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Linear and Non linear stability for the kinetic plasma sheath on a
bounded interval

M. Badsi

Nantes Université, Laboratoire de Mathématiques Jean Leray, 2 Chemin de la Houssiniére BP 92208,
44322 Nantes Cedex 3

Abstract

Plasma sheaths are inhomogeneous equilibrium that form when a plasma is in contact with an
absorbing wall. We prove linear and non linear stability of a kinetic sheath equilibrium for a
Vlasov-Poisson type system in a bounded interval. Notably, in the linear setting, we obtain
exponential decay of the fluctuation provided the rate of injection of particles at equilibrium
is smaller that the rate of absorption at the wall. In the non linear setting, we prove a similar
result for small enough equilibrium and small localized perturbation of the equilibrium.

Keywords: Vlasov-Poisson equations; boundary value problem; plasma sheath; linear
stability; non linear stability; first order delayed integral equation; non linear Poisson
equation; exit geometric conditions

Introduction

In this paper, we study the dynamical behavior of solutions to a kinetic model of plasma-
wall interaction. When a plasma made of positive ions is in contact with a partially absorbing
wall, the relative difference in mobility between ions and electrons yields the formation of
a boundary layer near the wall which is characterized by the formation of a positive space
charge. This charge creates an electric field which attracts the ions and repels the electrons
at a rate which balances the loss of charges at the wall. It results in a permanent regime.
This phenomenon is known as the plasma sheath |9, 27]. The study of the plasma sheath is of
significant importance in the design of laboratory plasma devices such as Tokamaks |22, 20, 28|.
In this work, we consider a bounded and uni-dimensional plasma made of only one kind of ions
in which is immersed an infinite metallic wall. The time scale of interest in our study is that
of ions so that electrons are assumed to be at a thermodynamical equilibrium. We shall model
the mesoscopic behavior of the ions using a kinetic approach where positions and velocities
of the particles in the phase space @ = (0,1) x R are denoted = and v. We then denote by
f(t,-,+) > 0 the density of ions in the phase space @ at time ¢ > 0 and by ¢(¢, -) the electrostatic
potential at time ¢. We are interested in long time stability properties of (f, ¢) solution to the
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Vlasov-Poisson equations,
Of + 00 f — 0ud(t, )0, f =0, t€(0,+00),(z,v) €Q, (1)
~ N0, p(t, ) = / ft,z,v)dv —n.(o(t,z)), t>0, xe€(0,1), (2)
R
where A > 0 is a normalized Debye length. Here,
ne : R — RS is €' and n) > 0. (3)

A typical example of such a function in the context of plasma physics is the so called Boltzman
density [9] which is given by n.(¢) = nge? where ng > 0 is a normalize density of electrons.
To close the system (1)-(2), we have to define boundary conditions and to prescribe the initial
data. We thus define the set of incoming particles, the set of outgoing particles and the singular
set by

Y= {(0,v) : v>0}U{(1,v) : v<0}, X:={(0,v) : v<0}U{(l,v) : v>0}, (4
5% = {(0,0)} U{(1,0)}. (5)

We therefore prescribe f(t,-,-) on ¥ as follows
Vit >0, f(t,0,v)=pv)ifv>0 f(t1Lv)=0 ifv<0, (6)

where u(v) > 0 denotes a stationary density of incoming particles that comes from the plasma
core while at the wall (x = 1) particles are absorbed. As for the electric potential, we impose
the following Dirichlet boundary conditions

¢(t7 O) =0, (b(t? 1) = ¢p= (7>

where the reference of potential is chosen to be at x = 0 (the plasma core) and ¢, € R denotes
the voltage at the metallic wall. The system (1)-(7) is eventually completed with the initial
condition:

f(07w7v) = fO(ZL‘,’U) (8)

where fj is the initial density of ions.

Up to our knowledge, the wellposedness theory of Vlasov-Poisson equations in bounded
domain has not been investigated in full details. Stationary solutions have been obtained in
[24, 25, 11, 2, 3]. As for the time dependent problem, existence of weak solutions has been
obtained by Ben Abdallah in [5], while uniqueness of the mild solution in the one dimensional
case was proven by Bostan in [7] for decreasing electric fields. In the case of the specular
reflection boundary condition, global wellposedness of classical solutions has been obtained by
H-J Hwang and J.Velazquez in [18] using the assumption that the electric field points outward
at the boundary. Recently, Cesbron and Iacobelli in [8] proved a similar result for the Vlasov-
Poisson equations with massless electrons. In the case of the half-space, Y. Guo in [14] proved
for the Vlasov-Poisson equations, existence and uniqueness of weak solutions in the class of
essentially bounded and of bounded variations functions.
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As far as the stability of stationary solutions is concerned. The Vlasov Poisson equations
have a long history which dates back to the seminal paper by Landau [19]. Indeed, in the
absence of spatial boundaries, the stability of homogenous (in space) equilibria (either in the
linear or in the non linear setting) has been studied by many authors. A non exhaustive list is
[10, 21, 12, 17|. It is known that for a homogenous plasma whose equilibrium density of particles
verifies the so called Penrose condition, a slight perturbation of the equilibrium density creates
an electric field which tends to zero in the long time asymptotic. This phenomenon is known
as the Landau Damping. As far as we know, in the presence of spatial boundaries and with
inhomogeneous equilibria, there is no analogue to the Landau Damping. Nevertheless, spectral
stability or Lyapunov type stability using the Energy Casimir method have been carried in
[23, 26, 6, 1, 13, 15]. We mention that in the use of the Energy Casimir method, very often a
structural assumption on the equilibrium density is assumed. Namely, it has to be a decreasing
function of the microscopic energy. As for the spectral analysis, a symmetric structure is needed
to study the spectrum of the appropriate operator. Unfortunately, in the case of plasma sheath
equilibria, we have not been able to use these tools in a satisfactory way, notably because the
so called Bohm condition (13) prevents the non trivial equilibrium from being a decreasing
function of the microscopic energy.

The approach used in this work is different and is much more in the spirit of the work of
Glass, HanKwan and Moussa [16] to study the stability of equilibria for the Vlasov-Navier-
Stokes system. Our approach fully exploits the structure of the transport operator for the
Vlasov equation, and the fact that the non trivial sheath equilibrium yields an electric field
which is uniformly positive. At equilibrium, all the trajectories leave the phase space in some
uniform time. This yields a kind of first order delayed Gronwall inequality satisfied by the
L' norm of the perturbation for large times. Our linear stability Theorem (2.1) then roughly
says that if if the rate of injection of particles at equilibrium in the plasma core is smaller
than the rate of absorption of particles at the wall then any perturbation is prone to decay
exponentially fast. Our non linear stability Theorem (3.1) is a perturbative variant of the
linear stability result. We prove that if the equilibrium density is small enough then a small
localized perturbation of the equilibrium yields that the characteristic associated to the non
linear Vlasov-Poisson equations still leave the phase space in some uniforme time. We obtain
as in the linear analysis an exponential decay of the perturbation for large times. The difficult
part in the non linear analysis consists in propagating the local in time stability estimates.
This is done by a continuation argument: using the delayed Gronwall inequality we show
that the perturbation stays bounded by a constant, say C, up to a critical time. We then
establish that this bound propagates after the critical time provided the norm in W' of the
equilibrium density is chosen small enough. So far, we mention that in the non linear analysis,
only stability estimates are given, existence and uniqueness of the global mild solution for the
non linear system is not addressed directly in this paper.

This work is organized as follows. We study the stationary solutions in Section (1). Then,
we study the linearized equations in Section (2). We notably prove the linear stability result
given in Theorem (2.1). The proof relies on linear elliptic estimates for the linearized Poisson
equation that are given in Section (2.2), a careful study of the stationary phase portrait that
is done in Section (2.3) and a delayed Gronwall inequality satisfied by the L' norm of the
perturbation for large times that is studied in (2.6). We then study the non linear stability in
Section (3) using exactly the same strategy. We establish wellposedness and give non linear



elliptic estimates for the non linear Poisson equation in Section (3.2). Then we study, in Section
(3.3), the stability of the stationary phase portrait with respect to small perturbations on the
equilibrium electric field. We prove local stability estimates in Section (3.4) and conclude the
proof of the non linear stability result by a continuation argument in Section (3.5)

1. The sheath equilibrium for (VP)

In this section, we recall the construction of the non trivial sheath equilibrium obtained
in [2]. We provide additional estimates that were not in [2]. Let us begin by introducing
the concept of solutions we consider. Due to the boundary conditions, solutions to transport
equations in bounded domain are rarely classical. We shall generically consider weak solutions
for the stationary Vlasov equation in the following sense.

Definition 1.1. Let u € L] (RT), ¢, € R. Let (f,¢) € LL.(Q) x W?*(0,1). We say that

loc loc

(f,¢) is a stationary solution for the Vlasov-Poisson system (1)-(7) if:

a) f is a weak solution of the Vlasov equation: for all ¢y € €} (@) such that ¢seuw =0

+0o0
/f@wﬂ@wmva/ ()0 (0, v)do, (9)
Q 0

where U(x,v) = v0,)(x,v) — 0.¢(x)0yh (2, v).
b) f € ‘50<[0, 1]; Ll(R)), ¢ € €*0,1], it verifies the boundary conditions ¢(0) = 0, ¢(1) =
¢, and it is a classical solution of the Poisson equation:

WGM%—*%M@zAﬂ%WM—mW@) (10)

In our setting the terminology sheath refers to a non trivial equilibrium for (VP) such that
e the plasma is neutral at = 0: [, f*°(0,v)dv = n.(0).

e the electric potential is monotone decreasing, concave, and it varies strongly in a neigh-
borhood, of size A, of v = 1.

This is what we obtain in the following.

Theorem 1.2 (The sheath equilibrium). Let ¢, < 0. Assume (3) and the function
s € R™ — exp(—s)n.(s) (11)

is concave. Let yu € L'(R™) be such that

+oo
ké u(v)do = n,(0), (12)



and

+o0
p(v)

/O 761’11 < n;(O) (13)
Then, for any X > 0 there exists a unique weak stationary solution (f>,¢>) € €° ([O, 1]; Ll(Q)) X

€?(0,1] to (VP), in the sense of Definition (1.1), in the class of decreasing and concave po-
tential. Moreover the solution satisfies:

a)
e (x,v) = 1D+(x,v),u< v2 + 2gz5°°(x)>, Dt = {(x,v) €Q :v> —2q5°°(x)}. (14)

b) There are constants 0 < a < 8 which depend only j1,n. and ¢, but not on \ such that the
following estimates hold:

@) + L) O\
| Floe@f +Si=@pa = ow. (15)
sinh(¥22) sinh(¥22)
vz € [0,1], b2 < 62 (2)| < || 2L 16
[0,1], [¢y] b () 0% ()] < | p’sinh(‘/Ta) (16)
*
0:0(0) <0, |0,07(0) < —=—. 17
(0) 109> (0)] Snh(2) (17)
c) ¢ converges to zero locally uniformly on [0,1) as A — 0.
d) The plasma is quasi-neutral:
1 li (- — > =0. 1
we oo, dm | [ oo —n@), <o (15)

Proof. The existence and uniqueness of a pair (f>,¢>) € €°([0,1]; L'(R)) x €2[0,1] with f
given by (14) and ¢> non increasing and concave follows verbatim the lines of [2]. We thus
only prove the claim b), ¢) and d) which are new. The starting point in the analysis consists
in noticing that ¢>° minimizes the functional given by

wee, Jw)= [ WP+ Qs (19

where C = {u € H'[0,1] : ¢, <u<01in[0,1], u(0) =0, u(l) = ¢,}. Here, Q € €*(¢,,0] is a
potential that verifies:

0 p(w)w

Vs € [¢p,0], Q'(s) =— ; \/ﬁdw + ne(s), (20)
Q(0) = €'(0) = 0, Q"(0) > 0, (21)
Py <s<0<—= Q'(s)<0. (22)



Q'(s)

is continuous and

With such a properties of the potential (), the function s € [¢,, 0[—

s

positive, and since Q'(0) = 0 it extends by continuity at s = 0 with lim QT(S) =@Q"(0) >0
s—0~

We then set a := i{gf ]@ and # := sup % which are well-defined and positive numbers
s€lép,0 5€[¢p,0]
with 0 < a < . We then get by definition of the numbers o and g that
Vs € [¢p,0], Bs <Q'(s) < as, (23)

vse o0l % <) < 2

where the second inequality follows from the first inequality by integration. We are now ready
to prove claims b),c) and d).
Proof of b). Let us start with (15). Using the inequality (24) and the fact ¢>° minimizes J

on C we have
)\2
[

where 1) € C is the solution to the linear elliptic equation

A2, + B = 0 e in (0,1), (26)

, (24)

0.0 ()| + 516 (@) Pdr < J(6) < J(0) (25)

with the boundary conditions ¢(0) = 0 and (1) = ¢,. The solution is given explicitly by
sinh(¥2%)

Vz € [0,1], ¥(x) = ¢y uh(2) (27)

Taking the L? inner product of the linear elliptic equation (26) with % and using an integra-
2

tion by parts, we obtain J(¢) = /1 —M + Q((x))dx + A—Qarw(l)cﬁp < %&Tw(l)(bp =

S
tanh (‘/TB)
is independent of A we obtain %28901#(1)@, o O(\) as expected. We now prove (16). Con-
—

sider the function e = ¢ — 1) where 1 is the solution to (26). Then the difference verifies
e € H*(0,1) N Hy(0,1) and

3 :
m < 3. Therefore since ¢,

For A > 0 small enough, we have 1 <

~M0,.e 4+ Be <0 a.ein (0,1).

