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Abstract

I tackle an old question, which has received a revived interest with the rise of social media:
what drives opinion polarisation? There is no consensus in both the empirical and the theoretical
literature about how to model, measure and investigate Opinion heterogeneity. In particular, one
drawback in the literature is that models rarely produce or explain the broad range of opinion
distributions (consensus, weak consensus, dissensus, clustering, polarisation, strong polarisation)
that one might observe in real life. In this research paper, I introduce essential elements into a
theoretical framework which are directly inspired from the observation of online social networks
today. First, I introduce the inequality of attention that individuals receive online, e.g. when
public figures express themselves online they receive attention from thousands or millions of
followers and can have an impact on a given discourse, as opposed to normal individuals with
at most few hundred followers. Second, since only a happy few receive attention within the
digital public sphere, I focus in my model on the interactions between Elite individuals (based
on their centrality as a measure of influence) who can hold concordant or discordant opinions. It
is documented in the literature that ideologically opposed individuals tend to interact together
and push each other towards even more extreme opinions. I run simulations and show that
depending on the fraction of Elite individuals and the level of tolerance in discussions, opinions

within society can move from consensus to polarisation.

Keywords: opinion formation, opinion polarisation, Social network analysis, DeGroot Model.

1 Introduction

Opinion polarisation can be loosely defined as having two groups of individuals with discordant opinions
across groups and concordant opinions within group. Over the past decades, a large scholarship has
studied many definitional variants of this concept, such as group, political, attitudinal, ideological or
affective polarisation, cultural differentiation, community cleavage, opinion disagreement, anti-conformism,
oppositional identity, where the concept of opinion itself can be fused, depending on the disciplinary focus,

with one or multiple components such as values, beliefs, attitudes or ideology. Before the rise of the internet,
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the web and social networking platforms, these variants were mainly circumscribed within the fields of social
psychology (e.g. Sherif and Hovland [1961], Myers [1982], Huguet and Latané [1996]), political science (e.g.
Axelrod [1977]), sociology (e.g. DiMaggio et al. [1996]) and applied mathematics (e.g. DeGroot [1974]).

However, a shift in the literature studying opinions, has occurred along two dimensions. First, a shift of
attention has occurred, from studying dynamics of opinions within small or big groups from the perspective
of their behaviour towards, the study of the impact of the medium itself used by these individuals to
communicate, get informed, access others’ stance about social issues, etc. In other words a lot of attention
has been diverged towards the study of social networking platforms, along with the popularisation of personal
computers and the normalisation of social media. Second, a shift in the methodology has occurred, from
using experimental setups and surveys towards computational models, simulations and large amounts of
collected data. This is because the development of personal computers and cheaper access to computing
power, has made computational models, the collection and the processing of big data, within reach to many
researchers.

Namely, the study of opinion dynamics within a society, has been adopted by scholars from, a priori
distant fields, such as computer science (Jager and Amblard [2004], Malliaros and Vazirgiannis [2013]) and
physics (e.g. Castellano et al. [2009]). As for scholars from historically related fields such as media studies,
communication studies, political science, sociology, psychology, they have integrated new methods to account
for the digital transformation. In particular, concepts like recommendation algorithms, filter bubbles, echo
chambers, misinformation (e.g. Pariser [2011], Allcott and Gentzkow [2017], Sikder et al. [2020]), and in
general the role of social media, as a technology driving society towards more polarised opinions, has been a
popular, yet a criticised (Barbera [2020]), framing for the study of the dynamics of opinions of large groups
immersed in daily digital spaces.

The present research seeks to take a step back in order to revisit simultaneously the two previously
mentioned dimensions. To that end, I model opinion heterogeneity within a society, by (1) studying at the
same time individual behaviour and the specificity of the technological component of our communication
mediums today, and (2) by running simulations to explore opinion dynamics with the newly added components.
More specifically, I formalise an opinion formation model which integrates two heuristics that reflect the
functioning of social networks today, while at the same time modelling individual behaviour with an opinion
updating rule. First, I account for differential visibility online. Eventhough, we could all express ourselves
online, we do not all get the same attention. Only the content created by a happy few, gets to be seen,
read and shared by active users (e.g. Wu et al. [2011], Dagoula [2019], Hughes et al. [2019], Wojcik and
Hughes [2019]). I model the difference in visibility online, by introducing two types of individuals: normal
individuals and FElite. Second, I account for communication practices in the digital public sphere, by allowing
for two types of behaviours, correlated with the two types of individuals, where only Elite individuals get to
interact with other Elite individuals. More precisely, I integrate an attractive (repulsive) effect, that occurs
when two Elite individuals who are ideologically aligned (opposed) interact, they (attract) repulse each other
by pulling (pushing) their opinions closer (further) to each other.This repulsive effect is well documented in
the literature in the case of political discussions in the digital public sphere (e.g; Conover et al. [2011], 7],
7).

These two heuristics depart from early models of opinion formation, such as French [1956], Harary
[1959], DeGroot [1974]. In these seminal models, individuals pool their opinions by taking the average of

opinions expressed by all of their direct contacts at every period of interaction, irrespective of differences in



levels of expertise or influence. When referring to this classic opinion updating rule, I say that individuals
update their opinions a la DeGroot. In that framework, regardless of the specific topology of the network,
as long as it is (strongly) connected and aperiodic, individuals reach consensus of opinion in the long-run.
The present paper refines these contributions by relating the opinion updating rule to the topology of the
network. Namely, the two types of individuals (Elite and Normal) have different opinion updating rules,
which depend on their network centrality. Furthermore, I run simulations where I vary the share of Elite
individuals in society and the threshold of tolerance in discussions, which is a threshold that accounts for
concordant or discordant opinions. I then study the patterns of opinion obtained in the long run by following
the methodology suggested in Devia and Giordano [2022]. The latter provide a method which classifies long-
run opinion distributions into multiple classes such as perfect consensus, consensus, polarisation, clustering,
or dissensus. In doing so, I provide a unifying framework to assess different long-run opinion patterns, in
relation to the existence of highly visible individuals who attract a lot of attention within the online public
discours.

