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METRIC EXTRAPOLATION IN THE WASSERSTEIN SPACE

THOMAS O. GALLOUET, ANDREA NATALE, AND GABRIELE TODESCHI

ABSTRACT. In this article we study a variational problem providing a way to extend
for all times minimizing geodesics connecting two given probability measures, in the
Wasserstein space. This is simply obtained by allowing for negative coefficients in the
classical variational characterization of Wasserstein barycenters. We show that this
problem admits two equivalent convex formulations: the first can be seen as particular
instance of Toland duality and the second is a barycentric optimal transport problem.
We propose an efficient numerical scheme to solve this latter formulation based on
entropic regularization and a variant of Sinkhorn algorithm.

1. INTRODUCTION

Given a metric space (X, d), a globally minimizing geodesic on X defined on [to, t1] C
R, with ¢; > to, is a curve z : s € [ty, t1] — z(s) € X verifying

. |81 — 80|

(1.1) d(x(so), x(s1)) = TR

d(z(to), z(t1)) ,
for all sg,s1 € [to,t1]. If such a curve exists, its points can be characterized as the
minimizers of the following variational problem: for any s € [to, 1]
d? t d? t
f(o- it .2t}

(1.2) z(s) € argmin
zeX

t _
2 it —s)—

Let us consider problem (1.2) for s ¢ [to, t1]. Specifically, after a rescaling, we consider
the following problem: given two points xp,x; € X and t > 1, find x € X that solves

. d*(z,z1)  d*(z,w0)
(13) £§{2@—1)_ 2t }‘

By triangular and Young’s inequality, we always have that such infimum is larger than
—d*(z9,71)/2. Moreover, if there exists a globally minimizing geodesic = : s € [0,t] —
z(s) € X such that x(0) = 2o and 2(1) = z; then this lower bound is attained by z(t),
which is therefore a minimizer. In particular, in the case where X = R¢, equipped with
the Euclidean distance, one always has a unique minimizer

x(t) = xo + t(x1 — 0) .

In general, problem (1.3) gives a variational definition of geodesic extrapolation even
if no geodesic, connecting xy to x; on the interval [0, 1], may be extended up to time

t > 1 while staying globally length minimizing.
1
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In this work, we consider a specific instance of problem (1.3) where (X, d) is Pa(R%),
the set of probability measures with finite second moments, equipped with the L*-
Wasserstein distance W,. This latter is defined as follows: for any p,v € Py(RY)

(1.4 W20) = min{ [ o = Parten) s 3 €}

where I'(p, v) C Po(RY x RY) is the set of couplings having p and v as first and second
marginal, respectively. The problem we consider is therefore given by:

2 2
(73) min W2 (ﬂ» Vl) o W2 (:u’ 1/0) )
pePa(Rd) | 2(t — 1) 2t

By the derivation above, problem (P) provides a natural notion for geodesic extrapola-
tion in the Wasserstein space. This was named metric extrapolation in [11] and used for
the construction of higher order time discretization of Wasserstein gradient flows. In
contrast to the classical Wasserstein version of problem (1.2) introduced in [1], it was
shown in [11] (see also Section 2.1) that problem (P) always admits a unique minimizer
even when there are multiple geodesics connecting 1y to v;. This may be surprising
given the lack of convexity of the problem with respect to the linear interpolation of
probability measures, but is due to the fact that (P) is strongly convex along particular
curves known as generalized geodesics [2]. The goal of this paper is to provide a full
characterization of the hidden convexity in problem (1.2) which is responsible for its
well-posedness. More precisely, we show that it admits two different convex formula-
tions, which can be seen as an instance of Toland duality and of weak optimal transport,
respectively, and which we describe in general terms in this section. We will use such
formulations to give a precise characterization of the minimizers of problem (1.2) and
to construct an efficient numerical scheme to compute them.

1.1. Geodesics in the Wasserstein space. Consider the optimal transport problem
(1.4) from vy to vy. If, for example, vy is absolutely continuous then Brenier’s theorem
states that there exists a unique solution v* € I'(1y, 1) to this problem which is fur-
thermore induced by a transport map Vu : R — R?, where v : R — R is a convex
function usually called the Brenier potential for the transport from v to v, i.e.

v = (Id, Vu)z1p .

Furthermore, in this case, there exists a uniquely defined geodesic on the interval [0, 1]
connecting vy to vy, which is given by McCann’s interpolant [22]

(1.5) v(s) =((1—s)Id+sVu)ury, Vsel0,1].

This curve can be extended up to s =t > 1 while staying a length-minimizing geodesic
if and only if ((1 — ¢)Id + tVu) is an optimal transport map, or equivalently
t—1|x]?

x = u(r) — — is convex.

However, this condition is not verified in general, since we may only expect u to be
convex (and not strongly convex), which corresponds to the fact that the trajectories
of the particles, induced by (1.5), may cross precisely at ¢t = 1.
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Note that in the following, for brevity, we will occasionally omit to specify “length-
minimizing” when referring to Wasserstein geodesics, but we will always refer to curves
that are globally length-minimizing.

1.2. Toland’s duality. Toland’s duality [30, 31] concerns the minimization of the dif-
ference of two convex, proper and lower semi-continuous functions F, G : V' — (—o0, 0o,
where V' is a normed vector space. Specifically, we have the equivalence

inf {F(z) - G(a)} = inf {G°(6) — F*(0)}
where V* is the topological dual of V' and F* and G* are the Legendre transforms of
F and G respectively.

The idea of using Toland duality to deal with differences of Wasserstein distances
stems from the work of Carlier [8], who considered a variant of problem (P) where the
coefficients multiplying the two distances are equal and R? is replaced by a compact
convex set. In our case, F' and G are replaced by the maps

WQQ(Mv Vl)

W22(PJ> VO)
2t —1) ~

Rd
€ Po(RY) = o7

and p € Po(R?)

Then, at least formally, one can check that the resulting dual problem is given by

—11-12
(P*) inf {/u*dm + /uduo Dou— tT% is convex}.

A detailed proof of this result is provided in Section 2.2. Remarkably, and differently
from (P), this is a convex optimization problem in the usual sense. Also, we observe
that requiring u to be only convex, one recovers one of the possible dual formulations
of the quadratic optimal transport problem from 1 to v;. In particular, in this case,
any Brenier potential u is a solution and, if v is a.c., Vujvq1 = vg. On the other hand,
if u is a solution to (P*) we show that 7y = Vujv may be different from 1 but is
dominated by it in the convex order (see Lemma 2.4), i.e.

(1.6) [eam< [dn

for all convex functions ¢ : R? — R. Moreover, we show that the (unique) solution to
problem (P) can be written as

(1.7) = ((1 —t)Id +tVu) 40,

at least in the case where 7y is absolutely continuous (see Theorem 2.5 for the precise
statement in the general case). Since u is strongly convex this means that the measure
Uy, defined via the solution of problem (P*) is such that the geodesic from 7y to 14
on the time interval [0, 1] can be extended up to time ¢ and the resulting extension is
precisely the solution to (P).
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1.3. Weak optimal transport formulation. The convex order relation between 7y, =
VuZvy and vy, with u solving (P*), can be exploited to derive an equivalent formulation
of problem (P) which fits in the framework of weak (and in particular barycentric)

optimal transport, a generalization of optimal transport introduced in [17]. This reads
as follows:
®) ot e - Dbary(u)Pdv(e) . bary(e) = [ sodi (o).

vo,V1

where 7., is the disintegration of v with respect to the projection on the second mar-
ginal. On the other hand, by Strassen’s theorem (see Lemma 3.1 and [29]), the convex
order condition (1.6) implies the existence of a coupling 6 € I'(7y, 1) which is the law
of a martingale, i.e. df(z,y) = df,(y)dvy(x) and

/yd@x(y) =gz, for y-ae z€RY

where now 6, is the disintegration of § with respect to the projection on the first
marginal. Thus, formally, the link between problem (P*) and (B) can be stated as
follows: w solves (P*) if and only if the coupling = € T'(vg, v1) defined by

(18) dﬂ(l‘o, 1’1) = devu*(xl)(fﬂo)dl/l (.1'1)

solves (B) (see Theorem 3.3). Note that this gives a characterization of the minimizers
of problem (B) as the composition of a martingale and a sufficiently smooth transport
plan. Such a characterization can also be derived as a slight modification of a result
in [16]. Our proof shows that this can be alternatively obtained as a consequence of
Strassen’s theorem and Toland duality.

