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SCHRODINGER EQUATION WITH PERIODIC BOUNDARY

CONDITION

HAJER BAHOURI AND GALINA PERELMAN

ABSTRACT. We prove global well-posedness for the derivative nonlinear Schroédinger
equation on the torus in the Sobolev space H'(T) provided that the mass of initial

data is strictly less than 8.
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1. INTRODUCTION

The goal of this paper is to address global well-posedness for the derivative nonlinear
Schrodinger equation (DNLS) on the torus:

(1.1)

iy + Upy = —i0,(Jul?u), = e€T=R/Z,

with Cauchy data

(1.2)

uli=o = up € H'(T).

Date: July 19, 2024.



2 H. BAHOURI AND G. PERELMAN

Note that the equation is L? critical as it is invariant under the scaling
1 t

ﬁu(ﬁ’

The DNLS equation first appears in the literature in [26, 27] as a model for the propaga-
tion of circular polarized nonlinear Alfvén waves in magnetized plasmas and in the study
of the one-dimensional compressible magneto-hydrodynamic equation in the presence of
the Hall effect.

In [20], Kaup and Newell showed that the DNLS equation is completely integrable,
and since that time DNLS has received enduring attention. As a completely integrable
equation, DNLS possesses an infinite family of polynomial conservation laws, including
the conservation of the mass, the momentum and the energy:

(1.4) M(u) = / ul?da

(1.3) u(t,x) — uy(t,z) = %), w>0-

1
(1.5) P(u) :Im/ﬂuxdx+§/\u|4dx7

(1.6) E(u) = / (jusl? - %Im(|u\2uﬂx) + %|u|6)d:c-

To avoid any confusion, all along this paper we will denote by Mg, P, Eg and M, T, P, T, E, T
the mass, the momentum and the energy on the real line and on the torus R/uZ respec-
tively.

Local well-posedness for the DNLS equation in H® for s > % has been known for
some time both on the real line [33] and on the torus [16]. This range is optimal if one
requires the solutions to be locally uniformly continuous with respect to initial data, see
for instance [5, 28, 34]. The gap between the s = % threshold and the scaling critical
regularity can be (almost) closed by leaving the H?*-scale and working in more general
Fourier-Lebesgue spaces [6, 10, 11].

Concerning global well-posedness on the real line, Wu [35] and Guo-Wu [12] showed
that the H'-norm of solutions is controlled by their momentum and energy provided that
the mass is strictly less than 47. More precisely, they proved the following inequality (see
Lemma 2.2 in [12])

Pg(u) + |Eg(u)|
2
(1 - sz llulrem))

(L7) ol gy € H'®), ul?sm < 4.
which gives immediately global well-posedness of DNLS in H!(R) under the restric-
tion Mg (u) < 4m. This global well-posedness result was subsequently extended to H 3 (R)
and H %(']I‘) by Guo-Wu [12] and Oh-Mosincat [29], Mosincat [28] respectively, and more
recently to H?®, for 1/6 < s < 1/2 both on the real line and the torus by Killip-Ntekoume-
Visan in [21].

The 47 restriction is related to the lack of coercivity of the DNLS conservation laws
that can be readily detected by considering the algebraic solitons:

cr — 2t +i

(cx — 2t — )%’

for which Mg (u.) = 47, while all other polynomial conservation laws vanish.

2
(1.8) uc(t, x) = 2y/ce T TRT c>0,

In the case of the real line, the first evidence that global existence persists beyond the 47
barrier was obtained by means of the inverse scattering techniques [25, 17, 18, 19, 30, 31].
The most definite result is due to Jenkins, Liu, Perry and Sulem who have proved in [17]
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that the Cauchy problem for the DNLS equation is globally well-posed for any initial
data ug in H>?(R) = {f € H*(R) : 2%f € L*(R)}.
In Sobolev spaces H*(R), the 47 barrier was overcome only very recently. In [2], the

authors proved that the DNLS equation is globally well-posed in H 3 (R) regardless of the
size of the mass. Afterwards, Harrop-Griffiths, Killip, Ntekoume and Visan [13, 14, 21]
established global well-posedness of the DNLS equation in the critical space L?(R).

The periodic case is more challenging. To the best of our knowledge, large data global
well-posedness for DNLS on the torus is not known even for C'*° data. In the present
paper, we improve the 47 bound to 87 in the H'-setting. Our main result is the following:

Theorem 1. The Cauchy problem (1.1)-(1.2) is globally well-posed in H'(T) under
the restriction My(u) < 8m. Furthermore, for any R > 0 and 0 < ¢ < 8, there ex-
ists C(R,0) > 0 so that

(1.9) sup [[u(t)[| g1 (m) < C(R, ),
teR

for any H'(T)-solution to (1.1) with My(u) < 87 — § and [u(0) | g (ry < R-

The structure of the paper is as follows. In Section 2, we record some preliminary
results related to the integrability of the DNLS equation, that will be needed in the proof
of Theorem 1. In Section 3 we prove Theorem 1. As in [2], we proceed by contradiction,
combining the profile decomposition techniques with the integrability structure of the
equation. There are also two appendices: in the first one, we recall some properties of
the regularized determinants required for the results of Section 2 and the second one is
devoted to the proof of some technical results.

Throughout this article, we shall use the following convention for the Fourier transform
on the real line

A

fe J/‘“f

We will use the notation ||-||2 for the Hilbert-Schmidt norm, and ||-|| for the operator norm
on L? either on the real line or on a torus, while the standard hermitian norm in C? and
the induced operator norm in the space of complex 2 x 2 matrices will be denoted by | - |.
Finally, we mention that the letter C' will be used to denote universal constants which
may vary from line to line. If we need the implied constant to depend on parameters, we
shall indicate this by subscripts. We also use the notation A < B to denote bounds of the
form A < CB, and A <, B for A < C,B, where C, depends only on «. For simplicity,
we shall still denote by (uy,) any subsequence of (u,).

2. KAUP-NEWELL SPECTRAL PROBLEM

2.1. Lax pair formulation of the DNLS equation. Kaup and Newell showed in [20]
that the DNLS equation can be obtained as a compatibility condition of the following
linear system

21) oo = T\,
with
UN) = —ios(\2+iNT), U= <2 g)
. 0 2230 — ANul?u + i uy
T = _Z(2A4_A2‘“’2)"3+( —ON3T + Aul’T + NGy b >
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where A € C, 9 is a C*-valued function of (¢,z,)), and o3 is the Pauli matrix given

by o3 = ( (1) _01 ) In other words, u satisfies the DNLS equation if and only if

ou o
M9 i =o.
o o THTI=0

The first equation of (2.1), viewed as a spectral problem, will play a central role in our
analysis. We will write it in the form

(2.2) Ly(N)Y =0,
where L,()\) = Lo — A2 —i\U, with £y = i030,. In the next three subsections, we collect

the properties of the Kaup-Newell spectral problem (2.2) that will be used in the proof of
Theorem 1, we refer to [2, 8, 13, 19, 20, 24, 25, 30, 31] and references therein as well as to
Appendices for the proofs and further details.

2.2. Kaup-Newell spectral problem in the periodic case. Given u € L? (R), we
denote Ey(z,A) the canonical fundamental solution of (2.2):

L, N)E,(A) = 0
(2:3) { E, 0\ = Id.
For each z € R, the fundamental matrix F,(z, \) is an analytic function of (X, u,u) with
the following properties:

(2.4) det B, (z,\) =1,

(2.5) Ey, (z,A) = Eu(u_lzv, VIEA),

(2.6) o3 Eu(.CE, —)\) g3 = Eu(x, )\), UlEu(l’, —X) g1 = Eu(a:, )\),
01

Wherealz<1 O)'

In the case where u is periodic with period T' > 0: u(x+T) = u(x), we denote by M, ()
the corresponding monodromy matrix:

MH()\,U) M12()\,u) )
2.7 My(\) = — E, (T, \),
( ) ( ) ( Mgl()\, u) MQQ()\, u) ( )
which satisfies det M, (\) = 1, and by A, () the trace of M, (\):

(2.8) Au()\) = MH()\,U) + MQQ()\,U).
It follows from (2.1) that A,(\) is time independent if u is a T-periodic solution of
the DNLS equation.

The values of A for which A, (\) = 2 correspond to the eigenvalues of the spectral prob-
lem (2.2) with periodic/antiperiodic boundary conditions on [0,7]: ¥(T") = £1(0). They
can be also viewed as eigenvalues of L,(\) considered on [0,27] with periodic boundary
conditions. We will refer to them as periodic eigenvalues of L, ().

We also need to introduce the functions

i
(2.9) AP\ = 5(MH(A, u) + Mia(\u) — Moy (A, u) — Moz (M, ),

?
(210) A,{Y()\) = §(M11(>\, U) — M12()\, u) + Mgl()\, u) — MQQ()\, ’LL))
Zeros of the function AD (resp. ALY) are the eigenvalues of (2.2) considered on [0, 7]
with the Dirichlet (resp. Neumann) boundary condition (i1 — 12)(T") = (¢1 —12)(0) =0

(resp. (1 + ¥2)(T) = (¢¥1 + 12)(0) = 0), where we denote 1) = < i; )
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Obviously, in the case of u = 0, the fundamental solution of (2.2) is given by

—i\2
(2.11) Eo(z,\) = exp (— iz\?03) = < c 0 eiggm >
and so
(2.12) Mo(A) = e X3 Ag(\) = 2cos(TA?),
and
(2.13) AP\ = AV (\) = sin(TN?).

Thanks to the symmetry relations (2.6), one has
(2.14) osM,(—N)os = My (), o1 M,(— X) = My(N), My, (\) = My(\/u)),
and therefore,
(2'15) Au(_)‘) = Au(/\)7 Au(x) A ()‘)a Auu ()‘) = Au(\/ﬁ)‘)
(216)  AD(-n) = AP(N), AP(-))=AN().

Note that if AP(\) =0 or AY()\) = 0, then since det M, (\) = 1, we have

Ai()\) —4 = (Mlg()\, u) + MQl()\, u))z,

which together with (2.14) implies that
(2.17) 1AL >2 if AP(A\)=0or AY(X) =0 with \ € iR.

To study the behavior of the matrix E,(x,\) for |\| large, it is more convenient to
transform (2.2) into a Zakharov-Shabat system following [20, 30]. Setting

(2.18) 9ta) =exp (52 [“aulu)P) ( gy an ) ¥l
one can easily check that ¢ is a solution of (2.2) if and only if ¥ solves
(2.19) (i030;, — Q — ()Y =

where ¢ = A\? and Q = ( q02 %1 ) with

@) = yu@es (i [ dluw)?)

@) = (iux+;umy?)(g;)exp(—i/oxdyyu(y)ﬁ).

The representation (2.18) allows us to prove the following proposition, see Appendix B
for the proof.

Proposition 2.1. Let Eu(x,A) = Ey(z,)\) — o~ 120'3_7‘[0 dylu(y)|? ’
~ EH(.Z‘ A; u) E12($ A; u)
E )\ — i 1 - [EAY) .
u(@ ) <E21(x, Xsu)  Fao(x, \;u)
Then for any T'> 0 and R > 0, there exists Cr g > 0 such that

e\Im)\2|z

(A2
e\Im)\2|az

OV
for all (z,\) € [0,T] x C and all u € H}, (R) with |[ul| 1077 < R.