The rest of the paper is organised as follows. First in section 2, I provide a review of the literature
exploring disagreement in social contexts and briefly present the literature in social psychology about hidden
profiles. In section 3, I formally present my heuristic model of opinion formation with two types of individuals
and prove long-run convergence of opinions. In section 5, I run simulations of my model based on network
structures randomly generated following the Barabési and Albert [1999] (BA) model of scale-free networks
using a preferential attachment mechanism. Finally I provide in the last section a discussion and avenues of

improvement.

2 Literature review

The workhorse models of French [1956], Harary [1959], DeGroot [1974] have been established the conditions
under which consensus within a society of interconnected individuals. However, explaining disagreement,
diversity in opinions (Flache et al. [2017]) or the community cleavage problem (Friedkin [2015]) has proven
to be a challenging task and is still an active area of research.

In what follows I introduce the main strands of the literature which tackle disagreement in social contexts
and relate them to my work. In particular, the role played by the specific topology of the network is not
yet at the center stage of this literature and this is precisely one of the main contributions of my model.
For example many papers consider dyadic interactions based on randomly paired individuals (e.g. Deffuant
et al. [2000], Grow et al. [2017], Krueger et al. [2017], Axelrod [1977]). Finally, I introduce the papers in
social psychology that formalise the idea of Hidden Profiles. This literatures provides further behavioural
foundation to my expression heuristic, where people with a low level of popularity hide their opinions (update

a la Degroot) while Elite individuals express their opinions and interact together.

2.1 Disagreement in social contexts

Stubborn agents

One main hypothesis introduced in order to model diversity of opinions or disagreement has been the
introduction of stubborn agents. Individuals remain attached to their opinion in spite of repeated interactions
with others (Friedkin and Johnsen [1990, 1997], Friedkin [2015]). In a close set-up, Yildiz et al. [2013] and



Sadler [2019] introduce stubborn agents in a model where opinions can take only two discrete values either
a or b. Players can be either stubborn, that is they never update their opinion, or they can update & la
Degroot. Nevertheless, the stubbornness of a player is independent of their network position. Hence a
stubborn player who is nor locally nor globally central can have a great impact on the long-run opinions
of all individuals in the network. With that respect, I extend this approach by relating the impact that a

stubborn player can have on others’ long-run opinions, to their popularity or position in the network.

Similarity Bias

Modelling disagreement can also be achieved by assuming that only individuals that are similar enough
can influence each other. Hence consensus cannot be achieved since dissimilar individuals even if they are
connected within a network they do not influence each others’ opinions. The similarity bias hypothesis has
been formalised following different modelling assumptions. Deffuant et al. [2000] specify an opinion updating
rule, where pairs of agents are randomly picked and influence each other only if their opinions are initially
close enough; that is the distance between two real valued opinions is below a given threshold. In his seminal
paper, Axelrod [1977] assumes that the chance of interaction of any pair of individuals is proportional to their
(cultural) similarity; which is measured by assuming that culture can be summarised into a number of finite
traits and then by counting the number of common cultural traits between two individuals. Hegselmann
and Krause [2002] introduce the bounded confidence model, where the key ingredient is to consider the
difference between the opinions of individuals when opinion updating is taking place. In other words, agents
update their opinions by taking an average over the opinions of neighbours whose opinion difference falls
within a confidence interval. When neighbours opinions fall outside the confidence interval they are ignored.
Following the family of bounded confidence models, Grabisch et al. [2022] model diversity in opinion by
allowing new links to get created when the difference of opinions between two individuals is close enough
(below a threshold) and otherwise agents sever existing links with individuals who have distant opinions.
The similarity bias is also revisited through the study of a confirmation bias on online social networks, where
individuals are supposedly exposed to and process content produced by like-minded individuals, while content
which is opposed to their beliefs is rejected. For example, Sikder et al. [2020] and Del Vicario et al. [2017]
explore the confirmation bias hypothesis, in a model with linear opinion updating, in order to rationalise
polarisation within society. Homophily has also been introduced as means of exploring the similarity bias
hypothesis, both in a theoretical and empirical set-up with social networks data. Dandekar et al. [2013]
show that homophily or biased assimilation can be a driver of persistent polarisation in a DeGroot set-up.
Bakshy et al. [2015] provide empirical support for homophily by studying the political colouring of friends on
Facebook and show that the composition of the network of friends is the main factor which limits exposure
to opinions of dissimilar others.

I specifically extend this literature by introducing an opinion updating rule which accounts for the
opinions of neighbours in different ways, depending on whether their opinions fall within or outside the

confidence interval.

Repulsive and attractive influence

Disagreement can be further modelled by including repulsive or negative influence when an individual

interacts with dissimilar others. Jager and Amblard [2004] introduce a model where pairs of agents are



randomly selected. For each pair, if the difference of their opinions is above a given threshold then their
updated opinions drift further appart, otherwise if the difference is smaller than a given threshold then their
opinions converge towards each other. Axelrod et al. [2021] formalise an attraction-repulsion model, where
beyond a tolerance threshold, agents are too dissimilar and their difference increases. Melguizo [2018] studies
persistent disagreement, she allows interactions and attitudes to co-evolve. Hence she departs from the time
independent weights used in averaging neighbours’ opinions in models & la DeGroot, where the network and
the links between individuals are static through out all the interaction periods. The key ingredient used is
to assume that each individual has several attributes. Relationships with other individuals sharing similar
attributes become more intense, while relationships with dissimilar others deteriorate. On the empirical side
of the literature, Conover et al. [2011] show that ideologically opposed individuals do interact together on
Twitter without necessarily broadcasting content that is not aligned with their views, hence giving support

to a theory of social influence which includes a repulsive effect.

