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On the small-time bilinear control of a nonlinear heat equation: global
approximate controllability and exact controllability to trajectories

Alessandro Duca,* Eugenio Pozzoli f Cristina Urbani?

July 15, 2024

Abstract

In this work we analyse the small-time reachability properties of a nonlinear parabolic equation, by means
of a bilinear control, posed on a torus of arbitrary dimension d. Under a saturation hypothesis on the control
operators, we show the small-time approximate controllability between states sharing the same sign. Moreover, in
the one-dimensional case d = 1, we combine this property with a local exact controllability result, and prove the
small-time exact controllability of any positive states towards the ground state of the evolution operator.

Keywords: bilinear control, heat equation, approximate controllability, exact controllability, moment problem,
biorthogonal family
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1 Introduction

In this paper we study controllability properties of the following Nonlinear Heat Equation on the d-dimensional
torus T¢

{atzp(m) — (&= kot 0 + (w(t), Q@) )v(ta),  weT t>0, (NEE)

Pt =0,) = vo("),

where d,p € N*, k € R, the operator A = Ele 68722 is the Laplacian and Q = (Q1, ..., Qq, 11, 12) : T — RI™2 is a

smooth fixed function. The R9™2-valued function u € L} (RT,R%"2) plays the role of a control. This means that u
is the function that can be chosen to steer the solution of the problem towards a desired state. Observe that our

control depends only on time.

In numerous practical problems from chemistry, neurobiology and life science, the evolution of a specific system
is subjected to a control which is not external but rather a modification of the principal parameter of the evolution.
In these cases, it can be appropriate to consider evolution equations in the presence of multiplicative controls. Such
controls are called bilinear and take the form of (u(t), Q(x)) (as in the equation (NHE)) when only the time-depending
intensities can be adjusted, while the spatial parts are fixed.

An example of a parabolic model with a dynamics governed by a multiplicative control is the distributed
parameter control model studied by Lenhart and Bhat in [13]. In this work, the authors consider the wildlife damage
management for controlling population of diffusive small mammal species such as beavers, raccoons and muskrats.
These small mammal species often damage human interests and it is important to study the possibility to control
their dispersal behaviour. The migratory habit of such animals presents obviously an additional complication. For
instance, their removal from any habitat may cause the attraction of other individuals from nearby lands and a
consequent increase of the trapping cost. In [13], the authors study the dynamics of the population density of one of
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this species given by a control model incorporating dispersive dynamics and a multiplicative control which represents
the trapping. In such a work, the evolution is modelled by an equation of the form

Op(t,x) = (@A 4+ a —bo(t,z) + p(t, x))e(t, ), t>0, (1.1)

where ¢ is the population density, « is constant, a and b are growth parameters and p is the rate of trapping which is
used as a control. When one can control the time-dependent intensity of the trapping but not its spatial distribution,
it is possible to separate the variables of function p and write

p(t,x) = u(t)u(@).

This choice leads to a new formulation for the evolution model where the actual control is the function v and the
equation, for a = 0, takes the form of (NHE).

Global approximate controllability on the d-dimensional torus

Let us consider the following vector space:
Ho = spang{Q € ﬁ}, with = {Q1,...,Qq}

We also introduced the vectors
K= {(1,0,...,0),(0,1,...,0),...7(0,...,1,0),(1,...,1)}.
Assumptions I. The potential Q = (Q1, ..., Qq, pt1, pt2) is such that HcC C>(T4,R) and
{1, cos(k, z), sin(k:,gc>}k€,C C Ho. (1.2)

We now present the first main result of the paper, that is, a small-time global approximate controllability property
of (NHE) between states sharing the same sign.
In what follows, we denote by
w(t7 1p07 U)
the solution of (NHE) at time ¢, associated with initial condition ¢y and control u. Of course, it is intended that we
will look at such solutions only when existence is ensured (see Proposition (2.1).

Main Theorem A. Let s € N* be such that s > d/2. Assume Assumptions I be verified. Then, (NHE) verifies the
following small-time approximate controllability properties.

o Let 1,1 € H*(T4 R) be such that sign(yg) = sign(v1). For any € >0 and T > 0, there exist T € [0,T] and
(u1,...uq) € L*((0,7),RY) such that
|e0(75 %0, u) = 1| . <€
with w = (u, ..., uq, 0, 0).
o Let g,y € H*(T4 R) be such that 1,1 > 0 (or g,¢1 < 0). For any e > 0 and T > 0, there ewists
(u1,...uq) € L*((0,T),R?) such that
[0(T5 %00, u) = ha |y < e
with w = (u, ..., uq, 0, 0).
Main Theorem A is a specific case of Theorem 3.3 where approximate controllability is ensured with general
control potentials ); verifying specific saturating assumptions.
To the best of our knowledge, the most recent works on approximate controllability for nonlinear parabolic
equations via multiplicative controls are [18, 28]. In such works, the authors studied 1-dimensional problems with
globally Lipschitz continuous nonlinearities. They proved approximate controllability between states with the same

number of sign changes when time is sufficiently large. They considered space-time dependent controls «(t, z) built
according to the initial and the final state. The main novelties of Main Theorem A are the following.

e The approximate controllability is achieved in arbitrarily small times.
e The approximate controllability holds on T? for any d € N, that is, in arbitrary spatial dimensions.
e The spatial profile Q(z) of the term (u(t), Q(x)) is fixed and only w plays the role of control.

e Equation (NHE) exhibits a polynomial nonlinearity.



Global exact controllability to the ground state solution for the 1-dimensional problem

The second main result of our work is the exact controllability of (NHE) to the ground state solution in the
1-dimensional flat torus T. Let us consider the ordered eigenvalues { A }ren of the Laplacian —A (not counted with
their multiplicity)

e = k2, VkeN (1.3)

Note that, except for the first one Ao = 0, all the eigenvalues are double. We denote by {cg, ck, sk tren the
corresponding orthonormal eigenfunctions of —A

1 1 1
o cip(x) = —= cos(kx), sg(x) = —=sin(kx), Vk e N, 14
which form a Hilbert basis of L?(T). Notice that cq represents the free evolution (u = 0) of the linear (k = 0)
heat equation (NHE) with initial condition ¥y = ¢g. Such a solution is usually called the ground state solution.
Henceforth, we will denote it by ®. To study the exact controllability of (NHE), we introduce the following additional
assumption.

Assumptions 1I. The potential Q = (Q1, ..., Qq, f1, p2) is such that Q1 = 1 and pq, po € H3(T,R) verify

Co =

{(p1,co)r2 # 0, (p2,co)r> =0,
Elblvql >0 : )\Zl |<lulack>L2| Z b17 and <M175k>L2 = 07 Vk S N*a (15)
Jba,q2 >0 : /\z2|<u2,sk>L2| > by, and <,u2,ck>L2 =0, VkeN"

Observe that, for any admissible potential @ in the sense of Assumption II, ® is also a trajectory of (NHE). Indeed,
denoting by u, = W and setting @ = (uy,0,...,0), one has that ® = (¢; co, @).

We now state our second main result which ensures global small-time exact controllability of the 1-dimensional
(NHE) to the ground state solution, starting from a positive state.

Main Theorem B. Let d =1, k > 0 and p € 2N*. Assume Assumptions I and Assumptions II be verified. Then,
(NHE) is exactly controllable in H3(T) to the ground state solution ® in any positive time from any positive state.
In details, for any T >0 and ¢ € {¢p € H3(T,R) : sgn(y) > 0}, there exists u € L*((0,T),R9"2) such that

Analogously, for any T > 0 and v € {1 € H3(T,R) : sgn(y) < 0}, there exists u € L*((0,T),R9*2) such that

Main Theorem B yields small-time exact controllability to the ground state solution in H® when x > 0 and
p € 2N*. Such a property is obtained by using the global approximate controllability result between positive states
(Main Theorem A) together with a local exact controllability result to the ground state solution ® in any positive
time (see Theorem 4.3). The specific choice of the parameters x and p ensures that equation (NHE) is globally
well-posed in H? which is crucial for the methodology of the proof of the local exact controllability.

Note that the result of Main Theorem B can be achieved by means of 5 controls. Indeed, we consider a potential
of the form
Q = (L cos(x), sin(x), ,Ul(.f), ﬂ2($))
satisfying Assumptions I and II. An example of suitable functions p; and us are

3

= 2321 — x)3, po = 23 (x — m)3(x — 27)3

(see Example 4.2 for further details). Hence, it is sufficient to consider a potential of the form
Q = (1, cos(z), sin(x), z3(2r — )3, 23(x — 7)3(x — 27)3),

to apply Main Theorem B and deduce the controllability of the nonlinear equation (NHE) to the ground state
solution ® in any positive time 7" > 0.

An interesting aspect of Main Theorem B is the validity of an exact controllability result on the torus where the
Laplacian exhibits double eigenvalues. Indeed, the first step for proving local exact controllability of (NHE) is based
on the solvability of a suitable moment problem. The method for showing local controllability for bilinear control
problem of parabolic type, introduced in [5, 6], is not directly applicable in our framework. Indeed, we face two
additional difficulties



e The presence of doubles eigenvalues is, a priori, an obstacle to the solvability of the moment problem at hand.
We address the problem by “filtering” the spectrum of the Laplacian via the two potentials p; and pus. We
exploit hypotheses (1.5) so that u1 acts only on the frequencies associated to the eigenfunctions {cj }reny and
12 only on those associated to {sj}ren+. Hence, we decompose the moment problem into two subproblems,
each characterized by simple eigenvalues, making both solvable.

e In order to adapt the technique proposed in [5, 6] the solutions of equation (NHE) need to be globally defined
and unique. These properties may be trivial in the linear case, whereas a more careful analysis should be
developed for a nonlinear equation like (NHE). We propose a method which require more regularity on the
initial condition and on the control.

Some references

The classical controllability problem of parabolic type equations as (NHE), with bilinear control, is a delicate matter
even in the linear case (k = 0). The main reason is a structural obstacle, described in [9], which forbid from proving
controllability results in L?(T,R). In details, the authors of [9] showed that the reachable set of the (NHE), with
k = 0, starting from any vy € L?(T% R), is contained in a countable union of compact subsets of L?(T% R) and then
it has dense complement. Therefore, this property prevents obtaining any classical exact controllability result in
L2. Hence, we shall explore different notions of controllability such as the approximate controllability or the exact
controllability to trajectories.