‘EH(.%' A; u)] + ‘EQQ(%‘ A, u)] < CTR
(2.20)
|Era(z, A u)| + | Ear (2, \su)| < Crog
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It follows from (2.20) that as |A\| — oo,

HUH%Q([OT]) ol Tm X2|T

Au(N) =2cos (NPT + ——=) 4 Op(———),

(2.21) . ( ? ) ( A )
AD A AN A\) = si )\QT ||u”%2([07T]) O e‘ImA2|T

uniformly with respect to u in bounded sets of H*([0,T7).

These asymptotics lead to the following localization of large periodic, Dirichlet and
Neumann eigenvalues of the Kaup-Newell spectral problem, that we formulate in the case
of T =1.

Proposition 2.2. For any R > 0 there exist an integer N = N(R) > 1 and a positive
constant C = C(R) so that, for all u € H*(T) with |ull i (my < R and all n € Z with |n| >
N, the disk

C 1

0 0 :

D, = {)\ eC: A=\, ()] < m}, Ay (u) = \/ﬂn - iHuH%Q(T) € Ry UiRL
contains exactly two periodic eigenvalues (counted with their multiplicities), one simple
Dirichlet eigenvalue and one simple Neumann eigenvalue of L, (\). If n < 0, the corre-
sponding Dirichlet and Neumann eigenvalues are purely imaginary. The functions A2 —
4, AP and ALY have no zeros in the region

1 s C
{rec: N+ Slullfay| = 7N = 2, A A ()] FIMAE N}.

Proposition 2.2 has the following consequence that will play an important role in the
proof of Theorem 1.

Lemma 2.1. Let R > 0 and u € C([0,1], H'(T)) with |w(0)||g1(ry < R such that, for
all T € [0,1], Ayry = Ay). Then for any 0 < v < 7, there exists an integer Ny =
No(R,~) > 1 such that, for all n < —Ny, the interval®

_ . 1
L, =[N A iRy, )\if = \/mr — iHuH%Q +7,
contains at least one Dirichlet eigenvalue and one Neumann eigenvalue of Li(;)(A).

Proof. Asymptotics (2.21) ensure that for all 0 < v < %, there exist §; > 0, and N1 =
Ni(R,v) € N* such that

|Au(0)(>\$)‘ < 2 — (51, Vn < —Nl.

Since we suppose that A, is independent of 7, this inequality remains valid for all 7 €
[0, 1] which together with (2.17) implies that

(2.22) AL (AR) #0 and AY (A7) #0, Vn < =Ny, 7€0,1].

Taking into account the symmetry properties of AZ()\), AN(\) with respect to A and their
continuous dependence on u, one deduces from (2.22) that, for all n > Nj, the parity of
the number of zeros of Af(T), ALV(T) in the interval I, counted with their multiplicity, is
independent of 7, which thanks to Proposition 2.2 gives the result. ([

We end this section by the following estimate for the resolvent of L, (), the proof of
which is given in Appendix B.

LSince u depends continuously on 7, the conservation of A, implies the conservation of the masse of u.
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Proposition 2.3. There exists a positive constant C' such that, for any periodic func-
tion u € L? with period T and all A € C\(R U iR), we have

A2 eTIimA%| ull? ) cos(TA?) — 1
u
m 22| [sin(D2)2" OIS (AL (V) - 2) Tm A2

provided that A, (\) # 2. Here the operator L, ()) is considered with the periodic bound-
ary conditions on [0,T7].

)

(223) L' (VI < Cexp <Cu

2.3. Kaup-Newell spectral problem on the real line. In order to establish The-
orem 1, we also need to recall a few results about the KN system on the real line.
Given u € S(R), for any A € C with Im A\*> > 0 there are unique solutions® ¥ (z, \; u)
and ¥y (z, \;u) to (2.2), the so-called Jost solutions, with the following behavior at +oo:

Y1 (2, \u) = eI K (1) ) —i—o(l)} , as T — —00,

@D;(l‘,)\;u) — N K (1) ) +0(1)] , as x — +oo.

The solutions 17, ¥ are holomorphic functions of A on Q; = {A € C: Im A2 > 0}, O
up to the boundary.

Similarly, for A € C with Im A?> < 0, there are unique solutions ¥} (z, A\;u), ¥5 (z, \; u)
to (2.2) such that

Vi (z,\u) = e miNT K (1) ) —i—o(l)} , as T — 4oo,

Py (x, Aju) = iX’e K(1]>+0(1)], as T — —oo.

One can easily check that the Jost solutions satisfy the following symmetry relations

(2.24) U1 (2, A u) = a3y (o, —Xu), ¥ (z,\u) = —a3bg (z, —\;u),
(2.25) V7 (2, A u) = —oro3tby (o, X u), vy (@, N u) = o1030] (2, A u).

We denote by a, () the Wronskian of the Jost solutions 7, zp; defined above:
(2.26) au(A) = det(1 (z, A u), v (2, A u)).

Using the second equation in (2.1), it can be shown that a, () is time-independent if w is
a solution of the DNLS equation.

Clearly, a, is a holomorphic even function of A € Q, C° up to the boundary,
with a,(0) = 1, and thanks to the symmetries (2.25), it verifies

(2.27) la(V)])? <1, VIER,
(2.28) lau(M)]? >1, VYV Ac€iR.

According to (2.26), the zeros of a,, in Q4 are the eigenvalues of the spectral problem (2.2)
(considered in L?(R)). Let us recall the following result from [2].

Lemma 2.2. For any R > 0 there exists a positive constant C'r such that a,(\) # 0, for

all A € Q. with Re \> < —CRg, provided that HuHH%(R) <R.
Since a,, is an even function of ), it is convenient to introduce @,(¢) = a,(v/¢). The

function @, (¢) is holomorphic in the open upper half plane C, C* up to the boundary
and verifies, in view of (2.27)-(2.28),

(2.29) |G (C)] > 1 for ¢ <0, |@,(¢)] <1 for ¢ >0 and a,(0) = 1.

2If Im A2 > 0, the solutions 5, 1 remain well defined for u € L?(R).
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From the equivalence between the systems (2.2) and (2.19), one deduces that
. ~ o —%||u||22
(2.30) lim  a,(\) =e L2®),
|§‘—>OO,C€(C+
Furthermore, one has the following asymptotic expansion as || — 400, Im{ > 0:
(2.31) Ina,(¢) =Y Ep(u)("
k>0

The coefficients® Ej(u) are polynomial with respect to u,% and their derivatives, and

homogeneous with respect to the scaling u(z) — u,(z) = ——u(Z), u > 0, since

VBT
(2.32) Gu,, (¢) = Gu(uC)-

As a,(¢) is time-independent, the quantities Fj(u) are conservation laws. The first three
of them coincide, up to constants, with the mass, momentum and energy:

Eo(u) = _§HUH%Z(R)7 Ey(u) = ZPR(U% Es(u) = —gER(U)~

Furthermore, one can show that |d,(¢)]? € 1+ S(R).

The analyticity of @, in C allows to express the functionals Ej in terms of the zeros
of @, in C4 and of its trace on R. In the simplest case where @, does not vanish® on R,
denoting by (1, ...(x the zeros of a,, in C; counted with their multiplicity, we have

u S
(2.33)  au(C) = e 22w H (C_?) (% g_gc In|a(€)[*) , V¢ € Cy,
J —00

which implies that
2 i [
(2.34) By(u) ==2- Im(j + 5/ dg & Inay(§)®, VkeN*.
=1 -

The set of Schwartz functions u such that a, does not vanish on R4, is dense in S(R) [4,
19, 24, 31]. We will denote this set by S,¢q(R).

The continuity® of @, with respect to u, together with (2.29) and (2.30) ensure that for
all u € S(R),

0
a,(s) i
(2.35) [ 2tds = SlulEagey

—00

As a straightforward consequence of this formula and of the analyticity of @, in C4, one
obtains the following result which was crucial for the analysis in [2].

Lemma 2.3. i) Let w € S(R), 6 €]0,n[ such that a,(¢) # 0, for all { in C4
with arg ¢ = 6 and let n(u;6) be the number of zeros of a,(¢) in the angle {¢ €
Cy: 6 <arg( < 7w} counted with their multiplicity. Then

+o0o ei?

1 0, (3) Lo
(2.36) n(w6) = 5 0/ @t el

3We choose the branch of the logarithm so that lim  Ina.(¢) = *%||“Hi2(n§)-
[¢]—00, €CH

41t follows from (2.29)-(2.30) that in that case, . has only a finite number of zeros in C.
5The map H“'(R) 5> u — @, € L>®(R) is Lipschitz continuous on bounded sets of H"*(R) = {u €
H'(R) : zu € L*(R)}, see [31].



THE DERIVATIVE NONLINEAR SCHRODINGER EQUATION ON THE TORUS 9

+o0 et?
where, all along this paper, / ds denotes the integral along the path v = {z =
0
pe? peRy}.
ii) Let u € Sreg(R) and let (y,...(n be the zeros of a, in C; counted with their
multiplicity. Then

N 1 oo de
(237) M) =4 arg(G) — - [T mlan(©)”
j=1 —°
with, all along this paper, arg(¢) € [0, 2x].
Remark 2.1. Observe that due to (2.29) and (2.37), we have:
2
u
(2.38) n(u: 0) < !\\415(@7
for all u € Sye4(R) and all 6 €]0, 7.

2.3.1. Regularized determinant realization of a,. A convenient way to study the func-
tion a,, is to use its representation as a regularized perturbation determinant®:

(2.39) au(N) = deto(I — T,(\), VYA€, ue L*(R),

where

(2.40) Tu(A) = iNLo— AU, U= ( g 0 ) .

The operator T, (), considered on L?(R,C?), is a Hilbert-Schmidt operator with
A2

(2.41) IT.(MI5 = WHUH%?(R)-

The representation (2.39) together with the corresponding properties of the regularized
determinants (see Appendix A) leads immediately to the following bound.

Proposition 2.4. There exists a positive constant C such that the following estimate
holds
Ol (o g HlualZa ) A
) — 2| < Ce m(x2) L2(R) L2ry/ "' _ ,
(2.42) |, (A) — au, (A)| < Ce T () |ur — uzl|L2w)
VA €Q, up, upg € LA(R).
Combining this proposition with (2.29), (2.30), Remark 2.1 and Lemma 2.3 i), and
taking into account the density of S,¢,(R) in L*(R), we obtain:
Corollary 2.1. Let u be a function in L*(R).
i) For all 0 < 6 < %, there holds
. N . - —5lul?
2.43 1 =1, 1 — ¢ Mz
(2.43) cbger, l6) (G0, CeT's GlQ)=e
where we denote I's = {( € C; : § <arg( <m—0d}.
ii) For all 0 €]0, «[,
HUH%2(R)
460
where, as before, n(u;0) denotes the number of zeros of a,(¢) in the angle {¢ €
Cy: 0 <arg( < m} counted with their multiplicity.