2.2 Hidden profiles

The idea of introducing in an opinion formation model, two types of individuals depending on their influence
or popularity in society, is also grounded in the Hidden Profiles literature in social psychology. Stasser and
Titus [1985] document how individuals in social contexts, do not always share the information they hold.
The starting point of their research is to challenge the common belief that a group of individuals should
be able to take a better decision than each individual on their own by pooling the members’ knowledge
and expertise. Namely, group discussion or communication is believed to have a corrective function because
members can each have incomplete information but together they can gather the different pieces of the
puzzle. The authors ran an experiment in which they simulate a political set-up where a group has to elect
one of three candidates: Best, Okay and Ohum. In a first protocol, they distributed a different subset of
desirable traits of Best and a different subset of Okay’s undesirable traits over the members of the group,
such that from each one’s individual perspective Okay appeared more positive than Best. Before discussion
Best received 25% of endorsement. Since the whole group had complete (but dispersed) information about
Best they could exchange it and come to the conclusion that Best was actually the best candidate. Yet
after group discussion, surprisingly the percentage of endorsement for Best remained at 24%. This finding
suggests that unique information held by some members of the group about candidates were not being
shared. In a later study, Stasser et al. [1989] showed that unique pieces of information are less likely to be
mentioned during group discussion. One explanation is that social status, expertise or popularity can be a
driver for expression. In fact, Jr. et al. [1996] suggest that repeating a unique piece of information, leading
to the formation of group opinion during a discussion, is more likely by higher status members (experts,
leaders, etc.) rather than lower status members. They ran an experiment with residents, interns and 3rd-
year medical students and they show that residents were more likely to repeat (unique) information when
compared to interns and students.

Hence, in my model I borrow the motivation behind the Hidden profiles literature to model the difference
in opinion updating as a function of one’s popularity. Clearly in my model there is no information to
aggregate nor a “best” final decision to take. However studying opinions build up within a society can be
extended to include a final phase where individuals have to take a decision, like for instance voting for

political candidates.



3 The Model

3.1 A Heuristic model of Elite interactions

I consider a model where a set of individuals are embedded in a social network represented by a connected
and undirected graph G = (V,E). The nodes V represent individuals where |V| = n and the edges E
represent a relationship or a conversational channel between two individuals. I denote by N; the set of
neighbours of individual 4, where N; = {j € V : (i,j) € E}. Let G be the adjacency matrix associated to
the graph G with entries ¢g;; = 1 whenever (4,j) € E and I assume that g;; = 1 (or equivalently (7,¢) € E).
Individuals hold opinions x(t) € [—1,1]" which represent their stance about a given issue at time period
t € N. The extreme points —1 and 1 represent opposing viewpoints. An opinion formation process describes
how individuals update their opinions x(¢) at time period ¢ as a function of x(¢ —1). In the seminal DeGroot
[1974] model, the updated opinion of an individual is the weighted average of their neighbours’ opinions at

the previous time period, including their own opinion, that is:

z;i(t) = |]\1m Z.Tj(t_l). (1)
JEN;

If the social network structure is (strongly) connected and aperiodic, and individuals update their opinions
according to (1), then they reach consensus of opinions in the long-run. In my model, I modify this rule by
linking the opinion updating process to both the network topology and the distribution of initial opinions.
Let C;(G) be a real valued centrality measure, which represents the influence of individual ¢ in network G. Let
C*(G) be a threshold, which represents a cut-off value (e.g. 95" percentile) above which individuals belong
to an influential Elite. The opinions of individuals with a centrality strictly below the Elite threshold
C*(G), get updated according to the DeGroot opinion formation process described in (1). Individuals
with a centrality above the FElite threshold update their opinion according to a process which () includes
an attractive and repulsive effect, reflecting respectively the opinions of two linked individuals which are
concordant (discordant) and get further attracted (repulsed) to (from) each other, (i7) only takes into account
the opinions of individuals with a centrality above the Elite threshold. More specifically, two individuals 4
and j have concordant opinions (like-minded) at period ¢ > 0, whenever |z;(t) — z;(t)| < 7, for 7 € (0,2)
the tolerance threshold, otherwise their opinions are discordant (ideologically-opposed). Formally, Elite

individuals update their opinions according to the following process:
z;i(t) =1, ifa,(t—1)>1
xi(t) = —1, ifz;(t—1) < -1 (2)

l’z(t) in(t—l)—‘y—A(t—l), ifxi(t—l) €(-1,1)

where

At —1) = pu( Z Gij(t — D (t — 1) — it —1)]
o ér2c ()

— > [1=dyt = D)t — 1) — @t - 1)])

JEN;
C;(9)=C*(9)



and p € (0,p;) and 0;5(t — 1) = 1fje;(t—1)—2;(t—1)|<-} is an indicator function that takes the value 1 when
the opinions of individual ¢ and their neighbour j are concordant at the previous period. The parameter p,
which controls the speed of the process, is in the interval (0, ;) to respect a Boundary condition explained in
Appendix A.2. The first and second term in A(¢t—1) (3) reflect respectively the attractive and repulsive effect
in the updating process of individual i, when interacting with an individual j whose opinion is concordant

or discordant.
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Figure 1: Left panel: wheel graph with Elite individuals who hold initial concordant opinions
xo = [0.3,—-0.1,0.1,0.2,0.3,0.4,0.5]. Right panel: the evolution of opinions over time, with the
parameter p = 0.1.
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Figure 2: Left panel: wheel graph with Elite individuals who hold initial concordant opinions
xp = [-0.5,0.5,—0.6,0.6, —0.7,0.7, —0.8]. Right panel: the evolution of opinions over time, with the
parameter p = 0.1.