A maximum principle yields e < 0 everywhere in [0, 1] and therefore ¢> < 1) which is the first
smh(

inequality. Arguing similarly, one gets ¢>(z) > (bp for all z € [0, 1]. Hence

sinh (¥22) sinh(¥27)
Ve e [0,1 —— = < ™(2) < pp———.
xr € [ 3 ]a ¢p Sinh(@) > ¢ (ZL‘) = ¢p Slnh(\ﬁ\ﬁ)

Then for z € (0, 1],

sinh(\/ax) - o> () < sinh(¥2%)

g =) I zsinh(¥2)’

B
|

x sinh(



Since ¢>(0) = 0 and ¢ is differentiable at x = 0, taking the limit as z — 07 yields

va VB

Op————= < 0,07 Pp——— 7+

p)\sinh(‘/Ta) 0= )\smh( 5y
It shows in particular that for A > 0 and ¢, < 0, 0,¢*(0) < 0 and that |0,¢>(0)| <
|¢p|)\smh f)

Proof of ¢). Thanks to (16), for every 0 < r < 1,

~ smh(\r’”)
sup |¢™ (z )|_|¢p|ﬁ—>068>\—>0+-
z€[0,r] Ilh(T)

Proof of d). Note that we have the simple bound for all p € [1,400) and ¢ € [¢,, 0],

< gp—1 (’/R+ dv + weS[upO]me(w)Dp) .

Also observe thanks to ¢) that for z € [0,1), ¢>°(z) — 0 as A — 0T. Then, since Q' is
continuous on [¢,, 0], we have Q'(¢>*(x)) — @Q'(0) = 0 as A — 0%. An application of the
Lebesgue dominated convergence theorem yields the expected result. O

In the stability analysis, we will further assume that the equilibrium incoming density has
the regularity,

e CHRT) N WHHRT). (28)
In particular, the inequality (13) yields the necessary condition:
11(0) = p/'(0) = 0. (29)

Consequently, the equilibrium density has the regularity f* € WH(Q) and its partial weak
derivative is given by

)v,u’( v? 4+ 2¢O°(x)>

avfoo(SC,'U):]_[ﬂ—(Q?,v U2+2¢°o(l')

(30)

From now on, it is implicitly assumed that n. satisfies (3), (11) and that p has the regularity
(28) and verifies the two conditions (12) and (13).

2. Linear stability

We firstly investigate the linear stability of the equilibrium (f*°, ) given by the Theorem
(1.2). For small enough € > 0 we want to investigate the dynamic of the first order perturbation
of the equilibrium, namely we write

{ Ft,z,v) = F°(z,v) + eh(t, z,v) + o(e),

o(t, ) = ¢>®(x) +cU(t,x) + o(e), (31)
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where (h,U) denotes the first order fluctuation and o(e) denotes formal higher order fluctua-
tions. Formally, the first order fluctuation verifies the linearized Vlasov-Poisson equations

Oth + v0,h — 0,¢*0,h = 0, U(t,x)0,f, t>0, (z,v)€Q, (32)
~N20,,U(t) +nl(¢>)U(t) = / h(t,-,v)dv, t>0, z€(0,1). (33)
R

We prescribe h(t, -, ) on ¥ as follows

Vi >0, h(t,0,v)=0ifv >0, h(t1lv)=0ifv<0. (34)

It means that there is no fluctuation on the incoming density of particles at the boundary. For
the fluctuating potential, we also neglect the fluctuation at the boundary so that it is assumed
to verify the homogeneous Dirichlet boundary conditions

U(t,0)=0, U(t1)=0. (36)
The system is supplemented with the initial condition
B0, 2,v) = ho(z, v) (37)

where hg represents the initial fluctuation of density in the phase space (). We shall denote
(LVP) the set of linearized equations (32)-(37). The wellposedness study will be performed in
the following Banach spaces. For 7" > 0 and v > 0, we define the spaces

Xry = L2([0.TLNQ)), Vi 1= L([0, T W20, 1)), (38)
endowed with the norms defined for any couple of functions (f, g) € X7, x Y, by
1fllx7, == esssup e ™[ f(*)lrrqy  I¢llvz,, = esssup e [|g(t)llw21(0.)- (39)
0<t<T 0<t<T

Before going deeper in the analysis, let us recall that for a generic measurable function f :
() — R we call support of f and denote supp f the complement in () of the largest open set
O C @ on which f is almost everywhere equal to zero. In the sequel we will use the abreviation
a.e in place of almost everywhere. For r > 0, we define the following subset of ()

D = {(x,v) €EQ :v> \/m} (40)

and define the associated (exit) time

V2 o
T, ::{w‘w(m ifr=0,

1

(41)

Note that for = 0 we have D = DT where D" is given in (14). The main result of this
section is the following.



Theorem 2.1 (Linear stability). Let A > 0, ¢, < 0 and r > 0. Consider the equilibrium
(f°°,¢>) given by Theorem (1.2) where p is such that supp u C (r 4+ 00). Assume moreover

210,/ Tr _ |
A2

(42)

For all hy € L'(Q), the linearized system (LVP) admits a unique global mild-strong solution
(h,U) in the sense of Definition (2.3). In addition, we have

(h,U) € %([o, o) Ll(Q)) X %([0, oo); W2L(0, 1)) (43)

and the solution satisfies

a) Decay of the L' norm in Q\ DT. There is a family of non increasing Borel sets (Oy)i>o C
Q \ Dt which become empty in finite time such that for every t > 0

PO, (g15) = ol (o) (44)

b) Exponential decay of the L' norm in D;. If supp hg C D, then for every t >0
supp h(t) C D (45)

and there are constants k > 0 and C' > 0 such that for every t > 0

1l ) < C exp(—rt), (46)
2C
10U ()= 01y < S5 exp(—k0) (47)

Several comments are in order about this result.

Remark 2.2. e The wellposedness of the linearized equations will follow from the classical
Banach-Picard fixed point theorem. In the proof, a key ingredient is the use of an elliptic
estimate for the linearized Poisson equation which enables to obtain a closed estimate on
the growth of the L' norm of h.

e As for the stability result, we heavily rely on the method of the characteristics and a
detailed study of the associated flow. The proof of stability in @ \ DT uses the fact
that the equilibrium is supported on D*. As a matter of fact, the source term vanishes
in Q \ DT for the linearized Vlasov equation (32) and thus the L' norm in Q \ D7 is
expected to decay thanks to the absorbing boundary conditions.

e The proof of the exponential decay in D, for r > 0 heavily relies on the fact the stationary
electric field —0,¢> is uniformly positive on [0, 1] and thus satisfies the exit geometric
conditions in time T, (2.4)-(2.5). The stability condition (42) essentially conveys the idea
that the source term in the linearized Vlasov equation must produce particles at a rate



which is less than the rate of absorption of the particles at the boundary. We mention
that in the case when r > 0 the smallness condition (42) is equivalent to

<1
A2y

which is trivially satisfied if 4/ € L'(RT) is either small enough or r is large enough.
In the case r = 0, the time given in (41) is a lower bound for the time of exit of the
characteristic which started at time ¢ = 0 from the point of coordinate (0,0). It is the
smallest time of exit of a particle in the domain D*. This time diverges as A — 0T
exponentially fast. Note that the bound (17) on 0,¢°°(0) has an implicit dependence on
p. Thus, the stability condition (42) in the case r = 0 is more intricate to treat.

2.1. The stationary characteristics.

For the analysis, it is convenient to consider an extension of ¢> to R in such a way its
extension still denoted ¢ verifies

> € W**(R), 100 @) < 10:0™ || 22(0.1)- (48)

As we work in dimension d = 1, such an extension is easily constructed by an affine extrapolation
of ¢ to R\ [0,1]. For (t,z,v) € R x R? we define the characteristics which passes through the
point (z,v) at time ¢ as the unique solution of the ordinary differential system

%Xoo (3;t,x,v> =V <s;t,x,v),
%Voo <5;t:$71}) = - x¢oo (Xoo (S;t,iﬂ,@)), (49)
Xoo <t;t,x,v> =z, Vg (t;t,x,v) = .

Note that ¢>° € W2>(R), thus 9,¢> is Lipschitz continuous. Therefore the ordinary differential
system (49) has a unique solution with the regularity

5 — (Xoo (3;25,95, v) Vo <s; t,x, v)) € €1 (R) N W22 (R).
As for the spatial regularity, for fixed (s,t) € R, the flow map
Foii(wv) € R? — (Xoo (3;25,1’,'0),%0 (s;t,x,v)) (50)

is a measure preserving diffeomorphism. For (¢,z,v) € R x @, we may often be interested in
the restriction of the the solution to the interval (£2°(¢,z,v), t52(¢, z,v)) where

t0°(t, 2, v) = inf {s <t: X (S';t,x,v) € (0,1) Vs € (s,t)}, (51)
oM (t, z,v) = sup {s >t Xy <S';t,x,v> € (0,1)Vs e (t,s)}. (52)

It is the largest open interval on which the characteristic starting at time ¢t from a point
(x,v) € @ stays in Q. (51) (respectively (52)) is called the incoming (respectively the outgoing)

10



time. The life time of the characteristic which started at time ¢ from the point (z,v) is the
difference 9" (¢, z,v) — (¢, z,v). Note that the definitions (51)-(52) do not depend on the way
¢ is extended on R\ [0, 1]. The differential system (49) being autonomous, one readily justifies
by a uniqueness argument of the solution that

Bt 2,0) = (0, 2,0), 0t 2, v) = 4+ 120, 2, 0). (53)

Moreover, the characteristics verify the conservation of the energy

Vs € R, % <%V020 (s; t,x, v) + ¢ (XOO (s;t, x,v))) =0. (54)

We shall study more in details the characteristics in Section 2.3.

To solve the Vlasov equation (32), we will use its mild-formulation which consists in inte-
grating backward in time the equation along the characteristics. In doing so, there is two cases
. either the characteristics has crossed Y™ at some positive time or it has crossed the time axis
{t = 0}. We may denote and define when #2°(¢, z,v) > —o0,

XMt 2, v) = Xoo (tiogC(t,x,v);t,a:,v) €{0,1}, VI(t,x,v) = Vy (tl‘éc(taxjv)%tﬂ%v) (55)

We are now ready to define the concept of solutions we consider for (LVP).

Definition 2.3 (Global mild-strong solution). Let A > 0 and hg € L'(Q). We say that a couple
(h,U) is a global mild-strong solution to (LVP) if there exists v > 0 such that for every 7' > 0

a) (h,U) € Xy, x Yy, where Xp, and Y7, are defined in (38).

b) h is a mild solution of the Vlasov equation, in the sense that it satisfies for a.e (t,z,v) €

0,7] x @Q,
h(t,7,v) = Lyinetz,0)<0h0 <Xoo (O; t,x, v),VOO (0; t,x, v)) (56)
t
-I—Q(:E,v)/ 1tgc(t’z7v)<56xU<s,Xoo <s;t,x,v)>Voo (s;t,x,v)ds
0

where the function G is given by

)u’( V7 207())

g(z,v) =1 : 57
(7.0) = pel,0) s (57)
c) Fora.e0<t<T,U(t) is a strong solution to
_N0LU () + 1 (6)U(E) = / h(t, -, v)dv. (58)
R

and satisfies the homogeneous Dirichlet boundary conditions U(t)(0) = 0 and U(¢)(1) = 0.
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This mild formulation of the linearized Vlasov equation stems from its integration along
the characteristics. The fact that the function G is outside the integral term is due to the
conservation of the energy (54) and the fact that the domain DT is left invariant by the
stationary flow as we prove in Lemma (2.10). For the stability analysis, we need to introduce
the concept of exit geometric conditions. The aim is to define precisely the rough picture of the
fact some characteristics leaves the phase space in finite time. These definitions are not new
since they are borrowed from [16]. The first exit condition is meant to estimate the time spent
by a trajectory in () starting at a positive time. It will be used to estimate the contribution of
the source term in the Vlasov equation.

Definition 2.4 (Internal Exit Geometric Condition). Let K C () and J a subinterval of R,.
We say that the equilibrium electric field —0,¢> verifies the first exit geometric condition in
time 1" with respect to K on J if

wp (0 (sa0) ) < T (59)
(s,xw)eJXK
V(s,z,v) € J x K, (X2 Vo) (s,x,0v) € XM, (60)

The second exit geometric condition aims at estimating the time spent by a trajectory
in () starting at time zero. This one will be used to estimate how long the initial condition
contributes to the solution of the Vlasov equation.

Definition 2.5 (Initial Exit Geometric Condition). Let K C (). We say that the equilibrium
electric field —0,¢> verifies the initial exit geometric condition in time 7" with respect to K if

sup to0'(0,2,v) < T, (61)
(z,w)EK
V(z,v) € K, (X2 V2")(0,2,v) € . (62)

2.2.  The linear elliptic estimates.

Let p € L'(0,1). In this section we provide W1 estimates for the solution of the linear
elliptic problem

—A20,,V +nl(¢®)V = p a.ein (0,1), (63)
V(0)=0, V(1)=0.
We have the following.

Proposition 2.6 (W!>-estimates). Let p € L'(0,1). Then the problem (63) admits a unique
strong solution V€ W1(0,1). In addition, the solution satisfies the estimates

2[lpll 10,
102V o) < =552, (64)
2|lpllrr 01
10V 1) < =552, (65)
[(ne 0 )WV Iy < llplleio)- (66)
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Proof. In one dimension, the existence and uniqueness in W*1(0, 1) of a strong solution to (63)
follows directly from the Lax-Milgram theorem and the elliptic regularity theory. In doing so,
may be the the point to be careful with is to establish the continuity in Hj(0,1) of the linear
form ¢ € H3(0,1) — [, ¢(2)p(z)dz. One has using a Holder inequality that

[ et

where we used the continuous imbedding of HJ(0,1) in L>(0,1) to obtain the last inequality.
We now focus on the estimates.  First estimate. We obtain directly from the equation (63)

that I Iolles + (0 )V
o0 Pl + ll(ne 0 9=) Vil
1022V llzr0) < 35llp = (0 0 6)V || < 22— =

So it remains to estimate the L'-norm of (n/ o $>)V. Let us proceed by regularization of the
sign function. Let (¢, )neny C €' (R) a sequence of functions such that for all n € N :

©n(0) =0,
Vu € R, ¢ (u) >0, |oa(u)] <1
Yu # 0, pn(u) — sgn(u) as n — +o00.