1.4. Related works. The problem of defining Wasserstein geodesic extensions has ap-
peared in the literature in different contexts. Several approaches, different from the one
discussed in this article, were proposed in [3] as a byproduct of different definitions for
cubic splines in the Wasserstein space, with the aim of interpolating (and extrapolat-
ing) multiple measures by a single curve. A variant of problem (P) was introduced in
[21] in order to construct higher order versions of the JKO scheme for the numerical
computation of Wasserstein gradient flows. The idea of using geodesic extensions is
also proposed in [20] with the same purpose.

Problem (P) has also a strong link with fluid dynamics. In one dimension, the curve
t — v, defined by equation (1.7) yields a “sticky solution” of the pressureless Euler
equation [0, 23]; see also Section 4.1. In general, the idea of modifying the initial
conditions to retrieve the solution of a fluid dynamic model at the final time via convex
optimization (as it occurs in our model; see equation (1.7)) was proposed by Brenier
in [1] for the incompressible Euler equations, but it applies to a large class of models
5, 33.

From a computational perspective, the use of strongly convex Brenier potentials has
been advocated in [20] to regularize standard optimal transport, but via a variational
formulation that differs from ours and in particular is non-convex. On the other hand,
problem (P*), with additional constraint of L-smoothness on the potential, has been
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recently considered in [32] to provide an estimator of the true Brenier potential be-
tween sampled measures. In our case, however, the equivalence with the barycentric
problem (B) enables us to propose an algorithm with similar performance as the well-
known Sinkhorn method. Furthermore, the numerical scheme that we propose leverages
Sinkhorn in a different way than related methods introduced in [25] for general weak
optimal transport problems.

The variational formulation of the Wasserstein barycenters between multiple mea-
sures with negative coefficients appears naturally also in the context of nonlinear re-
duced basis models in the Wasserstein space, as in [11] for example, and for statisti-
cal regression [12]. However, in these works the non-convexity of the problem is not
addressed directly. In particular, in [11] the authors use a simpler proxy for the W5
distance which allows for an explicit characterization of the barycenters. In [12] instead,
the problem is tackled numerically using a convex optimization approach, without con-
vergence guarantees. We refer to Remark 3.4 for some considerations on the extension
of our work to the setting with multiple measures.

Finally, we remark that a weak optimal transport version of Wasserstein barycenters
(rather than extrapolation as in our case) has been recently introduced in [10].

1.5. Structure of the paper. The rest of the article is structured as follows. In
section 2 we collect some well-posedness results for the metric extrapolation problem,
and prove strong duality with problem (P*). In section 3, we prove the equivalence
with the weak optimal transport formulation (B). In section 4 we give a precise link of
our problem with the H! projection on convex functions, via a I'-convergence result. In
section 5 we provide some exact solutions to the problem providing some intuition on
the behavior of the metric extrapolation. Finally, in Section 6, we propose and analyze
a variant of Sinkhorn algorithm to solve the problem in the case of atomic measures,
and provide some numerical results.

2. MAIN PROPERTIES AND TOLAND DUALITY

In this section we collect some well-posedness results for problem (P), i.e., existence
and uniqueness of solutions and convexity of the problem along generalized geodesics,
that were already proven in [11]. We further show that the problem admits a convex
dual formulation given by problem (P*). This last result is inspired by the duality
principle studied in [8] for the case where the transport costs are multiplied by the
same coefficient with opposite signs, but it does not contain this latter since our proof
requires the coefficients to be different in absolute value.

2.1. Existence and uniqueness of solutions. Existence and uniqueness for solutions
to problem (P) follows from the fact that the functional

W22<:u7 Vl) o W22(:u7 UO)

(2.1) Fi(vo, visp) = 206 —1) ot

is bounded from below and is strongly convex along specific curves, known as generalized
geodesics [2, Definition 9.1.1]. As for the lower bound, this can be found directly using
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the notion of Wasserstein geodesic. In fact, if v : s € [0,t] = v(s) € P(RY) is a
geodesic from vy to u, we have

Wi p, o) Wip,v(1)  WEv(1), n)

+

2t 2(t - 1) 2
(2.2) _ W) N W3 (1, 10)
— 2(t—1) 2

where we have used the variational characterization of globally minimizing geodesics in
equation (1.2), and specifically the fact that

W3 (p,v)
{T—f-(t— 1)

v(1) € argmin
vePy(RY)

sz(; Y) }

Then, equation (2.2) yields
W3 (vo, 1)
5 .

A precise statement for the strong convexity of F; (v, 1; -) along generalized geodesics
is contained in the following lemma:

(2.3) Fi(vo,v1; ) > —

Lemma 2.1 (Theorem 3.4 in [21]). Let vy,vy € Po(RY), and consider the functional
Fi(vo,v1;+) : Po(RY) — R defined in (2.1). For any o, 1 € Po(R?), let p: [0,1] —
Po(RY), 1u(0) = po, (1) = p1, be a generalized geodesic based in vi. Then, for all
0<s<1 it holds

s(1 — ) W3 (po, 1)
2 tt—1)

Note that this Lemma can be viewed as a simple consequence of the fact that
Fi(vo,v1;-) is the sum of Wi(-,11)/(2t — 2), which is 1/(t — 1)-convex along gener-
alized geodesics based at vy [2, Lemma 9.2.1] (in the sense of equation (2.4)), and
—W2(-,11)/(2t), which is —1/t-convex along any generalized geodesic [2, Proposition
9.3.12]. Therefore, the sum must be (1/(t—1)—1/t)-convex along generalized geodesics
based at .

Using the fact that the space P(R?) equipped with the Wasserstein distance is
complete, one can show that Lemma 2.1 together with the lower bound (2.3) implies
that problem (P) admits a unique solution. We refer to [14, Proposition 4.10] for the
proof.

(2.4)  Fi(vo, v p(s)) < (1 — s)Felvo, v o) + sFe(vo, va; p) —

Remark 2.2 (Link with extrapolation). Suppose that there exists a length-minimizing
geodesic s € [0,1] = v(s) € Po(R?) such that v(0) = vy and v(1) = vy, then v(t) is the
unique minimizer to problem (P), since

Wi (w(t),v1)  Wiv(t),w)  Wi(w,n) .

2(t—1) 2t 2
The converse is also true: if the unique minimizer | realizes the lower bound, i.e.
Fi(vo, vi; ) = —Wi(vo,v1)/2, then the geodesic v is well-defined and p = v(t). In fact,
equation (2.2) holds in this case with an equality instead of an inequality, which implies
that vy belongs to a globally minimizing geodesic connecting vy and fu.
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2.2. Dual formulation. Let us recall the classical dual Kantorovich formulation of
the L2-optimal transport problem: for any p, v € Py(RY) and s > 0

(2.5) %pr{/wwfd)‘;dl/}?

where the supremum is taken over any continuous bounded function ¢ € Cy(R?) and
¢ € Cy(R?) denotes the c-transform of ¢ associated with the [? cost rescaled by the
factor 2s, i.e.

s5(0) = inf T .

We will denote the c-transform with respect to the cost c¢(z,y) = |x —y|*/2 by ¢° := ¢5.
In the following we will also use an alternative form of the dual formulation (2.5) written
in terms of the Brenier potential. More precisely

(2.6) WZ(“’ 1nf{/ud,u+/u dy} i |2d () + ﬁ v(z)

where the infimum is computed over all continuous convex functions u : R¢ — R. Note
that this formulation can be obtained from (2.5) via the change of variable u = |-|?/2—¢.
By the dual formulation in equation (2.5), we have

(P) = Lﬂi Sgp{/(di —p)dp+ /wfl dvy — /SﬁidVO}
s { [ eaan- ftn)
©

where the first equality is obtained by using the dual formulation for both Wasserstein
distances, whereas the inequality follows by selecting ¢ = ¢ in the sup over ). Now,
let us observe that

et = i {5 {2 L

] x —yl? — z|?
slnfsup{—’ ol == —90(2)} = ()
b 2 21

(P) > —sup{/¢cdul+/¢dz/0},

where now ¢ € Cy(R?), and with the constraint that there must exist a function ¢ €
Cy(R?) such that

29) ota) = gite) =mt { 215~ o)}

(2.7)

(2.8)

and therefore we have

2t

Note that without this last constraint, we have precisely the dual formulation of the
L?-optimal transport problem from 14 to v; in equation (2.5), with s = 1. Making the
change of variable u = | - [*/2 — ¢, which would correspond to the Brenier potential
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from v to vy, the constraint (2.9) implies the existence of a function £ € C'(R?) given
by & = |- |?/2 — tp such that
t—1]z|* & (x
o | ()
t 2 t

where £* is the convex function given by the Legendre transform of £. Hence, if we
consider the following problem

—11-12
(P*) inf {/u*dm + /uduo Dou— tT% is convex},

where again u* is the Legendre transform of u, we obtain

u(z) =

|z LN

Problem (P*) is a convex optimization problem. We now show that the infimum is
attained. The proof is similar to the one used in [26] to show the existence of minimizer

of the classical Monge problem with strong convexity and smoothness constraint on the
Brenier potential.

