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Abstract

We propose to deal with high-dimensional events based data using Hawkes processes. Fo-
cusing on the Multivariate Hawkes Processes (MHP) in high dimension, an estimation task,
followed by a classification task, are addressed in this article. In both cases, we assume to
have access to a large number of repeated observations of the process over the same short
time interval. MHPs form a versatile class of point processes that model interactions among
connected individuals within a network. In this work, we allow the network dimension to be
large relative to the number of observations, which necessitates a sparsity assumption on the
adjacency matrix. Furthermore, we assume that the observations belong to different classes,
discriminated by both the exogenous intensity vector and the adjacency matrix, which en-
codes the strength of interactions. Specifically, the observed training data consist of labeled,
repeated, and independent realizations over a fixed time interval. In this context, we propose
a novel methodology comprising an initial interaction recovery step, conducted per class, fol-
lowed by a refitting step guided by a suitable classification criterion. To recover the support of
the adjacency matrix in each class, we introduce a Lasso-type estimator and prove the consis-
tency of the estimated supports under appropriate assumptions on the processes. Leveraging
the estimated supports, we then construct a classification procedure based on empirical error
minimization. Notably, we provide convergence rates for our classifier. An in-depth numerical
study, using both synthetic and real-world datasets, supports our theoretical findings, both for
support recovery and for supervised classification.

Keywords Multivariate Hawkes Process - High Dimension - Lasso - Classification - Empirical
Risk Minimization
1 Introduction

In recent years, supervised classification of complex data has attracted considerable attention.
This statistical problem encompasses a broad class of applications, including the classification of



multivariate time series (Ismail Fawaz et al.||2019). In particular, the development of cutting-edge
methodology for classifying event-based data is a matter of great interest. In this paper, we tackle
the task of supervised classification of sequences of events into K classes with K > 2. We assume
that each class is characterized by distinct underlying occurrence dynamics, and our objective is
to accurately discriminate among them.

In this paper, the object of interest is a multivariate counting process N of dimension M for
which the stochastic intensity of the j-th component writes

M t—
Avj(t) = pyy + ) avjjo ; h(t —s)dNj(s), (1)
i=1
where Y is a random variable representing the label, taking values in [K] := {1,..., K}, and

distributed according to the probability distribution p*. In particular we work under the asymptotic
framework of repeated observations, assuming that n realizations of the process N are observed
on a fixed time interval [0, 7], with each class represented among the observations. In this model,
described by Equation , the classes are discriminated by the parameters of their intensity vectors:
the baseline rates py,; and the adjacency matrix Ay = (ay,; /), which encodes the interactions
among process components. The primary challenge we address is the high dimensionality, where
the dimension M of the process N can be much larger than the sample size n. To tackle this high-
dimensional challenge, we impose a sparsity assumption on the adjacency matrix corresponding
to each class. In this context, our contribution is a classification methodology based on two
steps. First, we estimate the support of the adjacency matrices corresponding to each class. Next,
we leverage this information to design a classification procedure based on the Empirical Risk
Minimization (ERM) principle, which benefits from the resulting reduction in the dimensionality
of the parameter space. Figure [I| summarizes the contributions of the paper and highlights the
two main questions addressed: the estimation of the support of high-dimensional parameters in
a multivariate Hawkes model, and the supervised multiclass classification ofmultivariate Hawkes
processes.

Hawkes model of dimension M
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Figure 1: Summary of our classification procedure using support recovery



1.1 Related works

Hawkes processes. Hawkes processes are a family of point processes introduced by [Hawkes
(1971). Such processes model complex temporal dynamics, where the occurrence of events is
impacted by past activity. The multidimensional version of these processes, MHP, is a natural
generalization that considerably enriches modeling possibilities. Indeed, in addition to model self-
exciting interactions, such a model takes into account interactions between connected individuals
within a network. These interactions can be encoded in the adjacency matrix, where each coefficient
represents the strength of the interaction of one component on another. Historically applied in
seismology (Ogatay, |1988)), they have since been used in a wide range of applications including
genomics (Reynaud-Bouret and Schbathl [2010), finance (Embrechts et al., [2011), urban crime
(Mohler et all |2011), order book in finance (Bacry et al., [2015)), football (Baouan et al., 2022])
and neuroscience (Bonnet et al., 2022)). Another important application is the modeling of social
network activity, as in Zhang et al| (2018) and further works. In addition, the Hawkes processes
are frequently used as spike-trains models in neurosciences, for example in |[Reynaud-Bouret et al.
(2013)); Bonnet et al.| (2023)); Spaziani et al. (2023). Recently, HP models have also been used in
the ecological field in |Nicvert et al.| (2024) for interaction between species and in |Denis et al.| (2024)
for bats monitoring. Finally, in the context of repeated observations with fixed T, |Lotz| (2024)
provides a likelihood ratio test for testing presence of interaction using the sum of the repeated
observations.