Vi € Hy(0,1), < [lollz@nllollzion < llellazoyllollio,

For each n € N, the function ¢, 0V belongs to W(0, 1) and it verifies ¢,,0V (0) = ¢, 0V (1) = 0.
We then multiply the equation (63) by ¢, o V' and integrate by parts to obtain

1 1 1
/ N0,V |?pl o Vdx + / (n, 0 p*)WWp, o Vda = / pon o Vdr.
0 0 0

Since ¢!, is positive on R the first term is non negative and therefore

1 1
/ (n, 0 ™)V, ocwVdr < / pen o Vdz < |lpllrio
0 0

where the last inequality is obtained using both a Holder inequality and the fact that |@,| <1
on R. Using the Lebesgue dominated convergence theorem, one has besides

1 1
/ (n, 0 )V, o Vdz — / n. o ¢>°|V|dx.
0 0

So, we get by passing to the limit in the previous inequality that

1
[ o g IVids < ol
0

which yields (66) since n! is positive and thus (64).

Second estimate. Since V € W21(0,1) then it belongs to €'[0, 1]. Besides, fol 9,V (z)dx =0
because V(0) = V(1) = 0. By the mean value theorem there exists zo € (0,1) such that
0.V (x9) = 0. Then, for z € [0, 1] one has 0,V (x) = f;o 0.V (t)dt. Using a triangular inequality
and the elliptic equation (63), we get for all x € [0, 1],

2lpll 21 0,1

10,V (z)| < ||8mrv||L1(0,1) < 2
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2.3. Study of the stationnary characteristics.

Consider the following partition of the phase-space
Q=D"uD*uUD US, (67)

where D7 is given by (14),

S = {(;c,v) €Q :v?+20%(x) :o}, (68)
Di:{(:c,v)eQ :wx%}, (69)
D‘:{(x,v)eQ :u<—\/T-o<x)}. (70)

We recall here that ¢> is decreasing on [0,1] with ¢>°(0) = 0, hence and the above sets
are well defined. These sets corresponds to sub or super level sets of the microscopic energy
(x,v) — % + ¢*°(x) which is a conserved quantity along the flow (54). In this section we are
interested in studying in details the characteristics, notably the invariance of the above sets
and providing quasi-explicit formulas for the times of exit of the characteristics. A sketch of
the phase portrait is given in Figure (1). As a consequence of this analysis we shall obtain.

Figure 1: Sketch of the stationary phase portrait. The dashed line is the curve of equation %2 + ¢(x) =0.

Proposition 2.7 (Exit Geometric Conditions). Let r > 0. The equilibrium electric field given
by Theorem (1.2) wverifies the internal exit geometric condition in time T, with respect to D}
on RY and the initial exit geometric condition in time T, with respect to D;.

We begin with following first result which in particular states that the stationary charac-
teristics are leaving the phase space @) in finite time.

Lemma 2.8 (Finiteness of the exit times). Let (¢,z,v) € R x Q. We have the following

14



a) th(t, x,v) > —oo and t3(t, x,v) < +00.

b) sgn(XégC(t,x,v) — %)Vggc(t,x,v) <0

Proof. Proof of a). We only do the proof for t2¢(¢, z, v) since the proof for t2%(¢, z, v) is similar.
Observe first that by construction, the stationary solution verifies 9,0 < 0 in [0, 1] and —0,¢>
is non decreasing on [0, 1]. We now argue by contradiction and assume that t2°(¢, z,v) = —oc.
Then one has for all s € (—o0,1], 0 < X (s; t,xz,v) < 1. Using the monotony of 0,0 we deduce
from (49) that for all s € (—o0,t], —0,¢(0) < $: Vi (s;t,x,v) < —0,¢0>(1). By integration of
the previous inequality for s € [u,t] with u < t we get

0,0 (1) (t —u) +v < V(ust,z,v) < 0,0°(0)(t —u) + v.
Integrating again the previous inequality on [s,t] for s < ¢ , we get

(t—s)*
2

(t—s)*
2

—0,9>(0) —v(t—s)+ 2 < Xao(sit,z,v) < —0,0(1) —o(t —s) + .

Note that —0,¢> > 0 on [0, 1] therefore Sli)moo _a$¢oo<o)# —v(t —s) +x = +o0o. We then
deduce by comparison that for |s| large enough we have X (s;t,z,v) > 1 which yields the
contradiction.

Proof of b). By virtue of the previous point, the incoming position and velocity are well-
defined. Then b) amounts to prove that if X¢(¢,z,v) = 0 then VI"(¢,z,v) > 0 and if
Xine(t z,v) = 1 then V(¢ z,v) < 0. We only treat the case when X¢(¢,z,v) = 0 since the
reasoning is similar for the other case. So suppose that X(¢, z,v) = 0. We want to prove that
Vine(t z v) > 0. So assume for the sake of the contradiction that VI"°(¢,z,v) < 0. Then, since
the solution to (49) is continuous in time, for 0 < n < 1 there exists § > 0 such that for all

s € (H(t, x,v) — 6, 80(t, x,v) + 0)

Vine(¢ v
Voo (851, 2,0) < % <0, —n<X(s;t,x,v)<n.
Since dff—sw(s;t,x,v) = V(s t, z,v), Xw(-;t,x,v) is decreasing on the interval (£2°(¢,z,v) —

§,t¢(¢, z,v)]. Therefore,
Ot 2,0) — 5 < s < 2t 2,0) = 0 < Xoo(s;t,x,v) <.
It eventually contradicts the minimality of the incoming time (51). O
We now study the regularity of the incoming time and the associated exit point.

Lemma 2.9 (Regularity and characterization of the singular set). Let t € R.

a) The three functions (z,v) € Q > t2(t,z,v), (v,v) € Q — X(t,x,v), (z,v) € Q —
Vine(t x v) are continuous at every point (z,v) € Q such that (X0¢(t, z,v), VI(t,x,v)) ¢
30,
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b) One has for all (z,v) € Q,

((Xégc(t,x,v), Vet zv)) € X0 <= X2(t,,v) =0 and (z,v) € S).

Proof. Proof of a). A proof of continuity can be found in [16] Lemma 3.3. We nevertheless
propose one here for the sake selfcontainedness of this document with slightly more details.
We fix t € R. Observe firstly that we can decompose the incoming position and velocitiy as
functions in the form

Xcifcl)c(t; g ) = (XOO,t © St) ('7 ) Vggc(t’ K ) - (Voo,t © St) (" ) (71>
with

Xoor : (5,7,0) € R® v X (s:t,1,0), Vay:(s,7,0) € R® — Vo (s;t,2,0),
Sy i (x,v) € R — (£2°(¢, 2,0), 7, v).

Let us recall briefly why (X, Vao) is continuous. For (z,v), (z/,v) € R?, let us set Yo, (-;¢) =
Xoo(5t,2,0) — Xoo (48, 2,0"), Woo(5t) = Vo (58, 2,0) — Vo (56, 27,0"). Then integrating the
differential system (49) and using a triangle inequality, one gets for s <t

t
Yoo (s, )| + [Woo (s, 1) < & — 2| + v — | + C/ Yoo T, )| + [Weo (7, 1) |dT.

with C' = max(1, [|0z00™||Lr)). A similar inequality holds if s > ¢ so that a Gronwall Lemma
then yields for s € R

Yool O] + Wao(, )] < (Jo = /] + o — o] ) e (72)

This estimate associated with the Cauchy-Lipschitz theorem shows that for all £ € R, the map
(Xoots Voot) is continuous. Then, thanks to the decomposition (71), to establish the expected
continuity, it is now sufficent to prove the continuity of the function (z,v) € Q — t2¢(t, z, v)
at every point (z,v) € @ such that (X2¢(¢t, z,v), Vire(t, z,v)) ¢ X°.

We fix (z,v) € Q be such that (X2¢(¢, z,v), Vix(¢t, z,v)) ¢ X° and suppose without loss of

generality that VI'°(¢,z,v) > 0, and as a consequence of Lemma 2.8 b), that X"°(¢, z,v) =
0. Then we have ¢"°(¢,z,v) > —oo and by definition of the incoming time we also have
Xoo(s;t,z,v) € (0,1) for all (¢, z,v) < s < t. The proof is in three steps.
Step 1: Localization in time. We are going to prove the following claim: there exists g > 0 such
that for any 0 < e < 2, we have Xoo(s;t,z,v) < 0 for s € (L2(t, x,v) — o, t2(t, z,v) — €).
Indeed, since X (-;t,z,v) is €' a Taylor expansion at the point t2°(¢,z,v) yields for s <
te(t, z,v), Xool(s;t,,0) = (s —t2(t, z,v)) (V2(¢, z,v) + o(1)(s)) where o(1) : R — R is func-
tion such that o(1)(s) — 0 as s — (¢, z,v). Since VI(t,z,v) > 0, it therefore exists
go > 0 such that we have V2°(¢,z,v) + o(1) > 0 for t2¢(¢, z,v) — g < s < t2°(¢,x,v) and it
yields the claim.

Step 2: Localization in space. Let 0 < ¢ < min{%;¢ — t2°(¢,x,v)}. Using the Gron-
wall estimate (72) at s = (¢, z,v) — 2¢ and the fact that by virtue of the previous claim
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X (tinc(t x,v) — 2e;t,2,v) < 0 we have that there exists § = &4, > 0 such that for all

|z — 2|+ v — V| < 0 = Xoo (12°(t, 2,0) — 258,27, 0") < 0.

It implies that for (2/,v’) in a ball centered at (z,v) and of radius &, we have t¢(¢, 2/, v') > —oco
and that the associated incoming time is such that ¢2¢(¢, z,v) — 2e < t2°(¢, 2/, v'). We are now
going to prove that t2°(¢, 2’ ,v') < t°(t, z,v) + 2e. Observe that by definition of #1°(¢, z, v)
and since ¢ is small enough we have X (tiorgc(t, x,v) + 2e;t,z,v) € (0,1). Now using again the
Gronwall estimate at (72) s = t2°(¢,x,v) + 2¢, there exists 7 = 7;,,. > 0 such that for all

(', 0) € Q,
|z — 2| + v = V| <= X (t2(t, ,0) + 2e;t,2',0") € (0,1).

It implies that for (2/,v') in a ball centered at (z,v) of radius n we have tI¢(t,2/,v") <
tne(t, z, v) + 2e.

Conclusion. We have proven that for 0 < ¢ < min{$;¢ — t2°(t,z,v)} there exists r =
min{6; ;. vc, Nowet > 0 such that for all (2/,0") € Q

|z — 2| + v — | <r = [t2(t, 2, 0)) — (¢, 7, 0)| < 2e.

It shows that the map (x,v) € Q — (¢, z,v) is continuous at any point (z,v) € @ such that
(Xe(t, 2, 0), VI (2,2, v) & 5.

Proof of b). We show the necessary condition. Fix t € R and (z,v) € @ such that
(Xine(t, z,v), Vire(t, z,v)) € X% Then by conservation of the energy (54) we have

. Vinc t, x,v 2 ’U2
o (Xt ,0)) + LT iy 1 U
Note that the case (X2¢(¢t,z,v), VIr(t,z,v)) = (0,0) readily yields (z,v) € S, while the other
case (XX(t, z,v), VI(t,x,v)) = (1,0) yields ¢(1) — ¢*(z) = . Since ¢ is decreasing on

[0,1] one has % = ¢>(1) — ¢(x) < 0. It yields a contradiction. The sufficient condition is

trivial by conservation of energy. O

We now study the regions that remain invariant by (50) and give the associated formula for
the incoming and outgoing times. Note that by (53) we have

Y(t,2,v) € R x Q, t2(t, ,v) =t +t2°(0, z,v), (¢, z,v) =t + 120, z,v),

which encodes the fact that for an autonomous differential equation the dynamic is invariant by
translation in time. So it is sufficient to study the characteristics which started at time t = 0.
We prove the following.

Lemma 2.10 (Invariant regions). Let 7 > 0. The sets DY, D=, D* and S are left invariant by
the flow (50). More precisely, for any set E € {D;", D=, D S} we have

(z,v) € E=Vs € (t2°(0,2,v),t2(0,2,v)), (Xoo(5;0,2,0), Voo (5;0,2,0)) € E.  (73)
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Proof. Invariance in Df. Let (x,v) € D;}. By conservation of the energy (54) one has for all
s € (tggc((),x,v),tggt((),x,v)), Vfo(s;O,x,v) = v? + 29> (z) — 29> (Xoo(s;(),a:,v)> and since
v+ 2¢>(x) > r* we obtain
Voo (550, 2,0)| = /02 4 2(¢°(2) — ¢°(Xoo(5;0,2,0))) > /72 — 20°(X(s; 0, 2, v)).

Let us now prove that V,, (s; O,x,v) is positive. Since gboo is decreasing and ¢!, by (49) we
deduce that s — V (s; 0, x, v) is increasing. Therefore if s > t2¢(0, z,v) then V,, (s; 0, x,v) >
Vine((, z,v). We now claim that V2¢(0, z,v) > 0. For the sake of the contradiction, let us assume
the opposite. Since V, (t; 0,z, v) = v and v > 0, and the function V (~; t,x, v) is continuous on
its interval of definition, there exists t” € (#'2°(¢t, z, v), ¢) such that V. (¢%0,2,v) = 0. Using the
conservation of the energy, observe that ¢> (X (t%0,z,v)) = % + ¢>(z) and the right hand
side is positive since (z,v) € D,. Tt contradicts the negativity of ¢*>. Hence V:2¢(0,z,v) > 0

and thus |V, (s 0,x U)| = (s 0,x, v) > \/—2qb°° <Xoo(s;0,x,v)> + r2. It proves the claim

for the set D;.
Invariance in D~. Consider the symmetry R : (z,v) € R? — (x,—v) and observe that
R(D*) = D~. Arguing the uniqueness of the characteristics, one has the identiy

RoF>, _oR=F (74)
where 23 is the flow defined in (50). Let (z,v) € D~. Onehas R(x,v) € D¥ and 72, _,(R(wz,v)) €
D* for s € (£2°(0, z,v), 122%(0, 2, v)) by symmetry and invariance in D*. It implies R o F>, o
R(w,v) € R(D*) = D~. Using the identity (74) it yields Fg%(x,v) € D™ which is the expected
claim.

