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1 Introduction

In the sixties, in order to prove the decidability of the monadic second order theory of one suc-
cessor over the integers, Biichi studied acceptance of infinite words by finite automata with the now
called Biichi acceptance condition, see [Biic62]. Since then, a lot of work has been done on regular
w-languages, accepted by Biichi automata, or by some other variants of automata over infinite words,
like Muller or Rabin automata, see [Tho90, Sta97, PP04].

The class of regular w-languages, those accepted by Biichi or Muller automata, is the w-Kleene
closure of the class of regular finitary languages. Let 3 be a finite alphabet, and L be a finitary
language over 2. The w-power L of L is the set of infinite words constructible with L by concate-
nation, i.e., L :={ wow; ...€X¥ | Vicw w; € L }. The w-Kleene closure of a class C of languages
of finite words over finite alphabets is the class of w-languages of the form | J, <j<n Kj- L5, where
n is a natural number and the K;’s and the L;’s are in C. We denote here by L>° the w-power of L, as
in [Lec05, FLO9] and the recent survey paper [FL20], while it is usually denoted by L* in theoretical
computer science papers, as in [Sta97, Fin01, Fin03, FLO7].

Moreover, the operation of taking the w-power of a finitary language also appears in the character-
ization of the class of context-free w-languages as the w-Kleene closure of the family of context-free
finitary languages, see [Sta97].

This shows that the w-power operation is a fundamental operation over finitary languages in the
study of w-languages, which naturally leads to the question of its complexity. Since the set X of
infinite words over the finite alphabet > can be equipped with the usual Cantor topology, the question
of the topological complexity of w-powers of finitary languages naturally arises, and was asked by
Niwinski [Niw90], Simonnet [Sim92], and Staiger [Sta97].

Then the w-powers have been studied from the perspective of Descriptive Set Theory in several
recent papers [FinO1, Fin03, Fin04, Lec05, DF07, FL0O7, FL09, FL21, FL20].

As noticed by Simonnet in [Sim92], the w-powers are always analytic sets. It has been proved
in [Fin03] that there exists a finitary language L accepted by a one counter automaton such that the
w-power L°° is analytic and non Borel. Moreover, we proved in [FL09] that, for every non-null
countable ordinal &, we can find Eg—complete w-powers, as well as Hg—complete w-powers. This
shows that, surprisingly, the w-powers can be very complex. Moreover, some results have been
obtained in [FLO9] about the Wadge degrees of w-powers, indicating the location of some w-powers
inside the Wadge hierarchy, which is a great refinement of the Borel hierarchy, see [Wad83].

On the other hand, there were very few results about the Wadge degrees of w-powers of very low
Borel rank. We fill this gap in this paper, studying the w-powers in the class AS.

Our main result is the following:

Theorem. Let n be a natural number.

(a) We can find a regular language L C 2<% such that L is complete for the class Dn(E?), and
another one for D, (X9).

(b) We can find a regular language L C 2<% with the property that L™ is complete for the class
Do(29) @ Do(X?), and another one for Doy 1(20) @ Dapy1(2Y).



Up to our knowledge, the w-powers we get are the first examples having these topological com-
plexities, even in the non-necessarily regular case (except, for (a) when n <2 and D3(X9), and for
(b) when n =0, see [Lec05]).

Moreover, our w-powers are w-powers of regular finitary languages. The w-powers of this kind
have been studied by Litovsky and Timmerman in [LT87], where they proved that if a regular w-
language L is an w-power, then there is a regular finitary language L such that £L= L*°.

The topological complexity of regular w-languages is well known. Every regular w-language is a
finite boolean combination of IT) (and hence Borel) sets, and is in particular a A§ set. The trace of the
Wadge hierarchy on the w-regular languages is called the Wagner hierarchy. It has been completely
described by Wagner in [Wag79], see also [Sta97, Sel98, Sel08]. Its length is the (countable) ordinal

wv.

In particular, a regular w-language is in the class AJ iff it is in the hierarchy of finite differences
of 39 sets. Our main result implies that, for any Wagner class T' # I with T' C AY, we can find
L C 2<% regular such that L*° is complete for I'. As a consequence, we determine the Wadge-Wagner
hierarchy of non self-dual A§ regular w-powers.