Approximate controllability results via multiplicative controls have been obtained in [30] for 1-D linear parabolic
problems in sufficiently large time 7' > 0 and between non-negative states. In [30] the control term is not scalar input
type, but depends on space and time (see also [31]). Similar results were proved in [16, 17] for linear degenerate
parabolic problems. Finally, approximate controllability for nonlinear problem was established in [18, 28].

The techniques leading to approximate controllability of Main Theorem A are inspired by a saturating geometric
control approach introduced by Agrachev and Sarychev in [1, 2] in the case of additive controls. In such works the
authors proved global approximate controllability of the 2D Navier—Stokes and Euler systems. Their approach has
been extended to study different equations with additive controls (see, for instance, [3, 33, 36, 37]). The saturating
control methodology has been implemented for bilinear control problems in the recent work [25]. In this paper
the authors studied the non-linear Schrédinger equation, proving small-time approximate controllability between
eigenmodes. Main Theorem A is inspired by the approach developed in [25]. Nevertheless, the saturating techniques
for parabolic equation as (NHE) leads to different controllability properties like small-time approximate controllability
between states with the same sign. For additional results on small-time controllability of PDEs through bilinear
control, achieved using similar methods, see [22, 24, 34, 23].

Another type of controllability not ruled out by the negative findings of [9] is the exact controllability to
trajectories. This property was firstly studied by Alabau-Boussouira, Cannarsa and Urbani in [5, 6] in an abstract
setting for parabolic PDEs by means of scalar input bilinear controls. An example of application of such results is the
local and semi-global controllability of a heat equation as (NHE) (for £ = 0) on the interval (0,1). The methodology
has been later extended in [15] to network-type domains to cope with condensation phenomena of the eigenvalues of
the diffusion operator. The approach of [5, 6] used for studying local exact controllability to eigensolutions relies on
the solvability of a suitable moment problem related to the null controllability of a linearized version of the problem
at hand. The resolution of moment problems has been intensively studied in literature over a long period, starting
from the classical works [26, 27], to the more recent ones [7, 8, 11, 12, 15, 19, 20, 29, 10].

Scheme of the work

The paper is organized as follows. In Section 2 we present some preliminary results, mamely, local and global
well-posedness of the non-linear heat equation (NHE) and a crucial limit adopted in the proof of Main Theorem A.
In Section 3 we prove the small-time global approximate controllability and Main Theorem A. Section 4 is devoted to
the exact controllability to the ground state solution and contains the proof of Main Theorem B. In the appendices
A and B, we present the proofs of the local and global well-posedness results for equation (NHE), respectively.
Appendix C contains a technical estimate that we use in the proof of Main Theorem B.
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2 Preliminaries

The aim of this section is to present some preliminary results. We start by ensuring existence and uniqueness of
solutions of equation (NHE). In the second part of the section we prove a limit of conjugated dynamics, which is a
key point in the proof of Main Theorem A.

2.1 Local and global well-posedness
We start by stating the following local well-posedness result for the Cauchy problem (NHE).
Proposition 2.1. Let s > d/2 and Q € H*(T4 RI*2). For any v € H*(T*,R) and u € L? (R*,RI*2), there

loc

exists a maximal time T = T (Yo,u) > 0 and a unique mild solution 1 of (NHE). Namely, for any T < T,
€ C°[0,T], H*(T?, R)) and is represented by the formula

Wb (t; o, u) = ey + / "% ((u(s), Q(2)) (s, @) — mp(s,2)P*) ds.

0

Moreover, if T < 400, then ||¢(t)| . = +00 ast — T . In addition, we have the following properties.

i. Assume that 1o, o € Bpscra gy (0, R) for some R > 0 and u,v € L}, (RT,R?"?). Then, for any 0 < T <
min{7 (Yo, u), T (¢o,v)}, there exists C = C(u,v) such that

sup |4 (t; 4o, w) = ¢ (t; G0, 0)[[ e < C (%0 = boll e + [lu =0l 2) - (2.1)

0<t<T

i. Set K = |[¢||co,r), 1)+ 1Yol s +Jul 2. There exists 6 = 0(T (Yo, u), K) > 0 such that, for any Yo € H*(T% R)
and @ € L*((0,T),R972) satisfying
1Yo — thollms + |12 — ull2 <4, (2.2)

problem (NHE) admits a unique mild solution Ve C([O, T], H*(T?, R)) with initial condition 1o and control .

The proof of Proposition 2.1 follows from a fix point argument and from Sobolev embeddings for s > d/2. It can
be found in Appendix A.

We further present a global well-posedness result for equation (NHE) in the case d = 1, kK > 0 and p € 2N*.

Proposition 2.2. Let d =1, p € 2N*, 4o € H3*(T,R), Q € H3(T,R?*2), w € H} .((0,+00),R9"2) and k > 0. Then,
for any T > 0 there exists a unique mild solution v € C°([0,T], H3(T,R)) of (NHE).

The proof of Proposition 2.2 follows from some energy estimates and can be found in Appendix B.

2.2 Small-time limit of conjugated dynamics

Let us introduce the nonlinear operator

d
B(o)() =Y (Oa,0(x))”, Ve CHTLR). (2.3)

j=1
Then, the following result holds true.

Proposition 2.3. Let s € N*, s > d/2 and (Q1,...,Qq) € H**TH(T4,R?). Assume 19 € H*(T4,R), (u1,...,uy) € RY,
and ¢ € H***t1(T4 R) be non-negative. Then, there exists a constant 6o > 0 such that, for any & € (0,6), the
solution (t; 8_571/2“01&0, 6 ) of (NHE) with u = (u1, ..., uq,0,0) is well-defined in [0,8]. Furthermore, the following
limit holds

1/2

66_1/2‘/’1/)(5; e 0 T, 67 ) — BT wRy in H®, as 6 — 0.



Proof. Preliminaries. For any § > 0 we set ¢(t) := 6671/2501/}@; 6_671/21’91/10,(5_1’[”. According to Proposition 2.1, ¢(t)
exists up to some maximal time 7° = T(e’571/2“0w0, d~!u) and it has the same regularity of . Furthermore, if
T% < 00

e 0" 4(t) | e — 400 ast— T~

We introduce the following functions
w(t) = ORI () = 6(6t) —w(t), (2.4)
where ) = 6‘51/4Aw0 € H"(T4,R), with 7 = s + 2, is such that
o — V3| s — O, as § — 07, (2.5)
and there exists C' > 0 independent of § > 0 such that
[W6las <Co llgglar < COTVE - for < 1. (2:6)

+
Our aim is to show that ¢(8) 2=2— eE(@)+w@)e in H*. Thanks to (2.5) it is sufficient to prove that

ot = D)l 222 0. 2.7)

However, before proving (2.7), we need to ensure the existence of o > 0 small enough such that, for every 0 < § < do,
v(t) is well-defined in [0, 1] and moreover that

ST > 1. (2.8)
An intermediate inequality. In view of (2.6), there exists C' > 0 such that, for every ¢ € [0, 2],
lw(@) ||z < C, [w()|[ar < COH (2.9)

We observe that v is a solution of the following equation

O = 6A(v +w) — 55(6_5_%“’(1) +w))P(v 4 w) — 82 (v + w)Ayp (2.10)
— 262V (v+w) - Vo + Bp)v + (u,Q)v,

with initial condition

v(0) = 4o — - (2.11)
Let us start by assuming that ¢y € H**2(T? R) which implies ¥ (t) € H?**+2(T? R) and then v(t) € H?+2(T? R)
for every t € (0,7°). Let a = (ay,...,aq) € N be such that |a| = |ai| + ... + |ag| < s. Thanks to the accreativity
of the operator —A, we get

0, 10%v|2s = —26((—A80), %0) 12 + 2(6Aw + k(e (v + w))P (v + w)
— 67 (v 4 w)Ap + 262 V(v + w) - Vo + B(@)v + (1, Q)v, 9> v) -
< 2(5Aw + ke P 2 (v + w)PH — 5} (0 + w)Ay
+205V (v +w) - Voo + B(p)v + (u, Q)v, 8**v) 12
< 2(5|<8O‘Aw, 9%v) 2| + 6]w|[ (O (e o+ w)P*h),0%) |
+ 82 [(0% (v + w)Ap), 97v) 12| + 6/2[(0% (V (v + w) - V), 0°v) 2] (2.12)
+ (0% (B(e)v), 0°0) 2] + [(0° (1, Q)v), 0%0) ).
We observe that since all the functions involved in the above estimate are in H2**2(T% R), no boundary terms

appear when integrating by parts.
Notice that there exist constants C' > 0, independent of 4§, such that |(Vv - Vi, 02%) 2| < C| ¢l grzs+1|Jv]|%. and

1 1 .
(% (e 0w+ w) 1), 0%0) | < Clle™ € lpliren (p*67% + 1) o+ wll ol



Hence, we deduce the existence of a constant C' > 0, independent of §, such that

_1
0[0°vl[22 < Collwllrrl[vll s + Colle™ €)1 (572 + D)o +wlF [oll s + COZ o+ w]|

+ C8V2 o). + 8wl - ol e + Cllole + Clol.

v ps

_1 B
Now, we have that [[e ™ *%||p (072 +1) 229 0 thanks to the positivity of ¢. Using (2.9) and the Young’s inequality

we deduce that there exists C' > 0, independent of J, such that
0:|0°v][32 < C8%4|[v]| g+ + COllv|l5 + Collv]| mre + CO% wlf3e + C8F[[v] -
+ C32 ||| 3. + C3 4ol e + Cllol|Fe + Cllvll3
< OO+ O+ 8Y2)||v||4. 4 Colv||5E2.

The last relation holds for ¢ < §~17°. We recall that || - [|%. = > cya |0% - |22 and therefore there exists C' > 0

la|<s

such that
A[v]|3rs < C8Y2 +C (1 + 6Y2)|[v]|3. + C|lv]|5:>.

By the Grénwall Lemma and recalling (2.11) we obtain that
1/2
o0l < 045 (052 + o = vl +C5 [ ol ) 2.1

for t < 671779 and for every 1o € H?T2(T¢ R). Finally, we can extend the validity of (2.13) for every 1y € H*(T,R)
thanks to item 4. of Proposition 2.1 and to the density of H25+2(T% R) into H*(T¢,R) with respect to the H*-norm.

Properties of the maximal time. It remains to prove (2.8). We consider dy > 0 sufficiently small so that, for
0 < d < g, we have |99 — ¥3||%. < 1/2 and then

()17 < 1/2.

Denote 70 := sup {t < 6~ 'T° : |[v(t)| - < 1}. The above inequality yields 7% > 0. If 79 = +oo then (2.8) is
obviously verified. Thus, let us assume that
70 < +4oo.