Invariance in D*. Let (r,v) € D*. By conservation of the energy one has for all s €

(te(0, z, v), 12240, z,v)), w+¢“(4¥o@(s; 0,z,v)) = %—i—(boo(x) < 0 which is the expected
inequality. Eventually the invariance in S is trivial. The proof is achieved. [

We now provide quasi-explicit formula for the incoming and the outgoing time defined in
(51),(52).
Lemma 2.11 (Explicit formulas for the incoming and the outgoing time). One has the following
formulas for the mcommg and the outgoing times in Q \ S,

(o L Ve repEr) ) (
du o du

Jo Nl

(

(

V2 42(4%° (2) =0 (u)
du
fo V2426 (2) 6> (u))

inc Z0 4 [0242(¢° (z)— > (u
too(O,x,v):< Y @=@)=¢= () (75)
ml VA2 (@) o= @)
du _
- x,v) € D7,
\ J. V02H2(4%° (2) =6 (u))
¢ rl du n
,v) € DY,
J: T 1 ()
* du du +
+ , (z,v) € D*,v <0,
tOUt(O T U) = fxo \/U2+2 (¢ (z) =9 (u)) fzo \/2(¢°°($0)—¢°°(u)) ( ) (76)
o0 ) ) du i
fx (x,v) € DF,0>0
(2, v)
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where xy = ((;5“)_1(% + ¢ (x)).

Proof. Formula in DY UD™. Let (z,v) € D¥. Set I(z,v) := (t2¢(0, x,v), t2%(0, z,v)). Observe
that by the Lemma 2.10, for all s € I(z,v), Vi (s; 0,x, v) > 0. Then, the function s € I(z,v) —
X (s;0,2,v) is monotone increasing and €' on I(z,v). Therefore Xo(+;0,,v) is onto and

into from I(z,v) to [0, 1]. By the bijection theorem, it has a unique inverse denoted 7 : [0, 1] —
I(z,v) which is continuous and verifies

Vu € (0,1), Xoo(m(u);0,z,v) = u. (77)

Since X (+;0,z,v) is €' we deduce from the global inverse mapping theorem that the function
7 is €1(0,1). One therefore differentiates (77) to get the Cauchy problem

Yu € <07 1)7 %T(u) = Voo(r(ul);O,:c,v)’
T(z) =0.

Invoking the conservation of the energy and the fact that V,(+;0,z,v) is positive, it yields
Voo (T(1); 0, 2,v) = /v2+42(¢>°(z) — ¢>°(u)). By definition, 7(0) = t2°(0,z,v) and 7(1) =
920, z,v). Since s € R — Vi (s;0,z,v) is continuous and 7 € €V[0, 1], the function 7 is
also €10, 1]. Integrating the Cauchy problem both on (0,z) and on (x,1) yields the expected
formulas for ¢1¢(0, x,v) and #2(0, z,v). A similar reasoning yields the formulas in D~.
Formula in D*. Let (z,v) € D*. Set I(z,v) := (10, z,v),t2%%(0,z,v)). There is two
cases. If v > 0 then by a standard continuity and monotony argument there exists a unique
t%(z,v) € (t0°(0, 2, v),0) such that Vo, (t°(z,v);0,2,v) = 0. Then set xg = X (t°(z,v); 0, x,v).
Using the conservation of the energy and the fact that ¢ is a bijection from [0, 1] to [¢,, 0] one
has x¢ = (gboo)_l (% + ¢>(x)). Following backward in time the characteristic which started at
time ¢ = 0 from the point of coordinate (x,v), one decomposes the incoming time as follows,

t20(0; 2z, v) = t°(x,v) + 12 (t (2, v); 2o, 0).

Observe that for ¢ > t%(z,v), Vo (£;0,2,v) > 0 and for ¢t < t°(z,v), Vo (£; 0,2, v) < 0. One may
again use the global inversion theorem on each branch of the characteristic (for ¢t > t(z,v) and
for t < t%(z,v)) to obtain

r du . ! du

t(z,v) = — and t2¢(t(z,v); 29, 0) = —

w0 /02 + 2(0%(x) — 9= (u)) w0 VU2 +2(6%(x) — ¢ (u))

where the singularity at u = z( is integrable because one has by concavity and monotony of
o>, for all u € [0, 1], ¢ (u) < ¢™(xg) + (u — x0) 00> (o) With 0,¢>°(zo) < 0. Combining both
expressions, one obtains the expected formula for ¢2¢(0, z, v). To get the formula for t2%(0, z,v),
it suffices to follow the same characteristic but forward in time. Eventually, the case v < 0, is
treated analogously to the case when (z,v) € D~. O

As a corollary of the above explicit formulas, we obtain the following bounds which depend
on the equilibrium potential ¢>.

Corollary 2.12 (Bound on the incoming and outgoing times). We have the following bounds:
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a) For every r > 0 we have the bounds in D,

1 1
—— < inf #2900, z,v), sup 220, x,v) < —. (78)
T (zw)eD} (z,v)eDF r
b) More generally, we for all (x,v) € Q\ S
\tig(o,x,m <t (z,v), |tgé‘t(0,x,v)| <t (z,v), (79)
where
—2¢>(z)
\l}mw( I e (z,v) € DT,
2(¢°° (w0) —¢p>° (= 2(¢%° (w0)—¢>(1)) +
t™(z,0) = [0:6° (wo)] '+ [0:6% (w0)] (#,0) € D% v >0, (80)
’ V 2(¢>(x)—9¢>(1)) +
\/ |az¢oo(l.)\|/ (ZE,U) e D, v <0,
—2¢>(1)—+/2¢> () _
\ EEI0] (x,v) € D™,
(/26()—/25 (@) N
J 065 (0] /i (2,v) € DT,
2(¢% (zo)—¢>(x 2(¢% (z0)—¢>(1)) +
tH(x,v) = e e (w,v) € D%, <0, (81)
’ V2(¢>(x)—9¢>(1)) +
026> ()] (z,v) € DF,v >0,
V26~ () .
QEEE0)] (x,v) € D™.

with xg = ((boo)_l(”; + <;§°°(x)) are bounded functions. Moreover we have the uniform
bounds in DT

sup |t (z,v)] < = 20 sup |tt(z,v)| < — 20 (82)

(z,w)eDT ’ |ax¢oo(0)| ’ (z,w)eDt |6x¢oo(0)|
where we recall that ¢, < 0 is independent of A > 0 and 0,¢>(0) < 0 thanks to (16).

Proof. Proof of a) Let r > 0 and (x,v) € D;f where D; is defined in (40). Then we have
v? + 2¢°°(z) > r%. Since ¢ is non positive we obtain

: du x 1
toi(0, z,v) > —— > ——.
W +20%( 2¢°°<u> roor
Taking the infimum on D; yields inf t‘nC(O x,v) > —=. The other bound is obtained in

(x,0)eD;
the same manner. Proof of b) We only do the proof for the incoming time since the proof is
similar for the outgoing time. We have three cases: if (z,v) € D™ U D™, then v? + 2¢>(z) > 0.
Therefore one has,

_ f = (x,v) € DT,
|t2e(0,z,v)| < R 2¢

du _
f:v Tﬂ (I’,U) € _D .
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Using the change of variable u — ¢ = —¢>°(u) and the fact that 0,¢> is decreasing, we obtain
the expected estimate. If (x,v) € D* with v > 0 then 2¢°>°(zo) = v? + 2¢>(z). So,

ine * du ! du
to(0, z, v)’ < + )
w0 /2(¢(20) — 0 (u))  Juo \/2(6%(z0) — ¢ (u))
Using again the change of variable u — ¢ = —¢*(u) and the fact that ¢> is decreasing and

that 0,0 is also decreasing with 0,0 < 0 in [0, 1], we get the expected estimate. Eventually,
if (z,v) € DF with v < 0, we use the fact that v? + 2(¢>(x) — ¢*°(u)) > 2(¢*°(z) — ¢>=(u))
for all u € [z,1]. So using again the change of variable u +— —¢>(u) and the fact that 0,¢> is
decreasing we get the desired estimate.

O

Using the fact that for any time ¢ € R and (x,v) € Q, t2(t,z,v) = t + t20,x,v) ,
(¢, x,v) = t + t22%(0,x,v) we obtain that Proposition (2.7) is a consequence of the above
corollary.

2.4. Measurability and change of variables in the integrals.
We introduce different subsets of the phase-space defined for ¢ > 0 by

A= {(z,v) € Q\ S : t2(t,x,v) < 0}, (83)
B :={(z,v) € Q\ S : t2(t,x,v) = 0}. (84)

Points in \A; are on characteristics that do not leave @) on the interval [0, ¢]. Points in B; are on
characteristics which reach X~ at time zero. We do not consider points which are in S because
in general the incoming and outgoing times (51) and (52) are not necessarily well defined. The
set S is moreover a set of two dimensional Lebesgue measure zero so it does not pose any
difficulty to define the solution A to (32) outside S since we are concerned with a mild solution
and therefore a function which is defined a.e.

Lemma 2.13 (Measurability and change of variable). Let t > 0. We have
a) The sets Ay, By, are Borel sets and the set By is of Lebesque measure zero.
b) FSG(A) ={(2',v") € Q\ S : (0, 2, v") > t}.

¢) For any mesurable function f:Q — RY, we have
/ f(fﬁ(m,v))dxdv = / f(2v")da'dv" < / f(2 v")da'do'.
At F5o(At) Q

Proof. Let t > 0.
Proof of a) By virtue of the Lemma 2.9, the functions (z,v) € Q\ S + t2°(¢, z,v) is continuous
in @\ S. Therefore the sets A; and B, are Borel sets since they are respectively open and
closed. The fact that B; is of Lebesgue measure zero is stated in [4] page 195.

Proof of b) We begin with the embedding {Fg3(z,v) : (z,v) € A} C {(2/,v) € Q\ S :
20,2/, v') > t}. Let (z,v) € A; and set (2/,v) = Fg3(z,v). For s € [0,¢] we have,

co(@',v") = Fgy o Foylw,v) = Foulw,v).
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By definition of A, we have t2°(¢, z,v) < 0. So, Fg3(x,v) € Q for all s € [0,t]. By energy
conservation (54) we have Fo9(x,v) ¢ S for all s € [0,] since (z,v) ¢ S. Thus, for s € [0,] we
have F25 (', v) € Q\S and consequently ¢20°(0, 2’,v") > ¢. We now show the reverse embedding.
Let (2/,v") € @\ S such that t22%(0,2',v") > t. Therefore Fso(2/,v') € @ for all s € [0,t]. By
conservation of energy (54) we have Fso(a',v") ¢ S for all s € [0,¢] since (2/,v") ¢ S. Then set
(z,v) = Fio(z’,v"). Since, for all s € [0,¢] we have F; (x,v) = Fso(z’,0v) € @\ S we deduce
that t2¢(¢,z,v) < 0. Therefore (z,v) € A; and (2/,v") = Fo(x,v). It shows the claim.

Proof of ¢) It is just a consequence of the measure preserving change of variables (z/,v") —
(Xoos Vo) (05 £, z,v) in the integral. O

2.5. The proof of wellposedness for (LVP).

Consider the assumptions of Theorem 2.1. Let T" > 0 and fix v > and note that
7 is chosen independently of 7. Consider . the operator defined for h € X7, by

2||avfoo||Ll(Q)
22

L (h)(t, z,v) = 14,08, (x,v)ho (Xoo (O; t,x, v) Vo <O; t,x, U)) (85)
t
+ G(z,v) / Lyine (t.5,0)<s0:U (h) (s, Xoo <s; t, o, v) > Ve (s; t,w, v) ds
0
for a.e (t,x,v) € [0,T] x Q, where for a.e 0 < s < T U(h)(s, ) is the solution to the linearized
Poisson equation (58) with the source term pp(s fR v)dv and the sets A; and B,
are given in (83)-(84). Remark that the 1nd1catr1x functlons are a.e equal to those appearing

in the mild formulation (56) so that both formulations are in fact equivalent. Set for a.e
(t,x,v) € [0,T] x Q,

Li(t,z,v) = 14,08, (z,v)ho (XOO (O;t,x,v),Voo (O;t,x,v)),
¢
L(t,z,v) = g(x,v)/ Lyine (t,0,0)<s0:U (D) (s,XOO (s;t,x,v))Vw (s;t,x,v)ds.
0
Step 1: Stability estimate in Xr.. We will show separately that I; and I, belong to X7 .