2 Preliminaries

We assume that the reader has a knowledge of basic notions of descriptive set theory, which can
be found in [Kec95]. We use in this paper usual notations in this field. In the sequel, I', A will be
classes of subsets of Polish spaces. The class of complements of elements of I is defined, when X is
a Polish space, by I'(X):={X\ A | AcT(X)}.

We set X¢:={0O | O is an open subset of a Polish space X }. If £ >1 is a countable ordinal, then
Hg = 252 and Ag = Eg N Hg. If £>2 and X is a Polish space, then, inductively,

2UX):={ ] An|¥new A e mM(X)}.

new n<é€

The classes 22 and Hg form the Borel hierarchy. This hierarchy can be refined, using the classes of
differences. If ( is a countable ordinal and O :=(O,;),<¢ is an increasing sequence of subsets of a set
X, then D¢(O):={z € X | In<( parity(n) # parity(¢) A z € Oy \ (Uy<,, Op)}. If X is a Polish
space, then D¢(T)(X):={D¢(O) | Vn<¢ O, €T(X)}. The classes D¢ (%) and D¢ (%) form the
Lavrentieff hierarchy. We set

TeA)(X):={(ANC)U(B\C) | CcAY(X)ANAET(X)ABEA(X)}.

By [Wag79], the Wagner hierarchy of A sets is made of the classes D,,(29), D,,(27), as well as
D, (E0)® D, (£Y), where n € w, and starts as follows:

Do(29)={0} ) Dy (%)= Dy(%9)
) Do(X})@Do(2])=A7 Siermy
Do(X9) Dy (29) =119 Dy(%9)



We will also consider the class defined, when X is a Polish space, by
(TNA)X):={ANB|AcT(X)NBeA(X)}.

Recall that A € I'(2¥) is I'-complete if, for any B € I'(2*), we can find f:2* — 2% continuous such
that B = f~!(A). Intuitively, this means that A is part of the most complex sets in I'. The Wadge
class associated with A is { f~1(A) | f continuous}, which by inclusion of classes defines the Wadge
hierarchy mentioned in the introduction, which refines the Lavrentieff hierarchy. In particular, the
Lavrentieff classes have complete sets. By Theorem 22.10 in [Kec95] and its proof, if I # I, then
AC 2% is I'-complete exactly when A€ T'\T.

We now turn to basic notions of automata theory and formal language theory in theoretical com-
puter science, see for instance [Sta97, PP04]. Let X be a finite alphabet. Then 2<% is the set of finite
words over X. If w:=ay - - - a; € XY, then |w| =1 is the length of w.

Definition 2.1 A (finite) automaton is a 5-tuple A:=(Q, X%, 9, qo, F'), where Q) is a finite set of states,
Y is a finite alphabet, §: Q x ¥ — 2% is a map, qo € Q is the initial state, and F C Q is the set of final
states.

Let w:=ay - - - a; € X< be a finite word over ¥.. A run of A on o is a sequence r:=(¢;)1<i<i+1
of states with q1 = qo and, for each 1 < i <1, gi+1 € 6(qi,a;). The language accepted by A is
L(A) == {w e <¥ | Ir € Q"1 risarun of Aonw with g1, € F}. A language L C X<% is
regular if L= L(A) for some automaton A.

Definition 2.2 A Biichi automaton is a 5-tuple A:=(Q, X%, 9, qo, F'), where Q is a finite set of states,
Y is a finite alphabet, §:Q x X — 2€ is a map, qo € Q is the initial state, and F C Q is the set of final
states.

Let o:=ajay---€X“. Arun of A on o is a sequence r:=(q;);>1 of states with ¢1 = qo and, for
eachi>1, qiy1€0(qi,a;). We set In(r):={qe @ | 3¥°i>1 g;=q}. The w-language accepted by
Ais LIA):={ceX¥ | IreQ® risarunof Aono withIn(r) N F#0}. An w-language LCY¥ is
w-regular if L= L(.A) for some Biichi automaton A.

