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Abstract

We consider the nonlinear Schrodinger equation with multiplicative spatial white noise
and an arbitrary polynomial nonlinearity on the two-dimensional full space domain.
We prove global well-posedness by using a gauge-transform introduced by Hairer
and Labbé (Electron Commun Probab 20(43):11, 2015) and constructing the solution
as a limit of solutions to a family of approximating equations. This paper extends a
previous result by Debussche and Martin (Nonlinearity 32(4):1147-1174, 2019) with
a sub-quadratic nonlinearity.

Keywords Nonlinear Schrodinger equation - Multiplicative white noise - Global
well-posedness

Mathematics Subject Classification 35Q55 - 60H15

B Ruoyuan Liu
ruoyuan.liu@ed.ac.uk

Arnaud Debussche
arnaud.debussche @ens-rennes.fr

Nikolay Tzvetkov
nikolay.tzvetkov @ens-lyon.fr

Nicola Visciglia
nicola.visciglia@unipi.it
1 CNRS, IRMAR - UMR 6625, Univ Rennes, 35000 Rennes, France

School of Mathematics, The University of Edinburgh and The Maxwell Institute for the
Mathematical Sciences, James Clerk Maxwell Building, The King’s Buildings, Peter Guthrie Tait
Road, Edinburgh EH9 3FD, UK

3 UMPA, UMR CNRS-ENSL 5669, Ecole Normale Supérieure de Lyon, 46, allée d’Italie,
69364 Lyon Cedex 07, France

Dipartimento di Matematica, Universita di Pisa, Largo Bruno Pontecorvo, 5, 56100 Pisa, Italy

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00440-024-01288-y&domain=pdf

1162 A.Debussche et al.

1 Introduction
1.1 NLS with multiplicative space white noise

We study the following Cauchy problem on R? for the stochastic defocusing nonlinear
Schrddinger equation (NLS)

10;u = Au +ué — auul?, u(0) = ug, (1.1

where p > 0, A > 0 are parameters and £ € S’ (R2) stands for white noise in space.
The unknown u is a complex valued process and ug is a randomized initial datum
(more precise assumptions are given below).

One can view the NLS (1.1) as a stochastic version of the deterministic nonlinear
Schrodinger equation with a power type nonlinearity, which has been studied exten-
sively in recent decades. See [6, 8, 9, 25] and the references therein. On the other hand,
if we ignore the nonlinearity, (1.1) can be viewed as the dispersive Anderson model,
which is the dispersive counterpart of the well-studied parabolic Anderson model (see,
for example, [20, 21]), i.e. with 19,u replaced by 9;u.

The NLS (1.1) was first considered by the first author and Weber in [13] on a
periodic domain T? = (R/Z)?. To deal with the ill-defined nature of the term u£, they
used the gauge transform v = e¢¥u where Y solves AY = &. This gauge transform,
which resembles the so-called Doss-Sussmann transformation in [14, 38], was first
introduced by Hairer and Labbé in the context of the parabolic Anderson model on
R? in [20] (the definition for Y is slightly different on R?). The equation for v now
formally reads as

19,v=Av—2Vv-VY + VY2 —xe P opu)?, v(0) = e uo,

which is easier to solve since the most singular term is canceled. Still, the term VY is
merely a distribution, so that VY2 is replaced by a Wick product :VY?2: in [13, 20].
See the next subsection for more detailed explanations.

In [13], the first author and Weber showed global well-posedness of the following
gauge-transformed NLS on T2 with a (sub-)cubic nonlinearity (i.e. with p < 2):

1v=Av—2Vv-VY +v:VY% — e P opl?, v0) =e ug.  (1.2)

The main strategy is to consider a mollified noise &, and a smoothed process Y, =
A_IES, and then construct the solution v as a limit of v, in probability, which is the
solution of the following smoothed equation:

10,0 = Ave — 2V, - VY + v VY2 — e PYevg v |, ve(0) = e u.
The key ingredient for the convergence of v, is a suitable H? a-priori bound for v,
with a logarithmic loss in ¢.

Later on, the third author and the fourth author [41] improved the result in [13]
by extending global well-posedness of the gauge-transformed NLS (1.2) on T? to the
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Global well-posedness of the 2D nonlinear... 1163

larger range p < 3. Specifically, they introduced modified energies that allow them to
control the H? a-priori bound of v, for a larger range of p. In a subsequent paper [42],
the third author and the fourth author improved their global well-posedness result by
covering all p > 0. In particular, they exploited the time averaging effect for dispersive
equations and established Strichartz estimates to obtain the H? a-priori bound of v, for
the whole range p > 0. Moreover, in [41, 42], the authors improved [13] by proving
almost sure convergence of v, to v instead of convergence in probability.

We now turn our attention to the NLS (1.1) on the R2 setting, which is the main
concern in this paper. In this situation, the additional difficulty comes from the loga-
rithmic growth of the white noise. In [12], the first author and Martin showed global
well-posedness of a gauge-transformed NLS similar to (1.2) (see (1.7) below) for
0 < p < 1. To conquer the issue of the unboundedness of the noise, they used
weighted Sobolev and Besov spaces and obtained a weighted H? a-priori bound for
ve with a logarithmic loss in €. This approach of using the weighted Besov spaces
in the study of stochastic PDEs was also used in [20, 21, 30, 34]. In the case of the
NLS (1.1), such an approach requires more assumptions on the regularity of the initial
datum than those on the T? setting.

In this paper, we extend the result in [12] by including all p > 0 cases using an
intricate combination of the methods mentioned above: the weighted Sobolev and
Besov spaces estimates, the modified energies as in [41], and the dispersive effect
as in [42]. In addition, we are able to prove a stronger convergence result of v, to
v (almost sure convergence) than that in [12] (convergence in probability). This is
obtained thanks to the estimates on the white noise on R?> and Wick products which
are of independent interest. See the next subsection for a more detailed set-up and the
main result of this paper.

1.2 Set-up and the main result

Let us recall that, given a probability space (2, F, IP), a real valued white noise on R?
is a random variable £ : € — D’(R?) such that for each f € D(R?), (¢, f) is a real
valued centered Gaussian random variable such that E((&, £)?) = || f ||%2. Along the
rest of the paper, (-, -) will denote the duality D(R?), D' (R?) and hence in the special
case of classical functions, this is the usual L? scalar product. Classically, f — (&, f)
can be extended uniquely from D(R?) to L2(R?), and (£, f) is a real valued centered
Gaussian random variable such that E((¢, f)?) = || 7, forall f € L*(R?).

We proceed as in [20] and use a truncated Green’s function G € C % (R2\{0}) that
satisfies supp G € B(0, 1) (the unit ball around 0) and G(x) = —L log |x| for |x]|

small enough, so that Y := G * & solves o
AY =&+ ¢ *& (1.3)
for some ¢ € C*° (Rz). Hence, we introduce the new variable
v=-c"u (1.4)
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1164 A.Debussche et al.

which converts (1.1) into the following gauge-transformed NLS for v:
1v=Av+v(VY? —@x&) —2Vv-VY —av|v/Pe PV, v(0) =vy:=e ug.

The term VY? is ill-defined as a square of a distribution, but can be replaced by a
meaningful object :VY?:, which is essentially the Wick product of VY with itself. As
in [20], we introduce the random variable

vy2 = /R /R VG( — 2)VG(- — 22)(dz)E(dz2) (1.5)

with & denoting the Gaussian stochastic measure on R? induced by the white noise &
(see [24, page 95-99]). The relation (1.5) should be read in the distributional sense,
i.e. for ¢ € S(R?) we have

VY(9) = /R /R (/R $OVG(x = 1) VG (x — 22)dx )§(dz1)§ (dz2),

so that :VY?: is only defined (almost surely) as a distribution. Recall that for
fi, f» € L*(R?) we have the following identity for X| := Jr2 f1(zDE(dz1), X2 =
fRZ f2(z2)&(dz2) (see [24, Theorem 7.26])

:X1~X2:=/ / f1(z1) f2(22)§(dz1)§ (dz2), (1.6)
R2 JR2

where : X1 - X»: denotes the Wick product between the Gaussian random variables
X1, X».Note that the above integral is a multiple Wiener-Ito integral (see [33]). From
this perspective, the definition :VY?: can be read as a Wick product of the distribution
VY with itself. For an introduction to Wick calculus let us refer to [22, 24, 33]. Thus,
we shall focus on the following equation

13,0 = Av+v:VY2: —2Vu - VY — avv|Pe Y v(0) = vy, 1.7)

where

—_~—

VY2 = VY% — g x&. (1.8)

In order to construct a solution to (1.7) we consider an approximation v, which
solves

10,V = Avg +v.:VY2: — 2V, - VY, — Aelve|Pe PYe, v (0) = vg.  (1.9)
Here, Y, is defined as
Ye=pexY =p. G *& =G &,
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Global well-posedness of the 2D nonlinear... 1165

where p; (x) = £ 2p(e'x), p € C(B(0, 1), p 2 0, [z p = 1, and & = p, § is
a mollification of the considered noise. Also,

—_~—

VY2 =:VY: — g x &, (1.10)
where the Wick product :V¥?: is defined as follows:
. 2. _ 2 _ 2\ _ 2
VY2(x) = VY2(x) —ce. ¢ =E <|VY€| ) —llpe x VGI%. (11D

We show in this paper that Y, converges to Y, VY, converges to VY, and :VY, 82:
converges to :VY2: almost surely in certain function spaces (see Proposition 3.8).

In the sequel we shall use weighted Sobolev spaces, where the details are in Sect. 2.
For the moment, we can consider the following equivalent norm on the space Hy (R?):

120l s @zys 520, SeR,

which reduces the weighted Sobolev spaces to the usual unweighted Sobolev spaces
once the weight is pulled inside.

We now state the following result regarding global well-posedness of the equation
(1.9) for v,.

Theorem 1.1 There exists a full measure event ¥ C 2 such that for every w € ¥ and
every ¢ € (0, %), the following property holds. For any p > 1, §o > 0, s € (1, 2),
and § > 0, there exists 51 > 0 such that the Cauchy problem (1.9) with vy € H520 (R?)
admits one unique global solution

ve(t, x) € L. ((0, 00); H?5(R%)) NC([0, 00); Hy, (R)).

Moreover, for every T > 0and § > 0 there exists constants C, C(w) > 0 independent
of € such that the following bound holds:

”Ug(t, 'x)”LOO((O,T);HEB(RZ)) S C(U))l 1n8|c.

The existence and uniqueness of solution to (1.9) is not obvious since the coefficients
involved in the linear propagator associated with (1.9) are smooth but unbounded. At
the best of our knowledge, because of the lack of decay at the spatial infinity of the
derivatives of &, the classical Strichartz estimates are not available in this framework,
and so we cannot apply a classical contraction argument. In fact, along the paper we
shall establish some weighted Strichartz estimates that will allow us to perform a
compactness argument as in [12] and to deduce the existence of solutions to (1.9) as
the limit of solutions v, , to the following further regularized equation at ¢ > 0 fixed:

10Ven = AVgp + Ve n0n:VY2: = 2V, - V(0,Ye) — Avg Ve | e POnTe
Ve, (0) = vo,

"(1.12)
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1166 A.Debussche et al.

where 6, (x) = 9(%) and 0 € C(‘)X’(]Rz), 6 > 0,60(x) = 1 when |x| < 1. To see that
(1.12) is globally well-posed, we let u;, =
equation for u ,:

e~ OnYe Ve, and consider the following

e~

latua,n = Aus,n + Ms,n(QnZVYgi - V(G,ZYS)Z + A(6,Y;)) — )\us,n|u8,n|p

'(1.13)
ug ,(0) = e On¥eyy.

Note that 6,Y, is a Schwartz function, so that e %Ycyy € H 2(IRz) given vy €

H*(R?) C Haz0 (R?). Since the equation (1.13) contains only bounded and smooth

terms, by classical results as in [9, 16, 25], there exists a unique solution u, , to (1.13)

in C([0, 00); H%(R?)). This shows that there exists a unique solution v, , to (1.12) in

C([0, 00); H*(R?)).

Once we establish a weighted H? a-priori bound (independent of 1) for v, ,, we can
use a similar argument in [12] to prove Theorem 1.1. See Sect. 8 for a more detailed
explanation.

Next, we describe the behavior of the solutions v (¢, x) in the limit ¢ — 0. It is
remarkable that this result can be also interpreted in terms of the convergence, up to
a phase shift, of u. (¢, x) solutions to the smoothed version of (1.1)

10;ug = Aug + ugke — uglug|?, u(0) = ug. (1.14)

It is worth mentioning that it is not obvious to prove directly the existence and unique-
ness of solutions to the smoothed equation above. Nevertheless, by direct computation,
one can show that

—icgt

Uy = e e_YSvg (1.15)
solves (1.14) provided that v, is given by Theorem 1.1.