Figures 1 and 2 provide a simple example of the opinion formation process (2). I take 7 individuals
connected in a wheel graph. The associated adjacency matrix G is such that gi2 = g2z = g34 = gas = gs6 =
ge7 = g71 = 1. I further assume that the tolerance threshold, at which opinions are concordant or discordant,
is 7 = 0.5. Figure 1 illustrates long-run consensus. Unlike the DeGroot [1974] model, consensus is reached
here, only because the initial opinions of each pair of neighbors are concordent, that is their difference falls
below the threshold 7 = 0.5. With the original DeGroot [1974] model, even if individuals have opinions
which are very distant, they end up converging in this network. In Figure 2, each individual has at least
one neighbour with a discordant opinion and in the long-run opinions become bipolarised, meaning that
opinions are concentrated at the two extreme values 1 and —1. Other initial opinion distributions, that are
different than the ones selected for the previous toy examples, produce final opinion distributions that can

fall between the extreme cases of consensus and bipolarisation.



4 Analytical results about opinions in the long-run

In this section, I provide a simple convergence result of opinions in the long-run. To reach that result, I use
standard linear algebra theorems. In proposition 1, I characterise long-run opinions for two extreme cases.
First, when an Elite individual is not connected to any other Elite individuals; then their long-run opinion is
exactly their initial opinion, that is such individuals can be be characterised as stubborn. Second, whenever
an Elite individual is connected to other Elite individuals who are like minded, in the long-run they hold
an opinion which is the average opinion of this group of individuals. Furthermore, I show in Lemma 1, that
when a pair of Elite individuals are initially like-minded they take a longer time to reach consensus. But
when the pair of Elite individuals have discordant opinions, they disagree at a much faster rate. Finally,
I characterise the long-run opinions of all individuals by defining a hearing matrix, which summarises who

influences whom by distinguishing Elite individuals and normal individuals.
Definition 1 (Connected set of Elite individuals £) Let G be a given network structure. A connected
set of Elite individuals £ C V is a set of individuals such that:

(1) vie &, C;(9) = C*(9)

(13) Yi#j €&, 3Giky X Griks --- X gy > 0, for individuals ky,...k € E.

Proposition 1 Let G be a network of interpersonal relationships, x(0) an initial opinion vector and consider

E CV a given connected set of Elite individuals.

(1) (Stubborn) If || =1 and € = {i} then

(1) (Like-minded) If €| = &k > 1 and Vi # j € &, |:(0) — 2;(0)] < 7, then for p € (0,1/k) and

jl,A..7jn€(€ﬂNi,

I >1, Ve >t ai(t) = Ba

Proof 1 See Appendiz A.2.

Lemma 1 Let i # j € £ C E such that |€] = 2 and tx() = min{t : |x(t) — x(00)| < €} . If x5, is the long-
run opinion vector when |x;(0) —x;(0)| < T and X, is the long-run opinion vector when |x;(0) —x;(0)| > 7

then txr < txa_.

Proof 2 See Appendix A.3.

Now, I build a hearing matrix which takes into account who listens to whom, depending on the type of
individual. I study the long-run behaviour starting at the time period where pairs of ideologically-opposed
connected Elite individuals have repulsed each other towards the most extreme opinion. As I have shown

in Lemma 1, given the parameter p in the law of motion (3), a pair of ideologically-opposed connected



Elite individuals repulse each other at a faster rate than a pair of like-minded individuals who debate to
reach a consensus. Formally let ¢t* > ¢ be the time period by which the least ideologically-opposed pair
of directly connected expressers, in the group of individuals N, have repulsed each other to reach opinions
at the upper and lower bound of the opinion interval. That is, for any period ¢ beyond time period t*,
ideologically-opposed neighbours, are no longer updating their opinions and have long-run opinions that are
either 1 or —1. Given a network G representing interpersonal relationships, denote by G the hearing matrix

with typical entries §;;, described below:

Normal individuals. For each individual ¢ € N such that C;(G) < C*(G), the entries in the hearing
matrix become g;; = g:;/d;i, Vj € N.

Elite individuals. For each individual i € N such that C;(G) > C*(G), there are three cases to consider.

(i) For all i € N in a connected set of Elite individuals £ such that || = 1 (stubborn), the entries of the
hearing matrix G are: §;; = 1 and gij = 0 for all j € N;.

(ii) For alli € N in a connected set of Elite individuals € such that |£] = k > 1 with like-minded neighbors
at period t*, the entries of the hearing matrix G are: §i; = 1 — |N; N E|p, §ij = p for j € N;NE and
i =0,V & N;NE.

(iii) For all 4 € N in a connected set of Elite individuals £ such that || = k > 1 with ideologically-opposed
neighbors, i.e. Vi # j € € and j € N; N &, |x:(t*) — x;(t*)| > 7, the entries in the hearing matrix G
are: Gy = §j; = 1, gir = 0 for all k € N; and g, = 0 for all k € Nj.

Notice that all the entries of the hearing matrix G are positive and each row sums up to one. For a given

network structure GG, the process of interpersonal influence describing the evolution of opinions at period

t > t* is given by the following equation:
x(t +1) = Gx(t) (4)
By induction, the opinions at period ¢ > t* are given by G'x(t*) and the limit yields the long-run
opinions.
Theorem 1 Given x(t*) € [~1,1]" a vector of opinions at period t* and a hearing matriz G associated with

the network structure G, the long-run opinions are :

Xoo = (lim G)x(t*) = Gx(t*) < oo,

t—o0

where G is the spectral projector associated with the eigenvalue 1. Moreover, the algebraic multiplicity of the

eigenvalue 1 is equal to the number of essential classes of the hearing matriz G.
Proof 3 See Appendiz A.)

