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ABSTRACT
We consider whether conditions exist underwhich block-coordinate
descent is asymptotically efficient in evolutionary multi-objective
optimization, addressing an open problem. Block-coordinate de-
scent, where an optimization problem is decomposed into 𝑘 blocks
of decision variables and each of the blocks is optimized (with the
others fixed) in a sequence, is a technique used in some large-scale
optimization problems such as airline scheduling, however its use
in multi-objective optimization is less studied. We propose a block-
coordinate version of GSEMO and compare its running time to the
standard GSEMO algorithm. Theoretical and empirical results on a
bi-objective test function, a variant of LOTZ, serve to demonstrate
the existence of cases where block-coordinate descent is faster. The
result may yield wider insights into this class of algorithms.

CCS CONCEPTS
• Theory of computation→ Evolutionary algorithms.
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1 INTRODUCTION
Evolutionary algorithms have been widely used to tackle multi-
objective optimization problems [8, 9, 11]. This includes the use
of popular algorithms such as NSGA-II [12], SMS-EMOA [3] and
SPEA2 [44] for problems with two or three objectives, and ap-
proaches such as NSGA-III [13] andMOEA/D [40] formany-objective
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problems. In terms of theoretical understanding, the area of rigor-
ous runtime analysis [1, 21, 32, 34, 43] has provided a sound un-
derstanding of different algorithmic components [28] and problem
formulations [24, 36], and more recently the overall performance
of popular algorithms such as NSGA-II [7, 41], NSGA-III [35, 39],
MOEA/D [15, 29, 30], and SMS-EMOA [4, 42].

In this paper, we explore the use of a technique called block co-
ordinate descent for tackling large-scale problems in the context
of evolutionary multi-objective optimization. Block-coordinate de-
scent is a technique that has been shown to be particularly useful
in the context of classical optimization when the problem can be
structured according to different subproblems. While this tech-
nique allows for significant speed-ups and better overall results in
many situations, it has not been explored until quite recently in the
context of classical multi-objective programming [2, 10, 31, 38] or
evolutionary multi-objective optimization [10].

We provide a set-up and demonstrate, through a class of ex-
ample functions, where the block coordinate evolutionary multi-
objective approach has a significant benefit over the standard ap-
proach. This benchmark function is a block-wise variant that in-
corporates the classical LeadingOnes problem and building on the
single-objective benchmark function studied in [22, 25]. Our multi-
objective problem consists of 𝑘 blocks and has a Pareto front of
size 2𝑘 . We examine the time until all such trade-offs have been ob-
tained. The problem is structured in such a way that blocks with an
index 𝑖 contribute more to the two objective functions than the sum
of all blocks with indices 𝑗 > 𝑖 . We show that the block-coordinate
approach allows for parallel optimization of the different blocks.
In contrast, a standard approach tends to destroy the beneficial
structure in lower priority blocks during the run when achieving
improvements in higher priority blocks.

In order to show this, we analyze the classical GSEMO algorithm
and the block-coordinate variant BC-GSEMO introduced here on
the benchmark functions described. We use rigorous runtime anal-
ysis and provide a lower bound for GSEMO and an upper bound for
BC-GSEMO, which shows that BC-GSEMO is faster in optimizing
the problem. The reason for this behavior is that GSEMO, which
tackles the whole problem at once, tends to destroy components
in different blocks that might later be optimized when the pop-
ulation size of GSEMO has increased significantly. Compared to
this, BC-GSEMO does not encounter this problem and optimizes
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the different blocks in parallel while not destroying the solution
structure of other blocks.

We also confirm from an experimental perspective the usefulness
of the block-coordinate approach in the context of evolutionary
multi-objective optimization. In order to show that the theoretically
observed behavior already occurs for relatively small problem sizes,
we carry out experimental investigations for a small number of up to
𝑘 = 4 blocks. The experiments show a significantly different scaling
behavior of GSEMO and BC-GSEMO for all settings investigated.

The paper is structured as follows. In Section 2, we present
the basics and introduce our block-coordinate descent approach
incorporated into the GSEMO algorithm. Section 3 introduces our
class of benchmark problems and points out important structural
properties. We carry out the runtime analysis of GSEMO and BC-
GSEMO for the problem introduced in Section 4 and complement
our theoretical findings with an experimental study in Section 5.
Finally, we finish with some discussion and concluding remarks.

2 PRELIMINARIES AND BLOCK COORDINATE
GSEMO

We consider the classical bi-objective task of maximizing two con-
flicting objective functions given the search space 𝑆 = {0, 1}𝑛 . The
fitness of a search point 𝑥 ∈ 𝑆 is given as 𝑓 = (𝑓1, 𝑓2) : 𝑆 → R2. A
solution 𝑥 (weakly) dominates a solution 𝑦 (denoted as 𝑥 ⪰ 𝑦) iff
𝑓𝑖 (𝑥) ≥ 𝑓𝑖 (𝑥), 1 ≤ 𝑖 ≤ 2. A solution 𝑥 strongly dominates a solution
𝑦 (denoted as 𝑥 ≻ 𝑦) iff 𝑥 ⪰ 𝑦 and 𝑓𝑖 (𝑥) > 𝑓𝑖 (𝑥) for at least one
𝑖 ∈ {1, 2} holds. A search points 𝑥 is called Pareto optimal if there
is no other search point 𝑦 with 𝑦 ≻ 𝑥 . The notion of dominance
translates from the search points to their objective vectors. The set
of all Pareto optimal search points 𝑋 ∗ ⊆ 2𝑆 is called the Pareto set
and the set of corresponding objective vectors is called the Pareto
front 𝐹 . The classical goal in multi-objective optimization is to com-
pute for each objective vector of 𝑞 ∈ 𝐹 a solution 𝑥 ∈ 𝑋 ∗ with
𝑓 (𝑥) = 𝑞.

The GSEMO algorithm (see Algorithm 1) is a simple evolution-
ary multi-objective algorithm that has been frequently studied in
the area of runtime analysis [5, 14, 20, 23, 24, 26, 27]. It starts with
a population consisting of a single solution chosen uniformly at
random. In each iteration, a solution 𝑥 is chosen uniformly at ran-
dom from the population 𝑃 , and an offspring 𝑦 is produced from
𝑥 by mutation. Mutation is usually standard bit mutation which
flips each bit independently with probability 1/𝑛. The offspring 𝑦 is
accepted and added to the population if it is not strongly dominated
by other search points in 𝑃 . If 𝑦 is added, then all other search
points in 𝑃 that are weakly dominated by 𝑦 are removed from 𝑃 .

