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Abstract

We are interested in solving the unique continuation problem for the wave equation, i.e., we
want to reconstruct the solution of the wave equation given its (noised) value in a subset of the
computational domain. Homogeneous Dirichlet boundary conditions are imposed, whereas the
initial datum is unknown. We discretize this problem using a space-time discontinuous Galerkin
method (including hybrid variables in space and in time) and look for the solution corresponding
to the saddle-point of a discrete Lagrangian. We establish discrete inf-sup stability and bound
the consistency error, leading to a priori estimates on the residual. Our main result proves
the convergence of the discrete solution to the exact solution in a shifted energy norm involving
weaker Sobolev norms than the standard energy norm for the wave equation. The proof combines
the above a priori bound with a conditional stability estimate at the continuous level. Finally,
we run numerical simulations to assess the performance of the method in practice. A static
condensation procedure is used to eliminate the cell unknowns and reduce the size of the linear
system.

Keywords: unique continuation, data assimilation, wave equation, hybridized discontinuous
Galerkin, error estimate, static condensation

1 Introduction

In the present work, we are interested in solving numerically a data assimilation problem subject
to the wave equation. Homogeneous Dirichlet boundary conditions are imposed, whereas initial
conditions are unknown. In order to compensate for the lack of initial datum, we use the
knowledge of the solution in a subdomain. We also investigate the influence of noise on this
additional datum. Specifically, we consider a bounded open domain Q C R¢, d € {1,2, 3}, with
a smooth boundary 99, a subset @ C {2, and a time interval J := (0, T) with final time Ty > 0.
The assumption that OS2 is smooth has its limits in practice, owing to the hybrid nature of the
discretization method; see Remark 2. We denote by @ := J x  the computational domain.
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Our goal is to approximate the function uv : @ — R that satisfies

L(u) := Bu—Au=f inQ, (1a)
u=0 onJ X0, (1b)
u=g¢ inJXuw, (1c)

where f € L?(Q) is a given source term and g € H'(J; L?(w)) N L*(J; H (w)) is the restriction
to J X w of a solution to the wave equation in ). Notice that f and g have to be chosen in a
compatible way such that there exists a solution to the problem (1). In the sequel, we consider
perturbed data gs := g + § to account for some noise & € LZ(J X w) in the measurements.
This work is carried out under the so-called assumption of geometric control condition.

Assumption 1 (Geometric control condition). Every compressed generalized bicharacteristic
intersects the set J x w when projected to Q.

Roughly this means that every ray has to cross the domain where measurements are available
(accounting for reflexions on the computational domain boundary). We refer to [1] for a technical
definition of a compressed generalized bicharacteristic, see also [2] where a time-dependent
measurement domain is considered. This condition is necessary and sufficient for the exact
controllability of the wave equation by a boundary control, see [3]. Notice that the assumption
that 9 is smooth is used to fit the setting of [2].

We consider the following shifted energy norm:

2 2 2 1
[vllsee == {||v||L°C(J;L2(Q)) + IVUllz-10200)) + Hatv||L2(J;H—1(Q))}2' (2)

The terminology is motivated by the use of a weaker Sobolev norm than the standard energy
norm for the wave equation, which is {HV’UH%Q(‘];LQ(Q)) + ||81U||i2(J;L2(Q))}%. Under the above
geometric control condition, we have the following stability estimate.

Lemma 1 (Stability estimate). Let the geometric control condition (Assumption 1) be satisfied.
There exists Csip, > 0 such that for all v € H*(J; H7(Q)) N H™(J; HF(Q)) N L2 (J; L2 (Q)),
we have

[ollstr < Caw ([0l 22(s ) + IL@) 1 -1(0))- (3)

The proof of this lemma is given in Section A. It is one of the building blocks to prove the
convergence of our approximation method.

Several works already deal with the numerical resolution of data assimilation subject to a
transient PDE. For instance, data assimilation for the heat and wave equations in 1d has already
been considered in [4] using a quasi-reversibility method. The case of the wave equation in a
multi-dimensional configuration is addressed in [5], where a mixed formulation is proposed and
proven to be well-posed at the continuous level only. A discretization of this mixed problem
using a C' time-space finite element method is proposed as well. The reader is also referred
to [6] for the reconstruction of the wave celerity based on Carleman estimates. Also notice
the work [7] where the authors develop a general framework for least-squares methods to solve
ill-posed problems that are conditionally stable. The norm in the least-squares method and
the regularization are determined by the components of the conditional stability estimate. The
method is applied to data assimilation problems subject to the heat and wave equations.

It is well-known that data assimilation problems and control problems are closely linked.
The discretization of the control problem for the wave equation has been studied in [8]. A
mixed formulation is proposed and C'-conforming time-space finite elements are used for the
discretization. Another work on discretizing the control problem of the wave equation is [9],
where a low-order finite element method is considered for space discretization and a low-order
finite difference method for time discretization. This work has been extended in [10], where
space-time arbitrary high-order finite elements were considered. More examples of control and
data assimilation methods for the wave equation can be found in [11].



We are interested in a class of methods that consists in first discretizing the ill-posed con-
tinuous problem and then adding stabilization terms at the discrete level. The discrete system
to be solved corresponds to the equations characterizing the saddle point of a Lagrangian func-
tional minimizing the solution discrepancy with respect to the data under the constraint of the
wave equation. Some stabilization terms are also considered to enforce the well-posedness of
the discrete problem. This framework for data assimilation has been developed in [12, 13] for
elliptic problems. Several other application problems have been considered since, such as the
Stokes [14] and Helmholtz [15, 16] equations. Unstationary problems have also been considered
in this framework; see for instance [17, 18, 19] for the heat equation. The wave equation has
been dealt with in [20], where a low-order finite element method for the space discretization
and a finite difference for time have been considered. This work has been continued in [21],
with an arbitrary high-order time-space finite element method. Notice though that the above
framework is computationally challenging since all the time-space unknowns are globally cou-
pled, thereby adding one more dimension compared to a discretization of a well-posed problem
by a time-marching scheme. Finally, in the recent work [22], a dG approach in time is combined
with a standard FEM approach in space. The wave equation is written in a mixed formulation.
Two preconditioning approaches are also proposed and studied numerically.