To prove (2.8) we show that for 6, > 0 sufficiently small and 0 < § < dp we have 70 > 1. Assume by contradiction
that, for every &y > 0 small, there exists 0 < § < Jy such that 70 < 1. Thanks to (2.13), we get

L= Gl < 0 (55— el 4 [ o). 214
We recall that, by definition, |[v(t)||zs < 1 in [0,7°). For dy sufficiently small we have
1
LCO+8"2)r (051/27_5 + o — 1/’0||Hs) 5 (2.15)
since 0 < § < dy. Moreover,

CUF8 ) (cal/%unwo—%m +Co / lo(y)[|52d ><1,

which contradicts (2.14). Hence, we conclude that there exists dy > 0 sufficiently small such that 70 > 1 for every
0 < 6 < dp. Thus, (2.8) holds true.

Conclusion. Finally, 1 € [0,7°) C [0,67177?) and thanks to (2.13) we have established the validity of (2.7) since

/
lo(1)[%e < €07 (C6Y2 4 llgo — Y. +C8) =0 as 5 - 0F.



A first simple consequence of Proposition 2.3, concerning the control of (NHE), is the following small-time global
approximate null-controllability.

Corollary 2.4. Let s € N* be such that s > d/2 and 1 € span{Q1,...,Q,}. Assume 1y € H*(T% R). For any
6, T >0, there exists (u1,...,uq) € L?((0,T),R?) such that the solution 1(t;1bo,u) of the (NHE) in [0,T] with control
u=(u1,..., Uq,0,0) is well-defined and

[9(T's Yo, w) || <e.

Proof. For any € > 0, consider ¢ > 0 sufficiently large so that

€
2|10 ar
Let —c = Z?Zl u;Q; for some (ui,...,u,) € R%. Thanks to Proposition 2.3, there exists § > 0 such that the

constant control u = (u1,...,uq)/d : [0,0] — R? is such that the solution of (NHE) is well-defined in [0, 6] and
[9(83 %0, u/6) — e “Yollms < €/2.
The triangular inequality ensures the result since, when we consider the control v = ¥, we have
14(6; %0, )| e < [[¥0(6;%0,v) — €™ “ollme + lle” “Yoll= <&

The dynamics can be obtained exactly in a time T, since 0 is stationary solution of (NHE) with control u = 0.
Indeed, thanks to the second point of Proposition 2.1, when € is sufficiently small the two solutions ¥(T —
0;1(8;10,v),0), (T — §;0,0) = 0, are defined in the same time interval [0,7]. Now, the first point of Proposition
2.1 yields the existence of C' > 0, independent of ¥(d; g, v), such that

[9(T = 6;4(8; %0, v),0) = (T" = 6;0,0) [ = < C|[$(; ¢, )| s < EC.

The proof is therefore concluded since, for every € > 0, it is sufficient to chose € = &. O

le™¢] < = lle”“Yollm- <

DO |

3 Small-time approximate controllability

The aim of this section is to prove the small-time approximate controllability results stated in Main Theorem A.

3.1 An intermediate controllability result

Let us recall the definition of H and Ho provided in Assumption I

Ho = spang {Q € H}, H={Q1,....Qq}.

We define H;, for every j € N*, iteratively as the largest vector space containing elements 1 of the form

p
1P:<P0+ZB(S%), 9007"‘790106ij13 peNv (31)
k=1

where the non-linear operator B is defined in (2.3). We also denote
Moo = | H;.
j=0

Let us recall the following result from the work [25].
Proposition 3.1. [25, Proposition 2.6] If Assumptions I are verified, then Hoo is dense in H*(T? R),s > 0.
We start by ensuring the following property of small-time approximate controllability for (NHE).

Proposition 3.2. Let s € N* be such that s > d/2 and (Q1, ...,Qq) € C®(T% R?) be such that 1 € Hy. Assume that
Hoo is dense in H*(T4 R). Let 1y € H*(T4,R) and p € H*(TY, R). For any ¢, T > 0, there exist 7 € [0,T) and
(U1, ..., uq) € L2((0,7),R?) such that the solution ¥ (t;o,u) of (NHE) with control u = (us,...,uq,0,0) is well-defined
in [0,7] and

|(75 %0, u) — ePo| ms < €.



Proof. Let us recall that the concatenation v * u of two scalar control laws u : [0, Ty] — RI*2, v : [0, Tp] — RI*2 is
the control law defined on [0, T} + T5] as follows

B u(t), t €[0,T7]
(vxu)(t) = {v(t —Ty), te (T, Ty +Ts).

Such definition extends to controls with values in R?, componentwise. We will often use the fact that

w(Tl +t;w051]*u) :w(t;¢(Tlaw07u)’v)7 t>0.
Let us start by assuming that the following property holds for any n € N:

(P,) for any ¢y € H*(T4,R), ¢ € Hy,, and any &, T > 0, there exist 7 € [0,7) and (u1,...,u,) : [0,7] — RY
piecewise constant such that the solution of the (NHE) associated with the initial condition 1y and control
u = (uq, ..., ug, 0,0) satisfies
H,(/}(Ta ,(/J07 u) - e¢z/)OHH3(Td) <é.

Property (P,) combined with the density feature given in Proposition 3.1 implies at once the statement.

We are thus left to prove (P,). An analogous property appeared in [25, Theorem 2.2] in the study of nonlinear
Schrodinger equations with bilinear control. We provide the proof for completeness. Let us proceed by induction on
the index n.

Inductive basis: n =0
If ¢ € Ho, there exists (u, ..., uq) € R? such that ¢(z) = (u, Q(z)) with u = (u1,...,u4,0,0). Consider then the
solution of (NHE) associated with the constant control v := u/7 € R? and with the initial condition . Applying
Proposition 2.3 with ¢ = 0, we find 7 € [0,T) such that

Hw(T?wmuT) - e¢¢0||Hs(1rd) <&
which proves the desired property.

Inductive step: n = n + 1
By assuming that (P,) holds, we prove (P,11). If ¢ € H, 11, there exist N € N and ¢y, ..., ¢n € H,, such that

N
¢ =¢o+ ZB(¢j)~
=1

Consider ¢1 and ¢ > 0 such that ¢; = ¢1 + ¢ > 0 and note that IB%(Q~51) = B(¢1). Thanks to Proposition 2.3, we can
fix v € [0,7/3) small enough such that

He”fl%lw(v; e 1y, 0) - BB(¢1)¢0HH5 <e/2.

Since ¢ € Ho, ¢1 € Hn, then ¢; € H,. Thanks to the inductive hypothesis, for any o, T, > 0 there exist § € [0,7/3)
and a piecewise constant control u’? = (u‘ls’7 u%7,0,0) : [0,0] — RI*2 such that

yery Ug' Ty

oo, utny = e || <o (3:2)

Let now the dynamics evolve freely in a time interval of leght -, that is, we consider the control 0l = (0,...,0) :
[0,~] — R9*2. From (2.1) we deduce that there exists C' = C(7) such that

Hz/J(é + 730, 0]j0,4] * u®) — (y; 6_771/2‘511/}0,0)“}15 = Hd}(% »(8, ¥o, u™7),0) — p(v; 6’_771/2&1@/10,0)“% < Co.

We use again the inductive hypothesis to deduce that there exist ¢’ € [0,7/3) and a piecewise constant control
u® = (u] 7,y ul7,0,0) 1 [0,8] — RIT? such that

067, 0,00, 0 7) = T (e 0, 0)| <o
HS



Then, thanks to (2.1), there exists ¢’ = C’(||u®"7||1>,48") such that
847+ 500,07 5 Ol 3y 2 uP) = B |
< |03 6(8 + 7360, Ol * uP)u™ ) = (@ (e, 00,0 |
et 00,07 — e .0
+ Hefl/"‘&%(% e PPy, 0) - €B(¢1)¢0HH5
<C'Co+o+e/2.

Choosing o > 0 small enough such that C'Co + o < /2, we have then proved that the piecewise constant control
ud Y 0[[0,4 * u®7 steers the initial state 1)y e-close to the state eB(?1)qq in time 7 := &’ + v+ § < T. We can now

repeat the same argument for ¢, reasoning as if we were starting from the initial state e®(¢1)¢,, and prove that the
system can be driven arbitrarily close to the state e®(#1)TB(#2)q)) in arbitrarily small time, and hence, by iteration, to
eX il B(¢i)4)y. By inductive hypothesis we conclude that there exists a piecewise constant control u leading the state
Xty B(¢:)4) arbitrarily close to ePo+Eils B(¢i)4). in arbitrarily small time. This completes the proof of property
(Pp). O
3.2 Small-time global approximate controllability

In this section we prove a more general results which in fact has inspired Main Theorem A.

Theorem 3.3. Let s € N*, s > d/2 and let (Q1,...,Q,) € C=(T¢ RY) be such that 1 € Hy and Ho is dense in
H*(T?, R).

i. Let 1g,v; € H*(T% R) be such that sign(vg) = sign(wy). For any e > 0 and T > 0, there exist T € (0, 7]
and (u1,...,uq) € L*((0,7),R?) for which the solution ¢ (t;1o,u) of (NHE) with control u = (uy, ..., uq,0,0) is
well-defined in [0, 7] and satisfies

|75 40, u) — Y12 <e.

i Let bg,vp1 € H*(T% R) be such that 1g,v1 > 0 (or 1,1 < 0). For any e > 0 and T > 0, there eists
(U1, .y ug) € L2((0,T),R?) such that the solution v (t;1o,u) of (NHE) with control u = (uq,...,uq,0,0) is
well-defined in [0,T) and verifies

[(T'5 o, u) — Y1l[a= <e.

Proof. Let us start by proving i.. Denote by Z the set of zeroes of 1;, for j = 0,1. Consider for > 0 the set
Z, = {z € T | dist(x, Z) < n},
and its complement in T, Z,. For n > 0, we define
$n = pnlog(v1/v0),

where p; is a smooth function compactly supported inside Z7. ¢, is well-defined because 1 /o > 0 on Zy.
Furthermore, p, belongs to H*(T%). Notice that

le®4bo = Wrll L2 (ray < lle?140 — PnllLa(ze) + %o + ¢1llL2(z,)

Fixed any €, T > 0, observe that we can choose 1 > 0 small enough such that

lle?" o — 1| p2(ray < €/2.

We then apply Proposition 3.2 with ¢ = ¢, and we deduce that there exist a time 7 € [0,7") and a control
u = (uy,...,uq,0,0) € L?((0,7),R7"2) such that the solution 1 (¢; 1, u) of (NHE) is well-defined in [0, 7] and

19 (75 %0, u) — e9ollz2 < €/2.

