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Regularisation for the approximation of functions by
mollified discretisation methods

Marc Hoffmann* Camille Poucholf

Abstract

Some prominent discretisation methods such as finite elements provide a way to
approximate a function of d variables from n values it takes on the nodes x; of the
corresponding mesh. The accuracy is n~%/¢ in L?-norm, where s, is the order of
the underlying method. When the data are measured or computed with systematical
experimental noise, some statistical regularisation might be desirable, with a smooth-
ing method of order s, (like the number of vanishing moments of a kernel). This
idea is behind the use of some regularised discretisation methods, whose approxima-
tion properties are the subject of this paper. We decipher the interplay of s, and s,
for reconstructing a smooth function on regular bounded domains from n measure-
ments with noise of order 0. We establish that for certain regimes with small noise
o depending on n, when s, > s,., statistical smoothing is not necessarily the best op-
tion and not regularising is more beneficial than statistical regularising. We precisely
quantify this phenomenon and show that the gain can achieve a multiplicative order
n(sa=sr)/(2sr+d) We illustrate our estimates by numerical experiments conducted in
dimension d = 1 with P; and Ps finite elements.

Mathematical Subject Classification (2020): 62-08; 62C99; 62G05.
Keywords: mollified basis, discretisation, nonparametric smoothing, finite elements.
1 Introduction

1.1 Motivation

Let © be a smooth bounded connected open subset of R? for some d > 1. We are interested
in reconstructing a smooth function

f: Q=R

from its values on a fixed design given by n points z; C Q. These values are moreover
corrupted by noise. The points x; should be thought of as forming a mesh of the set (2.
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We focus on reconstruction methods that rely on regularised basis functions or molli-
fied basis functions, as introduced in | , |. Specifically, we are concerned with
the case where functions are naturally (according to some given discretisation procedure)
represented as linear combination of basis functions ¢;: in other words, the function f is
approximated by

S fa) . (1)
=1

Typical examples include discretisation of PDEs, where the ¢; are e.g. basis functions
associated to Py finite elements | , ]. Informally, given a partition of Q, the ¢;
form a basis of the space of continuous functions on ) whose restriction to each piece of
the partition is a polynomial of degree k.

We will use the shorthand notation u < v (or v 2 u) whenever there exists a constant
C > 0 independent of n, o and B (see below for a precise definition of the bandwidth
parameter  and the noise level o) such that u < Cv for all m > 0, 0 > 0 and 8 > 0.
We will write A ~ B whenever A < B and B < A hold simultaneously. We also find it
convenient to introduce a discretisation parameter h > 0 satisfying

h ~n Y4,

—1/d hut in applications such as finite elements,

~1/d up to multiplicative constants only.

Of course, one could simply set h = n
there is a natural parameter h which matches n

In the setting of (1), one typically has an estimate of the form

s —Sq/d
Nha’Nn a/7

sup 7= 3 e o
=1

fer

where || - || stands for the L?(Q)-norm, s, > 0 for the order of the approximation method,
and F a class of sufficiently smooth functions. In practice, because of measurement,
numerical or roundoff errors, the sum > ;| f(z;) ¢; is rather given by

n

Z(ya)i¢i7

=1

with
Yo )i = f(zs) +0&, i=1,...,n,

where our noise model is given by the &;, assumed to be independent random variables,
centred with unit variance, so that the parameter o > 0 quantifies the noise level as the
common standard deviation to each measurement error.

A common and standard approach in alleviating the corresponding error is to operate
some linear regularisation on the data given in the form > | (yo)i ¢, like e.g. convolution
or projection onto low dimensional vector spaces. By regularisation, we mean that we are



given a family of linear operators (Rg)g>o indexed by a smoothing parameter 8 > 0 such
that Rg = Id and regularisation order s,. These typically satisfy estimates of the form

sup [|[Rgf — fl ~ B,
fer

where, as before, F is a class of sufficiently smooth functions. This leads to estimators of

the form . .
R ( > (o) <f>z‘> = (Yo)i Rashi,

i=1 i=1
and these natural candidate estimators for approximating f are therefore based on the
finite-dimensional subspace generated by the n mollified basis functions Rgg;.

Of course, there are many other, potentially better, estimators at reconstructing f
from the data (ys); without necessarily relying on regularised basis functions. There is
immense literature on the subject in the field of nonparametric statistics; see e.g. the
textbooks | ) |. That our estimators are linear in particular means that one
cannot hope for better approximation properties than those imposed by the Kolmogorov-
n-width of the class F | , |.

Our main reason for sticking to this rigid reconstruction framework is that mollifying
basis functions is actually quite common practice: such an approach dates back to the
works | , | for parabolic equations. Indeed, these can lead to improved conver-
gence estimates, and more pragmatically, they tend to stabilise the output. Extensions of
this framework to hyperbolic equations also exist | , |, and these methods are
still of current interest for applications | |. The so-called Reproducing Kernel Ele-
ment Method introduced in the series of papers | , , , |
also relies on similar ideas, see Chapter 6 of | |.

However, up to the best of our knowledge, the analysis of such methods does not
include statistical errors such as the o&; that are quantified in order by the standard
deviation parameter o, to be compared with n or h. A natural question is therefore to
understand how the presence of noise (i.e. ¢ > 0 in our model) impacts the previous
analysis. In particular, can we optimally quantify the interplay between o and n (or
equivalently between o and the mesh size h)? In other words, how best to mollify basis
functions in the presence of noise, if mollifying is needed at all? This is the topic of the

paper.