The columns corresponding to Normal individuals in the matrix G are all zero, meaning that in the long-
run the initial opinions of such individuals vanish. Their opinions remain hidden through out the periods of

interaction. As for the columns corresponding to Elite individuals, they have at least one strictly positive



entry. In particular, the long-run opinions of Normal individuals are exactly convex combinations of initial
opinions of Elite individuals. In other words, the long-run opinion of Normal individuals is affected by the
long-run opinions of all the Elite individuals to whom they are connected, through a path of other Normal
individuals. Hence, the total impact of the initial opinion of a given expresser ¢ € N over long-run opinions
can be assessed by considering the total weight an Elite individual has in the long-run opinions of other
individuals. This motivates the introduction of the following statistic, to assess the total influence of each

Elite individual in the network.

Definition 2 (Spectral influence) Given a network structure G, a hearing matric G and its limit G, the

spectral influence of individual i € N = {1,...,n} is:
1 !’
i = —(9 1n)s,s
si= L'

where 1, is a column vector of ones.

5 Simulations

In this section I explore the model by means of simulations. I utilise the framework provided by Devia
and Giordano [2022]. Their framework consists in classifying long-run opinion distributions into multiple

qualitative categories, such as consensus, polarisation, clustering or dissensus.

5.1 Steps of the simulations

To run the simulations, I generate scale-free networks following the Barabasi—Albert (BA) algorithm with n
nodes and m hubs. I choose this specific algorithm, rather than small world networks or random networks,
in order to be able to capture differences in nodes’ (individuals) centrality in the generated graph. The
BA algorithm starts with m nodes, which are the number of hubs. Then at each step creates a new node
with m edges which get attached to m other nodes in the graph. Pre-existing nodes receive new links with
a probability proportional to their degree, hence the algorithm exhibits preferential attachement. For my
simulations, I set n the number of nodes to 2000 individuals and I run the simulations with 1 hub then 2
hubs, in order to capture increasing connectivity in the network.

Second, I generate initial opinions by drawing each individual’s initial opinion from a uniform distribution
over [—1,1]. I use the same initial vector of opinions for multiple simulations in order to avoid any effect
that would come from the uniform distribution.

Third, to identify Elite individuals as opposed to Normal individuals, I compute each individual’s degree
centrality. I select degree centrality for out of simplicity but more sophisticated centrality measures, such
as Eigenvector centrality or more local centrality measures which would make more sense depending on the
community of individuals that is being studied, can be easily used.

Fourth, to run the simulations with the previous characteristics, I test (i) different thresholds for the
degree centrality that yield, for example a share of only 10% individuals that are Elite and, (i7) I vary the
parameter 7 € [0, 2], which is a tolerance threshold such that if difference of opinions of two connected Elite
individuals fall below this threshold then they are like-minded and attract each other, otherwise they repulse

each other. When 7 = 0 it means that there is very little tolerance in discussions and any small difference in

10



opinions make individuals repulse each other, while 7 = 2 means that individuals are very patient and can
interact with individuals with opinions that are very distant from theirs. Finally, I run robustness checks
by allowing the selection of Elite individuals to be done at random, as opposed to individuals who have a

degree centrality above a specific threshold, for the exact same generated network structure and the initial

opinion vector.
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Figure 3: Simulations are run with 1 initial hub. The x-axis corresponds to the share of Elite
individuals in society and the y-axis corresponds to the agreement threshold, which determines
whether two Elite individuals have concordant or discordant opinions. Left panels: Elite individuals
are selected such that they are the most central in terms of degree centrality. Right panels: Elite
individuals are selected at random among the total population.

5.2 Results

To run the simulations I generate one single network structure and one single uniform opinion vector, then I
use them for two sets of simulations: (7) first the case where a given share of Elite individuals are individuals
who have the highest degree centrality in the network, (i¢) second the case where Elite individuals are chosen
at random in order to test the effect of my model. I use the same generated network and the same initial
opinion vector in order to avoid confounding effects. I adopt the framework of Devia and Giordano [2022]

for my model in order to classify long-run opinions distribution into multiple qualitative categories below,
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Figure 4: Simulations are run with 2 initial hubs. The x-axis corresponds to the share of Elite
individuals in society and the y-axis corresponds to the agreement threshold, which determines
whether two Elite individuals have concordant or discordant opinions. Left panels: Elite individuals
are selected such that they are the most central in terms of degree centrality. Right panels: Elite
individuals are selected at random among the total population.

to which I add perfect polarisation where the whole society is split between two distant groups:*

e Perfect consensus the absolute majority chooses the very same opinion;

e Consensus the absolute majority chooses approximately the same opinion;

Polarization the absolute majority is split between two ‘distant’ opinions;

Clustering the absolute majority is split between two or more groups;

e Dissensus the majority of the opinions are uniformly distributed.

The top left panel of figure 3 shows the final opinions for the whole society when the network is generated
with 1 initial hub, where an increasing share of Elite individuals leads to increasing polarisation and a higher
agreement threshold leads to more consensus. Notice that since Elite individuals are selected such that they
are the most central (influential) individuals within the network, only a share of 1% of Elite individuals can
lead to polarisation when the agreement threshold is at 7 = 0.5. Furthermore for a very high share of Elite
individuals in society (more than 35%) consensus can be reached provided that the agreement threshold is
above 7 = 1. That is with more tolerance in discussions, ideologically opposed Elite individuals can discuss
long enough to reach consensus. For an agreement threshold at 7 = 1.5, and a relatively small share of Elite

individuals (4% or 5%) clustering of final opinions is observed.