BC-GSEMO
Throughout the paper we consider a problem where we decompose
the search points 𝑥 = (𝑥𝐵1 , . . . , 𝑥𝐵𝑘

) into 𝑘 blocks 𝑥𝐵1 , . . . , 𝑥𝐵𝑘
. We

assume that each block consists of ℓ bits and therefore have 𝑛 = 𝑘 · ℓ .
The BC-GSEMO algorithm is similar to GSEMO. However, it applies
mutation only to a chosen block. As each block has length ℓ , muta-
tion flips each bit in the chosen block with probability 1/ℓ . Blocks
are mutated consecutively by applying the mutation operator to
any given block 𝑡epoch times before moving on to the next one (see
inner repeat-loop). The parameter 𝑡epoch is assuming to be a value

Algorithm 1: Global simple evolutionary multi-objective
optimizer (GSEMO)
1 Initialize 𝑥 ∈ {0, 1}𝑛 uniformly at random;
2 𝑃 ← {𝑥};
3 repeat
4 Choose 𝑥 ∈ 𝑃 uniformly at random;
5 Create 𝑦 from 𝑥 by mutation;
6 if �𝑤 ∈ 𝑃 : 𝑤 ≻ 𝑦 then
7 𝑃 ← (𝑃 \ {𝑧 ∈ 𝑃 | 𝑦 ⪰ 𝑧}) ∪ {𝑦};
8 until stop;

Algorithm 2: Block coordinate GSEMO (BC-GSEMO)
1 Initialize 𝑥 ∈ {0, 1}𝑛 uniformly at random;
2 𝑃 ← {𝑥};
3 𝑖 ← 0;
4 repeat
5 𝑡 ← 0;
6 repeat
7 𝑡 ← 𝑡 + 1;
8 Choose 𝑥 ∈ 𝑃 uniformly at random;
9 Create 𝑦 from 𝑥 by block-coordinate mutation on

block 𝑥𝑖+1;
10 if �𝑤 ∈ 𝑃 : 𝑤 ≻ 𝑦 then
11 𝑃 ← (𝑃 \ {𝑧 ∈ 𝑃 | 𝑦 ⪰ 𝑧}) ∪ {𝑦};
12 until t ≥ tepoch;
13 𝑖 ← (𝑖 + 1) mod 𝑘 ;
14 until stop;

significantly smaller than the overall runtime which implies that
each block is mutated roughly equally often. It should be noted that
this scheme of applying mutation to each block a 𝑘-th fraction of
the time and if so flipping each bit with probability 1/ℓ matches
the mutation probability of 1/𝑛 for GSEMO in terms of how often
a particular bit is flipped.

When analyzing GSEMO and BC-GSEMO with respect to their
runtime behavior, wemeasure time in terms of the expected number
of fitness evaluations to reach a given goal. The expected optimiza-
tion time refers to the expected number of fitness evaluations until
the particular algorithm has obtained an optimal population, i.e. a
population containing for each Pareto optimal objective vector a
corresponding solution, for the first time.

3 BENCHMARK FUNCTION AND PROPERTIES
We now define the benchmark problemwe shall regard in this work,
and for which we shall show that a block-coordinate approach is
superior to a classic multi-objective approach.

Let 𝑛 ∈ N and 𝑘 be a divisor of 𝑛. Let ℓ := 𝑛/𝑘 . For a bit-
string 𝑥 ∈ {0, 1}𝑛 , we write 𝑥 = (𝑥𝐵1 , . . . , 𝑥𝐵𝑘

), where 𝑥𝐵𝑖
=

(𝑥 (𝑖−1)ℓ+1, . . . , 𝑥𝑖ℓ ) is the 𝑖th block of 𝑥 .
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For all 𝑧 ∈ {0, 1}ℓ , we define

𝐿𝑂𝑧 (𝑥𝐵𝑖
) =

ℓ∑︁
𝑖=1

𝑖∏
𝑗=1
(𝑧𝑖 = 𝑥𝑖 )

as the number of leading positions in which 𝑥𝐵𝑖
agrees with 𝑧. We

note that this function is isomorphic to the classic LeadingOnes
problem, first proposed in [37] and then intensively studied in
the theory of evolutionary algorithms, see, e.g., [16]. We shall be
interested in two particular target strings. Let 𝑟 ≤ ℓ . Let 𝑧1 = 1ℓ
and 𝑧2 = 1ℓ−𝑟 0𝑟 .

We are now ready to define the bi-objective problem 𝑓𝑛𝑘𝑟 on the
search space {0, 1}𝑛 . To ease the notation, we suppress the indices 𝑛,
𝑘 , and 𝑟 and simply write 𝑓 whenever there is no risk for confusion.
We define 𝑓 = (𝑓1, 𝑓2) : {0, 1}𝑛 → R2 via

𝑓1 (𝑥) =
𝑘∑︁

𝑏=1

(
(ℓ + 1)2(𝑘−𝑏 )+1𝐿𝑂𝑧1 (𝑥𝐵𝑏

) + (ℓ + 1)2(𝑘−𝑏 )𝐿𝑂𝑧2 (𝑥𝐵𝑏
)
)
,

𝑓2 (𝑥) =
𝑘∑︁

𝑏=1

(
(ℓ + 1)2(𝑘−𝑏 )+1𝐿𝑂𝑧2 (𝑥𝐵𝑏

) + (ℓ + 1)2(𝑘−𝑏 )𝐿𝑂𝑧1 (𝑥𝐵𝑏
)
)
.

To analyze these functions, let us define the base functions

𝑓 𝐵1 (𝑥𝐵) = (ℓ + 1)𝐿𝑂𝑧1 (𝑥𝐵) + 𝐿𝑂𝑧2 (𝑥𝐵),

𝑓 𝐵2 (𝑥𝐵) = (ℓ + 1)𝐿𝑂𝑧2 (𝑥𝐵) + 𝐿𝑂𝑧1 (𝑥𝐵),

for all 𝑥𝐵 ∈ {0, 1}ℓ . Then for both objectives𝑚 ∈ [1..2], we can
write

𝑓𝑚 (𝑥) =
𝑘∑︁

𝑏=1
(ℓ + 1)2(𝑘−𝑏 ) 𝑓 𝑏𝑚 (𝑥𝐵𝑏

) . (1)

We collect some elementary properties of 𝑓 and its ingredients.
Right from the definition, we obtain the following observation on
how different bitstrings compare under the 𝑓𝑚 ,𝑚 = 1, 2.

Lemma 1. Let 𝑥𝐵, 𝑦𝐵 ∈ {0, 1}ℓ with 𝑥𝐵 ≠ 𝑦𝐵 . Let 𝑖 ∈ [1..ℓ] be
the first bit in which 𝑥𝐵 and 𝑦𝐵 differ, and let (𝑥𝐵)𝑖 = 1 (and thus
(𝑦𝐵)𝑖 = 0). Then the following is true.

(1) If 𝑖 < ℓ−𝑟 +1, then 𝑓 𝐵1 (𝑥𝐵) > 𝑓 𝐵1 (𝑦𝐵) and 𝑓
𝐵
2 (𝑥𝐵) > 𝑓 𝐵2 (𝑦𝐵).

(2) If 𝑖 = ℓ −𝑟 +1, then 𝑓 𝐵1 (𝑥𝐵) > 𝑓 𝐵1 (𝑦𝐵) and 𝑓
𝐵
2 (𝑥𝐵) < 𝑓 𝐵2 (𝑦𝐵).