High-dimensional setting. In the high-dimensional setting, meaning that the number of com-
ponents M is large, it is classical to impose a sparsity assumption on the adjacency matrix that
characterizes the intensity process. Therefore, it appears that reconstructing the support of the
adjacency matrix or the connectivity graph, is a matter of great interest, which is related to the
Granger causality (see Eichler et al., 2017; Sulem et al., 2024)). In particular, this is a crucial issue
for connectivity of neurons, see for example Lambert et al. (2018)), or in social network (Carstensen
et al., |2010). In particular, penalized method for point processes is the object of the recent review
Limnios and Hansen| (2025).

Let us focus on the Lasso literature in the classical Gaussian framework. The Lasso procedure
has been originally introduced by |Tibshirani (1996) and (Chen et al.| (1998). It is a popular
statistical method for high-dimensional problems for which efficient implementation procedure
have been developed. Besides, the Lasso procedure has been widely studied from the theoretical
point of view (see e.g.Meinshausen and Biihlmann, 2006; [Tropp, 2006; Bithlmann and Van De Geer,
2011)). In particular, support recovery has been investigated by Wainwright| (2009)), |Zou/ (2006 for
the adaptive Lasso, and also in multi-class classification methods (see|Abramovich and Grinshtein),
2018)). Let us emphasize that an induced and undesired effect of ¢;-penalization is the shrinkage
of large coefficients. To bypass this issue, refitting strategies are commonly used and well covered
in the literature, see for example Chzhen et al.| (2019).

For Hawkes process, the work of Donnet et al.| (2020)) is dedicated to a nonparametric Bayesian
procedure to tackle high-dimensionality. Let us mention the work of Zhou et al.| (2013) which pro-
poses an efficient algorithm for a Lasso estimator for high-dimension Hawkes process, implemented
in the Python library tick (Bacry et al., 2018)). Later, in the work of Bacry et al. (2020), the
authors use a least-squares contrast penalized with an ¢;-norm together with a trace norm. The
resulting estimator benefits from a sparse structure with low rank. Its construction relies on only
one observation over a time interval [0, 7], with 7' — 400 that draws the asymptotic for obtain-
ing theoretical results for the intensity process estimation. Under the same observational setup,
several sparse support recovery procedure has also been proposed in the literature, for example a
likelihood ratio testing procedure in |Kim et al. (2011), or a group-Lasso least-squares penalized



estimator in |Cai et al.| (2024).

Multiclass setting. The present work falls in the supervised classification setting. In particular,
we assume that the learning sample of size n consists of i.i.d. labeled data where the features are the
jump times of a high-dimensional Hawkes process observed on the fixed time interval [0, T]. It is
worth noticing that Ditlevsen and Locherbach! (2017) also consider multiclass systems of interacting
Hawkes processes to model different groups of neurons. They study the mean-field property of the
model without considering statistical issues. In a different observational setup, some works in
natural language processing also tackle some similar issues as [Lukasik et al. (2016) and later
Tondulkar et al.| (2022)). Closest to ours, the work of |Denis et al. (2022)) provides a classification
procedure for observations coming from a univariate HP where the classes are discriminated by
the kernel of the intensity process. In particular, this method is applied in [Denis et al.| (2024), for
modeling echolocation calls of bats recording in several sites throughout France. In the present
work, we generalize the approach developed in [Denis et al.| (2022) in the high-dimensional setting
using a Lasso penalty.

1.2 Main contributions

The contributions of this paper are two-fold. First, we introduce a Lasso-type estimator for the
Hawkes model parameter within a high-dimensional framework. Second, we propose a supervised
classification algorithm, named ERMLR, that leverages this estimator efficiently. Let us now
outline the key contributions.

e A key feature associated to a MHP of size M is the matrix of the £1-norms of the interaction
functions, commonly referred as to the adjacency matrix. Its size scales as M?, which in
high-dimensional regimes may exceed the available sample size n. In this context, we assume
a sparse representation of the process, and therefore propose a penalized estimator for the
parameters, including the baseline of size M and the adjacency matrix. Additionally, we
assume the process is observed repeatedly n times over a short time interval. This specific
observation framework requires the development of a suitable estimation procedure. More
precisely, the estimation of the parameters relies on an empirical least-squares contrast with
an {1-penalty on the parameters. We establish rates of convergence of the estimated support
and the estimated coefficients of the MHP. Notably, our theoretical findings show that the
established rates of convergence are comparable to those obtained in the classical Gaussian
setting. In particular, we extend the results of Bacry et al. (2020) and Cai et al. (2024),
which were established for the infinite-time observation regime, to the framework of repeated
observations over finite time windows.