IThe exact encoding of long-run opinions can be found in appendix A.1
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When we compare the top left panel of figure 3 and 4 where the network was generated with 2 hubs, we
obtain different results. With a share of Elite individuals between 2% and 20%, provided that the agreement
threshold is strictly below 7 = 1.5, the society is in a situation of opinion dissensus and opinion clustering.
Hence increasing the number of hubs leads to a higher density of the network, which translates into Normal
individuals being exposed to more FElite opinions. With only 1 hub the diameter of the network, which is
the longest shortest path between two nodes, is 21 while with 2 hubs the diameter drops to 8. Furthermore,
with 2 hubs Flite opinions are similar to Elite Opinions with 1 hub, where perfect polarisation is observed
for a share of Elite that ranges from 1% to 100% in society, with a tolerance threshold strictly smaller than
7 = 1.5. This is because the repulsive or attractive effect operate for pairs of interacting Elite individuals.
Hence, even if the network is not very dense and an Elite individual is directly connected to one ideologically
opposed neighbour, this link is sufficient to make them repulse each other to extreme opinions and since
networks are generated with the BA algorithm Elite individuals are more likely to be connected to each
other. However, the significant difference between the situation with 1 and 2 hubs is observed for the
opinions of Normal individuals. Namely, with 2 hubs, the opinions of Normal individuals are clustered
or form dissensus because they have a larger number of links to multiple Elite individuals, as opposed to
the situation with only 1 hub where basically the opinions of Normal individuals can be captured by one
specific Elite individual to whom they are connected.

Finally, both in figures 3 and 4, the right panels show the final opinions when FElite individuals are picked
out at random in the population rather than assigning the most central individuals as Elite individuals.
We see that the distribution of final opinions is significantly different, for all the considered cases of the
simulations thus demonstrating the effect of the centrality of FElite individuals on final opinions within
society. I provide in the appendix in figures 5, 6, 7 and 8 the exact final opinion distributions without

breaking them down into the opinion categories of Devia and Giordano [2022].

Conclusion

The present research aimed to formalise an opinion formation model, which produces a broad range of opinion
patterns that result from interactions between interconnected individuals, while accounting for modern means
of communication and information dissemination. To do so, I have introduced a new heuristic in a DeGroot
like opinion formation model, namely I distinguish two types of individuals, Elite individuals who receive
a lot of attention and Normal individuals who represent the rest of the society. This heuristic is justified
by the modern structure of online social networks where a happy few receive most of the attention online,
such as politicians, TV anchors, journalists, musicians, actors, etc. With simulations I show that by varying
the share of Elite individuals in society, the density of relationships in terms of exposure to a multiplicity
of opinions of Elite individuals and the level of Tolerance in discussions, we can reproduce a broad range
of opinion distributions. In particular, the opinions adopted by Normal individuals depend on which Elite
individuals they are connected too and how many. Even though the opinions of Normal individuals are not
influential, they contribute into making one or many opinions of Elite individuals become more popular.
More broadly, these modelling heuristics, aim at shedding light on our perception of opinion polarisation
within society. Namely, i highlight the idea that Elite individuals do and can hold very polarised opinions,
while normal individuals can have much more nuanced opinions since they can be exposed to many Elite

individuals. In other words, our perception of what Public Opinion might be about a given topic, can be
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simply biased by how we perceive the opinions of the most vocal and visible individuals.
For future research, I would like to extend the results by considering different initial opinion distributions
and real life social network structures. Namely, it would be interesting to investigate which long-run opinions

we get when normal or Elite individuals have skewed initial opinions rather than uniform.
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Appendix

Coding of final opinions

Below I provide the exact shares and parameters I use for the classification of final opinions, as I adapt the

framework of Devia and Giordano [2022].

Perfect polarisation: the whole society is split between two distant groups where each group represents

at least 40% of the population, and the opinions distance is at least 7 = 1;

Polarisation: at least 75% is split between two distant groups where each group size is between 25%

and 40% of the population, and the opinions distance is at least 7 = 1;

Clustering: the absolute majority is split between two or more groups, whose opinions distance is

strictly smaller than 7 = 1;
Dissensus: the majority of the opinions are uniformly distributed;
Consensus: at least the absolute majority of the society holds approximately the same opinion;

Perfect consensus: at least 75% holds the exact same opinion.

A.2 Proof of Proposition 1

(/) When |£] = 1 it means that individual ¢ € £ has no direct neighbors who choose to express, hence

individual 7 never updates their initial opinion and their long-run opinion is exactly their initial opinion

Xi(O).

(44) Suppose without loss of generality that || = k. If || = k > 1 and all individuals ¢ € £ are
like-minded, that is Vi # j € &, |x3(0) — x;(0)| < 7 then for p € (0,1/k) the opinions get updated in the

following way:

x1(1) =x1(0) + 1 Y gi5(x;(0) — x1(0)),

J#ALEE

X (1) = %4 (0) + 11 Y _ g (x5(0) — x4(0)),
Jon

x1(1) = (1= ndi(€))x1(0) + 1 Y 91;%(0),

J#LEE

(1) = (1 — pdn (€))% (0) + 1Y gojx;(0),

where d;(€) = ZjES gi; corresponds to the number of Elite individuals that are in the set of connected Elite

individuals £ and are also direct neighbors of individual ¢ € £. Writing the above system in matrix notation

and using induction we get the following relation :

Xg (t) = Mth (0),
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where xg(t) = (x1(t),...,%x:(t)7, x£(0) = (x1(0),...,%.(0))T and M an x x k symmetric matrix with
diagonal entries m;; = 1 — d;(€)p and off diagonal entries m;; = pgi;, for j # i € £ Hence, M is a
symmetric matrix, with non-negative entries and whose columns and rows sum to one. In order to get the

long-run opinions we need to compute lims— o0 Xg () = lim¢— oo Mtxe (0).
Claim 1 lim; oo M? exists.

This limit exists because all the eigenvalues of the matrix M are smaller or equal to 1. To see this, simply
recall that by the Gershgorin Circle Theorem (1931), the eigenvalues of the square matrix M belong to
the union of its Gershgorin disks. In the case of the matrix M the Gershgorin disks? write for each i € &,
Di={z eR:lz—mi| <3, |mi|} ={z €R: |z — (1 —-di(€)p)| < di(€)p}. Hence, the upper bound of
the eigenvalues of M is given exactly by max;ee (1—d;(E)u)+d;(E)u = 1. Now I will show that lims—, o x£(t)

is exactly the average of the initial opinions of individuals 1,...,k € €.