1.2 Main results

Given the setting and methodology described above, our overarching goal is to choose
a regularisation parameter [ appropriately as a function of the other parameters (i.e.
Say Sry0,m,d), so that the reconstruction error when regularising at the order 5 converges
to 0 as fast as possible as the number of observed data n grows to infinity. Here the



reconstruction error is defined by

e(B,0,n) == sup E[Hf—Rﬁ(i(yo)ifﬁi)’ﬂlm, (2)

feF(s,R) i=1

where E[-] denotes mathematical expectation w.r.t. the error distributions (&;)1<;<n and
F(s,R) is a smoothness class of order s > 0 in L?, with radius R > 0 (a Sobolev ball, see
the precise definition (10)). It is common statistical knowledge, see e.g. | I, | ],
that a good choice for 5 as a function of other parameters is given by

B*(Ua n) ~ 0_2/(23T+d)n71/(2sr+d)' (3)

as soon as s > §.. The purpose of this work is to discuss regularisation strategies as
functions of all involved parameters and to compare them to the common one given by (3),
or even to the possible strategy of possibly not regularising at all (i.e. when 8 = 0 and
then Ry = Id).

We focus on a sufficiently simple and tractable setting as follows:

o We consider functions with sufficiently many derivatives vanishing on the boundary
of ) thus avoiding inessential boundary issues,

e We quantify smoothness with a number of derivatives in L2, hence considering
Sobolev balls in H{(€2),

e We quantify estimation and reconstruction in integrated L?-error loss,

e We restrict regularisation to the case of convolution with a kernel possessing vanishing
moment properties.

The modelling framework developed in the present work could also serve as a stepping
stone to analyse similar issues in the context of ill-posed inverse problems, i.e. when one
has access to (noisy approximations of ) Af(x;) with A a given compact operator from some
Hilbert space to L?(£2). When A is associated to an underlying partial differential equation,
discretisation is naturally involved, while regularisation becomes necessary not only to cope
with measurement errors, but also with the ill-posed nature of the problem | , .

A general estimate

We gather our two main results by means of informal statements; the precise hypotheses
are to be found in Section 2. Our first result gives precise estimate of the error as a function
of all the parameters.

Theorem 1. The error defined in (2) satisfies
e(B,0,n) < omin(f'n~ 14 1)4/2 4 psald 4 gsr
In particular

inf e(8,0,n) <

5>0

o 4 nse/d if o <psr/d
g2sr/@srtd)p—sr/(2sr+d) 4 p=sa/d  otheryise '



These two estimates are given in Proposition 2. The first estimate, valid in the regime
—sr/d_ig obtained in the limit 8 — 0. This is consistent with what can be achieved by
not reqularising, see Proposition 1. The second estimate, valid in the regime o = nsr/d
is obtained by choosing § according to (3).

o<n

The effect of not regularising versus regularising via (3)

In order to compare the effect of not regularising versus regularising via (3), we need lower
bounds. We explicitly compare o and n by writing o = o(n) ~ n~M4 ~ p*. The parameter
A 2 0 quantifies the noise level, with A = 0 corresponding to the largest possible noise
level, i.e. when o is of order 1. In this setting, the two errors we are interested in are given
by

ereg(n) =€ (B*(o(n),n),o(n),n)

and

enoreg(n) 1= €(0,0(n),n),

corresponding to regularising (via (3)), or not reqularising at all, i.e. ignoring the possible
effect of the noise, deemed sufficiently negligible. Theorem 1 establishes the existence of
two regimes, depending on the relative positions of s, and s,.. In the case where s, < s,
it is always at least as good to regularise by means of the rule (3), see Proposition 4. This
is a rather intuitive result, since regularisation in this case is of higher order, and hence
cannot jeopardise the approximation property associated to discretisation.

The interesting situation is when s, > s,, in which case we uncover regimes when the
option not to reqularise is actually better! The interplay between the different parameters
is a bit intricate: it involves the following non-standard threshold

d [ sq
AN = —|—=1]. 4
i s+ ( ) )
More precisely, we obtain the following regimes depending on Ay, as follows.

Theorem 2. Assume that s, > s,.. We have

( _ 2X4d s A i
ereg(n) ~n 2srFd d and eporeg(n) ~n"d if A< sq,

_2M4d sp sa ]
ereg(n) ~n 2srFd d and eporeg(n) ~n~ d if Sq <A< A, -

Sa

ereg(n) S n~d and €noreg(N) ~n~ d if A=Ay

~

Figure 1 gives a schematic description of the situation when s, > s,. It depicts the
order of convergence to 0 of eyeg(n) and enoreg(n), respectively, as a function of A, in the
regime 0 < A < Aps. For such values of A\, Theorem 2 yields

_ 2X+d sr
enoreg(n) ~ N 2srt+d d

1 .
—=min(\,s
6noreg(n) ~n d & a)’



—— without regularisation 8 =0
—— with regularisation 5 = g*

e

Sy
2sp+d |

0 Sr Sa A

to regularise not to regularise

Figure 1: For 0 < A < Ay, plot of the order of convergence of enoreg(n) and ereg(n) towards

0, as given by Theorem 2. In red, the function is \ — émin()\,sa), and in blue A — 22:":‘2%

Parameters for this figure are chosen to be d =2, s, =3, s, = 2, for which Apy = 3.5.