According to Lemma 2.13 a), the sets A, B, are Borel sets for every ¢ € [0,T]. Therefore,
Li(t,-,-), I5(t, -, ) are measurable functions. Using Lemma 2.13 ¢) we have for a.e t € [0, 7],

/|Il(t,x,v)\dxdv:/ ‘hg(f@j(ﬂ?,l}))‘dxdvﬁ/’ho(x”vl)‘dgj’dv/7
Q Ai Q

where we have used the fact that B; is a set of measure zero. Therefore I € X7 ,. We now
treat I5. Using the fact that G is supported in DT, we have for a.e t € [0, T,

t
/ | I5(t, x,v)| daedv :/ |G (z,v)] '/ Lizo (1.2,0)<s02U (D) (8; Xoo (831, ,0) ) Vao (83 1, 7, v)ds| dzdv.
Q D+ 0

Using a triangular inequality and the Fubini-Tonelli theorem we have,
/ | I5(t, z,v)| dedv < / / Ly (t.2,0)<s |9 (2, )] |0:U (h) (55 Xoo (551, 7,0))| [Vio (53 £, 7, v)| dwdvds.
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For s € (0,t), we use the measure preserving change of variable (z,v) € D" —— (2/,0) =
Fo5(z,v) we therefore obtain

/ |I(t, z,v)|dzdv < / / Lieo (t,75% (a7 7)) <s |G(Fra(a!,v")] 10:U (h)(s; )| [v'|da’dv'ds.
oo D+

By the linear elliptic estimates of Proposition (2.6), we have that for a.e s € (0,t), 9, U(h)(s,") €
L>(0,1) and therefore,

inc

/ | I(t, x,v)|dedv < / 10U (R) ()|l L 0,1) / Lieo (8,755 (o ') <s |G(Fre(a/,0")] [of|da’dv'ds.
Foi (D)
By Lemma (2.10), D% is invariant by the flow. Therefore on the set defined for s € (0,¢) by

D= {(',0) € F(D*) : L F@,v) <sf C D*

we have G(F5(2',v")) = G(2',v") because G depends only on the microscopic energy which is
a conserved quantity along the flow (54) and v' > 0. We thus get,

/ |I(t, x,v)| dzdv </ 10U (h)(s)|| Lo 01)/ |G (2, 0")|v'da’dv'ds.
Ds,t

Since D,; C DT, by monotony of the integral we obtain the crude bound

/ |I(t, x,v)|dzdv </ 10U (h)(s)|| Lo 01)/ |G (2, ") v'da'dv'ds.
D+

Remark that [|0,f||L1q) = [p4 |G(2/, )| v'da’dv’, we eventually get

¢
/|Ig(t,m,v)|dxd1}§ ||8vf°°||L1(Q)/ 10U (h)(8)]| oo 0,1)ds.
Q 0

Combining this upper bound with the linear elliptic estimates (65) and the fact that ||ps(s)||1(0,1) <
12(5)]| 21 (g), we thus glean

2000/l [
|I(t, z,v)|dzdv < —z 1h(s)] 1 ()ds. (86)
Q 0

Now observe that for 0 <t < T,

! et —1
| I lvs < illey
0

So that we obtain that for a.e 0 <t < T,

2/|0y f°| 1
[ it dsao < L@y 7
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This last estimate shows that I, € X7 ,.

PIEN . .
Step 2: Contraction. Since v > W and .# is an affine map, the estimate (87)

shows that for (f,g) € X7, x X7, we have ||7(f) — Z(9)llxr, < allf — gllx,, with a =
WJTW < 1. Since 7 is independent of T', where T" > 0 was chosen arbitrarily, the Banach-

Picard theorem applies in X7, for any 7" > 0. Therefore, for any 7" > 0, there exists a unique
h € Xrp, such that .#(h) = h in X . It shows that h is a mild solution of the Vlasov equation
(56). By definition of h, we have that s — py(s, ) = [ h(s,-,v)dv € L>®([0,T]; L'(0,1)). Then,
we know from Proposition (2.6) that there is a unique U(h) € Y7, which solves the linearized
Poisson equation (58) with the source term py,.

Step 3: Justification of the regularity in time. Let us prove that (h,U) € € ([0, +00), L}(Q))x
€ ([0, +00); W21(0,1)). We firstly show that

t e RJF — / ]‘tio%c(t7507v)§0 hO (Xoo<07 t7 €, U)? Voo<07 ta Z, U)) ‘ dzdv
Q

is continuous. Let ¢ € RT. By a direct computation we have,

/ Lyine (t,2,0)<0
Q

= / 1t§)‘gc(t,w,fu)<0
Q\S

= / |h0($,7 ?}/)| da'dv’ = / 1tgg‘t(0,:c’,v’)>t |h0(1’l, U/)| dz'dv’
F5o(At) Q\S

ho <XOO(O; t,x,v), Vo (0;t, z, ’U)) ‘ dxdv

ho (XOO(O;t, z,v), Vo (0; ¢, , v)) ‘ dxdv = /
Ay

ho (XOO(O; t,x,v), Vo(0;t, z, v)) ‘ dxdv

where in the last equality we used Lemma (2.13) b). Let (0,)neny € R a sequence such that
6, —> 0 as n — +o00. Fix (2/,0") € (Q \ S) such that t32%(0,2’,v") # t. Therefore,

Lioue (0,27 w)>t46, — Ligue(0,a 0>t 88 N — +00.

Since the set {(93’, V') e Q\S 2 (0,2/,0) = t} is of measure zero. It shows that the previous

convergence holds a.e in (). Observe that hg is integrable in (), therefore, by the Lebesgue
dominated convergence theorem, we deduce that

/ Lyout (0,07 vy >t46, [ho(2’,v")| da’dv” — Lyout (0,07 0yt [ho(2', v")] da'dv’
Q\S Q\S

and thus the conclusion follows.

Let now T' > 0 and assume to be given some function g € € ([0, T]; L' (Q)). We shall justify
that #(g) € €([0,T); L'(Q)) where .# is defined in (85). Note that we have proven few lines
above that the first term in (85) belongs to ¢ ([0, T]; L'(Q)). We focus on the second map

t
tel0,T] — / |G (z,v)] / Lyinc(1.2,0)<s0:U(9) (5, Xoo (551, 7,0)) Vio (538, 7, v) ds| dzdv.
Q 0
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Since g € €([0,T]; L' (Q)) we have in particular that for every s € [0,T7], py(s,-) == [ 9(s,-,v)dv
defines a function in L'(0,1) and moreover the map s € [0, 7] — pg( ) E L1(0 1) is Contln—

uous. From the elliptic regularity theory and notably thanks to the estimates of Proposition
(2.6), we deduce that U(g) € € ([0, T]; W?21(0,1)). Therefore for every (z,v) € Q and t € R,

€ [0,T]) — 3.U(g) (s, Xoo(s5t,2,0)) Voo (858, 2,0) € €([0,T)),

and

(s,t) € [0, T — 0,U(g) (s, Xoo(s5t, 2,0)) Vi (83 £, 2,0) € € ([0,T]?) .

We now denote for ease j(s;t,z,v) = 0,U(g) (s, Xo(S; t,2,0)) Vo (s;t,2,v) . Fix t € (0,7") and
(z,v) € Q\ S so that the incoming time #2°(¢, z, v) is well defined. Let (J,)nen C R a sequence
such that §,, — 0 as n — 4-00. We shall prove that

t+dn t
/ 1tiorgc(t+5n;a:,v)<sj(s; t+ 5n7 T, U)dS — / 1tiorgc(t;a:,v)<sj(s; t,x, ’U)dS.
0 0
For all n € N we decompose,
t+0n t
/ 1tg}§(t+5n;x,v)<sj(s; 1+ 6717 Z, ’U)dS - / 1t§>'gc(t;x,v)<sj<s; t,x, ’U)dS
0 0
+o00
= / 1tio‘g°(t+5n;$,v)<s<t+5n (] (Sa t+ 5na x, 'U) - ](3, ta x, U)) ds
0
+o0
+/ j(s;t,w,v) (1tggc(t+6n;x,v)<s<t+6n - 1tiogc(t;x,u)<s<t) ds.
0

For the first integral we have for n € N large enough,

T
< / (558 + 8 2,0) — (51, 2,0)| ds.
0

“+o0o
/ 1t§c(t+5n;z,v)<s<t+5n (j(S, t+ 5717 x, U) - j(sv t7 x, U)) ds
0

By continuity, we have for all s € [0, 77, j(s;t4 0pn, z,v) — j(s;t,x,v) as n — +00. Moreover
we have for n € N large enough

l7(s;t+ 0, x,0)| < sup  |j(s;t, @, v)].
(s,t)€[0,T)?

Since we integrate on the compact set [0, 7], we deduce by the Lebesgue dominated convergence
theorem that fOT |7(s;t 4 On, x,v) — j(s;t,2,v)|ds — 0 and thus

+oo
/ Lyine (t-6,0,0) <s<t+8n (J(sit+0n,2,0) = j(s;t, 2, v)) ds| — 0.
0
For the second integral we have for n € N large enough,
“+oo
/ j(S; t,x, U) (1tiogc(t+6n;z,v)<s<t+§n - 1tg§(t;z,v)<s<t) ds (88>
0
T
< sup |j(3§ta$7v)|/ ‘1tggc(t+5n;x,v)<s<t+5n - 1tgg,c(t;x,v)<s<t| ds. (89)
s€[0,7 0
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For fixed s € [0, T] with s # t and s # (¢, x, v) we have ‘1tggc(t+5n;z,v)<s<t+6n — 1t};§§(t;a¢,v)<s<t} —
0 because (40, ,v) — t2(¢, z,v). Since we integrate on the compact set [0, 7], we obtain

T
/ |1tg<‘f(t+5n;x,v)<s<t+6n - 1tg‘g¢(t;x,v)<s<t‘ ds — 0.
0

Thus, we have proven for all t € (0,7) and any sequence (9, ),eny C R which tends to zero that
t+0n
/ Lyinc (146, 0,0)<s0:U (9) (8, Xoo (85 + 0, 2,0)) Vi (85 + 0y, 7, v) ds
0

t
— / Lyinc (1.2,0)<s0:U (9) (5, Xoo (551, 7,0)) Vie (558, 7, v) ds.
0

In particular, the absolute value of the integral at the left hand side converges to the absolute
value of the integral at right hand side. The same conclusion holds if ¢ € {0, T} by considering
any sequence (d,),en C R which tends to zero, by either greater values in the case ¢t = 0, or
lower values in the case t = T. Eventually, observe, since suppG C D™, that we have a simple
a simple bound for (z,v) € D*,

|G (z, )] <

t
/ Lyinc(1.2,0)<s0xU(9) (5, Xoo (551, 7,0)) Vig (538, 7,v) ds
0

T
Gz, v)lo / 10:U(9)(8)]| 1oy s

because 0 < Vo(s;t,z,v) < v for s € [t(t, z,v),t]. Finally, since (x,v) — |G(z,v)|v € L(Q)
we conclude by the Lebesgue dominated convergence theorem. Therefore, the map

t
te[0,T) —> / G ()| / Lise (1) 250U (9) (5, Xoc (51 £, 2, 0)) Vi (531, 2, v) ds| ded
0 0

is continuous on [0,7]. We thus have proven that for g € €([0,T]; L'(Q)) and hy € L'(Q) we
have .#(g) € €([0,T]; L'(Q)). Since the mild mild solution (h,U) to (LVP) is obtained by
the Banach-Picard theorem, we have that it verifies h € €([0,T]; L'(Q)) and therefore from
the elliptic estimates (2.6) that U € %([0,T]; W%'(0,1)). Since the result holds for arbitrary
T > 0, one obtains the conclusion.

2.6. A delayed Gronwall lemma.

A consequence of the exit geometric conditions (2.7) will be that ¢ —— ||h(t)||11(q) verifies
for large times a first order delayed integral equation. We show in the following that such an
integral equation has exponential decaying solutions provided that the rate of increase of the
solution is small enough. We have.

Lemma 2.14 (A delayed Gronwall lemma). Let T > 0 and o > 0 such that T < 1. Let
y € €(R") such that fort > T

y(t) < a /;Ty(s)ds. (90)
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Then there exists k > 0 such that fort >0
y(t) < Crpexp(—kt) (91)

where Cr,, = sup |y(t)| exp (kt).
te[0,7)

Proof. Let us first remark that if y is negative on [0, 7] then y is also negative on [T, +00).

Indeed, if it is not the case then let t* := sup{t > T : y(s) <0Vs € [0,t)}. By continuity of y
this point exists and y(¢*) = 0. Then applying (90) for ¢t = ¢* we have

E| t_Ty<s>ds <0 (92)

which yields a contradiction. We now refine this result by proving that if y is non positive
on [0,7] then it is also non positive on [T, 4+00). Indeed, consider the auxiliary sequence of
functions defined for all n € N by y,, : t € Rt — y(t) — HLH By virtue of the previous result,
for each n € N we have that y, is negative on [0, T] and therefore all t > 0, y(t) < —. Passing
to the limit as n — +o0 yields y(¢) < 0. This shows that y is non positive on [0, 400).
Consequently, we deduce that if z € €'(R") verifies the case of equality in (90) and is such
that y0,m < 2o, then for all t > 0, y(t) < 2(t). We then look for a function of the form
t € RT — exp(—~xt) where k > 0 which verifies the equality in (90). It yields the equation for

—k = a1l — exp(rT)). (93)

The function a : K € RT — (1 — exp(kT')) + & is continuous with a(0) = 0 and liIJ]ra a(k) =
KR——+00

—00. It therefore suffices that a’(0) > 0 to obtain the existence of £ > 0 such that a(k) = 0.
Note that a’'(0) > 0 is equivalent to o' < 1. Thus, we conclude that if 7" < 1 then there
is k > 0 which solves (93) and such that the function z : ¢ € RT —— Cpexp(—kt) verifies
2jo,r] = Yjo,r] (by definition of C7) and z(t) = ozftt_T z(s)ds for all ¢ > T. We then conclude
that for all t > 0, y(¢) < z(t) which shows the claim. O

2.7. The proof of stability for (LVP).

We are now ready to prove the linear stability theorem. We begin with the Decay of the L*
norm in @ \ DT. For every t > 0 and a.e (z,v) € @ we have,

h(t,z,v) = 14,05, (x,v)ho (XOO <0;1§,x,v>,voO (O;t,x,v))
¢
+ g(l', U) / ]-tggc(t,m,v)<sa$U(h) (S, Xeo (Sa iz, U)>Voo (Sa l,x, U) ds
0

where the set A;, B; are given in (83)-(84). Since suppG C DT, we obtain for a.e (z,v) € Q\ D+
that

h(t,z,v) = 14,08, (x,v)ho (Xoo <0; t,x, v) Vo (O; t,x, U>>
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Then

h(t _ ho( o<, ‘d d
B, (g1p0) /(Q\(m)m o(F53(a,0)) oo

where we have used again the fact B, is of measure zero. Using the measure preserving change
of variable (z,v) — (x’ = Xo(0;t,z,0),0 = VOO(O;t,a:,v)> we get

[ ()]l = / |ho(2',0")|da’do’.
L (Q\D+) T <(Q\(D+OS))OA,5)

Set
O, = gj;((@ \ (DY N S)N At>.