Lemma 2.3. There exists a strongly convex function u solving (P*).

Proof. Setting v = u* we obtain the equivalent problem
(2.11) inf {/’udul + /U*dyo v € CHRY) is convex, Vo is L—Lipschitz} ,

where L = t/(t —1). We prove the existence of a minimizer for this problem. Let (vy,)s,
be a minimizing sequence. We start by showing that up to a subsequence extraction
this converges pointwise to a function v which is admissible for problem (2.11). Since
the problem is independent of the addition of a constant to v, without loss of generality
we can assume v,(0) = 0. Let y, = Vv,(0), for any p, € 0v*(y,), the sub-differential
of v* at y,, and for all y € RY, we have

* « 1
(212) Un(y) 2 Un(yn) + <pn7 Yy — yn> + ﬁ|y - yn|2

and we can pick p,, = 0 since y,, = Vv,,(0). Therefore we obtain, by Jensen’s inequality,
1
[t [ v = vnars) + i) + 5 [ 1y = v

1
> (bary(). ) + 5 [ 1= PP,

where the second inequality is due to Fenchel-Young inequality, and where

bary(vy) = /xdyl(aj).
This implies that y, = V,,(0) is uniformly bounded, moreover for all z € R?
|V, (2)] < [Vou(z) — Vu,(0)] + |V, (0)| < Llz| + |V, (0)].

Therefore, by the Arzela-Ascoli theorem (Vuv,,), converges uniformly on compact sub-
sets (up to a subsequence extraction) to a function g which is L-Lipschitz. Since
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v,(0) = 0, one can show that v, converges pointwise (again, up to a subsequence ex-
traction) to a convex function v such that ©(0) = 0 and that g = Vo. Indeed, we have
that for all n,m > 0,

[on(2) = vm ()] =

/0 (Vu,(sz) — Vug(sx), z)ds| < |a:\/0 Vo, (sx) — Vo, (sx)|ds

and so the uniform convergence of Vv,, on compact sets implies that (v,(x)), is Cauchy
for all z € RY. Furthermore, since 9(0) = 0, for all z,y € R?

(2.13) %@y—%@y:4<v%@y+u—sm%x—w®

—  a(y) —o(z) = / (g(sy + (1 — s)z),y — z)ds,

which in turn implies that v is differentiable and g = V.
Now, observe that by the definition of Legendre transform and the fact that v,(0) = 0,
we have v} > 0. Therefore by Fatou’s lemma,

liminf/v;’;duo > /liminfv;duo > /@*dyo.

n—0o0 n—0o0

On the other hand v, (z) — (y,,z) > 0 for all z € R%. Applying again Fatou’s lemma,
with respect to the sequence of functions = +— v, (z) — (y,, z), and using the fact that
Y, converges to Vu(0), we obtain

liminf/vndul > /ﬁdyl.
n—oo
Therefore v solves (2.11) and v* solves (P*). O

Additionally, we have the following characterization of the minimizers, which will
be useuful to establish the strong duality between (P) and (P*). Before stating them
we remark that for any strongly convex function w, Vu* is Lipschitz continuous so
(Vu*) g1y is well-defined also when v is not absolutely continuous.

Lemma 2.4. Define n .= (Vu*)uxvy — vy. Then, a (t — 1)/t-convex function u solves
(P*) if and only if

(2.14) l/@@—tﬁ%stPﬂ Wifw@m@go

for all convex functions ¢ : R — R.

Proof. Equation (2.14) is equivalent to the optimality conditions of problem (P*). In
fact, if u solves (P*), given any (t—1)/t-convex function @, then the function (1—s)u+st
with 0 < s < 1 is an admissible competitor for problem (P*), and therefore we find
that

/((1 — s)u + su)*dvy + /((1 — s)u + su)dyy > /u*dm + /udyo,
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/ (1= s)u+su)” — “*dyl > /(u — @)y .

$
Taking the limit s — 07, we find (see [17])

/ (@ — w)d(Vu) gy < / (@ — w)dw

for any (¢ — 1)/t-convex function 4. Taking @ = u + (u — | - |*(t — 1)/(2t)) we get the
first condition in (2.14). Taking @ = u + ¢ we get the second condition.

On the other hand, given a (¢ — 1)/t-convex function u that satisfies (2.14), for any
(t — 1)/t-convex function ,

Jia—wan= [ (a6~ ) o) - [ (o) - SHEE )y <0

This implies that

/udu0+/u*dV1 = /ud(Vu*)#V1+/u*dV1 —/Udﬁ
< /ﬂd(VU*)#m —I—/ﬂ*dyl —/ﬂdn
:/fL*dV1+/?~LdVO>

where we also used the fact that u is an optimal Brenier potential for the transport
from Vu;ul to vy. O

or equivalently

The following theorem establishes that strong duality holds between problems (P)
and (P*).
Theorem 2.5. We have
‘ |z |2 |z |2
(2.15) (P) = (P") = | —-dwo(z) = [ —-di(z).
Moreover,
(1) w solves (P) if and only if u = T(t) vy, where
T(t) = Vu" +t(Id — Vu")
and u solves (P*);
(2) conversely, u solves (P*) if and only if —(t —1)u*+t|-?/2 and tu— (t —1)|-|*/2

are optimal Brenier potentials from vy to p and from vy to u, respectively, and
p solves (P).

Proof. Let u solve (P*). By the optimality conditions in Lemma 2.4, and specifically
the equality in (2.14), we have

[ + @) an) - 57 [ laPdnte

/ ((Vu*(x),x) _ %|VU*($)|2> dvy () + Q;t/|x|2dy0(x).

(P7)
(2.16)
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Define
pi= (Vu* +t(Id — Vu*)) gy and 7y == (Vu*) v,

By the optimality conditions for u and denoting w := tu— (t—1)|-|*/2 (which is convex
due to the strong convexity of u), we deduce that

W2 2 2
(2’;’”0 :; inf {/vdyo—l—/vd,u} Hd o(z) — md()

(2.17) - % {/deo+/w*d4 _/%dyo(””)—/ ‘gfdu( )

= % / [w(Vu*(z)) + w*(Vu* (z) + t(z — Vu* (z)))] duy ()

ol o
- [ i) = [,

where for the first equality we used the dual formulation in (2.6). Since x € du(Vu*(z)),
the subdifferential of u at Vu*(z), and given that w is convex, we have that Vu*(z) +
t(x — Vu*(z)) € Ow(Vu*(z)), the subdifferential of w at Vu*(x). Therefore, we obtain

(2.18) W %/(Vu (x), Vu*(z) + t(x — Vu*(x)))dv ()
|z [Vu'(x) + t(z — Vu(z))]”
_/g Vo(x)—/ 5 diy (z) .

Consider now the coupling:
v = (Id, Vu* + t(Id — Vu*))pvy € I'(vy, p) .
Since 7 is an admissible coupling for the transport from vy to p,

Wg(ua VO)
2t

[t — (t — 1)Vu*(z)|? |z|? ||
: _/ OESTR +/2@— ) _/?dy‘)( :

where the second inequality can be obtained by using (2.18) and the definition of ~,
and rearranging terms. Developing the square and comparing the result with equation

(2.16) we get
P =) - [ Bl - [,

Recalling (2.10), this implies the equality.

The reasoning above implies a posteriori that given u optimal for (P*), u = (Vu* +
t(Id — Vu*)) 41, is necessarily the unique minimizer of problem (7). This implies point
(1) in the theorem.

For the only if part of point (2), in view of (2.15) and the inequalities (2.18) and
(2.19), we just need to check that (1 — t)u* 4 ¢| - |*/2 is convex if and only if u is

(2.19)
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(t — 1)/t-strongly convex. Observe that Vu* is t/(t — 1)-Lipschitz if and only if, for all
z,y € RY,

u'(y) < w@) +{(Vu'(2),y —2) + 5
Then, since t > 1, this is equivalent to

2 2
=P P

(1 —t)u(y) + t% > (1 —t)u*(x) + (1 — t)(Vu*(x),y — x) 5 5

=(1—-thu*(z) + t@ + (1 —-t)Vu'(x) + te,y — x),

which in turn is equivalent to the convexity of (1 — t)u* + t| - [*/2.