(3) If 𝑖 > ℓ − 𝑟 + 1, then one of the following three cases applies.
(a) If (𝑥𝐵)ℓ−𝑟+1 = · · · = (𝑥𝐵)𝑖−1 = 1 (and similarly for 𝑦𝐵),

then 𝑓 𝐵1 (𝑥𝐵) > 𝑓 𝐵1 (𝑦𝐵) and 𝑓 𝐵2 (𝑥𝐵) > 𝑓 𝐵2 (𝑦𝐵).
(b) If (𝑥𝐵)ℓ−𝑟+1 = · · · = (𝑥𝐵)𝑖−1 = 0 (and similarly for 𝑦𝐵),

then 𝑓 𝐵1 (𝑥𝐵) < 𝑓 𝐵1 (𝑦𝐵) and 𝑓 𝐵2 (𝑥𝐵) < 𝑓 𝐵2 (𝑦𝐵).
(c) Otherwise, 𝑓 𝐵1 (𝑥𝐵) = 𝑓 𝐵1 (𝑦𝐵) and 𝑓 𝐵2 (𝑥𝐵) = 𝑓 𝐵2 (𝑦𝐵).

In particular, if 𝑥𝐵 and 𝑦𝐵 have equal value under one objective
function, then also under the other.

The exponentially decreasing coefficients of the 𝑓 𝑏𝑚 in (1) allow
to extend, in a suitable way, the previous lemma to the full function
𝑓𝑚 .

Lemma 2. Let𝑚 ∈ {1, 2} and𝑚 = 3 −𝑚 be the other objective.
Let 𝑥,𝑦 ∈ {0, 1}𝑛 with 𝑓𝑚 (𝑥) ≠ 𝑓𝑚 (𝑦). Let 𝑏 be minimal such that
𝑓 𝐵𝑚 (𝑥𝐵𝑏

) ≠ 𝑓 𝐵𝑚 (𝑦𝐵𝑏
). Then

(1) 𝑓 𝐵
𝑚
(𝑥𝐵𝑏
) ≠ 𝑓 𝐵

𝑚
(𝑦𝐵𝑏
);

(2) 𝑏 is minimal subject to 𝑓 𝐵
𝑚
(𝑥𝐵𝑏
) ≠ 𝑓 𝐵

𝑚
(𝑦𝐵𝑏
);

(3) the function values of 𝑥 and 𝑦 compare like the base function
values of 𝑥𝐵𝑏

and 𝑦𝐵𝑏
, that is, for all𝑚′ ∈ {1, 2} we have

• 𝑓𝑚′ (𝑥) < 𝑓𝑚′ (𝑦) if and only if 𝑓 𝐵
𝑚′ (𝑥𝐵𝑏

) < 𝑓 𝐵
𝑚′ (𝑦𝐵𝑏

), and
• 𝑓𝑚′ (𝑥) > 𝑓𝑚′ (𝑦) if and only if 𝑓 𝐵

𝑚′ (𝑥𝐵𝑏
) > 𝑓 𝐵

𝑚′ (𝑦𝐵𝑏
).

Proof. The first two claims follow immediately from the last
clause of Lemma 1. For the third claim, note that for any 𝑧 ∈ {0, 1}𝑛
the contribution of the all blocks 𝐵𝑐 , 𝑐 > 𝑏, to 𝑓𝑚′ is at most

𝑘∑︁
𝑐=𝑏+1

(ℓ + 1)2(𝑘−𝑐 ) 𝑓 𝐵𝑚′ (𝑧𝐵𝑐
) ≤

𝑘∑︁
𝑐=𝑏+1

(ℓ + 1)2(𝑘−𝑐 ) ((ℓ + 1)ℓ + ℓ)

= ℓ

2(𝑘−𝑏−1)+1∑︁
𝑖=0

(ℓ + 1)𝑖 < (ℓ + 1)2(𝑘−𝑏 ) .

In contrast, any difference between 𝑓 𝐵
𝑚′ (𝑥𝐵𝑏

) and 𝑓 𝐵
𝑚′ (𝑦𝐵𝑏

) imme-
diately leads to a contribution to 𝑓𝑚′ that differs by at least 22(𝑘−𝑏 ) ,
thus outnumbering any possibly different contributions of the later
blocks. By assumption and the first two claims, the earlier blocks
contribute the same to 𝑓𝑚′ . This proves the third claim. □

Lemma 3. Let 𝑃 ⊆ {0, 1}𝑛 be a set of pair-wise non-dominating
solutions. Then |𝑃 | ≤ 2𝑘 .

Proof. By induction, we prove, for all 𝑖 ∈ [0..𝑘], the following
assertion.
(𝐴𝑖 ) Let 𝑃 ⊆ {0, 1}𝑛 be any set of pair-wise non-dominating so-

lution such that for all 𝑏 ∈ [1..𝑘−𝑖], we have that 𝑓 𝐵1 (𝑥𝐵𝑏
) =

𝑓 𝐵1 (𝑦𝐵𝑏
) for all 𝑥,𝑦 ∈ 𝑃 . Then |𝑃 | ≤ 2𝑖 .

We note that 𝐴𝑘 is exactly the claim of the lemma, hence proving
(𝐴𝑖 ) for all 𝑖 ∈ [0..𝑘] also proves the lemma.

Clearly, we have (𝐴0). In this case, the assumptions of (𝐴𝑖 ) imply
that all members of 𝑃 have the same 𝑓1 value. Since 𝑃 is pair-wise
non-dominating, this implies |𝑃 | = 1 = 2𝑖 .

Hence assume that for some 𝑖 ∈ [1..𝑘] we have shown al-
ready (𝐴𝑖−1). We use this to show (𝐴𝑖 ). We regard the set 𝑉 =

{𝑓 𝐵1 (𝑥𝐵𝑘−𝑖 ) | 𝑥 ∈ 𝑃} of different objective values in the (𝑘 − 𝑖)-th
block. If |𝑉 | = 1, then 𝑃 satisfies the assumptions of (𝐴𝑖−1) and
we immediately conclude |𝑃 | ≤ 2𝑖−1 ≤ 2𝑖 . Similarly, if |𝑉 | = 2, say
𝑉 = {𝑣1, 𝑣2}, then the sets 𝑃 𝑗 = {𝑥 ∈ 𝑃 | 𝑓 𝐵1 (𝑥𝐵𝑘−𝑖 ) = 𝑣 𝑗 }, 𝑗 = 1, 2,
satisfy the assumptions of (𝐴𝑖−1), we conclude |𝑃 𝑗 | ≤ 2𝑖−1, and
thus |𝑃 | = |𝑃1 | + |𝑃2 | ≤ 2𝑖 .