The usual concatenation of two finite words v and w is denoted v-w, sometimes just vw. This
concatenation is extended to the concatenation of a finite word w and an w-word o. The infinite
word w- o is then the w-word such that (w-o)(k) = w(k) if k < |w|, and (w-0)(k) = o(k—|w|) if
k> |w|. The concatenation can be extended in an obvious way to infinite sequences of finite words.
The concatenation of a set L of finite words with a set £ of infinite words is the set of infinite words
L-L:={w-oc | we Lando € L}. The prefix relation is denoted by C: a finite word v is a prefix
of a finite word w (respectively, an infinite word o), denoted v C w, if and only if there exists a
finite word w’ (respectively, an infinite word ¢”), such that w = v-w’. The w-Kleene closure of the
family of regular languages is the class of w-languages of the form [ J, <j<n K;-L3°, for some regular
languages K; and Lj;, 1 < j <n. As mentioned in the introduction, the class of w-regular languages
is the w-Kleene closure of the family of regular languages (see [PP04]).




Theorem 2.3 (Biichi) Let 3. be a finite alphabet, and L C 3 be an w-language. The following are
equivalent:

(a) L is w-regular,

(b) we can find n € w and regular languages K;, L; C ¥<“, 1 < j <n, with the property that
£:Ul§j§n K;-L7°.

3 The proof of the main result

We first give an inductive construction of the difference hierarchy.

Lemma 3.1 Let I be a class of subsets of Polish spaces closed under finite intersections and finite
unions, and k be a natural number.

(@) Dy(T) NT =Dy 1 (T).

(b) D (T) NI = Doy 41 (T).

(¢) Doj(T) M Do(T) = Dojyo(T).

(d) (Dog1(T) ® Doje11(T)) M Do(T) = Doy 3(T) & Doj5(T).
Remark 3.2 The anonymous reviewer of this paper indicated us that “items (a), (b), (c) of Lemma
3.1 were known for quite some time. Namely, they are particular cases of Proposition 8 in Section
5 of [Sel85] about the difference hierarchy over arbitrary bounded distributive lattice. Moreover, the

proof of Proposition 8 is essentially the same as even earlier proof for the particular case of difference
hierarchy over the c.e. sets in Section 3, Proposition 2 of [Ers68]”.

However, in order to keep the paper as self contained as possible for the reader, and because these
results are used later in the sequel, we have kept our proofs of items (a), (b), (c), and give them below.
Proof. Fix a Polish space X.

(a) Let U := (U,;);<k be an increasing sequence of subsets of X in I, A:= X\ Dy(U), and V be a
subset of X in I'. We set, for n <k, O,):=U, NV, and Oy :=V. Then (Oy;),<k+1 is an increasing
sequence of subsets of X in I', and

reANV (xgéUn<k U, v 3In<k (parity(y) =parity (k) A o€ Uy \ Uy, Ug))) AzeV
<~ mEDk+1(O),
proving that ANV € D1 (T).

Conversely, assume that Dy, 1(O) € Dy (T'). We set V := Oy, and, for n <k, U, := O,;, which
implies that U is an increasing sequence of subsets of X in I', Dy(U) € Di(T"), V is in I, and
Dj41(0)=(X\Dy(U)) NV by the previous computation.

(b) Let U := (U,;) <2k be an increasing sequence of subsets of X in I", A:=X\Dy;,(U), V be a subset
of XinT', and B:=X\V. We set Oy :=V and, for n <2k, O, 41 :=V UU,, so that (Oy;)p<2r+1 is
an increasing sequence of subsets of X in I', and
r€eANB & (:xgéUn<2k UpV 3j<k €U\ (Up<s; Up)) Nz gV
< ¢ Dop11(0),

proving that A N B € Doy 1(T).



Conversely, assume that Doy 1(O) € D41 (T). We set B:= X \Oy and, for n <2k, Uy, :=Oy41,
which implies that U is an increasing sequence of subsets of X in I', Doy (U) € Do(T'), Bisin T,
and X \ Dog41(0)= (X \ D2 (U)) N B by the previous computation.

(c) The key fact is that (01\00) U (D1 \Do) = (Cl U Dl)\(CO N Do) if C1 € Dg and D1 C Cy. We
may assume that & > 0.

