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Abstract

We consider time-harmonic electromagnetic problems with material coefficients represented
by elliptic fields, covering a wide range of complex and anisotropic material media. The
properties of elliptic fields are analyzed, with particular emphasis on scalar fields and normal
tensor fields. Time-harmonic electromagnetic problems with general elliptic material fields
are then studied. Well-posedness results for classical variational formulations with different
boundary conditions are reviewed, and hypotheses for the coercivity of the corresponding
sesquilinear forms are investigated. Finally, the proposed framework is applied to examples of
media used in the literature: isotropic lossy media, geometric media, and gyrotropic media.

1 Introduction

The mathematical modeling of electromagnetic wave propagation in complex and anisotropic me-
dia is a very active research topic, e.g. for the design of metamaterials. In this article, we consider
electromagnetic models defined with linear boundary value problems in the time-harmonic regime,
which are often considered in practice. Knowledge of the mathematical properties of these prob-
lems is of paramount importance for the selection and development of accurate, reliable and effi-
cient numerical solution methods, e.g. based on finite element methods and domain decomposition
methods.

The mathematical analysis of time-harmonic electromagnetic problems has been carried out for
isotropic media and certain classes of anisotropic media. Variational formulations with symmetric
positive definite material tensor fields have been studied for example in [2, 14, 16, 17]. Non-
Hermitian material tensors have been considered in [1] for complex symmetric tensors, and in [3]
for anisotropic media coming from plasma theory. Well-posedness and regularity results have been
recently obtained in [10-12] for problems with material tensor fields verifying a general ellipticity
condition.

In this article, we investigate the properties of elliptic fields as defined in [10-12], and we
review and systematically analyze time-harmonic electromagnetic problems with elliptic material
coefficients. We particularly focus on settings with elliptic scalar fields (e.g. for isotropic lossy
media) and elliptic normal and Hermitian tensor fields (e.g. for geometric and gyrotropic media).

This article is structured as follows. In Section 2, the mathematical model is described. The el-
liptic material fields are defined and studied in Section 3. In Section 4, the variational formulations
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of time-harmonic electromagnetic problems with Dirichlet, Neumann and Robin boundary condi-
tions are defined with the appropriate functional spaces, well-posedness properties are reviewed,
and the coercivity of the sesquilinear forms is studied. Finally, in Section 5, the framework is
applied to examples of media used in the literature: isotropic lossy media, geometric media, and
gyrotropic media.

2 Mathematical model

We consider time-harmonic electromagnetic problems posed in a domain  C R3, which is assumed
to be an open, connected, bounded region with a Lipschitz-continuous boundary I" := 9. The
problems are written with the time-harmonic Maxwell equations,

—wph + curle = 0,

—wee — curlh = —j, (2.2)

where e and h are the electric and magnetic fields, € and p are the electric permittivity tensor
and the magnetic permeability tensor, j is the current density, and w is the angular frequency.
We assume that w is a strictly positive real constant, and we take the convention that the time-

wt

dependence of the fields is e™**, where ¢ is the time. Boundary conditions are prescribed on the

boundary I'. Standard boundary conditions are

exXn=ge,
h xn=gp,
n x (h x n) + ajpp(e x n) = iy, (2.3)

where n is the unit outward normal, i is an impedance tensor and ge, gn and gimp, are surface
data. The Silver-Miiller boundary condition is a particular case of the third boundary condition.
If the material tensors are real isotropic with € = eI3 and g = ul3, the Silver-Miiller boundary
condition corresponds to the surface tensor i, = \/5/7 I, where I3 is the 3-by-3 identity tensor
and I, is the 2-by-2 identity tensor defined along the tangent plane of the boundary I', that is
I, = I3 —n®n. In an abuse of notation, in equation (2.3), we assume that oim,p acts only on
the tangent components of e x n.

The e-formulations of these problems are obtained by removing h from equation (2.2) and
from the boundary conditions thanks to equation (2.1), which leads to the equation
curl(p ' curle) — w?ce = f (2.4)

and the boundary conditions

eXxn=gp, (2.5)
(u *curle) x n = gy,
n x ((u 'curle) x n) + a(e x n) = gg,
which correspond, respectively, to Dirichlet, Neumann and Robin boundary conditions. Let us
note that f = wyj, gp = e, BN = wgh and gr = WGimp and ¢ = WAinp.

In this article, we consider that pu(x) and (x) are general complex 3-by-3 tensor fields, and
that a(x) is a general complex 2-by-2 tensor field. We assume that these tensor fields verify the



ellipticity condition defined in the next section.

3 Elliptic material fields

In this section, we define and study a general family of scalar and tensor material fields. The
set D is a bounded subset of R?, £(x) is a complex d-by-d tensor field defined on D (for d = 1,
2 or 3), and L™ (D) := {& Lebesgue-measurable such that ||&||p~p) < +oo} with |||z~ (p) :=
€SSSUDPye p SUPeca) {0y §2]/]2]. In the scalar case, i.e. for d = 1, we use the notations §{(x), L*(D)
and €[z (p)-

3.1 Definition of elliptic fields and ellipticity directions

We consider a general family of tensor fields satisfying the following ellipticity condition.

Definition 3.1 (Elliptic tensor field). The d-by-d tensor field & € L (D) is said to be elliptic
if

3(0e,6-) €ER xRsg, ace. in D, Vz € Cl R{e?s (¢z) 2} > ¢_|z)> (3.1)
In addition, we use the notation &, := [|€|| g~ (p)-

The ellipticity condition (3.1) means that there exists at least one direction of the complex plane,
called an ellipticity direction, along which the tensor is coercive a.e.

Definition 3.2 (Ellipticity direction). An ellipticity direction of £ is an angle 8¢ for which
there exists £ € Ry such that the pair (0¢,&-) fulfills the ellipticity condition (3.1).