Claim 2 Let 1,4 be a matriz of ones of size p X q. limy_yoo M* = 11,111 .

Intuitively, since at each time period every updated opinion of an expresser is a convex combination of the
opinions of like-minded neighbors who also express, the long-run opinions converge to the average of initial
opinions of the members of the connected set of expressers. Formally, I use theorem 1 in Xiao and Boyd
(2004) Xiao and Boyd [2004], which states that lim¢— oo Mt = %lﬁ,lll,m if and only if (7) the vector 1 is a left
eigenvector of M associated with the eigenvalue one, (i7) the vector 1 is a right eigenvector of M associated
with the eigenvalue one, (i) one is a simple eigenvalue of M. Conditions (¢) and (i¢) hold for the matrix
M because it is symmetric and row stochastic. To see this, one can simply sum the entries over a given row
i€ E Mii + 3 e iz = 1 — diE)p+ 2 sice Gisht = 1 — di(E)p + di(€)p = 1. Since the matrix M is
symmetric, it is also column stochastic and the vector one is a left and right eigenvector of the matrix M
associated with the eigenvalue one. Finally, condition (iii) holds because the matrix M is irreducible with
non-negative entries; because the set of individuals in £ is connected and they are all like-minded, in the

sense of definition 1. Hence the eigenvalue 1 is simple (Perron-Frobenius Theorem).

A.3 Proof of Lemma 1

Case 1: [x;(0) — x;(0)] < 7. The law of motion 3 rewrites:

xi(t) = (1— it — 1) + pxy(t — 1)
x;(H) = (L= p)xy(t = 1) + pxi(t — 1)

We can write the above system in matrix notation:

ot S O i
x;(t) poo 1—p) %t —1)

2All the eigenvalues of M are real because M is a real symmetric matrix.
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=Mm?

,—/—t )
xi@) _jl-n p xi(0) induction
- [Xj(t)} a { m 1_J LJ'(O)_ (by induction).

Moreover, we can diagonalize the matrix M* so that we can compute the limit easily:

qt
[V R
woo l—p

BN bk 0 /2 1/2
1o a-2wt||-1/2 1/2|°
For p € (0,1/2), lim¢—y00(1—21)" = 0. Notice that this is equivalent to upper bounding the distance between

opinions at a given period t and the limiting opinions by the second highest eigenvalue.® It follows that
when the opinions of ¢ and j are close enough then they converge exactly to their average:

o o [x@] [z 12] [xio)] [0
Xoo = lim = = | x40 | -

x;(t) /2 1/2] x;(0) —
For € > 0, the time t, it takes to convergence is: t, > %.

Case 2: |x;(0) — x;(0)] > 7. The law of motion (3) rewrites:

xi(t) = xi(t = 1) + p(xi(t — 1) — x;(t — 1))
x;(t) = x;

gt = 1)+ p(x(t = 1) =xi(t = 1))

xi(t) = (1+ p)xi(t — 1) = o (t — 1)
=4

x;j(t) = (L4 p)x;(t — 1) — pxi(t — 1).
We can write the above system in matrix notation:

x@t)| |1+p  —p | |x@E-1)
x;(t) —n l4p] |x(t—1)
=M?
—_—
3 -
i(t 1 — (0
s | ®) _ |t K xi(0) (by induction).
x;(t) —n 14p] |x;(0)]
Moreover, we can diagonalize the matrix M* :
qt
Mt — I+p  —p
—n 1+

ISR 0
I O B I R G A L

The limit opinions of 7 and j are:

/2 1/2
-1/2 1/2|°

3For more details on this topic in linear algebra See Silva, Silva and Fernandes (2016)Silva et al. [2016].
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Xoo = lim |:Xl(
x; (
o L[0T (420" [%i(0)
T 500 2 17(1+2M)t 1+(1+2p)t Xj(o)
i L {Xi@ +3,(0) + (x:(0) — 3,(0) (1 + 20)"]
t=00 2 |x,(0) +x;5(0) + (x;(0) — x4(0)) (1 + 2p)°*

For any positive p this limit explodes. However, recall that opinions have an upper 1 and lower bound —1.
It follows that when the opinions of 7 and j are faraway they diverge until they reach the upper and lower
limit of opinions. Moreover, there exists a time ¢ for a given g > 0 such that that we remain within the

permitted bounds. To find this time ¢ given p, we must solve:
3 (xi(0) +x;(0)+

(xi(0) =x;(0)) (1 +2w)") =1, if xi(0) > x;(0)

1 (xi(0) +x;(0)+
(x:(0) —x;(0))(1 +2p)") = =1, if x;(0) < x,(0).

Given p, we get the following ¢, (for integer values take the floor function):

2—x;(0)—x,; (0
log (,%&f)%xg{oﬁ))
t. = log(1+42p)
r ~2-%;(0)~x;(0)
log (W)
log(1+2u)

if 1> x:(0) > x;(0) > —1

if —1<x;(0) <x;(0)<1.

For very small € and u € (0,1/2), it takes a very large number of periods to reach consensus while to reach
the bounds 1 an —1 the individuals take a finite number of time periods. In other words, ¢, < t, because we
can always find a small enough € such that the inequality holds. Formally, we solve the inequality t, > ¢,

for € > 0, for the case where x;(0) > x;(0) (similarly for the other case) and ¢, at its lower bound:

2-x;(0)=x;(0)
log(€) log ( %:(0)=x,(0) )
log(1 — 2u) log(1 + 2u)

2—x,(0)—x,;(0)

log(1 +2u)

e < exp(

A.4 Proof of Theorem 1
A.4.1 Comments to explain the theorem

A few comments are in order.