The main asset of the above framework is that a priori error bounds in a shifted energy norm
can be derived. The method to prove these bounds follows the following two steps:

1. stability, consistency, and a priori error bounds in a residual norm are first established;

2. then, using the stability estimate of the continuous problem (see Lemma 1), a priori error
bounds in the shifted energy norm are obtained.

In the present work, we follow these two steps. Stability, consistency and a priori error bounds
in residual norm are respectively proved in Lemmas 3, 5 and 6. The a priori error bound in the
shifted energy norm is proved in Theorems 9 and 10.

The discretization method we propose here is based on a time-space Galerkin discretization.
Discontinuous polynomials are considered in time and in space. A distinctive feature to increase
computational effectivity is that interfacial elements in space and in time are added to reduce
the size of the linear system through a static condensation procedure that eliminates the cell
unknowns. This is a significant difference with respect to [19], where the authors have proposed
and analyzed a nonconforming discretization for the data assimilation problem subject to the
heat equation without the use of time-interfacial unknowns, thereby precluding the possibility
of performing static condensation in time. Actually, the numerical tests in [19] emphasized
that the method was computationally expensive. In the present work, we benefit from the
static condensation procedure to reduce the size of the linear problem to solve. Moreover, the
present method can use arbitrary high-order polynomials, and we expect the static condensation
procedure to save more degrees of freedom for higher-order polynomials.

The rest of this work is organized as follows. In Section 2, we present the discretization
method. In Section 3, we perform the error analysis. Finally, in Section 4, we present some
numerical results that corroborate our theoretical error estimates.

2 Problem discretization

In this section, we describe the time and space discretization, and we present the numerical
scheme studied in the present work.

2.1 Time-space meshes

We discretize the time-space cylinder Q = J x Q by a tensor-product time-space mesh.
Let 7 be a quasi-uniform mesh of J. We denote by 7 the diameter of its largest cell. We
also define the outward time-cell normal np: associated with a generic time cell 7% € 7, which



is conventionally taken to be an open subset of R. The mesh faces in time (which coincide with
the discrete time nodes) are collected in the set F%, and every generic time face F* € F! is
oriented by the fixed unit normal vector n‘ € R' positively orienting the time line.

Let 7;¢ be a shape-regular mesh of 2, where h refers to the maximal diameter of the mesh
cells. We assume that 7,7 covers Q) exactly and that it is fitted to the measurement subset w
(so that, in particular, at least one mesh cell is contained in w). In principle, the mesh cells in
T can be polyhedra with planar faces in R?, and hanging nodes are also possible. However,
the analysis below requires the mesh to be such that the underlying discontinuous polynomial
approximation space has a global H'-conforming subspace with optimal approximation prop-
erties. For simplicity, we will therefore restrict the discussion to meshes composed of simplices
(one can also readily consider meshes composed of cuboids). The mesh cells are conventionally
taken to be open subsets of R?, and ny- € R? denotes the unit outward normal of the generic
mesh cell 7% € T7,°. The mesh faces in space are collected in the set F}/, and every generic face
F® ¢ F¥ is oriented by a fixed unit normal vector n%. € R?%. To avoid technicalities, we assume
henceforth that the mesh 7;° is quasi-uniform. Therefore, we will use h to measure the diameter
of any cell in 7, or any face in Fj,.

The time-space mesh of Q is defined as Qp, , := {q := T* x T* | T" € Tt,T% € T,*}. For
the sake of simplicity, we assume that there exists a constant C' > 0 such that C~'h < 7 < Ch.
We could lift this assumption, but we would have to include the ratio h/7 in several estimates
in the error analysis. With the above assumption, we will use h as the mesh parameter of
the time-space mesh instead of max(h,7). Thus, we simply write Q) instead of Qp . for the
time-space mesh. We notice that, for every time-space cell ¢ := 1% x T® € Qy,, its boundary dq
can be decomposed as 9q = 0%q U 9% ¢ with

dq:= |J {F'xT"}, 9¢:= |J {T"xF°}. (4)
Ftert FeeFy
FtcoTt F*CaT®

We loosely say that 9”q collects the space faces of ¢ and that 8%q collects the time faces of g. We
let 4 be the unit outward normal to g. We also set mat, 1= ngloty 1= n' and ngeq = nglo=,
with mgaq|rty pe 1= Nk for all T* x F* € 0%q.

The collection of all the faces of Qy, is denoted by Gy, which is partitioned as G, = G UG},
where Gy, collects all the space faces and g;i collects all the time faces of the time-space mesh.
Thus, 0%q C Gf and d'q C G}, for all ¢ € Q;. Moreover, the set Gf is further partitioned as
Gr = Gr™ UG, where G collects all the space faces that are subsets of J x Q (called
interior space faces), whereas QZ’eXt collects all the space faces that are subsets of J x 9 (called
exterior space faces). Similarly, we consider the partition G = gf;i“t U QZ’EXt and observe that
the time faces in gff"t correspond either to the initial or to the final time.

Finally, we set Git* := QZ’int U gz’i‘“. For all g € Gi**, we define ng :=n'if g € QZ’im
and ng = n%. if g:=T" x F* € QZ‘int, and [v], denotes the jump of the piecewise smooth,
time-space function v across ¢ in the direction of ng. The notation is summarized in Figure 1.

2.2 Time-space polynomial spaces

Let k > 1 be the polynomial degree of the hybridized dG method in space and let £ > 1 be
the polynomial degree of the hybridized dG method in time. We denote by P* (S) the set of
polynomials of total degree at most k on the subset S C 2. Moreover, for a linear space U
composed of functions defined on S, we denote by P*(I; U) the set of U-valued polynomials of
degree at most £ on I C J = [0, Ty].