e Then we propose to take advantage of these results to provide a supervised classification
algorithm dedicated to high-dimensional MHP. Specifically, we consider a classifier based
on FEmpirical Risk Minimization principle, which involves the minimization of a fs-risk on a
set of parameters that depends only on the estimated supports. We show that the rates of
convergence of our classification algorithm is, up to a logarithmic factor, of order the square
root of the size of the support over the sample size n. Notably, we extend the results obtained
in Denis et al. (2022) to the high-dimensional framework.

e Finally, to due the numerical complexity of our problem, the implementation of our clas-
sification algorithm constitutes a significant contribution. This implementation leverages
cutting-edge optimization algorithms to ensure both efficiency and scalability. In particular,
the Lasso-penalized contrast is optimized using the FISTA algorithm, while the calibration



of the ¢1-penalty is performed via the EBIC criterion (Chen and Chen, 2008). Then, for the
minimization of the empirical risk, we consider a parameter-free projected adaptive gradient
descent FREE ADAGRAD recently introduced in |Chzhen et al.| (2023). We evaluate the per-
formance of our procedure (including estimation and classification) on synthetic data and
show the good performance of our algorithm. In particular, it reveals that our algorithm
succeeds well for both support recovery and classification accuracy. To further illustrate the
practical utility of our inference procedure, we present a social network application using our
Lasso approach, which outperforms benchmark methods.

1.3 Outline of the paper

Section [2] describes the model, along with the necessary assumptions. Section [3| proposes a Lasso-
type estimator and the classification algorithm named ERMLR. Section [4] provides the main theo-
retical results on both Lasso estimator of the MHP parameters and the classification procedure.
Then, full implementation details about the procedure are given in Section [5] Then, Section [6]
is devoted to numerical results, both on synthetic data and on real-world data sets. We finally
provide a discussion in Section The proofs are relegated in an appendix and details on the
numerical part are postponed in a supplementary material.

Notations. For a matrix A = (a; ;) € RM*M_ the Frobenius norm is ||A[% = (Tr(4'A)) =
(Zj,j’ aij,), where A’ denotes the transposition of the matrix A and Tr is the trace operator
that returns the sum of diagonal entries of a square matrix. Recall that p(A) < ||A]l2 < ||AllF
where ||Al|2 is the subordinate norm and p(A) is the spectral radius of A, which is the largest
eigenvalue of A. Finally, Al = max; ), |a; ;. For a vector X = (z;) € RM the infinite
norm is defined by || X||o = max;|z;|. We also defined the support of a vector X € RM by

supp(X) = {j € [M], X; # 0}.

2 General framework

Section introduces the considered model, some notation, and the considered multiclass classi-
fication problem. Section [2.2|is dedicated to the presentation of the main assumptions. Finally, a
closed-form expression of the optimal classifier is provided in Section [2:3]

2.1 Formal definitions and notations

Let us first introduce the general linear multivariate Hawkes process and then the considered
multiclass classification model.

Multivariate counting process. Throughout the paper, we work on a probability space (2, F, P)
with canonical filtration

Fi = a(N(s),s < t),

where N = (Ny,...,Ny) is a M-dimensional counting process. It is observed on a fixed time in-
terval [0, T]. More specifically, we assume that the counting process N = (Ni(t),. .., Na(t))eejo,r)
is a linear multivariate Hawkes process, where for each j € [M], t € [0,7], N;(t) denotes the
number of events that have occurred before time ¢ for the j-th process. Finally, the set of observed
jump times of N over [0,7] is denoted by Tr = (77,1, .., Tr,m), where for each j € [M], Tr; is
the observed jump times associated to the process IN;. Each process IN; can be characterized by
its intensity function. Heuristically, at a given time, the intensity function gives the infinitesimal



probability of observing an event in the near future, conditionally on the past of the process. For
each j € [M], the predictable intensity of the process N; is then defined by

M t— M
Aj(t) = py+ ) aj /0 h(t—s)dNj(s) = pj+ > ajy > h(t—Tp), (2)
j'=1 j'=1

TzE'E,J/

where p = (f17)je(ar) is the vector of exogenous intensities, A = (a;j)1<;jj7<m is the matrix of
interactions, h is the kernel function. For each j € [M], the coefficient p; models the arrival of
spontaneous events for the j-th component. For each j, j' € [M], the coefficient a; ; is non-negative
and expresses the positive influence of the one-dimensional process N; on the one-dimensional
process IV;.

Finally, the kernel & is a non-negative function supported on R such that ||h||; = 1. It dictates
how quick these influences vanish over time. In the following, the kernel function A is assumed to
be known. Finally, let us define the support of A, or the active set, denoted S. It corresponds
to the positions of the non-zero coefficients a; j, meaning that component j' has an impact on
component j.

In the following, we denote the parameters with a star * when they refer to the true parameters
we aim to estimate.