We are now ready to state the main result of this paper.

Theorem 1.2 There exists a full measure event ¥ C 2 such that for every w € X, the
following property holds. Let 69 > 0 and vy € HBZO. Forany p > 1,5 € (1, 2), and
8 > 0, there exists v € C([0, 00); Hgl (R?)) for some 81 > 0, such that the following
convergence holds:

e—0
lve (2, x) — v(z, 3C)||c([(),r);1q§1 ®2) — 0, (1.16)
where v, is given by Theorem 1.1 with v.(0) = vg. In particular, u, = e Cele Yoy,

solves (1.14) and

nglng e—0

lle ug(f, x) — v(t, X)”c([o,T);Hgl ®2y) — 0,

where c; ~ |In¢g| is the constant in (1.11). Moreover, v is the unique global solution
to (1.7) in C([0, 00); Hy (R?)).
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Global well-posedness of the 2D nonlinear... 1167

Theorem 1.2 is an extension of previous result proved in [12] inthe case 0 < p < 1.
In particular, we cover the relevant case of cubic nonlinearity. Notice also that our
convergence occurs almost surely, which is stronger than the result in [12] where the
convergence is in probability.

We conclude this subsection by stating several remarks.

Remark 1.3 Throughout the whole paper, we restrict our attention to the case A > 0 of
the NLS (1.1), which refers to the defocusing case. For the focusing case (i.e. A < 0)
of (1.1), Theorem 1.2 also holds for 0 < p < 2. For A < 0 and p > 2, we need to
impose a smallness assumption on the initial data ||vg|| H1 in order to obtain Theorem

1.2. Indeed, the only place that requires a different proof for this case is Proposition
5.1. See Remark 5.2 for details.

Remark 1.4 Forthe NLS (1.1)inhigher dimensions, it is not clear whether the approach
in this paper based on a gauge-transform works in showing global well-posedness.
The main challenge lies in the fact that the spatial white noise is too rough for our
approach when d > 3. Another challenge is the weaker smoothing properties of the
Schrodinger equation in higher dimensions. One can compare the situation with the
parabolic setting in [21], where the authors used the theory of regularity structures due
to Hairer [19].

Remark 1.5 The authors in [18, 31, 43] introduced another approach to the study of
the NLS (1.1) with p < 2. Their method is based on the realization of the (formal)
Anderson Hamiltonian H = A + & as a self-adjoint operator on the L? space. Specif-
ically, [18] considered the equation on the torus, [31] considered a compact manifold,
and [43] considered the full space. In their settings, the initial data u( needs to belong
to the domain of H. One can compare the initial condition in [18, 43] and that in
this paper and in [12, 13, 41, 42], where the initial data is chosen to have a specific
structure e~ Y vg with vo belonging to a weighted H? space. For more discussions on
the Anderson Hamiltonian, see [1, 3, 10, 29, 32].

1.3 Notations

We denote by P(a, b, ...) a polynomial function depending on the a, b, .... The
polynomial can change from line to line along the estimates. For any positive number
a > 0, weuse a™ to denote a + n for n > 0 arbitrarily small. We denote by N dyadic
numbers larger than or equal to % and by Ay the corresponding Littelwood-Paley
partition. All the functional spaces that we shall use are based on R?. We denote by
C > 0 a deterministic constant that can change from line to line and C(w) > 0 a
stochastic constant which is finite almost surely. We denote by (-, -) the L? scalar
product as well as the duality in D(R?), D’ (R?).

1.4 Organization of the paper

This paper is organized as follows. In Sect. 2, we recall the definitions of some useful
functional spaces and their properties. In Sect. 3, we discuss properties of the process Y
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1168 A.Debussche et al.

and its related stochastic objects. In Sect. 4 and Sect. 5, we establish some useful linear
and nonlinear estimates for a generalized equation. In Sect. 6, we recall definitions of
modified energies and provide estimates for them. In Sect.7, we prove a key H?
a-priori bound. Lastly, in Sect. 8, we prove the main result of this paper: Theorem 1.2.

2 Functional spaces and preliminary facts
2.1 Functional spaces

Given p € [1,00], © € R we introduce respectively the weighted Lebesgue and
Sobolev spaces as follows:

If iy = (/Rz<x>“”|f|1’dx)5, (x) =v1+1x?
and
IIfIIW;‘p =AUy + IV Ll

with the usual interpretation if p = oco. If © = 0 we simply write L? = Lg and
Lp — wlrp
WhP = Wyr.
Along the paper we shall make extensively use of the Littlewood-Paley multipliers
Ay, namely

Id = Z Ay 2.1)

N —dyadic

where
Anf=N? /R KNG =y)f(dy, N=1
with K € S(R?) such that supp K (£) C {4 < |£] <2} and
A= [ L6 =5y

with L € S(RR?) such that supp i,(é) C {|] < 1}. We alsodenote Ay = 0if M < %
We can then introduce the weighted inhomogeneous Besov spaces B} , , as fol-
lows:

1
1£5g,, = (2 N“lansIL,)’ 22)

P
N —dyadic
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Global well-posedness of the 2D nonlinear... 1169

for every a, u € R, p,q € [1, oo]. Notice that for © = 0 the space B;") 4.0 reduces
to the usual Besov space BBy . A convenient property of the spaces By , , is that the
weight can be “pulled in”, namely we have the equivalent norms:

cllfx) sy, < Iflsy,, = ClIfx) By, . (23)

p.q. 1k p.q

for suitable ¢, C > 0 that depend on «, © € R and p, g € [1, oo] (see [40, Theo-
rem 6.5]). Relation (2.3) can be used to translate results from the unweighted spaces
to their weighted analogues.

In the case (p,q) = (2,2), the weighted Besov spaces are generalizations of
weighted Sobolev spaces:

BSs, = Hy. where || flmg = I1F " ()*F fllz- 2.4)

In the sequel we shall make extensively use of the following obvious continuous
embedding

H)\ CHPZ, s1>s2, |1 = 2. (2.5)

The embedding (2.5) is compact when s; > sp and @1 > ua (see [15, Section 4.2.3]).
We shall also use the notation

BE, oo = C2. (2.6)

00,00, 1

In the special case ¢ € R \{0, 1, 2, ...}, the space Cl‘j is in turn equivalent to the
classical weighted Holder-Zygmund space with the following norm

I fllex = Z sup (x)* 9% F (x)|
k| <|e) XER?
L F ) = 05 F ) @.7)
lx — yle—le) 7

+ Y sup (x)

k=ler) x.yeR?
O<|x—y|<1

Setting 1 = 0 and restricting (2.7) to x, y € D for some domain D C R? gives rise

to the local Holder space C* (D). For the other values of « (in particular for ¢ < 0)
we take (2.6) as a definition of Cﬁ.

2.2 Some properties of the Littlewood-Paley localization
We now gather well-known properties of the weighted Besov spaces that will be used

along the paper. We first give an elementary, but useful, property of the Littlewood-
Paley decomposition in weighted spaces.
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1170 A.Debussche et al.

Lemma 2.1 Let y, 6 > 0 and yy > 0 be given. Then, there exists C > 0 such that

Y NVIANSl < CUfllyron. (2.8)
N—dyadic ’

Proof We have by the Cauchy-Schwarz inequality

2 22
> NIanflg=c( Y NOay L) 2.9)
N —dyadic N —dyadic
and hence we conclude by recalling (2.2) and (2.4). O

We shall need the following commutator estimates.

Lemma 2.2 For every § € (0,1) and p € [1, o], there exists C > 0 such that for
every N dyadic, we have

AN, (X)°1fllLr < CNTY fliLr, (2.10)
IV, [An, ()T flle < CNTH fllee. (2.11)

Proof 1t is easy to check that
[Ay, (x)°]f = N? /R 2(<y>‘S — (KN (x —y) f(y)dy

and hence we easily conclude (2.10) by the Schur test since

sup(W> [ 10 = (1K N Gx = )iy
X R2
=sup (W2 [ 103" = (0 IK (VG = y)idx)
y R?
< CN7MIxIK @)l
where we used that |(y)? — (x)?] < Clx — y|foré < 1.

Concerning (2.11) we denote by Ky (x,y) = N2[(y)’ — (x)?]1K (N (x — y)) the
kernel of the operator [Ay, (x)5 ]. Hence, we have

(V. [An. (0)°11f = /}R (ViR (. y) + Vy Ky (e, ) f () dy
and we conclude as above via the Schuur test since
ViRn (@, y) + VyKy(x, y) = N [=Ve(6)° + 9y () 1K (N (x = )
and | = Vi (x)? + Vy(»)°| < Clx — yl. o
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Global well-posedness of the 2D nonlinear... 171

Next, we show a useful property of the Littlewood-Paley multipliers A y in weighted
Sobolev spaces.

Lemma 2.3 Foreverys € [0,2] and § € (0, 1), there exists C > 0 such that for every
N dyadic, we have

lanflmg = ON(IAy fllz + 1N Sl 2 + 182n fll2). (212)

Proof We split the proof in several cases.
Casel:s € [0, 1).
By combining (2.3) and (2.10) we get:

AN fllgs <C Y0 MPIAN)’ An I
M —dyadic

<c Y MEIPAauay)lk
M —dyadic

+C > MFANSIT
M —dyadic

<C Y MPUPAufllT. + ClAN I,
M=5 ,N2N

(2.13)

where we used that ZM—dyadic M*=2 < ocofors € [0, 1). Hence, we get

1AN Flly < CN2S(|IAgfIIi§ +IANfI7: + ||A2Nf||i§)

o 3 (2.14)
+CN 2N AN Il

From (2.14), we can deduce (2.12) provided that N > N, with N choosen in such a
way that the last term on the r.h.s. can be absorbed on the 1.h.s. On the other hand,
we have finitely dyadic numbers 1 < N < N and hence the corresponding estimate
(2.12) for those values of N holds, provided that we choose the multiplicative constant
large enough on the r.h.s.

Case2:s5 € [1,2).

We start by proving that for s € [1, 2], there exists C > 0 such that for every N
dyadic:

1an flag = C(IANF s + IANT fl et )- 2.15)
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1172 A.Debussche et al.

In fact, by (2.3) we have
IANfllas < Clx)P A f s
= C(IP A Fll2 + IV Ay Pl )
= C(IP Ay fllg2 + 1P (AN )l e (2.16)
ARSI

= C(IP AN Fll2 + 1P ANY Dllgeor + 18N Szt )-
Here, we used the elementary commutator bound
IV, (x)°1fllze < Cllfllge. o €0, 11, (2.17)
which follows from interpolating the L> — L? bound and the H' — H! bound of
the commutator [V, (x)%].

Next, we show (2.12) for s € [1, 2). Notice that we have s — 1 € [0, 1) and hence
we can combine (2.15) with the estimate proved in the first case in order to obtain

lanflg = N (I fllz + 1ANFllz + 182w £12)
2 B B 5 (2.18)
+CN T (1N VSN2 + IANYFll 2 + 1 A2wV £l )-

Then, we get for a generic dyadic M

18w £z = C(IVER Ay P2 + 1160, V12w f1]2)

and by noticing that (A% 4+ Ay + Az y) o Ay = Ay and using (2.17), we get

=0 Y (VA AuDIL

M=% M2M
+ IV, 2 1Au Dl + 18w f12)

=C Y (MIAMFI + A @ 1AV Fl2
M’:%,M,ZM

S\ ATNRER NS
By using (2.10) and (2.11), we can summarize the estimates above as follows
IAMV fll2 = CMIAM 2 (2.19)
We get the desired conclusion by combining (2.18) and (2.19).
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Global well-posedness of the 2D nonlinear... 1173

Case3:5s = 2.
We use (2.15) for s = 2 and the fact that (2.12) has been proved for s = 1 to obtain

lanFllgz < C(IANFllgy +IANY Fl )
< CN(IAy fllz + 18N Fl2 + 122y £1,2)

+CN(IAYVFlz + IANY fllz + 1828V f12)-

We conclude by using (2.19).

We shall also use the following estimates.
Lemma 2.4 Foreverys € (0, 1), so € R, and § > O, there exists C > 0 such that for
every N dyadic, we have

IANFllgg < CN 37 1AM £y,
N<M<4N

IAN fllgies < CNO 30 1AMl 1=
N<M=<4N

(2.20)

2.21)

Proof We first prove (2.20) and notice that by (2.13)

> MEI P AufIE + ClAN 7,

2
lANfIs <€
M=% N2N

that can be continued as follows

Yo MPT AN ST + ClAN fIi7
M=% N 2N
<CN*™ ) Y MPTAN) Ay P
M= M2M M=% N2N
+CoNT Y Do MEOAN 1T+ ClAN fI72

M=% m2M M=5 N2N

. < CN*0

where we used the estimate (2.10) and the fact that (A% +Ay+Ar oAy = Ay
The proof follows since exactly as in the proof of (2.12), the term ||Ay f]|;2 on the

r.h.s. can be absorbed by || Ay f1|%,..
)
Next, we focus on (2.21) and we recall that by (2.15)

1AN Fllges < C(IAN Fllag + I1ANY flg ). (222)
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1174 A.Debussche et al.