Finally, to show the if part in point (2) of the theorem we follow the same steps
to show (2.10). Specifically, let u solve (P) and tu + (1 — t)| - |*/2 be an optimal
Brenier potential from from v to u. Then u is admissible for problem (P*). Moreover,
proceeding as in equation (2.7),

(2.20) (P) > / wi dvy — / piduy,

where ¢ is the optimal Kantorovich potential for the transport from u to vy (i.e.,
the optimal potential for the dual formulation in equation (2.5) with s = ¢). By

direct calculation, ¢f = —u + |- [*/2 and ¢f_; > —[pf]¢ = u* — | - |*/2, by equation
(2.8). Reinserting this in (2.20) and using the equality (2.15), we deduce that u solves
(P*). O

From the proof of Theorem 2.5, one can also deduce that given u solving (P*) then
tu + (1 —t)| - |?/2 is an optimal Brenier potential for the transport both from 7y to u
and from vy to p. In particular, if vy and 7, are absolutely continuous, one has that
the solution p to (P) verifies

p=(tVu+ (1 —t)Id)xvo = (tVu + (1 — t)Id) z1y.

Theorem 2.5 confirms the observation in Remark 2.2. In particular, the optimal
Brenier potential u from vy to v is (¢t — 1) /t-convex if and only if there exists a length-
minimizing geodesic s € [0,t] — v(s) € Py(R?) such that v(0) = 1y and v(1) = v;. In
this case u solves (P*), and the solution to (P) is v(t). If on the contrary the optimal
Brenier potential from 14 to v; is not sufficiently convex, problem (P*) still selects a
potential v which is sufficiently convex to trace a geodesic connecting v at time 0 to the
extrapolation p at time t. However, by the optimality conditions (2.14), Vu* pushes v,
to 7y =¢ 1p: the mass at the initial time is reorganized to guarantee the existence of a
length-minimising geodesic up to time ¢ passing through v, at time 1.

Remark 2.6 (Toland’s duality). The strong duality established in Theorem 2.5 can be
partly seen as an instance of Toland’s duality [30, 31], just as for the case studied in
[8]. Given two convez, proper and lower semi-continuous functions F,G : V — (00, 0],
where V' 1s a normed vector space, Toland’s duality yields the equivalence

inf {F(z) - G(a)} = inf {G"(p) = F"(p)}
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where V* is the topological dual of V' and F* and G* are the Legendre transforms of F
and G respectively. In our case, F' and G are replaced by the maps

W22(M7 Vl) W22<:U’7 VO)

2(t—1) 2t ’

respectively, whereas F* and G* are replaced by

Y E C’b( ) = — /apt dvy and € Cp(R?) — — /cptdyo,

respectively. Then, at least formally, the Toland dual is the problem appearing on the
right-hand side in (2.7). Note, however, that this is not a convex problem and one needs
a further change of variable to recover (P*).

@ € Py(RY) and p € Po(RY) —

3. BARYCENTRIC OPTIMAL TRANSPORT FORMULATION

In this section we provide yet another equivalent formulation of problem (P), which
turns out to coincide to a specific type of barycenteric optimal transport given by

(B) inf / txy — (t — 1)bary(m,, )|*dvy (21),

m€l(vo,v1)

where
barY(ﬂ-m) = /$0 dﬂ-ml (l‘o) :

This is a specific instance of a weak optimal transport problem as studied in [17, 16].
This equivalence is not surprising given that the dual formulation (P*) coincides up
to minor modifications to that derived for the barycentric optimal transport problem
in [17]. We give here a direct proof of the equivalence between (P) and (5): this can
also be seen as an alternative way to prove the dual formulation (P*) for problem (B)
via Toland’s duality. As a byproduct, it also yields the same type of characterization

for the minimizers of problem (B) as the one proved in [16] for a slight variant of our
problem.
Our main tool will be Strassen’s theorem [29]. Before stating it, let us recall that

given p,v € P(R?) and a coupling § € I'(u,v), we can always represent 6 in the
following disintegrated form (with respect to the projection on the first marginal):

do(z,y) = db,(y)du(x)
where we can interpret 6, as a probability measure on R? for all  (which is uniquely
defined p-a.e.). We will use a similar notation for couplings with multiple marginals.
Furthermore, we say that p, v € P;(R?) are in the convex order u =<¢ v if and only if

/godu</gpdu

for all convex functions ¢ : R? — R.

Lemma 3.1 (Strassen’s theorem). Let u,v € P1(RY) then u <¢ v if and only if there
exists a coupling 0 € I'(u,v) such that df(z,y) = d0,(y)du(z) and

(3.1) /yd@x(y) =2 for p-a.e. x € RY,
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Remark 3.2. In probabilistic terms, the condition on 0 in equation (3.1) is equivalent
to the existence of a martingale (X,Y), where X and Y are random variables with laws
p and v, respectively. Then, 6 is the law of the martingale (X,Y).

Let us go back to showing the equivalence of problems (P) and (B). We start by
rewriting problem (P) as follows, using the definition of the Wasserstein distance in

(1.4),
(3.2)
: : 2y — x|? / |$o—x!2
P = f f —d , — f d 7
( ) 11/1 [’YIG}‘I%VLN) Q(t - 1) n (l‘l x) 'YOE}‘DUO ®) 70(960 )
. . ’331 - ;L"Q / ’xo _ 1.|2
= inf f ——d f Ll N ‘
12 Lelr%q,u) 200 —1) (1, ) — nerlg(l) ) n(xg, 1, x)

Given a m € I'(v, v1), which can be disintegrated as follows
dm(zg, x1) = dmy, (xo)dvy (z1) ,
one can construct a coupling n by setting
dn(zg, x1, ) = dmy, (xo)dy1 (21, ) .

It is easy to check that n € I'(vy, 11, p). If we restrict 7 in (3.2) to belong to this specific
class of couplings we get the following lower bound:

(P)zinf nt g - [, (a1,
s _ o =21 47 7
N 12 7161“1(11/1,#) wer(lil(?,yl) 2(t — 1) T T it Tz \T0)AY1( L1, T

_ x — af? xo — x|
> sup inf [ ﬁd%(aﬁ,x)—//%dml(xo)d%(xl,x)}

mel(vo,v1) M EF}(LVIJ—L)

where the second inequality is due to the exchange of inf and sup. We can obtain a
further lower bound by minimising the whole integrand with respect to z, i.e.

_r|? ]2
(P)> sup inf /i?;f le il /|x0 il dﬂxl(afo)] dyi (21, )

mel(vo,v1) 'YlGF'L(LVL,u) 2(t — ]_

) xy — x|? o — x|?
 rerGn )/H%sz(lt—l’ /| o d%(xo)] ().
el (vo,1

Expanding the squares and using the fact that 7 € (v, 1) we obtain

(P) > b inf /|tm1 (t — Dbary(m,, ) [2duy (z1)

Qt(t—l) wel (vo,v1)
1 , 1
5= [ @ - g [ laPan(e).
(P) 2~

=2t - 1)< /m Aol

The fact that the inequality we obtained between (P) and (B) is in fact an equality
is a direct consequence of Strassen’s theorem. Specifically, 1f u solves (P*), then by

_|_

Hence we have
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Lemma 2.4, we have that vy == Vujv1 =¢ 1, and therefore by Strassen’s theorem,
there exists a coupling 6 € I'(7y, 1) with df(x,y) = db,(y)dvy(x) and

(3.3) /yd@x(y) =z, for vp-a.e. v € R

This can be used to show the following result:

Theorem 3.3. The following equality holds:

B4 ()= g B+ gy [ e 5 [ e

Moreover,
(1) m solves (B) if and only if
(3.5) Vu*(z,) = bary(m,,), for vi-a.e. x € R?,

and u solves (P*);
(2) conversely, u solves (P*) if and only if (3.5) holds and w solves (B);

Proof. Let u solve (77 ) Reasoning as in the the proof of Theorem 2.5 we get the bound
in equation (2.19), i

te — (t — YVur () 1 ) L
/ T R A Ty / [P din(z) — o / o 2dv(z) .