Multiclass setting. We consider the multiclass classification problem in which each data point
is characterized by a couple (77,Y’). Here, Tr denotes the collection of jump times observed for a
counting process N over [0,7], and Y € [K] specifies the class label which is a random variable with
distribution p* = (pj)re[k]- In particular, we assume that N = (Ny,..., Nys) is a mixture of a M-
dimensional linear HPs observed on the time interval [0,7]. More precisely, conditional on Y, the
counting process N is a M-dimensional linear HP, where for each j € [M], the predictable intensity
of N; depends on the label Y and is defined at time ¢ > 0 by Equation (or by Equation with
parameters depending on the label Y') with the vector of baselines py = (uy,;) je[m) associated to
the class Y, and the matrix Ay = (ayj)i<jj<m is the M x M adjacency matrix of the label
Y. This choice of modeling is motivated by the fact that the classes are characterized by different
underlying graph behavior, where an edge in the graph matches a non-zero ay; ;. Again, the true
parameters are denoted with a star * in the following.

We assume in the following that the parameters (1j., A},) are unknown as well as the distribu-
tion p* of Y. Finally, the kernel function h is assumed to be known and for the sake of simplicity,
it does not depend on the classes or on the components of the process. Note that in the numerical
section, we consider the standard choice of exponential kernel. However, more general choice of
the kernel function may be investigated.

Objective. In the multiclass setup, the objective is to build a classifier, a measurable function ¢
such that g(77) belongs to [K], and provides an accurate prediction of the label Y. In particular,
the misclassification risk assesses the quality of such predictor g. It is defined as

R(g) =P (g(Tr) #Y).

The set of all classifiers is denoted by G. Naturally, we aim at considering the predictor ¢*, namely
the Bayes classifier, that achieves the minimum risk over G. In Section [2.3] we provide an explicit
formula of the oracle classifier g*. Nevertheless, since the distribution of the observation (77,Y)
is assumed to be unknown, we build a predictor that relies on a training sample of size n which
consists of i.i.d. copies of (7T7,Y’). At this step, we draw the reader attention to the fact that the



considered asymptotic is as follows. The horizon time T is fixed, while the sample size n goes to
infinity. Recall that the size M of the MHP is actually M = M, and can increase with n. In
the sequel, a predictor built on the training data is denoted by g. In particular, we require that g
satisfies the consistency property,

E[R(9) —R(g")] — 0,

n—oo

when n tends to infinity. However, in our study, the intrinsic dimension of our problem M? may be
much larger than the sample size of the learning dataset. In this case, predictor § is not consistent.
Therefore, as it is usual in this high-dimensional setup, we introduce a sparsity assumption for our
model.

2.2 Assumptions

This section is dedicated to the main assumptions that are assumed throughout the paper. In
particular, in our multivariate framework, we allow the dimension parameter M to be large, which
may induces that M? is much larger than the size n of the training sample. To alleviate this issue,
we introduce a sparsity assumption on the matrices (A})ue(k]-

Firstly, we introduce an assumption which ensures that each class occurs with non-zero prob-
ability.

Assumption 1 (Non-zero class weight). There exists pg > 0 such that minge (g (p);) > po-
We also make the following assumption on the parameters of the process.
Assumption 2 (Boundaries of true MHP parameters).
(i) There exists 0 < pg < p1 such that for j € [M] and k € [K], po < i < p1.
(i) maxe(k] | ALl < CM, with C a positive constant.

Furthermore, we consider the following assumptions, which imply that the process N admits
finite exponential moment.

Assumption 3 (Stability condition).
(i) The kernel function h belongs to the set H := {h: Ry — Ry, [ h(t) dt =1} and is bounded.

Assumption 4 (Exponential moment). There exist a > 0, and C > 0 that do not depend on M,
such that

sup Elexp(aN;(T))] < C.
JEIM]

Finally, we assume that for each k& € [K], the matrix A} is sparse, meaning that a few coefficients
are non-zero. For each k € [K], let us denote by

Si={0.5") € IMP, aj;; #0} (3)

the active sets (or support) of Ay, |S}| its cardinality, and S;¢ its complement. Throughout the
paper, we consider the following assumption.



Assumption 5 (Sparsity assumption). There exists a constant s* > 0 such that

max |S;| < s*
ke[K)

In particular, in our high-dimensional setting, we assume that s* << M?. Since we do not
assume sparsity on the vectors yuj, k € [K], we consider the following interplay between parameter
M and the sample size of the training dataset. The dimension M of the process may depend on
n with M? >> n. In this case, the sparsity assumption is crucial to overcome the high-dimension
issues. However, we assume in the following that M satisfies M /n — 0.

Remark 1 (On Assumptionsand . Let us highlight that Assumption@ concerning the Frobenius
norm of the matriz A}, is not restrictive as soon as n is large enough, due to the sparsity assumption.
In particular, if the coefficients are all smaller than 1, which is the considered case in practice, we
have that ||A%llr < s*. And, as the spectral radius is smaller than 1 and granted that Aj is
symmetric, the norm subordinate to the infinite norm satisfies || Afllco < VM. In supplementary
material, we give some examples where Frobenius norm is computed for different setting and never
exceeds M.