The proofs are given in Proposition 5.

Several remarks are in order: 1) Theorem 2 suggests the following alternative when hav-
ing to choose between not regularising versus regularising through (3): regularise through (3)
whenever \ < s,, but do not regularise whenever s, < A < Aps. 2) It is easily seen that
the highest gain in not regularising occurs for A = s,, value for which

_ 2sq+d sr __Sa
6reg(n) ~mn 2srtdd 6noreg(n) ~n d
Sq—Sr

One can hence gain up to the order PRl 3) We also have dependence of our estimates with
respect to the dimension d. In the limit d — oo, the regime where regularising through (3)
is optimal reduces to the single value A € {0}, whereas in the regime where not regularising
is better, it becomes A € (0, %(z—j —1)). However, the gain in not regularising through (3)
vanishes in the limit d — oo, as the maximal gain gg:jg converges to 0. 4) Theorem 2
is for instance relevant to the work | |, where finite element methods of order up to
Sq = 4 are regularised with nonnegative kernels, whose order cannot exceed (and actually

equals) s, = 2.

Organisation of the paper

In Section 2, we lay out the mathematical framework and provide all the hypotheses
required for our main results Theorem 1 and 2 to hold. Section 3 gathers upper bounds
for the errors either with 8 = 0 or with fixed S > 0, which lead to Theorem 1. We then
compare the two main strategies, thanks to lower bounds at fixed (; these results are
developed in Section 4 and yield Theorem 2. Finally, Section 5 is devoted to numerical
experiments confirming our theoretical results, by means of examples in dimension d = 1.



2 Mathematical framework

We work in an arbitrary fixed dimension d € N*| with € a smooth bounded connected
open subset of RY. We let H*(Q) denote the fractional Sobolev space of order s > 0,
endowed with its natural norm || - ||s that corresponds (for s € N) to functions having s
distributional derivatives in L?(2). The L?()-norm is written || - || (rather than || - ||o),
with inner product (-,-). We let H§(£2) denote the closure of the space C2°(2) of infinitely
differentiable compactly supported functions for the || - ||s norm. For basic definitions and
results on fractional Sobolev spaces, we refer to the classical paper | |.

2.1 Statistical model and sampling

We wish to reconstruct (equivalently estimate nonparametrically) a function f € Hg () for
s > d/2, from n noisy measurements on a fixed design of n points x; € Q, withi =1,...,n.
Thanks to the Sobolev injection H*(Q2) < C°(Q) valid for s > d/2 | |, the sampled
values f(x;) are well-defined. We correspondingly define a sampling operator

E, : f € Hy(Q) — (f(xi))1<i<n € R™ (5)
Our noisy measurements are given by the vector y, € R" via the data

(Yo )i = f(z3) + 08 = (Enf)(wi) +0&, i=1,...,n.

Here, measurement noise is modelled by independent random variables ¢&;, i = 1,...,n,
where the &; are centred with unit variance.

2.2 Discretisation

Recall that the variable h is related to n by h ~ n~Y/%. We sometimes prefer to give our
estimates in terms of h rather than n, since the parameters h and 8 are homogeneous
and therefore naturally compare. We assume that we are given a discretisation operator
P, : R" — L?(Q) defined by means of basis functions ¢; € C°(Q), i = 1,...,n. via the

reconstruction formula
n

VZER",  Puz=)Y z¢; (6)
i=1
We will throughout assume that the basis functions are positive in a neighbourhood of size
about h around z;, and vanish outside of a larger neighbourhood still of size about h. Our
precise hypothesis reads as follows: there exist m > 0, C > ¢ > 0 independent of ¢ and n
such that
>m  for |

=0 for |

¢i(z; + hz) { c

z|<e
7
z| > @)

All the symbols < and ~ below should also be understood to be uniform with respect to
1=1,...,n.



In particular, (7) ensures the inclusion B(z;,ch) C supp(¢;) C B(wzi,Ch), where
B(zo,r) = {z € Q, |x — x9| < r} denotes the closed Euclidean ball with center x¢ and
radius » > 0. We moreover assume

Pill ooy S 1, (8)

which in turn entails the estimates’
Igill ~ h%? and ||gil| 1y ~ h?. (H7)

Note that the estimates (/") are those essential for our results. We introduce the sufficient
hypotheses (7) and (8) explicitly because they are more easily checked in practice.

We have a natural notion of accuracy of reconstruction that combine both the discreti-
sation operator P, defined in (6) and the sampling operator E,, defined in (5).

Definition 1. We say that the discretisation-sampling pair (P, Ey) has order (at least)
Sq > 0, if for every s > sq,
1PnEnf = FIl S I llsab™ (9)

for every f € HS(Q). We say that the discretisation-sampling pair (P, Ey) has order
exactly sq if

sup ||PnEnf - f” ~ hsa’ (H;;)
feF(s,R)

for every R >0, s > s,4.
We use Sobolev balls as smoothness classes:
F(s,R):={f € Hy(Q), [Ifl, <R}, R>0. (10)
It is known that under fairly general hypotheses, P, finite elements satisfy (H") with

Sq = k + 1, see for instance | |.