Following Lemma 2.13 b) we deduce that,
O, = {(x,v) e\ (Dt*NS) (0, z,v) >t}. (94)

Since the outgoing time is a continuous function in @\ S, the set O, is a Borel set. For ¢t = 0, we

have obviously Oy = Q \ (DTN S). If t; and ¢, are two positive numbers such that ¢; < t5 then

Oy, C Oy,. Therefore, the family (O;)ier+ is non increasing. According to Corollary (2.12), the

outgoing time is bounded in @ \ (D™ N S) and therefore if ¢ > sup t2"(0, x,v) then
(z0)eQ\(DFNS)

O, = 0. Tt yields the claim.

We now prove the Ezponential decay in Df. Let r > 0. Assume that supp hy C D;". Since
supp . C (r,+00), we have that 9, given in (30) is such that supp f* C D;'. Thanks to
the representation formula (56) and the invariance of D;" by the stationary flow, we infer for
every t > 0, supp h(t) C D;f. We are now going to prove that [[h(t)|[;:p+) Verifies a delayed
Gronwall type inequality of the form (90). We study separately the contribution of the initial
data and the source term.

Study of the initial data. Let t > 0 and (z,v) € Q such that £2°(¢, z,v) < 0. We have,

(Xoo, Vo) (03¢, ,0) € DF = 3(2/,v") € DI, 220, 2", 0") > t, (1,0) = (Xoo, Vao) (£ 0,27, 0').
According to the Proposition (2.7), the equilibrium electric field —0,¢> satisfies the initial
exit geometric condition in time 7, with respect to D;. Therefore, t32%(0,2,v") < T, for all
(a',v") € D). We then deduce, since supp hy C D;", that

t>T1T, = 1t1§g¢(t,x,v)§0h0 <Xoo (07 l,z, U) ) Veo (0; t,x, U)) = 0.

Hence, for t > T, and a.e (z,v) € D},

h(t,z,v) = G(z,v) / ity <dU (1) (5 Xeo (s5t,2,0) ) Vac (538, 2, 0) s,
0
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Study of the source term. Let t > T,. We now estimate the L' norm of h on D by a direct
computation. Using a triangular inequality and an L*> bound on 0,U we have,

t
/ Ih(t, 2, v)|dedv < /D [g(,0)| / L) <s 10U () (8) [ 0.1

= [ 100 e [ [0
D

where we have used Fubini’s theorem for the last equality. Define for s € (0, t)

Voo (s;t, z,v)|dsdxdv

1ti;gf (t,z,0)<s

Voo(s;t, 2,0) ‘dxdvds

D., ={(x,v) € D} : t2(t,x,v) < s}. (95)

Using the measure preserving change of variable (x,v) € Dy, — (2/,v') = F5(z,v), we then

obtain
s

where, arguing as in the proof Lemma (2.13) b), we have

G(z,v) V) [v'da’do

1t}§<‘f (t,xw)<s

V(s t, z, U)‘dmdv = /
Foi (D5 )

o

Fo (D) = {(x',v') € Df : t2%(s, 2’ 0) > t}, (96)

and where we have used the fact that the function (z,v) € D' —— G(x,v) depends only on the
microscopic energy (which is a conserved quantity (54)) and the fact that if (2',v") € Fg3(Dy )
then v' > 0. Thus,

/ G(2,0)|Lsspine(t p0)| Voo (85, 2, v) |dody = / Lyout (s 0 0yt |G (27, V") |0/ da’do’.
D;fr oo thattl D;fr [e'e] El bl
Gathering this term with the other, we obtain ,
t
/ Ih(t, 2, v)| dado < / 10,0 (B)(8) |0 / L (o yod G0, ) |0/ e/l s
D;f 0 pr T

g(x/’ 'U/>

t
U’/ Lyout (5,07 0yt || O U (R) (8) || oo (0,1 dsda’ dv’
0

‘/w
<
DYt

According to the Proposition (2.7), the equilibrium electric field —0,¢> satisfies the internal
exit geometric condition in time 7, with respect to D on RT. So,

g(lj, U/)

t
v'dr'dv’ x  sup / Lygut (5,0 w1yt ]| 02U (h) ()] oo 0,1)ds.
0

(! w)eDit

sup  (t2(s,z,v) —8) < T,.
(s,z,0)ERF x D;F

Therefore for every s € (0,t] and (2/,v") € D, we have

(s, 2", 0) >t = s>t —T,.
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Therefore,

t t
sup / 1tggt(s,x/7v’)2t||8xU(h)(8)||L°°(0,1)d8 S / ||6wU(h) (3)||L°°(0,1)d5-
0 t

(z' v")eDT -7

Using the elliptic estimate (65) and recalling that supp h(t) C D; we eventually obtain a closed
estimate for [|h(t)[| ;1 p+) which writes

Vit > T, W)y <

2|0, £l 71 ¢
10u I, (Di)/ 17(8)| L1y ds- (97)
t

)\2

T,

v'dr'dv’ = [ |1/ (v)|dv. By virtue of Lemma (2.14) we

2||a’0foo||Ll(D;!’)T"‘
2

g(l’/, U’)

where H&JfOOHLl(D;f) - fD#r

thus get the expected exponential decay provided that < 1. We thus infer (46),
and from the elliptic estimates (65) we also have (47). It concludes the study of the linearized
Vlasov-Poisson equations.

3. Non linear stability

We now investigate the non linear stability of the Vlasov-Poisson system (1)-(7) written in
a perturbative form. Using the same notation, we denote the fluctuation

h(t, x,v) = f(t,z,v) = f<(2,0), Ult,z) = ¢(t,x) — ¢ (). (98)
It satisfies the perturbative form of (VP) that we denote in short (PVP):

Oth + v0,h — 0,00,h = 0, U, [, (t,x,v) € (0,400) X Q,
“N20u,U 4+ ne (¢ + U) —ne(¢) = [ h(-,v)dv, (¢, z) € [0,+00) x (0,1),
(PVP): Vt >0, h(t,0,0>0)=0,ifv>0 h(t,1l,v<0)=0, ifv<0,
Ut,0)=0, U(t,1)=0, t>0,

h(t =0,z,v) = ho(z,v), (z,v) € Q.

\

We shall prove a non linear version of Theorem (2.1) b) for (PVP) under smallness condition on
the equilibrium and on the initial perturbation. Though it is not the main purpose of this work
to prove it, we need U € € (RT;W?2>(0,1)) to define properly the characteristics. Following
the work of BenAbdallah [5] we restrict the set of admissible initial conditions. We define

o ={he @ nL®)Q : / (. v)ofdede < +oo, vh(z.v) € L¥(@Q)). (99)

Q

Our main result is the following.

Theorem 3.1 (Non linear stability). Let A > 0, ¢, < 0 and r* = 1*(|¢,|) be defined in (156).
Let v > r* and consider the equilibrium (f>,¢>°) given by Theorem (1.2) with p such that
supp p C (r 4+ 00). There are e, 0, > 0 such that for f> satisfying

100N 1 (ppy < Eoor (100)
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and hy € </ satisfying
supp hy C D:, ||h0||L1(Q) < €o,r)

any global mild-strong solution (h,U) € € (RT, L}(Q)) x € (RT,W2>(0,1)) to (PVP) in the
sense of Definition (3.3) associated with the initial data ho and the equilibrium (f*°, ¢°°) satisfies

vVt >0, supph(t) C DI, (101)
2
there are constants k > 0 and C > 0 such that for everyt > 0,

Hh(t)HLl< > < Cexp(—rt), (102)

DY
2

0.0~ o) < 55 expl(—t) (103
Several comments are in order about this result
Remark 3.2. e The constants e, 0, can be made explicit in the proof.
e The smallness condition (100) is equivalent to
11 L1 G 00) < Eoopr

It depends only on the equilibrium incoming density. In the proof e, is chosen in such
a way that it also implies the natural condition (regarding the linear analysis)

0w fN pr oy T <1
>\2

It is needed for the first order delayed integral equation (90) to have exponentially decaying
solutions. Note that the left hand side in this inequality is by two times larger than the
left hand side in (42). This is because we prove that the exit geometric conditions are
rather satisfied in time 27, instead of T;..

e We propagate the support of the initial data and the equilibrium up to the domain
Dg D D;. The supports were exactly preserved in the linear case thanks to the energy
conservation (54). In the non linear case, we prove a stability result of the stationary
phase portrait in Lemma (3.8). This result is a key ingredient in the proof, both for the
stability of the phase-portrait and the propagation of the exit geometric conditions for
the non linear characteristics.

To prove this theorem, we shall again rely on the concept of mild-strong solutions to (PVP)
and we need to define the characteristics associated with a generic time dependent potential.

3.1. The generic characteristics.

Let be ¢ € CK(R*;WZ’OO(O, 1)) a generic potential. For every s € R, we consider and
extension of ¢(s,-) to R still denoted ¢(s, -) such that:

Vs €ERT,  ¢(s,-) € W (R), [|0:0(5)l| () < 10:6(5)l|=0,1)- (104)
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Such an extension is easily constructed in one dimension by extrapolation to R\ [0, 1] of the
boundary value of ¢(s,-).

For (t,z,v) € RT x R? we define the characteristics which passes through (z,v) at time ¢ as
the solution to the system of differential equations:

inj(s; t,x,v) = Vy(s;t, z,v),
%V¢(s;t,$,v) = — xgb(s,qu(s;t,:v,v)). (105)
Xo(t;t,x,v) =, Vy(t; t,z,v) = v.
Invoking the Cauchy-Lipschitz theorem, there exists a unique solution
s € RT v (Xy(s;t,2,0), Vy(sit,,0)) € €1 (RT) NWEP(RT).

When (¢, z,v) € R x @, we define the incoming time in @ and the outgoing times of @ by

t3e(t,x,v) = inf{s € (—oo,t) NR* : Xy(s'st,x,v) € (0,1)Vs' € (s,1)}, (106)
3 (t,z,v) = sup{s € (t,+00) : Xy(s';t,2,v) € (0,1) Vs € (£, 5)}. (107)

The interval (£°(t,z,v), 13" (¢, ,v)) is largest open interval contained in R* on which the
characteristic which started at time ¢ from the point (z,v) is in Q. By definition,

the(t,z,v) > 0 = X°(t,,v) € {0,1}, (108)
3t (t, z,v) < 400 = X"(t,z,v) € {0,1}. (109)

We also define for notational convenience,
X;nc(t,x,v) =X, (tg’c(t,x,v);t,x,v>, V(;nc(t,x,v) =V, (tg‘c(t,x,v);t,xm), (110)
and when 3" (¢, z, v) < 400,
X;‘“(t,a:,v) =X, (tzut(t,x,v);t,x,v>, V(;’“t(t,x,v) =V, (t;“t(t,m,v);t,x,v>. (111)
We also denote for (s,t) € RT x RT the associated flow by
Fit s (z,v) € R? — <X¢(s;t,:17,v), V¢(s;t,x,v)>. (112)

It is a measure preserving diffeomorphism.
We now define the notion of solutions we consider for (PVP).

Definition 3.3 (Global mild-strong solution to (PVP)). Let A > 0, hy € /. We say that
(h,U) is a global mild-strong solution to (PVP) if

a) (h,U) € €(R*; L1(Q)) x (R W2(0, 1)),
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b) h is a mild solution of the non linear Vlasov equation, in the sense that is satisfies for
every t > 0 and a.e (z,v) € Q,

h(t,z,v) = 1t-glc(t,x7v):0h0 (X¢ (0; t,x, v) Vs (O; t,x, v)) (113)

t
+/0 ltgm(t,x’v)q(?xU(S,X¢<s;t,x,v))@vfoo(Xd)(s;t,x,U),Vd)(s;t,x,v))ds,

where ¢ = ¢>°+U where ¢ is the stationary solution given by theorem (1.2) and (X, V;)
are the characteristics defined in (105).

c) For every t > 0, U(t) is a strong solution to the non linear Poisson equation
— N0, U(t) + ne (¢ + U(t)) — ne(¢™) = / h(t,-,v)do, (114)
R

and U(t)(0) = U(t)(1) = 0.
As for the linear analysis, we define two types of exit geometric conditions which depends

on a generic time dependent potential.

Definition 3.4. Let ¢ € €(RT; WW?>(0,1)). Let K C @ and J a subinterval of RT. We say
that the electric field —0,.¢ satisfies the internal exit geometric condition in time 7" > 0 with
respect to K on J if

sup  (t3" (¢, x,v) —t) < T, (115)
(t,x,w)eJx K
V(t,x,v) e Jx K, (X3, VM) (t, x,v0) € BF (116)

Definition 3.5. Let ¢ € €(RT; W?2>(0,1)). Let K C Q. We say that the electric field —d,¢
satisfies the initial exit geometric condition in time 7" > 0 with respect to K if

sup t3(0,z,v) < T, (117)
(zw)EK
V(z,v) € K, (X3",V5")(0,2,v) € 7. (118)

3.2. The non linear elliptic estimates.
In this section we prove the wellposedness and give elliptic estimates for the non linear
Poisson equation

{—vamw (¢ + W) — ne () = p, a.ein (0,1), (119)

W) =0, W(l)=0,
where p € L'(0,1) is a given source term. We have the following.

Proposition 3.6. Let p € L'(0,1). Then the non linear Poisson problem (119) admits a unique
strong solution W € W21(0,1). In addition, the solution satisfies the estimates

>\2||8xW||L2(0,1) < lpllr0,1),

[17e(0° + W) = ne(0) 110,y < |lpllL1(0,1)5
)\QHax:pWHLl(O,l) < 2HPHL1(0,1)7
N[0:W ([ zoe 0,1y < 2llpll 10,1

33



If p € L™=(0,1) then W € W*(0,1) and we have the estimates

[1e(¢™ + W) = ne(d™) 10,1y < ol zee(0,1), (124)
MW || oo 0.1) < 2l1pll oo (0,1), (125)
o o 2M
[76(0 + W) = 1e(0%) || Lo (0,1) < VHPHLw(o,l), (126)
2M
)\2||axch||L°°(o,1) < (v + 1) ||P||L°0(0,1)' (127)

where M is a positive constant that depends only on N2, ¢ and p.