Besides, about Assumption note that |Leblanc (2024) proves that the exponential moment of
the multivariate Hawkes process is finite, under Assumption [3, some additional assumption on
|(A%)" |oc, and when the intensity process is stationary. Nevertheless, in the general case, the bound
of the moment depends on M. Hence, we require a stronger condition, such as Assumption[f] which
1s more suitable in the high-dimensional framework. For instance, this assumption is satisfied if
there exists a positive constant C, that depends on M, such that Z uk i< C. Similar uniform
bounds are for example needed in | Amorino et al.| (2024)).

Remark 2 (On Assumption . Note that we only assume sparsity on the adjacency matriz, but
not on the vector p*. It ensures that all the components of the process are active. However, as
in |Bacry et al.| (2020), it may be possible to consider also sparsity assumption on the vector of
exogenous intensities. Nevertheless, this is not the line taken in this work.

2.3 Bayes rule

In this section, we exhibit a closed form expression of the Bayes classifier g* that minimizes the
misclassification risk over the set G. The Bayes classifier is characterized by,

g" (Tr) € argmax 7, (Tr),
ke[K]

with 77 (77) = P (Y = k|Tr). The following result is an extension of the result given in Denis et al.
(2022). It gives the expression of the conditional probabilities 7} and then provides a closed form
of the Bayes classifier.

Proposition 1. Let T'> 0. For each k € [K], we define,

Fi(Tr) Z/ Aj(s ds+z > log (A ;(T0)) - (4)

J=1T,€Tr ;
Therefore, the sequence of conditional probabilities satisfies

p* eF* (TT)

. (Tr) = P — a.s.

Zk’ 1pk e k/(TT)



This proposition exhibits an explicit link between the unknown parameters (u, Ay) ke|k) and
the Bayes classifier. In particular, it suggests that a classification rule can be easily obtained by
replacing the unknown parameters by estimators in Equation . However, the performance of
the resulting classifier strongly depends on the quality of the considered estimators. In the present
framework, without taking account Assumption [5] the high-dimension of the problem could lead
to bad estimates. To overcome this difficulty, we propose a classification algorithm tailored to our
setting, which involves Lasso-type estimators.

3 Lasso-type estimator and classification algorithm

In this section, we present our sparse Lasso-type estimator of the MHP parameters and the pro-
posed classification algorithm that relies on a refitting strategy (see e.g. [Chzhen et all 2019).
The algorithm is referred as ERMLR for Empirical Risk Minimizer with Lasso Refitting. Since the
construction of the prediction rule goes in several steps and involves a splitting of the training
dataset, for the sake of the simplicity, we consider a dataset of size 2n. More specifically, the learn-
ing dataset is denoted D,, = {(’TT(Z), Y(i)),i =1,...,2n}, which consists of 2n independent copies
of (T7,Y). For the estimation purpose, the dataset D,, is divided into two independent datasets
Dﬁll) and Dg) of same size n. For sake of simplicity in the following, we index both samples using

{1,...,n}.

To take advantage of Assumption [5] we then consider the following three-stages procedure.

e Based on the first dataset DS), we estimate the distribution p* = (pj)re[x] by its empirical

counterpart p.

e Based on the second dataset D,(«?), and for each k € [K], we estimate by §k the active set S},
given in Equation , with a Lasso-type criterion, described in Section

e Based on the second dataset D,(E), then, we build a classifier g that minimizes an empirical Lo-

risk on a set of predictors that depends on the estimated support (gk)ke[ &]- This construction
is detailed in Section [3.21

3.1 Estimation of the active sets for each class

Our classification procedure relies on the estimation of the active sets S} for all k € [K] that are
deduced from the estimation of the parameters of the process. To this aim, we consider the least
squares contrast with a Lasso penalty for repeated observations and derive the estimators class by
class. The considered contrast is an adaptation of the penalized criteria proposed in [Bacry et al.
(2020) in the context of repeated observations with a fixed horizon time of observations 7.

Let k € [K]. We denote <7}(1)7 oo ,TT(nk)) the observations from class k coming from D,(f),

with ng = Y ;| 1 (YO =k} the random number of observations from class k. First, we define the
considered contrast.

The vector of true parameters for class k is denoted by the vector 6;, € RM(M+1)  For each
j € [M], e
* * . * * *
Hk,j = (ek,j,f)ge{o}u[]\/[] e (:uk,ja a’k,j,la cee 7ak,j,M) eR . (5)
And, the generic parameter is denoted as the extended vector 6 = (01, ...,05) € RMM+D) with

the similar shape as 6*. Then, for each §# € RM(M+1) and for the observation number i € [ng] of

class k, we denote the associated intensity process as )\,(f’)jﬂ(t), given by Equation for Y =k,
highlighting here the dependency in the parameter ¢ in the notation.



