 34482 44 3 8.1s
Fig. 17 92942 100 0 65.7s
Fig. 19 p=2top 15994 57 0 7.4s
Fig. 19 p=3,top 15994 51 1 9.95
Fig. 19 p=2,bot. 39994 58 2 18.1s
Fig. 19 p=3,bot. 39994 76 1 24.2s

May 2024.
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Statistics of execution time for each figure are reported in Table 1.
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