By the triangular inequality we conclude that

[0(T5%0,u) — 1|2 < (|[O(T5%0, u) — €¥1bol| L2 + [[€P1ho — V1|2 <€,
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and the first item of the Proposition is then proved.

The proof of ii. follows from the same strategy used for proving i.. However, we now consider the H*® instead of
the L?-norm. Observe that Proposition 3.2 is valid for the H*-norm. In this case, we substitute ¢,, with two functions
1 = log(1/10) and ¢ = log(v)1) which are well-defined everywhere in T¢. Note that ¢, ¢, € H*(T¢ R) since
Y1, € H*(T? R). Proposition 3.2 with ¢ = ¢; yields the existence of a control u! = (u}, ..., u}], 0,0) : [0,7) — R+2
which steers 1)y close to the constant state 1 in time 73 < T/2. We apply again Proposition 3.2 with ¢ = ¢». Thus,
we can find a control u? = (u3, ...,u2,0,0) : [0,72) = R?*? such that the solution of (NHE) starting from a state
close to 1 at time 75 < T'/2 reaches a neighbourhood of the final target ;. Hence, the approximate controllability
in H® can be achieved in time T' by exploiting that 1 is a stationary solution of (NHE) associated to the control
wstolt = (uitet, . ugte?,0,0) : [0,T — 71 — 75] = R?T2, thanks to the assumption that 1 € Ho. The control will

therefore be defined as
(u? % w5 ub) (1) = 1[0,71)111(75) + 1[TI’T,T2]usmt(t —7)+ 1(T772,T]u2(t — T+ 7).
O

Remark 3.4. The reason why the first part of Theorem 3.3 (and, consequently, of Main Theorem A) is stated only
for the L?-norm, while the second part is valid with the stronger H*®-norm, is due to our approximation technique.
More precisely, the term |le®71py — ¢1||L2(Z%) cannot be small for n — 0 with respect to the H*-norm, s > 0, as soon

as Z # (.

Proof of Main Theorem A. Main Theorem A follows from Theorem 3.3. Indeed, thanks to Proposition 3.1, the
space Hoo is dense in H*(T¢,R). Furthermore, the potentials Q; belong to H"(T¢,R) for every r > 0. Therefore,
the proof is completed. O

4 Exact controllability to the ground state solution

We now move to the proof of Main Theorem B. Henceforth, we suppose d = s = 1. Let the solution of (NHE) exist
for any time 7' > 0. For instance, it is enough to require p € 2N*, k > 0 and vy € H3(T), as stated in Proposition
2.2. Main Theorem B will be a direct consequence of the following more general result.

Theorem 4.1. Let k > 0 and p € 2N*. Assume Assumptions II be verified and Hoo be dense in H3(T,R). Then,
(NHE) is exactly controllable to the ground state solution ® in any positive time from any positive state. In other
words, for any T > 0 and

o € {¢ € HY(T,R) : sgn(y) > 0},
there exists u € L*((0,T),R9"2) such that
Y(T5po, u) = ©.
Analogously, for any T > 0 and
Yo € {1 € H*(T,R) : sgn(y) < 0},
there exists u € L?((0,T),R972) such that
O(T;1ho, u) = —.

Ezample 4.2. Examples of suitable functions uq and pso verifying hypotheses (1.5) in Assumptions II are
= 22 (2m — 2)3, po = 2% (x — )% (x — 27m)3.

Indeed, both functions belong to H3(T,R), pu; is symmetric with respect to x = 7 and s is antisymmetric. Thus,
(11, co)rz # 0 and (ua, o)z = 0. Moreover,

<,u1a3k>L2 :07 <,U’27Ck'>L2 =0.
By further computations, the remaining hypotheses in (1.5) are verified since

967 (k2m? — 15) —864 (840 — 105k%7? 4 2k*7?)
(B, ck)pz = 6 (H2, sK) 2 = x) .

Before proving Theorem 4.1, and consecutively Main Theorem B, we need to ensure the following local exact

o1 . _ i
controllability result to the ground state solution ® = oS
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Theorem 4.3. Let k > 0 and p € 2N*. Assume Assumptions II be verified. Then, (NHE) is locally exactly controllable
to the ground state solution ® in any positive time. In other words, for any T > 0 there exists Rp > 0 such that, for
any

Yo € {v € BT, R) : | — @l < Rr},

there exists (uy,uz) € HY((0,T),R?) such that ¢(T;vo,u) = ®, where u = (£5,0,...,0,u1,up). Furthermore,

e—Tr?FO/T
HuHHl(O}T) S 6271_21—‘0/(37«) _ 17 (41)
where
Ty :=2v + (max{In 1,0} + max{In C3,0} + 72 + In8)/2 (4.2)
with " o
P P
1 . 1 .
71 = 2k(p + 1)? Z <p+ )@pﬂj, Y2 1= 2k(p + 1)®F + Z (p + )‘I’pﬂj +1,
) —\ J
J_ ]_
and
Ry = e 6To/T1, (4.3)
with

6
Ty = min{—zT, 1,T0}.
v

The constant Ty is defined in (4.5) and Cg in (C.4).

4.1 Control of the linearized system

The result of Theorem 4.3 follows from the null-controllability of an associated linear system and the iteration of a
control procedure on a clever choice of time steps, as proposed in [6].

We first observe that the ground state ® = 1/v/27 is solution of (NHE) in any time interval [0, 7] for u =
(ug,0,0,...,0), with u, = W and ¥y = ®. Indeed, we recall that )1 = 1, thanks to Assumptions II.

Let s1,s9 > 0. Consider the following linear system

DeE(t) — D2E(t) + wp&(t) = (v(t), Q)®, t € (s0,51)-
£(s0) = &o,

with @ = (Q1, ..., Qq, p1, p2) € H3(T,R%"2) and ¢ € N*. We denote by &(+; s, o, v) the solution of (4.4) with initial
condition & at time sg and control v.

(4.4)

Definition 4.4. The pair (—92, Q) is said to be 1-null controllable in time T > s if there exists a constant N(T) > 0
such that for any &, € L?(T,R), there exists a control v € L?((sg, T), R972) such that &(T’; sg, €0, v) = 0 and moreover
[0l z2(0,7) < N(T) [|€o]l 2. The best constant, that is,

N(T):= sup inf{|jv];2 : &(Ts0,&0,v) =0}

ll€oll2=1
is called the control cost. If v € HE((s1,T),R972), the pair (=92, Q) is called smoothly 1-null controllable and

N(T) = sup lnf{HvHHl : §(T7 80,50,1]) = O}

€l L2=1

Remark 4.5. Let us observe that, fixed v € L?((sg,s1),R972) and Q € H*(T,R9"2), for any & € L?(T,R), there
exists a unique mild solution

¢ € C([s0, s1], L*(T))

of (4.4) (see [6, Proposition 2.1] adapted to the current case). Furthermore, given a smoother initial condition of
(4.4), for instance & € H'(T), the solution ¢ belongs to the space

C([so, s1], H'(T)) N H'((s0,51), L*(T)) N L*((s0, 52), H*(T)).

Such regularity is called mazimal reqularity, and it is due to the analiticity of the semigroup generated by the
operator 92 (see, for instance, [6, Proposition 4] and [4, Corollary 3] that can be adapted to (4.4)).
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The result that follows shows that we use the last two components of the control to drive the linear system (4.4)
to rest. Henceforth, where constants C' come with no specific index, they may vary from line to line.

Proposition 4.6. Let Assumptions II be verified. Then, (—02,Q) is smoothly null controllable in any time T > 0.
Namely, for any &, € L?(T,R), there exists (vi,v2) € Hi((0,T),R?) such that the solution of (4.4) with (sg,s1) =
(0,T) and v = (0, ...,0,v1,v2) satisfies

§(T;80,v) = 0.

Furthermore, there exist v, Ty > 0 such that
N(r)<e”/™, Yo<71<Tp. (4.5)

Proof. For all T > 0, we want to prove the existence of N(T') > 0 such that for any initial condition & € L?(T,R)
there exists a control v = (0, ...,0,v1,v2) so that £(T’; &y, v) = 0. To this purpose, we first note that the operator
—92 + pr exhibits double eigenvalues \; = A; 4+ px with j € N (see definition (1.3) of );), with the exception of the
first one, associated to the eigenfunctions {co, ¢;, $;}en+, defined in (1.4).

Let us consider the reduced problem (4.4) with Q = (uu1, u2) and (sg,s1) = (0, 7). We look for a control of the
form ¢ = (v1,v2). We decompose the solution with respect to the Hilbert basis {co, ¢k, sk }ren+- Recalling that
{(p1, 8k)r2 = {2, cr) 2 = 0, the smooth-null controllability property is equivalent to finding 9 € HE((0,7); R?) such
that

0=¢(T; &0, ) Ze T eu)reen + Y e M (&0, k) 25k

keN keN*

) Z e M=) (11, B, 51) 125, ds.

T
0 kEN*

T -
—/ v1(8) Ze"\’“(T_s)(u1<I>,ck>chk ds —/
0

keN

Notice that ® = ¢y is a constant. The above relation is verified when the following infinite number of identities are
satisfied for a control function ¢ = (vy,vs)

T
<£0a Ck‘>L2 = CO/ eAks’Ul(S)<u17ck>L2 d57 Vk e Na
0

T
(€0, k)12 = co/ e/\ksvg(s)<u2,sk>Lz ds, VkeN*,
0

that can be rewritten in compact form as

T
/ M0y (s)ds = dy, Yk eEN, (4.6)
0
T
/ M3y (s)ds = di, Yk €N, (4.7)
0
where
dt ::M’ d? ::M Vk € N*,
co(p1, cr) L2 co(p2, Sk) 2

are well-defined thanks to Assumptions II and
01(s) = Py (s), Ua(s) = eP™ug(s).

We treat (4.6) an (4.7) as two separate moment problems. Let us start solving (4.6). We seek for a function ¥; such

that T T
~/ _ - —(Z—t) L2 - =
01 (t) r1(2 t)e 2%, ry € ( 2,2>.