The considered empirical contrast is defined, for each § € RM(+1)

Rri(0) == ]l(nk>1 Z/ ,30 dt—*z > )‘736< ) ' (6)

j=1 7l 67’“

, as follows,

Note that, if np = 0, we have § = 0. The Lasso estimator is then the minimizer of the penalized
contrast and defined for some k > 0, as

M M
Op = Ok(r) € argmin § Rpp(0) +£Y_ > 1055 ¢ - (7)

HERM (M+1) =11

It is worth noting that, beyond the classification framework, this estimation procedure can be
applied to estimate high-dimensional MHP parameters in the context of repeated observations.
Finally, from the estimator 0, we get the estimated support of A}

Sk={0,5) € [MP, 6, #0y={(j.j) € [M]*, G # 0}

The last equality highlights that §k represents the estimated active set of A since it does not
involve the first column of 6, that contains the vector of estimated baseline (1) je[ar-

3.2 ERM classifier with a refitting step

In this section, we present the last step of our estimation procedure, which is dedicated to the
construction of the classifier. In particular, it involves the estimation of parameter 6* = (6;) ke[K]
To this end, we introduce the constrained set of parameters

0= {0= (u4) € RY X BY", iy € [Ltogo] . € [a1), 14l <)

where here we have denoted with abuse of notation, § = (u, A) which is the couple of the baseline
vector and the adjacency matrix, instead of using the previous vector notation. Finally the set of
interest

O:= {9:(91,..., x) € 0K supp(Ak):gk}. (8)

Several comments can be made from the definition of the set of parameters O. First we observe that
conditional on the event {§k = S;}, for n large enough, the true parameter 6* belongs to the set o.
Indeed, in view of Assumption for n large enough, we may assume that 1/n < pg < p1 < log(n).
Furthermore, we emphasize that the choice of the bounds on the coefficients on the parameters of )
allows to get rid of the unknown constants defined in Assumption [2] These choices are also driven
by technical aspects. In particular, such bounds are required to apply concentration arguments.
Additionally, let us mention that contrary to the previous step, the optimization is performed on
R for each coefficient.

Let us present the estimation of the parameter 6* and then the construction of the resulting
classifier g. This construction follows the strategy provided in Denis et al. (2022) for M = 1, and
is based on the dataset fo). It relies on the empirical risk minimization principle. Specifically,
for each 0 € @), we introduce an associated score function fp = ( fgl, e feK ). For an observed
sequence of events Tr, for k € [K],

i , . ' - ﬁkeFk(TT)
f@( T) T Trkwﬁve( T) T ﬂ—k,ﬁ,@( T) o Zg 1pk/eFk’(TT)
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with
Fkg 7} Z/ )\k,], dS—i—Z Z log )\k,], Tg))
Jj= ITZETTJ

Note that the form of the score function fy is chosen according to the result provided in Proposi-
tion |1} Let 6 € O, and fy its associated score function, we define its empirical Lo-risk as

ZZ ( TT(’Z )) ; Zlii) =2 py,=py — 1.

zlkl

Then, we define the estimator of 8* as the minimizer of the empirical Lo-risk,

% c argmin Ra(fy). 9)
0O
From the estimator AR of parameter #*, we define the ERMLR classifier as follows
g(Tr) € argmax ). 5.9% (Tr)- (10)
ke[K] ”

Note that for computational purpose, as it is usual in classification, the 0—1 loss is then replaced by
the Ly convex surrogate (see e.g|Zhang, 2004). In particular, the Lo-loss is classification calibrated
and Zhang’s lemma ensures that

E[R(G) — R(g")] < ;5 (E [Ra(fon) — Ra(fo)] )2,

with Ro the oracle counterpart of the considered empirical risk 7/?\,2 defined as

Ra(fo) = E |(Zk = fo(T0))?| , with Zi =21y — 1.

One of the main appealing property of our classification algorithm is that we take advantage of
the estimated support to perform the minimization of the empirical Ls-risk on a set of parameter
whose dimension is much smaller than M?. Besides, rather than using the estimated parameters
obtained at the first step (Lasso-step), we consider the estimator of parameter * as the minimizer
of loss adapted to our multiclass classification setting.

4 Theoretical results

In this section, we first provide the consistency of the estimator of the active set in Section [.1]
Then, in Section [4.2] we derive the rate of convergence of our classification procedure with respect
to the misclassification risk.

4.1 Support recovery by class

In this section, we present the key result on the Lasso estimator. More precisely, we show that

P (supp(é\k) = Supp(92)> — 1
n——+0o00

which implies that for each k € [K], the Lasso estimator ), solution of Equation has nonzero
entries at the same positions as the true parameter ¢7. In particular, for the multivariate Hawkes
process, for j,j' € [M ]2, the Lasso step can be interpreted as interaction selection, where the
objective is to select whether a component j is impacted by a component j’.