We conclude the proof by showing that |𝑉 | ≥ 3 contradicts
our assumption that 𝑃 is pair-wise non-dominating. Hence assume
|𝑉 | ≥ 3. Assume first that there is an 𝑥 ∈ 𝑃 such that 𝐿𝑂 (𝑥𝐵𝑘−𝑖 ) <
ℓ − 𝑘 . Then all other 𝑦 ∈ 𝑃 satisfy 𝐿𝑂 (𝑦𝐵𝑘−𝑖 ) = 𝐿𝑂 (𝑥𝐵𝑘−𝑖 ) as other-
wise the first case of Lemma 1would apply and show a contradiction
to our assumption that 𝑃 is pairwise non-dominating. However, if
all 𝑦 ∈ 𝑃 have the same value 𝐿𝑂 (𝑦𝐵𝑘−𝑖 ) that is less than ℓ −𝑘 , then
by definition of 𝑓 𝐵1 all these𝑦 have the same 𝑓 𝐵1 -value, contradicting
our assumption |𝑉 | ≥ 3. Consequently, we have 𝐿𝑂 (𝑥𝐵𝑘−𝑖 ) ≥ ℓ − 𝑘
for all 𝑥 ∈ 𝑃 . Since |𝑉 | ≥ 3, by the pigeon-hole principle, we
now have two different values 𝑢, 𝑣 ∈ 𝑉 and 𝑥,𝑦 ∈ 𝑃 such that
𝑓 𝐵1 (𝑥𝐵𝑘−𝑖 ) = 𝑢, 𝑓 𝐵1 (𝑦𝐵𝑘−𝑖 ) = 𝑣 , and (𝑥𝐵𝑘−𝑖 )ℓ−𝑟+1 = (𝑦𝐵𝑘−𝑖 )ℓ−𝑟+1.
Since 𝑓 𝐵1 (𝑥𝐵𝑘−𝑖 ) = 𝑢 ≠ 𝑣 = 𝑓 𝐵1 (𝑦𝐵𝑘−𝑖 ), the bit strings 𝑥𝐵𝑘−𝑖 and
𝑦𝐵𝑘−𝑖 differ in some position higher than ℓ−𝑟 +1. We are thus in the
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third case of Lemma 1. All three subcases of this case lead to a situ-
ation in which (𝑓 𝐵1 (𝑥𝐵𝑘−𝑖 ), 𝑓 𝐵2 (𝑥𝐵𝑘−𝑖 )) and (𝑓 𝐵1 (𝑦𝐵𝑘−𝑖 ), 𝑓 𝐵2 (𝑦𝐵𝑘−𝑖 ))
are not non-dominating. By Lemma 2, this property extends to
𝑥 and 𝑦, contradicting our assumption on 𝑃 . This terminates the
proof. □

4 RUNTIME ANALYSIS
In this section, we prove our mathematical runtime results. We
start with a lower bound for the classic GSEMO and continue with
a (smaller) upper bound for the BC-GSEMO.

4.1 Lower Bound for the GSEMO
We prove the following lower bound on the runtime of the GSEMO.

Theorem 1. Let𝑛 ∈ N and𝑘 = 𝑜 (
√︁
𝑛/ln(𝑛) ) such that𝑘 divides𝑛.

Write ℓ = 𝑛/𝑘 . Let 𝑟 = 𝑜 (ℓ) and 𝑟 ≥ max{8 + 2𝑘/log2 (𝑛), 𝛾 ln(𝑛)}
for some sufficiently large constant 𝛾 . Then the expected optimization
time of GSEMO on 𝑓𝑛𝑘𝑟 is Ω(2𝑘𝑛ℓ).

As for many lower bounds proofs, the proof of this result is quite
technical. Our main argument shall be that at some time, we have
a population consisting of Ω(2𝑘 ) individuals such that least one
of them misses at a constant fraction of ones in the cooperative
segment of the last block. Finding these Ω(ℓ) ones takes Ω(2𝑘𝑛ℓ)
time, since a particular bit is flipped with probability 1/𝑛 and this
this particular parent is chosen for mutation only with probability
𝑂 (2−𝑘 ) (uniform choice among the Ω(2𝑘 ) individuals). The main
work is showing that such an individual exists, which means that
the later bits are not optimized to a large extend while the earlier
bits are optimized. Also, we need to take care that not too many
bits are optimized in one go by simply generating such an offspring
from a different, already more optimized parent.

In the following, we shall always assume that the assumptions
of Theorem 1 hold. Being an asymptotic statement, we can and will
always assume that 𝑛 is sufficiently large. We use the elementary
notation from the combinatorics of words, e.g., that 1𝑖 denotes the
bit string (1, . . . , 1) ∈ {0, 1}𝑖 , or that for 𝑥 ∈ {0, 1}𝑖 and 𝑦 ∈ {0, 1} 𝑗
the expression 𝑥𝑦 denotes the bit string (𝑥1, . . . , 𝑥𝑖 , 𝑦1, . . . , 𝑦 𝑗 ) ∈
{0, 1}𝑖+𝑗 . We say that some individual 𝑥 ∈ {0, 1}𝑛 is of type 𝑡 ∈
{0, 1}𝑖 , 𝑖 ≤ 𝑛, to express that 𝑥 agrees with 𝑡 on its first 𝑖 elements,
that is, (𝑥1, . . . , 𝑥𝑖 ) = 𝑡 .

We say that a block 𝑥𝐵 of some individual 𝑥 is regular if it has at
most 𝑑 = ⌈0.7ℓ⌉ leading ones and all bits with index higher than
𝑑 + 1 in this block are independently distributed with probability
of being one at most 𝑞 = 0.85.

We note that our following proofs use some of the main ideas of
the proof of the result that the (1 + 1) EA optimizes a weighted sum
of LeadingOnes blocks in a sequential fashion [22]. Unfortunately,
due to the additional challenges imposed by the multi-objective
setting, we cannot directly reuse the proofs from there. Differently
from there, we need to argue that all later blocks are not optimized,
as this ensures that only a single individual of a certain type is in
the population; in [22], it was only argued that the next block is
not optimized. Also, having a non-trivial population size, we need
to take care that a particular individual does not profit from being
overwritten by an offspring from a different parent. For this reason,
we have to argue that different individuals, should they exist, are

sufficiently different so that it is unlikely that a mutation changes
them enough to overwrite another individual. Such problems, nat-
urally, do not appear in the (1 + 1)-setting regarded in [22]. For
these reasons, while reusing some broader lines of the proof, we
have essentially to come up with a new proof. On the positive side,
our proof arguments could easily be used in the setting of [22], and
would there give a proof maybe more accessible than the one given
in [22].

Lemma 4. Consider a run of the GSEMO on our benchmark 𝑓𝑛𝑘𝑟
with parameters 𝑛, 𝑘 , and 𝑟 as in Theorem 1. Assume that for some
iteration 𝑡0 there is a 𝑏 ∈ [0..𝑘 − 1] such that the following holds.

• An individual 𝑥 with type 1𝑏ℓ has just entered the population.
• All blocks higher than 𝑏 are regular.
• If 𝑏 ≥ 1, then for all 𝑖 ≤ 𝑏 an individual of type 1𝑖ℓ−𝑟 0𝑟/2 is
contained in the population.