2.3 Regularisation
Pick a smooth and compactly supported kernel K over R?, that satisfies in particular
K(z)dr = 1.
R4

We let K := 374K (87!), and we note that

1Ksllimay S 1 (1 Kpllr2maey S B2,

'For the lower bounds, the first inequality of (7) entails fﬂ |p:(x)|?dz > m?|B(zi,ch)| ~ h,
Jo, |6i(@)|dz > m|B(wi,ch)| ~ h* which shows ||¢:]| 2 h%/?, and l#ill 1oy 2 h?®. The uniform com-
pact support given by (7) combined with (8) leads to ||| = Jo |i(x)|? de < |B(xi, Ch)| ~ h4,
Iill L1 (@) = Jq 16i(2)| dz S |B(xi, Ch)| ~ h*.




For a function f € L?(Q), we define the convolution

Vo e R (Ky«f)(a) = [ Koo —)f(0)dy
Q

We also assume that K reproduces moments up to the degree s, — 1 € N* but does
not reproduce at least one moment of degree s,., i.e.,

V(ri,...,rq) € NO 1< |r| < s — 1, / ot alf K(x)de =0,
R4

(11)
3(ry,...,rq) €N || = sy, / ot xf K(x) de # 0.
Rd
Under the above assumptions and if s > s,, we have
sup [|[Kg* f— f| < B (12)

feF(s,R)

In fact, the estimate above is sharp thanks to the assumption that K does not reproduce
at least one moment of degree s,. In other words, for all s > s, and R > 0 we have

sup [[Kg =+ f— fll ~ B°. (H)
feF(s,R)

Although these estimates are common, one is usually interested in the upper bound (12),
with Q = R? and integer parameter s. For completeness, we thus provide a proof of (H)
in our setting, which we postpone to Appendix A.

Remark 1. Many common kernels (integrating to 1) are nonnegative (K > 0) and sym-
metric (K (x) = K(—z) for all x € RY). The nonnegativity assumption prevents one from
numerical instabilities. However, these kernels are of order s, = 2 and not more since some
moments of order 2 are not reproduced.

Recapitulating our assumptions

From now on, we always assume that (/) (") and (/") hold. Some of the results will
in fact require weaker hypotheses, for instance in the form of upper bounds < rather than
equality ~. The proof of each specific result will make it clear what is actually necessary
for the claimed statement to hold.

2.4 Reconstruction errors

The case with no regularisation

The first estimator is given by P,y,. The corresponding error is
1/2

enoreg(@ h):= sup E |:HPnyo - fHQ}
feF(s,R)



The case with regularisation

The second estimator consists in adding regularisation, the estimator being now given by
Kpg * (Ppys). The corresponding errors is

eoptreg(aa h) = ,{131;% e(ﬁ) g, h)7

with
1/2

e(B,0,h) = sup E[|[Ks« Payo — fI]
fEF(s,R)

3 Upper estimates

3.1 The case with no regularisation (8 = 0)

We first analyse the error enoreg(0, ), associated to the estimator P,y, when no regulari-
sation is involved.

Proposition 1. Assume that s > s,. For every R > 0, we have
enoreg (0, h) S o + he.
Proof. Writing
Poyo — f = (Payo — Poy) + (Poy — f) = Pu(yo —y) + (PuEnf — f),

since the random variables &; are centred with unit variance, we obtain

E[1Pago — fI7] = B [IPavo — 9)I2] + I PaBnf - 112

=o®E[|| Y &oi|’] + 1PuEnf — fI?
=1

=2 ||6il> + | PuBuf — £I*.

=1

Owing to ||¢;||> < h? which follows from (H7) we derive
EI1Payo = fI?] S 020+ | PuBuf = fI” ~ 0 + | PuBuf = I

Using Assumption (9), taking square root and supremum over f € F(s, R), we obtain the
result. O

10



3.2 The case with regularisation

We now study egpireg (0, h), associated with the estimator Kz * P,y,. Note first that
Young’s inequality yields

1K5 = £l < 1Kl gy 1 220

and
1K = fll < I EKsllp2may 1f L2 0)-

Proposition 2. Assume that s > max(s,, s,). For every R > 0, we have
e(B8,0,h) < omin(B71h, 1)‘1/2 + h% + 5. (14)
In particular
o + h?e if o < hPr,

€optreg (U> h) 5
o280/ @srtd) pds/(2sr+d) 4 psa ptherwise.

The above alternative is obtained by letting § — 0 and 8 = *(o, h) respectively, with

B*(Gv h) ~ 0_2/(2sr+d)hd/(23T+d)'

Proof. In the same way as in the proof of Proposition 1, we have
9 n
E[||Kp * Payo — f||"] = 0® Y [1Kp * 6ill* + | K * Py — f11*.
i=1

The second term may be estimated thanks to (9) and (12). This yields

1K Poy — fIl < [ K * (PoEnf — Il + [[Kp * f = [l

<|
< K5l 1 gy | PuBf — £l + 1 K5 f — £
S| PuBuf — fll+ 1K £ = £
Sl + 11,8

Two upper bounds may be derived for the first term, by means of two applications of
Young’s inequality, together with (/7}), namely