If 6¢ is an ellipticity direction, then ¢ +2mm is also an ellipticity direction for every integer m. In
practice, the sets of ellipticity directions can be written in a certain range to simplify comparisons,
although they must be understood up to a multiple of 27. In this work, we take the convention
to write them in the range [—n, 7].

Definition 3.3 (O-set). The O-set of &, denoted by O, is the set of all the ellipticity
directions of & belonging to the range [—m, ).

For a given ellipticity direction 6 € ©O¢, there exists a range of values ]0,£™"P[, such that, for all
& €]0,£%"P[, the pair (0,£_) fulfills the ellipticity condition (3.1). In this sense, we say that £™'F,
and then £_, depends on 6.

The following definition is introduced for configurations where two elliptic tensors share at least
one ellipticity direction.

Definition 3.4 (Simultaneous ellipticity). Two elliptic tensors &, and &, are said to be
simultaneously elliptic if ©¢ N O¢, # 0.

3.2 Properties of elliptic scalar fields

For scalar fields, the ellipticity condition can be simplified, and Definition 3.1 can be rewritten as
follows.



Definition 3.5 (Elliptic scalar field). The scalar field £(x) = |£(x)| e¥¢™) € L>(D) with
pe(x) € R is said to be elliptic if

(0, 6-) € R x Ry, a.e. in D, [€(x)|cos(0s + pe(x)) > E—. (3.2)

In addition, we use the notation &, := [|]| (D).

The next proposition shows that a scalar field is elliptic if and only if all its values, a.e. in D,
belong to a fixed closed half-place of C that does not contain zero.

Proposition 3.6. Let a scalar field £(x) = |£(x)| e?¢™®) € L>®(D) with p¢(x) € R. The field
€ is elliptic if and only if &ne := infxep |£(x)] > 0 and there exist ¢ € R and ne € 10,7/2]
such that, a.e. in D,

Oc + pe(x) € |J [2nm— (m/2—ng) , 2nm + (7/2 — ng)]. (3.3)
nez

In addition, when § is elliptic, ne can be chosen arbitrarily close to 0.

Proof. By using Definition 3.5, the reverse implication of the proposition is straightforward. For
the direct implication, we have & < 400 because £(x) € L (D). Then, Equation (3.2) gives, a.e.,
cos(fg + pe(x)) > - /&4 > 0. Therefore, Equation (3.3) holds with ne = 7/2 — arccos(§_/&4) =
arcsin(é_/&4) €10, 7/2].

When ¢ is elliptic, let (0¢,£_) be an admissible pair in Equation (3.2). We can then choose
ne = arcsin(é_ /€4). Nevertheless, (0, &_/2%) is also an admissible pair for every k € N, and
we can also choose ¢ = nék) := arcsin(¢_ /&, /2%). Because limy_, o0 nék) = 0, n¢ can then be
arbitrarily close to 0. O

The ellipticity directions and the ©-set can be explicitly identified in certain cases.

Proposition 3.7. Let a scalar field £(x) = |£(x)] 7<) € L(D) with p¢(x) € [p—, p+] C R
a.e. in D. If infxep |€(x)] > 0 and ¢ — ¢ < m, then the field £ is elliptic and every angle

0 € U]2nﬂ'—ﬂ'/2—<p_ , 2nm+m/2 — 4| (3.4)
neL

is an ellipticity direction.

Proof. By Proposition 3.6, the field £ is elliptic if and only if there exist s € R and 7 € ]0,7/2]
such that, for almost every x € D, there exists m € Z such that

2mm — (m/2 — ne) < O + pe(x) < 2mm + (/2 — n¢). (3.5)
This condition is necessarily satisfied if 0¢ satisfies
2mm — (7/2 = ne) — p— < b < 2mm + (7/2 —ne) — 4.
Because 7 can be arbitrarily close to 0 (by Proposition 3.6), this relation holds for every angle

0 € |2mm—7/2—p_, 2mm+7/2 — o4 (3.6)



This range is not empty because 4y — p_ < w. If 6, = 6, satisfies (3.5) for a given m = ng, then
every 0 = 6y + 2nm with n € Z also satisfies (3.5) for m = ng + n. Therefore, the condition is
satisfied for every angle in the range (3.6) up to a multiple of 27r. This holds a.e. in D. O

Proposition 3.8. If, in addition to the hypotheses of Prop. 3.7, we have p_ = minkep e (%)
and ¢4 = maxxep e (X), then there is no ellipticity direction outside the range (3.4).

Proof. Because the ellipticity directions are defined up to a multiple of 27, it is sufficient to prove
that there is no ellipticity direction in the range [7/2 — ¢4, 37/2 — ¢_].

We proceed by contradiction. We assume that ¢ is an ellipticity direction that satisfies
/2 —py < b and O <3m/2—p_. (3.7)

Returning to the proof of Proposition 3.7, the angle 8, must satisfy the condition (3.5) in particular
for every x € D such that @¢(x) = ¢_ or pe(x) = 4.

If ¢(x) = ¢, this condition is satisfied if and only if there exists m_ € Z such that
2m_m — (w/2 —n-) —p_ < O and O <2m_m+ (/2 —1n_) — p_, (3.8)

for some n_ € ]0,7/2] that can be arbitrarily close to 0. Combining these inequalities with the
second and first inequalities of (3.7), respectively, yields

- <2(1—m_)7w and N <2m_m+ (pg —p_).
These conditions are satisfied only if m_ =0 and ¢_ < ¢4. Then, (3.8) gives

O € [—7/2—p 40, 7/2—p_—n_]. (3.9)

We proceed similarly for the case ¢(x) = ¢1. Then, the condition (3.5) is satisfied if and
only if there exists m4 € Z such that

dmom—(n/2- ) —pr <O and O <2mim (r/2-n) . (3.10)

for some 74 € ]0,7/2] that can be arbitrarily close to 0. Again, combining these inequalities with
the second and first inequalities of (3.7), respectively, gives