Arguing as above, we get

IAN IG5, < N> )~ ||AMw||;;_.YO+C||Awn2Lz
N <M<4N

and by choosing ¥ = f and ¥ = V f, we get from (2.22)

IANfIG e < CN2 37 ||AMf||§,;_.co + CllANf172
N <M<4N

2 2 2
+CN™ Y 183V f s + CIANY F Iz
N<M<4N

As in the proof of (2.12), we can absorb || ANin2 and || ANVinZ on the Lh.s. and
hence we obtain

2 25 2
IANfIGyres SN 30 [EN7RY

N <M<4aN
2s0 2
+CN™ N INTAS
N<M<4N
250 2 2s 2
<CN*™ 3 181 £l + CN > 1AmVAlL,
N<M<4N N<M<4N
< 250 2
SCONZ ) 1AM
N <M<4N
+ CNZSQ M2+25—2s0 2 .
> IAw 17
N <pM<4aN
4 — —
where we used (2.19). The conclusion follows. O

We close this subsection with the following result.

Lemma 2.5 Forevery B,y € R, 6§ >0, and ¢ € Cfo(]Rz), there exists C > 0 such
that

g * fllcgs = Clfller,- (2.23)

Proof In [2, Lemma 2.2] this estimate is proved for § = 0. For § > 0 we proceed as
follows. Since (A% + An + Aan) o Ay = Ay, we get

NPIlAN(p = Pl =NP > [ Ane * An fllr,
M=5 N2N
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<NPlanfls )5 1Amelyy
M=% N 2N

<NlIANflls Y. MPTAMglg,.
M=% ,N2N

where we used (x)~! < 2(y)(x — y)~! and the Holder inequality. We conclude since
Cﬂ*V
¢ €lpyos =

2.3 Some estimates on the approximation of the identity p

We shall need the following estimate proved in [4] and in a different case, but with a
similar proof, in [5, Lemma 8].

Lemma 2.6 For every § > 0, there exists C > 0 such that:
<Cy{|1 A4 0 ! 2.24
leclgy,, < CyImel, Ve e (0.). (224)

Proof We give the proof for the sake of completeness. First we notice that

A1 poen =N [ KNG =) (en’po)dy
and hence it is easy to deduce

e 2NAN (XY pe)ll 1 < CNPIK (eNx) | 1 l1{ex)®pll
= Ce K1 ll(ex)’ pll (2.25)
< Ce 2Kl Il

We fix Ny as the unique dyadic such that Ng < % < 2Np and from (2.25) we get

> AN p)lI7: < Cllnel. (2.26)
1<N=<8Ng

Next, we focus on the case N > 8Ny. First notice the identity

wloe= Y Aulex’o)(%). (2.27)

M —dyadic

along with the following inclusion for the support of the Fourier transfom

supp F[an(tex)’p) (2)] € {52 = inl = 2] < [0 < ol < amamo).
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1176 A.Debussche et al.

As a consequence, we get

s x N MN,
AN[AM((ex) p)(—)] =0, YNst > 4MNgor2N < —=.
£

Hence, by (2.27) we get

A= Y. Aw[an(ex’o)(Z)]. YNz 8N, @28)

N pm<
8Nog =" —

Sz

which in turn implies (since there are exactly six dyadic numbers in the interval

N 4N
_ X 2
lavooll = (X e auen’n(2)] )
L<M<47N
8N0— — Ny
<6 Y llAu(ex)’ o)l YN =8Ng
s =M=y
and then

IAN((x)2 pe) |21 < 36 IAM{ex)’p)II7 ) < Cll(ex)?pll% . (2.29)
L L Bi ,
N>8Np M —dyadic '

By combining (2.26), (2.29), and the obvious bound SUP, (o, 1) I (sx)3p||3<l) , <00, we
conclude our estimate. . O

The following estimate will also be useful.

Lemma 2.7 Forevery B € (0,1), ¢ > 0with 8+ ¢ € (0, 1), and § > 0, there exists
C > 0 such that

loe # fligrst < CePE U fllgie. Ve € O, 1). (2.30)
Proof Arguing as in the proof of (2.23), we get

NPl AN Goe * Pl < N'SIANflls, D0 M1 Aupell,y
M=% .N2N

and hence we conclude provided that we show
(5N)’3+{||AN,08||L; <C, Vee(0,1), VN dyadic. (2.31)
By using (2.10), and since we are assuming 8 + ¢ € (0, 1), it is sufficient to prove

(NP IAN(X) p)ll1 < C, Ve e (0,1), VN dyadic. (2.32)
L
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In order to do that we introduce the unique dyadic Ny such that Ny < é < 2Ny.

Notice that in case N% < 8 the estimate above is trivial. On the other hand from (2.28),
we get

AN o)l < Y IANUex)’p)liLt, YN > 8No,

N 4N
<M<
No =" = No

o

and hence

N \B+t 5 5
(—) [AN{x) Pt = C sup [l{ex)"pllgs+e, VN > 8Nop.
No £€(0,1) 1,00

We conclude since SUPze(0,1) I (8x)5,0||5ﬂ+; < Q. O
’ 1,00

We close the subsection with the following result.

Lemma 2.8 Foreverya € R, n € (0, 1), and § > 0, there exists C > 0 such that
loe * f— flice, = C8n||f||cg;rn, Ve € (0, 1). (2.33)
Proof For ¢ N > 1, we have the bound

NN AN # £) = Ax fllz, < N¥loe % An Fllos + NI A £l
< N¥Npell AN Fllzes + NEIAN fliLs (2.34)
< CN*™e| Ay flLs,,

where we used (x)~! < 2(y)(x — y)~!. To deal with the case eN < 1, we notice that

67 (Aver s N = anf) = [ Rnxn) 7 fordy

where
)
I&:,N(x, y) = NZ%</ K(Nx — N2)p:(z —y)dz — K(Nx — Ny))
(x)° \ JR2
)
= Nzﬂ/ (K(Nx — Nz) — K(Nx — Ny))ps(z — y)dz.
X)S R2

@ Springer



1178 A.Debussche et al.

Next, fox fixed x, we compute

[ 1&exte vl

N2
=0 /Rz f |K(Nx = Nz) = K(Nx = Ny)los(z = »)(y)’dydz

(Ne)2

(2.35)
5 / / |[K(Nx — Nez) — K(Nx — Ney)|p(z —y)(sy) dydz
X) R2

(Ne)?
< &) / / swp IVK)lz— ylp( — y) () dyds
(x)° Jr2 JR2 N [Nx—Nez,Nx—Ney]

and notice that for every x € R%2and A € (0, 1), we get

A‘%fk sup |v1<|)|z—y|p<z—y><ey>5dydz

[x—=Az,x—=Ay]

c// sup |v1<|)<sz)‘3dzdy
R2 J|z—y|<1 B(()E—Az),k)

C/( sup |VK|>(6‘Z>§dZ.
R2 M B((k—A2),1)

IA

IA

Here, we denoted by [a, b] the segment between a and b, B(x, r) the ball in R2
centered in x of radius » and we used the inclusion [x — Az, X —Ay] C B((x —Az), 1)
since |z — y| < 1 and A € (0, 1). In particular, by introducing the function

G(w) = sup |VK], (2.36)
B(w.1)

we get from the estimate above

[ L s 19Kz = le = tea’dy:
R2 JR2 N[i—Az,Xx—1y]

< / G(x — A7) (e2)’dz (2.37)
]R2

= A_2f Gw)(er " (x —w)’du
R2
By combining (2.35) with (2.37), where we choose .. = ¢ N and x = Nx, we conclude

SUP/ |Ke,n (x, )ldy = O(eN), (2.38)
x,N JR2
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where we used

sup/ Gw) (N~ (& — u)ldu < oco.
N JR?

Similarly, one can show

sup / |Ke.n(x, y)|dx = O(eN). (2.39)
y,.N JR2

In fact for y fixed we get:

[ i
R2
= N2(y)3 /2 /2 |[K(Nx — Nez — Ny) — K(Nx — Ny)|p(z)(x)_‘sdxdz
R2 JR
< CeN3(y)’ / f ( sup VK1) lzlp(2) () Pdxdz
R2 JRZ M[Nx—Nez—Ny,Nx—Ny]
scen ) [ [ 6wy
R2 J|z|<1
where the function G (w) is defined in (2.36) and we used the inclusion
[Nx — Nez— Ny, Nx — Ny] C B((Nx — Ny), 1)

for |z7] < 1 and e N < 1. By a change of variable, we conclude

/ |Ren(x, )ldx < CSN<y>5/ G 4 y)dx < CsN/ G (x)(x)%dx.
R2 R2 N R2

Summarizing by (2.38) and (2.39) we can apply the Schuur Lemma and we get
AN (s * ) = AN fliL= = CeNIAN flire, €N <1,
which in turn implies
[AN(oe % ) — AN fllLx, < Ce"NT|AN fliLx, eN < L.
We conclude by combining this estimate with (2.34). O
2.4 Embeddings and product rules

We first record the useful interpolation inequality in weighted Besov spaces (see [36,
Theorem 3.8])
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1180 A.Debussche et al.

Lemma 2.9 Let po, qo0, P1,91, P, q € [1, ], ag, @1, 1o, L1, , L € R be such that

1
P po P q 490 @’
a=((1-0)ay+Oaj, u=(1—-O)uy+ Ou;

- ©® 1 1-0 o
+ = +—

for a suitable ®@ € [0, 1]. Then there exists C > 0 such that

1£lBs,, <Clfllgo  Nflge (2.40)

P0-90-1+0 P1-4q1-#1

Next, we state a Sobolev embedding for weighted Sobolev spaces. The proof follows
from the corresponding unweighted version along with (2.3).

Lemma2.10 Let p € [2,00), « > 1 — %, and i, v € R such that v < . Then, we
have the continuous embedding

Hj C LY. (2.41)
Moreover for every a > 1 we have
H;f c LY. (2.42)

As a consequence, we can prove the following estimate.

Lemma 2.11 For every q € [2, 00) and § € (0, 1], there exists C > O such that

-1 1
g <C g 4 . 2.43
IIfIIWSI ¢ < IIfIIHEB IIJ‘IIL%ZM)(S (2.43)
Proof We have the following chain of estimates

Iflhyta = CIAI o

2
q

H§
1-2 2
<CIfl, " IfI
! HES f H(qul)a

1 1

1-2 1 1
< CUFIL e 1A
l Z g—

where the first inequality is a consequence of (2.17) and (2.41). Moreover we have
also used twice special cases of (2.40). m]

We shall also need the following product estimate (see [2] or [35]).

Lemma2.12 Letay, ap € Rwithaj+oy > 0, ¢ = min(oq, o, o1 +a3), 1, 42 € R,
w=pu1+ u2, p1, p2 €[1, 0], and% = % + é. Then, for any k > 0, we have

11+ Pl < Clfilg 2l (2.44)

NONT)
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Also, we have
If1- f2lleg = Cllfillga | f2ll gz (2.45)

The following duality estimate will also be useful (see [39, Theorem 2.11.2]).

Lemma2.13 Let o, u € Rand p, q € [1, 00). Then, we have

P-q,1

\ / f1~fzdx\scuf1||3a Iolge . (2.46)
R2 P —n

1,1 _ 1,1 _
wherep—l—p,_landq—l-q,—l.

3 Stochastics bounds
The following results are improvements of some results from [20] and [12], where

similar estimates were given in terms of moments. In this paper, these estimates hold
almost surely.

3.1 Estimates in classical spaces

We first show some estimates in classical spaces.

Proposition 3.1 Given § € (0, 1), r € (2, 00) such that§ -r > 2, and ¢ € (0, %), we
have

||VY8||%,;S + ||:VY€2:||LQS <C(w)|lngl, as. o. 3.1

Moreover, fora € (0,1), 8 >0, Be R, ee€(0,1),and ¢ € C(?O(Rz), there exists
Kk € (0, 1) such that

IYe = Ylice, +llox & =@ x&llpp =< C@)e",  as. . (3.2)

To prove Proposition 3.1, we shall use the following result (see [23, Proposition 3.1]
and [44, Proposition 2.3]).

Lemma3.2 Let (X, || - ||x) be a separable Banach space and (n,) be a sequence of
X-valued random variables. Assume that there exists a sequence oy, of real numbers
such that:

E(Om 1?) <021 f 1 VS €X'
Then

E( sup [nalx ) < supE(lnallx) +3p ().
n n
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1182 A.Debussche et al.

where

p(oy) = inf {5 | S 028 2exp(=271 (80, < 1}.