2 2 2 2
1K 6ull” < 1Kl gy 661l S Ill® S 1

and
15 % il < N1 22 g 64l iy S B Nullagay S B2
The first choice leads to the following bound, valid for any 8 > 0:

e(B,0,h) S o+ %+ 5. (15)

11



The second choice leads to
e(B,0,h) S 0B PRI 4 B 4 g (16)

Combining the two estimates, we obtain (14). Let us now minimise (15) and (16) with
respect to 3. For 5 < h, (15) is sharper while for 8 2 h (15) prevails. For (15) we achieve
a minimum or order o + h®® by letting 5 — 0. Taking derivatives, (16) is minimal for
B ~ B*(o,h) with corresponding minimum of order o2sr/2srtd) pdsr/(2sr+d) | psa - Finally,
B*(o,h) < hif and only if o < A%, from which we infer

' 1/2
eoptreg(o'y h) = ég% fe_SFuipR)E ||KB * Pnyo — f||§]
S

o + ha if o < A
S
O.2sr/(25r+d) hdSr/(28r+d) + hSa else

_ min(a, O_QST/(er—i—d) hdsr/(25r+d)) + e,

4 Regularisation versus no regularisation

We wish to compare the effect of not reqularising (i.e. § = 0) versus regularising, with the
(optimal) choice
B — ﬂ*(a, h) ~ 0,2/(287-+d)hd/(287»+d)‘ (17)

In order to do so, we establish lower bounds for eporeg(0, i) defined in (13) and
ereg(0, h) :=e(f*(o,h),0,h).

4.1 Estimates from below
Lemma 1. Assume s > s,. For every R > 0, we have:
enoreg (0, h) ~ 0 + h**.
Proof. Recall the identity
n
enoreg (0, 1) = 023 6il> + sup [ PaBnf — fI2,
i=1 fe€Fs.r
from which the result follows thanks to (/7)) and (/). O
Observe in particular the identity
n
e(B,0,h)? = o? Z | K * oill* + ; sup | | K5 * Py — FII%.
i=1 e/ls,

12



Lemma 2. Let s > max(s,, s,). For every R > 0, we have
e(B,0,h) 2 B/2(5%/2 — /).

Proof. For f € F(s, R), we write

|55 % Pay — 11 = 15 % (PuBnf — f) + (Kp x [ = ]I

= | K % (PuBnf — NI+ 20Ks % (PuBnf — ), (Kg [ = ) + | K = f = fII°

2K+ (PaBnf = ), (K f = ) +1Kp+ f = £

=2 K # (PaBnf = ) |1 Kp * f = fll + | K5 f = fI*

~2[|PaBnf — fIIKp * f = fIl +1Kp = | — fI*

=2(| fllsah® || flls. 8% + 1 Kp 5 £ = fII?

—2R%h* B + || Kg x f — fI*,

where we used both (9) and (12). Thanks to ("), this yields

sup ||[Kp* Poy — fl2 2 —h*B + sup ||Kgx* f— fl>
feF(s,R) feF(s,R)

2 =k BT B = B (B — b,

VoV VWV WV

and finally , , ,
e(B,0,h) 2 Bor/2(B /2 — heel?).

O]

Remark 2. A more comprehensive understanding of lower bounds for errors at fixed
f > 0 would notably require lower estimates for the norms [[Kg * ¢;||. We were only
able to establish such estimates under restrictive assumptions, namely when K > 0 and
assuming = [B(h) = o(h). Since this result is only partial and does not happen to
be necessary for the comparison between the two analysed strategies (not regularising or
regularising through (3)), we delay these estimates until Appendix B.

In order to compare enoreg(0, h) and ereg(o, h) := e(8*(0, h), 0, h) as functions of the
noise level o, we let
o=o(h) ~h", with A>0.
It follows that

,3*(0', h) N 0-2/(28T+d)hd/(257‘+d) N h225/\r++0¢li

22+d
now only depends on h. For conciseness, we write §*(h) = h2sr+d.
Both errors now depend on h solely; abusing notation slightly, we write enoreg(h) and
ereg (), respectively. Under (/") and according to Lemma 1,

i< s,
enoreg(h) ~ U(h> + h’e ~ (18)
h%e if A > s,

_ hmin()\,sa).

13



We will also need the following elementary useful facts:
B (R S (k) <= h S B (R) <= A< s,

and
hPe < B*(h)°" <= A< Au

d (sq
/\MZZSa—i-(S—l).
2 \ s,

We note that if s, < s, we may have that A\j; is negative and Ay < s < 85, whereas if
Sa > Sr, then s, < sq < Aps always.

where

Proposition 3. Assume that s > max(s,, s,). For every R > 0, we have

2Atd o )
ereg(h) ~ h2sr+d if A< A,

ereg(h) S % if A > Ay
Proof. Back to the estimate of Proposition 2, we have
ereg(h) S o(h) min(8*(h)~'h, 1)¥2 4+ he 4+ B*(h)*r = min(o(h), B*(h)™") + h** + B*(h)*
S+ B
and we infer
2A+d
hasr#a® if X< Ay
ereg(h) <
h¥a if A > Ay,

It remains to show
22+d s
ereg(h) Z h25r+d T
whenever A < Ays. This is a consequence of Lemma 2 which gives

22+d

ereg(h) Z /B*(h)sr/z(lﬁ*(h)Sr/Q - hs“/2) Z ﬁ*(h)s’" — hoerrasr

since h®s < B*(h)*r under the assumption A < Ayy. O

Remark 3. We do not know whether the tighter estimate eyeg(h) ~ h** is valid for A > Aps
under our set of hypotheses, or if additional realistic assumptions can be made to establish
it.