(2.44) n(u;0) <

6See Appendix A for the definition of the regularized determinants det,, and their basic properties.
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iii) Let 6 €]0, [ such that a,(¢) # 0, for all ¢ belonging to the ray e¢’’R. Then,
+ooet?
1 a.,(s) 1 9
(2.45) . / ds s + EHUHL%R) eN.

i

Remark 2.2. If u € H'(R), then one has the following lemma, the proof of which is
sketched in Appendix B:

Lemma 2.4. Let u € Hl(R). Then,
(2.46) In &, (¢ ZEk )CF+0(I¢[7?), as [¢| = oo, (€T,

For our proof of Theorem 1, we will also need the following lemma which can be viewed
as a slightly modified version of Lemma 4.3 in [14].

Lemma 2.5. Let M >0,0< 6, <0y <m,and 0 <t < % Then there exists a positive
constant C = C(61,02,t, M) so that

1
au(C)

for all ¢ € C, with (1—t)01+t0 < arg( < t01+(1—1)03 and allu € L*(R) with Mg (u) <
M, and such that a, has no zeros in the angle 61 < arg( < 6».

(2.47)

\ga

Proof. In order to establish the lemma, we proceed by approximation: let (uy)nen be a
sequence in Sy¢4(R) that converges to u in L*(R). Denoting by ¢, 3 =1,..., Ny the zeros
of ay, (¢) in C; counted with their multiplicity, we have

(2.48)

1 al?,, T C— ) )
e (>H (c C" / = <1n|aun( ), WC € TG -
Clearly, for all 0 < 5 <5

&
seﬂs&ém §— C‘ < Cs,

and therefore

sup
¢els

[ i or] < ¢ [T F wlan @

Furthermore, the stability estimate (2.42) together with Corollary 2.1 ensure that, for all n
sufficiently large, a,, does not vanish in the angle ; < arg{ < 62, and as a consequence

Nel(-CF X,
H e < exp (Cgh(bﬂgZargC]) ,
Jj=1

for all n sufficiently large, and all ¢ with (1 —¢)0; +t0y < arg( < th; + (1 —t)6s.
Combining the two last inequalities with (2.37) and (2.48), and passing to the limit n —
00, we obtain (2.47). O

We conclude this subsection by the following H!-version of Lemma 2.6 in [2].

Lemma 2.6. Let u € H'(R) be such that the corresponding function &, has no zeros
in C4. Then Eg(u) > 0. Furthermore, Er(u) = 0 if and only if

(2.49) ay(()=1, V¢ eCy.
In that case, one also has ||uH%2(R) € 47 N and Pg(u) = 0.
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Proof. We proceed as in the proof of Lemma 2.5. Let (u,)n,en be a sequence in gmg(R)
that converges to u in H'(R). Let ¢f,j=1,..., Ny, be the zeros of a,, (¢) in C4, counted
with their multiplicity. Thanks to (2.34), we have

4 o0
(2.50) Egr(up) =16 Y  Re(lIm(}+16 > ReC;‘ImC;’——/ de € In|ay, (6)]2.
1<j<N, 1<j<N, T/
Re(7'<0 Re (>0 >0

>0

Combining Corollary 2.1 with the fact that &, does not vanish on C,, and taking into
account the stability estimate (2.42), we infer that

Im ¢
sup  ———
j=1,..N, | Re (7|

Therefore, invoking Lemma 2.2 together with the bound

n—rQo
0-

(2.51)

(2.52) #{¢ Re(¢)) < 0} S Nu™[F2m) < lulfam)
we obtain
(2.53) > Re(jIm(} =30,

1<j<N,

Re(T'<0

which, after passing to the limit in (2.50), gives Er(u) > 0.
In the case of Eg(u) = 0, we deduce from (2.50) and (2.53) that

(2.54) > Re(Im(} =30,

1<j<Np

Re(7>0
and
(2.55) / dé € In |y, (€)]? =5 0.
By (2.37) and (2.51), we also have

o0 dg B
(2.56) - T WA ©F S o S 1,
and
Im(?

(2.57) > o Sllunlfemy S 1,

| Re (7|

1<j<Ny 4

for all n sufficiently large. Combining (2.53), (2.54), (2.55) and (2.56), we obtain

o¢]
(259) | delmlan, ©F| "= o
and
(2.59) > Im X0,
1<j<Nn

EATIE
which in light of (2.33) implies that a,_ (¢) "% ¢ 21"le2@  for all ¢ € C.., and there-
EEAIE
forea, =e * lliz@ 1 view of Corollary 2.1 this means that ||u||%2(R) € 4rNand a, = 1.

Conversely if a,, = 1, then by (2.46) Er(u) = Pr(u) = 0. O

Remark 2.3. The set of potential verifying the condition a,, = 1 is not trivial: it contains
the algebraic solitons, see for instance [2, 14]. Furthermore, they are the only potentials
with a, = 1 and ||u||2L2(R) = 4m7:
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Lemma 2.7. Let u € H'(R) such that @, = 1 and Hu||%2(R) = 47. Then

clx —xo) +1
(c(z — o) — 1)

U(SU) _ 2\/E€i<p+ic:p/2 -

for some ¢, xo € R and ¢ > 0.

This result is an immediate consequence of the following sharp Gagliardo-Niremberg
inequality due to Agueh [1]:

. 8 1 1 1
(2.60) VfeLR)NH'(R), |Iflow) < Conllfllfallflfn g - Cov =35(2m) 70,

with equality if and only if there exist z € C, ¢ > 0, and 9 € R such that f(z) =

——~—=——_ For the sake of completeness, we give the proof of Lemma 2.7 in Appendix B.
c2(z—m0)2+1

2.4. Backlund transformation. In this paragraph, we define the Bécklund transform

for the Kaup-Newell spectral problem following closely [30] (see also [15] and the references

therein).

Given u € S(R), N e C4 ={ e C: Re)\>0,Im)\>0}andw:<z;)anon

zero smooth solution of the KN spectral problem L, (\)i) = 0, one defines the Backlund
transformation By (1) by’

(2.61) Br(1)u = GA(1) [ — Ga(¥) u+ Si(v)]
where -
(2.62) Gr(®) = ji% Si() = 2032 = X) T

with dy(¢) = Av1|? + A|y2]?. Since 1 depends implicitly of u, the transformation (2.61)
is nonlinear with respect to the potential u. One can easily check that By(¢)u € S(R).
Observe also that

(2.63) GA@) =1 and [Sy(1)] < 4Im -

Moreover, by straightforward computations, one can check that (see [2] for the proof)

(2.64) ‘%G;ﬁb)(m)‘ < 8(Im )2 + 4Tm (M) u(z)]
Setting
(1) b D
(1) _ P 1) Py 1) Py
(265) ¢ - < il)) ) 1,[11 - d)\(w)’ 2 dX(w)7

one gets a solution of the KN system associated with the potential u(!) = B (¢)u:
Lu(l)()\)w(l) = 0. The Backlund transformation By (1)) is a left inverse of By (¢)):

(2.66) u = By(ypM)uD),

The key property of the Béacklund transformation (2.61) is that it allows to add or to
remove eigenvalues of the Kaup-Newell spectral problem. In particular, assume that a,,(¢)
has a simple zero ¢; € C; and let ¢» € L?(R,C?)\ {0} be the corresponding eigen-
function: L,(A1)Y = 0, Ay = v/G1 € C44. Then the function a,a) associated to the
potential u(!) = By, (¥))u is given by (see for instance [15, 30])

G(¢—¢)

(2.67) a,m(¢) = %(C)m-

"Note that, for any constant C' # 0, Ba(¢) = Bx(C).
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Thus, a@,) does not vanish at ¢;. Note also that thanks to (2.31) and (2.35), we have

(2.68) Mg(uM) = Mp(u) — 4arg(y,
and
0
(2.69) Ep(wW) = By(u) + %Im ¢k VE>1.

The Jost solutions of the KN system associated with the new potential u(Y) = By, ())u
can be obtained from the old Jost solutions by means of the following transformation
matrix:

A1

2. Az, \;¢0,\) = =

NGy, (1) = ] 7S ()
aon (@) NG + P )

More precisely, one has the following result (see Lemma 4 in [30]).

Lemma 2.8. Let A\; € C,; be an eiganvalue of the Kaup-Newell spectral problem (2.2)
and v € L*(R,C?)\ {0} a corresponding eigenfunction. Then the Jost solutions associated
with the new potential u(!) = By, (¢)u are given by

(@, uY) = Az, Ay, )Y (2, A )
@ ul) = = A, N, Mgt (A ).

Remark 2.4. It follows from (2.67) that under the assumptions of Lemma 2.8, one has

(N2 -\
det A(z, \;9, \1) = —7;71).
A(AZ = AY)

3. PROOF OF THE MAIN THEOREM

3.1. Strategy of proof. Thanks to the local well-posedness result of Herr [16], to prove
Theorem 1 it is enough to show that, for any R > 0 and any 0 < § < 8, there exists C' =
C(R,6) > 0 such that

(3.1) sup |[u(t)||p1(m) < C,
0<t<T

for any solution u. € C([0,T], H'(T)) of the DNLS equation with u(0) € C*(T), [u(0)]| g1 (1) <

R and HUH%Q(T) < 8m—4¢. In order to establish the bound (3.1), we proceed by contradiction,

assuming that there exists a sequence of initial data (ugn)) in C°°(T), bounded in H*(T)

with sup ||uén)H%2(T) < 8m, and a sequence of times (¢,) C Ry such that, denoting u,
neN

the solution of the DNLS equation with initial data ugn) we have: u,, € C([0,t,],C>(T))

and ||un (tn) || g1 (my — +00, as n goes to infinity. After eventually passing to a subsequence,

we can assume that ||uén) | z2(T) = m, with® 47 < m < 87. Setting

1 .
(32) U ) = =t o) with i = [un(t) s oy
we obtain a sequence of C'*° functions satisfying

(3.3)
UO(y + ) = UL @), 10U 2201y = 0§ |l 22my and 8,0 | 2wy = 1, Y0 € N

8We assume that m > 47 since the case of m < 4r is precluded by the global well-posedness results
of Oh-Mosincat [29] and Killip-Ntekoume-Visan [21]. The bound m > 47 can be also recovered from
Theorem 3.
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We next truncate Uy, ©) as follows. We fix a sequence (N )neny C N* such that
(3.4) N, =% 00 and Hn nooo
n

and for each n, split [0, u,] into N,, intervals of the same length. Then we choose k €
{0,..., N,, — 1} such that

g 22y + 1
(35) HU?EO)HQHM[%’%E:LH”D < T?
and set
3.6 VO () = x (L) UD () (E—Yy,
(3.6) n ) =x(5) U WX ()
where U,gl)(y) =y (y+ (k+3)Ry), Ry, = % and y is a C*° function valued in the
interval [0, 1] and such that "

1

(3.7) x=1lonR;y and x=0on (—oo, —5}

The constructed function VTSI) is supported in [—% sy + %], equal to U7(ll) on [0, n],

and according to (3.5) satisfies
(3.8) |V

O =0
H (=00, B[ — 4 400)) '

Therefore the sequence (Vn(l))neN is bounded in H!(R) and

lim ||V, HLz =m, lim V., 1.

n—oo
The first step towards proving Theorem 1 consists in analyzing the profile decomposition

of the sequence (Vn(l))neN with respect to the Sobolev embedding H'(R) — LP(R), p > 2,

and showing that after eventually passing to a subsequence?, we have

VI (y) = V(y -y V) +rPD(y),

where the profile V' coincides, up to the symmetries, with the algebraic soliton (1.8), the
core yg) satisfies yg) "X oo, pn — yg) " 400 and HE)yrS)HLz( "% 0. Compared
to the profile decomposition of [2], the situation is much simpler here since we are working
in the H'-setting which will allow us to obtain this result essentially as a consequence of

the conservation of energy.