Therefore, it should hold
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We require that 91(0) = 91(T") = 0, which implies that r; must satisfy

%
/ ri1(s)e”*ds = 0.
-3

Integrating by parts (4.6) and taking into account that ©1(0) = 9,(T) = 0, we get for any k € N*

1 _ ’ Aksgy 1 Akt T ’ —(L—t)+xit T
dy = ; e 01 (s)ds T le 01(t)], — i e~ (2 - §_t dt

1 2
= )\7/ efs+/\k(%fs)7«1(s)ds,
k-3

The above identities can be rewritten as follows

vl

/ e_(1+’\’“)5r1(8)ds = )\kdllce_%A’“, k e N*.
T
-5

For k = 0 we have that

T T z
T T
dy = / 01(s)ds = sv1(s) OT 7/ sT1 (2 — s) e~ (T9)ds = /2 < — s> ri(s)e”%ds
0 0

2

!

where we have used (4.8). Define the family

wi =14+ A, k e N*,
and the sequence J}w

ds, = —do, dy, =0, k e N*,

71 71 I
dgo = 0, dyo = Aedye™ 27",

ke N*.
Thus, we look for r, € L? (—%, %) such that

vl

/ sje_‘*’ksrl(s)dSZJij, j=0,1, keN.
T
-3

As proved in [11, Theorem 1.5], there exists Ty > 0 such that for every 0 < T' < Tj there exists a family

T T
{oh,j}k,jen C L? (‘27 2)
which is biorthogonal to '
erj(s) = s’e”“ke

b k7j E N7
and moreover

Mok ill ooz < CeCVFFFE, j=0,1, keN".
Therefore, by defining

7"1(8) = d~(1)1001 + Z J}COO’]C()(S),
k=1
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we deduce that r; solves the moment problem (4.9). Let us finally show that r; € L? (—7,

10l 22,072y < ool loo1ll L2z y.z2) + > ldiol lokoll L2—r/2,7/2)
k=1

(o)
< CeC/T|dly| + O3 Neld}|em FAAHOVIFNAF
k=1

oo )\ie—T)\k—f-C\/ Ap+1 1/2
1€0ll 2

< CeCIT (€0, co) r2| +<Z

col(prsco)rzl -~ \ /=t gl en)r2l?

oo 1/2
<CeC/T 1+ (Z )\i(QlJrl)e—T/\/ﬁ-C\/m) ll€oll 22 »
k=1

where ¢; is the parameter introduced in Assumptions II. Let us analyse the behaviour with respect to T' of the
following series:

Z)‘z 01+1) —TAr+CVAFT Z( (q1+1) _,,\k) —EAACVAAFT (4.10)
k=1

For any A > 0, we introduce the function f(\) := e~ 2*TCVATL Tts derivative is given by

T T C
N = e FAHCVA (_2 + Wi 1) , (4.11)

and its maximum is attended at \ = (%)2 — 1. Hence, for every 0 < T < 1 we have

Z ( 2(Q1+1) *7)\Ic) < 6% Z (}\i(Ql"!‘l)e*%)\k) ) (4.12)

k=1 k=1

T+

Sl

<e

Now, for any A > 0, we consider the function g(\) := A2@+De= 22, From its derivative ¢’ (\) = A201e= 7 (2(g; + 1) — T)),
we deduce that
increasing if 0 <\ < (‘“H)
g(N) is (4.13)
decreasing  if A > %

and ¢ has a maximum for A = %. We define the index
4 1
ky = kl(T):sup{keN* DAk < (q1T+)} (4.14)

We can rewrite the sum in (4.12) as

oo
Z/\i(qﬁl)e—g,\k: Z )\i(qlﬂ)e—gxk_,_ Z )\i(q1+1)67§,\k+ Z )\i(qlﬂ)efgxk_ (4.15)

1<k<ky—1 k1 <k<ki+1 k>ky42

For any 1 <k < k; — 1, we have
At A +1) ,~Tx 2q1+1) .~ T
/ A@FD = TAIN > (Agpq — M)A DT e 32 > N 20T =5 x (4.16)
Ak
and for any k& > ky + 2, it holds that

Ak
/ K )\2(q1+1)€,%)\d>\ > (/\k: _ Ak—l))\i(ql+l)67%)\k > )\i(qﬁ-l)ef%)\k. (417)
Ak—1
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Therefore, we obtain that

Z )\i(q1+1)67%)‘k < 2/ )\2(q1+1)67%)\d>\ + Z /\i(fh-&-l)e*%)\k. (418)
k=1 0 k1 <k<ki-+1
Recalling that g has a maximum at A = 4(‘“7;1), we have that
2(q1+1)
4 1
)\i(q”rl)e*%)"“ < <(Q1T+ )) 672(q1+1), for k = ki, k1 + 1. (4.19)

Moreover, we can rewrite the integral term in (4.18) as

0o 00 2(q1+1)
/ A2@ D= 3Ag) = 2/ (25> U s
0 T 0 T

) 2143 oo » D 2 2q1+3
== sPatbe=sqs = I'(2q, + 3) <) )
() :

where by I'(-) we indicate the Euler integral of the second kind. Therefore, thanks to (4.19) and (4.20) we conclude
that there exist two positive constants Cj , CZ, such that

(4.20)

= 2(q1+1) —T A C; C‘IQ
1 -5 1 1
oAt em v < Tz T TearE (4.21)
k=1
From the above estimate we can prove that there exist positive constants C' for which
1l 2 a2y < Ce¥T Néoll 2, V0 < T < min{Ty, 13, (4.22)
and thus
1@ 0.2y < €72 Il oz oy < C<“/T lloll, YO < T < min{Tp, 1}, (4.23)

From the Poincaré inequality, there exists a constant C' > 0 such that for any @ € HJ(0,T) it holds that
101 10,7y < C (@)l 12(0,7)» and we deduce that

||171||H1(0,T) <C H(’Dl),HLQ(O,T) < Ce?/T [€oll 2, VO < T < min{Tp, 1}. (4.24)

Finally, recalling that vy (t) = e P**%;(t), we conclude that

, T T 2
o1l 7 0,7 :/0 e_Qp”t\@l(t)th—i-/o ((e‘gpkt|61(t)|)) dt
2 2

<C ||U1HH1(0,T) < Ce/T 1ollz2

for all 0 < T < min{7p, 1}. The same computations are also valid for the second component of the control ve and
the proof is then completed. O

4.2 Proof of Main Theorem B

We now prove Theorem 4.3.

Proof of Theorem 4.3. (1) Time decomposition and preliminaries. Let 7" > 0 and define

27'('2

™
T :=min{T, —, —T|
f mln{ B 67 6 0}7

where Ty is the constant in (4.5). Let T be defined as follows

6
T, .= —=T,.
1 Bl
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Observe that, with this choice 0 < 77 < 1. We now defined the sequences

T, =—, j=>1 and Tn ::ZTj, n >0,

with the convention 22:1 T; = 0. It is easy to prove that

ZTj =Ty
j=1

and thus we will perform an iterative control procedure on the consecutive time intervals [7,,, T,+1], 7 > 0 so that at
the limit n — oo we will prove exact controllability of (NHE) to the ground state solution in time T7.

(2) Estimates in the first time step: inductive basis. Let us set y = ¢ — ®, where ¢ and ® are solutions of (NHE)
associated with the initial conditions g, ® € H3(T) and controls u € H} (RT,R972) and 4 := (u,, 0,0, ...,0) with

u, = 5, respectively. Consider the equation satisfied by y in a general time interval (so,s1):

{aty@)—azy(t)m(y(t F O = (u(t), Qy(t) + (u(t). Q)O, L€ (s0,51) (125)

Y(s0) = Ys, = ¥(s0) — P.

Our aim is to prove that system (4.25) is null controllable in time Ty by means of a bilinear control w. This would
imply that ¢ (T't;v0,0,u) = ®. For this purpose, we shall first consider problem (4.25) and its linearization (4.4),
with initial condition &y = yo := ¥p — P, in the time interval [sg, s1] = [10,71] = [0,T1]. Observe that, thanks to the
regularity of ¥y and u, the solution of (NHE) is globally in time well-defined (see Proposition 2.2), as well as the
solution of the associated linear system

(4.26)

DE(t) — 0E(t) + wpE(t) = (v'(t),Q)®, t € (10,71)
&(70) = &os

(see Remark 4.5).
From Proposition 4.6 we deduce that there exists a control, defined as v! = (0,...,0,vi,v}), with (vi,v}) €
H}((10,71),R?) such that
1
5(7_1; 70, 507 v ) = 0,
and
[0y < N oll2 = N ) ol < NC2) ol (4.7

with N (1) that satisfies (4.5) (because 7 < Tp). We now define
uwl = (’U,H,O7 . ,O,’Ul,’Ug) € Hl((TQ,Tl),Rq+2).
Using such control in equation (NHE) (and so in (4.25) in the time interval [y, 71]), one easily finds that (4.25)
reads as
P _
()~ 020+ 3 (") 0P < 0.QuO + 0 O.Q0 te om0
j=2 '
y(70) = vo-

We recall that yo € H?(T,R) and that py, ps € H3(T,R), thanks to Assumptions II. Hence, from the definition of
y =1 — ® and since ¢ and ® are both solutions of (NHE), we deduce from i. of Proposition 2.1 that

L2(71,71)> <C (”yOHH1 + HU1||H1(T1,T1)) ’
(4.29)

sup Nyl = sup [[6(8) = Bllyn < C (o — @l + [Ju! — @

To<t<T1 To<t<T1
Thanks to (4.27), we conclude that

sup  [ly()[l g < C (14 N(71)) lyoll g2 -
To<t<T1
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Now, we introduce w := y — ¢ (we use the control u! for y and v! for ¢ on the time interval [ry, 71]) and we observe
that w solves the following problem

p+1
1 o
Opw(t) — O2w(t) — k(p + 1)PPw(t) + HZ (p+ )CI)”HJyJ (t) = (1), Q)y(t), te (r0,71)
=\ (4.30)
U}(T(]) = 0
Thanks to estimate (C.3) of Proposition C.1, we have that
sup_[Jew(t)][ g1 < Aa(ras l1goll ) 1ol - (431)

te[To,71]

Observe that our initial condition 1y satisfies 1o € {t € H3(T,R) : ||t — ®||g1 < Rr}, with Ry defined in (4.3).
Therefore, since Ry < 1, we have that |yo|| ;1 < 1 and moreover

N(m) ol g < e/ em®0/m <1

since T'g > v (see definition (4.2)). Hence, we obtain that

As(T1 [yoll o) < K(71) (4.32)
where
p+1
K2(1):=2 | 267(p+ 1)? Z <p—]|- 1) SPTI (1+ N(1)Y) + CéN(T)Q (14 N(1)?)

e (ZREHD +r(p+1) TP @7 4L) (g 33y

Remark 4.7. Notice that for any 7 < 1 it is possible to prove that
K(r) < éefo/T, (4.34)