Remark 3.3 As recalled in [44], if 0, < " then p(0;,) ~ +/In(1 — )~ L.

We also need the following result, which is an immediate consequence of [12,
Lemma 2.5].

Lemma 3.4 Forany o € (0, 1) and § > 0, we have
1Yllce, + ||§||CSZ <C(w), as w. (3.3)

Proof of Prop. 3.1 We split the proof in several steps. First we show the following
property:

IE(||VY||BO _8) <00, 8-r>2 re(2 00, (3.4)

whose proof is a generalization of [44, Theorem 3.4].
Forevery fixed x € R?, we have that A y & (x) is a Gaussian random random variable
and hence

B(1avel,,) = [ EQBxE@0) 7 ds
)=
r/2
<c [ (Eiavecor)” war
R2
Moreover, we have
2
E(ané0P) = NE[ (£ KNG =) | = MKWV G =91 = NIK I
and hence
E (ANl ) < CN (3.5)

provided that § - r > 2. Also, for f € L’/, where % + % =1, we get

2\ _ 2
E((ant ?) =E(E av?)
= NYIK(N) * f]|7
< NUIKWNIIP o 1713,
Lr+2

2(r=2)
r

(3.6)

<CN z
< 1717,
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By using the fact that Lg/ = (L") and (3.5), we can apply Lemma 3.2, where we
choose: X = L" 5, ny = N71ANE oy = N_% (see (3.6)). Hence, we obtain

2
E(glg1 ) =E <SUPN_1||AN$||L’5> =C+Cp(N"r)=<C. (37
r,00,— N

where we have used Remark 3.3 at the last step. The estimate (3.4) clearly follows
from (3.7).
Next, we claim that

loe V¥ ligo, =< Cllocllgg, IV¥llgo . (38)
Once this estimate is established, by combining (3.4) with (2.24), we get

IVYel7r, < C()|Ine]
and in turn also

|:VYZl7, | < C@)|lneg|

since :VYSZ: = VYEZ—CS withc, ~ |In¢|. Hence, (3.1) follows from (3.8), whose proof
without weight is in [28, Theorem 2.2]. Here, by using (A N +AN+AIN)OAN = Ay,
we get

2 2
ll oe * VY||B?,2,_3 E . AN (oe % VYT
N —dyadic

Yo 2 A x AN(YDI,

N —dyadic M=%,N,2N
C A 2 IANVY |
I Mpalngll N ”Lia
N—dyadic y=N N 2N

2 2
<C VY ,
< Clloeliyy IVYI50

IA

where we have used the inequality (x)~! < 2(y){x — y)~!. Thus, (3.8) follows.
Then, we consider (3.2). The bound

lg %6 —@#8lp = C@e*, asw

follows by combining (2.33) with (2.23) and (3.3). In order to conclude the proof of
(3.2), we notice that again by (2.33) and (3.3) we get

[Ye = Ylce, < Clw)e", as. o,

as desired. O
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We also establish the following uniform bound and convergence result for ¢*** for
any a € R.
Proposition3.5 Fora € (0,1), § > 0, and a € R, we have
sup [le*llce, < C(w), as. o. (3.9)
£€(0,1) B
Moreover, there exists k € (0, 1) such that
le®'s — e |lx < Clw)e,  as. o. (3.10)

To prove Proposition 3.5, we shall use the following lemma (see [ 12, Corollary 2.6]).

Lemma 3.6 Foranya € (0,1),a € R, and § > 0, we have
le¥llce, < C(),  as. o. (3.11)

We also need the following result (see [12, Lemma 2.3] and [1, Lemma 5.3]). Below
we shall use the functions y; € CSO(RZ) withk € N, supp o € [k — 1,k + 112,
and xx = 1 on [—k, k]%.

Lemma 3.7 Fora < 1, there exist A, \' > 0 such that

E(exp(luél2, )
sup =C

; (3.12)
keN k*

Proof of Prop. 3.5 We first establish the uniform bound (3.9), whose proof is similar
to that of Corollary 2.6 in [12]. For every k € N, we easily get

||Ys||ca([_k,k]2) = llpe * Y||cot([_k,k]2)
< 1Y llco—k=1,k+17)
< ClIG * xr+28 lice
< Cllxk+2§llca—2

(3.13)

uniformly in ¢ € (0, 1), where in the second inequality we used ¥ = G * £ and the
fact that supp G € B(0, 1), and in the last inequality we used a Schauder estimate
(see [37]). We also note that

lle®Ye |l cer k2 exp(Clalll Yellge q—k.k12))
ce(l k’k])SCsup p ellee(—kk)

le”"* |, < C sup (3.14)

keN k® keN k?

Thus, for p > 1 big enough, by (3.14), (3.13), and (3.12), we get

exp(ClalllYellce (—k k2))
sup sup 5
£€(0,1) keN k

P
B( sup fle" 1% ) < CIEI( )
£€(0.1) -
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Global well-posedness of the 2D nonlinear... 1185

< C]E( ”)

© K (pClalllxk&llca—2)
52 Elomocannsio)

exp(Clalll xk+2§ llca—2)
sup 5
keN

< 57
k=1
o E(exptlé 3, )
=C Z 2+
k=1
S C?

where in the last step we used exp(pCla|x) < C exp(rx?) and we picked p big enough
such that §p > 2 + 1. The bound (3.9) then follows.
We now consider (3.10). By (3.2), (3.9), and (3.11), we get

Y, Y Y, Y
le¥ = e llz < CIYe = Yllz, (el + eV, ) < C@)e”,
-2 -2 -2

which is the desired estimate. O

3.2 Estimates in spaces at negative regularity

The main point of this subsection is the following result where the convergence in
negative regularity occurs almost surely in o € Q.

Proposition3.8 Fora € (0,1),§ > 0, and ¢ € (0, %), there exists k € (0, 1) such
that

IVYe = VY flcamt + [:VY2: — :VY2:||CQEI < C(w)e, as w. (3.15)

Moreover, we have

—_—~

[:VY2: — :VYZ:”cagl < C(w)&", as. o, (3.16)

—_~

where :VYSZ: and :VY?: are defined in (1.10) and (1.8), respectively.
To prove Proposition 3.8, we need the following result which follows from [20].

Lemma 3.9 Foranya € (0, 1) and § > 0, we have the bound
IVYllga-t + :VY? [ oot < Clo),  as. . (3.17)
-5 -5

Proof of Proposition 3.8 The estimate |VY, — VY| ces! < C(w)e" follows by com-
bining (2.33) with ”VY”C"g' < C(w) (see (3.17)). Also, the estimate (3.16) follows
immediately from (3.15) and (3.2)
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Hence, we focus on the proof of ||:VY82: — :VY2:||CO,51 < C(w)e*. The argument
is a little more complicated since Wick products cannot be estimated pathwise. It is
shown in [20] that there exists kg > O such that for all Xk > 1 we have:

E <||:VY§: - :vy2:||’éag]> < Celwo, (3.18)

Recall (1.11) and notice that by elementary considerations we have:

lce — eyl < 1(pe — ) * VG||L2<||P£ * VG2 + oy * VGIILZ)
: 1 (3.19)
= Cllnel>llpe = pyllLe. Vg € (2,00, 0<e<n<z,

where we used VG € L? forany p € (1, 2), along with Young convolution inequality
and the classical bound || p, * VG||%2 = c; ~ |Ing| when ¢ — 0. By combining the
following inequality (whose proof is elementary)

1
loe = pyllee < Ce™ e —nl, 0<e<n<z,gz1, (320
with (3.19), we get
-, 1
lce —cyl < Ce™7le —nl, 0<8<17<§, y > 1. (3.21)

Moreover, by (2.45) and the estimate ||[VG f||c; < C||f||C;_| (y, x € R) from

: 2
[20], we obtain thatfor 1 > 8 > 1 —« and p > g
IVYE = VY g

= ClIVYe = VYyllca (”VYs”cﬁ + 1IVYyllop )
)

_3 _3
2 2

(3.22)
<Cllé — Snllca—az ||Y£||Cﬁ§l + ”Yr;”Cﬂ*(;l

2 2 2

<C — p Y, Y, ,
= ||éf€ Sn”Li% (” 8||Cf-gl + || n”dﬁ-gl)

2 2

where we used at the last step L’_’ s C Cigz for p > ﬁ In fact, this embedding

comes from the following computa%ion (reczall (2.3)):

sup (N2 Aw (1) ™2 )llz=) < Csup N2 AN ()T Pllwa-er < CUf N .
N N -

[T

where we used the classical Sobolev embedding W2~%? < L™ for 2 —a) - p > 2.
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Now, using the Gaussianity of £ and Minkowski’s inequality, we have the following
estimates for k > p:

E (II&S - Snll’;p5> < </R2(x)_%a]E (|gg(x) - g,,(x”k)% dx)%
2

<c( [ w e (ew —600R)°

= Cllps — pylt,
< Ce e — ¥,

dxﬁ (3.23)

where C > 0 depends on k and we have used (3.20) at the last step.
Then, by combining (3.22), (3.23), and (2.30), using Cauchy-Schwarz and [12,
Lemma 2.7], we have that for any k large enough,

E (HVYf - VY%Hﬁ;al) < CemCHHONe gk, (3.24)

By combining (3.24) with (3.21) and recalling (1.11), we get

E (||:VY§: — VY ) < Cem B0k o _ |k, (3.25)

5!
On the other hand, by (3.18), we have
1
E (||:VY§: - :VYi:H’éa,l((x),S)) <Crf*, 0<s<p< 5 (26

Let us now consider several cases.
Case 1: 2 < n. We have necessarily n < 2|e — n| and by (3.26),

2 2.1k k kg
E (||:VY8: — VY, :||Cu_](<x>_5)) < Cle — n"0 < Cle — | or
1
Case 2: ¢ < n <2¢ande < |¢ — n|x+2+A+¢  Then, again by (3.26) we get

ki

E <||:VY82: - :VYnz: ) < Cekk0 < Cle — |0 THpFT |

k
||C‘171((x)’3)

1
Case 3: ¢ < n <2¢ande > |e — n|“F>*F+ In this case, we use (3.25) to get

ki
E <||:VY£2: — :VY,?:||]E,[1_1((X>_5)> < Cs—(2+ﬁ+§)k|8 _ 77|k < Cle — n| T o+hTT
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1188 A.Debussche et al.

Summarizing, we get

) 2 1k 2& 1
E (VY2 = VYl ) < Cle = nl 70005, Ve, e (o, E)'

ko
24+k0+B+¢

Kolmogorov continuity criterion (see [11, Theorem 3.3]) to deduce that ¢ — :VY, 52:
from [0, 1] to Cfgl is almost surely Holder continuous of exponent arbitrarily less

It remains to choose k large enough so that > 1 and we may invoke

than 2%0 - % on [0, 1]. The proof is complete. O

4 Linear estimates

We introduce the propagator S4 v (f) associated with
10;w = Aw —2VA-Vw + Vw. “4.1)
We also denote for shortness
Hyy=A—-2VA-V4V. 4.2)
In the sequel we shall assume that A and V satisfy:
V8 >0, 3C > 0s.t. ||(x) e |1 < C: (4.3)
V8 >0, 3C > Os.t. ( fR2 ViplPe 2dx| < C||g0||;%, Vo € Hé. (4.4)
Under the assumption (4.3), we have that by (2.3) and classical elliptic regularity,
¥8 >0, 3¢, C > Ost.cllullyz, < | Aue™ |2 + lue™ (|2 < Cllull 2. (4.5)

Here, we emphasize that the constants ¢ and C in (4.5) depend only on the constant C
in (4.3). Itis easy to check that any solution to (4.1) satisfies the following conservation
laws:

d B
o s lw(t)|*e*Adx = 0; (4.6)
a L (|Vw(t)|2e_2A - V|w(t)|2e_2A>dx —0. 4.7)

Next we associate to any couple (A, V) the following quantity for any given § > 0,
re(2,00):
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Global well-posedness of the 2D nonlinear... 1189

(A, Vs = 1) VA Al + 1(x) VAV,

1) PV A 4 11 (x) e PTA

F )P Ve PEIA L | [(x) PV A PEIA L (4.8)
+ 1(x) P PEDA oo + [ (x) OV AT PEDA

+ 1(x) PP | oo + [[{x) OV AeTPA| 1

4.1 Linear energy estimates

We first prove some L> weighted estimates for the propagator S4_ v (¢) associated with
4.1).