Let 𝑡1 be the first iteration in which an individual 𝑦 of type 1(𝑏+1)ℓ is
generated (and thus enters the population). Then with probability at
least 1 −𝑂 (𝑘𝑛−2), the following properties hold.
• All blocks higher than 𝑏 + 1 are regular.
• For all 𝑖 ≤ 𝑏 + 1 an individual of type 1𝑖ℓ−𝑟 0𝑟/2 is contained
in the population.

Proof. We first argue that with probability at least 1 −𝑂 (𝑛−2),
no parent different from an individual of type 1𝑏ℓ will generate an
offspring that of this type in the next 𝑛22𝑘 iterations. To this aim,
we note that the property we initially assumed, that individuals of
type 1𝑖ℓ−𝑟 0𝑟/2 are present, remains true for the remaining run of the
algorithm, simply because such individuals can only be replaced by
others of this type. From this, we conclude that any individual in the
population that is not of type 1𝑏ℓ differs from any such individual
in at least 𝑟/2 of the first 𝑏ℓ bits. Consequently, the probability
that such a parent generates a 1𝑏ℓ offspring in one iteration, is at
most 𝑛−𝑟/2 ≤ 𝑛−42𝑘 by our assumption on 𝑟 . Hence the probability
that this happens in the next 𝑛22𝑘 iterations, is at most 𝑛−2. Since,
as we will see shortly, the time interval analyzed in this lemma
spans at most 𝑂 (ℓ𝑛) iterations with 𝑥 as parent (with probability
1 −𝑂 (𝑛−2)), hence 𝑂 (ℓ𝑛2𝑘 ) with any parent with this probability,
we can assume in the remainder that never an individual of type
1𝑏ℓ is generated from a parent of a different type.

We start by analyzing the time interval until for the first time an
individual with type 1(𝑏+1)ℓ−𝑟 is in the population. We first analyze
a fake version of our algorithm which never adds a second individ-
ual of type 1𝑏ℓ to the population (hence when such an individual,
incomparable with the existing one, is generated, it is just discarded
instead of added to the population). We shall later see that this
fake algorithm with high probability behaves identical to the true
algorithm, so our insights extend to the true algorithm.

In the fake algorithm, up to the point point where for the first
time an individual of type 1(𝑏+1)ℓ−𝑟 enters the population, 𝑥 is the
only individual of type 1𝑏ℓ in the population and stays in the popu-
lation unless replaced by its own offspring. Hence we can analyze
the development of 𝑥 independent from all other individuals. To
ease the language, we shall always denote the individual of type 1𝑏ℓ
by 𝑥 . Let us also count time starting at 𝑡 = 0 and let us count only
iterations in which 𝑥 is chosen as parent and in which no leading
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one of 𝑥 is flipped (as these will surely give an offspring that is not
accepted).

We first note that each (such) iteration has a probability of ex-
actly 1

𝑛 of increasing the number of leading ones in 𝑥 . Hence the
expected time to finish this phase is at most 𝑛(ℓ − 𝑟 ) ≤ 𝑛ℓ and, by a
simple Chernoff bound, this phase ends after at most 2𝑛ℓ iterations
with probability at least 1 − exp(Θ(−ℓ)). Let us assume this in the
remainder.

Let us now regard a fixed block 𝑥𝐵 higher than 𝑏. We first note
that with probability at least (1− 1

𝑛 )
𝑛 = (1+𝑜 (1)) 1𝑒 , the offspring of

𝑥 is accepted. Hence with probability at least 1− 2𝑛ℓ exp(−Ω(𝑛)) =
1 − exp(−Ω(𝑛)) in each interval of 𝑛 consecutive iterations in this
phase, there are at least 𝑛

2𝑒 iterations accepting the offspring. Let
us also assume this.

Let us partition this phase into consecutive intervals 𝐼1, 𝐼2, . . . of
exactly 2𝑛 iterations (plus some leftover of at most 2𝑛−1 iterations).
Note that 𝐿 ≤ ℓ by the assumptions made above. With probability
at least

(1 − (1− 1
𝑛 )

𝑛) (1 − (1 − 1
𝑛 )

ℓ/2) (1 − 1
𝑛 )

𝑛

≥ (1 − 1
𝑒 )

ℓ
2𝑒𝑛 (1 − 𝑜 (1))

1
𝑒

= (1 − 𝑜 (1)) 1
2𝑒2 (1 −

1
𝑒 )

ℓ
𝑛 ,

in one of the first 𝑛 iterations of this interval, let us call it 𝑡𝑢 ,
(1) we flip the first zero of 𝑥 (implying that the offspring is

accepted),
(2) we flip at least one of the first ℓ/2 bits of 𝑥𝐵 should they

all be one, or we leave one such bit at zero should such a
bit exist; let us call the first zero bit in this block after this
iteration 𝑥𝑢 ,

(3) and we do not flip 𝑥𝑢 in the next 𝑛 iterations (which still
belong to this interval of 2𝑛 iterations).

Let us call this event a reset, and take note that we have just shown
that in each time interval 𝐼 𝑗 , 𝑗 = 1, . . . , at most ℓ in number, in-
dependently (by definition of the reset), with probability at least
(1 − 𝑜 (1)) 1

2𝑒2 (1 −
1
𝑒 )

ℓ
𝑛 a reset happens. Consequently, when 𝐶 is a

sufficiently large constant, with probability at least 1 − 𝑛−2 in each
consecutive set of 𝐶 𝑛

ℓ log𝑛 intervals, a reset happens. In terms of
iterations, this means that with this probability, in each interval
[𝑖𝐿 + 1..(𝑖 + 1)𝐿] of iterations, 𝐿 := 2𝐶 𝑛2

ℓ ln(𝑛), a reset happens. We
study the effect of a single reset and then how these frequent resets
influence 𝑥𝐵 .

In case of a reset, all bits higher than 𝑥𝑢 in this block are neutral
in iterations 𝑡𝑢 + 1, . . . , 𝑡𝑢 + 𝑛. Since at least 𝑛

2𝑒 of these iterations
accept the mutant by our earlier assumption, each of these neutral
bits for at least 𝑛

2𝑒 times is flipped independently with probability 1
𝑛 .