We now highlight situations where it is strictly more advantageous not to reqularise via
the rule (17) and ignore the effect of the regularisation.
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4.2 The case when s, < s,
Our first result is that such a scenario does not occur whenever s, < s,.

Proposition 4. If s, < s, < s, then for every R > 0,

MST A ;
ereg(h) ~ h2sr+d°" and eporeg(h) ~ h if A< Ay,

ereg(h) S A% and enoreg(h) ~ A if Apg < A< Sq,

€reg(h) S h*e and 6noreg(h) ~ h?e Zf A = Sq.

In particular, it is strictly better to reqularise through (17) whenever A < sq, in which case
we have

Creg (h) = O(Gnoreg (h) ) .

It is better to regularise through (17) whenever A = s,, in which case we have

€reg (h) 5 €noreg (h) .

Proof. Recall that A\p; < s, < s,.. All cases are obtained by combining Proposition 3 with
the estimate (18). O

4.3 The case when s, > s,

In that case, it is indeed possible to find situations where it becomes strictly more advan-
tageous not to regularise via the rule (17) and ignore the effect of the regularisation, a
perhaps surprising result.

Proposition 5. If s > sq > s,, then for every R > 0,
(

MST A ;
ereg() ~ h2sr+d°" and eporeg(h) ~ h if A < sq,

2\+d s
ereg(h) ~ h2sr+d°" and enoreg(h) ~ h%  if s, < XA < A,

kereg(h) 5 h?e and enoreg(h) ~ hfa Zf)\ = )\M

In particular, it is strictly better to reqularise through (17) whenever A < s, in which case
we have

ereg(h) = 0(€noreg(h>)-

It is strictly better not to reqularise through (17) whenever s, < X\ < Ay, in which case we
have

enoreg(h) = O(ereg(h))‘

Finally, it is better to regularise through (17) whenever X = Ay, in which case we have

€reg (h) S €noreg (h) .

15



Proof. Recall that s, < s, < Ajps. Again, all cases are obtained by combining Proposition 3
with the estimate (18). O

As mentioned earlier, we can go further and estimate the level of noise with highest
gain in not reqularising compared to regularising in the regime s, > s,. We find it more
transparent to express this gain in terms of sampling size n rather than in terms of the
mesh size h, since n may be regarded as the actual cost of measuring f over the design x;,
i=1,...,n. Recall that o(h) = o(n) ~ n~d with A > 0. The highest gain happens when
A = s, for which

2s5q+d 2sq+d sr sa

ereg(n) ~ h2sr+d St n~ 2sr+d d , enoreg(n) ~ hs‘1 ~Mn d.

One can hence gain up to a polynomial (in n) factor of order 5% which vanishes for

large d. This is consistent with the condition s > d/2 which somehow enforces f to be
smoother as d increases.

5 Numerical simulations

5.1 Setting

We work in dimension d = 1 with Q@ = (0,1). We are mostly interested in situations where
regularisation might be detrimental, i.e, when s, < s,. Hence, we choose kernels of order
sy = 1 and s, = 2 respectively, and approximation methods of order s, = 2 and s, = 3.
These are defined below.

Regularisation

We consider two kernels K and H, given by
K = ]1[071], and H := %1[_171}.

They satisfy s, = 1 and s, = 2 respectively. The kernel K is not standard: it is not
centred, hence its low order of convergence. We make this rather artificial choice in order
to better illustrate our results which are most visible when the gap s, — s, gets larger,
especially in small dimensions.

Approximation

We consider P; and Py finite elements. We make sure to be consistent with our choice
that n represents the number of basis functions. In doing so, the definitions below slightly
differ from usual definitions which have h rather than n as the defining parameter.

Py finite elements. We let n > 3 be given. We define h := ﬁ, and for i = 1,...,n, we
denote x; := (i — 1)h. Defining the shape function

Ve el0,1],  pr) = (1= |zl (),
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the basis functions are then given as follows, for: =1,...,n:

vrel0,1,  éi(z) = gp(m ;m)

These basis functions clearly satisfy (7) and (8), so that (Z7’) holds. Furthermore, the
approximation operator P, FE, associated to P; finite elements satisfies s, = 2.

Py finite elements. We let n > 3 be an odd interger. We define h := %, and for

i=1,...,n,, weset x; ;= (i — 1)% Defining the shape functions
Ve, @)= (1—lal)(1 - 2Dl y(), Bl) = (1— 4?1y 4 (),
the basis functions are then given as follows, for ¢t =1,...,n:

cp(”:_h%) if 4 is odd,
Vr € [0, 1], gbl(CL‘) =
w(%) if 7 is even.
These basis functions clearly satisfy (7) and (8), so that (/") holds. The approximation
operator P, E, associated to Py finite elements satisfies s, = 3.