Proposition 4.1 Assume A,V satisfy (4.3) and (4.4).
(i) For every § > 0, we have

IS4,y D¢l o 0.00):22,) = Cllell2- (4.9)
(ii) For every T > 0and 0 < § < 87 satisfying % +28% < 1, we have

1S4,y Ol e 0.1y:12) = C||¢||H;+' (4.10)
(iii) Forevery T > 0, s € (0, 1), and 0 < § < 8% satisfying § + 981 < 45, we have

||SA,V(I)§0||LOO((0,T);L§) = C”‘P”Hs: . 4.11)
st

SV) Forevery T > 0,1 € (2,00), and 0 < § < 87 satisfying % + 28t < % we
ave

3r+2

”SA,V(I)(;D”LOO((()’T);HZ =< P(l(A V)ls, r)”(p”[-[2 s (4.12)

where we recall that 'P(a) is a polynomial function depending on a.

Proof We denote for simplicity w(z) = Sa. v (t)¢. The conservation of mass (4.6)
along with (4.3) imply (4.9). In order to prove (4.10) we rely on (4.6) and (4.7). After
integrating (4.6) and (4.7) in time, by recalling (4.4) with § replaced by %, we get the
following bound:

le w7, + lle” A Vw(®)|l3,

< le™ w17, + le"*Vw(O) |2, + ClwO)|* | + Clw®)|?
H H

RNl
FNEONN

@ Springer



1190 A.Debussche et al.

< Cllw(O)II?H + ClwOll 2 llw®ligr

2

N

3

2

C
= ClwOl3, + ;uw(r)nig +allw®3,:

[S]

where we used interpolation, (4.3), and Cauchy’s inequality with n > 0 small. By
using again (4.3) and taking n > 0 to be sufficiently small, we get the bound

lw®lg, = ClwOllg, + Cllw®l L. (4.13)

(S

Next, by fixing 8; € (8, 8T) and following the proof of Lemma 3.1 in [12], we get

d 261 2 —2A
= fRzm w(e)le

= 2Re /R ()2 ,w () w(r) e *Adx
= ZIm/ YL (Aw(r) — 2V w(t) - VA)w(r) e *Adx (4.14)
= —2Im/ 251 -Vw(@) w(t)e™ 2Adx
<C /Rz<x>2‘”*‘|Vw<t)| [w(t)| e *dx.
After integration in time, by using (4.3) and the Cauchy-Schwarz inequality, we get
lwe |17

t
< lw©e 3, +C /0 Vol | Il de 4.15)
1

t t
< llw©e™ 7, +C /0 IVw(@)|7, dr+C /0 lw(@)7d7,
1

_3
2

S0

where we used the condition % +25% < 1 in order to guarantee (x)2%~1 < (x)72.
By inserting in (4.15) the estimate (4.13) and by using again (4.3), we deduce

t
lw@I2, < (1 + DlwO), +cf lw()2,dt
5 5+ 0 5

and we conclude by the Gronwall inequality.
Next, we focus on (4.11) and we fix 1, u > 0 such that

. 8 6T =98
sn— (1 —s)u =4, n—§+T. (4.16)
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Global well-posedness of the 2D nonlinear... 1191

Then, for every ¢ € [0, T] we use interpolation to obtain

ISavelz = Y ISavOANell

N —dyadic
<C Y ISav®ANelLLISavDANel)S
N—dyadic ! -
=C Y ISavOAnel;lanels",
N —dyadic s

where we have used (4.9) at the last step. By (4.10) (that we can use thanks to the
conditions 8§ + 967 < 45 and 87 > §), we continue the estimate above as follows

s 1—
=Cc > ||Amo||;,é+ lavel s’

N —dyadic 5 5
1 o
=C E N® IIANwlle ANl 2" < Cllel gt
5t
N —dyadic x 5

where we used (2.8) and (2.12).

For (4.12), we postpone the proof to Sect. 6, since the proof requires a special case
of modified energies. Nevertheless, the tools needed to prove (4.12) are elementary
(such as Holder’s inequality) and do not rely on any estimates in Subsect. 4.2 and
Sect. 5. O

4.2 Linear Strichartz estimates
In this subsection, we shall need the following norm associated with A, V:
1A VIllse = Ve, +IVAIx . k€[l,00), §>0. (4.17)
We start with some useful lemmas.
Lemma 4.2 Foreverys € (0, 1), there exists C > 0 such that
I(Ha,v = Bullz = CI(A, V)l 2 llull gies, V8> 0. (4.18)
Proof We have for every s € (0, 1) and § > 0,

[Vu - VAl < [[VAl 2 [Vull 2 < CIVA] 2 |lull i+,
Li(; L;iA L_S(g s

2
where we have used the embedding Hj C L 5'*“ (see (2.41)) along with (2.17) and
(2.3). By a similar argument,
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1192 A.Debussche et al.

Vullp2 < CIVIE 2 lull g
LY,

The proof is complete. O

Lemmad.3 Let T > 0 be fixed and A, V satisfy (4.3) and (4.4). There exists §>0
such that for § € (0, §) and for every r € [4, 00), we have!

1S4,V Ol oo 0,7y, 1+ )SP(I(A, V)|a,r)||¢>|| NP C ALY
$(1-38) Hfﬂ
45

Proof By (4.11) (where we choose s = «/5), there exists § > Osuchthatfor0 < 8 < &,
we have

||SA,V(t)§0||LOO((0’T);L%5) = C”‘/’”Hi/\/zg' (4.20)

From (4.12), under the extra assumption r > 4, we get
184, O9l o2y = P(IA Vs ) Il @21)
Next, we notice that by special case of (2.40) and by (4.20), (4.21) we get:

1S4 vl 14
L ((0,T),H5(1_35))

< D ISavOANGl o1, W)
N —dyadic (1-39
1= 146
< Y ISa V(I)AN<P||LOO((O 1y:13,) 154, vIOANI S 0.2 )
N —dyadic
1-8 1+8
=P(IAVIsr) Y lanel 2 planell,
N—dyadic H7s 8

LU=D) 4145
<P(Aa V) X NTE Al
N
N —dyadic

The conclusion follows by (2.8). O

I Notice that the estimate (4.19) is very weak since the norm on the Lh.s is much weaker than the one on
the r.h.s in both derivatives and weights. In fact, we have

V(1 =8) 8
I+« > 4 1+6" and =(1-38) <45
7 5 )

for 6 <« 1. Nevertheless, this weak estimate will be useful in the sequel (in particular it implies (4.24)
below).
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Global well-posedness of the 2D nonlinear... 1193

Lemma4.4 Let T > 0 be fixed and A,V satisfy (4.3) and (4.4). There exists §>0
such that for every § € (0, 8) and r € [4, 00), we have

H?2
\[ﬁ-

1S4y Ol oty < P(IA Vs lgl o e (4.22)

Proof By combining a special case of (2.40), (4.12) and (4.11) (here we assume § > 0
small enough in order to guarantee § + 98 < 44/8, and hence we can apply (4.11)
with s = \/5), we get

ISav el

< Y ISavOAel

3
L>®((0,T);H?2
N —dyadic @D )

<C ) IS4, v(rmwnmm) w )||SAv<z)AN¢||LOO((0T) )
N —dyadic

<P(IA V) X 18wl 8ol

N —dyadic f+
LS/
=P(IAV)lsr) D NI avel,
N —dyadic v
The conclusion follows by (2.8). O

We are now ready to prove the Strichartz estimates associated with S4 v (7).

Proposmon 45 LetT > ObeﬁxedandA V satisfy (4.3) and (4.4). Forevery$, s > 0,
there exist 8 81, 51 > 0 such that : > 1 and for every r € [4, 00),

184y O¢lroryize = P14 VI, )P(ICA VI, 2 )||<p|| 1, (423)

5
where ll+é: %andl>2.

Proof Notice that by (4.19), for every &, s > 0, there exist s , 01,851 > 0 such that
for every r € [4, 00),

1547 OF o rypory = PV ol oz (4.24)

5
Moreover, by (2.5) we can also assume f—' to be arbitrarily large and in particular larger

than 1. We also have the following bou111d for any given s,, 8> > 0 as a consequence
of (4.11):
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1194 A.Debussche et al.

ISa.v O¢llLeo,1);22) = Cllgll 5. (4.25)
02

)

Next, following [7, 27] we split the interval [0, 7'] in an essentially disjoint union
of intervals of size N~ as

[0, 71=J1; (4.26)
J

and we aim to estimate ||SA,v(t)AN(p||L1(1j;Lq) . Suppose that I; = [a, b]. Then, for
t € [a, b] we can write:

Sav(O)Ang = TYAS, y(@Ang
r (4.27)
—i—i/ OB (Hyy — A)Sa v (T)Aypdr.
a

We now estimate each term in the r.h.s. of (4.27). Using the Strichartz estimates on
R2 (see [9, 17, 26]), and (4.25), we get

”ei(tfa)ASA’V(a)AN(P“Ll(Ij;L")

< ClSav(@Anel 2

< !
< Clavel x
L)
_1_5
SCNTITZ Y Al 1,
N<M<4N Hs,
_1_5
<CN T 2| Lisy
H';2

where we used (2.20) at the second last step. Now we estimate the second term in the
r.h.s. of (4.27). Using Minkowski’s inequality, the Strichartz estimates on RZ, (4.18),
and (4.24) (with s, small), we get

t
| [ e ttny - savmanedr|,
g LI(;;L9)

< Cf [(Ha,y — A)Sav(T)Ane|2dT
1

< CIA V), 2 (I VI, )N Awel g
51

5

— _1_%
< CIA V), 2 P(IA V)15, )NV T F gl

1
+s2

HI

]

where we used (2.21). Summarizing, we get

||SA,V(t)AN¢||Ll(Ij;Lq)
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_1_5
< CP(IAW)Iz, ) (14 1A V)5, 2 )V Flol 1,

)
Using that the number of /; in (4.26) is O(T N), taking the /’th power of the previous
bound, and summing over j, we get the estimate
1Sa,v@ANCI L0, 7):L9)
1
< CTIP(1A Vls, ) (14164, VIl 2 )V el 1,

2
and hence we conclude by summation over N. O
In the sequel, we shall need the following Strichartz estimate.

Proposition 4.6 Assume (4.3) and (4.4) and let T > 0 be fixed. For every s, > 0
small enough, there exist s, 81,8 > 0 such that 2 5> 1 and for every r € [4, 00), we
have

Sa,v(t k
1Sa.v @Dl 407w

=P(la Ve, )P(1a Vls, )P (1A VIl 2 ) ol (4.28)

and

H /Ot Sav( —1)f(r)dr

LTy W A (4.29)
=PI V12 )P (1A VI, )P (1A VDl 2 )1 o -

Proof Notice that it is not restrictive to assume §, s small enough (we will exploit
this fact later). Notice also that (4.29) follows by combining (4.28) with Minkowski’s
inequality. Thus, we focus on the proof of (4.28).

For every s € (0, %), there exists ¢ € (2, 0o) such that the following Gagliardo-
Nirenberg inequality holds:

1
loell 36 = CIIMIILqI|u||2

and hence by integration in time and the Holder inequality in time we get

5,

[ A,V()(P||L4((0’T) ey = 1S,y D@17 20, 7y:20) AV()‘P” 0.1y

< P(IA W)l )ISav el io ) L llol 5

()Jr

where %—i—% = 1,1 > 2are Strichartz admissible and we used (4.22) (wherer € [4, c0)

is arbitrary and we have replaced § by %). By using the Strichartz estimates (4.23),
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we can continue the estimate above as follows

= P(164. Wl )P(A Vs (1A V2 )l | ol 5 g
8

)
$Hr

where § ,81,s1 > 0 depend on s, §. Notice that for initial datum ¢ = A y¢ which is
localized at dyadic frequency N, we get from the previous bound that

S HA
1Sa,v (@) Nw”ﬁ((o,r);w%**“)

=PVl )P4 Vls, )P V)l 2 JIANI 4o

We conclude (4.28) by summing over N and using (2.8), once we notice that % —1—4—31 <1
for! > 2 and s, § > 0 are small enough. O

5 Nonlinear estimates

Along this section, we focus on solutions to the following nonlinear problem
18,U=HA,VU—Ae_pAv|v|p, A>0 5.1
where Hy v is defined in (4.2).