() HHl(R)

We next refine the above construction introducing a family of H! functions VX de-
pending on an additional parameter K € N, M? < K < M~ ?pu,, for some large fixed
constant M, so that the following properties hold: for all n and K, the function VnK is

supported in the interval [—M, p, +M], on [0, w,] it coincides up to a translation with U",

and it is of order \/iT in a M-vicinity of 0 and u,, and of order \/F ina 42 (V;cinity of these
1

points (see further (3.26)). The decomposition proved for the sequence (V") ensures that
there exists (y,(K)) C [0, up] so that

Vi (y) = V(y — yu(K)) + 1 (1),
with max Hrn HHl ®) 0.
To arrive to a contradiction, we perform a refined study of the monodromy matrix
associated to VK for some suitable choice of K = K. First, following [2], we show

’[07;1 ]
that for all n sufficiently large and all K, the function ayx has a unique zero C()n in
the angle 6y < arg( < m provided that 6y is chosen sufﬁmently close to w, and that this

9See Theorem 2 for a precise statement.
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zero is simple and satisfies max g Im (0(’ %0, and —¢; < Re Co n < —c2 <0, for some

constants c1, co. We next remove this zero by applying to VX the corresponding Bécklund
transformation. The resultmg potentlal rgl ) has mass strictly less than 47, and energy
and momentum of order Im ¢ n) + , which in view of (1.7) ensures that

1
) Hm I GG+ - "0,

n

Accordingly to this bound, we distinguish two regimes:

(K) n—qo
° ,unmanImCO — 0,

e up to a subsequence, i, ming Im ¢, (K) nogo — BeRy.
K, n—)

Then, we fix K, in such a way that K, " = 00, ——— x5 0 in the first case,
/’L’Vl II}}H Im CO,n

and Im Céf;”) = ming Im (éKn) in the second case.

The smallness of T, = Tp, Kn) in g L(R), allows to approximate the Jost solutions %in
by a suitable WKB ansatz. Thanks to Lemma 2.8, this leads to an explicit approxima-

n—oo

tion of the monodromy matrix of V,X» In the case of p, Im C(gi(l”) — 00, We use

the conservation of the Floquet discriminant to show that the obtained approximation

is in contradiction with the asymptotics given by (2.21). In the second case, we get a
contradiction by invoking Lemma 2.1.

3.2. Profile decomposition. The goal of this section is to prove the following profile
decomposition for the sequence (Vn(l))neN defined by (3.6).

Theorem 2. Under the notations of Section 3.1, there exist v € R, ¢ > 0, and a se-
quence (yg))neN of [0, un], such that, up to a subsequence,

cy +1

(3.9) Vn(l)(y) Viy— y(l)) a )(y) with V(y) = 94/celrTicy/2 =

where H8yrg)||Lz(R) "% 0, and where in addition,

(3.10) y D "2 o0 and  py, — y Y 2 400,
In fact we will prove a more general result given by the following theorem.
Theorem 3. Let (u[()")) be a bounded sequence in H'(T) and let m = lim sup ”uglo) H%my).
n—oo

Denote by u,, € C([0,T,[, H(T)) the solution of the DNLS equation with initial data u(()n)

and assume that there exists a sequence (t,,) C Ry witht, < T, such that li_)m v (t) | ooy =
n—oo

+oo. Let ( n(l)) be the corresponding H*'(R)-sequence constructed as in Section 3.1.
Then there exist an integer 1 < Ly < 4@, a family of profiles (¢¢)1<s<r, in H'(R)\ {0}
p <<

with a,, = 1, for all ¢ € {1,..., Lo}, and a family of orthogonal cores™” (g(e))lggLO, in
the sense that for all £ # ', we have |y,(f) — yg,)| "% o0, such that, up to a subsequence,
Lo
V() => ey —yP) + 1D (),
/=1

n—oo
0

where H@yrg)HLz(R) — 0, and where in addition, for all 1 < { < Ly,

(3.11) y O "2F o0 and  py, —yP "2F foo.

'n

1OFollowing the vocabulary of P. Gérard in [7], we designate by a core g(é) any real sequence (ySL ))neN»
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We start the proof of Theorem 3 with the following proposition which can be easily
derived from the work of P. Gérard [7].

Proposition 3.1. There exist a sequence of profiles (¢;)¢>1 in H'(R) which are not all

zero and a sequence of orthogonal cores (g“)) ¢>1 such that, up to a subsequence extraction,
we have, for all L > 1,

L
(3.12) v (y Z (v —y{?) +rE(y),
where
(3.13) el 4y "2 0in HY(R), V¢=1,...L,
and
(3.14) lim sup IrE ]| o) =37 0,

for all 2 < p < co.
In addition we have

(3.15) yO"2F Lo and iy — yl "2 400, V> 1

Proof. The sequence ( rfl)) is bounded in H'(R), and for all 2 < p, lim sup HVn(l) | zrr) > 0.
n—o0

Indeed, HVTEI)H LP(R) "Z% 0 would imply that
By 1(Un) = (U0 Py ) +0(1) = 1+ 0(1), n— oo,
which is impossible since by the conservation of energy and the boundedness of (ugn))
in H'(T), we have
(3.16) B n(Un) = i Ep(uf™) "= 0,

Therefore applying [7], we obtain the existence of a sequence of profiles (¢;)r>1 in H(R)
which are not all zero and a sequence of orthogonal cores (g(g))gzl such that, up to a sub-
sequence extraction, the properties (3.12)-(3.14) are satisfied. Finally, the property (3.15)

is a direct consequence of (3.8). O
Remark 3.1. Note that thanks to (3.12)-(3.14) we have, for all L > 1,
L
(3.17) Ve Fe@ = 2 ledlZemy + Ieil7em) + o(1),
(=1
L
(3.18) 10,V oy = S 10ypelaqm + 10, 22z + o(D),

/=1

(3.19) Er(VV) = k(00) + Er(ryy) + o(1),

HMh

as n — oo. In particular,

St oo
> leellzem <m and > lleelfn g <1
=1 =1

To conclude the proof of Theorem 3, it remains to show that lim sup,,_, [|0,r%/| L2(R) o

0 and that, for all ¢, a,, = 1, which, in view of Remarks 2.3 and 3.1, will also imply that
the number of non-zero proﬁles in (3.12) is bounded by z-. These properties will be de-
duced by combining (3.19) with Lemma 2.6. In order to apply this lemma, we have to
check first that the functions a,, do not vanish on C.
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Lemma 3.1. For each profile ¢, involved in the decomposition (3.12), the spectral coef-
ficient a,, does not vanish on C.

Proof. We proceed by contradiction, assuming that there exist ¢y > 1, Ag € C44 and ¢g €
H'(R) such that [[¢o]|,2r) = 1 and

(3.20) Ly, (o)t = 0.

Let © be a C* finction supported in [—1, 1] and such that © =1 on [—1,1]. Set ©,(y) =
(£0)

O (L) and ¢, = On(y)to(y — yi), with Ay = min(y®, u, — yi®). Then, we have

(3.21) LVTEU (MNo)Yn = R,

where

Ru(y) = 0,R(y) +i(0,0n) 03¢0 (y — yif),

with
0 ST wuly— D) + k)
f;;éo
Ri(y) = —ido Itk Poly — yif0)).
S wuly —y) +rk(y) 0
i+t
1<¢<L

Combining the orthogonality condition between the cores with (3.14) and (3.15), one can
easily check that

IRl 22w jasal)

Given that Vrfl) coincides with UT(LU on [0, uy,) and v, satisfies the periodic boundary
conditions on [0, u,,], we can apply Proposition 2.3 to deduce, in view of (2.21),

cos(unAg) — 1
R Va e

Auo (:u% )\0) -2

n——+00

ll%nll L2(0,1m]) < O, lug” |l z2(m)) |RallL2m)y  — 0,

which leads to a contradiction since by construction, ||¥n|r2((0,u,)) fmar TN 2r) = L.

We are now in position to finish the proof of Theorem 3. Due to (3.8) and (3.16), we
have
Eg (V1) "5 0,
which together with (3.14) and (3.19) implies that

L
. L—qo
(3.22) limsup | Er(pe) + ||1"7L1H§Jl(R) =¥0.

Since by Lemmas 2.6 and 3.1, Eg(p¢) > 0 for all £ > 1, we obtain that

L—oo

. L2
hrrlnﬁsngrnHHl(R) — 07

ER(SOZ) =0, Vi L,
and thus a,, = 1, for all £ > 1. Accordingly to Remark 3.1, this ensures that the number
of non zero profiles in the decomposition (3.12) is finite and bounded by F*. Denoting

Lo

this number by Lo and setting r,, = ry;

, we get
Tim[Jen| 71 gy = 0,

which concludes the proof of Theorem 3.
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3.3. Preliminary results. To proceed further, we need to introduce a refined version
of the construction of Subsection 3.1. We fix once forever a large integer M > 1. For

each!! K € {M2, el [%]}, we split the interval [0, u,,] into K subintervals of the same
length and choose ko = ko(K) € {0,..., K — 1} such that

H ([ Lot dim ) = K
1 3
Next we take the interval IO(K) = {(kOJrKU“n, (k0+lé)un} and divide it into K; = [ghe]
subintervals of the same size and choose again k; € {0,..., K; — 1} such that
U2 (n))12 1
(3.24) N 12 iy < 1Un 2 (a9 (56 < lug I 720py +

— Kl ~ ll/n )

where I} (K) = [“7” (kg +1+ 216711) , & (ko +1+ 131;(21)}
Finally, we set

(325)  US) = U+ mK). VW) = xGPUS x5,

where §,(K) is the center of the interval I!(K) and y is the function defined by (3.7).
The function V,X is supported in [—2&L, 4, + &, coincides with UK on [0, u,] and satisfies

" 5™ ez + 1
|| n HHl((—oo,M}U[un—M,—f—oo)) ~S

(3.26) . Hn
VE|2 g H%Z(T) +1
VAl ((—oo 100t 0o S ¢
for all n sufficiently large and all K € {M 2. [%]} As a consequence, we get
n 1
(3.27) [Ma(VE) = ()] S
1
(3.28) PV S —,
Un
1
(3.29) |Er(Vi)l S .

Furthermore, from (3.9) and (3.24), we deduce that

(3.30) e, [6n(K) - | =3 oo
- — M

According to (3.9), we write
(3.31) Vi (y) = V(y = ya(K)) + 1 (),
where y,(K) € (0, py,) is given by
?J?(ll) — gn(K) if yg) > n(K)
yn(K) = (1) _ . 1 -
Yn +ﬂn_yn(K> if Yn <yn(K)-
Thanks to (3.24), (3.30) and Theorem 2, we have

(3.32) Ve B I g1 gy =50,
- — M

Llye assume that n is sufficiently large so that [£n] > M>.
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which in particular, implies that

(3.33) max
M2<K< iy

n—-+o00
IV I3y — I 122y — 4| "= 0,

Taking into account (3.27) we obtain that

3.34 Mg (r) 47| "2 0
(3.34) M%nlg%l R(r, ) —m+dn| —

Consider the spectral coefficients dy x (¢). The following result inspired by [2] will play
a crucial role in our arguments.