The discrete unknowns are tensor-product time-space polynomials attached to every time-
space cell, ¢ € Qy, and to every space and time face, g € GF and g° € G}, respectively. For all
q:=T"'xT" € Qp, we set

Uy :=PY(T PH(T?)). (5)
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Figure 1: Mesh notation

For all ¢* :=T" x F* € Gf and all ¢* := F' x T" € G}, we set
Uge =P (T PH(FT)), Uy i=PH(T7). (6)

(There is no time variation in U, since F* is just a discrete time node). We then set

Usg :=Usrg X Uptg,  Uspegi= [] Up,  Upryi= [] Uy (7)

g €D q gtedtq
The discrete problem involves cell polynomials ug = (uq)qco,, and face polynomials ug :=
(ug)geg, == ((Ugt)gtegz,(uQZ)gmegz). Notice that we partitioned the face polynomials into

those attached to the time faces and those attached to the space faces. We introduce the
time-space discrete space

Ug :=Ug x Ug, Ug :=Ugt x Uge, (8)
with
Ug := {UQ € LQ(Q) | Vg = UQ|q e Uy, Vg € Qh}, (93)
Uge := {vge € L*(Gh) | vyt := vge|ge € Uye, Vo' € GL, (9b)
Ugs := {vge € L*(GR) | vgs := vgs|ge € Uge, Vg" € Gi'™ vge =0, Vg™ € G ™"}, (9¢)

Notice that functions in Ug= vanish identically on J x 92. For a generic function vg € Ug, we
write ¥g := (vg,vg) with vg € Ug and vg € Ug. Finally, we denote by

ﬁgp :=Ug x Ug,o, Ug,o :=Ug= x Ugt’(), (10a)
Ugt o = {vgt € Uge | vge =0, Yg' € G°Y, (10b)

the subspace of U o composed of pairs whose time-face polynomials are null at the initial and at
the final times. We will use the space UQ for the discrete primal unknowns and the space Ug,o
for the discrete dual unknowns.

For a time-space cell polynomial vg € Ug, we define the broken gradient and Laplacian
operators, Vg and Ag, such that (Vovo)|q := V(vglq) and (Agvg)l|q := A(valq) for all
q € Qp. A similar notation is adopted for the first-order and second-order time-derivatives, O, o
and 8,52,5,9. Finally, we set

Lo(vg) := aft,QUQ — Agvg, Yvg € Ug. (11)



Remark 1 (Cell polynomials). The time-space polynomial space defined in (5) has a time-space
tensor-product form. Indeed, any polynomial vy € Uy can be written as

Vg = Z YapB tﬁma7
Be{0:£}

ar=(aq,...,aq)EN?
0<ar++ag<k

with % = z7* ... x¢.

2.3 Bilinear forms

We can now introduce the bilinear forms needed to formulate the discrete problem. Let Do,
wWg be generic functions in UQ (primal variables) and let CQ, o be generic functions in UQ 0
(dual variables). The bilinear form associated with the discretization of the wave equation in a
generic time-space cell g € Qp, is
aq(Dq,7q) = (Vvg, Vg)g — (Vugnom=q,1q — Nozg)orq — (Vg — Vorq, VilgNowq)owq
- (875UQ7 8t77q)q + ((%anatqﬂlq - Watq)afq + (’Uq - vatq7at77qn6tq)3tq' (12)

In order to allow for a more compact notation, we define

-1 014 d+1,d+1
B := T e R 13
<0d,1 Hd,d) (13)

together with the space-time gradient operator Vo = (Opv, Vv)T and the space-time unit out-
ward normal vector i, € R*™ for all ¢ € Qp, such that 734]st, = (ngrg,0)"T € R and
Tglowg = (0,m00,)" € R We also use a similar notation 72, € R for all g € Gi™* and
we consider the broken version of the above space-time gradient operator, Vg We can then
rewrite the local bilinear form a4 as follows:

aq(g, M) = (Bﬁqu ﬁﬁq)q - (B%vq'ﬁq»nq — TNaq)ag — (Vg — Vaq, Bﬁnq'ﬁq)aq

The global bilinear form is assembled by summing over the time-space cells:

ag(ig, Q) = Y aq(by, ). (14)
q€Qp
Moreover, the local stabilization bilinear forms read as follows:
8q(Dg, Wq) 1= hil(vq — Vag, Wq — Waq)aq, (15a)

Uq(éqv flg) = (%Cq, %nq)q + Sq(émf)q)v (15b)

leading to the following global stabilization bilinear forms:

SQ(@vaQ) = Z SQ(@qvuA)lI)7 (163')
q€Qp

oo(le,na) = Y 4(leriia) = (Vala, Vane)e + salla;fia)- (16b)
q€EQp

Notice that sg consists of least-squares penalties on the difference between the trace of the cell
polynomials and the polynomials on the space and time faces of every time-space cell ¢ € Q.
For the dual variables, we enforce the same penalty together with a least-squares penalty on the
broken time-space derivatives.



2.4 Lagrangian and discrete problem

We want to find the saddle-point of the Lagrangian defined for all (g, fg) € UQ X Ugyo by

Lo(vg,(o) = %va = gsl7xw + %89(1797179) - %UQ(CQ7CQ) +ag(de,Ce) — (f,¢a)q, (17)
where gs := g + 0 denotes the available perturbed measurement of g. Notice that there is no
initial nor final condition on the primal variable, whereas the dual variable is null at initial and
final time.

The discrete problem is derived by seeking a critical point of the Lagrangian and reads as
follows: Find (ﬁg,fg) e Ug x Ug,o such that

(ug, wo)sx= + so(ie, W) + ag(o, o) = (g5, wQ)sxw, (18a)

ao(ie, i) — oo(éa, o) = (f,10)q. (18b)

where the first equation holds for all o € Ug and the second for all No € Ug,o. For all (9o, ég)
and (Wa,Mg) in Ug X Ug,0, we define the bilinear form

Ao((9g,Co), (e, Ma)) = (vo,wa) sxw + so(be, We) + ac (e, (o)

+ag(ia,ie) — oo, o). (19)

The discrete problem (18) can be rewritten as follows: Find (ﬂg,ég) € Ug x Ugyo such that,
for all (wo,7no) € Ug X Ug,o,

Ao((tig,€0), (b, M0)) = (g5, we)sx= + (f,n2)q- (20)

We will see in Corollary 1 that the discrete problem (18) (or equivalently, (20)) is well-posed.