By Lemma 3 of [33], this results in each of these bits, independently,
being one with probability at most 1

2 +
1
2 (1 −

2
𝑛 )

𝑛/2𝑒 ≤ 1
2 (1 +

exp(−1/𝑒)) ≤ 0.85 = 𝑞.
Let us call a block 𝑅-regular if it contains a zero in the first

𝑅 bits and if all bits higher that 𝑅 + 1 are one with probability
at most 𝑞, independently. Hence in the notation above, a reset at
time 𝑡𝑢 creates a 𝑢-regular block at time 𝑡𝑢 + 𝑛, and this is also an
ℓ
2 -regular block.
We have shown above that (i) after the start of the phase and

(ii) after each reset we have at most 2𝐿 iterations without a reset

(note that this argument is valid including the last few leftover
iterations not fitting into a full interval 𝐼 𝑗 ). Consider for the moment
any interval of 2𝐿 iterations (independent from the reset logic just
set up). In each of these iterations, the probability that the number of
leading ones in this block increases, is at most 1

𝑛 . Hence we expect
at most 2𝐿𝑛 = 4𝐶 𝑛

ℓ ln(𝑛) such increases. Since bits above the first
zero are one with probability at most 𝑞, the number of leading ones
gained in such an improvement is 1 + Geom(𝑞), where Geom(𝑞)
denotes a random variable, independent from all others, following a
geometric law with success rate 𝑞. Consequently, the expected total
gain of the number of leading ones in all these improvements is at
most (1+ 1

𝑞 )4𝐶
𝑛
ℓ ln(𝑛) and a Chernoff bound for geometric random

variables gives that with probability at least 1 − exp(−Ω( 𝑛ℓ ln(𝑛))),
the total gains is bounded by (1 + 1

𝑞 )8𝐶
𝑛
ℓ ln(𝑛) = 𝑂 ( 𝑛ℓ log𝑛). By

assumption, this gain is 𝑜 (ℓ), which shows that up to the first reset
the block is 𝑟 -regular for some 𝑟 = (0.7 + 𝑜 (1))ℓ , from then on it is
𝑟 -regular for some 𝑟 = (0.5 + 𝑜 (1))ℓ . By taking a union bound over
the at most 𝑘 later block, we extend this insight from one block to
all later blocks, with probability at least 1 −𝑂 (𝑘𝑛−2).

From what we have just shown, in particular, we observe that we
never see that the number of leading ones in a later block reaches ℓ−
𝑟 , which would be necessary to generate a second individual of type
1𝑏ℓ in the population. Hence with probability at least 1 −𝑂 (𝑘𝑛−2),
also in the true algorithm we never see a second individual of this
type, and thus our results above extend to the true algorithm.

We finally analyze the time until we have developed the individ-
ual of type 1(𝑏+1)ℓ−𝑟 into one of type 1(𝑏+1)ℓ . We sketch this part
as it mostly reuses arguments seen before. The difference is that
now we will have two individuals of type 1(𝑏+1)ℓ−𝑟 , one collecting
ones and the other collecting zeroes in the last 𝑟 bit positions. Both
develop at a comparable speed, increasing the number of correct
bits by an expected value of Θ(1/𝑛) when counting only the itera-
tions regarding these two individuals. Also generating the second
from the first has a probability of Θ(1/𝑛). Since 𝑟 ≥ 𝛾 ln𝑛 for some
sufficiently large constant 𝛾 , the probability that one individual is
significantly faster than the other is 𝑂 (𝑛−2). Since this phase is
short, 𝑂 (𝑛𝑟 ) iterations with probability 1 −𝑂 (𝑛−2), also the later
blocks with high probability do not gain more than 𝑜 (ℓ) leading
ones.

This proves the claim. □

Proof of Theorem 1. Consider a run of the GSEMO on our
benchmark. Trivially, at the start of the run the conditions of
Lemma 4 are satisfied for 𝑏 = 0. Also, if at some time 𝑡0 the condi-
tions of this lemma are satisfied for some 𝑏 ≤ 𝑘 − 1, then the lemma
asserts that at some later time 𝑡1, they are satisfied for 𝑏 + 1, apart
from a failure probability of 𝑂 (𝑘/𝑛2). Hence by induction, using a
union bound for the failure probabilities, we see that with proba-
bility at least 1 −𝑂 (𝑘2/𝑛2), at the moment 𝑡 when an individual 𝑦
of type 1(𝑘−1)ℓ enters the population, this individual has the last
0.3ℓ − 1 bits independently distributed with a probability of at most
𝑞 = 0.85 of being one. Also, at this time for each 𝑖 ∈ [1..𝑘 − 1] the
population contains an individual of type 1𝑖ℓ−𝑟 0𝑟/2. As in the proof
of Lemma 4, this implies that the population contains no individual
𝑧 ≠ 𝑦 such that 𝑧 and 𝑦 differ in fewer than 𝑟/2 of their first 𝑛 − ℓ
bits.
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Let 𝑆 be the set of types of length (𝑘 − 1)ℓ that can be extended
to a Pareto optimal individual, that is,

𝑆 = {𝑥 ∈{0, 1} (𝑘−1)ℓ | ∀𝑏 ∈ [1..𝑘 − 1] :
𝑥 (𝑏−1)ℓ+1 = · · · = 𝑥𝑏ℓ−𝑟 = 1 ∧ 𝑥𝑏ℓ−𝑟+1 = · · · = 𝑥𝑏ℓ }.

We note that the GSEMO treats the different types in 𝑆 in a symmet-
ric fashion (see [18] for a formal treatment of symmetry arguments
in the analysis of evolutionary algorithms) and that the types appear
one after the other in the population (since only one offspring is
generated per iteration). Consequently, the position of type 1(𝑘−1)ℓ
in the order of appearance of all types in 𝑆 is uniformly distributed
in [1..|𝑆 |]. It thus appears, with probability at least 1/2, on posi-
tion ( |𝑆 | + 1)/2 or higher. Hence with probability at least 1/2, the
population size from this time on is at least ( |𝑆 | + 1)/2 ≥ 2𝑘−2 =:𝑚.

Let us condition on this event. We analyze how the individual 𝑦
with type 1(𝑘−1)ℓ develops into a solution of type 1𝑛−𝑟 . We note
first that the probability 𝑄 that in one iteration a parent with type
different from 1(𝑘−1)ℓ generates an offspring of type 1(𝑘−1)ℓ is at
most 𝑄 ≤ 𝑛−𝑟/2. Hence the probability that this happens in the
next 𝑇0 := 0.05ℓ𝑚𝑛 iterations is at most 𝑄𝑇0 ≤ 𝑛−𝑟/20.05ℓ2𝑘𝑛 ≤
2𝑘𝑛2−𝑟/2. Since 𝑟 ≥ 8 + 2𝑘/log2 (𝑛), this is at most 𝑛−2.

Ignoring such events for the moment, we see that the only way
towards having a solution of type 1𝑛−𝑟 in the population is to
select the single individual of type 1(𝑘−1)ℓ as parent and mutate it.
Apart from the waiting time for selecting the parent, this process
up to reaching the type 1𝑘ℓ−𝑟 is identical to the optimization of
the LeadingOnes benchmark, starting with an individuals with
(𝑘 − 1)ℓ leading ones, then 0.7ℓ + 1 bits which we do not specify
further, and then 0.3ℓ − 1 bits which are, independently, one with
probability 𝑞 only. We shall not regard for our lower bound the time
it takes to optimize the first 0.7ℓ + 1 bits in the last block. From that
point on, the bits are one independently with some probability that
is at most 𝑞. Hence the 𝑇 time to reach an individual of type 1𝑘ℓ−𝑟
stochastically dominates the sum of 0.3ℓ−1−𝑟 independent random
variables, each being a geometric distribution with success rate 1

𝑚𝑛
(with probability 1 − 𝑞) or being constant zero (with the remaining
probability of 𝑞), see [16] for more details on this argument). Hence
𝑇 has an expectation of at least (0.3ℓ − 1 − 𝑟 ) (1 − 𝑞)𝑝𝑛 = (0.045 −
𝑜 (1))ℓ𝑝𝑛 and with high probability (use a Chernoff bound for sums
of independent geometric random variables, e.g., Theorem 1.10.32
in [17]), 𝑇 is at least 0.002ℓ𝑝𝑛.