Before, to give our main result, we introduce some notations for the Lagrangian version of the
Lasso criterion given in Equation ([7)).

11



Notations. In the rest of the section, we fix a class k € [K], and for simplicity we drop the
dependency on k in all the parameters notations. Besides, throughout this section, we work
conditional on the event n; > 1. We also remind the reader that n, is the random number of
observations from class k in the dataset Dg) of size n. Then, we define for each ¢t € (0,7] the
random matrix Hy € R™%*M+1) for all i € [ny], as follows

(Hy);, = /Ot h(t — s)dN(s), for j #0, and (Hy)io = 1. (11)

/
From the definition of the matrix H;, we can observe that Hf; = ()\;19) (t),..., )\%k)(to . We
finally define the random matrix H of size (M + 1) x (M + 1) as

1 T
=7 /0 HH, de.

In particular, when x = 0, meaning that the contrast is minimized without the penalization term,
the estimator 6 reduces to the classical least-squares estimator, solution of the following equation

H/ ],033,2/ / h(t — s)dNS (s) AN ().

This relation highlights that suitable conditions on the matrix H, such as invertibility, are natural
requiremements in order to obtain theoretical guarantees for the estimator 6 defined by .

Additional assumptions. According to Equation (5)), the true parameter is denoted 9;-‘ =
/
* * M+1 . * .
(94 )ZE{O o (,u], ]1,...,aj7M) eR . For each j € [M], we also denote 5’9], the active

set of 0;. Note that, since ,uj > 0, it contains at least one element.

Classical conditions in the £1-constraint framework are considered as, for instance, in|Bihlmann
and Van De Geer| (2011) and references therein.

The first assumption ensures that, almost surely, the submatrix Hs;j, S, does not have its

columns linearly dependent (in which case it could be impossible to estimate #* when the true
active set is known). The notation Ay, denotes the minimal eigenvalue.

Assumption 6 (Minimum eigenvalue (ME)). There exists Ag > 0 such that, the event
Hsg;s sz
QME = min Amin — > AO
j=1,...M ng

The following condition is the mutual incoherence, which is also referred as irrepresentability
condition. Heuristically, this imposes that, almost surely, the correlation between the non-active
and active variables must not be higher than the variations within the actives variables, otherwise
the lasso estimator would not be able to dissociate them. It involves an incoherence parameter
v € (0,1] that must not be too small.

satisfies P(Qyg) = 1.
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Assumption 7 (Mutual incoherence (MI)). There exists some 0 < v < 1 such that, the event
H H=L
= 1 *C * * * < j—
Q\/I {jZl,?ji(M H Sej ,Sej S9j’59]~ HOO < 1 f)/} ,

satisfies P(Qyp) = 1.

Finally, the last condition of minimum signal ensures that the non-zero entries of the true
coefficients are large enough to be properly estimated. Specifically, it imposes that the minimum
value of the true parameter restricted to the support S* cannot decay to zero faster than the
regularization parameter, £ which is specified in Theorem [I}

Assumption 8 (Minimum signal condition (MS)).

log*(nM?)

0% . NG

DJ

min
g €S*

> Aal max
j=1,.. .M

S*
05

M
Remark 3. Let us emphasized that 1 < |S§j\ < (M+1) and Z |Sg,|<M + s*. In particular,

i=1
max ,/|S; | < Vs*.
j=1,,M i

Also, note that our result is still valid under sublinear sparsity assumption, meaning that s*(M) =
s*/M — 0, as M = o(n).

Support recovery result. Under the above assumptions, for each class k € [K], we establish
the uniqueness of the Lasso solution, the consistency of the estimated support, and the uniform
consistency of the estimator of #*. The proof follows the scheme of Hastie et al.| (2015) Chapter
11, in the classical setting, under the three assumptions ME, MI, MS. The result provided by
Theorem [I]is the main ingredient to derive rate of convergence of our classification procedure, and
is also an interesting result per se.

log*(nM?)

. Grant Assumption |1 to Assumption§,
vn

Theorem 1. Assume that n > p%, and let Kk =
There exists an event 2, with

P(Q,) =P (Qmr N Qme N Qy) > 1 — %

such that on Qnp N Quve N 2y, we have ng, > 1, and

M M
min RT’]@(G) + F\?Z Z ’9]',]'” 5

OeRM (M+1) pcfirat
where Ry, is given in Equation @, admits a unique solution 9 which satisfies the following
properties
(i) S;=So-,
(i)
Ayt maxj—y |S;j|log4(nM2)

<
o NG

=
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Several comments can be made from the above result. First, a straightforward consequence is
that for each k& € [K], the probability of the event where the support of Ay is equal to the true
support of A is going to 1 when n increases, meaning that