Ny S2(1=my)m+ (o4 —9-)  and  np < 2myT.
These conditions are satisfied only if m; =1 and ¢_ < ¢4. Then, (3.10) gives

0 € [37/2— ¢y +ny, 51/2— @y — 4] (3.11)

Every angle 0 verifying the conditions (3.7) must belong to the ranges (3.9) and (3.11) to
be an ellipticity direction. However, the intersection of both ranges is empty. Indeed, we have
m/2—p_ —n_ <37/2— @i +n4, which is equivalent to o1 — p_ < 7 +n_ + 14, which is always
true because ¢ — ¢_ < m by hypothesis and n_ + 7y is strictly positive. Therefore, there is no
ellipticity direction in the range [7/2 — ¢1,37/2 — p_]. O
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Figure 1: Representation of the set of all the ellipticity directions ©¢ (in red) for a scalar field
£(x) = |€(x)] e¥¢™) (in blue) with infxep [£(x)| > 0 and supyep |£(x)| < +0o in several configu-
rations. On figure 1d, we assume that minkep ¢-(x) = 0 and maxxep @:(x) = 7/2.

Corollary 3.9. In addition to the hypotheses of Proposition 3.7,
o ifp_€]—3n/2,7/2] and vy € [-7/2,37/2[, then
O 2 |—7/2—¢p_ /2],
o ifp_€]—=3n/2,—7/2[ and o+ €] —37w/2,—7/2], then
O 2 [-m-3m/2— [ U | —m/2—p_,7l,
o ifp_ €]n/2,37/2[ and p4 € |7/2,37/2[, then
Oc 2 [~mm/2— [ U |3n/2— ¢, .

The equalities hold if ¢ = mingep e (x) and ¢ = maxxep @e(X).

Proof. Direct by using Propositions 3.7 and 3.8. O

Several configurations are illustrated in Figure 1. If £(x) is purely real, it is elliptic if and

only if it is either positive a.e. (then ©¢ = | —7/2,7m/2[, see Figure la) or negative a.e. (then
O¢ = [—m, —7/2[ U |1 /2, 7], see Figure 1b). Similarly, if £(x) is purely imaginary, it is elliptic if
and only if the imaginary part is either positive a.e. (then ©¢ = | — 7, 0], see Figure 1c) or negative

a.e. (then ©¢ = ]0,7[). For a general field £(x) = |¢(x)| e*¥¢™) with ¢¢(x) € [0,7/2] (Figure 1d),
we have ©¢ D | —7/2,0[. In addition, if mingep |pe(x)] = 0 and maxxep |pe(x)| = 7/2, then
there is no ellipticity direction outside | — 7/2,0[, and the equality holds.

3.3 Properties of elliptic tensor fields
3.3.1 Normal and Hermitian tensor fields

For normal tensor fields, the general ellipticity condition (3.1) can be rewritten by using the
eigenvalues of the tensor fields at every point.

Let £ € L*(D) be a normal d-by-d tensor field, and let x € D be such that £(x) is well-defined.
Because £(x) is normal, it is diagonalizable and there exists an orthonormal basis of C? composed



of eigenvectors of £(x). Below, the eigenvalues and associated orthonormal eigenvectors of £ at
x € D are denoted by {\;(x)}i=1..q € C and {v;(x)}i=1..a € C%, respectively. Each eigenvalue
is represented as \;(x) = |\;(x)[e’® ) with ;(x) € R. If, in addition, &(x) is Hermitian, all the
eigenvalues are real.

In the normal case, for every point x € D and every vector z € C? we have that (£(x)z) -
Z =Y, Ni(x)|zi|* with z = 3, 2;v;(x) and z; := z - V;(x) for i = 1...d. Using this property,
Definition 3.1 applied to normal tensor fields can be rewritten as follows.

Definition 3.10 (Normal elliptic tensor field). The normal d-by-d tensor field & € L>(D)
is said to be elliptic if

(0g,6-) € R x Rsp, a.e. in D, |X\i(x)|cos(fg + Bi(x)) > &, fori=1...d,

where {\;(x)}i=1..a are the eigenvalues of &€(x) represented as A;(x) = |Ai(x)|elﬁi(x) with
Bi(x) €ER fori=1...d.

Therefore, the tensor £ is elliptic if and only if there exists a pair (0g,£_) for which all the
eigenvalues, a.e., satisfy the ellipticity condition.

Propositions 3.6, 3.7 and 3.8 can be straightforwardly extended to normal tensor fields. The
main difference is that all the eigenvalues of £(x), a.e., must satisfy the hypotheses fulfilled by the
elliptic scalar fields.

Proposition 3.11 (Normal elliptic tensor field). Let & € L™ (D) be a normal d-by-d tensor
field. For all x € D, let {\i(x)}i=1...a € C be the eigenvalues of £(x) represented as A;(x) =
|\ (%)|e ) with B3;(x) €R fori=1...d.
(a) The tensor field € is elliptic if and only if infxecp |€(x)| > 0 and there exist 0¢ € R and
ne €10,7/2] such that, a.e. in D,

O+ Bi(x) € | [2nm — (7/2—m¢) , 2nm + (w/2—ne)], fori=1...d.
nez

In addition, when & is elliptic, ne can be chosen arbitrarily close to 0.

(b) Ifinfxep |€(x)] > 0 and {B;(x)}i=1...a € [B-,B+] C R a.e. in D with B4 — B_ < =, then
& is elliptic and every angle

0 € |J]2nm—m/2- B, 2nm+7/2— B4 ] (3.12)
nez

is an ellipticity direction.

(c) If, in addition to the hypotheses of (b), there existi_,iy =1...d and x_,x4 € D such
that B;_(x_) = B and B;, (x4) = B4, then there is no ellipticity direction outside the
range (3.12).