Proof. Step 1: FExistence and uniqueness. The proof follows from a classical variational argu-
ment. Let £ : Hj(0,1) — R be the functional given for all ¢ € H}(0,1) by

B) = [ 5 0@ + N(6¥ (@) + 6(0) = (ne(6™(2) = plo) )

S

where the function N, is the function given for all s € R by N.(s) = / ne(s')ds” and where
0
we recall that Hg(0,1) is equipped with the usual norm ¢ € H(0,1) = |[¥llgao1) =

( fol \&Cgb(x)]zdx)%. The functional F is well defined and of class ¢! on H} because the
space H!} is continuously imbedded in L>(0,1) and n, € €*(R). In addition note that since
the function n! is positive on R, the function N, is strictly convex and thus the functional
Y e H(0,1) — fol Ne(¢™(z) + ¥(x)) — (ne(¢>(2)) + p(x))(z)dx is strictly convex. There-
fore E' is a strictly convex functional as the sum of two strictly convex functionals. We then
deduce that T is a weak solution to (119) if and only if W minimizes £ on Hj(0,1). Let
us therefore prove the existence of the minimizer. Using a Holder inequality we have for all

Y € Hy(0,1),

A2 !
E@W) = F 1l +/O Ne(¢™(x) + ¢(2))da — [[ne 0 % = pllLr o) [[¢]| L= 0.1)-

Since N, is a positive function and using the fact that for all ¢» € H{(0,1) we have |[¢)|| 0,1y <
Hw”Hé(O,l) we get

A2 -
E@W) = F 18l = Ine 0 0™ + pluion 1@ mo.)-
Let 0 < ¢ < A. Using an ¢ dependent Young inequality for the second term we obtain

A2 —
2

Ine 0 6> = pll 7101y

S
kuﬂg(o,l) B 22

E(y) >

. (128)

It is a coercivity estimate for the functional £. By Mazur’s Lemma, since F is convex and
continuous in H}(0,1), it is lower semi-continuous for the weak topology of HJ(0,1). Conse-
quently, the coercivity of the functional £ with its lower semi continuity for the weak topology
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of H}(0,1) yields the existence of a minimizer in Hj(0,1). Since F is striclty convex the min-

imizer is unique in H}(0,1). Let therefore W = argminF(¢)). Since E is €' on H}(0,1), the
YeHF(0,1)

Fréchet differential of E evaluated at W vanishes, it yields for all ¢» € H}(0,1),

1 1
/ N + (no(6™ + W) — no(¢°))¢ da = / pibda. (129)
0 0

Since ne(¢> + W) — n(¢>=) — p € L'(0,1), it is a consequence of the weak formulation (129)
that W € W21(0,1) and that W is a strong solution to (119). Arguing similarly, if p € L>°(0, 1)
then W € W%>(0,1).

Step 2: Estimates. We prove the first estimate (120). Since W21(0,1) € H'(0,1), we take

1

¢ = W in the weak formulation (129). Then we obtain since n. is increasing that / (ne(¢™ +
0

W) —ne(¢>))Wdx > 0 and therefore

1 1
| R0 pds < [ oWds < ol W = < Il |0z
0 0

where we have used the Holder inequality and the fact |[W||z<,1) < [[0:W]|12¢0,)- It yields
the expected estimate. We now prove the second estimate which follows the same lines as
in Proposition (2.6). So we repeat the same argument. Let (¢, )neny € €*(R) a sequence of
functions such that for all n € N :

@n(o) =0,
Vu € R, ¢, (u) >0, [ (u)] <1
Yu # 0, pn(u) — sgn(u) as n — +o0.
Since W € W?21(0,1), for each n € N, the function ¢, o W belongs to H'(0,1) and it verifies
©n o W(0) = ¢, o W (1) = 0. We then use ¢, o W as a test function in (129). We thus get

1

1 1
/ A2 10, W2 ol (W)da + / (ne(0™ + W) — ne (™)) 0 Wdx = / ppn o Wdz.
0 0 0

Note that the first integral is non negative therefore we get

1

1
[ e+ W) = (6w Was < [ pono wae <l
0 0

where the last inequality was obtained using the Holder inequality combied with the L> bound
|on © WL~ < 1. Using the Lebesgue Dominated convergence theorem we have, because n, is
increasing,

/0 (16 + W) — 1(6))gn o Wiz —s /O (ne(6° + W) — no(6°))|d.

n—-+00

It yields the second estimate. The third estimate is obtained using the strong form of the
equation (119) together with the estimate (121). As for the last estimate, since 9,W €
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whl(0,1) c C°[0,1] and fol 0. W (x")dx’ = 0 because of the Dirichlet boundary condition,
we have that there exists zo € [0,1] such that for all z € [0,1], 9, W (z) = f;z OpaW (2)d2'.
Then |0,W (w)| < [|0paW{|L1(0,1) and using the estimate (122) we conclude.

We now prove the estimates in the case when p € L*>(0,1). Note that (124) is obtained
exactly as previously at the difference that we use rather the following bound for every n € N,

1 1
| penowds < lollxios) [ lono Wlds < ooy
0 0

since |¢,| < 1. From (124) and the strong from of the equation (119) we infer \||0,. W || 11(0,1) <
2||p| o< (0,1) where we have used the continuous imbedding L>(0, 1) < L'(0,1). Then, we deduce
because fol OW (z)dz = 0 that [|0,W||r=@01) < 00aW ll2101) < 52 llpllLoe(0,1) Which is (125).
We now prove (126). Since W(0) = 0 we have for all z € [0,1], [W(z)| < | [ 0,W (2/)da/| <

10:W || oo 0,1y < 521pllLo<(0,1)- Therefore by the mean value theorem we have

ne (6 (@) + W (@) — ne(6™(@)] < MW ()] < 2 ol

where M = sup n(s) where a = [[¢°°||r=(0,1) + 32]|pllL(0,1). It proves (126). Lastly, the
s€[—a,al

estimate (127) is obtained from the strong form of the equation (119) using (126). O

3.3. Study of the characteristics.

In this section, we study the properties of the generic characteristics. In particular, we
are interested in stability properties of the stationary characteristics with respect to small
perturbation the equilibrium electric field. As for the linear case, we state a regularity result
of the incoming time of a characteristic with respect to its starting point. For fixed ¢ > 0 and
0 < s <t we define the sets

{(
{(
The set D; is the set of points in @) which are on characteristics that stay in @ on interval (0, t].
The set & is the set of points in ) which are on characteristics that reach possibly ¥~ at a

time smaller than s. As for the linear case, we may justify the measurability of these sets. We
have the following.

D; : ) €Q : th(t,x,v) =0}, (130)
Es: €Q

T,
z,v) L tR(tz,v) < s} (131)

Lemma 3.7 (Regularity of the incoming time and measurability). Let ¢ € %(R*; W2(0, 1)>
and fir t > 0. We have

a) The three functions (v,v) € Q w tJ(t,x,v), (r,v) € Q@ = XP°(t,z,v), (z,v) € Q
Vire(t, ,v) are continuous at every point (x,v) € Q such that
5 (1,,0) > 0 and (XE(t, 2,0), VI (t,2,0)) ¢ 5.

b) The sets Dy and & for every s € (0,t) given in (130), (131) are Borel sets.
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Proof. The proof of a) is in every point similar to that of the point a) of Lemma (2.9). For b),
we have D, := Q \ {(z,v) € Q : t°(t,x,v) > 0}. Therefore, by stability of the Borel sigma
algebra, it is sufficient to prove that {(z,v) € Q@ : tJ°(t,z,v) > 0} is a Borel. One has a
decomposition

{(z,v) €Q : t§°(t,x,v) > 0} = F,UG,,
F,={(x,v) € Q: tg‘c(t,x,v) >0, (Xf;c(t,x,v), ;nc(t,z,v)) € ¥},
Gy ={(z,v) € Q: ti;c(t,x,v) >0, (X;“C(t,x,v), (;nc(t,w,v)) ¢ 201,

One may adapt the proof of Proposition 2.3 in [4] to prove that F; is a Borel set of measure
zero. GGy is an open set as a consequence of the continuity of tiq?‘z(t, -,+) outside the points that
reach transversally the boundary. The same argument of continuity yields the claim for the set
Es. m

We now come to a key lemma in the analysis. Unlike the linear case, the microscopic energy
(x,v) € Q — é + ¢>°(x) is not conserved along the generic characteristics (105). Since we
shall ask the supports of the initial data hy and the equilibrium f°° to be imbedded in D;. Tt is
natural to track the evolution of the set D by the flow (112). On that occasion, we also recall
that the equilibrium electric field —0,¢> verifies the exit geometric conditions (2.4), (2.5) at
time T, = % with respect to DF. We would like that the perturbed electric field —0,¢ does so,
at least, at a larger time than 7). In that regard, we set for ease in the reading

~ 2 .
TT:2TT:;1fr>O. (132)
We will show that under an appropriate smallness assumption, —0,¢ verifies the exit geometric

conditions (3.4)-(3.5) in time 7,. We have.

Lemma 3.8 (Stability of the the microscopic energy and exit geometric conditions). Fiz r > 0.
Let J a subinterval of RT. For any U € € (R*T; W2>(0,1)) such that

s+Tr 10, U (7|2 o . . 1
e [ IO g e < (e T - 2) )

we have

a) for all s € J and (z,v) € D;, the characteristic (105) associated with the potential
¢ = U + ¢ which started at time s from (z,v) verifies

Vi e [s,s+T)), Vi(t;s,x,v)> (134)

DO 3

b) In addition, 0,¢ verifies the internal exit geometric condition in time T, with respect to
D on J and we have

VE € [5,83" (s, 2,v)), (X4, Vi) (t;s,m,0) € DJ%F. (135)

Furthermore, if 0 € J then 0,¢ satisfies also the initial exit geometric condition in time
T, with respect to D;.
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Proof. Fix r > 0, J a subinterval of R* and consider U € % (R"; W?>(0,1)) which verifies
(133).  Proof of a). Let (s,xz,v) € J x D;f. We have for all t € R

d
L e(ts @, 0) =Volts s, 2,0), (136)
d
$V¢(t; s,x,v) = =0, U(t; Xy(t; s, 2,v)) — 0,0 (Xp(t; s, z,0)). (137)

We multiply (137) by V,(t; s, x,v) to get,

i(V;(t;s,x,v)

(o (Xeltisan) ) = U Xo(ts, ) Valtis,av). (139)

For t > s, we get after an integration on [s, ],

V2(t;s,x,v 2 ¢
% + ¢ <X¢(t; s, ;@v)) _ v ¢ (x) + / QU (1 X (t's s, 2,0) ) Vy(t's s, 2z, v)dt.

2
(139)

for all real numbers a and b, we obtain

Using the Young inequality, for ab > —“22#[’2

S 6 (Xo(t s 0,0)) 2 5+ 0 (@) >

VZ2(t;s,x,v 2 LV2(H s, x,v
M 5 _/ M-ngm(){qﬁ(t';s,x,v))dt,

— B(t,s) (141)

»

t
1
where B(t,s) = / §||8$u(t' 17000yt 4 (t = 5)[|0™]| oo (0,1)- Since (2,v) € D} we have % +

)
Vdg(t;s,x,v

¢ (x) > r. Setting I(t) = < —; ) 4 (ke <X¢(t; s, , v)) we thus get the integral inequality

Vt>s, I(t) >7r?— /tl(t’)dt’ — B(t, s). (142)

Since the function t — B(t, s) is increasing, using a Gronwall Lemma, we get

Vt>s, I(t) >r?exp(s —t) — B(t, s). (143)

Now remark that the function ¢ € [s, s + 1,.] — 12 exp(s — t) — B(t, s) is decreasing, therefore
we obtain

Vte[s,s+T,], I(t)>r*exp(s—t)— B(t,s)>r>exp(—T,) — B(s+1T,,s) (144)
By assumption (133), we have 72 exp(=1,) — B(s + T}, s) > %. It yields

Vi (t; s, x,v)

vt e [s, s+ Tpl, 5

+ o™ <X¢(t;s,x,v)> > %2 (145)
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Observe that ¢> is non positive on [0, 1]. Therefore, since V,(t;t,z,v) = v > 0 we deduce
thanks to (145) and a standard continuity argument that V,(t; s, z,v) > 0 for all t € [s, s+ T}].
Thus for all ¢ € [s,s + T,] we have Vj(t;s,2,v) > z.

Proof of b). From the previous point we have for all ¢ € [s, s + TT], Vy(t;s,z,v) > 5. By
integration on [s, s + 7,] we obtain X,(s 4 T}; s, 2,v) > = + LXr — 2 +1 > 1. By definition of
the outgoing time we infer 3" (s, z,v) < s +T... Since it holds for every s € J and (z,v) € D},
taking the supremum on J x D yields internal exit geometric condition. Eventually, remark
that if 0 € J then the previous arguments applied at s = 0 show that the initial exit geometric
condition with respect to D; is also satisfied. Finally, remark that since s < 3" (s, z,v) < s+1T,
we thus have for t € [s,t3"(s, x,v)), (Xy, Vp)(t; 5, 2,0) € Dg. O

To conclude this study of the generic characteristics let us prove the following elementary
lemma.