5.1 Nonlinear energy estimates

We have the following conserved quantities for any solution to (5.1):

d
— | w@®Pe*4dx = 0; (5.2)
dr R2
d 1 1
< (—|Vv|2e—2A — u@)PVe A
dr R2 2 2
A 2 —(p+2)A 3)
H|PTee=PTH4) dx = 0.
LSO A a

Proposition 5.1 Assume (4.3) and (4.4) and let T > 0 be fixed. Then, for every § €
(0, é), there exists C > 0 such that for every solution v to (5.1), we have

P2
2 .
[0l zsqoryz) < C(1+ WO ): (5.4)
#
ol meaty = (14 VO )- (5.5)
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Global well-posedness of the 2D nonlinear... 1197

Moreover, for every q € [2,00) and § € (O, m) we have

-1
q
Ol o 0,7y wf 0y = C”””Lw((o,r);HEa)P(HU(O)”H£<zqq>a>' (56)

Proof By using conservations (5.2) and (5.3) and recalling that 2 > 0, we get
1 2 24,24 1 2v7,—2A
(V@) |~ + [v(@®)|7)e ““dx — —|lv(@®)|*Ve ““dx
R2 2 R2 2

1 1
< / L Avo@ P + @ Pre > dx - f L ORVedx
Rz 2 RZ 2

A
+ / [v(0)|PH2e~(PHDA4x
R2Pp+2
and by (4.4) we get

/ l(|Vv(r)|2 + o) P)e A dx
R22

1
< Clv®l?*, + / ~(IVu(O)]* + [v(0)[*)e *Adx (5.7)
HXZ R2 2

A
+ / [0(0) P2~ (PTDA gy,
r2 p+2
In turn by (4.3) and the Sobolev embedding Hsl C Lsp +2, we get
2
@I = C(1+1OI5) + CloOlg, O3, (5.8)

where we used a special case of (2.40) and we chose x = %. Hence, by elementary
considerations, we get

2 +2 2
Il < C(1+1vOI5) + o, . (5:9)

Next, by following the computation in [12, Lemma 3.1] (see also (4.14)), we get

d

3 |, 107 v@Pedx < C / @) BV Jo(n)] e dx,
r Jr2 R2

which, by integration in time, (4.3), and the Cauchy-Schwarz inequality, implies that
A2 A 2 '
lo(@e 7ll72 = lle v(0)I|L§ +C/O IIVU(T)IIL%HIIU(T)IIL'z%dt,
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1198 A.Debussche et al.

so that by using again (4.3),

t t
@3, < Clv©O]3, +C / V@37, dr+C / ()7, de
; » oo - 0 ;

ENES

where we assumed § € (0, é) in order to guarantee (x)2-1 < (x)’%. By combining
this estimate with (5.9), where we replace é by %, we get

t
2 2 p+2 2
t < Clv(0 Cr(1 0 C drt.
||v(>||L2%_ @I, + (+”U<>“H§)+ /Onv(r)ang T

We deduce (5.4) by the Gronwall inequality. The estimate (5.5) follows by combining
(5.4) and (5.9). Concerning (5.6) we can combine (2.43) with (5.4). m]
Remark 5.2 'We consider (5.1) with A < 0. If 0 < p < 2, (5.5) and (5.4) follow from

Proposition 3.2 and Corollary 3.3 in [12], respectively. If p > 2, we further assume
that [[v(0) || H) & 1 for some §p > 0. In this case, (5.7) needs to be replaced by
0

/ 1(|W(r)|2 + lv()|?)e > dx
RZQ.

< Clv|?*, +f LIVoO + p@ e 2dx
H RZ 2

IS 1

A A
+/ |v(())|P+2e—(1?+2)Adx_/ |v(t)|p+2e_(p+2)Adx.
rR2 p+2 Rz p+2

Thus, instead of (5.8), we obtain

2 2 p+2
@y = ClvOy: + Cllv@Ollg vl o+ IIv(t)IILpﬂfS
p+2

1 2
< ClO)II7,) + S Iv@I5, +Clv®Ig; +Ivol™,
- P

p+2
H 3ps

P2

2 1 2 2 p 2
= ClvOll) + SIlvOll + Cllvl, + IIU(I)IIH.BIIU(I)II
! » !

2
L2p8

where we take § > 0 to be sufficiently small and we used (4.3), the Sobolev embedding

_P_
HJ? ¢ LY forany x € R, and (2.40). Assume that @)l 1, =< 1, so that we
have the bound

@151 < ClOIZ, + Clv®1; (5.10)
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Then, by arguing as in the proof of Proposition 5.1 and using (5.10) instead of (5.9),
we get

t
@2, < CA+0lvO)]?, +C/ )7, dr.
2ps 4ps 0 2ps

By applying the Gronwall inequality and taking ||v(0)||2 ! to be sufficiently small,

we obtain ||v(z) ||i2 so that (5.10) gives ||v(¢) ||H1 % Thus, by a standard
2

= 1ooc’
continuity argument, we get the following two uniform bounds for § > 0 sufficiently
small:

||v“L°°((0,T);L§) <1,

”v||L°°((O,T);H15) =< L.

The next proposition will also be useful.

Proposition 5.3 Assume (4.3) and (4.4). Let 0 < § < min{3, 9(6+4n) Yand 7 € (0, 1).
For every t > 0 and for every solution v to (5.1), we have the bound

7
Ol 2, < CP<HU(O)”H;5(6_;”)>”U(t)”Hz . (5.11)

_sclz21
(=)

In particular, for every no € (0, %), 80 > 0, there exists § > 0 such that

o)l =" = CP(IIU(O)IIH )IIv(l)Ile , V6€(0,9). (5.12)

5

Proof By special case of (2.40), we get

|If||Hl+v<Cllflll;jfTIIfIII“1 , 6>0, s€(0, D
5(_5)

and also

||f||H1s<C||f|| |If|| , 86>0, s€(0,D.

a( 3s)
Summarizing, we obtain

(1-5)2 s(1—s)

Il gres = CHAN Y S VA P ||f||1+r , 6>0, s€(0, D

5( 328y —s(133)
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Next, we select s € (0, 1) such that n = szﬁ, namely s = 2%_7_] We recall that (5.4)

and (5.5) are available for solutions v to (5.1) and so we get

WOl 2 < CP(”““’)”Hga)P(””(O)”H;MG_f,,))”“(””'Lz

1-27
N S(—=1L
) ( 7 )

The conclusion follows since 8§ < 46(%) for every € (0, 1). The bound (5.12)
is an easy consequence of (5.11). O

5.2 Nonlinear Strichartz estimates

Along this subsection, v denotes any solution to (5.1) and §p > 0 is a fixed number
suchthatv(0) € H 320 . We aim at proving local in time Strichartz space-time bounds for
the solution v. We shall use the quantities introduced respectively in (4.8) and (4.17).

Proposition 5.4 Assume (4.3) and (4.4). Let T > Oand n € (0~, 1) be fixed. Then, for

everys > 0and(0 < § < min{%, W}, there exist s1, 81, 8 > 0 such that f—; > 1
and for every r € [4, 00), we have the fo?lowing bound:
1904 o
- 2
= (164 Vlsr )P (164 V)15, )P (164 V1 )P(IA VI, 2 ) s 45

x [Vl + P (10O

(p+D7
el

L®((0,T); H? _ ]
((0,1) _26(%))

In particular, for every given ngy € (0, %) and s > 0, there exists § > 0 such that for
every § € (0, 8), there are s, 81,5 > 0 with ?—: > 1 and for every r € [4, 00),

v 3_.
| ”L4<(o,r>;wﬂ4>

=PI V)1a )P (1A V15, )P (164 VL )P (1A Vs, ) (s.14)

1
x P(nv(mnH;O)||v||(L”$((g’?°T);Hga)-

Proof We get by (4.28) and (4.29) that

ol =PIt V)l (164 Vol )P(1A VIR 2 )

L. Ty Wi
T A
x (IOl +|A|/ le™P A u(@)]u()I” ] 4y d ).
0
On the other hand, we have
—pA )2
le™PAolol? |
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< Clle™ " vl [l 3 + ClIVAe P vl 2 + Clle™ P4V ulul”l
< Cll) e P iz vl gy 10117 + Cll) VAP vl 2 vll7
L3y
1
< Cl(A, V)|a,r||v||P;,
H287n
where v = v(t) for some fixed t € [0, T] and we used the Sobolev embedding

2
H,," C LI for every g € [2, co]. By using (5.11), we get

—pA p (p+Dn
PN P SCP(Ilv(O)IIHSIMG;M))IIv||Loo((O’T);H32

i)
- 6(1;,2’7)

The bound (5.14) easily follows from (5.13). O
As a consequence, we can show the following estimates.

Proposition 5.5 Assume (4.3) and (4.4). Let T > 0, no € (0, %), and s € (0, %) be
given. Then, there exists § > 0 such that forevery § € (0, S), there exist sy, 81, §>0
with f—: > 1 and for every r € [4, 00),

Vil z20,7); w4)

=PI V)1ar )P (1A W1z, )P (164 VL2 )P (1A V)L, 2) 1)

201-29)(p+Dng (1+45)2=s5)
3 6
% P<HU(O)HH§0) ”v”Lw((o,T);H35) 101 oo 0,732

580 )
I@-s)

In particular, by choosing s = 11—6 and 0 < § < min {S , we get

S0 }
T 64(d—1)

vl L2¢0, 1) w14
< 7>(|(A, V)Is,r)P(I(A, V)|g,,)7>(|(A, vn%,)P(II(A» V>ll,s],§) (5.16)

7 155
12 (P+Dno+333
x P(”"(O)”HJO) 1ol oo 0,7y:2,)

Proof We have the following interpolation bound at time fixed:

2(1-2s) 1+4s 1
@iy < COI T Ol s < (0.5)

and hence by integration in time and using Holder in time, we get
v L2¢0.1y: w4y
2(1-25) Lids 1 5.17)
< ol 3 se(0.5).
L4(0,T);

W%ﬂ"’4) ”v(t)”Loo((O,T);HZ’S)’
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1202 A.Debussche et al.

Next, notice that we have

s 2—s
@l - < ClvOll, TvO 5 . (5.18)
o s sk
(4—s) 4 A(E—s)

We conclude (5.15) by combining (5.4) with (5.14), (5.17), and (5.18). The estimate
(5.16) follows by (5.15) once we notice that the condition 0 < § < ﬁ implies
—16
that we have the embedding H? s CH 2 s fOrs = %. Then one can abosorb the
T 4(d—s)
term ||v||L°°((0,T);H2 w ) in the factor ||v||Loo((07T);HE§) on the r.h.s. in (5.15). O

REic=]

6 Modified energies

Along this section we denote by v a solution to the following equation with time-
independent A and V:

19,0 = Av—2VA-Vu+ Vv —re Pu?, >0 6.1)

and §p > 0 will denote a fixed given number such that v(0) € ng0 . The following
result has already been used in the linear case (A = 0).

Proposition 6.1 Let v be solution to (6.1), then we have the following identity:

;—tgA,V(U(l)) = —AHa,v (v (), (6.2)
where
Eav () = /R NAv@Pe™ dx + Fa v () = 2gav w(0)
and the energies Fa v, Ga v, Ha v are defined as follows:
Fay (1) := —4Re fRz AV()VA - Vi(t)e A dx
— 4/RZ(VA -Vv)?e ?4dx + 2Re /H;Z VOV V() - V(e *)dx
+ 2Re/ Av(H)o()Ve Adx + / lv(1)]?VZe *dx,
R2 R2
Gav (1) 1= — /R VORI Pe P A

—ZRG/ vV (w(®)|P) - Vi(e P ax
R2
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Global well-posedness of the 2D nonlinear... 1203

+ § / V(v PP 2e” P44
RZ

2
+ — v() P2V e PTDA gy
— /R o)
+2pRe/ V(D@ |PVA - V(e PTDAgy,
RZ
Hav (@) i=— / V()23 (Jv(@)|P)e™ PT2Adx
RZ

—2Re / OV ([(®)|P) - Vi(t)e™ P Adx
R2

_L / V(v @) )28 (Jv()|P2)e” PTD 44
4 RZ

+2pRe/ %O OIP)VA - Vi(t)e P dx.
R2

Proof In the sequel, we denote by (-, -) the usual scalar product in L2. We start with
the following computation:

d
a(Av, Ave ) = 2Re (9, Av, Ave %)

= 2Re(3;Av, 19,ve>Y) + 4Re(d, Av, VA - Vve ™) (43
— 2Re(3; Av, vVe **) + 2ARe(d; Av, v|v|Pe” PTD4)
=I1+11+111+1V.

Notice that

I = —2Re(9,; Vv, 19, Vve >4) — 2Re(d, Vv, 19,0V (e >4))
= —2Im(9, Vv, 8,vV (e *4)).

(6.4)
Moreover we have
11 = 4Re(3;Av, VA - Vve 24)
—24 d —24
= 2Re(Av, 09;Vv - V(e %)) + 4aRe(Av, VA - Vve %)

and using again the equation solved by v, we obtain

d —2A —2A
11 = 4aRe(Av, VA - Vve %) — 2Im(0;v, 0; Vv - V(e™ %))

+4Re(VA - Vv, 3, Vv - V(e 24)) — 2Re(Vv, 8, Vv - V(e )
+ 2ARe(e " PAv|v|P, 8, Vv - V(e™ )

d —2A —2A
= 4aRe(Av, VA -Vve %) + 2Im(0; Vv, ;,vV(e "))
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1204 A.Debussche et al.