Proof. The proofs of (a), (b) and (c) are similar to the proofs of Propositions 3.6, 3.7 and 3.8,
respectively. O

In the Hermitian case, all the eigenvalues are real. As a consequence, a Hermitian tensor field
is elliptic if and only if all its eigenvalues are bounded and either uniformly positive or uniformly
negative a.e.



Proposition 3.12 (Hermitian elliptic tensor field). Let & € L (D) be a Hermitian d-by-d
tensor field. The tensor field & is elliptic if and only if all the eigenvalues of €, denoted
{A\i}ti=1...4, are strictly positive or strictly negative, and there exist 1,6 € Rsg such that,
a.e., |Ni(x)] € [€=,&4] fori=1...d. Moreover, ©¢ = | —7m/2,7/2[ if the eigenvalues are
positive, and O¢ = [—m,—7/2[ U1 /2, 7] if they are negative.

Proof. Direct. O

3.3.2 General tensor fields

For general complex tensor fields, we have the following results.

Proposition 3.13 (Inverse of an elliptic tensor field). If the tensor field ¢ € L (D) is elliptic,
then there exists an inverse tensor field p := ¢ ™' that belongs to L>°(D) with p, € [C;l, Y.
Moreover, for any 0¢ € O¢, this tensor field satisfies the ellipticity condition with 0, = —0,
and p_ = (_(7*. In addition, ©, = —O¢.

Proof. Let x € D be such that {(x) is well-defined. Because of the ellipticity condition (i.e. Equa-
tion (3.1) for € = ¢), we have {(x)z = 0 if and only if z = 0. Therefore, {(x) is injective, and
there exists an inverse tensor p(x) such that {p is the identity tensor.

Let y € C? and z = py. Because ¢ € L™(D), we have |¢z| < (4|z|, and also C;1|y| < |py]|
a.e. in D. Because ¢ is elliptic, we have (_|z|> < R{e¥¢ (Cz) -z} < |({z) - 2| < |z|/¢z|, then
(_|z| < |¢z|, and also |py| < ¢(Z'|y| a.e. in D. Therefore, (7" < ||pllz=(p) < (" and p € L®(D).

By using again the ellipticity condition, together with R{e'% (z) -z} = R{e y - (py)} =
R{e~% (py) - ¥} and (_|z> = (_|py|* > ¢ *|y[?, we obtain that

3(0¢,¢-) €R xRy, ae. in D, VyeC’ R{e ™ (py)-y} > ¢ Plyl

Therefore, p is elliptic with (6,,p_) = (79¢,<_C;2), and ©, D —O,. Because ¢ = p~ !, we also
have ©¢ D —0,, and then O, = —O¢. O

Proposition 3.14 (Scaling of an elliptic tensor field). If the tensor field ( € L™ (D) is
elliptic, then the tensor field p := ol with a = |aje’’ € C\{0} belongs to L>®(D) with
p+ = |a|¢t. Moreover, for any 8¢ € O, this tensor field satisfies the ellipticity condition
with 8, = 0 —  and p— = |a|¢_.

Proof. Direct. O

Proposition 3.15 (Eigenvalues of an elliptic tensor field). If the tensor field ¢ € L°°(D) is
elliptic, then all the eigenvalues of ((x) a.e. in D belong to a fized closed half-plane of C that
does not contain zero.

Proof. Let (6¢,(—) € R x Ry be a pair such that the ellipticity condition is satisfied for ¢.
Let A € C be an eigenvalue of {(x) for a given point x € D. Then, there exists an eigenvector
v € C\{0} such that ¢(x)v = Av. Because ¢ € L®(D), we have (, |v| > |{(x)v], that is ¢4 > |)].



By using the ellipticity condition, we have R{e*%¢ (¢(x)v)-¥} > (_|v|?, and then R{e’%c \} > (_.
In particular, [A| > (_ > 0. Denoting A = |A|[e*?, we have cos(f; + ) > (/¢4 > 0. Therefore,

O0c+p8 € U [2n7r—(7r/2—77<) , 2n7r+(7r/2—77<)}
nez

with ne = /2 — arccos(¢— /{+) € ]0,7/2]. Since the set is the same for all the eigenvalues of {(x)
a.e. in D, the result holds. U

Proposition 3.16. If the tensor field ¢ € L (D) is elliptic, then

¥v e LX(D), ¢ € O¢, C-IIVIEep) < R{e™(Cv,v)p} < [(Cv,v)p| < ClIvia(p)-

Proof. Direct. O

4 Time-harmonic electromagnetic problems

In this section, we consider the e-formulation of general time-harmonic electromagnetic problems
written with equation (2.4) in a domain §2, and completed with a boundary condition on I' := 9.
We consider problems with only one type of boundary condition, which is a Dirichlet condition
(2.5), a Neumann condition (2.6) or a Robin condition (2.6). The problems are called Dirichlet,
Neumann and Robin problems, respectively.

After a presentation of the geometric and functional framework, we define the variational
formulations, and we review general well-posedness results based on [10-12]. Then, we study
conditions such that the sesquilinear forms of the variational formulations are coercive.

4.1 Geometric and functional framework

We make the following geometric hypotheses.

Hypothesis 4.1 (Geometry I). The domain Q is an open, connected and bounded subset of R?
with a Lipschitz-continuous boundary I.

Hypothesis 4.2 (Geometry I1I). The boundary T is of class C? or is polyhedral without pathological
vertex (for a definition, see [6]).