Lemma 3.2. Let ' < 0y < w. Then, for alln sufficiently large and all K € {M?, ... [+5]},

the function a e has a unique zero COn in the angle {( € C: 0y < arg( < 7r} This
zero is simple and satisfies

n—oo

(3.35) max Im R,

Furthermore, there exist ¢y > co > 0 such that
(3.36) —c1 <Re CO(,IZ) < —eo,

for all n sufficiently large and all K € {MQ, ce [%}}

Proof. We shall establish Lemma 3.2 following the arguments used in the proof of Lemma 3.4
in [2]. For that purpose, we need the following proposition which is a particular case of
Proposition 3.3 in [2].

Proposition 3.2. Let V € H'(R) such that ay = 1. Then, for all 0 < § < g and
all m > 0, we have,

(3.37) av4r(¢) — ar(¢) — 0,

as ||7||pa — 0, r € L2(R) N L*(R) with ||r||;2 < m, uniformly with respect to ¢ € Ts.

To go further, let us recall that we have:
Vi (y) = V(y = yu(K)) + 1 (y),
where V (y) = 2¢/ce?1ticy/2 Ccyt)Z, for some v € R and ¢ > 0, and where ) satisfies (3.32)
and (3.34). Since 0y > & L > 2 — 7, it follows from (2.44) and (3.34) that, for all n large

enough and all K € {MQ, s [%]}, the function @ («) does not vanish in the angle {¢ €

C: 6y < arg( < m}, which in view of Lemma 2.5, ensures that for any 6 € [0y, 7) there
exists a positive constant Cy such that

1 1
3.38 — < |—| <y,
(339 Co ~ a0 ()
for all n sufficiently large, all K € {M2, e [L’g] and all ¢ € ei9R+_

Invoking Proposition 3.2, we deduce from (3.32), (3.34) and (3.38) that, for all § €
[6077['),

a
(3.39) max sup ’1 — ~VT{((C) ’ mare)
M2<K<E% cecy GT%K)(C)

arg (=60
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In particular, for n large enough, ayx does not vanish on the ray eR,. Applying
Lemma 2.3 i) and Corollary 2.1 iii), we get:

+oo eifo / a’
1 ic(s) @ (5) 1
K. > n _ I'm K2 o (K) 2 )
n(Vo'30) 2 5— 0/ ( v G) o) ds+ (lan 172y — Il HLQ(R))

n

N

N

By virtue of (3.39), we have

_>
n +OOO,

max
13
MESKS

tooe? (@ (s) o) (s)
/ — - ds
0 ay(s) a0 (s)

which together with (3.33) ensures that for all 6 € [fy, 7) there exists N () such that

n(Vi50) =1, VnzN@O), K e {2 (25,
Given that ||[V,X ||%2(R) < 86y, we have necessarily n(V,X;0) = 1, which means that for
all n large enough and K € {MQ, cee [%]}, the function &V,EK) has a unique zero Céfl) in
the angle {( € C: 6y < arg( < 7}, and furthermore this zero is simple and satisfies:
(3.40) n}én arg Céﬁ) mare

To complete the proof of the lemma, it remains to prove the bounds (3.36). The
family V.5 being bounded in H'(R), Lemma 2.2 readily ensures that there exists ¢; > 0
such that

(3.41) — ¢ <ReSh).

In order to establish the upper bound, we remove the zero Céﬁ) by applying to VX the
corresponding Bécklund transformation. More precisely, invoking (2.61), we define, for

all n sufficiently large and K € {MQ, cee [%}},
(342) frELK) = B}\(K) (w’SLK))VnK7
0,n

with Ay = /¢$%) € Copy ») € L2(R, €2)\ {0} such that Lyx (AS5))0i™) = 0. It then
follows from (2.68) that

- K
(3.43) IE 2 my = Vil 3wy — dara(és),
which in view of (3.27) and (3.40) implies that
(3.44) max |Hf£lK)||%2(R) —m + 4x| nZE .

Recall that, according to (2.61),

(3.45) B o (NVE = GLuo (00) | = 600 IV + .8, 00 ()],
0,n 0,n 0,n 0,n
where, by virtue of (2.63),
(3.46) G oo @I =1 and S, 00 ()] < 4Im A
0,n 0,n
Furthermore, combining (3.43) with (3.45), we infer that there exists a positive constant C'
such that, for all n large enough and K € {M?,---  [£5]}, there holds
(3.47) 18,00 (W 2wy < C-
AO,n

Taking into account (3.31), we deduce from (3.45) and (3.46) that
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IE 12y = IV (- = ya(E)) + RO Ry

(K) _ (K) _

G, (1/1£LK)) S, (¥n ). Therefore, for all 2 < p < oo we have
0,n 0,n
FSN 2y = 4 + IR 2@y — CollRY o wy.

which implies that
IR oy > Co(dm — [E][72gy)-
This leads to the bound
||5A(<)1;> W | oy = Cp(dm — ||f$zK)||%2(R)) — 1t o), Vp € [2,00).

Combining this inequality with (3.44), (3.46), (3.47) and (3.31), we obtain that

Im A > 1,
for all n large enough and K € {M2, e [%]} Since § < 6y < 7, this gives the desired
upper bound for Re (&Kn). O

To go further, we shall distinguish two cases depending on whether
Lhn, mlgn Im Céﬁ) "X 50,

or up to a subsequence,
n—oo

thn m}%n Im C(S,IZ) — B eR;.
In the first case, we fix K = K, in such a way that

n— o0 Kn n— oo

(3.48) K, 5 oo and 0.

: (K)
fin TN Im (g,
In the second case, we take K = K, where the minimum is achieved:

(3.49) Im G, = minTm ¢l

In both cases, we denote Céfl”) = (o, Vn(K") = Va, U’r(z n) = Un, yn(Kp) = yn and £5r =
f,, where X is defined by (3.42). Explicitly,

(3.50) fn = B, (¥n)Va,

with Ao = /Com € Ciy and vy, in L2(R) \ {0} solving Ly, (Aon)¥n = 0. It follows
from (3.44) that

(3.51) anH%Q(R) =m—4r+o(1), n — oo.

Furthermore we have:

Lemma 3.3. For all n sufficiently large, T,, is a C*° function supported in [—%, pin + M)

2
and one has:

*)
%00,

- 1
(3.52) £l gy T G+ -

Proof. The fact that T, is supported in [—%,,un + %] is a direct consequence of the
definition of t,,. To prove (3.52), we apply (2.69), which gives

(3.53) P]R(fn) = PR(Vn) +8Im CO,ny E]R(fn) = ER(VR) —8Im Cg,n
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Thanks to (3.26), we have

1 1 1
[Pr(Va))l S —IPr(ug™)| + — < —,
Hn Hn Hn
(3.54) | oo 1N
Er(V))| < — |Er(ui)| + — < —.
| Er (Vi) M%| T(ug )| S
Combining (3.53), (3.54), and taking into account Lemma 3.2, we deduce that
- - 1
(3.55) | Pr(Tn)| + [ER(Th)| S Im o + o
n
which by virtue of (1.7) ends the proof of (3.52). O

To study the behavior of the monodromy matrix My, (A) as n — oo, we apply Lemma 2.8
to express My, ()\) in terms of the Jost solutions ¢~ (z, A\; T,,) and ¥ (z, \; T,,) of the Kaup-
Newell system associated with T,:

(3.56) 10501 — A2 — i\ ( 0 fg ) Y =0.

T

Lemma 3.4. For any A € Q, with ay, (\) # 0, there holds
(3.57) My, (A) = A (b, ) (07 9) (s ) (47 87) 70, A T0) An(0, )
where Ap(z,\) = A(x;%n, \, Aon) with 1, in L2(R) \ {0} satisfying Ly, (Ao.n)n = 0.
Proof. Since, for all A € Q such that ay, (\) # 0, we have

My, (A) = (670) (s As Vo) (07 07) 70, A Vo),
the result follows from Lemma 2.8 which asserts that

W) (@, X Vo) = A (@, V(79T (2, NiTa)os

([l

The asymptotics of A,,(0,A) and A, (pn, A) for large n are described by the following
lemma.

Lemma 3.5. Let A, (2,A) = 222(A2 — A3 ) A, (2, \) and

XOn 2 2
222 (A2 — A\ 0
Dp(A) = (Ao,n( o) . ) :

~2
0 onn ()‘Dm, - )‘2)
Then,
N n N Im CO n
_ — < ’
[420.0) = DuW)] + [ Anas 3) = Da ()] 5 =72

uniformly with respect to A in bounded subsets of C.

Proof. Given that V}, is supported in [-M , p,+M], the bounds (3.26) ensure the following
estimates for the Jost solutions ¢~ (z, A\; V;,) and ¥~ (z, A; Vy,):

’i256 _ 1 ].

Va € [pn — M, pn + M],

Va € [-M,M],
(3.58)

—iX2z, 4+ . _ 0 < 1
eyt - (1)) £ 2=
uniformly with respect to A in bounded sets of Q. Since by hypothesis 1/, is a non zero L?
solution of Ly, (A\o,)® = 0, and therefore v, = CF9p*(A\g,n; Vi) for some constants C,;
and C;}, invoking (2.62) together with Lemma 3.2, we deduce from (3.58) that

_ Xoi,n < Im CO,n < Im CO,n7

)\0 n
G, (1) (0 T Do (n)lin) = 1S
| )\Oyn (w )( ) >\O7n ‘ ~ Mn | )\O,n (w )(ILL ) )\O7n ‘ Hn
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and
Im (o Im (o r,
S n 57” SOn n n S =
|Sxo.n (1) (0)] T [Sx0,0 () (1) NS

This completes the proof of the lemma according to (2.70).
O

Next, we investigate the Jost solutions ¢~ (z, \; T,), ¥ (x, \; T,) of the system (3.56),
taking advantage of the smallness of 9,,. To this end, we set

(3.59) ¥(z) = By(z, \)(x)
with
1 1 i3 B (2,))
B,(xz,\) = ( = )e_w3 A

L+ [5n(2)[2/402 \ —in(@)
(3.60) V1+ !r2 )] /2 N 1

v 2)2)5,(y)? + Im(F,(y) 9y T ()

D, (z,\) = / - Y dy.
R 07—
Then the system (3.56) takes the following form
(3.61) (i030, — A — Qn(/\))@?} =0
where
0 an(N) A2 ®n (@A) (20,5, () + i|Fn(x)]*Tn(z))
3.62 n(\) = —= , gn(T,\) = — ~ .
SEERC) (—qnw 0 ) e N+ ()P
Writing
(3.63)
(2, M F) = € NI B (1, iy (2, M), 0 (2, A ) = e n Ut MAFN TR (0 Ayt (1, ),
A ﬁil(xa )‘) :
where 7,7 (z,\) = 77# (.2)) and taking advantage of (3.51), (3.52), (3.61) and (3.62),
n,2\*"

we obtain the following bounds.