The discrete problem (18) can be solved efficiently by eliminating locally all the cell degrees
of freedom using a static condensation procedure. The global problem to be solved then involves
only the face degrees of freedom. The stencil of the global problem couples unknowns attached
to neighboring time and space faces (in the sense that two neighbors share a common time-space
cell). To eliminate the cell degrees of freedom, one needs to solve the following linear system:
Find (ug,&0) € Ug x Ug such that, for all (wg,ng) € Ug X Ug,

AQ(((“Qv 0), (5@70))> (wo, 0), (ng,0))) = (957 wo)ixw + (f, WQ)Q
— A2(((0,ug), (0,£)), ((we, 0), (ne,0))), (21)

where ug € Ug and &g € Ug o are given. We will see in Corollary 1 that the discrete problem (21)
is well-posed. At this stage, we only record that the linear system (21) is easy to solve since it
amounts to a block linear system on the cell unknowns. Indeed, (21) is equivalent to solving,
for all q := Tt x T® € Qp, all uaq € Uapq, and all €54 € Usg, the following local system: Find
(uq,&q) € Uy X Uy such that, for all (wg,n4) € Uy X Uy,

(g, wq)fo(meI) + 5¢((ug,0), (wq,0)) + aq((wq,0), (£§4,0)) = (Dzlz(wq): (22a)
a’fI((uCI: 0)7 (77q>0)) - UQ((gq,O)7 (qu 0)) = ¢3(nQ)7 (22b)

with @;(wq) = (géywq)Ttx(mem) — 5q((0,uaq), (wq,0)) — aq((wg,0), (0,€a4)) and @3(7](1) =
(fsma)q — aq((0,uaq), (114, 0)) + 04 ((0,€aq), (114, 0))-



3 Analysis

In this section, we first study the stablity properties of the discrete operator Ag in a suit-
able residual norm. Next, we introduce interpolation operators in space and in time, and we
bound the consistency error. We combine these bounds with the abstract conditional estimate
from Lemma 1 to derive error estimates in the shifted energy norm. Finally, we establish the
convergence rates for the method.

In what follows, we use the convention A < B to abbreviate the inequality A < CB for

positive real numbers A and B, where the constant C' > 0 does not depend on h, 7, the solution
of the continuous and discrete problems.
Remark 2 (Domain regularity). The analysis is conducted under the assumption that  has
a smooth boundary, as stated in the introduction. The numerical tests are, however, performed
on a square domain (in 2d). Indeed, treating a curved domain would be quite technical, and
the modifications to the implementation would be non-trivial due to the hybrid nature of the
discretization method; see for instance [23]. We conjecture that the analysis also holds true for
a polygonal domain. In particular, a key issue is to establish Lemma 1.

3.1 Residual stability

Recall the broken operator Lo defined in (11) and the notation Gi** := G/'™ U G™" together

with the unit normal vector 71, € R4™!. For all (ﬁg,ég) € Ug x Ug.o, we define the residual
norm

loe, Coll® := llvallk + lvellixe + sa(ia,90) + go(la, (o), (23)
with

1 = ~
lvell% = [IhLo(ve)llg + 1h2 [V velgin: Aigine |G, (24)

1o ~ = -
and [|h2 [V ouelgint Tagint|[Gine = 3 cqime hlIIVevelynigly.
Lemma 2 (Norm). ||| defines a norm on Ug x Ugo.

Proof. Let (90,o) € Ug x Ug, be such that ||dg, ol = 0.

(1) The dual component lo = (Co,¢o) € Ug,o satisfies Ug(ég,fg) = 0. Hence, (o is
piecewise constant in @) and (g is equal to the trace of (g on all faces. Hence, (g is globally
constant, and it vanishes since (g vanishes on G;**** and G;"***. In conclusion, (o = (0,0).

(2) The primal component 9o := (vo,vg) € Ug satisfies |[va|lr = |[vollixe = so(ba,do) =
0. Since Lo(vg) = 0, vg is a piecewise affine polynomial in space and in time. Moreover,
so(vg,vg) = 0 implies that vo is globally continuous and vg is obtained from the traces of vg
on the faces of G,. Combined with the fact that ||h% [[%gvg]]gam “Tgint||gine = 0, we infer that
vg is globally affine in Q. Finally, invoking that w contains at least one time-space cell or that

the face components vanish on Gy****, we conclude that 9o = (0,0). O

Our key stability result is the following inf-sup condition.

Lemma 3 (Inf-sup condition). The following holds for all (0o, ég) e Ug x UQ,O,

‘"{)Q, EQ m 5 sup AQ((ﬁQa CQ)a (wQaﬁQ)) (25)

(th0,10)€00 xUg,0\{(0.0)} lda,nell

Proof. Let us denote by S the right-hand side of (25). .
(1) Stabilizations. We first use the test functions wg := 9g and 7o := —(o to get

[vall7xw + sa(ie, ) + 0a(Ce,le) = Aa((ve, Ca), (e, —Ca)) < Sllve,Call.



(2) Gradient jumps. Let Ao := (0,76) € Uo,o with 1y := h[BVauvo],-f, for all g € Gi™
and 7y := 0 otherwise. Since |0, 7ol = oo (7o, ﬁg)%, integration by parts in time and in space
gives

1~ _ A
[|h2 [V ava]gint - Trgins Héint =ag(bo,no)
= Ao((e, (o), (0,10)) + 0o (le,Mo)
1 ;.
< Soo(ie;Ne)? +0a(Ce,fe)
soa 1 RN
< (S+0a(Ce,C)?)oalhe;fo)?.
Moreover, we also have
A _ 1= ~
oolfa,fe) = Y h noglldg S I1h2 [Vavalgn: gt |G-
q9€Qp

This implies that

1~ _ P
||}"L2 HVQ'UQ]]gint'ngint Héint S 52 + 0’Q(4Q7 CQ)
(3) Cell residuals. We now consider 7o := (1g,0) with ng := h’Lg(vg). Integration by
parts in time and in space gives
ag(dg,ne) = Z {(vaq»vnq)q — (BVugng,Mg)aqg — (Vg — ananﬁq'ﬁq)Bq}
q€Qp

= (Lo(ve):ne)q — Z (vg — UBQ»B%nq'ﬁq)f’w
q9€Qn

Using the definition of 7o, we have

IhLo(vo)lld = ag(io. fo) + D (vg — vag, BVng7iq)aq
qEQp

= Ao((ve,Ce), (0,10)) + 0a(la,fe) + D (vg — vag, BVng-tig)aq
q9€Qn

N N 1 R R
S S)10,1¢ll + (o2(Co, Ca) + so(ie,99))20o(fe,10)?,

[N

since a discrete trace inverse inequality implies that

Z hHan'ﬁquq S HVQnQuzQ < oga(fa; 7).
q9€Qh

Furthermore, invoking again inverse inequalities, we have

oaliioiic) = Y (IVnall; +h " lImall3e) S Ih " nallf = 1o (va) -
€2

Using [|0, /g ||? = oo(fie, o) and Young’s inequality, this implies that
kLo (vo)llg < S* + sa(ba, d0) + 7a(la; (o).
Gathering the previous estimates leads to the expected inf-sup condition. O

Corollary 1 (Well-posedness). The discrete problems (18) and (21) are well-posed.