+ 4Re(VA - Vv, 3, Vv - V(e 24)) — 2Re(Vv, 8, Vv - V(e~ )
+ 2ARe(e PAv|v|?, 8, Vv - V(e ).

Hence by (6.4) we get

d —2A —2A
I1=4_Re(Av, VA Ve ) — [ +4Re(VA - Vv, 3, Vv - V(e )
—2Re(Vv, 8; Vv - V(e 24)) + 2ARe(e PAv|v|?, 3, Vv - V(e 24))
d —2A —2A
= 4ERe(Av, VA -Vve %) —1+4Re(VA - Vv, o, Vv - V(e "))
d —2A —2A
- 2d_tRe(VU’ Vv - V(e ")) +2Re(Vo,v, Vv - V(e™ )
+ 2ARe(e PAv|v|?, 8, Vv - V(e ).

Namely, we have

d
I+ 11 =2Re(Vdv, Vv - V(e 24)) + 4aRe(Av, VA - Vve 24

d
+4Re(VA - Vv, 3, Vv - V(e 24)) — 2d—tRe(Vv, Vo - V(e 24))
+ 2ARe(e PAv|v|P, 8, Vv - V(e *Y).
On the other hand, we can compute the last term in the above identity
2ARe(e PAv|v|?, 8, Vv - V(e 1Y)
= —2ARe(V(e PAv|v|P), 8, Vve 24) — 2ARe(e PAv|v|P, 9, Ave 24)
= —2xRe(V(e PAv|v|P), 8, Vve 24 — IV
= —2ARe(e PAVu|v|?, 8, Vve 24) — 2ARe(e PAvV(|v|P), 3; Vve 24)
— 2ARe(V(e PYYu|v|?, 8, Vve 24 — IV

d
= 1@Vl e”PH) 22— ReV([v]?), Vve™ PH24)

+ 2ARe (8, vV ([v|P), Ve~ PTD4) L 2aRe(vV 3, ([v|P), Vve PHD4)
— 2)Re(V(e PMyu|v|?, 8, Vve 24y — IV

d
= —ka(lwlzlvl”, e PR L0 (IVPB,(Ju|P), e~ PTDA)
d
= 2k Re(V(ul"), Voe™ (PHD4) 1 2)Re(d,vV ([v]|”), Vve  (PHI4)

A
* 7p(3f<v<lv|2>|v|"‘2>, V(|vH)e PTD4)
— ZKRC(V(e_PA)U|U|P’ S,Vve_zA) _Iv

d
= —ka(lwlzlvl”, e~ PEDAY LA (IVU)29,([v]P), e~ P24
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d
— 201 Re(wV (oI, Voe P4y 1 2)Re(d,vV ([v]P), Vve  (PFHI4)

AP o - Ap _ _
+ @V 2 e P £ SRV (oo (ol ), V(luP)e P
— 2ARe(V(e PMYu|v|?, 8, Vve 24 — IV
d
= —A (VP I, e PF24) a1V 2a, (ju]"), e~ 7%
d
— 2% Re@V(lvl"), Ve~ PF24) L 2)Re(8,0V (|v]P), Vve™ PT24)
Ap d

+ g (VAP Pl =2, o= D) o ”(|V(|v|2>|2at(|v|”—2),e‘”’““)

— 2ARe(V(e "M v|v|P, 8, Vve 24 — IV .
By combining the identities above we get

I+11+1V

= 2Re(d;vV, Vv - V(e ) + Z%Re(Av, 2VA - Ve %)
+4Re(VA - Vv, 3, Vv - V(e 24)) — 2%Re(Vv, Vv - V(e 24))
- A%Re(mﬁw, e PTDA) L aRe(|Vo 29, (Jv]7), e PTRA)
— ZAdiRe(vV(|v|”), Vve  PT24) 4 2)Re(d,vV (|v]?), Ve  PT24)

+Td—(|w| o2l e ) 4 P 5 IVAuDPa, ()72, e 24

— 2)Re(V(e P4)v|v|?, 3, Vve >4).

Since I11 = —Z%Re(Av, Vve 24) 4+ 2Re(Av, 9;vVe 24), we obtain the following
identity:

I+I1+II1+1V
d
= 2Re(Vd;v, Vv - V(e 24)) + 4ERe(Av, VA - Vve ?4)
—2A d —2A
+4Re(VA - Vv, 9 Vv V(€)= 2—Re(V, Vo - V(™)
d
- kERe(IVvIZIvI”, e~ PDAY L aRe(IVo 20, (Jv]?), =PI
d
— md—Re(uV(W’), Vve™ PHDAY L 2)Re(d,0V (|v]P), Vve™ PH24)
Ap
+ 22 L (9o P2, e 24y 4 2P (IV(Ivl )28, ([u]P2), e~ (PTDAY

4 dr
d
— ZAERe(V(e_pA)va’, Voe ) + ZARe(V(e_pA)B,(vle), Vove 1)
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1206 A.Debussche et al.

d
— 2ERe(Av, Ve 24) 4 2Re(Av, dvVe ).

Next, by using the equation solved by v, we compute the first, the third, and the last
term on the r.h.s. above as

2Re(3;vV, Vv - V(e ?4)) + 4Re(VA - Vv, 3, Vv - V(e 24))

+ 2Re(Av, dvVe 24)

= 2Re(9;vV, Vv - V(e ) — 8Re(VA - Vv, 3, Vv - VAe 24)
+4Re(Vv - VA, duVe 24) — 2Re(Vv, vVe 24)
+ 2ARe(e PAv|v|?, dvVe )

d

= —4Re(9,vV, Vv - VAe 24) — 45((VA S V)2, e 724
+4Re(Vv - VA, Ve 24) — 2Re(Vv, vVe 24)
+ 2ARe(v|v|?, 9, v Ve~ (PTDA)

d d
=4 (VA V)2, e 24 — d_t(V|v|2’ Ve 24)

26 d
+ R P2 o= (pH2AY)
p+2ds e(lvl ¢ )

The proof of Proposition 6.1 easily follows by combining the above two identities
with (6.3). O

Next, we provide some useful estimates on the energies Fa v, Gav, Ha,v. We
recall that the quantity |(A, V)|s , has been introduced in (4.8).

Proposition 6.2 For every § > 0 andr € (2, 00), we have

Fav @] = P14V, ) (le ™ Awlzlwl 2 +lwl? | o) (65)
W, 2

1,
' r
8

Jfor any generic time-independent function w. Moreover, there exists 8 > 0 such that
for any given T > 0 and for every § € (0, §) andr € [4, 00), we have

sup 1 Fa.v )] = P14, V)ls. )P (10O )
te(0,7) 0 (6.6)

r2 r+2
_A r r
x (”e Av”L“«O’T):LZ)”””LZOO((O,T);HE,;) + ”U”LOO((O,T);HE(;) :

Proof By the Holder inequality we get:

[Fav @)l = Clle™ Awll 2 [} Vw Ol 2 I1x) VA~ 1r

+ ClIx) P AVAIL I1(x) Vul?
L2

=
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Global well-posedness of the 2D nonlinear... 1207

+ ClIx)BVATAV 1) Vw2 [(x)°w]l 2
L2 Lr—=2 L2
+ Clle Awl 210wl 2 160) Ve lLr

+ CIx) Ve A3 1) wl? 5,
L2

which in turn implies (6.5). On the other hand, by (5.6) for § € (0, ﬁriz)), we have

3r42 )8>

. =2 6.7)
< Cll| fo’o«o,m;Hgs)P(llv(0>”Hg0)’

re2
v » < Clv| > P( V(0)|| 11
I ||Lm((O’T);W;,m) <C| ||Loo((0,T);H36) I ()||H4(

where at the last step we used that for r > 4 we have 4(%)8 < 286 and hence
v (O) || 1 - < ||v(0)||H51 provided that § > 0 is small enough. The proof is
43225 0

complete. O
We now have the necessary tools to provide the proof of (4.12) in Proposition 4.1.

Proof of (4.12) For simplicity, we denote w(t) = Sa,v (). To prove (4.12), we use
(6.2) with A = 0 to obtain

dr - <|Aw(t)|2e—2A + fA,v(w(t)))dx =0,

which in turn after integration in time implies

/Rz [Aw(n)?e > dx = /Rz |Aw(0)[>e2Adx — Fay (w(t) + Fay (w(0)).

By (6.5) (whose proof only involves the Holder inequality) in conjunction with (4.6),
we get that for every u > 0,

/ (w®F +Aw(n))e™> dx
R2
< [ QwOP + [2w©P)e dx
R2
—A 2 S 2
+ P14 Vs, ) (e Aw®13 + (1 + 2M)||w(t)||W;‘r2:2)
+ (14 V)l ) (1™ A0 O WO e, + 10O )

8 W5
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1208 A.Debussche et al.

In particular, we can choose u = m and get

% / (WO + [ Aw(0) e dx
R2
< fR 2(|w<0>|2+|Aw(0)|2>e*2Adx+P(|(A,V)|a,r)||w<t)||;1_%2 68)

8
+P(lca, V)|,s,r)(||e—AAw<0)||Lz||w<0)||W;,r% + O, )

1.2
o
Wy

Then, notice that by (2.43), where we choose g = 2—’2 we get

r—

< r r
Ilw(t)llw;,r% = Clw®ll g2 w2

3ty
2 2 (6.9)
< Cllw@®)| .25 [lw)] 7 ,
< Cle@ls wOl
r=2
where we used at the last step (4.10) (recall our assumptions % +28" < 3’;22 and
8T > §). We conclude by combining (6.8), (6.9) and (4.5). O

We move on and prove the following estimates for G4 v and H,4 y.

Proposition 6.3 For any given T > 0 and no € (0, %), there exists § > 0 such that for
everyr € [4,00) and § € (0, 8), we have the bound

sup |Ga,v(v(D)]

te(0,7T)
< 1A V)5, P (100 1 R @10
= 1AV POl ) (1410120 -
Proof We have by the Holder inequality
1G4y @D = CIVVOI? 2 1’ 0O g 1) e P20
+CIE O e ) P Ve P (6.11)

+ CIVOOI 2 160 0O 21l 0x) OV Ae™PF2A)

2
Next, notice that by combining the Sobolev embedding L% CH p2 " for q € [2, 0]
with (5.12), we get

I @115 = 1O < P(IvOlg )Ivolp!

Ly
P
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2
1 O, 2 = Oy < P(10Ol g ) 0@
Lot
p+2
1
1) @172 = ||v(t>||’2(p+]) < <||v(0)||H )”v(t)”now )
p+1
By combining the estimates above with (6.11) and (5.6), where we choose ¢ = rzTrz»
we conclude the proof. 0

Proposition 6.4 For any given T > 0 and no € (0, %), there exists 8 > 0 such that for
everyr € [4,00) and é € (0, 8), we have the bound

T
f Hay @EDIAT < 1A, V) 5P (10Ol gy ) 1rve™ oo,y
0 0 (6.12)

2 nop
x (1 + ”V””LZ((o,T);L“)) (1 + ”“”Lw((o,T);HEg)) :

Proof We only focus on the case when p > 1. The case p = 1 will follow in a similar
(and easier) manner. Notice that by the Holder inequality, one can estimate

Hav @) = CIVO@IZalldrve™" | 201 x)° @) P~ oo [[(x) 7™ PHDA oo
+ CIVOO Il 18w 2l ) @I se 10071V A= P4

2
By combining (5.12) with the Sobolev embedding sz 0 c L% for g € [2, 00], we
get

I1x)? |v(t)|”|| o =", P(llv(0)||H51 )Ilv(t)Hnop
L~ 4

\Ov

and

1 O e = O < P(1vOl g )Iv@ ",

=T

After integration in time and the Holder inequality w.r.t. time variable, we obtain
(6.12). O

7 H? a-priori bound

We introduce the following family of regularized and localized potentials, for ¢ > 0
andn € N:

—~

Ae,n Zean, Vg’n ZQnZVYgZ
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1210 A.Debussche et al.

where 6, (x) = 9(;—‘), 0 e CSO(RZ), 6 > 0, and 6(0) = 1. We first notice that due to
(3.9), if we choose A = A, , and V = V, ,, then the condition (4.3) holds uniformly
w.r.t. n and ¢ with the constant C replaced by a random constant C (w). The same for
(4.4) which is satisfied uniformly w.r.t. n, ¢ with a random constant C(w). In order
to prove this fact combine (3.15), (3.17), (3.2), (3.3), and [12] (more precisely, see at
page 1160 three lines below (33)).