Since 7y < 1, we deduce that (4.34) holds for 7 = 71. Using (4.32) and (4.34) (for 7 = 71) in (4.31) and recalling
that £(71; 70, &0, v!) = 0, we conclude that

|y (71570, 50, ub)|| ;. < M0/ e 120/ = om0/ (4.35)

(3) Induction argument. Inequality (4.36) enables us to apply an iterative argument. In fact, we have just proved
the first step of an induction procedure which consists in building in consecutive time intervals of the form [r,—_1, 7],
n > 1, a control u™ = (uy,0, ...,0,u?, ul) € H*((Th—1,7n), R¥T2) such that

Lol oy < N -1l
2. &(Tn;Tn-1,Yn—1,0") =0,

3. ”y(Tn;Tn*layn*laun)”Hl )

4 (s Taets ne s u™) e < Ty KT ol e

< (327277732 2"6) o/ T (4.36)

where v™ := u™ — 4 and, thanks to Proposition 2.2,

Yn—1 = Y(Ta—1,0,%0,¢" ") € H*(T,R), (4.37)
n—1
n—1 _ 7 .
" (t) = Z uw? ()X (71,751 () (component-wise). (4.38)
j=1

Observe that, by construction
yn:y(Tn;Tn—hyn—laun) GHB(TaR)a Vn>1

We underline that, thanks to the global well-posedness of the solution of (NHE) (and so of (4.25)), we do not meet
any problem of existence when changing at each step of the proof the initial condition, the control and the time
interval.
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Let us now prove the iterative step of the induction argument. We suppose properties 1.-4. of (4.36) hold for
each j =1,...,n — 1. Hence, suppose we have built controls u? = (uy, 0, ...,u],u}) € H'((1j_1,7;), R72) such that
1.—4. of (4.36) are satisfied. In particular, for j = n — 1, assume that

1. ||un71||H1(7'n—277'n71) S N(Tnfl) ||yn72||Hl

2. f(’rnfl;’rnfbynfbv B ) = 0

3. ||y(7—n71;7—n723yn723 H <€ Zn 1271 tgr2nT 16)F0/T1 (439)
—1— n—1

4o ly(rn—1i Tz g2y )| S T2 KT lyoll T

We now prove the existence of u™ = (u,0,...,0,u?, u%) € H*((Tn_1,7), R?2) such that 1.-4. of (4.36) are fulfilled.
Define ¢"~! and y,,_; as in (4.38) and (4.37). We apply Proposition 4.6 to the linear system (4.4) with (so, s1) = (0,75,
and £(0) = y,—1. The result ensures the existence of a control o = (0, ..., 0, @}, @%) € Ha((0,T,), RI*2) such verifies

||ﬁn||H1(o7Tn) < N(T) llyn—1ll g 5

with N(T,) < e*/Tn and
g(Tn;ann—laﬂn) = 0.

We set 4™ (s) =4+ 0"(s) = (ux,0,...,0, 4}, a) with s € [0,T,]. Consider problem (4.25) for (sg, s1) = (0,7T},) with
y(0) = y—1. By using the control @™ in (4.25), we get (4.28) in [0, T;,] with control " instead of v!. We denote by
y(8;0,Yn—1,0™) with s € [0,T,] its solution. Observe that, since
Yn—1 = y(Tnfl; 07 Yo, QTLfl) - y(’rnfl; Tn—2,Yn—2, unil) € HS(Ta R),
from 3. of (4.39) we deduce that
N(T) [yl g < e 2Ty ( P on T I on 6o /Ty < e~ (n+30o/Ty 1 (4.40)
where we have used that v < T'y and the identity

2
=0

=27"(—n? —4n +6(2" - 1)), Vn>0.

Now, for s € [0,T;,], we define
w(s) == y(s;0,yn—1,0") = &(5;0,yn—1,0").

Thus, we apply Proposition C.1, and we deduce that
19(T3 0,91, @) 2 = Nw0(T; 0,8™) |2 < Aa(Toni 911l ) 11171 -
We shift forward time interval into [7,—1, 7] and we define
u(t) ;== a"(t — Th_1), v (t) = 0" (t — Tho1), t € (Tn-1,Tn),

and we obtain
™[ g1y iy S NT) Y1l g1

and
g(Tn; Tn—1,Yn—1, Un) = f(Tn, 0, Yn—1, ’5n) =0.

Thus, 1. and 2. of (4.36) are fulfilled.
Recalling definition (4.33), property (4.40) and v < 'y, we deduce that

1y(7s Tt Y15 Mg = 19(Ti 0, g1, @)1 < K (T) 17 - (4.41)

Thus, using 3. of (4.39) and the estimate above, we obtain

n 2 n on—1—j2_on—
1Y (Tns Tn—1, Yn—1, ") ga < e’ To/Tn [e(ZJ N 1f)')l"o/Tl} = (i 22 e/ Ty
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that is, 3. of (4.36) is satisfied. Finally, using again (4.41) and thanks to 4. of (4.39) we conclude that

n
n—1— n—
1973 Tty Y1, u™) [ 1 < H K@) ol | = TTE@* vl

which is exactly 4. of (4.36). The induction argument is therefore concluded.
(4) Conclusion. Let us now observe that, from 4. of (4.36), for every n € N it holds that

n

on—J
N e PR V J||yo||H1<H(Fw Y ol
j=1 j=1
R e ] A e 1

2n
< ((efro/m ||yo||H1) :

where in the last inequality we have used that > °- = 6. By definition, the above estimate reads as

]12J

6T /T n
(a3 0,0, 4" s < (€ ol )
with
= Zuj(t)x(wlﬁj)(t) (component-wise).
Taking the limit as n — 400, we deduce that
(7T /6;0,%0,¢%) — @] ;1 = |[y(7>T1/6;0,%0,¢°) || ;o = IW(T5; 0,20, ¢%) [ g <0

thanks to the definition (4.3) of Ry. Thus, we construct a control v € H} (RT, R7t?)

(component-wise),

U(t) — Z] 1u()X(Tg 17'J)( )7 0<t§Tf7
0 t>1T1y,

such that, at time Ty < T, the solution of (NHE) reaches exactly the ground state, that is,

/(/)(Tfa Oﬂﬁo, u) =d.

Furthermore, we can derive a bound for the H'-norm of the control

ot ot 0 —72To /Ty
2 ny2 —2(2n+3)To /T, €
lullzr 0,7,y < Z 1w 0,1y = Z o) 1l g0)? Z o = o2mT0/(3Ty) _ 1
n=1 1=1 n=1
where we have used (4.40). Since Ty < T', we easily obtain (4.1). O

We are finally ready to prove Theorem 4.1 and Main Theorem B.

Proof of Theorem 4.1. The result is obtained by combining Theorem 3.3 with s = 3 and Theorem 4.3. In details,
for every 1y € H?(T,R) strictly positive, Theorem 3.3 allows defining a dynamics steering 1o close to ® in the
H?3 metric in an arbitrarily small time. If we are close enough to ®, we can use the local controllability result of
Theorem 4.3. Thus, the solution of (NHE) reaches the target ® in any finite time. O

Proof of Main Theorem B. Main Theorem B is a direct consequence of Theorem 4.1 and the density property of
Hoo in HY(T,R) ensured by Proposition 3.1. O
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Appendices
A Proof of Proposition 2.1

In this section, we shall prove the existence and uniqueness of solutions of (NHE).

Proof. (1) Existence and uniqueness of solutions. Let s > d/2 and ¢y € H*(T?, R). For the sake of shortness, we
consider k = 1. However, the proof remains valid in the general case. We are going to show that there exists t; > 0
such that the Cauchy problem (NHE) admits a unique solution v € C°([0,¢], H*(T¢,R)). We define the following
quantities

M = sup{”etA 0<t<1}, 7(to) := 2M |[thol| g

- IHL(HS(’I[‘d,R)) ’

C(Q) = max | Qill o, Cdu, Q) := V2d [l 129 1) C(Q)-

1<i<d

Observe that, since s > d/2, we deduce that the embedding H*(T%, R) — C°(T%,R) is continuous, that is, there
exists a constant C'(T?) such that

sup [y(2)| < C(T) Iyl ., Yy € H(TYR). (A1)

zeTd

We now define

(7“(1/’0))2 (AZ)
402 (O(d,, Q)r(Wo) + ol ) + 2 (o)) + ol )

d:=min{ 1,

and set t1 = 4.
We denote B := Bco(jo.t,],1¢)) (%0, 7(%0)) the ball in the space CO([0,t,], H*(T4,R)) of center vy and radius
r(¢p). For every b € B we define the following function

©(y)(1) = "o +/0 2 ((uls), Q@) (s, x) + (s, 2)P ) ds. (A:3)

Let us show that ® maps B into itself:

12()(0) — ol - < [0 o, + ” / =8 ((u(s), Q)ib(s) + w(s)P*) ds

Hs

< M [[goll . + / () @ () + ()7 . ds

< M ol - +0Td< / IOy |P+1ds>

t 1/2
< M Yol + C(THVIC(Q (/ 2 fls |ds> (2 / ||w<s>—wo||zs+||wo||?qsds)
t
cr [ o(s) — dollft! + vl ds.
0

Thus, we deduce that ®(1)) € B since

sup [B()(t) — ol < "0

te[0,t1] 2

+ C(T)V2dC(Q) ||ull 1201y <tes[tolrt> ] [9(t) = ol = + Iwolle> Vit

+ O ( sup [[(t) — ol + ||wo||p+1) Vi < JG0L T = i),

te(0,t1] 2
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Now, we show that ® is a contraction over B. Let 1, ¢ € B, then

[2()(#) = (D) ()]l 1o = ’/0 (u(s), Q@) (¥(s) = d(s)) + P(s)"*" — ¢(s)" " ds

S/ [{u(s), Q) (¥(s) = d(s))| - ds
0

+ C(Td)/0 l(s) = &)l e Y N(8) 172 ()57 s
§=0

Hs

+ 1/2
C(QIV2d |ull 2 (o1 ga+2) (/ [OEXIO! d8>

C(T)20-2 / [(s) = 6(5)ll 1o L(e, 6)ds
where
= > (I6s) = wolli. + Iolly. ) (l6(s) = ol + Insolls?)
7=0
Therefore, we get that

sup | ©(¥)(t) = (&) (1) - < CQV2d |[ull 2o,y \/E sup 19(t) — ()l -

0<t<t;
+ C(T%)2P*V/t; sup L(w ¢) S () — o)l s

0<t<ty

< (Cld.w. Q) + O L)) VA sup [[9(0) = (1)l

where
p

Lio) = Y (rwo)! + ol ) (r(wo)" + Insollf )