Let U := (U,)y<2k be an increasing sequence of subsets of X inI', A:=X\Doy(U), V :=(V})) <2
be an increasing sequence of subsets of X in I', and B := X \ Do(V). We set Og := Vy N Uy,
O, =V1NnUy, Ogj = (VQ N UQj) U U2j_2 U (Vl N Ugj_l) and

O2j41:=(Vi NUzj41) UUzj—1

if0<j<k, Osp .= Vo U Usp_9 U (‘/1 N U2k-71) and 02k+1 :=V1 U Uy,_1, so that (On)n<2k+2 is an
increasing sequence of subsets of X in I'', and

reANB& (2 ¢ Us—1 VIj<k z € Ui\ (Up<a; Ug)) ANze (VoU (X\W1))
<:>$€V0\U2k,1 Vdj<k JZE(VQ N UQj)\(U9<2j Ug) V xgéVl UUgp_1V
Fj <k 2 €U\ (Vi UlUgeo; Up)
sScelVynUyVvdje (0, ]C) S ((V()ﬂUQj)\UQj_l) U(Ugj_2\<v1 UU9<2j—2 Ug))
Vo € (Vo\Uszk—1 U Usp—2\ (Vi UUpeo_o Us)) Va ¢ Vi UUs,_q
sScelVpynUyVvdje (0, /ﬂ) xre ((V()ﬂUQj) U U2j_2)\((VlﬂUQj_l)UU9<2j72 U@)
Va e (Vb U ng_g)\ ((V1 N U2k—1) U U9<2k—2 U@) V ZC¢V1 UUsgk_1
< a¢ Dogy2(0),

proving that A N B € Doy »(T).

Conversely, assume that Dy 12(O0) € Dapyo(T'). We set, for n < 2k, U, := Oy, which implies
that U is an increasing sequence of subsets of X in I' and Do (U) € Doi(I'). We also set, for
n < 2, Vi, := Oapyyy, which implies that V' is an increasing sequence of subsets of X in I' and
D4(V) € D5(T). Moreover, X\Doy+2(0) = (X\D2x (U)) N (X\D2(V)) by the previous computation.

(d) We first check that (T' @ T') M Dog(T') = Dogy1(T) @ Doy 1(T). Let C be a clopen subset of
X, Abe asubset of X inT', B be a subset of X in I, and E be a subset of X in Dy (T"). Then
(AnC)U(B\C))NE=((ENnA)NC)U((EnB)\C), showing one inclusion by (a) and
(b). Conversely, let D be a subset of X in Dyg1(T"), and F' be a subset of X in Doy 1(T). By
(a), we can find a subset Ey of X in Do (T) and a subset A of X in I with D = Ey N A. By (b),
we can find a subset £y of X in Dy, (T) and a subset B of X in I with F = E; N B. Note that
(DNC)U(F\C)=((Bon A)NC) U((E N BI\C) = ((ANC)U(B\C)) n (BonC) U (E\O)).
showing the other inclusion. Indeed, (Fo N C) U (E1\C) € Doy (T) is true if k£ € 2, and for k > 2 by
induction, using (c) and this formula again.

From this and (c) we deduce that

(D2k+1(I‘) D D2k+1(I‘)) 1 D2(F) = (F D ]?) M l:)gk(]__‘) M DQ(F) 5
=(F & I') M Dagy2(T) = Dog13(T) ® Dagy3(T),

finishing the proof. U



Examples. Here are three fundamental examples.

SIf Li={we2<¥ | 0Cw V Ip€w 101 Cw}, then L>® =29\ {10} is D;(X7)-complete.

-If L:={0}, then L>® ={0>} is D (X?)-complete.

I Li={we2<¥ | wC 0>V Ip,gew 0P1071 Cw}, then
L>¥={a€2¥|a=0%VIp#q a(p)=alq)=1}

is Do(X9)-complete. Indeed, it is enough to see that L is not Dy(X7). In order to see that, we
argue by contradiction, which gives O open and C closed with L =0 NC. Then C' must be 2*, and
thus L is open. The sequence (0™10°°),,c,, gives the desired contradiction.

Notation. We set, for « €2% and € € 2, (). := (a(e), a(e+2),a(e+4),- - - ). Similarly, if w € 2<%
has even length 2/ and ¢ € 2, then we set (w). := (w(e), w(e+2), w(e+4), -+ ,w(e+20—2)). We
set, for LC 2<%, L*:={wy--w; | l€Ew AVi<l w;t1 €L}, and

-Lo:={we2<¥ | |w|iseven A (w)o€L* A (0C (w); VIgew 1091C (w)1)},
-Li:={we2< | |w|iseven A (w)o€L* A (w); S0®},
-Ly:={we2<¥ | |w|iseven A (w)o€L* A ((w); €0V Ip,gcw 0P1091C (w))}.