Proof. Since both (18) and (21) amount to square linear systems, it suffices to prove that, for
each system, the only solution with zero right-hand side is zero. For (18), this follows from the
inf-sup condition and Lemma 2. For (21), one needs to adapt the above proofs. First, adapting
the proof of Lemma 2, one observes that the norm

lva, Coll? == hLa(va)|g + |lvallixe + sa((ve,0), (va,0)) + oa((¢e,0), (Ca,0)),

defines a norm on Ug X Ug. Then, adapting the proof of Lemma 3, one observes that an inf-sup
condition holds true for the above norm when considering the bilinear form Ao (((ug,0), (£0,0)), ((we,0), (ng,0))).
O

3.2 Interpolation operator

In this section, we define the space-time interpolation operator used in the error analysis. Let
q € Qn. For all v € L?(q), we define I,(v) to be the L?-orthogonal projection of v onto Uy.
For all v € H'(q), we define Ip,(v) as the the L*-orthogonal projection of v|a, onto Us,. We
also define I,(v) := (I,(v), Ing(v)). Similarly, for all v € H*(Q), we define the interpolation on
the whole discrete space by Io(v) := (Io(v), Ig(v)), where Io(v)|q := I,(v) for all ¢ € Q; and
Ig ()| := Ing(v)|y for all g € G, with g C dq. Notice that Ig(v) € Ug if v =0 on J x 99, and
Io(v) € Ug, if additionally v(0) = v(T) = 0.

The above interpolation operator enjoys the following convergence properties (the proof is
omitted since it is standard).

Lemma 4 (Approximation). Letk > 1 and £ > 1. The following holds for all g := T*xT* € Qp,
T' e T T €Ty, allv e HW (T HX(TY)) N H (T HYH(T)),
[£4(v) =g h€+1HUHH€+1(T’£;L2(T1')) + hk+1||7JHL2(Tf;Hk+1(T”—'))7 (26a
He(lq(”) —v)llq S hZHUHHZH(Tt;Hl(Tw)) + thUHHl(Tt;HkH(W))v (
he IV(Io(v) = )log S thUHHHl(Tt;H%W)) + hk””||H2(Tt;Hk+1(Tw)): (26¢c
R L(Ig(v) = v)llq S he””HH“'l(T‘;HQ(T“‘)) + thUHH?(Tt;HHl(Tm))- (26d

Moreover, we have

h™ 3 ||Zy(v) = vlag + B2 [[Tog(v) — vllog (27)

¢ k
S Pl aess ez ey + BN a1 (e mrtt (o)

3.3 Error decomposition, consistency and a priori residual bound

Recall that u denotes the solution to the exact problem (1) and that (o, £o) denotes the solution
to the discrete problem (18). The discrete and interpolation errors on the primal unknown are
defined as A .
ég :=1lg — Io(u),  fo:=(o,bs), (28)
where 04 := ulq — I4(u) for all ¢ € Qp and 04 := uly, — Ig(u)|y for all g € Gp,.
We now bound the consistency error. To this purpose, we consider the norm

102ll = IVaballd + I10all%

1= _1 _1
+ > IR + 172 V0413, + k7204113, + ™2 60qll5, }- (29)
q9€Qn
Recall that the stability norm || - || is defined in (23)-(24). In what follows, we assume that
uw € H*(J; L2 (Q) N L*(J; H*(Q)). (30)
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Lemma 5 (Consistency). Let (ﬁg,ég) denote the solution to the discrete problem (18). Let ég
and Og be the discrete and interpolation errors on the primal unknown defined in (28). Under
the regularity assumption (30), we have, for all (Wg,fo) € Ug X Ug,o,

[4o((ée, o), (0o, 0)| S (lbell4 + 18]lsx=)llde, Of, (31a)
[4o((e0,€0), (0,10))] < 102110, Aell- (31b)

Proof. Proof of (31a). Since (ég,ég) = (ﬁg,ég) - (fg(u), 0), the equation (1A8a) in the discrete
problem, the definition (19) of Ag, and g5 = g + ¢ imply that, for all wg € Ug,
Ao((ég,é0), (00,0)) = (95, wa)sxw — (Ia(w), wa) sx= — so(la(u), bo)
= (6, wQ)sxw + (00, we)sx= — sa(lo(u), we).

The Cauchy—Schwarz inequality yields

[0, w0)sxw| + (0o, wa)ix=| S ([6]lsxw= + [0allsx=)wellsxw,
. . . 1 1
Iso(lg(u),wo)| < se(la(u), Io(u))2so (e, We)?.

Moreover, we have

so(lo(u), Io(u) = > b Ig(w) — Tog(u)ll3, < 102]%-
qEeQy,

The bound (31a) follows by gathering the above estimates.
Proof of (31b). Proceeding as above and using now the equation (18b) and f = L(u), we
have, for all 7o € Ug,o,

Ao((éa,€0), (0,10)) = (L(v),ne)q — aa(lo(u), fe).
Integrating by parts the first term on the right-hand side gives
(L(U)WQ)Q = Z {(36% %q)q - (B%uﬁq,nq - an)aq}7
q€Qp

where we used the regularity assumption on w and the fact no, vanishes on all the boundary
faces in space and in time. Recalling the definition (12)-(14) of ag, we infer that

Ao((éa,€0), (0,10)) = Y {(BVO,,Vng)g — (BVO,Tg, 1 — Nog)og
q€Qp

- (eq — Oaq, anq"ﬁq)aq}-
Using Cauchy—Schwarz and inverse inequalities, we readily obtain (31Db). O
Lemma 6 (A priori residual bound). Under the regularity assumption (30), we have
~ o . PN 1 A
lée, all + solie, i) S l0all4 + I6]lsxw- (32)

Proof. Using inf-sup stability (Lemma 3), we have

R A 6. € 0 )
leo,éoll < sup Q((€Q»A§Q)l(wQ:77Q)).
(wg,hg0)EUg xUg 0\{(0,0)} H|UJQ77]Q|||

Moreover, owing to consistency (Lemma 5), we have, for all (g, 7o) € UQ X UA'Q,O,

|Aa((éa,éa), (Wa,10))| < (02l + 18] x=)lwe, fell.