=0

With the same kind of computation one can prove that

3 2 2 d\op—2 7 2 (\/E)Q .
S [|22@) 0 - @)y < (Ctd,u,Q) + (T2 2L(wy)) 75 o ) = ¢l
and, iterating the procedure, one shows that
sup [[7()(t) — &"(@)(1) - < (C(du, Q) + C(TH2 2 L(win)) Wﬁ" sup [[(t) = 6. -
0<t<t, n! o<t<ty
For n large enough, it holds that
dyop—2 7 n (V)"
(C(d7u,Q)+C(T )2 2L(¢0)) <L

Hence, form a well-known corollary of the Banach fixed point Theorem, we deduce that ® is a contraction over B
and so there exists a unique fixed point ¢y € B which is the solution of (NHE). Furthermore, it holds that

sup ([Y(8)|| = < (2M + 1) [|vbo]| g -
te[0,t1]

We have just proved that if ¢ is solution of (NHE) in [0, 7], then we can extend it into [0, 7 4+ §(7)]. Indeed, by
defining the quantities

M(r):= sup {HetA - IHﬁ(Hs(']Td’R))} ) T(Taw(T)) = QM(T) Hw(T)HHq ;o Cldu,Q) = \/ﬁ Hu||L2(T,T+1) C(Q)7

T<t<7T+1

and

0(7) :=ming 1, (r( ()" )
102 (C(d, 0, Q) (w(r) + () + (W@ + W@IED)
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then one just sets (t) = ((¢) for ¢ € [r, 7+ d(7)], where

t

C(t) = e y(r) + / 792 ((uls), Q(@))w(s, ) + (s, )" ") ds.

T

Let [0,7) be the maximal interval of existence of 1, solution of the (NHE). If T < 400, then |[¢)(t)]| ;. — 400 as
t — T, otherwise 1 could be extended, which contradicts the maximality of 7. Observe that, for any 0 < T < T,

sup ([ (@) - < Cllvoll e - (A4)

te[0,T)
(2) Proof of the continuity (2.1) and the stability (2.2). Let ©,¢ € C°([0,T], H*(T¢ R)), with 0 < T <

min{7 (¢o), T(¢0)}, be the solutions of the (NHE) corresponding to the initial conditions 1y and ¢y and con-
trols u and v, respectively. Then,

[(8) = 6Ol s < %0 = oll
+/0 (I(u(s), @1o(s) = (w(t), Qb()l e + [[w ()7 = o) 7| . )ds

< [lt0 = ¢oll = +/0 [{u(s), @) (¥ (s) = ()l - ds+
+/0 1({u(s), @) — (v(s), Q)b ()| g1+ ds

()5 ds

t p )
+C(Td)/ 1o (s) = Sl e Y 19(8) 1
0 =0
< o = b0l + CLQVRull gz o9 VE s [16(3) = 65
+C0(Q)V2d||lu = vl 214y VE sup [[6(5)ll 7
0<s<t
p . .
+CMOVE D sup [[v(s)3. sup [l6()I5 | sup [[o(s) = &(5)ll o
j:00§s§t 0<s<t 0<s<t

Therefore, we get the existence of C,Cy, C3 > 0, only depending on the parameters of the problem, such that

sup, [10) = 00l < 40 = dnll. + (C@VEWVT sup [60)] 5 ) hu = o]0

0<t<T
p . .
+( Cld,u, Q)+ (T sup [[v(®)]3. sup 6% | VT sup [[e(t) = 6(t)]
i 0sts<T 0<t<T 0<t<T
< 4ty = 6ol + CLBVT flu = vl oy + (o + CoRWT sup [(e) = 6(0) 7.

where we have used (A.4) and that 1, ¢o € B (0, R). If (Cy + C3RP)V/T < 1, then we obtain the validity of (2.1)
and then

sup_[16(6) = 6Ol < C (o = doll . + 1w =l 2o ) -
0<t<T

Otherwise, we can subdivide the interval [0, 7] into subintervals where inequality (Cy + C3RP)v/T < 1 holds and
obtain the result. Finally, the same techniques also imply the validity of (2.2). O
B Global well-posedness and proof of Proposition 2.2

This appendix aims to prove Proposition 2.2. We show that for more regular initial conditions, 1o € H?(T,R),

the solution of the unidimensional problem (NHE) is global in time, that is, the maximum time of existence is
T ()9) = +oo. First, we observe that if g € H*(T,R) then, from Proposition 2.1, there exists 7 (1) such that for
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every 0 < T < T (¢o) there exists a unique solution v € C°([0, 7], H*(T,R)). Second, if T (19) = +o0o then the
solution is global in time, otherwise

[l = 400 ast = T (o).

It can be proved, thanks to the analiticity of the semigroup generated by A and applying [14, Theorem 3.1, p. 143]
to the fixed point argument used in the proof of Proposition 2.1, that

v € H'((0,T), L*(T,R)) N L*((0,T), H*(T,R)).
Let us consider ¥ := ¢, that formally solves the problem

OV — AV + k(p+ 1)PPW = (/' (1), Q(x))t + (u(t), Q(z)) ¥
W(0) = U := Abg — k5 + (w(0), Q(2)) o

Let us now proved the following result which is necessary for the proof of Proposition 2.2.

Proposition B.1. Let ¢ € H3(T,R), Q € H3(T,R9™2), u € H} ((0,+00),RI*2), 0 < T < T (3o, u) and k > 0.
Then, there exists a unique solution ¥ € L?((0,T), H*(T,R)) of (B.1) given by

W(t) = e Wo + /0 eI (0 (5), Q(@)(s) + (u(s), Q) ¥ (s) — wlp + 1)e(s)"U(s)) ds,

where v is the unique solution of (NHE) with initial condition 1. Furthermore, it holds that ¥ = ;.

Proof. (1) Existence and uniqueness of solutions. We already know from the local well-posedness of (NHE) that
U =1y, € L?((0,T), L*(T,R)). We now consider equation (B.1). In order to apply a fix point argument, for every
£ € C([0,T], HY(T,R)), we consider the following map

t
PO = e+ [ <8 (61, Q) (s) + (u(5). QeS(s) — nlp+ 1(s)7E()) s
where ¢ € H1((0,T), L*(T,R)) N L%((0,T), H*(T,R)) N C([0,T], H3(T,R)) is the solution of (NHE) with initial
condition ¢y € H?(T,R). We first observe that Ug = Aty — ktbhvhg + (u(0), Q(z))bo is well-defined and is in
H(T,R). Let us first prove that ® maps C([0,7], H'(T,R)) into itself. Since

FO) o= (' (), Q)0 + (u(-), Q)E() — wp+ DY (-)PE() € L*((0,T), L*(T, R)),

from [14, Theorem 3.1, p. 143] we deduce that ®(¢) € H([0,T], L*(T,R)) N L3((0,T), H*(T,R)) for every
€ C([0,T], H'(T,R)). Thus, we deduce from [32, Proposition 2.1, p. 22 and Theorem 3.1, p. 23] that ® maps
([07 T], HY(T,R)) into itself. We now prove that ® is a contraction. Let &, & € C([0,7], H(T,R)). Then,

s 200 - 2@, = s / 92 ((u(e), QEE(s) — E(5)) — wlp + D(a(ELs) ) ds N
< O (u), @ — o + D) (€0) &) ioman S ([ e -, d8>1/2
<o /T g -0, <7 g -0,
t€[0,T) t€[0,T)

If CV/T < 1 then ® is a contraction. Otherwise, one can divide the interval [0, 7] in a finite number of sub-intervals
where ® is a contraction and conclude the argument. So, we deduce that ® admits a unique fix point ¥ in the space
C(|0,T], HY(T,R)) which is the solution of (B.1).

(1) Proof of the identity ¥ = 1);. We now prove that the unique solution of (B.1) is indeed ;. Let ¢ € [0,T],
7 > 0 such that 0 < t+ 7 < T, and consider the difference

Pt +7) — (b
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Our aim is to prove that the above quantity converges to 0 as 7 — 0. Thanks to the expression of 1) and ¥ as mild

solutions, we get

TN =00 gy = L {erm2gy - e} 1 [T T0N o (u(s), Qo) ds

T T 0

+ 1 / e(t=9)A [—r(s+ TP L (u(s +7), Q)p(s 4+ 7) + kp(s)PT — (u(s), Q)Y(s)] ds

— e (A — kYT + (u (0)762)1#0)—/0 8 (U (), Q@) (s) + (uls), Q())E(s) — w(p + 1)w(s)PE(s)) ds

= l {e(tJrT)Awo — emi/}o} — emwo — ( /ﬂ/pr + (u(0), @)v0))

T

w2 [T o s, Qo) s+ [ 002 [ty (L )
|

T Jo 0

N / (=) [_ﬁ [pw(s)p (ws +7) =) w) o <¢<s 1) - w<s>>]

+ /Ot 1) {<u(8+7)—U<8>, Qs +7) + (uls +7),Q) (WH)_MS) ! W(S))] "

T

+ / =93 (s 4+ )PU(s) — prap(s)PU(s) + (uls + 1), Q)T (s)] ds
- / I (! (), Q) h(s) + (uls), Q)W (5) — r(p + 1)ih(s)PU(s)) ds.

Now, by taking the absolute value of the above identity, we obtain

‘¢<t+2—w(t>_\p(t>’<’i{<t+T>A m%} N

+

o[ TS [+ (). Q)] ds — Bt + (u(0). Q1)

T Jo
+ [ fetes [(EELZI Gtk 1) = (w9 Q) - m(s + 7 UG)
— PR ()P W(s) + (uls +7), QU(s) = {u(s), Q)W (s) + w(p + ()" ¥(s)] |ds

t
+ —
A R e O
0
t
+/ o(t=9)A, <¢(8 +7) - 1/)(8)) ds,
0 T
Wthh is of the type f(¢) )+ fo s)ds. We apply the Grénwall’s Lemma, and we deduce that f(t) < af(t) +
fo f Blrdr s, and then by takmg the limit as 7 — 0, we finally obtain that
T
Hence, we have proved that the unique solution ¥ of (B.1) coincides with ;. O

We are now ready to prove the global well-posedness of (NHE) with d = 1 stated in Proposition 2.2.