Lemma 3.3 Let L C 2<% be a regular language. Then Ly, Ly and Lo are also regular.

Proof. Recall first that the class of regular finitary languages over an alphabet X ={a1, az, - - ,a,} is
the closure of the class containing the emptyset and the singletons {a; } consisting of a single word of
length 1 (we identify here the letter a; with the word of length 1 containing this single letter), under
the operations of union, concatenation, and the star operation L — L* over finitary languages. Then
the class of finitary regular languages is also closed under intersection (and taking complements).
These properties imply that if L C2<% is a regular language, then Lo, L1 and Lo are also regular. [

The next lemma shows that the completeness can be propagated in the difference hierarchy.

Lemma 3.4 Let k be a natural number.
(a) If there is LC 2<% such that L™ is Dy,(29)-complete, then L is Dy, 1(39)-complete.
(b) If there is L C 2<% such that L™ is ng(Z(l])-complete, then LY is D2k+1(2(1])-c0mplete.
(c) If there is L C 2<% such that L* is ng(E?)-complete, then L3P is D2k+2(2?)-complete.

(d) If there is L. C 2<% such that L™ is complete for the class Doy 1(X9) @ Dap,11(2Y), then LS
is complete for the class Daj,3(2%) @ Doy, 3(2Y).

Proof. (a) Let us check that Li° ={a€2¥ | (a)g € L™ A (a)1 #10°°}. Assume that o€ L§°, which
gives a sequence (wj;);e., of nonempty words in Lo with the property that o = wows - - -. Note that
(a)e=(wp)e(w1)e - - - if € €2 since the |w;|’s are even. This implies that (a))p € L and ()1 #10%°.
Conversely, assume that these two properties hold. If («); has finitely many 1’s, then we choose
an initial segment of («)g in L* starting a decomposition of («)y into words of L of length [ large
enough to ensure that («)1|! contains all the 1’s in («)1, and either («)1(0) =0, or we can find p, g
with 01071 C (a)q 1.



We set (wp)e := ()|l for each € € 2, so that wy € Ly. We then consider the rest of this
decomposition of () into words of L, which gives (w;y1)o. Setting (w; 1)1 := 0/(W+1)ol | we get
wit+1 € Lo and @ = wowy - - -. If () has infinitely many 1’s, then we construct w; € Lg, ensuring
that (w;)p € L* is long enough and 071071 C (w;); for some p, ¢ € w. This proves that o € L§°. By
Lemma 3.1.(a), L € Dy11(X9). Assume now that D is a Dy 1(X9) subset of 2*. Lemma 3.1.(a)
provides C' € Dk(E(l]) and O € Y such that D = C N O. Let fy:2* — 2% be a continuous map
with C = f; 1(L>), and f; : 2¥ — 2 be a continuous map with O = f;1(2¥\ {10®}). Then the
map f:2% — 2 defined by (f(z))_:= f-(x) is continuous and satisfies D = f~!(L§°), showing the
completeness of Lg°.

(b) Let us check that L3° = {a € 2¥ | (a)p € L>® A (o)1 = 0°}. Assume that o € L3°, which
gives a sequence (w;)ie, Of nonempty words in L; with & = wow; ---. Then (a)y € L* and
(o)1 = 0°°. Conversely, assume that these two properties hold. We set (wp)o := («)o|lo, Where
lo >0 and (wp)o € L starts a decomposition of (a)g into words of L. We set (wg); := 0%, so that
wp € Li. We then continue this decomposition of («)g into words of L, which gives (w;4+1)o. We
then set (w; 1)1 :=0/(Wi+1)ol we get w; 1 € L1 and a=wow - - -, proving that a € L$°. By Lemma
3.1.(b), LT € Doy 1(29). Assume now that C'is a Doy 41 (27) subset of 2¢. Lemma 3.1.(b) provides
M € D9y (%9) and P € I1Y such that C = M N P. Let f:2* — 2% be a continuous map with the
property that M = fy ' (L), and f; : 2* — 2 be a continuous map with P = f; *({0°}). Then the
map f:2% —2¥ defined by (f(z))_:= f-(x) is continuous and satisfies C'= f~!(L$°), showing the
completeness of Li°.