11



Combining the two bounds gives

lee, éoll < ll6ells + 118]].rx=-

Finally, observing that

~ ~ 1 A ~ o
59(€g,€9)2 < |l0all# + llée,éall,

»
©
>
0
>
c
ol
IN
v
©
~
©
£
Q’N
©
£
o
+

concludes the proof. O

3.4 Bound on dual error norm

In this section, we prove another important result bounding some dual norm of the error.
Recall the operator L := 8% — A so that, for all v € H'(Q) and all n € H(Q), we have
(L), mu-1my = (BVv,Vn)o, where ()m-1,up stands for the duality product between
H Q) and Hj(Q). Observing that the broken operator Lo acting on discrete functions
vg € Ug satisfies <LQ('UQ),7]>H—1’H% = (BVova, Vn)g, we can consider the extended operator

Lo: HY(Q)+Ug — H'(Q) (we use the same notation for simplicity). For all v € H*(Q)+Uag,
the corresponding dual norm is

ILo(0)lm-1(q) == sup (BVau,Vn)a.
W§H3(Q)
IVnllg=1
Lemma 7 (Bound on dual error norm). Under the regularity assumption (30), we have
ILo(ue —w)llr—1(q) S l1fells + 1I8]]rx=-
Proof. Let n € H{(Q) with [[Vn|lo = 1. We have
(Lo(uo —u),n)g-1,41 = (BVouo,Vn)q — (L(u), n)q-
Let 7jg € Ug,o be such that fig := Io(n). Invoking equation (18b) gives
ag(ig,he) — oa(éa,ie) = (L(u),ne)q-
Subtracting this equation from the above expression, and re-arranging the terms gives

(Lo(ug — u)777>H*1,HC1) = A1 + Az + 43,

with
Ay = (Lo(ug —u),n —na)q,
Az == (BVouo, Vn)q — ag(iio, o) — (Lo(ue),n — no)aq,
As = 0o(fo,M0).
We have
Z {(B%Um%n)q — aq(tiq,Mq)}
q€EQy

= Z {(B%Uqa 6(77 - nq))q + (B%Uq'ﬁq: Mg — né?q)f?q + (Uq — Udgq, Bﬁnq'ﬁq)aq}

q€Qp

= Z {(L(uq),n —Ng)q + (Bﬁuq‘ﬁqa N — Noq)oq + (Ug — Udg, B§nq'ﬁq)3q}
q€Qp

= (Lo(ug),n —ne)q + Z (ug — uaq, Bﬁnq'ﬁq)aqv

q€Qp

12



where we used the definition (12) of the bilinear form a,, the fact that (BVug-7q)|og € Usg and
the definition of ngq so that (BVug-ng,n — nNaq)aq = 0. We can then rewrite Az as

Az = Z (uqg — an,B%nq'ﬁq)am
q9€Qn

It still remains to bound A, As, As.
Bound on A;. Since g = u — Ig(u), we have

Lo(ug —u) = Lo(ug — Io(u)) — Lo(fo).

Recalling the definition (24) of the ||-||gr-norm, we have
(Lo(uo — Io(u)),n —na)el S h~ " leallrh|Vnllo,

where we used that || — nollo < hl|Vnlle. Owing to Lemma 6, we have |eo|r < [0all4 +
I6]|7x=. Moreover, the above bound on ||n — ngl|q also gives

[(La(82):n = ne)el S hliLaBo)llelValae < 0all#IVnlle-

Gathering the above estimates yields
[A41] S (192l + 18]lsx=) IVl -
Bound on Aj. Using Cauchy—Schwarz and inverse trace inequalities and interpolation sta-

bility, we have

_ -
[Az| = | D (ug — tag, BVNgg)aq| S selite, ie)?||Vanelle

q€Qp

< (I9ell# + 161l x=) 1 Vnlle,

where we used Lemma 6 and |[Vanello < |[Vnllq in the last bound.

ol
A

Bound on As. Recalling that oo (g, 7o) = ||%Q7’]Q||2Q+SQ(7?Q, o), we infer that oo (7o, fo)

~

IVanelle < [Vnlle. This implies that
loe(éa. i) < 0a(éa.€a)? valie. f2) < 0o(éa.€2)?(Vnlle,
and O'Q(ég, £Q)% is bounded in Lemma 6. Hence, we have
431 S (I0all# + 18]l7x=) [ Vnlle-

Combining the above estimates and recalling that ||Vn||q = 1 gives the expected bound. [

3.5 Main result: error estimate in shifted energy norm

We are now ready to derive our main error estimate. The idea of the proof is to combine the
results of Sections 3.3 and 3.4 with the conditional stability estimate from Lemma 1. We use
the shifted energy norm which we extend to H*(Q) + Ug by setting

[lvllste := [Vl oo (s50200)) + 10t,0v I L2(asm-1(0)) + IV ovlla-1(5;22(0))- (33)

We shall invoke the following classical result on finite element interpolation, here written in a
space-time setting using the space-time mesh regularity assumption (i.e. h < 7 < k). It is
established first on pairs of the form (vg, 0) (see for instance [24, 25, 26, 27]) and then extended
to pairs g € U o by invoking a triangle inequality.
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Lemma 8. For all g € Ug, there exists 1o € Ug N H* (Q) such that

Nf=

1R~ (Ba — vo)llq + [[Va(@e —va)lle S sa(be, 90)?.