By Strassen’s theorem, there exists a coupling 6 € I'(7y, 1) verifying (3.3). Therefore,
we can define a coupling 7 € I'(vp, 1) as follows

(36) dﬂ'(l’o, £E1> = devu*(ml)(mo)dVl (33'1)

which is equivalent to (3.5). Then the inequality (2.19) is equivalent to

1
(P) = S 2t(t—1) /

2

dl/l (.Tl)

toy — (1) / T

1
~ 5 [ lePam(e)

This shows that 7 is optimal for (B) and directly implies equation (3.4).

In order to conclude the proof, we just need to observe that the function minimized
in problem (B) is strongly convex when viewed as a function of bary(m,,). This means
that any minimizer of problem (B) must satisfy (3.5) with u solving (P*). O

Remark 3.4 (Generalizations). [t is natural to ask to what extent the study presented
in this and the previous sections applies to other variants of problem (P). The most
natural scenarios are the case where the 1? cost is replaced by a general cost function,
and the case with multiple measures. For the first case, when using a general cost one
needs to at least require convexity along generalized geodesics, which is guaranteed upon
some conditions on the cost, and namely the so-called non-negative cross curvature
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condition [19, 13]. The case with multiple measures would consist in considering the
problem:

Kt K~
e { 30 - Yot |
I

i=1 j=1

where K=, K* > 1, v, v;7 € Py(RY) and A7, \; > 0 for alli, j, Y3, \F > 37 A In the
particular case where K+ = 1, the functional is still strongly convex along generalized
geodesics based at vy, and we expect that one can derive an equivalent version of problem
(P*) and (B). In the general case, however, the picture is much less clear, and although
one can still apply Toland duality, it is not trivial to check that the resulting problem
18 convex in appropriate variables and to derive an associated weak optimal transport

problem. We reserve to study these issues in future works.

4. RELATION WITH THE H' PROJECTION ON CONVEX FUNCTIONS

In this section we show that problem (P) is strongly linked to the problem of com-
puting the H* projection of an appropriate potential on the set of convex functions.
This also allows us to further justify the interpretation of problem (P) as a notion of
geodesic extrapolation.

4.1. One-dimensional setting. Let us consider the specific case where d = 1. Given
p € P2(R), let us denote by F), : R — [0, 1] the right-continuous non-decreasing function
given by the cumulative distribution of p, i.e. F,(z) = pu((—oo,z|), and denote by

F,E_H 1 [0,1] — R its (left-continuous) pseudo-inverse defined by
FL[L*I](a) =inf{z e R : F,(x) > a}

with the usual convention inf() = +o0o, which is also known as the quantile function
associated with p.

The optimal transport plan between two measures in Py(R) for the I? cost is given
by the monotone rearrangement plan [28, Theorem 2.9]. As a consequence we can
reformulate the minimization problem (P) as follows

) 1 R _1 2 Lot 1 2
mf{m/o |F Y (2) — Fl ()] le—%/O |F(2) — B () Pde g

where the infimum is taken over any quantile function F, ,[fl]. Rearranging the squares,
the minimizers of this problem are the solutions to

(4.1) ut [ EG) — R — (6 - DEL @) do

Suppose that vq is absolutely continuous, then the optimal transport map from v, to
vy is Ty = Fy[fl] o F,, and the problem above is equivalent to

(42 it [ 1T = (#Tale) = (¢ = Do) don(a),
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where T' € L2 (R) is required to be non-decreasing, and given a minimizer 7" we can
retrieve the minimizer p of the original problem by

n = T#VO .
This is just the L? projection on the space of monotone functions of the map
z— x4+ t(Th(x) — x).

Remark 4.1 (Equivalence with pressureless fluids). Suppose still that vy is absolutely
continuous and let Ty(x) = x + Opg, where x — |x|?/2 + ¢o(x) is the Brenier potential
for the transport from vy and vy. The solutions to the minimization problem (4.2) can be
related to the particular solutions of the pressureless Euler system, p : [0,00) — Pa2(R),
v:[0,00) = L*(u(t); R), solving

{atu + 0, (pw) =0,

(43) Oy(j1v) + 0, () =0,

with initial conditions given by

#(0) =1, v(0,-) = Veo(),

and satisfying the sticky collision condition, which consists in requiring particles to share
the same position after collision. Brenier and Grenier [0] constructed sticky solutions
to problem (4.3) for which the evolution of p is expressed explicitly by the curve

,U(t) = X(t, ')#V():
with

(4.4) X(t,z) = (O,c00(t,-)) o Fo(x), p(t,s) = /OS Xt FLY(sh) ds

and X (t,x) = x+tV¢o(z). Note that as long as the geodesic can be extended (1, -) stays
convez (as it is the integral of a monotone function) and therefore X = X. It is easy
to check that X (t,-) and u(t) are precisely the solutions to (4.2) and (P), respectively.

4.2. A T'-convergence result. In this section we elucidate the link between problem
(P) and a generalization of the projection onto monotone maps (4.2) in the multi-
dimensional setting. For the sake of clarity, from now on we focus on the case 1
absolutely continuous. Consider a function ¢ : R? — R such that z — |x|? + 2&¢,(x)
is convex for some &€ > 1, and such that V¢, is L-Lipschitz. For 0 < ¢ < &, we consider
the functionals defined by

gs(,u) — t(t — 5) W22(,LL, V&‘) . WQQ(,M, Vo)

€ t—e t

where
ve = (Id + Vo) xrp .
We investigate here the limit ¢ — 0% which, loosely speaking and up to multiplicative

factors, corresponds to the case where 14 tends to v in (P) along the geodesic connecting
the two.
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Proposition 4.2. The functionals G., as e — 0%, T'-converge on (P2(RY), W5) towards
the functional G : Po(R?) — R defined by

(4.5) / |Vu(z) — (v + tVo(2))|*dvg(z) — Wy (v, 1)

where u : R? — R is the unique convex function such that (Vu)yvy = .

Proof. First of all, we rewrite G. as follows

W22(/'L7V8) - W22(/'L7V0) )
15

Ge(p) = tH(p) + Wi, 0) . Help) =
We prove that H. I'-converge towards
(1.6 Hip) = =2 [ (Vu(e) - 2, Vou(a)) ().
which implies the result directly. For this, observe that
H.(y) < é U IV — (2 + eVio(x))[2dvp — / V- xyzduo] — H(p) + eW2(vo, 11)

where we used the fact that (Vu,Id + eV¢y)41p is an admissible coupling for the
transport from g to v.. This implies directly the I' — limsup. For the I' — liminf, let
(pe)e C P2(R?) be such that . — pin Wy as e — 0%, Let 7. € I'(pe, v) be an optimal
coupling and denote

which is convex by hypothesis. Note that (Vu})sv. = 1. We have

W 2 | [l sPanten) [ 190200) = 2P
=2 [ 1Vu) ~ Pt + 2 [(9e) - vz - )t
=~ [ IVon(a)Pave(a) ~ 2 [ (Ton(Tuz(w). 2~ g)dhe(z0).

Recalling that L is the Lipschitz constant of V¢q, we obtain
Helpo) 2 ~eW3 () = 2 [ (V6u(T0" () = Voulo) + Teuly). = ~ y)dre(z.)

> —eW35 (vo, 1) — 2LeWs(vo, 1) Wa(pie, ve) — 2/<V¢o(y), z = y)dre(2,y) -

By the stability of optimal transport maps, as ¢ — 07, 7. converges in W, towards
the optimal map  from v to p (since it converges weakly and its 2-moments converge
towards those of 7), therefore we get

lim inf H.(pe) > H(p).

e—0t
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Remark 4.3. The functional G defined in (4.5) is 2-convex along generalized geodesics
based at vy, which is expected since it is the U'-limit of the functionals G. which are
2-convex along generalized geodesics based at v..

5. PARTICULAR SOLUTIONS

When there is no geodesic from 14 to vy that stays length-minimizing when extended
up to time ¢, the solution to problem (P) is not trivial in general. Nonetheless, in this
section, we construct some explicit solutions corresponding to specific choices for the
measures v and v;.

5.1. Extrapolation when 1, is a Dirac mass. We suppose v; = 9,, with z; € R4
fixed. As before, for any pu € Py(R?), we denote by bary(u) € R? its barycenter

bary(u) == /xd,u(x).