The tangential trace operator and tangential components trace operator are denoted 7 : v —
(v xn)r and 7l v = nx(vx n)r. Depending on the considered problem, the solution belongs
to one of the following spaces

H(curl, Q) := {v € L*(Q), curlv € L*(Q)},
Hy(curl, Q) := {v € H(curl,Q), 77v = 0},
H'(curl,Q) := {v € H(curl,Q), v"v € L")},

where L7(T') := {v € L(T'), v-n =0 a.e. on I'}. Endowed with the norm

2 2
IVIle(eurt.0) = \/ IVllL2 ) + lcurlv][g: q),
( ) () ()



the spaces H(curl, Q) and Hq(curl, ) are Hilbert spaces. Endowed with the norm

2 2 2
IV lers ety = IVl 22y + llewrd v, + W7V IEaqr)

the space H' (curl, ) is a Hilbert space. We introduce the surface operators

Vr(vr) =77 (Vv),

curlp(vp) := ’yT(Vv),
divr(y?'v) := dual operator of —Vr,
curlp (77'v) := dual operator of curlr,

and the surface spaces

H!/(T) o= o7 (L (),

1/2(1“) =~T(HY(Q)),
Hﬁl/z(dlvr,w ={ve [H1/2(F)] divp v e H/2(I)},
H Y2 (cwrlp, ) = {v € [HY*(D)], curlp v € H=V/2(1)}

For a Lipschitz boundary I, the trace operators 47 and 77 are continuous and surjective from
H(curl, Q) to the surface spaces Hﬁl/Q(diVF,F) and HI_l/Q(curlr,F)7 respectively, see [7]. In
addition, these surface spaces are dual spaces, and we have the classical integration by parts
relation

(u,curlv)g — (curlu,v)g = (yTu,77v)p, Vu,v € H(curl, Q),

where (a,b)q = [,a-bdx, and (-,-)r denotes the duality product between Hﬁl/z(din,F) and
H11/2(cur1p, ).

4.2 Variational formulations

We make the following material hypotheses.

Hypothesis 4.3 (Medium I). The electric permittivity € and the magnetic permeability p are
elliptic complex 3-by-3 tensor fields belonging to L™ (£2).

Hypothesis 4.4 (Medium II). The impedance o is an elliptic complex 2-by-2 tensor field belong-
ing to L°(T). It verifies additional regularity hypotheses given in [11, Section 4].

The variational formulations of the Dirichlet, Neumann and Robin problems are written as
follows. Under Hypotheses 4.1, 4.2, 4.3 and 4.4 (for the Robin case), these variational formulations
are equivalent to the corresponding differential formulations. See [11, Theorem 5.1] for the Robin
case.

10



Problem 4.5 (Dirichlet problem). Find e = e + eyg with eg € Ho(curl, Q) such that
ap(eg,v) =¢p(v), Vv € Hy(curl, Q),
where the sesquilinear form ap and the antilinear form lp are defined as

ap(u,v) := (u ! curluy, curl v)g — w?(eu,v)q, (4.1)

Ip(v) = (f + w?eens, v)o — (™' curleyg, curl v)g,

where eyg, € H(curl, Q) is a lift function such that ey X n = gp, for given data f € L?(Q)
and gp € H|"/*(divy, T).

Problem 4.6 (Neumann problem). Find e € H(curl,Q) such that
anx(e,v) = Ix(v), Vv € H(curl, ),
where the sesquilinear form an and the antilinear form fn are defined as

an(u,v) := (u~ ! curlu, curl v)g — w?(eu, v)q, (4.2)

IN(V) = (£,v)o + (gn, ™" V)1,

for given data £ € L%(Q) and g € Hll/Q(curlp, I).

Problem 4.7 (Robin problem). Find e € H (curl, Q) such that
ar(e,v) =Ir(v), ¥v € HT(curl ),
where the sesquilinear form agr and the antilinear form g are defined as
ar(w,v) := (u~ ' curlu, curl v)g — w?(eu, v)g — (ay’u, v v)r, (4.3)

lr(v) = (£, v)a — (gr, 7" V)r,

-1

o2 (dive, T) N H Y (curlp, T).

for given data £ € L?(Q) and gr € H

Let us note that the Robin boundary condition regularizes the solution at the boundary, see

e.g. [11]. This ensures that v7e € LZ(T") and 77 (u~! curle) € L(I"), which justifies the choice
of the solution space HT (curl, Q2).

4.3 Well-posedness of the problems

Time-harmonic electromagnetic problems can exhibit resonance phenomena, which mathemati-
cally correspond to non-unique solutions, while we generally seek a unique solution. Therefore,
two definitions of the well-posedness are generally used. To simplify the presentation, we introduce

the following abstract problem:

| Find u € V such that a(u,v) = ¢(v) for all v € V, (4.4)

11



with a Hilbert space (V, || - |[|[v), a continuous sesquilinear form a : V. x V — C and a continuous
antilinear form ¢: V — C.

Definition 4.8 (Well-posedness in the Hadamard sense). The problem (4.4) is well-posed in
the Hadamard sense if it admits a unique solution u € V which depends continuously on the
data, i.e. there exists C' € Rsg such that ||ullv < C ||€]]v-

Definition 4.9 (Well-posedness in the Fredholm sense). The problem (4.4) is well-posed in
the Fredholm sense if either (1) the problem admits a unique solution u € V which depends
continuously on the data, or (2) the problem has solutions if and only if the data satisfy a finite
number of compatibility conditions. In the second case, the solutions form an affine space of
finite dimension, and the component of the solution that is 'V -orthogonal to the corresponding
linear space depends continuously on the data.

The Dirichlet and Neumann problems (i.e. Problems 4.5 and 4.6) are well-posed in the Fredholm
sense under the hypotheses 4.1, 4.2 and 4.3, see [12, Theorem 5.3] and [12, Theorem 4.2]. For
the Robin problem (i.e. Problem 4.7), the well-posedness is proven in [11, Theorem 5.3] under the
additional hypothesis 4.3 and the following additional hypothesis.

Hypothesis 4.10 (Medium III). The tensor fields —pu~' and o are simultaneously elliptic.

If a problem is well-posed in the Fredholm sense, the uniqueness of the solution implies the
well-posedness in the Hadamard sense. The uniqueness of the solution can be proven for the Robin
problem if the tensor fields € and p are real symmetric positive definite. It is a consequence of a
unique continuation principle [23]. Unfortunately, to the best of our knowledge, no similar result
is available for more general tensor fields.