In summary, we see that with probability at least 1/2 − 𝑜 (1),
and this includes all small failure probabilities encountered along
the proof, we need at least 𝑇0 = 0.002ℓ𝑝𝑛 = Ω(2𝑘 ℓ𝑛) iterations to
generate a solution with type 1𝑛−𝑟 , and hence also to generate the
Pareto-optimal solution 1𝑛 , which is needed to witness the Pareto
front. This implies an Ω(2𝑘 ℓ𝑛) bound on the expected runtime. □

4.2 Upper Bound for the BC-GSEMO
We now prove an upper bound on the runtime of the BC-GSEMO
algorithm which is lower than the lower bound shown for GSEMO
in the previous section. The fraction of mutation steps that BC-
GSEMO spends on a particular block 𝑏 is roughly 1/𝑘 if the parame-
ter 𝑡epoch is small compared to the overall runtime. We assume that
the maximal number of consecutive steps 𝑡epoch that a block is cho-
sen for mutation is small enough such that each block is mutated

frequently enough during the phases considered in the upcoming
proofs. For example, any 𝑡epoch ≤

√
𝑛 meets our requirement. We

analyze the algorithm using different phases of𝑇 steps. When doing
so, we always assume without loss of generality that 𝑇 /(𝑘 · 𝑡epoch)
is a positive integer in order to ease the presentation. This implies
that mutation is applied to each block exactly 𝑇 /𝑘 times.

We first show that BC-GSEMO quickly obtains for each block
a sufficiently large number of leading ones. The key argument is
that blocks are optimized in parallel and during this process and
that BC-GSEMO works with a population size of 1.

Lemma 5. Let 𝑟 <
√︁
ℓ log ℓ . Then with probability 1 − 𝑜 (1), BC-

GSEMO has obtained after 𝑐𝑛(ℓ −
√︁
ℓ log ℓ) = 𝑂 (𝑛ℓ) steps, 𝑐 an

appropriate constant, a population of size 1 where for the individual
𝑥 ∈ 𝑃 , 𝐿𝑂𝑧1 (𝑥𝐵𝑖

) ∈ [ℓ − 2
√︁
ℓ log ℓ, ℓ −

√︁
ℓ log ℓ], 1 ≤ 𝑖 ≤ 𝑘 , holds.

Proof. We consider the first phase consisting of 𝑇 = 𝑐𝑛(ℓ −√︁
ℓ log ℓ) steps, 𝑐 an appropriate constant, which implies that 𝑐ℓ (ℓ −√︁
ℓ log ℓ) mutations are applied to each block 𝑖 . We show that each

block consists of ℓ −Θ(
√︁
ℓ log ℓ) leading one bits after these𝑇 steps.

If a block 𝑖 is selected for mutation, then we have a classical leading
ones problem on ℓ bits with mutation probability 1/ℓ . We have
𝑟 <

√︁
ℓ log ℓ which implies that as long as no block has at least

ℓ + 1 −
√︁
ℓ log ℓ leading ones, the population size is 1. Each block

develops independently of the others and the probability that there
is a block𝑏 for which the single solution 𝑥 ∈ 𝑃 obtained after𝑇 steps
does not have the property 𝐿𝑂𝑧1 (𝑥𝐵𝑖

) ∈ [ℓ −2
√︁
ℓ log ℓ, ℓ −

√︁
ℓ log ℓ]

after 𝑐ℓ (ℓ −
√︁
ℓ log ℓ) mutations to block 𝑏 is 𝑜 (1) using Theorem 9

in [19].
Hence, after𝑇 = 𝑐𝑛(ℓ −

√︁
ℓ log ℓ) steps the population 𝑃 contains

a single solution 𝑥 for which we have 𝐿𝑂𝑧1 (𝑥𝐵𝑖
) ∈ [ℓ−2

√︁
ℓ log ℓ, ℓ−

2
√︁
ℓ log ℓ] for all 𝑖 ∈ {1, . . . , 𝑘} with probability 1 − 𝑜 (1). □

The previous lemma showed that the population does not grow
for a significant phase of the optimization process and that the
different blocks have obtained already a large number of leading
ones. As BC-GSEMO does not destroy the progress made in any of
the blocks we can show the following upper bound by taking into
account the remaining work that needs to be done on each block
and the maximum population size of 2𝑘 .

Theorem 2. Let 𝑟 <
√︁
ℓ log ℓ and 𝑘 ≤ 𝑛1/3. Then with prob-

ability 1 − 𝑜 (1), the optimization time of BC-GSEMO on 𝑓𝑛𝑘𝑟 is
𝑂 (2𝑘𝑛

√︁
ℓ log ℓ).

Proof. We already know that BC-GSEMO obtains with prob-
ability 1 − 𝑜 (1) in time 𝑂 (𝑛ℓ) a population of size 1 where each
block has a leading ones value at least ℓ − 2

√︁
ℓ log ℓ . We consider

the process after this population has been produced for the first
time and investigate the remaining process.

In the second phase, the population size is at most 2𝑘 and opti-
mizing the remaining bits to agree with 𝑧1 (or 𝑧2) for each solution
takes time 𝑂 (2𝑘𝑛𝑘

√︁
ℓ log ℓ) with high probability. We show this

by optimizing the blocks in lexicographic order. Assume all blocks
𝑏 < 𝑖 < 𝑘 have already been fully optimized. Block 𝑖 has at least
ℓ−2

√︁
ℓ log ℓ leading ones in each solution present in the population.
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Consider a solution 𝑥 with profile 𝑝𝑖−1 (𝑥) = (𝑥𝐵1 , . . . , 𝑥𝐵𝑖
) ∈

{𝑧1, 𝑧2}𝑖−1 for the first 𝑖 − 1 blocks. Let 𝑠1 = max𝑦∈𝑃 {𝐿𝑂𝑧1 (𝑥𝐵𝑖
) |

𝑝𝑖−1 (𝑦) = 𝑝𝑖−1 (𝑥)} and 𝑠2 = max𝑦∈𝑃 {𝐿𝑂𝑧2 (𝑥𝐵𝑖
) | 𝑝𝑖−1 (𝑦) =

𝑝𝑖−1 (𝑥)}. The values of 𝑠1 and 𝑠2 do not decrease and the probability
of an increase for each of them is at least 1/(2𝑘𝑒ℓ) if block 𝑖 is
selected for mutation.