By Jensen’s inequality
W2, 1) = / lz[2dp(z) + / |z|?dvg(z) — 2inf {/udl/g + /u*du; u COHVGX}
< /|x|2du(x) + / |z|?dvg(z) — 2inf {/uduo + u*(bary(u)); u convex}
< [ lefdu(o) = [bary (P + 13 B )
On the other hand,
Win,) = [ Jo = arPdue) = [ lafPdta) + fou? — 2(bary () o)

- / 22du(z) — [bary (1) + W2 (Sary(us 1)
This implies that

Wi(f}yl) - (5’ SE t(t1_1) (/’x‘Qde) - ’barmw)

W22(5bary(u)7 V1) _ W22<5bary(u)7 2,
t—1 t '

(5.1)

Applying again Jensen’s inequality, the first term on the right-hand side of (5.1) is
non-negative. Hence y must be a Dirac mass, and in particular

u=90, where x;=Dbary(y) -+ t(z; — bary(r)).

Remark 5.1. In this specific setting, the extrapolation is consistent with a sticky parti-
cle interaction. In particular after collapsing at a single point all particles move together
while the total momentum is preserved.
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FIGURE 1. An example in which locally length-minimizing geodesic pass-
ing by 1y = v + v, and v, = v{ + 15 exists for all times but the metric
extrapolation does not coincide with it.

5.2. Difference with locally minimizing geodesics. We detail here an example
highlighting the difference between the metric extrapolation and locally minimizing
geodesics.

The setting we consider is represented in Figure 1. In this example, d = 2 and
vo =1y + 1, and vy = vj" 4+ v; are each the sum of two Dirac masses:

1 B 1
V0+: —5(—2,1), Vg = 55(2,—1)7 4

2
Note that the curve

1 _ 1
1+ = 55(_171) ? Vl = 55(17_1) °

1 1
seER— V(S) = 55(_2_’_571) + 5(5(2_5,_1)

is a locally length-minimizing geodesic such that v(0) = vy and v(1) = v;. However we
now show that for ¢ sufficiently large the minimizer of (P) is not v(t).

First of all we observe that in this case any minimizer p of (P) must be symmet-
ric with respect to the origin. Furthermore it must be contained in the set {y >
max(—z/2,2x)} U {y < min(—x/2,22)} (shaded in the figure). In fact, if this was
not the case, we could always reflect the part of p which is not contained in that
area with respect to the axis y = 2z or y = —z/2 to get a measure 1 satisfying
Wa(u, vo) = Wa(@, vo) and Wa(u, 1) > Wa(@, v4), leading to a contradiction.

Hence, we can write u = pu* + u~ where u* and p~ have equal mass and solve
W2 (p,vy) W2, vp)

pt = argmin

f 2(t—1) 2t ’
W2 L W2 5
4~ = argmin (1, 1) _ (1, 15) :
P 2(t—1) 2t

subject to the constraint that the support of u* is contained in {y > max(—x/2,2x)},
whereas the support of p~ is contained in {y < min(—x/2,2z)}. Proceeding like in
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the previous example, we deduce that pu* = 0(y+4+)/2 and g~ = (- ,-)/2 are Dirac
masses. Therefore, the minimization becomes explicit and we find

oyt = {(—2 +1,1) if <

NN ot

(5. D)+ (—2)(1,2) if¢t>

and (z7,y7) = —(¢",y").

Note that we can obtain the same result in an alternative way which highlights the
link with the barycentric formulation. Specifically, using the symmetry of the solution
with respect to the axis y = —z/2 we have

WE(u,) = min W3t (1= ) + s0) + W™t + (1= 5))

Replacing this in the original problem we obtain
W2(u,vi") W, svg + (1= s)vy)

5.2 + _ :
( ) 12 argprbmn gﬁ;gu 2(15 — 1) 5 ’
(5.3) [~ = argmin max W2('u’ Vi) _ WQ(% (1- 3>Var + 515 )

' v selo1] 2(t—1) of ;

where now the minimizations are unconstrained. For a fixed s we are in the setting of
the previous section, and in particular u* (respectively p~) is the extrapolation up to
time ¢ from 7§ to v; (respectively, from 7, to v; ), where

v =Dbary(syy + (1 —s)vy), T, =bary((1—s)yl +s1y),
as shown in Figure 1. The optimal s can be determined by swapping the min and max
in (5.2) and (5.3), leading to the same cost as in the barycentric problem (B).
6. A NUMERICAL SCHEME FOR ATOMIC MEASURES

In this section we focus on the case where vy and 7 are both atomic measures, i.e.

M N
vy = E aiém s vV = E bj(Syj s
i=1 Jj=1

for (z:)M, = X, (y;)}2, = Y C R? and (@)}, (b;)}L, C Ry, with Zi‘il a; = 1 and
Z;V:l bj = 1. Any coupling 7 € I'(vy, 14) is of the form

N M
™= Z Z Pij(s(zi,yj)

i=1 j=1
where

P e Glab) = {PGMW .S Py=a, ZP,-j:bj}.
7 7

The barycentric problem (B) in this setting can be written as follows:

(6.1) rn];n {g9(P) : PeG(a,b)}
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where
2

o(P) = 57-D Z\t% Dby, (P)| b;

with bary;(P) = >, xib—j, for 1 < j < N. As already pointed out, this is a quadratic
but not strictly convex optimization problem, due to the possible kernel of the barycen-
ter operator. Following the discussion in Section 3, from a solution P one can recover
the extrapolation from vy to vy at time ¢ as

P,
= Z bjo.,, where z;=ty; —(t—1) Z%b—]
j ‘ 7

From the marginal constraints on P, z; € ty; — (t — 1)conv(X) for every 1 < j < N,
where conv denotes the convex hull.

Entropic regularization is a popular approach for solving optimal transport in this
fully discrete setting [27]. It consists in adding the entropy of the transport plan as a
barrier function, in order to smoothen the problem and enforce at the same time the
nonnegativity constraint. The approach is particularly attractive as one can explicitly
write the dual problem as an unconstrained minimization problem and solve it via
the Sinkhorn algorithm. However, since problem (6.1) is quadratic and not linear as
the standard optimal transport problem, one cannot rely on the Sinkhorn algorithm
directly. Following [9], we consider a variant of Sinkhorn algorithm, alternating the
Sinkhorn iterations with a gradient descent step on an appropriate auxiliary variable,
with similar complexity and a linear convergence guarantee. We will provide a detailed
proof of this last result following the same strategy as in [9], but with some adaptations
to deal with the specific form of our cost, and to ensure that the gradient descent step-
size can scale linearly with e. This was not a concern in [9] but it is crucial in our case
since we are mainly interested in the limit ¢ — 0.

6.1. Sinkhorn algorithm with an additional gradient descent step. For ¢ > 0,
the entropic barycentric problem is

(6.2) mpin{g +eZPU(10g(aZ) ) ZPU—aZ,ZPU—b}

where the regularization term is the relative entropy of P with respect to the coupling
(aibj) o =1 € G(a,b). The entropy is by definition equal to +oo for any negative value,
thereby automatically ensuring the non-negativity of any finite candidate coupling. The
following proposition collects useful facts for problem (6.2). Importantly, this admits an
unconstrained dual formulation, as the standard entropic optimal transport problem.

Proposition 6.1. The following holds:

i) there exists a unique solution P® to (6.2) and P® — P for e — 0, where P is the
mazimal entropy solution to (6.1);
it) (6.2) is equal, up to a constant term and a sign change, to

(6.3 iy f(6..2)
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where ¢ = ()M, 1 = (@Z)J)jvzl CR, Z= (zj)éyzl c R* and
—Cy(2) + ¢ + %) it %}

9 9

(64) f(¢7¢7 Z) = 5Zaibj |:6Xp <
1 2
+m;|%’—w\ b;

Jor C4(Z) = 5|z — il
iii) V5 = Ejvzl bj0.e — Zjvzl bjo., = vy, for e = 0, where Z¢ solves (6.3).
Proof. i) Existence and uniqueness is evident since the function to be minimized is
strictly convex and coercive and the feasible set is convex and not empty. The conver-
gence towards the unregularized problem can be easily obtained adapting the proof in
[27, Proposition 4.1] to the quadratic case.
i1) Notice that, as done in Section 3, the function g(P) can be rewritten as

1 2
(6.5) Q(P)ngXZij(Z)Hj—Q(t—_l)Z%—yﬂ b+ C,
ij

J

for any P € G(a,b), where the constant term is

c_——Zw )\yj by = — QtZ!wzl a; + Z!y]! b; -

Enforcing the mass constraints with the Lagrange multiplier ¢ and 1, and exchanging
inf and sup by a standard duality argument, we obtain the dual problem