On the other hand, by the Lax-Milgram lemma, the problem (4.4) is well-posed in the Hadamard
sense if the sesquilinear form a is coercive. In addition, the continuous dependency on the data

holds with the constant C' = CC’O}E, where Coc is the coercivity constant defined below.

Definition 4.11 (Coercivity). A sesquilinear form a : V x V. — C is coercive if there exist
Ceoe € Rog and 00 € R such that

%{—ew“ea(u, u)} > Ccoe||u\|%,, Yue V.

The coercivity of the sesquilinear forms of the considered problems is investigated in the next
section.

4.4 Coercivity of the sesquilinear forms

Under an additional hypothesis on the material fields € and —p~!, we can prove that the sesquilin-

ear forms of the Dirichlet, Neumann and Robin problems are coercive.

Hypothesis 4.12 (Medium IV). The tensor fields € and —pu~' are simultaneously elliptic.

Proposition 4.13 (Coercivity; Dirichlet and Neumann cases). Assume that Hypotheses 4.3
and /.12 hold. Let © be the intersection of the O-sets of € and —pu~'. Then, the sesquilinear
forms (4.1) and (4.2) are coercive for all O.0e € © with the coercivity constant Ceoe =
min(u,uf,oﬂa,), which depends on O.oc.

12



Proof. Let a given 6 € ©. Because € and —u~! are elliptic for the ellipticity direction 6, there

exist strictly positive real constants e and p— such that, a.e., for all z. € C® and z, € C3,
R{e?(ez.) 72} > e_fool? and - R{e?(u'2,) - 75} > p_pi2la,
with p14 = [|p]| e (). Then, for all u € H(curl, ©2), we have

%{ew *(eu,u)n} > wie_ Hu||LQ(Q

—R{e"’(p~" curlu,curlu)o} > p_p7 ||curlu||L2(Q
and then
R{ —ea(uw)} > ppi? eurlul|s ) +w’e [[ullfa g
2 Inin(,u_,u_f, wle_) ||u||§{(cur1,9) :
Therefore, the coercivity condition holds for every 6., = 6 € ©. O

The following general result is adapted from [11].

Proposition 4.14 (Coercivity; Robin case). Assume that Hypotheses 4.3, 4.4, 4.10 and 4.12
hold. Let © be the intersection of the O-sets of €, —pu~' and a. Then, the sesquilinear form
(4.3) are coercive for all O.0e € O with the coercivity constant Ceoe = min(u,uJ:Q,w25,7 a_),
which depends on Ocqe.

Proof. Let a given 0 € ©. Because €, —pu~! and « are elliptic for the ellipticity direction @, there
exist strictly positive real constants e_, u_ and «_ such that, a.e., for all z, € C3, Z, € C3 and
z, € C2,
R{c(ez.) 7} > ezl
0, — _ _
—R{e(n2,) 20} > N—H+2|Zu|2v
R{e(aza) - Za} > a_|24]%,

with fi4 := [|pt||e (). Then, for all u € H (curl, ), we have

%{ew %(eu, u) o} > we_ HUHLQ(Q
%{eze ! curlu, curlu) }>M My ||Curlu||L2(Q

‘%{ela (ay"u,7"u F} g ”u”Lg(r)a

and then
0 — 2 2 2
R{ —e’a(u,0)} > p_pi® |curlul|g:q) +uwe lallyz ) + o lullg:
. _ 2
> mln(ﬂ—#+2aw25—a o) ”uHHﬁ-(curLg) .
Therefore, the coercivity condition holds for every 6., = 6 € ©. O
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5 Examples of problems with elliptic material coefficients

In this section, we discuss time-harmonic electromagnetic problems with material media used in
the literature. We consider isotropic lossy media, geometric media (e.g. media used in perfectly
matched layers), and gyrotropic media (e.g. media used in cold plasma models).

5.1 Isotropic lossy media

In isotropic lossy media, the electric permittivity and magnetic permeability tensor fields can
be written as € = e.I3 and pu = pls, respectively, with the complex dielectric field e.(x) :=
e(x) +10(x)/w € C, where the coefficients e(x), u(x) and o(x) are strictly positive real fields. For
the Robin problem, we consider an isotropic impedance o = oI5 with a complexr impedance field
a(x) € C. We assume that all the scalar fields are bounded.

We can prove that the sesquilinear form of the Dirichlet, Neumann and Robin problems are
coercive under some hypotheses. For sufficiently smooth fields u and v, the sesquilinear form of
the Dirichlet and Neumann problems can be rewritten as

a(u,v) = (p~ ' eurlu, curl v)g — w?(e.u, v)a, (5.1)
and the one of the Robin problem reads
(

at(u,v) = a(u,v) — (ayTu,~Tv)r. (5.2)

Below, the complex fields e.(x) and a(x) are written in polar form as
) = |2o00] 929 and a(x) = ()| et %),

with . (x) €]0,7/2[ and ¢, (x) € R.

Proposition 5.1 (Coercivity; Dirichlet and Neuman cases). If p.(X) € [¢e,—, pe,+] a.€. with
0 < 9o < @eq < m/2, then the sesquilinear form (5.1) of the Dirichlet and Neumann
problems is coercive for all coercivity direction Ocoe € Ocoe With Ocoe 2 |—7/2 — e, —7/2].
In addition, the equality holds if p.,— = mingep pe(x).

Proof. If e, and —p~! are simultaneously elliptic, i.e. the intersection of their ©-sets is not empty,
then the sesquilinear form is coercive thanks to Proposition 4.13,

By Corollary 3.9, e. is an elliptic field and its ©-set is ©,, O | —7/2 — . _,7/2 — . +].
Because p is a strictly positive elliptic real field, the field —p~! is a strictly negative elliptic real
field and its ©-set is ©_,-1 = [—m, —7/2[U]7r/2, 7]. We directly have that the intersection of both
sets satisfies

O, NO_,-1 2 |-7/2—¢._,—7/2[,
and the equality holds if . _ is the minimum value of . (x). O

The O-sets used in the proof are illustrated in Figure 2a.