We introduce, following the notation (4.2), the operators

Hen = Ha,,v.,
as well as the associated nonlinear Cauchy problem
13ven = HeVen +he P4 0e v nl?, 0en(0) =00, 220 (7.1)

where vy = uge? € H520 for some fixed o > 0. The main point in this section is to
establish the following a-propri bound for any sufficiently small § > 0:

SUp lvell o 0.7 12, < C(@)]In g|CP(||U0||H§O), as. o (1.2)
P 2

ne

for any given 7' > 0.

We now focus on proving the bound (7.2). Recall the quantity |(A, V)]s, defined
in (4.8). Assume that § > 0 has been fixed in such a way that (6.6), (6.10) and (6.12)
are satisfied with the choice A = A, ,, V = V, . On the other hand, one can show
that once § is fixed, one can choose r > 4 large enough in such a way that

sup [(Aens Ve)lsr < C(@)O(IIngl€),  as. o. (7.3)
neN

This bound follows from (4.8), (3.1), and (3.9) (the cut-off 6 (ﬁ) can be easily handled
by an elementary argument and the bounds are uniform in n € N). Moreover, by (6.2)
we get

/ |Ave (1) 2e 2 Aendx
RZ
= / NAve O™ e dx — F, (v n(@) + F,, 0en (0 (74)
R
t
— 3G n (Ve (1)) + 2Gon (Ve (0)) + / Hen (ven (T))dT
0

where

‘7:8»” = fAs,nsVS,n’ gs,n = gAE,nsVS,n’ Ha,n = HAs,nsvs,n

are the energies defined along Proposition 6.1 with A = A, , and V = V,,. Next,
we apply (6.6), (6.10) and (6.12) with A = A, , and V = V,,. By using (6.6) in
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Global well-posedness of the 2D nonlinear... 1211

conjunction with (7.3) and by choosing r large enough, we deduce

SUp | Fen(ven ()] = C@) ne|“P(Ilven Ol )
1€[0.7] 0 (7.5)

_Aa n 1~ 2~
X (”6 ' Avs,n ||L°°((0,T);L2) ”vé‘,l’l ||L°°((0,T);H36) + ” Ve,n “Loo((oyT);HE{;))

for suitable 1~ € (0, 1) and 27 € (1, 2). Moreover, we can choose 1 in such a way
that

1 1

- + 5 +no(p+2)e(,1); (7.6)
7( + Dno + 155+ e (0, ); (7.7
cP o+ 1g5 T M0P 1)s )
no(p +1) € (0, 1). (7.8)

Hence by (6.10), (7.3), and (7.6), we obtain

sup |Ge,n(ve,n (1))
t€[0,T] (79)

C 1~
= C@Imel“P(Iven Ol e ) (14 0en Ol g 1.2, )
where 1~ € (0, 1). Notice also that we have (by choosing r even larger than above)

sup |(A£,n7 Va,n)|£ , < C(w)| 1n8|C7 sup |(Aa,n7 Vs,n)|(§,r =< C(a))|1n8|c a.s. w,
n 4> n

where § > 0 is the one that appears in (5.16). Moreover, by (3.1) in conjunction with

the fact that in (5.16) we can assume f—; > 1, we also have (see (4.17))

up I(Ae.n. Vel 2 < C@)O(Inel) as. 0 (7.10)
n s

and hence by combining (6.12) with (5.16) and (7.7), we get

T
f Hen@en(@)ldT < C@)] el “P([[ven )l )
0 0 (7.11)

7A€’l
X [0 ve,ne” 5 ||L°°((0,T);L2)(1 + ||U&n||L°°((0,T);H35)) J

where 17 € (0, 1). Next we notice that by using the equation solved by v, ,, we get
2

by the Holder inequality and the Sobolev embedding Hszf"0 C Lg, q € [2,00], in
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1212 A.Debussche et al.

conjunction with (5.6), (5.12), (7.10), and (7.8),

—A
10 ve,n ()™ 5" | 2

< [ Ave (e | 2
C 1~
+ @ el“P(Iven Ol g2 )venlly o 712,

+ C(w)| ln8|C||U£,n(t)|vs,n([)|p”L§

< [|AVs y(1)e Ao 2 (7.12)

C 1~
+ @ el“P(Iven Ol o el 712,

c no(p+1)
+ @) el “P(I0enO) gy Jveal 001 e
< ”Avs,n(t)e_Aa’n

C 1~
+ C@) e “P(I0en O gy Yveall o pyere,

2

for a suitable 1~ € (0, 1). Hence, we can gather together (7.4), (7.5), (7.9), (7.11),
and (7.12) and we get by elementary manipulations that

/ v (Pe > erdx < C / NAve (0P e dx
R R

+ Cllveal} o e,y + C@I el +P (s Ol ).

which in turn by (4.5) implies
e oo criz,) = P(I0en @l ) + Clveali g 2, + C@) el

By an elementary continuity argument we get (7.2).

8 Proof of the main result
In this section, we first prove Theorem 1.1, global well-posedness of the mollified

equation (1.9). After that, we prove Theorem 1.2, the convergence of the solutions of
the mollified problem to a unique solution of (1.7).

8.1 Proof of Theorem 1.1

We first follow the steps from [12, Proposition 2.11] to show the existence of a solution
v to (1.9), where ¢ € (0, %) is fixed. Fix §g > 0, T > 0, and let vg € Hazo' By (7.2),
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(5.12), and (2.40), we have the following bound for any y € (1, 2) and for some § > 0:
sup [venllcqo, ) = C@lnelP (ol ). as. o 8.1)
neN 0

where the bound is uniform in n € N. Also, by (3.2), (3.15), and (3.9), for any
a€(0,1),0<6 <é,ande € (0, %) we have the following bounds:

sug(uenygncc_} 165V et + IIe—Pﬁan”LiOS_) < Cw), as.o. (82)
ne -

Using the equation (1.12), (8.1),(8.2), and (2.41), we can easily deduce that {0; ve  }neN
isbounded (uniformlyinn € N)inC([0, T); Hgffz) forany 0 < 8’ < 8. By the Arzela-
Ascoli theorem along with the compact embedding (2.5), we obtain a convergent
subsequence {v », }kenin C([0, T'); H(Sy,,l_z) forany y; < y and§” < §, and we denote
the limit as ve. By (7.2) and (2.40), the convergence also holds in C([0, T); Hgl) for
any s € (1,2) and some §; > 0. Also, by (7.2), the Banach-Alaoglu theorem, and
taking a further subsequence if necessary, we obtain the following bound:

10l soco.7y 2y < C@)InelSP(llvolly2 ), as.w (8.3)
(0.7);H?) 2

for some § > 0. Furthermore, v, satisfies the equation (1.9).
Next, we show the uniqueness of v, in C([0, T); Hgl ). Assume that v, and w, are
two solutions to (1.9). Define

re(t) = v (t) —we(t), te€[0,T).

Then, r; satisfies the equation:

—~

10i7e = Are 4+ 1e:VY2: = 2Vr VY, — he PV ([0p|Pve — |welPwe), 76(0) = 0.

Using the equation for r,, we can deduce that

1d

S— | lre@e e dx = Alm f P (1) (J0e (D7 ve (1) — [we (D) [Pwe (1)) e~ PHPTedx.
2dt Jr2 R2

Thus, using the embedding H gl C Lglo and (3.9), there exists § > 0 small enough
such that

1d 2 ,-2Y; —Ye 2 p p —Ye P
3 o re@Pe e < Cliree™ I (e @ + e Ol )™
< C@lree™ 12 (Iwe @l + el ).
1 1

By the Gronwall inequality, we obtain r.(¢) = 0, so the uniqueness result follows.
This implies that the whole sequence {v, , },en converges to v, in C([0, T); H(SS. ).
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8.2 Proof of Theorem 1.2

The scheme of the proof is similar to the previous works on NLS equation with white
noise potential.
We first note that by taking

—~

A=Y, V=:VYZ,

the conditions (4.3) and (4.4) hold almost surely uniformly in ¢ € (0, %) by using the
same reasoning as in the beginning of Sect.7. In particular, we can use (5.4), (5.5),
and (5.12) with v replaced by vg.

Fix §p > 0 and assume that vy € H520. LetO <& <e1 < % and define

r(t) = v (1) — v, (), t€[0,T]

Then, r satisfies the equation:

—~—

107 = Ar +1:VY2:1 4 v, (VY2 = :VY2:) = 2VrVY,,
— 2V, (VY — VYe)) — Alvg, e Yo [Pug, + Avg,e Y22 [Puy,,
r(0) =0.

Using the equation for r, we can deduce that

2 =-2Y,
- — t ‘1d
2dt R2|r()'e Hax
= Im/ F() Ve, (VY2 — VY2 e erdx
]RZ

— 2Im f (1) Ve, (1)(VYe, — VYe,)e 2ot dx 3.4)
R2

— )Jm/ f(t) <|U81 (l)e_Ys| |I)U81 (l) — |v£2(t)€_Ys2 |pU82([)> e_2y€1dx
R2

=I1+1I+1II.

Using (2.46), (2.44), (3.16), (3.9), and interpolation with (5.4) and (5.5), we get
that for o € (0, 1(1)—0), there exists § > 0 small enough and k¥ > 0 such that

—_—~

1] = ClF (e, (e > 1 gy VY22 = VY2 o
< C@EFIr Ol e v, Ol g lle ™ o1 | g3 (8.5)

< C@efP(Joly ).
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Similarly, using (2.46), (2.44), (3.15), (3.9), (5.12), and (8.3), there exists § > 0 small
enough and k > 0 such that

[11] < ClIF(0) Ve, (e~ o1 gy, VY, = VYyllg-a
= C@ES IO e Vv (Ol e lle ™1
K C
< C@ef P (Il )Ilve N2,

< C@)ef a2l “P(llwoll 2 ).
0

(8.6)

2 -
Concerning /11, using the embedding H;_" C Lg" (n, 8 > 0 small enough), (3.9),
(5.4), (3.10), (5.12), and (8.3), there exists § > 0 small enough and « > 0 such that

—Ye, 12 P P ~Ye, P
[I11] < Cllre”"1][72 (”vel(t)”L;% + ||v62(t)||L<;<§) lle™ 1l o

+1 —-pY, —-pY, -Y,
+||r||L§||v82(t>||f§,,+2||e P — e P le™ ot s

+ e ®1” )

=Y 12
= C@lre™" 13 (v 017 5 o
HY" HY"

e (8.7)
K
+ @Ol 3 P(oly)

< C@)neal” P(Jvoll 2 ) lre "1 17,

+ C@)ef I ea “P(lvol 2 ).

for some y € (0, 1).
Now, letting £] = 2% and g, = 2=+ for k € N, we combine (8.4), (8.5), (8.6),
and (8.7) and apply the Gronwall inequality to obtain

sup / |r(t)|ze*2Y2*"dx
1€[0,T) JR2

» c C@T 2~ VP P(ugll 2 )
< C@27 (ke + DEP (ol 2 )e o
0

e VEADC@TP(voll 42 )
< C@27%2 o P(Ivoll2 ).
0

where we used e/ 1+ < Cx? for y € (0, 1), y > 0 arbitrarily small, and x > 0
large. Thus, by (3.9), for any § > 0 we obtain

2 _ ke
lv2—k = V-t llg g, 7y, 2,) = C@)2 4
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Using interpolation along with the bounds (5.12) and (8.3), it is not hard to deduce
that forany s € (1, 2), there exists 6; > 0 such that {v,—« }xen is a Cauchy sequence in
C([0, T); Hg'l) and converges to some function v € C([0, T); Hgl ). By using similar
steps as above, we can also deduce that

_k~
sup lve — vy-klleo, 7y; Hg ) < C(w)2 Kp(llvollyaz )
ee(@~(k+D) 2—k] ! 0

forsome k' > 0, so that the whole sequence {ve}, (0, 1) converges tovinC([0, T); gl )
as ¢ — 0. This finishes the convergence part of the theorem.

Lastly, we prove the uniqueness of the solution v in C([0, T); Hgl) to the equa-
tion (1.7). Assume that v and w are two solutions to (1.7). Define

r'(t) =v(t) —w(), tel0,T).

Then, r’ satisfies the equation:

10,7 = Ar' +r':VY2: = 2VF'VY — he PV (Ju|Pv — |w|Pw), ' (0) = 0.
Using the equation for ’, we can deduce that

1d

24t Jeo IF@O)2e Y dx = Mm/R2 7(t)(|v(;)|pv(;) — |w(;)|pw(t))e—(p+2)de.

Thus, using the embedding Hgl - Lglo and (3.11), there exists § > 0 small enough
such that

1d

2 ,-2Y —-Y 2 -Y
1 [ 0P dx < e 12 (IO + Tl )le 17
2dt Jr2 Iy 3 =5

< C@Ire 15 (IOl + 1wl ).

By the Gronwall inequality, we obtain r’(¢) = 0, so the uniqueness result follows.
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