5.2 Methodology

In order to illustrate our theoretical results, we aim at computing, for a given function
f € H§(Q) with s > d/2 = 1/2, the two errors for various noise levels o = o(h) = h?,

which corresponds to o = o(n) = n=*9. More precisely, we are interested in finding how
quickly the two errors
1/2 911/2
E |:||Pnyo_f||2} and E |:HKB*(h)Pnya_fH ]

vanish as n grows, as a function of the noise level defined by the parameter A. Recall
that the regularisation is made with a parameter S chosen to be §*(h) given by (17).
Mathematically, for a given choice of X, a given error is of order n=Y™ and our goal
is to estimate the function v over a given interval for A\. Hence, for a given choice of
approximation method, we have a function A — Ynoreg(A) defined by

}1/2

E | Pags — £1]"” e, (19)

and for a given choice of kernel and approximation method, we have a function A — Yyeg ()
defined by

211/2 _
E [HKB*(mPnya — /| ] ~ e, (20)
From our theoretical results, recalling that d = 1, we expect
22+ 1
VAZ 0, Ynoreg(N) = min(A,s0),  and YA€ 0, Al reg() = o 115’"'
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For A > Az, we recall our upper bound for the error which translates into the lower bound
Yreg(A) = sq. When plotting functions Ynoreg and 7reg, We pay specific attention to the

regime
1 /s,
A€ [O,AM} = |:0, Sa—|—§ (S,~_1>:| )

but we will consider the larger interval [0, 5]; the latter contains [0, Aj7] in all cases.
When estimating the error without regularisation, we consider both P; and Ps finite
elements.

When estimating the error with regularisation, we consider all 4 possible scenarios,
corresponding to choosing the kernel to be either K or H, and the approximation method
to be either IP; or Py finite elements. Note that only in the case where the kernel is H and
with P, finite elements does one have s, = s,; in all other cases s, < s,.

Estimating orders of convergence

For a fixed choice of A > 0, we must evaluate how quickly a given error tends to 0 as
a functions of n. In order to do so, we choose n = 10,102,103 (which corresponds to
h ~ 1071,1072,1073 respectively), and compute the slope of both errors in log-log scale.

Estimating expectations

For a fixed choice of n, this means we have to compute the above errors; we evaluate the
expectations by means of 10% draws for the random variables & (chosen to be normally
distributed).

Estimating norms

For a given draw, L2-norms || - || are estimated by Simpson’s rule with 10° points, in order
to ensure accurate estimates that do not compete with the expected orders of convergence.

Estimating convolutions

Let us stress that other integrals are involved in the process of computing the error, when
regularisation is involved. Those are inherent in evaluating the convolution Kz * Py,
which in turn boils down to evaluating all functions Kg * ¢;, @ = 1,...,n. In order for
these computations to not impact the orders of convergence, we analytically rather than
numerically compute these functions. This is possible for our choices of kernels and finite
element functions.

In practice, however, these integrals would be computed with errors. All other things
being equal, these errors can only further reduce the quality of regularising compared to
not regularising.
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Figure 2: No regularisation: plot of X\ — Ynoreg(A) defined by (19). The left panel shows the
case of Py finite elements, the panel right that of Py finite elements. In both cases, the theoretical
curve A — min(A, so) is plotted in orange against the numerically obtained curve, in magenta.

5.3 Numerical results

For all numerical experiments, we choose
fraxe (1—2)%sin?(4x) (21)

which satisfies f € H{(Q2) with s > 3, so that we will always have s > s, as well as s > s,.

P; and Py finite elements

The orders of convergence obtained numerically match the theoretical ones, as shown by
Figure 2. One indeed expects the function Ynereg(A) : A — min(A, s,) and this is exactly
what is found.

The kernel K with P; and P5 finite elements

In this case, s, = 1, with either s, = 2 or s, = 3. In the case of IP; finite elements, one has
Ay = 2.5, while in the second Aj; = 4. The orders of convergence obtained numerically are
a good match to the theoretical ones, as shown by Figure 3. The match is almost perfect
in the P; case. In the second case of IPs finite elements, discrepancies may be observed as
A approaches Ay = 4.

The kernel H with P; and P, finite elements

In this case, s, = 2, with either s, = 2 or s, = 3. In the first case, one has \jy = s, = 5, =
2, while in the second Aj; = 3.25. The orders of convergence obtained numerically are a
good match to the theoretical ones, as shown by Figure 4. In both cases, there is little
difference between the two theoretical curves, making it more difficult to clearly distinguish
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Figure 3: Regularisation with kernel K: plot of X — Ynoreg(A) defined by (19), with regu-
larisation through the kernel K. The left panel shows the case of Py finite elements (Ayy = 2.5),
the panel right that of Po finite elements (Ayy = 4). In both cases, the theoretical curves without
reqularisation X — min(\, s,) and with reqularisation A — %(2)\4— 1) are plotted in orange and blue,
respectively. The numerically obtained curve (with regularisation through K ) is plotted in green.
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Figure 4: Regularisation with kernel H: plot of A — () defined by (19), with
regularisation through the kernel H. The left panel shows the case of P; finite elements
(Aar = 2), the panel right that of Py finite elements (Aps = 3.25). In both cases, the
theoretical curves without regularisation A\ +— min()\, s,) and with regularisation A\
%(2)\ + 1) are plotted in orange and blue, respectively. The numerically obtained curve

(with regularisation through H) is plotted in green.
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the numerically-built curve from the two theoretical ones.