First, the entries of the hearing matrix G are all non-negative and all the diagonal entries are strictly
positive. Moreover it has rows and columns that sum to one. Hence, the eigenvalues of G are all lower or
equal to 1 and lims oo G? exists. The entry on the row 7 and column j of the matrix lim;_, o Gt is the weight

(between 0 and 1) that the opinion of individual 7 at period ¢* has in the final opinion of individual j.
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Second, the hearing matrix G is a reducible. To see this, recall that consensual individuals account for
the opinions of all their neighbors, while Elite individuals only account for the opinions of neighbors who
also express (when such neighbors exist). Hence, there always exists at least one path starting at a node
that represents a consensual individual and that ends at a node representing an expresser. However, there
does not exist any paths that start at a node representing an expresser and that end at a node representing a
consensual player. In particular, a set of individuals C C N is called an essential class (Seneta (1981)Seneta
[1981]) if there does not exist a path starting at an individual ¢ € C and ending at an individual j € N \ C.

Third, the multiplicity of the eigenvalue 1 is equal to the number of essential classes in the hearing
matrix G. To see this simply, consider a circle as a network structure with exactly k individuals, where
each individual has two neighbors and where initial opinions are such that each individual has at least one
neighbor who is ideologically-opposed. For this network structure, given the expression threshold §* = 1,
all individuals choose to express. Since each individual has at least one ideologically-opposed neighbor, each
individual reaches an extreme opinion of 1 or —1 after few periods of interaction. In this setting, individuals
no longer take into account the opinions of other Elite individuals in the long-run and each individual forms
an essential class on their own. Hence, the hearing matrix Gis simply the identity matrix of size k and the
multiplicity of the eigenvalue 1 is exactly k. Beyond this example, the only case where an essential class is
not a singleton is the case where there is a group of individuals that form a connected set of Elite individuals
(see definition 1) that are like-minded. In other words, there exists a path connecting each pair in this
connected set of Elite individuals at each time period of interaction, but no paths from any of those Elite
individuals to an individual outside this set. I summarize the above discussion in the following theorem and

provide a proof which makes use of standard linear algebra results.

A.4.2 Proof

Part (i) convergence: let A be an eigenvalue of the matrix G. Recall that the algebraic multiplicity of X is
the number of times it is repeated as a root of the characteristic polynomial and the geometric multiplicity
of A is the maximum number of linearly independent eigenvectors associated with A. An eigenvalue is semi-
simple if its algebraic multiplicity is equal to its geometric multiplicity (definitions p.510, chapter 7, Meyer
(2000) Meyer [2000]). For G € R™ ", lim;— o G* exists if and only if p(G) < 1 (the spectral radius) or
else p(G) = 1 where A = 1 is the only eigenvalue on the unit circle and A\ = 1 is semi-simple (see Limits
of Powers page 630, chapter 7, in Meyer (2000) Meyer [2000]). Moreover, for every stochastic matrix, the
spectral radius is 1 and it is semi-simple (p.696, Chapter 8 in Meyer (2000) Meyer [2000] or see Corollary 2,
page 2214, in Ding and Rhee (2011) J.Ding and Rhee [2011]). Since, matrix G is a stochastic matrix, it has

a spectral radius of 1 and it is semi-simple. Therefore, Gisa convergent matrix.

Part (ii) spectral projector: when lim;_, G exists, it is equal to the spectral projector associated with
eigenvalue 1 (again see p.630, chapter 7, in Meyer (2000) Meyer [2000]).

Reminder from p.629 Meyer (2000) Meyer [2000]. Recall that a row stochastix matrix A can be
decomposed using its Jordan form J:
S {IW 0

0 K
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where Ipxp is the identity matrix of size p, with p the algebraic multiplicity of the eigenvalue 1 and K
a diagonal matrix with entries corresponding to remaining eigenvalues which are strictly smaller than 1.
Hence, Gt = PJ*P~'. Now write P = (P1, P2) where P; are the columns that correspond to the eigenvectors
associated with the eigenvalues 1 and P> are the columns that correspond the eigenvectors associated with
the remaining eigenvalues which are strictly smaller than 1. Similarly P! = Q = (Q1;Q2) with Qi the
lines associated with the eigenvalues 1. Since K’ vanishes when ¢ is large because all the diagonal entries
are strictly smaller than one, lim;—eo G5 = P1Q1 which is the spectral projector of the eigenvalue 1.

Part (iii). The multiplicity of the eigenvalue 1 is equal to the number of essential classes. Recall
that from Seneta (1981)Seneta [1981]: we say that i leads to j and write i — j if there exists an integer
m > 1 such that t7} > 0 (chain between i and j). We say that i and j communicate if i — j and j — i and
write in this case i <> j. The index i is called essential when : i — j implies i <> j and there is at least
one j such that i — j. It is therefore clear that all essential indices (if any) can be subdivided into essential
classes in such a way that all the indices belonging to one class communicate, but cannot lead to an index

outside the class.

The matrix G can contain several essential classes that are either: (i) singletons, when an expresser has
reached the upper or lower bound of the opinion interval and is no longer updating their opinion (one self-
loop), or (i1) contain more than one expresser, this occurs when individuals within a connected set of Elite
individuals are like-minded and keep updating their opinions until they reach consensus. Each sub-matrix
of G corresponding to an essential class is row stochastic, because (a) there are no outgoing edges from
the members of the essential class to members outside the class by definition and (b) the matrix G is row
stochastic. Furthermore, a sub-matrix corresponding to a single self communicating class is irreducible.
Hence, each sub-matrix corresponding to an essential class is an irreducible aperiodic (because of self-loops)
stochastic sub-matrix and by the Perron-Frobenius theorem of non-negative matrices, each such sub-matrix

has an associated eigenvalue 1 that is simple.

Finally, the matrix G can be interpreted as an n-state Markov chain. Form Seneta (1981) we further know
that if an n-state MC con<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>