Proof of Proposition 2.2. From the local well-posedness result, we know that for any ¢y € H*(T,R) there exists
T (1o,u) > 0 such that for any 0 < t < T (to,u) there exists a unique solution ¢ € H((0,t), L*>(T,R)) N
L*((0,t), H*(T,R)) N C([0,¢], H*(T,R)) of problem (NHE). Furthermore, if 7 (19, u) < 400, then |[¢)(¢)| g1 — +o0
as t = T (1o, u). We shall prove that

V(@) <C as t — T (o, u),
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and we would deduce that T (¢, u) = 400, that is, the solution is globally well-defined. We recall that H¢||§{1 =
[9]132 + [|82¢]|72 . For almost every 0 < t < T (o, u), we multiply the equation in (NHE) by ¢ and we obtain

(O, ) 12 — (A%, ) 2 + KQPT ) 12 = ((u(t), Q(2))1h, ) ;.

Recalling that x > 0 and p € 2N*, we get (¢ )12 > 0 and then 24 [|4(t D)3, < C(t) l(t)]|3» thanks to the
accreativity of —A. Therefore, for a.e. t € (0,7 (¢, u)), we have the inequality

[@72 < ol72 €255 CO% < ||z, VT Fomltlizoregm, (B2)
Now we multiply equation (NHE) by —Av and we get
— (0, AY) 2 + (A, Ap) o — k(PPH Ay 2 = —((u(t), Q(2)) ¥, AY) . (B.3)
Let us observe that thanks to the properties of A, for every & € H?(T), it holds that
t = (AL(t),£(t)) >

is absolutely continuous and
d

27 AE(1),6(1)) 12 = 2(0:€(1), AL () 12

We rewrite (B.3) in the equivalent form

27

2T
— O Adpdr + / (A)2dr — &
0

0

2 27
N / (u(t), Q(x)) Y Adda
0

0

and, integrating by parts, we obtain
2T

27 27
— 00T + 0 (040))Optpda + / (AY)2dx — mw’“awwyi” +r(p+1) PP (D, 0) 2 da
0 0

0

2
t) ’wamé” — /0 (0p1))?da

and as above we get an inequality of the form fOZTr 1 (0410) Oz tpda < C(t f 0,v)%dx, where we have used that the
first integral on the left-hand side is well-defined since ¢, € L?((0,T), H*(T,R)) thanks to the fact that ¢»g € H3(T, R)
and to Proposition B.1. Hence, we deduce that

1

S0 100 ®)lI72 < C() [0at0ll72
and by the Gronwall’s inequality we get

||ax¢(t)H%2 < HaﬂchHQLZ g Jg C(s)ds < ||ax77[}0||i2 620\/T(wo,u)HuHLﬂU,T(wo,u)), (B4)
Therefore, for almost every ¢ € (0,7 (tpo, u)) we have proved that
@)1 = 91172 + 10:9072 < (lol7z + 18athol|72)e™ VT otz 0T,

where we have used (B.2) and (B.4). Since the right-hand side does not depend on ¢, we can take the limit as
t — T (1o, u) and conclude that ||¢(t)||§11 <Cast— T(Yo,u). O
C An estimate for the exact controllability to the ground state solution

In this section we derive an estimate for the solution w of (4.30) which is useful for the proof of Theorem 4.3. Recall
that ® = 1/v/27. We shall take advantage of estimate (4.29) that we have obtained for the solution of

p+1

ry(t) +HZ< > (O = (01(1), Q)y(t) + (v (1), Q)®, t € (s0,51),

Y(50) = Yso = 1P(SO) P.

(C.1)
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Proposition C.1. Let 1/1(50) € H3(T,R) and v* € H'((s0,51),R9T2) with 0 < 5o < s1. Consider Q € H*(T,R472)
and y € C([so,s1], H*(T,R)) N 1([50,51],H1(T,R)) be the solution of (C.1). Let vl satisfy (4.27). Then, the
solution w € C([so, 1], H'(T,R)) N H'([s0, s1], L*(T,R)) of

p+1
duu(t) = Eu() ~ o+ D@t +n 3 (VT )OO = U0.Qu0: 1)
U}(S()) = 0
satisfies the following inequality with o = s1 — s and A4(0, ||Ys, || 1) defined in (C.7):
sup [w(®)| g1 < Aa(0 Yoo ll 1) 19501771 - (C.3)

te[so,51]

Proof. We recall that w has been defined as w := y — & with & € C([so,s1], H'(T,R)) N H!(sg,s1, L*>(T,R)) N
L?(sg, 1, H?(T,R)) solution of the linear system (4.4) with control v! € Hg((so, s1), R972) such that

€(s1350,&0,0") =0, with &(s0) = ys, = ¥(s0) — @

(s0.81) = N (o) |Yso |l 1 » with o = s1—s¢. The existence of such control has been established in Proposition
4.6. Let us estimate the norm of w at time s;. We first multiply the equation in (C.2) by w and we obtain

and [v!]| .

(O (), w(t)) 1z = (D (), w(t)) s —H(P+1)‘I’p<w(t),w(t)>m+f~cz( jl)‘b”“ (1), w() 12
= (v (1), Qy(t), w(t)) .-

Using the accreativity of —9? and that H!(T) — C(T), we get

e BlI7e < K(p+ )PP w(t)l|72 +

p+1 2j q+2 2
. t 1 2 2 t 2
. Z( )q)pﬂj(ny(;nf] +||w<>||L>+C2Z|J (el Iz IOl

2dt

where
Cq = ||Q1HCO (C.4)
By the Gronwall’s Lemma, for any t € (sg, s1) it holds that
p+1 P+l q+2
s < | [ D) ( ) Il + 0 LI sl s

efsto (2K(p+1)<1>p+25?:21 (p;.rl)@p+17j+l)ds

Therefore, by taking the supremum over [sg, s1] we obtain

p+1
p+1 2 -
sup uwt)2. < mz( )@PHJ sup (1% +C3 [0 P ) sup (@I | e

t€[so,s1] =2 .7 t€[so0,s1] (s0,51) t€[10,71]
s p+1 2 2
+1—j 1 2 1 2 1 Ai(o
< (2ot 0 X (M5 )0 (Il 02 ) + CB 0y (Il 01 ) | €
j=2
p+1 1
o . 24 4 o
< (2motp+ )3 (77 1) @ (14 N @) s + CEN (0 (14 N ) gy | 42
j=2
p+1 P+l
4 2 2) 4 o
< [ 200 +1) ||yso||H12( ; )@P“ (14 N(@)2) |lyso 357> + CAN(@)? (14 N(@)?) lysol1a | e
j=2

< As (0, |Yso 111 )? Nyso 30
(C.5)
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where

p+1

1 .
Ai(o) =0 | 2k(p+1)P? +HZ (p+ )@erl] +1
=2
As(0, |Ysoll g1 ) =
1/2
s p+1 ; 2(j—2) A
2ko(p + 1)2 ( i )q)p"'l_J (1 + N(o ) ) Yso | 1 I —|— CéN(U)Q‘ (1 + N(O’)Z) eA1(0)/2,

=2

Let us now multiply the equation in (4.30) by —d2w(t)

= (Ow(t), O3w(t)) 12 + (DFw(t), Orw(t)) L2 + k(p + 1) P (w(t), OFw(t)) 2

p+1
_ﬁz(p;1)¢p+l Iy (), Pw(t)) 2 = —((0 (1), Qu(t), B2w (1)) ..

=2
We now perform integrations by parts, and we get

(0c(0zw(t)), Opw(t)) 2 + Haiw(t)HiQ — k(p+ 1)PP(0,w(t), Opw(t)) 2

p+1
+ HZ (pj 1> P (I (D)8,y(1), Dew (D)) 12 = — (W (), Q)y(t), B2w(t)) 12

x

and therefore

2
0wt + 202, < w(p+ 1) [Dr(0)]3
p+1

. 2 2 2

PH gprims (MyOIF: | 10w L Pw(t)[,

+H(p+1)z< ; >(I)p+1 j ( 5 H + H 5 )HL +C«éZ|v1,g(t)|2 ||y(t)||?{1 + H 5 HL
Jj=2 J=1

)

where we have used that dyw = 0y — 9:¢ € L?((s0,51), H'(T,R)) (see Proposition B.1 for y and Remark 4.5 for €)
We apply the Gronwall’s Lemma, and we obtain that, for any ¢ € [sq, $1]

) t p+1 P+l q+2 )
|0zw(t)||72 < / k(p+1) Z ( ; )@PH Hly(s)I 7 +Ch Z 019 (5)|2 |y ()| % ds | e2s (o)
S0 j:2

with

As(so,t) := /t (2n(p +1)®" + k(p+1) Iil (pf 1) <I>p+1’j)d5.

s0 J
Taking the supremum over the interval [sg, s1], we obtain

S1 p+1 q+2
p+1 50,8
?up | ||5'3,w(t)Hi2 < / k(p+1) Z < j >q>?+1 Hy(s) 3, + C’Q Z b (s)[2 [|y( )||?q1 ds | eAs(s0.51)
telso,s1 so j=2

p+1
erl . ; 2
; M(pmz( ers s o1+ 3l
= J tG[SU,Sl]

(s0:51) b ly(®)[I3 | etetos)

051

IN

+1
2ra(p+ 1 (pj )w”(ysﬂ [0 o) + OB N0 gy (ol + 110 ) | €00
j=2
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Thanks to the assumption on yg we deduce

sup [ dzw(t)|72

t€[s0,51]
p+1
+1 —j j j 50,8
SRAEDY (p j )@”“ T (L4 N¥(0)) llyso I3 + CEN(0) (14 N2(0) llysg s | €200
j=2
p+1
+1 ; ; i
= [ 20000+ 1)) (p , )@PHJ (14 N%(0)) o 12972 + CEZN?(0) (1 + N2(0)) | 26050 [ly [[3:
j=2
4
= A3(0, Ysoll gr2)? 5o 1 -
(C.6)
where
As (o, ysoll ) ==
i1 1/2
1 : . -
2k0(p+1)%) <p + )@P“J (14 N%(0)) [lyse 7972 + CEN?(0) (1 + N%(0)) eA3(s0:51)/2
=2
Finally, from (C.5) and (C.6), we conclude that
sup [lw(®)|zn <2 suwp Jw(®)|iz+ sup [|0sw(®)][7
t€[so,81] te[so,s1] t€[so,81]
4 4
< 2 (A2(0, [yso [l r2)? + As (0 ys l112)?) Mol < AG(0 1Yol ) 9ol
with
p+1 p+1 _ 1/2
Al =V | 2rao-4 02 Y (P51 ) 87510 (14 N0 I 7 + CN%0) (14 V(o)
j=2
o7 2r(p+1)EP+r(p+1) 3755 (P11 er T 41)) /2. (C.7)
The proof is therefore concluded. O
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