Lemma 3.6. For all R > 1, there exists a positive constant C' = C(R) such that, for alln
sufficiently large (depending on R) and all A € Q4 with < |A| < R, one has

mmg +
c 0+ 1y

Im A2
Im G0t ! Im {0+ o
ae . C—pd ,0 T M
(3.65) 170 (M) | Lo () + 11771 (M) || oo () < Ce™ ™ 12 Vﬁn—)\gn
Furthermore
(3.66)

~ ~ IanOJFl‘n Im(;n’ —|-lu; 1 _1
IEO) = OO oeqay < CeC T TS LR (3 (Im o)+ i),

where e~ 77—0(z, \) and ¢**f0(x, \) are the Jost solutions of the system

(300 — N~ QR = 0, Qf = (O "g) ,
(3.67) 0

1

v i E)Pdy g - e 7N (2e
4Im)\0’ne " (20510 () + i[Fn (2)]“Tn ().

an(z) =
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Proof. Since in view of (3.51) and Lemma 3.3, for all n sufficiently large and A\ € Q4
with % < [A| < R, we have

N

(3.68) lan (M lz2®) Sk Il @y Sk (TmCon + pn ")
and

(3.69)
a2 (N) = a8l 2@y + lan () + @Bl 2y S 1A = iTm Ao [Eall g1 gy + [EllF gy

1
Sk A= Mol (Im o + pin ™) + Im o + pin ™,
the bounds (3.64)-(3.66) readily follow from Lemma B.1. O

Remark 3.2. The spectral problem (3.67) is self-adjoint, which leads to the following low
":F?
bound for #;° <7Z?Fl )

n,2
A—,O A—,O A~ ,0 A~ 0 re)

(3.70) [y 2@, NP =2 N2 > 1, 172 V2= 2@ WP > 1, ¥ (2, A) € Rx 8y
Indeed, 7);,* solves

0 —0 -0

05y — dnilpy =0
(3.71) Outn + 20,3+ o, 3 =0

nn1|m< M_1 77 xS—MZO'
As a consequence,

-0 —012y _ -0 el
8$(‘77n,1 ‘2 - ‘nn,Z 2) - 4Im)‘2‘77n,2 ‘2 Z 07 V(i[},)\) € R x Q-‘r?

and |77;’10(:v, M)|? - |77;§(m, A\)|? =1 for * < —M, which gives the first inequality in (3.70).
The second one follows in a similar way.

3.4. Arriving to a contradiction. To achieve the proof of Theorem 1, we shall investi-
gate separately the regimes (3.48) and (3.49).

3.4.1. First regime. We start by regime (3.48):
I
(3.72) n Im Co . =% 00, K, "% oo, Hn 250 II?CO’TL 0
n
Consider Ay, (A) with X = /Re(uo+pIm¢y, € C44, p € Ci. Since Ay, (A) =
Au((]m(\//Tn)\), applying (2.21) we obtain

(3.73) e N Ay (A) = e 2™ +0(1), n— oo,

uniformly with respect to p in compact subsets of C.. To arrive to a contradiction, we shall
compare this approximation of ei“”)‘gAUn (M) with the one that can be deduced from Lem-
mas 3.5 and 3.6. Under the assumption (3.72), Lemma 3.6 together with Lemma 3.2 ensure

that, for all n sufficiently large and A € D = {A € C44 : [N —(pn| < (Im Com)%, Im(\?) >
% Im (o, }, we have

N . 1
(3.74) 17 Mooy ST and |77 (A) = iy (V)| ooy S (Im Ga0) 2
Building on lemmas 3.4, 3.5 and bounds (3.74), we get the following key result.

Proposition 3.3. There exists a constant C' so that, for all n sufficiently large and all X €
D, there holds

(3.75)

i 2 Im CO,n — m 1
B () B0 £ € (10 ) (0O s (o).
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. -~ A—,O A+,O
5, (0) = ¢ erliam X2 = Gon (s A) — 310l A = Co finz (s N) Ay (0, 0)
X = Con M=lon 150.0)

Proof. In view of (3.63) and Lemma 3.4, we have

_ A A —iunN2o3 fA— A
A, (\) = Tr[B (0, A) An (0, ) A (1t A)Ba(1ns A) (7 ) (s A #2772 (1, 35) 710, M)
It follows from Lemmas 3.3 and 3.5 that, for all n sufficiently large and A € D,

| n 1
(3'76) ‘BT:I(Q A)A (0 )‘)A (/Lna A)Bn(/‘na >‘) - An(>‘2)’ S (1 + ‘)\QHICOC’|> (Im CO n)}l
— G0,n
with
H C_EO,n 0
_ 2||V" 2 C—Co,n
An(Q) = e | o
C7<On

We next address the expression (7, A;}) (1in, A)e~iunA’os (H,0,7)71(0,\). By (3.68), we have

0 = (o) [+ [t G = (1) | 5 o,

which together with the bounds (3.74) and (3.70) implies that
(3.77)

[NIES

+0 (e*“" Imcon 4 (Im ¢ 0) ) , as n — 00,

~—,0 R -
nn,2 (/’Ln? A) - A:”QO((L)\) nn,2 (lu’ﬁn )\)

uniformly with respect to A € D. Combining (3.76) with (3.77) and taking into ac-

count (3.27), we obtain (3.75). O
For p € C, define

(3.78) (D) = iy (tns \/Re o+ pIm Gon),

(3.79) o) = 070, \/ReCom+pTmCon):

The functions ¢ are analytic in C+ and in view of Lemma 3.6 are uniformly bounded
on compact subsets of C;. Therefore, there exist ¢™, ¢~ analytic in C, such that, after
eventually passing to a subsequence, we have

(3.80) v (p) =3 oF(p),

uniformly with respect to p in compact subsets of C;.. We claim that the following property
holds.

Proposition 3.4. With the above notations, we have
(3.81) ©r(i)=0.

Admitting for a while Proposition 3.4, let us achieve the proof of Theorem 1 in the case
of (3.72). In view of Proposition 3.3 and the bounds (3.74), Proposition 3.4 ensures that

lim lim_ ¢t (ReContPIm) Ay (\/Re o+ pIm Go) = 0,

pﬁ)z n—o0

which contradicts (3.73).
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Proof of Proposition 3.4. To establish the result, we proceed by contradiction, assuming
for instance that ¢~ (i) # 0. Because of (3.51) and (3.52), we clearly have

- - 1

|71, ’O(Nm Ao,n) = iy 70(/%1 + M, Xon)| S (Im o).
Therefore, the assumption ¢~ (i) # 0 together with (3.66) and (3.80) implies that there
exists €9 > 0 such that, up to a subsequence,

(3.82) .2 (tin + M, Aon)| > €0,
for all n sufficiently large.

Let ¥,, = (gn’l) be the solution of the system Lz, (Ao,n)Y = 0 satisfying
n,2

(3.83) U, (x) = e~ No,n (é) for = > p, + M.
Then accordingly to (2.65) and (2.66),
(3.84) Vi = B, (V)T

To get a contradiction, it will be enough to show that for all n sufficiently large, there
exists a, € [n — 7, i + M] such that

(3.85) U1 (an)| = [Yn2(an)|.
Indeed, in view of (3.84), this would imply that
- . ~ v, l(an) n,1 an)
Vn n) — —I'nldn 2t(A n A n) s~ = 17
(an) Ty (an) + 2i( Ao, 0, )‘I’n,2(an) ‘\PnZ an)‘

which together with Lemmas 3.2 and 3.3 gives, for all n sufficiently large,
[Vi(an)| = 4Im Ao — ||fn||L°°(1R) 21,
contradicting

IVall i (pon— 222 )
Y ([ — 758 i +M]) VK,

Thus to complete the proof of the proposition, it suffices to establish (3.85). To this end
we decompose'? W,, in the basis of the Jost solutions ¢~ (z, AoniTn), ¥ (2, Ao Bn):

(3.86)
—i)‘(z),n(/‘n+M)

_— — 1 (2, Ao fn)—€*2i)‘2 (un+01) Y2 (0 + M, Ao,n; rn)¢+
Y1 (pn + M, Ao ni Tn) Y1 (kn + M, Aon; Tn)
Taking advantage of (3.63), one can rewrite (3.86) in the form

U, (z) = (, No.n;Tn)-

(3.87) U,y (2) = —n (@ 2pnt M) il 7@2(% + M, Aon) W ()
Un,l(ﬂn + M’ )\0777«)

with
621',\3 n(pn+M—2)
ot + M, Ao )

The bounds (3.82), (3.74) together with (3.51) and Lemma 3.3 guarantee that, for all n
sufficiently large,

_i T F 2
‘\I/ﬁ x) o208 fﬁM\rn(y)‘ dyﬁ: 0(.r o n)‘ < (ImCO,n)1/4 + 6—2Im(o,n(un—&-M—:c)7 r eR.

\IJEL = Bn(l‘, )\0,n> [ﬁ:(xa )\0,n> - 777: (l’, /\O,n)} ’ Hn = q’n(/ﬁn + M7 )‘O,n)-

Taking x = py, (3 70), (3.72) and (3.74), we obtain
# _ Hn
|‘1]n,2(lu’" 8K )| | nl(:u 8K )| >0a

28ince @z, (Con) # 0, the Jost solutions ¥~ (x, Ao,n; Tn), ¥ (, Ao,n; Tn) are linearly independent.
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and therefore,

_ Hn o2 _ Hn o2
‘\I]n,Q(,Ufn 8Kn)| |\I/n,1(un 8Kn)| > 0.

Since in view of (3.83), |Wp2(tn + M)|? — [Wp 1 (ttn + M)|*> = =W, 1(un + M)[? < 0, this
implies that there exists a, in [y, — ;T”n, tn + M] such that

T2 (an)]? = [T (an)]?,

which achieves the proof of the proposition. O

3.4.2. Second regime. We now investigate the second regime where

(3.88) pin I Co =5 B> 0.
Then, in view of (3.52), we have
1
F |12 < =
(3.89) HrnHHl(R) ~
We write
(3.90) tn Re (o n = 27N, + 2oy,

with N,, = [%] € Z and o, = {%} € [0,1[. In view of Lemma 3.2, N, nrgeo

. n—-+00
—oo. After passing to a subsequence, we can assume that o, —> ™.

We first exclude the case of § = 0. To this end, we consider again the function ¥,, =

<$"’1> used in the proof of Proposition 3.4. Recall that it solves Lz, (Aon) ¥y = 0, and
n,2

satisfies, in view of (3.83) and (2.65),
(3.91) W, (z)=e Pon® <é> if &> pn + M, and U, (2) = c,e0n? (?) if #<—M,

for some constant ¢,. According to (3.59), we write ¥,, in the form:

U, () = Bp(z, Xon) Wn ().