14



(a) Fields €. and —p ™" (b) Field a

Im Im

Figure 2: Representation of the ©-sets (in red) on the complex plane for the fields e.(x), —u~1(x)
and «a(x) (in blue) for a non-homogeneous isotropic lossy medium. The fields have values in regions
of the complex plan that are colored blue.

Proposition 5.2 (Coercivity; Robin case). If ¢:(x) € [pe.—, 0c +] and 9o (X) € [Pa,—; Pa.+]
a.e. with0 < e - < e 4 <7)2,0 < o < Yot < T+ e and Yot —Pa,— <7, then the
sesquilinear form (5.2) of the Robin problem is coercive for all coercivity direction Ocoe € Ocoe
with

Ocoe 2 ] — /2 —min(pe,—, Po,—), —7/2 — max(0, po,+ — ) [

In addition, the equality holds if ¢.— = minkep Pe(X), PYa,— = Minkep Pa(X) and Yo+ =

maXxep Po(X).

Proof. If e., —p1~! and o are simultaneously elliptic, i.e. the intersection of the ©-sets of €., —p ™"

and « is not empty, then the sesquilinear form is coercive thanks to Proposition 4.14. Following
the proof of Proposition 5.2, we already have that

©:NO_,1 D ]| =7/2 = _,—7/2], (5.3)

where the equality holds if ¢, = minyep - (x).

By Proposition 3.7, if o - < @a4+ and @qo 4 — @q,— < m, the scalar field « is elliptic, and
every angle

0, € U]er—w/Q—g@,%, , 2N 4+ /2 — Qo i |
ne”Z

is an ellipticity direction of a. For a given n, the intersection between the set (5.3) and the interval
12nm — 7/2 — pa,—, 20T + 7/2 — P +[ is not empty if and only if

2T < o, and Pa+ <2nTm+ 7T+ Qo .

In particular, since 0 < ¢qo,— and ¢4+ < T+ ¢ —, the intersection is not empty for n = 0.
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Therefore, under these conditions, the sesquilinear form is coercive.

Let us characterize more precisely the set of the coercivity directions. If ¢, — € ]0,7/2] and
Yo+ €10,7 + e [, then, by Corollary 3.9,

Oa 2 | =7/2=¥a,—,7/2 = ot
and the intersection between all the O-sets is such that
0.160 1 N0 2 | 7/2— min(pe,pa, ), min(—7/2,7/2 — pa )l
On the other hand, if @, — € |7/2, 7 + ¢. _[ and @q + € |7/2, 7 + @ _[, then, by Corollary 3.9,
On 2 [-m,7/2 = pa+| U 137/2 = po,—, ]
and the intersection is such that

©:NO_,-1NOy DO |=7/2— ¢, _,min(—7/2,7/2 = @a )]

The equality holds if ¢, — = mingep p-(x), and if ¢, — and ¢, 4+ are the minimal and maximal
values of ¢, (x), respectively. Since min(—n/2,7/2 — @4 +) = —7/2 —max(0, @q 4+ — 7), the result
holds. O

The O-sets used in the proof are illustrated in Figure 2.

Coercivity constants are easily obtained for cases with constant material properties.

Corollary 5.3 (Coercivity; Dirichlet and Neumann case). In addition to the assumptions of
Proposition 5.1, the fields . and p are constant, then, for all coercivity direction O.oe € Ocoe,
the coercivity constant of the sesquilinear form a can be chosen equal to

Ceoe = min (—,u_l c08(0eoc), wW?lec| cos(feoe + gosc)) .

Proof. For all O.pe € Ocoe, the sesquilinear form (5.1) gives successively

R{a(—ecu,u)} = —R{ePe (u~! curlu, curlu)q} + w?R{e?: (c.u,u)q}
= —R{u" e} leurlul gz ) + wR{[zcle e e} [ulfaq)

_ 2 2
= —p " cos(Beoc) ||Cur1uHL2(Q) + w?lec| cos(beoe + P2, ”uHL?(Q)

2
> Ccoe ||uHH(curl,Q) )

which gives the result. By direct inspection, we get cos(6eoe) < 0 and cos(fcoe + ¢e.) > 0, and
then Cgoe > 0. O

Corollary 5.4 (Coercivity; Robin case). In addition to the assumptions of Proposition 5.2,
the fields €., i and o are constant, then, for all coercivity direction Oqoe € Ocoe, the coercivity
constant of the sesquilinear form a™ can be chosen equal to

CYt. =min (f;fl c08(fcoc); w?lec] co8(Beoe + @c.), || cos(Beoe + ga(,)) )
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Proof. For all O.pe € Ocoe, the sesquilinear form (5.2) gives successively

R{aT (—ecu,u)} = —R{ePeec (! curlu, curlu)q} + w?R{e?: (c.u,u)q}
TR 0y Ty T
—R{p " eleo0} ||Cur1u“iz(9) + WQ?R{\EJEWECew°°e}||u||i2(n)

+ Rfjaletem et |47

2
uHL2(F)

— " €08(eoe) lerrl g g) + w?lec] cos(Beae + @=.) 1L o)

+ |a] cos(beoe + ©a) ||7T‘1Hi2(r)

2
> Cc—t)e ”uHH‘*‘(curLQ) ’

which gives the result. By direct inspection, Cf,, > 0. O

coe

5.2 Geometric media

Anisotropic metamaterials can be obtained by coordinate transformations in particular reference
frames. Cloaks of invisibility and perfectly matched layers (PMLs) are typical examples.