Lemma 3.9. Let ¢ € €(RT; W2>(0,1)). Let P C Q and fiz (t,z,v) € R X Q. Assume there
exists t)°(t, x,v) < s <t such that (X¢, V¢)(3 t x,v) € P. Then there exists (z',v") € P such
(z,v) = (Xg, V) (t; 5,2, 0") and t3"(s, 2, v") >

Proof. Let P C @ and fix (t,z,v) € R x ). Assume there exists s € (tgm(t,:r,v),t) such
that (X, Vy)(s;t,z,v) € P. Set (2/,v") = (X4, Vy)(s;t,x,v) € P. Then, (Xy, Vy)(t;s,2",0") =
(z,v). Since t}°(t,z,v) < 5 < t, wehave forall s’ € [s,t], (Xy, Vi) (s 5,2",0") = (X4, V3)(s's 1, 2,0) €
Q. Therefore, t3"(s,2',v") > t. O

To study the contribution of the initial data and of the source term in the solution of the
Vlasov equation (113) we shall make a great use of this lemma in its opposite version: let
P C @ and fix (t,z,v) € R} x Q. If there is some 0 < sy < t such that for all s > sy and
all (z/,0') € P, we have t3"(s,2’,v") < t then for all s such that tJ°(¢,x,v) < s < t we have
(Xo Vo)(sit,2,0) & P.

3.4. Local stability estimates for (PVP).

From now, we consider (h,U) € €(RT; L}(Q)) x €(RT; W*>(0,1)) a global mild-strong
solution to (PVP) associated with an initial data hy € o/ and an equilibrium (>, ¢>) given
by Theorem (1.2). We recall that we have for every ¢t > 0 and a.e (z,v) € Q

h(t,z,v) = 1tg]c(t7x7v):0ho <X¢ (O; t,x, v) Vs <O; t,x, v)) (146)

t
+/ 1tgm(t,x7v)<58xU<s,X¢<s;t,x,v))@vfoo<X¢<s;t,$,v),V¢<s;t,x,v)>ds.
0

Thanks to this formula, we deduce the following naive estimate

t
vt 20, A < Il + 105 / 10U zwods’.  (147)

which yields, thanks to the elliptic estimate (123), for every ¢ > 0

2010,/ @1t
1RO < ol gy exp (=5 2), (148)
2 2100 f° 10yt
10U ) =0y < 55 lhollzr @y exp (=52 ). (149)
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We now fix r > 0. Our goal now is to refine the analysis by showing for some t* > T, (Tr being
defined in (113)), under appropriate assumption on hy and the equilibrium (f*°, ¢>°) we have

vVt € [0,¢*], supph(t) C D,

¢
vt € [T,,t*], h(t,z,v) :/ )
t

-7,

for a.e (x,v) € DY. In that regards, the strategy is as follows:
2

e We prove thanks to the bounds (149) that 0,U verifies the smallness condition (133) on
J = [0,¢*] provided | ho|[r1(g) is small enough and r > 0 is chosen large enough. Then
our key Lemma (3.8) applies.

e We then use the fact that the perturbed electric field —0,¢ satisfies the initial exit geo-
metric condition at time 7,.. So for t > T}, in (146) the contribution of the initial condition
vanishes because either the condition tglc(t, x,v) = 0 is not met or the characteristics at
time zero is outside the support of the initial data.

e Lastly, we use the fact that the perturbed electric field —0,¢ satisfies the internal exit
geometric condition at time 7, to prove that in (146) the piece of integral on [0, — T, ]
vanishes because the characteristic on the interval [0, ¢ —T,] is not in the support of 9, f>°.

To reach our goal, we somehow proceed in a reversed way compared to the strategy sketched
above. We begin to give a sufficient condition on 9,U to obtained the expected formula for h as
t>T . We will show at the end of this section that this sufficient condition is fulfilled provided
lholl 1 (p#y is small enough and r > 0 is large enough.

Lemma 3.10. Let r > 0. Suppose
supp hg, supp [ C D} (150)
and in addition, that U € %(R*; W22(0, 1)) verifies for some t* > T,

S 10Uz

) L1
a7 + Tl|6 w0 < r*(exp(-T) = 7). (151)

Vs e [Tt + T, / 7

-,

Then we have

vt € [0,t7], Supph(t)CD'%", (152)
t
e el IOl () <10 | 10U mands. (153)
Lt D% t=Ty
h g 2000/l 2wt [*
el [hOl <TGt [l s sy
w(g) T e ()
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Proof. We begin to prove (152). For t € [0,t*] and a.e (z,v) € ) we have,
h(t,xz,v) = 1tg‘c(t,m,v):0h0 <X¢ (O; t,x, v),V¢ (0; t, x,v))

t
+/ 1t§;c(t@’v)<58xU<s,X¢<S;t,w,v))@vfoo<X¢<s;t,J:,v>,V¢<s;t,x,v>>ds.
0

We denote for ease hy(t,z,v) = 1t§;¢(t,x,u)=oh0 (X¢ (O;t,m,v),% <O;t,x,v>> and ho(t,z,v) =

f(f 1t§c(t7x7v)<saxU<s,X¢(s;t,x,v))&,f"o (X¢ <s;t,x,v>,V¢ (5;t,x,v>>ds. Let us study sepa-
rately each term.
Study of hy. Note that if hy(t, z,v) # 0 therefore t5(t, z,v) = 0 and (X4, V3)(0,t,2,v) € D;.
Therefore there is (2',v') € D} such that (z,v) = (Xg,V,)(t;0,2',0') and t3*(0,2',v") > t. By
assumption, 0,U verifies (151) which means that it verifies (133) on the interval J = [0, t*].
Since t < t* we deduce by application of Lemma (3.8) b) that (z,v) = (X, Vy)(¢;0,2/,0") € Dg
provided ¢ < 3*(0, 2, v"). This shows that (z,v) € Dg.
Study of hy. Observe that hy(t, z,v) # 0 if there is a least one s € [0,¢] such that t}°(t,z,v) < s
and (Xy, Vy)(s;t,z,v) € Df. By Lemma (3.9), there is (2/,v') € D, such that (z,v) =
(X, Vo) (t;s,2',0") and t3%(s,2',0') > t. By assumption, 0,U verifies (133) on the inter-
val J = [0,¢*]. Since t < t* we deduce by application of Lemma (3.8) b) that (z,v) =
(X, Vo) (80,27, 0") € Dg provided ¢ < t3%(s,2’,v"). Therefore (v,v) € Dg. The first claim is
proven.
We now prove the estimates (153) and (154). As previously we study separately each term.
Study of hy. By the preceding study, we know that if hy(¢,2,v) # 0 then there is (2/,v") € D
such that (z,v) = (Xg,Vy)(t;0,2,0") and £3"(0,2',v") > t. Since 0,U verifies (133) on [0, "],
according to Lemma (3.8) a), we have that —0,¢ satisfies the initial exit geometric condi-
tion at time 7, with respect to D;f. Therefore it t > T, we have t > t3"(0,2',v") and thus
hy(t,xz,v) = 0.

Study of hy. If hy(t,z,v) # 0 then there is at least one s such that tJ°(t,z,v) < s <
t and (Xp, Vy)(s;t,z,v) € D;}. By Lemma (3.9), there is (2/,¢") € D; such that (z,v) =
(X, Vo) (t;s,2',0") and 3" (s,2',0") > t. Since 0,U verfies (151), it means that d,U verifies in
particular (133) on J = [0,#* — T}]. According to Lemma (3.8) a), we deduce that d,¢ verifies
the internal exit geometric condition in time 7, with respect to D; on [0,#* — T,]. Therefore,
for s € [th(t,z,v),t* — T.] we have 1 (s, 2, v") < s+ T.. We deduce that if s < t — T, then
3" (s,2',v") < t. We then have

t
ho(t, x,v) :/ ~ 1tg,c(t7myv)<88$U<s,X¢<s;t,:E,U)>8Uf°°<X¢<s;t,x,v),\@(s;t,x,v))ds.
t—T,

Conclusion. Consequently for ¢ € [Tr, t*] we have for a.e (z,v) € DT,
2

h(t,z,v) = /tt i lti;c(t’x’v)qaxU(s, Xo (s;t,x, U))@vf‘x’ (X¢ (5; t, x,v),V¢ (5; t, x,v))ds.

-7,

We now estimate ||h(t)]] < +) . Using a triangular inequality and the Fubini-Tonelli theorem
| pt
2
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we get

t
h/t S/ / 1inc v s
PO () = g, g Moeens
2

Using the L* bound (123), we obtain

t
< oo inc
O ) = L 10000 [ L

2

(‘LU(s, X4 (S; t,x, v)) ‘

o [ <X¢ (5; t,x, U) Vo <s; t,x, U)) ’ dxdvds.

Oy [ <X¢ (s; t,x, v) Vo (s; t,x, v)) ) dxduvds.

Using the measure preserving change of variable (x,v) — (2/,v") = (X4, V,)(s; t, x,v) we obtain
(153). Using the elliptic estimate (123) and the fact that h is supported in DY on [0, ¢*] we
2

deduce (154) from (153).
[

As expected, we conclude this section by showing that the condition (151) is satisfied pro-
vided the norm of hg is chosen small enough and r is large enough. We define

~ 1 ~
Vr >0, 0,:= r2<exp(—Tr) - Z> — T, oy, (155)

where we recall that |¢,| = [|¢™||1=(0,1) because ¢>° is monotone decreasing with ¢>(0) = 0
and ¢>°(1) = ¢,. Let 7* = r*(|¢,|) > 0 be the positive number such that

Vr>r* 4§, >0 (156)

where ¢, is given in (155). Since |¢,| > 0, the continuity and the strict monotony of the function
r > 0+ ¢, show that this number exists and is unique.

Lemma 3.11. Let r > r* and fir t* > T,. Let hg € o/ such that supphy C D, and let
(f°,¢%°) the equilibrium given by Theorem (1.2) be such that supp f* C D;}. There exists
gor > 0 such that of

1Poll 2oy < €0 (157)

then any global mild strong solution (h,U) € €(R*; LY (Q)) x €(RT; W*>(0,1)) to (PVP)
associated with an initial data hy and equilibrium (f,¢>) as above satisfies (151) and thus
the conclusion of Lemma (3.10).

Proof. Fix r > r* and t* > T,. Let (h,U) € €(R*; L'(Q)) x €(R*;W?>(0,1)) be a global
mild strong solution to (PVP) associated with an initial data hy and an equilibrium (f°°, ¢>)
such that supp f> C D;. We obtain at first, thanks to the a priori exponential growth (149)
estimate, that for all s € [0,¢*],

d Hho A2

|0, U (7)1 0,1) 4”8”00”L1<D;*>“*ﬁ”f
s 2 — )\2 HLI(D+ T
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A sufficient condition is then

o0 * 7
W0uT™I ) (P 4T

2
ﬁ”hOHil(Dj-)e 32 T, < 67"-

For “hO”Ll(Dj) small enough it is trivially satisfied. Therefore there is €y, > 0 such that for
HhOHLl(D;) < €o, We have

. . s O, U(T) % . . 1
Vs e [Tt + T, / ] 19:01 ;HL 0 dr + Tyll6™] 0y < r*( exp(~T1) = 7).
5T
Thus, (151) is satisfied and Lemma (3.10) applies. O

3.5. The continuation argument and the global exponential decay.

We now come to the final argument which consists in establishing that the estimate (153)
holds for #* = +o00. Let A > 0, ¢, < 0 and fix 7 > r* where 7* is defined in (156). Consider an
equilibrium (f*°, ¢>°) given by Theorem (1.2) such that supp pu C (r,4+00) so that supp f>* C
D;. Consider ¢¢, given by Lemma (3.11) associated with the time 2T... Let therefore hy € o
be such that

supp ho C D, ||h0||L1(DT+) < Eo,r- (158)

Consider (h,U) a global mild solution to (PVP) associated with the initial data hy and the
equilibrium (f*°, $>°). Thanks to Lemma (3.11) we have,

o S 110.U(7)
Vs e [T,,31,],

_7, 2

2
leeon g, 5. (159)

Let us define

~ 5 - S 10U ()%
t* = sup {t > 2T, : Vs e [Tr’t_|_ Tr], / ~ ” ( ;HL (0,1)
§-T,

dr < 5,}. (160)
Since (159) holds at s = 37}, a continuity argument shows that t* is well-defined (it is either
finite or infinite). Our goal is to prove that ¢* = +00. So we assume temporarily that t* < +oo.
By virtue of Lemma (3.10) we have

vt € [0,t%), supph(t)CDJ%r, (161)
t
e IO, 1,y <10 iy | IU@ands (162
L D%) t—T
- 200/t f*
well) Ihol o < B [ ) o s (16
dl) ()

From (162) and (160), a Cauchy-Schwarz inequality yields for all t € [T, t*)

) < 00l 1oy 216 (164)

SRS

bl
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By continuity of the map ¢ € RT +—— ||A(t)||11(g) We obtain,

2

N, ) 5 1965 on 2T (165)

We now consider h(t*) as an initial data for the Vlasov equation. Arguing similarly as for the
estimate (149), we obtain using (165), an estimate of ||0,U(t)||ze(0,1) for t > t*,

. . 2000,/ 12t — ¢
10020 < 1901120,V 20, exo ). (160)

We now repeat the argument of Lemma (3.11). We use (166), for s € [t*,t* 4 T,] we have

/ss+Tr HaxU(T;H%OO(O’I)dT . /t*t*+2Tr ||8xU(T;||L°°(01 dr < (167)

A—2||c‘9 £l oy T6r ( <8Havfmﬂf(m’ ) - 1) . (168)
We therefore see that if

/\ZQ||8vaOHL1(Df)Tr <exp (12|’a”f01||2L1(D“T~T> - 1) <1 (169)

then for all § € [t* + T, t* + 2T},
8 O, U(T)|?
/ I (TI7 (0’1)d7'<5r (170)
i 2

which contradicts the maximality of ¢*. Looking at (169), wee see that if |0, f*[| 1 p+) is small
enough then (169) is satisfied. We therefore consider e, > 0 be such that if

10uf N L1 (ppy < €1 (171)

then we have (169) and

100 £ 1. oy T
2)2

Conclusion. We infer that if hg and f*° are such that

< 1. (172)

1holl Lipry < €ors N0ufFNlLripry < e1r (173)

then t* = +oo. Thus, any global mild strong solution to (PVP) verifies (161)-(163) with

= +00. The delayed Gronwall Lemma (2.14) thus applies and we obtain the estimate (102).
The estimate (103) is a consequence of the non linear elliptic estimate (123). Theorem (3.1) is
proven.
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