Then, for ¥,, = (kgnl> we get
\Iln,2
(392) (io-?)az - >‘(2],n - Qn()\O,n))i’n =0,
and
cnei)‘gvnz (2) if o< —-M
(3.93) U, (x) =

e*i)\g}neri@n ((1)> if x > L + M.
It follows from (3.68) and (3.88) that [|Qn(Aon)llz1®) < 1, which leads to the bound

(3.94) 1| oo (-0t 4 207y S 1

In view of (3.92), we have

(3.95)

O (|Wn1)? = [Wpol®) = 2Im Con (|Wn | + [Py af?) + 2Im (qn(AO,n)‘i]n,an,l — Qn(XO,n)En,Z‘ijn 1)

)




28 H. BAHOURI AND G. PERELMAN

Combining (3.62) together with (3.94), we infer that

’ Im (Qn<)\0,n)@n,2‘iln,l - Qn(XO,n)\i/n,Q@n,l)‘ - ’ Im ((Qn<)\0,n) + Qn(XO,n))@n,Qﬁjn,l) ’
< Re(Ao.n) (|0sFn] + [Fa] )
_3
S} Im(CO,n)(‘axfn’ + Hn 4)7
which, according to (3.95), ensures that
(3.96) am(’\i’n,l‘z - |¢’n,2|2) S Im o (1 4 [02Fn(2)]).
Since by (3.93), we have
|\ijn,1(ﬂn + M)’2 - ’\i’n,Q(Nn + M) 2= ‘\iln,l(,un + M)|2 21,
U1 (M) = [y 2(~M)]* = ~[Up2(un + M) <0,
the bound (3.96) implies that
fin Im CO,n 2 1.

In order to complete the proof of Theorem 1, we start by considering the monodromy

matrices My, (A\) with A = /Re(on +pn'p € C4, p € C, and proving the following

convergence result.

Proposition 3.5. Let M,,(p) = My, (\/Reon + pin 'p). There exists g € L([0,1]) such

that, up to a subsequence extraction,

(3.97) My (p) "= M(p) = (ﬁiigﬁ; ﬁ%) ’

uniformly with respect to p in compact subsets of C, where

0* o p_Z:ﬁ 0 * 1 0 * *
(3.98) M(p) = e 73 PBzﬁ . M*(p) 0 _pﬂg , 0" =-2ma" —
p—i

M*(p) being the monodromy matrix of the system
. 0
irsdy—po+ (3 0) 0 =0
q
on [0,1]. Explicitly, M*(p) = E(1,p) with E(y,p) solving

. 0 g¢q
1030y F — pE + <q O) E =0,
E(0,p) = 1d.
Proof. By Lemma 2.8, we have
My, (N) = Ay (i, A) B, (ptn, A) An (0, 4)

where Ei, (x,\) solves
Lz, (M) Ez, =0
{Efn<07 A) =1Id.
According to (3.59), for n sufficiently large uniformly with respect to A in compact

sets of C\{0}, we can write E;, in the form E: (z,)\) = Bp(z,\)E,(x,\)B;,1(0,\),
where E,(x,\) is the fundamental solution of (3.61):

(i030y — A2 — Qn(\)E, =0, E,(0,\) = Id.
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Thanks to (3.69), (3.88) and (3.89), we have:

1
— QY < 0 <
HQN()‘)’)\: /ReCO+M;1p QnHLl(R) ~ \//Tn7 ”QnHLl(R) ~ 17

uniformly with respect to p in bounded sets of C. Therefore, denoting EO(z,p) the fun-
damental solution of the system (3.67) with A?> = Re {y + p;, 'p, we obtain:

_ 1
IES(D) o) S 1, I1En(yRelo+ pn'p) — EXD) L0, S T

uniformly with respect to p in bounded subsets of C. Combining these bounds with
Lemma 3.5 and taking into account (3.60) and (3.89), we deduce that

i p—if 1 0
(3.99) My(p) =e "2 ( pJ[r)zﬁ _01 ) EY(tin,p) ( 0 _pﬂ:g ) +o(1), asn— oo,
pP—

uniformly with respect to p in compact subsets of C\{i53, —i/}.
We next set

(3.100) Eg(x,p) = e_iReCO’"xU:"Eg(,u;la:,p).
Then E9(y,p) solves

(3.101) i030,EQ + pES — QES =0, ES(0,p) = 1d,
where

~ 0 ¢ . 4
Q= (qo 0 ) s 0n(y) = pne RO gD (1),
n

with ¢¥ given by (3.67). By virtue of (3.89), the sequence (g9) is bounded in L?([0, 1])
and therefore there exists ¢ € L%([0,1]) such that, up to a subsequence extraction,

(3.102) gy "> q in L*([0,1]),

which implies that'?

(3.103) ES(y.p) "5 E(y.p),

uniformly with respect to y € [0,1] and p in bounded subsets of C. In view of (3.99) and
(3.100), this allows us to conclude that

(3.104) M, (p) "I M(p) = 7 ( pt)lﬁ 01 )E(l,p) ( 0 _ptis ) :
- p—if

uniformly with respect to p in compact subsets of C\{i3, —i/3}. By analyticity of My, (\),
the limiting matrix M is an entire function of p and the convergence in (3.104) is in fact
uniform with respect to p in bounded subsets of C.

O

*

*
Remark 3.3. Because of the analyticity of M, the matrix M* = ( n }P) has to
21 22
satisfy:

i(=i6) = M5, (if) = 0.
Since det M* = 1, this implies that Miy(£ip) # 0 and M (£ip) # 0. Taking into
account that Mis(p) = —e'” M3, (p) and May(p) = —e= M3, (p), we get

(3.105) Mia(£if) #0 and Moy (£if) # 0.
As a by product of the above proposition, we obtain the following corollary.

Corollary 3.1. The matrix M(p) enjoys the following properties:

13gee Appendix B.
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(i) Tr M(p) = 2 cos (p —6%);
(i) M(p) = '@ =P)7s 4 o(el™mPl) a5 |p| — oo,
Proof. Recalling that Tr M,,(p) = Ay, (/1tn Re {o,n, + p) and applying (2.21), we obtain
1
Tr My, (p) = cos (un Re (o.n + iHunHQLQ(T) +p)+o(l), as n— oo,

which after passing to the limit n — oo, gives (i). Finally, (ii) follows from (3.98) and the
fact that M* = e~%#7 4 o(el™Pl) as |p| — oo. O

Since det M = 1, item (i) of Corollary 3.1 implies that for p = py with pp = 7k+0%, k €
7., either

(3.106) M(pr) = (=11,
(3.107) |AP (pr)|* + AN (p)* > 0,

where the functions AP, AN are defined by:
1
AP(p) = 5 (Mur(p) + Muz(p) — M2 (p) — Ma1(p)).

A¥p) = L (Mu(p) ~ Mia(p) + Mor(p) — Maa(p)).

We claim that thanks to Lemma 2.1, one necessarily has (3.106), for all k € Z.

Indeed, if not then there exists kg € Z such that, for example'?, | AP (pg,)| = co > 0.
Since M is continuous, there exists 7 > 0 such that, for all p in [px, — 1, Pk, + 1], we have

C
AP (p)| > 50

Since M,,(p) iy M(p), uniformly with respect to p in compact subsets of C, this implies
that there exists an integer ng such that, for all n > ng, we have

(3.108) PUAREES

for all A such that A2 = Re (o, + pp, * with p € [pr, — 0, Pro + 7] and Im A > 0. Recalling
that AD (A) = AL (\/in ) with () = up(tn, © + 25) for some z,, € R, we obtain that,
for all n > ny,

(3.109) A2 (V)] > %0

for all X € C; such that A% € [u, Re Con + Pry — 1 fin Re Con + Diy + 1)
Taking into account that

1
pin Re Co.n + pry = m(2Ny + ko) — §Hun||2L2(T) +o(1), asn — oo,

we deduce that there exists n; € N such that for all n > nq, AﬁDn (M) does not vanish for
all A € v/J, CiR; with

1 n 1 n
In = {77(2Nn + ko) — §”Un||%2(1r) - 5,%(2]\7” + ko) — 5”“7@”%2(1‘) + 5}7

where N, =3 —oo. In view of the boundedness of (u(()n)) in H'(T), this contradicts
Lemma 2.1. Thus,

(3.110) M(py) = (-1)*I, VEkeZ.

HMThe case | AN (pr,)| > 0 can be treated in the same way.
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To complete the proof of the theorem, we will show that (3.110) can not hold. Indeed, the
property (3.110) means that

(3.111) Maz(pr) = Maa(pr) =0,V k € Z.

This implies that the function
_ Mz (p + 6%)

sin p

©(p)

is an entire function of p € C, which according to Corollary 3.1 (ii), satisfies

(3.112) o(p) 1250,
So M2 = 0 which contradicts (3.105). This completes the proof of the theorem.

APPENDIX A. REGULARIZED DETERMINANTS

In this appendix, we recall the basic properties of the regularized determinants det,, (I—
A) for A in %, the set of bounded operators A on a separable Hilbert space!® H such

1
that |A|" is of trace-class, endowed with the norm || Al|,, = [Tr(]A|")] ». For further details,
we refer to the monograph of Simon [32] and the references therein.

To introduce the regularized determinants, let us start by defining, for any bounded
operator A on H,

n—1 4k
R(A) =T—(1— Ayexp (Y %)
k=1
Clearly,
(Al) Rn(A) = Anhn(A)a

where h,, is an entire function on C. This shows that R, (A) belongs to % if A is in €,
which justifies the following definition:

Definition A.1. For any operator A in 6,, n > 2, we define

n—1
(A.2) det,, (I — A) = det(I — R, (A)) = det((I — A)exp (kz::l fltk))

Note that, for all A in %, such that ||A| < 1 (or more generally ||AP|| < 1, for some p),
one has:
o Ak
A3 det,(I—A) =exp( —Tr — -
(A-3) n(I= A) = exp ( kg =)
In the following proposition, we summarize some useful properties of the regularized
determinants:

Proposition A.1. For any integer n > 1, there exists a positive constant C,, such that
the following estimates hold.

(1) For all A € €,

(A1) [det(1— A)| < exp (CallAJ1).
(A.5) |dety,(I— A) — 1] < Cn[|A" |1 exp (Chnl| All7)-
(2) For all A, B in 6,
(A.6) [det, (I — A) = detn (I = B))| < [|A = Blln exp (Cu (| Alln + [| Blln +1)").

150 our case # is either L?(R,C?) or L*(T,C?).
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(3) Let A € €,. Then I — A is invertible if and only if det,(I — A) # 0, and

furthermore, one has

(A7) =)~ < exp (Cn [ AllR)-

Ch
[dety (T— A)]
APPENDIX B. PROOF OF TECHNICAL RESULTS

B.1. Some estimates of the solutions of the Zakharov-Shabat spectral problem
and proof of Propositions 2.1 and 2.3. In this subsection, we record some estimates
for the solutions of the Zakharov-Shabat system:

. 0
(B.1) (La= Qv =0, La=iods - Q. Q= 4).
with q = (¢1,¢2) € L? (R, C?), that have been used in the proof of Theorem 1, and also

loc
prove Propositions 2.1 and 2.3.

B.1.1. Estimates. Let £q(z, () be the fundamental solution of (B.1) satisfying £4(0,() =
Id. We denote the columns of &q(z,() by ei1(z,(;q) and ex(z,(;q). The fundamental
solution &£y can be characterized by the following integral equation

(B.2) Eqlz,¢) = e " — z/ox e~ @V 62 0(y)Eq(y, C)dy,

from which one readily deduces (see for exemple [8, 9]) that for all z € Ry, £(z, () is an
analytic function of ( and q admitting the following estimate

(B3) a0l < exp (| TmClo + lallzqoucn V), (@) € Ry x C.
Furthermore as || — oo, one has
(B.4) Eq(x,¢) = €77 4 o(el M),

locally uniformly with respect to x € R. We also recall the following continuity property
of Eq: if (qn)nen converges weakly to q in L2, as n — oo, then

(B.5) Eqn (7, C) e Eq(, (),
uniformly on bounded subsets of R x C.