Recall the constant Cep > 0 introduced in Lemma 1. Recall that the ||-||x-norm is defined
in (29). We have the following convergence result.
Theorem 9 (Error estimate in shifted energy norm). Under the regularity assumption (30) and
Assumption 1, we have

lu = uellsw S (14 Coww) (10l + [16]]7x=0)- (34)

Proof. (1) H'-conforming approximation. Let g be the H'-conforming approximation to ig
given by Lemma 8. We have

[N

R (e — uo)llq + [Va(le — uo)llq < selie, to) (35)

Invoking the triangle inequality yields
lu—uallste < llug —Ugllste + llu —dollst,

and we are left with bounding the two terms on the right-hand side.
(2) Bound on |jug — ugl|stt- We observe that

IVo(ug —wo)lg-1(s02(0)) + 10t,0(ue — Wo)llL2(s.m-1(0))
=~ —~ N " 1
SIValug —uo)ll2(g) S salie,ie)?,
1
2

~ _1 _ L
lug — Tollpeo(s;z2(0)) Sh™ 2 |lug —tgllL2(g) S h2sallo,o)?,

where we used (35), and an inverse trace inequality for the last estimate. As a consequence,
owing to Lemma 6 and since h < 1, we infer that

~ N N 1 A
lug —tollsts S so(lo,0)? S [10alls + 116]lsxw-

(3) Bound on ||u — @g||st. Since u — g € H*(Q), recalling Assumption 1, we can invoke
the conditional stability estimate from Lemma 1. This gives

llu = Giollte S Cotw (|l = o llaxe + 1L — Go)lli-1(0))-

It remains to bound ||u — tgllsxw and || L(u — @o)|lg-1(qg)-
(3.a) Bound on ||ju — ug||sxw. We have

lu—tollsxw < |lu—Io(u)llsxe + [[Io(u) — uellixe + |lue — Uellsxw,
where Ig(u) is defined in Section 3.2. We have
lu—Io(W)|lsxw = [[fallixe < [|0allq,
[{o(u) — uellsxw = [leellixw < [lég,&all-

Furthermore, the bound (35) and A < 1 imply that

S soliig, tig)

[N
[N

lug —uollix= < hso(ie, i)
Gathering the above estimates and using Lemma 6 gives

Jlu —to|lixe S HéQ”# + 1]l 7o
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3.b) Bound on |L(u — ug ~1¢0). Lemma 7 gives
H=1(Q)

1Lo(u—uo)llm-1(q) < 10l + I6]l7xw-

Moreover, using the Cauchy-Schwarz inequality and (35), we have

|Lo(ug —@o)|lu-1(g) = sup (BVg(uo —1a),Vn)g
neHS(Q)
Vnllg=1

=

< ||BVo(ue — o)l < selie,ie)?.

(4) Combining the bounds from the above steps proves (34). O

3.6 Convergence
We consider the functional space
U, := H(J; H*(Q)) 0 H*(J; H*(9)), (36)

equipped with its natural norm. An important consequence of Lemma 4 is that, under the
assumption u € U,, we have

I0cll+ S Wl mers gimay + R l[ull oy, (37)

where we used that A < 1 to simplify the expression.

Theorem 10 (Decay rates). Assume that uw € U.. We have the following decay rates on the
errors:

.2 NS
lea,€all + sa(to, i) S hllull e (simzy + PEl|ull gz sizresny + 18]l7xw, (38a)
lu—uallste S (1+ Coww) (Wl gresr smzy + BE[ull 2 sprisny + 18]l %) (38b)
Proof. This is a consequence of plugging (37) into (32) and (34). O

4 Numerical results

In this section, we present numerical experiments to check the convergence rates established in
Theorem 10. We also study the influence of noise in the measurements, and we illustrate the
benefits of using a high-order discretization.

The space domain is Q := (0,1)¢ with d € {1,2}. All the errors are computed as the
difference between the numerical solution and the L?(Q)-orthogonal projection of the exact
solution onto the cell discretization space. These errors are measured in the L>(0, Ty; L*(Q))-
norm. In practice, this norm is computed as the maximum value over all the Gauss points of
each time interval.

Some noise can be added to the measurements in the following way: (i) the time-space
domain is divided into 10%*! subdomains; (ii) a random noise level § := a xrand() is assigned to
each subdomain, with @ > 0 the noise amplitude and rand() is a C++ function returning a random
number in [—1,1]. Thus, every subdomain has the same noise during the whole mesh-refinement
process.

The time mesh is considered to be a uniform mesh made of N time cells.

All the tests are run with the DiSk++ library [28], and all the linear systems are solved using
the Pardiso solver from the MKL library. During the matrix assembly process, we compute the
value of the coefficients for the first time interval I;. Then, since the time step is constant, the
coefficients associated with the following time intervals are the same and therefore do not need
to be recomputed.
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4.1 One-dimensional test cases

In this section, we consider the following one-dimensional setting:
13 .
Q:=(0,1), w:= 1) Ty :=2, wu(t,x):= cos(mt)sin(mx).

We notice that this geometry fulfills Assumption 1, since every wave has to cross the set J X w
at some point.

100 T T

T
k=1 —"+— —_— =1 —"+—
A k=2 —%— T =2 —%—
woiE—— k=3 —8— ] 10! - T =3 —@— -
——
102 | T B B
T 102 | % |
107 | 1
— 102 L |
10% b 1 e
g 104 —
10° | T ] ~
106 L o i 105 | ~— . 4
107 | T 1 " T
. 10 | ~_ 1
— slope N
LS Ik T E T
10 Slope —9 — % 107 | ~_ il
109 . . L L . —
4.0x10* 8.0x10% 1.6x10° 6.0x10* 1.6x10°

Figure 2: L*°(L?)-norm errors for the 1d test case without noise (with respect to the number of
degrees of freedom). Left: space convergence (M € {16,32,64,128}, N = 128, £ = 3). Right: time
convergence (N € {10,20,40,80}, M = 256, k = 3).

We use a uniform mesh in space and in time (N cells in time and M cells in space). Four levels
of refinement are considered in space (M € {16, 32,64, 128}) and in time (N € {10, 20, 40, 80}).
We run two convergence studies. At first, for a good precision in time (N = 128, £ = 3), we study
the error for several successive space mesh sizes M € {16, 32, 64,128} and several polynomial
orders k € {1,2,3}. Then, for a good precision in space (M = 256, k = 3), we study the
error for several successive time mesh sizes N € {10, 20, 40,80} and several polynomial orders
¢ € {0,1,2,3}. The results without noise are reported in Figure 2. We observe optimal space
convergence at rate k for k € {2,3}. Instead, we obtain superconvergence at rate 2 for k = 1.
Moreover, we also observe the expected time convergence at rate ¢, for £ € {1,2,3}. (Recall that
the errors are computed as the difference between the numerical solution and a projection of
the exact solution.) Another relevant observation is that a higher-order scheme is more efficient
in terms of degrees of freedom.