For each value of 𝑖 , 1 ≤ 𝑖 ≤ 𝑘 , we consider a (sub)-phase of
𝑇𝑖 = 𝑐𝑛2𝑘

√︁
ℓ log ℓ steps, 𝑐 an appropriate large enough constant,

which starts when the population 𝑃 contains an individual for each
profile {𝑧1, 𝑧2}𝑖−1 for the first time. A phase of 𝑇𝑖 steps implies
that there are 𝑐ℓ2𝑘

√︁
ℓ log ℓ mutation steps applied to block 𝑖 . The

expected number of mutation steps applied to each solution 𝑥 with
profile 𝑝𝑖−1 (𝑥) ∈ {𝑧1, 𝑧2}𝑖−1 and maximal 𝑠1-value (or 𝑠2-value) is
at least 𝑐ℓ

√︁
ℓ log ℓ and the expected number of increases of 𝑠1 (or

𝑠2) is at least 𝑐′
√︁
ℓ log ℓ , 𝑐′ ≥ 4 a constant if 𝑐 is large enough. The

probability that there are less than the sufficient

2
√︁
ℓ log ℓ ≤ 𝑐′

2
·
√︁
ℓ log ℓ

successful increases of 𝑠1 (or 𝑠2) is 2−𝑐
√
ℓ log ℓ using Chernoff bounds

where 𝑐 > 1 if 𝑐 is chosen large enough. Assuming 𝑘 ≤ 𝑛1/3 which
implies ℓ ≥ 𝑛2/3 and using the union bound, the probability that
there is a profile 𝑝𝑖−1 (𝑥) for which 𝑠1 = ℓ (or 𝑠2 = ℓ) has not been
achieved is at most

2𝑛
1/3
· 2−𝑐

√
𝑛2/3

= 2𝑛
1/3
· 2−𝑐𝑛

1/3
= 2(1−𝑐 )𝑛

1/3
= 2−Ω (𝑛

1/3 )

Considering all values of 𝑖 , 1 ≤ 𝑖 ≤ 𝑘 , sequentially, the probability
that there is a block 𝑖 which has not been fully optimized its phase
of 𝑇𝑖 steps is 𝑘 · 2−Ω (𝑛

1/3 ) = 2−Ω (𝑛
1/3 ) . As there are 𝑘 blocks that

need to be considered, an optimal population is reached after at
most

∑𝑘
𝑖=1𝑇𝑖 = 𝑐𝑛𝑘2𝑘

√︁
ℓ log ℓ steps with probability 1 − 2−Ω (𝑛1/3 ) .

Taking into account the failure probability of 𝑜 (1) for the first phase
given in Lemma 5 completes the proof. □

5 EXPERIMENTAL INVESTIGATIONS
We now complement our theoretical findings with an experimental
study. In order to show that a significant difference can already been
observed for a moderate number of blocks, we consider 𝑘 = 2, 3, 4
for values of 𝑛 = 24, 120, 240, 360, 480, 600, 720, 840. We consider
problems with a value of 𝑟 = 1, 2, 4 and use 𝑡epoch = 1000 for BC-
GSEMO. We obtained similar results as shown in the following
when using 𝑡epoch = 1, 100 in BC-GSEMO. The results are shown
as the mean number of function evaluations required to reach the
optimal population for 30 independent runs. As there is a clear
difference in the scaling behaviour of GSEMO and BC-GSEMO
for all experimental investigations carried out, we do not report
statistical test results. (Note: the standard error on the mean is too
small to be visible, so we omit to plot it.)

The results for 𝑘 = 2 and 𝑡epoch = 1000 are shown in Figure 1.
It can be observed that BC-GSEMO needs much fewer function
values than GSEMO to compute the optimal population. Looking
at the results of GSEMO for different values of 𝑟 , we can see that a
larger value of 𝑟 results in a larger runtime. Increasing 𝑟 from 1 to
2 for GSEMO, this increases the runtime significantly whereas the
increase is rather minor when further increasing 𝑟 from 2 to 4. This
observed behaviour is expected from the problem definition and is

Figure 1: Mean time to reach the optimal population by
GSEMO and BC-GSEMO (with 𝑡epoch = 1000) for 𝑘 = 2 de-
pendent on the bitstring length 𝑛 for 𝑟 = 1, 2, 4.

Figure 2: Mean time to reach the optimal population by
GSEMO and BC-GSEMO (with 𝑡epoch = 1000) for 𝑘 = 3 de-
pendent on the bitstring length 𝑛 for 𝑟 = 1, 2, 4.

also in line with our investigations for the lower bound of GSEMO,
where we required that 𝑟 grows with 𝑘 . The increase in runtime
with increasing value of 𝑟 can also be observed for BC-GSEMO.

Furthermore, the results for 𝑘 = 3, 4 blocks and 𝑡epoch = 1000 are
shown in Figure 2 and Figure 3, respectively. We can observe a sim-
ilar behavior in terms of runtime for both algorithms. BC-GSEMO
is consistently superior to GSEMO in terms of runtime, demon-
strating its efficiency across various settings. Again the runtime
for GSEMO significantly increases when increasing the problem
parameter 𝑟 from 1 to 2 whereas this difference is not that larger
when increasing 𝑟 from 2 to 4. For BC-GSEMO we can observe an
increase in runtime when increasing 𝑟 which is not as drastic as
for GSEMO. This increase is again larger when increasing 𝑟 from
1 to 2 than when increasing it further from 2 to 4. Comparing the
results for different values of 𝑘 across all three figures, we see that
the runtimes are clearly increasing with 𝑘 across all other problem
parameter settings with the increase being significantly larger for
GSEMO than for BC-GSEMO.
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Figure 3: Mean time to reach the optimal population by
GSEMO and BC-GSEMO (with 𝑡epoch = 1000) for 𝑘 = 4 de-
pendent on the bitstring length 𝑛 for 𝑟 = 1, 2, 4.

6 DISCUSSION AND CONCLUSIONS
Through an example problem, we have shown that incorporating
block coordinate descent into evolutionary multi-objective algo-
rithms is provably useful. Our result is based on the insight that
block-coordinate descent allows for the parallel optimization of
the underlying blocks without destroying other components. In
practical problems, we may need methods for identifying the blocks
automatically if the problem has no obvious natural decomposition.
Estimation of distribution algorithms (EDAs) that use factorised
distributions are candidates for identifying blocks. A particularly
promising candidate is Deep Optimization [6], an EDA that identi-
fies and constructs latent variables hierarchically, resulting in lower
and lower dimensional spaces to search in. Such latent variables
could be interpreted as blocks. Empirically, Deep Optimization ex-
hibits a favourable scaling behaviour on multiple knapsack and
other problems due to its ability to search by combining modules
without repeatedly destroying them.

Of course, there remains a gap between the simple function and
algorithms we have fully analysed here, and more sophisticated,
practical algorithms like DeepOptimizationwhich presently remain
out of reach of theoretical running time analysis. Nevertheless, our
result, as well as providing an existence proof for the efficiency of
block-coordinate methods in a multi-objective setting, also suggests
a lens by which to understand such algorithms, and points the way
to uncovering more about what may make these kind of algorithms
efficient in practice.
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