If Im ¢ > 0, then one has the following bounds.
Lemma B.1. There exists C' > 0 such that the following estimates hold

)2 a2
o oy (D] - (Hq L2<[o,x}>> 12([0,2) _<1 0)
(B.6) |e"“"pei(z,(;q') (O)‘_exp TTm¢ T ¢ ) 0 0)
and
(B.7)

la® = a®|[ 12041
Im ¢ ’

for all (z,¢) € Ry x C1 and all g = (¢, ¢§). 4@ = (¢, ¢}”) € L2 .(R,C?).

. _C 1)y2 (2))2
€% (ex(z, ¢ M) —en (2, ¢ q)))] < e (18132 o HIA g )

i)

Proof. Set eq(z,(,q) = e @0 (z ¢), fO = <§1(Z)>, i = 1,2. Then f® satisfies the
2

following Volterra equation

(B.8) 0 =1+ /Ox"?(“u,y,off“(y,Ody,

(B.9) 0 =i /0 6@ gD (1) 1 (y, C)dy,
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where

0 (w,,0) = ol ) [ g (5)ds.
Y

Since
KO (25,01 < 16w [ e )gl(s)lds, 2>y,
Y

and for all (z,() € Ry x Cy,

i i (0 (0
@) 2T () () (o[ < a1 "l 2o, la2 " 1 220,20
| e’ [ dse 4 (sl < X ,

Equation (B.8) implies that

”q(i)H%mo,m])

(B.10) A7 @,0l < e ), i=12 (2,0 €Ry xCy,

4Im ¢
: @3 la® |7
O A1 < a1z qo.ap \ N9 N2 g0a)
@0 =11 = exp (T B ) e =12,
and
(B.11)
(1) 2 (2) 2
D, 0)— O ()] < o — Loz r0ab (la 2o + 19 lzzqoap) 9 ~ 4 2o

2Im ¢
Combining (B.10) and (B.11) with (B.9), we get the required bound for f2(1) — f2(2). O

In the case where ¢ € H} (R), one has the following partial improvement of (B.4).

Lemma B.2. Let q = (q1,q2) € H} .(R)x L} (R). Then for allT > 0, there exists Cr > 0

loc
so that, for all (x,() € [0,T] x C, one has

g1l 1 (o, 1)

(B12)  lesfe,Cia) — ¢ <1>‘gCTexp(]Imdm+C’T||q\|Lz([O7T])) &

Proof. Set es(z,(;q) = €¢® <(1)> + eltmdloy (2, ¢). Then, the function x satisfies the fol-

lowing integral equation

x(z,¢) = xo(z, () (é) — z/m e(—iCo—g—\ImCI)(x—y)U?)Q(mX(y, ¢)dy,

0
where!®
Xola,¢) = —ie~ e [ c2icug, y)ay,
Since clearly,
yef(IImC\iiC)(x*y” <1, Va>y, C€C,
and by integration by parts,

HCI1HH1([O,T])
[q ’

the result follows by Gronwall’s lemma. O

Ixo(z,¢)| < Cr V(z,¢) €10,T] x C,

1674 avoid heaviness, we omit here the dependence of the functions x and xo on the potential q.
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We are now in position to prove Proposition 2.1. The equivalence between the sys-
tems (2.2) and (2.19) together with the bounds (B.2) and (B.3) ensure that, for any 7" > 0,
there exists a constant C7 > 0 so that

|hnA2m+C%ﬂhmH1uQTD+HqulmeD)Hunziigﬂq%

|1 X2 o (1 o 29y + 1l 7)) H“HIZ\(;O,T]) ’

for all (z,A) € [0,7]xC and all u € H} (R). Since E,()\) = o1 Ey(x, —\)oy, this concludes
the proof of Proposition 2.1.

|E22(.1‘, /\; u)] S CTG

|E21(:L“, Au)| < Cre

B.1.2. Proof of Proposition 2.3. To establish Proposition 2.3, we will use a periodic ana-
logue of (2.39). Because of the scaling invariance of (2.23), it is enough to consider the
case of T'= 1. For q = (q1,¢2) € L*(T,C?), we define

Tl =(t-070, @=(, %), cec\zm, nezy.

Using the explicit kernel of the free resolvent (Lo — ¢)™%:

(B.13)
e—iC(l—y) [

Lipe + =) 0
Lo—C) N,y :z‘< e} Tem1l ) z,y) € T2,
( ) 0 e ¢(z—y) [1{x>y} 4 e*é—l] ( )

and the fact that (Lo — ()7 (z,y) = —01(Lo + ) ~1(z,y)o1, one can easily check that, for
all ¢ € C\{2mn, n € Z}, T4(¢) is a Hilbert-Schmidt operator on L?(T,C?) admitting the
following bound

lalF2qr
(B.14) ITa(OIE S e e ¢ € Co @€ L(T.C),

We shall deduce the bound (2.23) from the following result:

Lemma B.3. Let q = (q1,¢2) € L?(T,C?). Then, for all { € C\{27mn, n € Z}, we have:
1—344(¢)
1—cosC ’

where Aq(C) is the Floquet discriminant of the Zakharov-Shabat system (B.1): Aq(¢) =
Tr Mq(Q), Mq(C) = €q(1, Q).

(B.15) deta(I — To(C)) =

Since L;l()\) = (I—Tu()\))_l(ﬁo—)\Q)_l, Wlth Tu(A) = i)\(ﬁﬂ_)\Z)_lU7 U = < g g )7

combining (A.7) together with (B.14) and (B.15) and taking into account that ||(Ly —
A2)~7H < |Im A%|7L) one readily gets (2.23).

The identity (B.15) is well known in the literature. For completeness, we give a simple
proof here.

Proof of Lemma B.3. Denote

1-544(¢)
1—cosC ’

Since d and d are holomorphic functions of ( € C\{2mn, n € Z} and since in view
of (B.4), (B.14) and (A.6),

d(¢{) —»1, d()—1, as |Im(|— oo,

d(¢) = d(¢) = deta(I — Tq(¢))-
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it is enough to show that

for Im ¢ sufficiently large.

Consider d(¢). The bound (B.14) guarantees that for [Im (| > R with R = R(||q||z2(1))
sufficiently large, ||7¢(¢)|| < 1 and therefore we may write

d(¢ —exp( Z Tr(7." )

which implies

Q) _ S (770 (Lo — O
m=2

=Tr ((co —O) T = (Lg - g)*l) , Im(¢>R.

We next compute the trace of (Lo —¢)™! — (Lq — ¢)~! using that

(Lo Q)7 (,y) — (Lg = )7 () = — i (Eqlo, Q&G 1, Q) — e 070) 1, g

+ gq (@ Ealr O~ MG Q) )
5 _iCOS 3 (I—- eiCG3)e—iC(r—y)ago_3.
This gives
1
d/(C) _ SinC 7 , 3
D19 T = Tog g (G O MO8 ) e

Observing that

0cEalr,C) = —i [ Ealw. 8 (- OrsEaly. Oy,
0

and therefore,
1
M;l( Z/c‘? Yy, Q)os€q(y, ¢)dy,
0

we can rewrite (B.16) as
) sn¢ 1 d
d¢)  1-cosC 2-Aq(¢)d¢
Since det Mq(¢) = 1 and hence Tr Mg (¢) = Aq(¢), we obtain
70 sme AL
d(¢) 1—cos¢ 2—Aq(¢)
0
d(¢)

Tr Mg (Q).
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B.2. Proof of Lemma 2.4. Lemma 2.4 can be recover from the analysis performed in [3],
we sketch its proof here for the convenience of the reader. Recall that'”

= Tr i 2k .
(B.17) Ina,(A) =—-) T(TQ;A)) if ||T.(\)] < 1.

k=1
Since clearly
Alulle@ o A ull @)
Im(A\2)  ~  Im(\2?)
we deduce that (B.17) holds for all A € Q. satisfying A2 € T's, [A\|? > Ry = Ro([|ull g (m)» 9)
(where 0 is fixed so that 0 < 0 < 7).

Thanks to (B.17), (B.18) and (2.41), we have
2 Te(T,(M\)*)

(B.18) TN <

VA€ Qy,

(B.19) Ina,(\) = —ZT+0(|A|‘4), as |A| — oo, A € Ts.
k=1
Following [3], we next write
Tr(T,(N)*) o () _
(B.20) —%_gkj_leer(u,A), k=1,2,3,

where p1;1(u) are homogeneous polynomials of degree 2k in w,u, and their derivatives,
satisfying

j+1
(B.21) Ej(u) =Y pir(u), j=0,1,2.
k=1
Since!®
V|2
B.22 TrT2(\) = 2')\2/ g JUE)]
(5.2 PTI) = 20 [ de S,
we have (o)
i £ |u(§
A =— [ Z—2-dE.
Applying Lebesgue dominated convergence theorem, we infer that
(B.23) m1(u,\) = 0s(|]A|™1), as |\ = oo, A € 5.
Finally, according to Lemma 2.1 in [3],
C(||u|| g2, 6
(B.24) |7y A)| + |73 (u, A)| < W

which completes the proof of the lemma.

B.3. Proof of Lemma 2.7. Let u € H'(R) such that @, = 1 and HuH%Z(R) = 4. Then,
it follows from Lemma 2.6 that Egr(u) = Pr(u) = 0. Applying the gauge transformation

3. T
o(z) = et MOy ()
one can easily check that
_ 1 ~ 1 .
Pr(u) = Im/vvxdx—zllv\l‘izx(m =P(v) and Eg(u) = ||awv||%2(R)_EHU||%6(R) = E(v).
Then defining, for a € R, we(z) = e *v(z), we deduce that, for all «,

~ (6%
—E(wa) = —a?||v]|F2) + 5”““%4(]1%)'

17In view of (2.41), (B.18) and (B.22), this series expansion is consistent with our definition of In @, ()).

185ce for instance (2.23) in [2]
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A direct computation shows that the function R 5 o — —a?||v||2, ® Loll7a (r) Teaches

) ) ||v||i4(R>
1ts maximum at o, = 75—
4oll7 2 gy
- - HUH%A;(R)
(B.25) — B(wy) < —E(Wa,) = ——5 > Vo
16HUHL2(R)
Applying the sharp Gagliardo-Niremberg inequality (2.60) to w,, we obtain that
HUH%G(R) 16
LA(R) GN
with equality if and only if
10T
(B.27) () <

B Z\/CQ(x —z0)?+1

for some z € C, ¢ > 0, and zg € R. Recalling that Coy = 3é(27r)_%7 one easily gets
Ceny _ 3

4/3 871’

Since Hv||%2(R) = 4, it follows from (B.26) and (B.28) that v has the form (B.27) with |z| =

24/c, and since the algebraic solitons satisfy Er(u) = Pr(u) = 0, necessarily, a, = §.

1
(B.28) U(X) S W(X.) = with X, =
7
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