(c) Let us check that L5 = {a€2¥ | (a)o€ L™ A ((2)1 =0V Ip#q ()1(p) =(a)1(q)=1)}.
Assume that o € LS°, which gives a sequence (wj);e,, of nonempty words in Ly with a =wowy - - -.
As (a)e = (wo)e(wr)e -+ if £ €2, (a)g € L™, and ((a)y =0® or Ip#q (a)1(p) = ()1(q) =1).
Conversely, assume that these two properties hold. If («); has finitely many 1’s, then as in (a) we
choose [ in such a way that («)1|!/ contains all the 1°’s in («)1, and either (wp); € 0°°, or 01071 is
a prefix of (wp); for some p, ¢ € w. We conclude as in (a). If («); has infinitely many 1’s, then we
argue as in (a) to see that « € L5°. By Lemma 3.1.(c), L5° € D2k+2(2(1)). We set

Op:={a€2” | Ip#q a(p)=a(q)=1},

and Op := {a € 2¥ | a # 0}, so that 2¢\ Do(0) is Do(X%)-complete. Assume now that C
is a D2k+2(2(1)) subset of 2¢. Lemma 3.1.(c) provides M € D2k(2(1]) and S € DQ(E?) such that
C=MnS§S. Let fy:2%“ — 2% be a continuous map with M = fgl(Loo), and f1:2¥ — 2“ be a
continuous map with S = f; ' (2\ D5(0)). Then the map f: 2% — 2 defined by (f(z)),_:= f(x)
is continuous and satisfies C' = f ~1(L$°), showing the completeness of L5°.

(d) The proof of (c) shows that

2 ={ae2” | (@oeL™® A ((@)1=0% v Ip#£q (a)1(p)=(a)i1(a)=1)}.

By Lemma 3.1.(d), L® € Dy y3(XY) @ D2k+3(2(1)). Assume now that C' is a subset of 2% in
Doje3(29) @ Doy 3(27). Lemma 3.1.(d) provides a subset M of 2 in (Daj11(29) & Dog1(29)),
and S € Do(X9)(2¥) such that C'= M N S. We conclude as in (c). O



Proof of the main result. (a) We argue by induction on n. For the class Dy(X{), we can take L:={),
so that L>° = (). For DO(Z?), we can take L := 2<%, so that L°>° = 2%, Then, using Lemma 3.3
and inductively, Lemma 3.4.(c) solves our problem for D2k+2(2(1)). Then Lemma 3.4.(a) solves our
problem for Dy, 1(XY), while Lemma 3.4.(b) solves our problem for D2k+1(2(1))- Now Lemma
3.4.(a) solves our problem for Doy, 2(X7).

(b) Note that Do(X9) @ Do(29) = AY. For AY, we can take L:={w €2<¥ | 0 Cw V 12 Cw},
so that L>® = Ny U Ny2. Note then that D1 (£9) @ Dy (£9) =29 @ IIY. For X{ @ I1, we can take
L:={0%01}U{we2<¥ | Ipew 101 Cw}, so that L ={0°}N(U,c, Nozar21)U(N1\{10}).
Then, inductively, Lemmas 3.3 and 3.4.(d) solve our problem for Do, 3(29) @ Da,,43(2Y). O

4 Concluding remarks

We proved that, for any natural number n, we can find a language L C 2<% such that L is
complete for the class D, (3?), and another one for D,,(3?). On the other hand the hierarchy of
differences of open sets can be extended to transfinite ranks indexed by countable ordinals, and it is
known that the class A is actually the union of the classes D¢(XY), where £ is a countable ordinal.
This naturally leads to the question of the existence of w-powers located at an infinite level of the
hierarchy of differences of open sets.

In the case of AY regular w-powers, Wagner’s study in [Wag79] shows that they are all located
inside the hierarchy of finite differences of open sets. So, in order to determine which Wadge classes
of AY sets I have the property that we can find L C 2<¢ regular such that L is complete for T, it
remains to solve the question for the classes of the form Dy, 1 2(20) @ Dopyo (29), for n€w.

Acknowledgments. We thank very much the anonymous reviewer for very useful comments
and for having indicated us the references containing previous proofs of Lemma 3.1 (a), (b), (c).
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