Let us consider a spherical layer centered at the origin. The interior and exterior radius of the
layer are R; and Rj, respectively, with 0 < R; < Rs. The material tensors obtained by using a
transformation in spherical coordinates can be written as € = g A and pu = oA with

2
S2 /n A PO
A= 8—2(r®r)—|—51(13 —IQ®Tr),
1
where r € |Ry, Ry[ is the radial coordinate, t is the radial unit vector, and s;(r) and sa(r) are
spatially-varying coefficients. This tensor field is normal. For each r € |Ry, Ry[, the eigenvalues
are s; (with multiplicity 2) and s3/s;.

The goal of a cloak of invisibility is to hide an object from any incident waves. The object is
placed inside the cloak (i.e. inside the sphere of radius R; ), and all incident waves must be perfectly
transmitted through the cloak without seeing the object. For a spherical cloak, the coefficients
are

s1(r)=1/(1 — R1/Ry) and sa(r)=(1—Ry/r)/(1 — R1/R2),

see e.g. [18] and [8, chapter 8]. The eigenvalues are strictly positive, and then the material tensors
are symmetric positive definite, inside the layer (i.e. for r € ][Ry, Ra[). However, it is not possible
to find a strictly positive lower bound for ss, because s, is smooth and equal to 0 at r = Rj.
If we consider a slightly modified model where s5(r) is replaced by $2(r) = max(sa(r),€) with
0 < € < 1, then the material tensors are elliptic.

The PMLs are artificial absorbing layers that are commonly used to truncate computational
domains. They can be obtained by using coordinate transformations with an imaginary part in the
complex plane, see e.g. [9, 22]. For a spherical PML located within the layer |Ry, Rz[ to truncate
the spherical domain of radius Ry, the coefficients s; and s5 are

T

s1(r)=1+41w0(r)/k  and  so(r) =1+1/(kr) /R a(r') dr',
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where o(r) is a positive real function called the absorbing function, and k = \/Egjig w. We can
write s1 = |s1]| €*¥* and so = |s2] €'¥> with @1, @2 € [0, 7/2[, because the real and imaginary parts
of the coefficients are, respectively, strictly positive and positive. Then, the eigenvalues of A are
51 = |s1] €1 and s2/s1 = |sa]?/|s1] €(?#27#1). Note that the angle between the phases of these
eigenvalues, i.e. 2|pa — 1], is always strictly lower than 7. Therefore, if the absorbing function is
bounded, all the eigenvalues belong to an open half space of C that does not contain zero, and then
the tensors are elliptic (see Proposition 3.11). On the other hand, unbounded absorbing functions
are often used to improve the accuracy of domain truncation, e.g. [5]. Problems with unbounded
media do not fit into the framework proposed in this work, but some analysis could be done using
weighted functional spaces.

5.3 Gyrotropic media

A medium is gyroelectric or gyromagnetic if there is a rectangular reference frame where € or pu,
respectively, can be represented as

1 1wy 0 w1 e 0
e=¢go |-z €1 O or  p=ypo |~z 1 0],
0 0 €3 0 0 U3

see e.g. [20, section 6.6] and [13]. The eigenvalues of these matrices are {eo(e1 % €2),e0e3} and
{no(pr £ p2), pops}

Magnetized ferrite is an example of gyromagnetic medium. We have € = eI'3 and
=1~ (wownr)/(@® —wg),  p2=(wwnr)/(* —wj)  and  pz=1,

where wq is the gyromagnetic response frequency and wj; is the saturation magnetization fre-
quency, see e.g. [15, section 8.18] and [20, section 6.9]. The eigenvalues of p are { g+ powar/(wo =
w), tp}- The matrix p is Hermitian positive definite if and only if 1 + wps/(wp +w) > 0.

Cold plasma with a static magnetic field ensuring plasma stability is an example of gyroelectric
medium, see e.g. [4, section 6.2], [20, section 6.8] and [21]. Sébelin et al [19] studied the following
model. The magnetic permeability tensor is u = pgIs and the coefficients of the dielectric tensor
€ are

2

2 2
(6] w w, w w,
51:1+§:f%, 52:2:&% and 53:1_§:ﬁ7
. Wwi — - W Wi — o . wo

with oo = w + w, where wy,c and w,. are the plasma frequency and the cyclotron frequency of each
species ¢ (ions and electrons), and v > 0 is the electron-ion collision frequency. The frequency w.. is
negative for electrons. Sébelin et al [19] studied the well-posedness of a variational formulation with
a coercive sesquilinear form for the Dirichlet problem. The well-posedness of several alternative
formulations was studied by Back et al [3] for a model with an additional Landau damping effect.
For this model, the problem can be studied with our approach, see [10, 12].
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6 Conclusion

In this work, we have reviewed, extended and applied recent results for the analysis of time-
harmonic electromagnetic boundary value problems in elliptic media. This family of media includes
heterogeneous, complex and anisotropic media, which are of practical interest as illustrated by the
examples of Section 5.

The considered mathematical framework relies on the use of a general definition of elliptic fields
(Definition 3.1). We have systematically studied properties of general, normal and hermitian tensor
fields, as well as scalar fields, that verify the ellipticity condition. In particular, we have identified
ellipticity directions and, in some cases, we have characterized the sets of all the possible ellipticity
directions.

General well-posedness and regularity results have been obtained in [11, 12] by using this frame-
work. Here, we have more specifically studied conditions such that the problems are coercive. The
coercivity directions of the sesquilinear forms are related to the ellipticity direction of the material
fields, and the coercivity constants depend on the constants used in the ellipticity condition of
the material fields. These results could be used to optimize the coercivity conditions, which are
related to the stability of the formulations.

While we have mainly studied the electromagnetic problems at the continuous level, our results
could be used to analyze numerical methods and domain decomposition methods for solving these
problems. Indeed, these analyses generally depend on the properties of the initial differential
problems. In the coercive case, the coercivity constant of the sesquilinear form plays an important
role in the stability of the solution methods.
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