Notice that the numerical error has also been computed using the L?(Q)-norm, the L?(H")-
seminorm and the H'(Q)-seminorm at initial time (using the associated face element). We
observed for these errors the same convergence rate as the one for the L>°(0,Ty; L*(2))-norm
used above. For the sake of clarity, these errors have not been drawn on Figure 2.

We report in Table 1 the number of degrees of freedom in the two situations of whether
or not the static condensation procedure is used (see Section 2.4). We can observe a drastic
reduction in the number of degrees of freedom offered by the static condensation procedure.
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Without static condensation With static condensation
M k=1 k=2 k=3 M k=1 k=2 k=3
16 56320 76800 97280 16 23552 27648 31744
32 113664 154624 195584 32 48128 56320 64512
64 228352 310272 392192 64 97280 113664 130048
128 457728 621568 785408 128 195584 228352 261120

Table 1: Number of degrees of freedom (1d test case) for space refinement with £ = 3 and N = 128.
Left: without static condensation. Right: with static condensation.

4.2 Two-dimensional test case

In this section, we consider the following two-dimensional setting;:

Q=(0,1)% w:= ((b,l) x (0,1)) \ (0, %) x (% %) Ty =2,

u(t, z,y) = cos(v2rwt) sin(mwz) sin(rwy),

where b € [0, %) is a parameter that may vary and will be used to consider several geometric
configurations, and w := 3.

One can verify that with Ty := 2 and b := 0, the geometry fulfills the geometric control
condition (Assumption 1). However, this assumption is not fulfilled for b > 0. This latter
configuration will enable us to evaluate the impact of this assumption on the approximation
results.

Figure 3: First, third, fifth, and seventh triangulations used for the 2d test case (b =
triangulations are fitted to w.

The errors in the L°°(L?)-norm are presented in Figure 4 in the absence of noise on the
measurements. On the left panel, we provide a convergence study with respect to the space
discretization. Seven successive meshes are considered (see Figure 3) and the space polynomial
degrees are k € {1,2,3}. For this test, the time discretization remains constant ({ = 3, N =
40). Keeping in mind that the z-axis of this figure is the number of degrees of freedom (that
scales roughtly as h~2 when we refine the space discretization), we retrieve the expected space
convergence rates for the various values of k. We also observe that the high-order approach is
much more efficient than the low-order one, which is a known behavior for the wave equation.

On the right panel, we provide a study of the time convergence for ¢ € {1,2,3} and for
N € {5,10,15,20,30,40}. As stated before for the space convergence study, we observe here
that the high-order approach is much more efficient. Surprisingly, the low-order approach (k =1
or £ = 1) does not seem to converge for the considered meshes.
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Figure 4: L°°(L?)-norm errors for the 2d test case without noise (with respect to the number of
degrees of freedom). Left: space convergence. Right: time convergence.

In both of these tests, we observe that the configuration b = 1

5 is less favorable than the
configuration with b = 0. However, convergence at optimal rate is still observed in the configu-
ration b = % The only visible drawback of that configuration is that the scaling of the errors,
but not their decay rate, seems to be a bit worse. We also considered adding some noise to the
right-hand side f, but this resulted only in a slight degradation of the solution. The results are
not reported for the sake of conciseness.

The same setting is then considered with the presence of noise (a = 1072). The results are
reported in Figure 5. We observe that the main consequence of noise is that convergence can
be obstructed since the error stagnates at a certain level which depends on the geometry (b = 0

_ 1
orb=3).
T T T T T T T T
e
10 - B
102 g
1% k= - 103 - 1=1(b=0) —— b
k= I=2(b=0) —<— slope 3
k=3 (b= 1=3(b=0) —@—
k =1 (b=0.5) 1=1(b=05) - + -
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10'4 L L L 1 L L 10—4 L 1 1 L
8.0x10% 1.6x10° 3.2x10° 6.4x10° 1.3x10° 2.6x10° 3.2x10° 6.4x10°% 1.3x106 2.6x10°6

Figure 5: L°°(L?)-norm errors for the 2d test case with noise a = 1072 (with respect to the number
of degrees of freedom). Left: space convergence. Right: time convergence.

Computational time and memory usage for the configuration b = % without noise are re-
ported in Table 2. We observe that, since a direct solver is used, we attain the limits of the
method in terms of memory usage. More refined meshes or 3d-space configurations need the
development of an iterative solver.

Acknowledgement: GD was supported by the Emergence grant of Sorbonne University.
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Computational time (in sec) Memory usage (in GB)
mesh k=1 k=2 k=3 mesh k=1 k=2 k=3
1 8.6 39 100 1 1073 4.1 8.8
3 38 170 440 3 4.3 11.6  23.7
5 610 2500 6300 5 209 545 107
7 13000 54000 — 7 135 345 —

Table 2: 2d test case for space refinement with £ =3 and N = 40 (b = ) and without noise. Left:
computational time (in sec). Right: memory usage tip (in GB).

EB was supported by EPSRC grants EP/T033126/1 and EP/V050400/1.

Appendix A Technical proof

Here we prove Lemma 1. The proof is obtained by combining Proposition A.1 and Theorem A.4
from [10] where €2 is assumed to be smooth. Proposition A.1 yields that for v = 0 on J x 9Q
we have

vl Lo (;r2(0)) + 10wl L2 m-1(0))
S llvle=ollz2coy + 10:vli=oll -1y + IL() 1 r1-1.(rxo0-

Moreover, following the proof of Theorem A.4 from [10], we can show that under the geometric
control condition (Assumption 1), we have

lvle=ollL2(0) + 10ev]t=ollzr-1(0) S 1 L(V)lr-1sx0) + 1Vl L2(sxm)-
Combining these two relations, we have

vl Loe (5,2 () + 10Vl L2 (gm-10)) S WllL2rxm) + L) r-1(0)-
To estimate the missing term, we consider

IVUllg-105;2200)) S A m-1(0) S NL) -1y + 00|l r-1(0)s

where, in the first bound, we use |[Volla < |A¢|g-1(o for all ¢ € Hy(2). Moreover, for
¢ € Hj(Q) we have
< 0,6 >p-1(Q) (@@= ~ < 00,0 > L2 m-1 @), L2 (513 ()

< ”atUHLQ(J;H*l(Sl))H8i¢HL2(J;H(1)(SZ))'

So that ||8t{;’UHH—1(Q) S \|3w|\L2(J;H_1(Q)). This ends the pI‘OOf.
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