1 2 P
glwazszcmln 2(75——1) z]: |25 — y;l " bj + E%:Pij (log <E> - 1)
+ ) diai+ Y ib;,
i J

up to the constant term. The optimization in P provides
_ij(Z) + @i + 1;
€

Pij:aibjexp( ), ]_SZSM,lS]SN
Plugging this in the dual problem and switching sign, we obtain (6.3).
i1i) By the optimality, P* € G(a,b) and

2 =ty — (t— bary,(P9), 1<j<N.
The convergence of 1§ — v; is therefore an immediate consequence of 7). 0J

A similar entropic optimal transport problem with non-fixed cost matrix has been
considered in the recent paper [9]. The authors introduced a novel iterative procedure,
called SISTA, alternating between the phase of exact minimization over the potentials
and a phase of proximal gradient descent over the parameters defining the transport
cost. We follow the same approach for (6.3), performing a gradient descent step with
respect to Z. Notice that the potentials are defined up to a common constant, as
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(¢+c, 1 —c) attain the same value in (6.3) as (¢, ¢) for any ¢ € R. We fix this constant
by setting ¢, = 0 for any n > 0. Then, starting from ¢° and Z°, the ¢ and 1) updates
are

N
—CH(Z™) + Y7
ot = —clog bjexp< ” ]>, 1<i<M-—1,
66) 2 e

Pt =0,

M
(6.7) ¢;‘+1 = —ElogZai exp <
i=1

—CH(Z") + ot
£

) , 1<j<N,
whereas for 7 > 0 the gradient descent step writes for 1 < j < N as

n M n t n n+1 n+1
Zi T Y Zi — X —CL(Z") + ¢t + )
(68) ZT.“"l — Z;l — T [J—y]b] _ E J aibj exp ( j( ) (b 1/1] )] '
=1

J t—1 t €

Note that the first two steps coincide with the classical Sinkhorn algorithm, but we
perform a gradient step with respect to Z instead of an exact minimization since this
latter would lead to a nonlinear system to be solved at each iteration.

6.2. Convergence analysis. Let us denote 2" = (¢", 9", Z") € RMTU+IN apq
xn-‘,—% — (qbn—i—l’wn’ Zn) ’ xn-‘,—% — (qbn—&-l’wn—‘rl’ Zn) ’ ‘,L,n—i-l — (¢n+1’ ¢n+1’ Zn+1) ]

To perform the convergence analysis, we will consider the norm | - |g, and its dual,
defined as

2|3 = [ol% + Y% + 1215, [plE = |pslt + poli + |25

for v = (¢,¢,7) and p = (py,py,pz). Note, in particular, that the (> norm for
the discrete potentials is the natural counterpart for the supremum norm, and it will
simplify some of the necessary estimates in the proof. We define:

6.9 L, = sup max max V2f((1— s)a""5 + sa" ) hy - hy |

69) Lo o V(19270 ol
(hg)ar=0

(6.10) Ly = sup max max V2 f((1—s)z™5 + sa™ ) hy - hy

n>0 $€[0,1] |Ayloo=1

(6.11) Lz ==sup max max V5 f((1- )zt 4 sty - hy.
n>0 s€[0,1] [hz[2=1
These constants quantify the smoothness of f, with respect to the |- |s norm, restricted
along linear interpolations between consecutive iterations of the algorithm.
The following lemmas show that the iterates Z" stay bounded upon a step restriction
independent of €, and as a consequence the constants above scale linearly with 1/e. In
the following we will denote

D :=max[z; — y;].
ij
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Lemma 6.2. Assume 2} € ty; — (t — 1)conv(X), for all j, and 7 < t(llt);). Then, for

alln >0 and all j, 27 € ty; — (t — 1)conv(X), and in particular,

Proof. The gradient descent update on Z" can be written as

mn

Z§L+1:(1— i >z;1+ i Z(tyj_(t_l)xi)b_J’ l<jsN.

tt—1) Ht—1) & i
Since by assumption t(l;—l) < 1, we deduce recursively that at each step z7 le ty; —
(t — 1)conv(X). O
Lemma 6.3. Assume z? € ty; — (t — 1)conv(X), for all j, and T < t%[:). Then,
C C t—1)C+t CD?
€ € t(t—1) €

where C' = exp(2AD?|b|s) and X == T/¢.

Proof. Notice first that from the updates on ¢ and v, we have

N
—CL(Z™) + ¢ + g
(6.12) ijexp< 52"+ 91 v =1, 1<i<M-1,
j=1

3

(6.13) -

M n+1 n+1
—CL(Z™) + ¢p T + 0t
Z%exp( A A N YRy

Then, the second non-mixed derivatives of the objective function along the iterations
of the algorithm are, forall 1 <:< M —1and 1 <5< N,

—Ct(Z™) + ot 1y 4
a@ Zb exp( ”( ) g(bl ¥ :%’
M n+1 n+1
o b —OL(ZM) 4 ¢ 4 .
(92 n+3) — 21 5 : ij i j b
Wl £ i ' eXP( 3 e’
b; 1 M —Ct(7Z™) + n+1 + n+1
Vﬁjf(x’“r%) 7 _j 1Idd 7 g a;b; exp < ) jl ¥j Id,
i=1
M t n n+1 n+1
* n n —CL(Z™) + 6T +
+ of2 Z1<ZJ — ;) ® (Zj — x;)a;b; exp ( -
z t n n+1 n+1
b tag+ 2 O + 6 4
= I n n N i ' :
t(t — 1) da+ ct2 ;(ZJ :U,) ® (Z] :Bz)azb] exp ( - ,

where Idg is the identity matrix on R?. Moreover, V7 f(x) and V7 f(z) are diagonal
matrices with nonnegative components, whereas V f(x) is block-diagonal for any z. Tt
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follows that
max Vif(x)hy - hy = 82
e, Vol @h - he = Z
(hqb)l\/l 0

max Vi f(x )hw'hwzzaijf(x)

|hyloo=1

max V% f(z)hy - hy = max max szf( Yz - he .

|hzl2=1 J |k |2 1

By Lemma 6.2, for alln > 0 and all 1 <j < N, 2} € ty; — (t — 1)conv(X) and

1
V., f(2"3)] < b, (tmax(]z — )+ z”—yj|) < 2Db; ,

—
t—1"77
Therefore, using the gradient descent update (6.8),

t n n+1 n t n n+1 n+1 n
—Ci(Z" +s(Z H_ZM) < —Ci(Z") + sTDIV ., f(¢ oyt Zm)|
< —CH(Z™) + s72D?|b & -

Then, by convexity of the exponential function and using (6.12)-(6.13), we can bound
Ly and Ly as

M-1 M-1
Ly < sup max exp(sA2D?[bl..) [ (1 —s 02 f(x"F3) + s 9% f(g"ts
o < s s (X207 << DETESIN LT
M N
exp(sA2D?|b|s) < ) C
1 i b) < =,
_se[O,Xl] € ( S);a+8;] ~ €
N
Ly, < sup max exp(sA2D?|b|,) "t
n S€[0,1] |
exp( s>\2D2|b|OO al c
= max Zb < —
s€(0,1] pu £
Finally, using again (6.2) and (6.13),
max Vif((l — s)x”+% + 52" Ve, - hy, <

|hz [2=1

b; Cb, Cb- i )
< t_j 1 + tj + et; mzaxmrznixl [(z] —x;)® (zj — L)]hzj - h,

(St )

and the last estimate follows. O

Lemma 6.3 suggests that if 7 scales linearly with ¢, Ly scales as 1/ and therefore
Lz <1/t for 7 sufficiently small. This is made precise in the following Lemma:
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Lemma 6.4. Assuming ¢ < 1, there exists K > 0 only depending on t, |bl and D,

such that if 7 < Ke then 7 < min (t%l:j), i)

Proof. One needs to find K such that

t(t—1)
[blos
K exp(K)(As + B) +

Ke <

Ke 1
<_7
t_1_||oo

where A = exp(2D?|b|s)/t and B = exp(2D?|b|)D?. In particular, one can take

K = min (t%‘;}) , E) where K solves

. K 1
K exp(K _ |
*P(K) 7 = A By

O

The following proof of convergence of iterations (6.6)-(6.7)-(6.8) is an adaptation
from [9]. Before stating it, let us recall that f being p-convex and L-smooth on a set
S with respect to the norm | - | means that, Vz,y € S,

(6.14) f@) 2 fy) + V) - (@ =)+ Sl =y,
L

(6.15) f@) < f@)+ Vi) (x—y)+ Sz =yl

Moreover, the gradient of f is L-Lipschitz, that is

IVf(x) =V f(y)ls < Lz -yl

Va,y € S, where | - |, is the dual norm with respect to | - |. See for example [21, 7] for
more details on strong convexity and smoothness in convex optimization.