In this 1-dimensional setting, the actual improvement obtained by not regularising
whenever this is superior to the regularisation by (3) is hardly visible at the level of
reconstructions. This is why we do not provide examples of such reconstructions.
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A A proof of the estimate (H )

r

We here prove the estimate (H,”). We let s > s,.

Lower bound

We start with the easiest part, namely the lower bound, which comes from the assumption
that K does not reproduce one moment of order s,, which we denote P(z) = 7' ...z
with ry + ... +ry = s,.. Without loss of generality, we may assume that 0 € {2 and we
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consider the function f = xP where x € C2°(f2) equals 1 in a neighbourhood of 0. Hence
we have f € H3(Q).

For /3 small enough and a sufficiently small neighbourhood of 0 (which we denote by )
we may write Kg x f(z) — f(z) = Kg* P(z) — P(z) for all z € Qp, where we use that K
has compact support. For 2 € Qy and  small enough so that 5! (z — Q) C supp(K) for
all z € Qp, we have

Kg* P(x) — P(z) = /51( o K(u)P(z — pu) du — P(x)
= / K(u)P(x — pu) du — P(x).
supp(K)

When expanding the product P(x — fu) = (x1 — Pu1)™ ... (x4 — Pug)"® and integrating
against K, all terms but two vanish since K reproduces moments up to order s, — 1, and
we are left with

Kgx P(x) — P(x) = / o K(u)(P(z) + (=1)*B° P(u)) du — P(x)
supp

—p@)( [ Kwdu-1) -0 [ K@P)du
supp(X) supp(K)
S e
supp(K)
where the last constant appearing is non-zero by assumption. As a result, we may write
| Kg* f— fllre) 2 1K * f— fllLee) 2 B

Uo to changing f to ﬁf, we thus have found some f € F(s, R) such that ||[Kgx* f— f|| 2
B and it follows that

sup [|[Kgx f—f| 28
JEF(s,R)

Upper bound
Now let f € HZ(Q). We start with the case of Q = R For z € RY, we have

Kot (0)=F(a) = [ (Fla—=By) = F@) 5 K@y = [ (1= By) = 1) K dy.

Since K has |s] vanishing moments, we may replace f(z) by the Taylor polynomial of f
of order |s] at the point x, evaluated at —fBy, which we denote P, (v, —By). Hence we
find

f(x) — K * f(z) = / (f(x — By) — Ppuy(. —By)) K(y) dy.

R4
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Next, we apply Minkowski’s integral inequality (for the Lebesgue measure dr and the
measure | K (y)|dy) to obtain

2
dx

[, (e =) = Py =B9) K (o) dy

I = K e, = |

R4

2
</Rd< Rd‘f(»’c*ﬁy)*ﬂsj(x, 5y)HK(y)|dy) d

< (/Rd </Rd |f(z — By) — P (z,—By)|” dw)m K(y)\dy>

2
= </Rd Hf( - /By) - PLSJ(> _ﬁy)HLz(Rd) |K(y)! dy> .

2

We may now use the estimate for the remainder term in the Taylor expansion | ],
which for a function in f € H*(R?) reads

V2eRY, (= 2) = Pl (o) ey S 1PN F s ray.
We end up with

I = K * fll oy S 6° ( AL dy) 11 gty S B0 D areqaey < B 11 ey

where we used s > s,. The result is proved for Q = R%. It remains to consider the case
where (2 is a smooth domain. For f € H{(f2), its extension f by 0 to the whole of R4
satisfies f € H*(R?), in which case one may use the above estimate

e

: S A s @y 85 = 1/ 115, 8%

12 (Rd

This in turn leads to a bound for the error between K+ f and f in L*(Q),

S 1 lls 87

HKB*f_f“gHKB*f_‘f)Lz(Rd)

and concludes the proof. O

B Further estimates

Lemma 3. Assume that (7) holds, and that K > 0. Then if = B(h) = o(h), there holds
1K5 il 2 b2

Proof. Let 0 < r < ¢ be fixed with ¢ given by (7). We also pick M > 0 such that K(z) =0
for |z| > M. Let us evaluate Kg*¢;(x) for x € B(x;,rh)NQ. For any y € §, we shall prove
that Kg(z —y) >0 = y € B(z;,ch). Indeed, the first condition imposes |y — z| < Mf,
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hence |y — 2| < |y —z| + |z — ;| < MBS + rh < ch for h small enough since 8 = o(h).
Owing to K > 0, this allows us to write for x € B(z;,rh)

Kpg * ¢i(z /Kﬁx— )iy m/Kga:— dy—m/ o dz.

For a given = € B(x;,rh), 71 (z — Q) contains a ball of the form {z € RY, |z| < e~ 1h}
for some ¢ small enough, and since 1 = o(37'h), the latter ball contains the support of K
for h small enough, leading to

Kg * ¢i(x m/ z)dzzm | K(z)dz 2 1.
1(z—) R4

where 2 is uniform with respect to z € B(z;,rh). We conclude that

1K % 642 > / Ky % i) de 2 |Blai,rh)| ~ b

B(z;,rh)
O
Lemma 4. Under the assumptions of Lemma 3, if 5(h) = o(h), we have
e(B(h),o.h) 2 o
Proof. This is a direct consequence of Lemma 3, since one then has
n
e(B,0,h)? QZHKNMQ,zUZZhd:g?ntha?.
i=1
O
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