Proposition 6.5. Suppose 7 < Ke, with K as in Lemma 6.4. Then, iterations (6.6)-
(6.7)-(6.8) converge with linear rate, i.e. there exists 0 <n < 1 such that

f@™) = f@@") <n(f@@") - f(@"), ¥n>0,
where x* is the unique solution of problem (6.3).

Proof. First of all, the objective function is decreasing monotonically along iterations
of the algorithm, i.e.

(6.16) F@™) < fa"5) < f(a3) < f(@), ¥n >0,

The first two inequalities come directly by definition of alternate minimization. Con-
cerning the third inequality, since f is Lz-smooth along (1 — s)x”J’% + sz Vn >0,
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and Ly < 1/7 by Lemma 6.4,

f(xn-&-l) < f(l‘m_%) + Vf(:l:n+§) . (xn+1 . xn—‘r%) + i|xn+1 .

2T
1 1
(617) — f(m-nJr%) _ _‘anrl . xn+§|§ + _‘anrl . anr%‘%
T 2T
2 1 n —}
= f(a""5) - ;L’E R +3|§,

n+22
T 3|g

where we used the definition of gradient descent step in the first equality.

Consider

e :Eizj%bj [exp< —— 26)_< S » )]

2

2 Y

and notice that f(¢,,Z) > g(¢,v) for any Z such that z; € ty; — (¢t — 1)conv(X), Vj.

Since f(x™) is decreasing,

g(¢" ") < f(a") < f(a®), VYn=>0.
Using exp” —x > |z|, we obtain

67 4951 < F@0) 4102 = S VG,

which in turn provides, using ¢, = 0 for any n, [¢" |« < C and [¢"| < C. Therefore,

the iterates of the algorithm are uniformly bounded and belong to

S = {(¢»¢7 Z) € RMTIHON gl < O []oe < C,z ety — (t— 1)conV(X)} :

The strictly convex function f is furthermore p-convex on the compact set .S, with

= min min V*f(z)h-h.

z€S |h|g=1

Hence, at each step m, by definition of the alternate minimization, which provides
Vo f(z"t3) = 0 and V,,f(2"+3) = 0, and using (6.14) with respect to the norm |- |g, it

holds
n n+x ,u n+x n
Fa") 2 fa"5) + Glamts —at,
Fa"5) 2 ) 4+ Gl i

Combing these with (6.17) we obtain
(6.18)

(f(@") = f@@) = (f@") = f(=7))

v

2 _|xn+1 - xn‘%7

N =

since p < Ly < % Again by (6.14),

Fa®) = @) + Vi) - (@t =) 4 Bt —

2

1

g<|xn+§ . xn,% i |xn+§ . xn+%|%) + _|xn+1 .

2T

T

n+22
s
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and using further z -y + §|y[% > —$|x

Z., We can write

2

) — fa) < ilvf(w"“) 2,

Since f is Ly-smooth along (1 — s)z"+3 + sz, Ly-smooth along (1 — s)z" 5 + sz™*1,
and Lz-smooth along (1 — s)z"*3 + sz™™, Vn > 0 and for s € [0,1], using again
Vo f(2"3) = 0 and V, f(z"+3) = 0,
1 n gl
Vo f (@™ )[T = Ve f(a"h) = Ve f(a"F3)]] < Li|a™ — a"F5 %,
2
Vo f (@)= Ve f@™) = Vy f@™5)[f < Lila"" — 255,
1

wlno

V2l (@ = (V2 f (@) = Vaf (a"F5) + ~(2" — 2"
= [V f") = Vo f B+ (2~ 2
+ 2@ 2 (V@) ~ Vs

1
< (L34 ™ =™,

where in the last inequality we also used the gradient descent step and the convexity
of f with respect to Z. This provides

< L? + 772

fah) = S < S

where L? = L2 + L? + L%, and combining this with (6.18) we finally get

|“’En+1 - xn|?§ )

1272 +1
fa™) - fat) < ——
L2712 4+ 1+ 272

(") = f(z")) .
O

Remark 6.6. From the proof of Proposition 6.5, since the iterates are uniformly
bounded with respect to €, one can infer that un — 0 exponentially fast for ¢ — 0.
Notice that on the compact set S the function f is furthermore L-smooth with
L := max max V*f(z)h - h,
z€eS |h|s=1
and similarly, L — oo exponentially fast for e — 0. Since the constant of smoothness
1s related to the maximal stepsize T, this motivates our choice of working with the local

smoothness constants (6.9)-(6.10)-(6.11), which scale only linearly with respect to 1/e,
contrary to the global constant L. In the end, for T = Ke, we have

1
<
~ 1+ Crexp(—Cy/e)

for some positive constants Cy,Cy independent of €, so that we obtain the same ex-

ponential dependency on € of the linear convergence rate as in the classical Sinkhorn
algorithm.

Ui
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F1GURE 2. Example of extrapolation. The four images in the center are
pairwise extrapolated in both positive and negative direction, from ¢t =1
(blue) to t = 3 (red).
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6.3. Numerical tests.

6.3.1. Extrapolation of shapes. Figure 2 illustrates some examples of extrapolations
obtained using the algorithm discussed in this section. The data vy and v, are given
by a collection of Dirac masses with equal weights, whose location is chosen to provide
an optimal quantization in the W5 sense of two uniformly distributed densities. For all
test cases in this figure ¢ = 1073,

6.3.2. Gradient flow of the opposite Wasserstein distance. Let us consider the curve
Vet ¢ [1,00) = Pa(R?) obtained as the W, gradient flow of the time dependent energy:

_W22(y0a :u)
2t

for ¢ > 1 and initial conditions v4 (1) = v4. This is a well-defined flow as discussed in [2],
and moreover if there exists a length-minimizing geodesic on [0, ¢] passing through v
at time 0 and vy at time 1, v coincides with it on the interval [1,¢] [2, Theorem 11.2.10]
(note that differently from [2] we use a time-dependent energy to avoid rescaling time
when comparing the gradient flow with geodesics). Our framework provides a natural

(6.19) Et,p) =
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way to discretize this flow. As a matter of fact, the JKO scheme [158] with time step
h > 0 yields the following minimization problem, for all n > 0,

2(,n
(6.20) it = argnlnlpvé(pgﬁli)<— W5 (o, 1)
’ gf ,uGPg(Rd) 2h 2tn+l

where we set l/gf = 11 and t" = 1 + nh, which is a metric extrapolation problem.
Remarkably, in one dimension v4(t) = 14, the metric extrapolation from 1 to vy at
time ¢, and it also yields a sticky solution to the pressureless Euler equations (see [23]
and Remark 4.1). In higher dimension, however, in general vy (t) # 14, as it could
be expected since only in one dimension the L? transport cost is equivalent to an L?
distance on quantile functions. Note also that the metric extrapolation coincides with
one single JKO step for the energy (6.19) up to the final time. A simple scenario where
one can observe the difference between the two flows is provided in Figure 3, where 1
and v are a sum of Dirac measures with equal masses:

1< 1<
I/():gZ(Smi, 1/1:52(5%.
i=1 j=1

where 1 = (=2,1), 25 = (2,1), 3 = (0,0), and y; = (—1,1), yo = (1, 1) on the left, and
y2 = (1,1.2) on the right. The two flows are represented on the time interval [1,5.5] and
with time step h = 4.5 - 1073, Note that when the mass is distributed symmetrically
with respect to the y axis the two flows coincide (the same happens for the explicit
examples of Section 5). However for a slightly perturbed v; we obtain two different
curves for the metric extrapolation and the gradient flow. Note that these results were
obtained using an interior point scheme to solve the quadratic program (6.1) with high
precision, but one obtains the same picture using the entropic scheme of this section
for sufficiently small ¢.

In Figure 4 we show another example of gradient flow of the opposite Wasserstein
distance. As in the examples of Figure 2, the measures 1 and vy (1) = 14 are obtained
as optimal quantization in the W5 sense of two uniformly distributed densities. The
flow is approximated on the time interval [1,4] using the JKO scheme (6.20) and the
entropic scheme presented in this section, for h = 0.1 and € = 1073. The evolution is
compared with the metric extrapolation 1.
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