P(§k:SZ) >1-¢
n
Hence, our result provides rate of convergence for the estimator of the support gk Furthermore,
in view of Assumption |8, we have that on the event €Q,,, éj,j/ > 0. Notably, Theorem [1| extends the
result of Bacry et al| (2020) in the context of repeated observations with fix observation time. In
particular, the work of |Bacry et al.| (2020) does not provide support recovery result. However, we
emphasize that our result requires stronger assumption than in Bacry et al| (2020)). Let us notice
that the result holds also for & larger that log(nM?)//n but in this case the rates of convergence
is slower.
Second up to logarithmic factor, the condition on the tuning parameter k = k,, is of the same
order as in |Wainwright, (2009). Besides, up to a logarithmic factor, we obtain a rate of convergence

of order max;j—y . ar/|S;.|/v/n in sup-norm for the estimator é, we can note that this rate is of
J

the same order as the one that would expect in the classical Gaussian framework [Buhlmann and
Van De Geer| (2011). We also highlight that in the logarithmic factor, the power of the log term is
in part due to the fact that the number of jump-times of the process is not bounded a.s. Note that
the result of Theorem [I]may be obtained under weaker condition than Assumption [7]by considering
adaptive lasso procedure (see Chapter 7 in |Bithlmann and Van De Geer, 2011)). However, this time
of procedure may have a high computational cost, which is a limitation for the classification task
that comes after the support recovery.

Finally, the proof of this result is based on a preliminary lemma, which gives a control in
probability of the maximum of the martingale terms > %, OT(Ht)i,j dM;,Z) (t), i € [n], 4,5 € [M].
This inequality is obtained using a Bernstein type inequality proven in Bacry et al. (2020). This
data-driven inequality and the sub-exponential property of the counting process (see Assumption
lead to the concentration result. Then, we follow the primal-dual-witness method of proof (see for
instance Tibshirani and Wasserman, 2017)).

Remark 4 (On the assumptions (MI)-(ME)). These assumptions are fairly restrictive, since they
require that P(Qng) and P(Qvr) are exactly equal to one, and therefore hold almost surely. A possi-
ble relaxation is to formulate the assumptions in expectation, that is, by replacing every occurrence
of the random matriz H with its expectation E[H].

The first question that arises is whether there exist cases in which these new, expectation-based
assumptions, actually hold, as it is discussed in |Car et al| (2024) for similar assumptions. In
particular, Assumption MI in expectation should hold, for example, in the simple case where A* is
a diagonal matriz. In this case, the covariance matrix is zero and S;j ={0,7}, so straightforward
conditions on the coefficients ensure that the assumption is satisfied.

The second question is whether these weaker, expectation-based assumptions are still sufficient
to establish the desired results. To the best of our knowledge, within the general framework of linear
Hawkes processes, this remains unclear. Let us elaborate on this point. A possible strategy would be
to first derive a concentration inequality between the general term of H and that of E[H]. This could
be done using Hoeffding’s inequality, since each entry of H can be written as an empirical mean
over repeated observations. However, because some assumptions, such as the bounded-intensity
condition used in |Cai et al.| (2024), do not hold in our setting, it becomes challenging to leverage
this relared assumption to establish the desired results.
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4.2 Rate of convergence of the ERMLR classifier

In this section, we derive theoretical property of the ERMLR algorithm ¢. To establish our result, we
take advantage of the support recovery result provided in Section On the set {§k = S;}, the
excess risk of § is upper-bounded by applying classical arguments derived froAm the classification
framework. While we use Theorem [1| to bound the excess risk on the event {Sj # S;}. Then, we
obtain the following result.

Theorem 2. Grant Assumption [I Assumption [§ For n large enough, there exists a constant
C > 0 such that,

(M + s*)log(nM) ) 1/2

E[RE) - Rig")] < (
where C' depends on T, K, ||h| o, 10, 11, Po-

As expected, we highlight that, thanks to the Lasso step, we manage to obtain, up to a

logarithmic factor, a rate of order /(M + s*)/n rather than /(M + M?2)/n. Notably, we show

that the proposed algorithm achieves the usual parametric rate.

5 Implementation

In this section, a comprehensive description of the implementation details is specified. As the
ERMLR procedure execution involves two minimization problems, these two steps are described
separately in Section for the Lasso and in Section for the classifier. In both cases, each
choice is discussed in terms of the state of the art and its relevance in the context of its use.
Besides, let us highlight that the implementation of the procedure relies on the Sparklenﬂ Python
library implemented by |Lacoste] (2025). This library incorporates C++ source code to handle
computationally intensive tasks, making it well-suited for computationally demanding real-world
applications.

5.1 Implementation details for the Lasso

For the support recovery step, our strategy consists in the minimization of the least squares contrast
with Lasso penalty defined in Equation . This objective function is written as the sum of
two functions. While the least squares contrast is differentiable, convex and smooth (i.e. with a
Lipschitz continuous gradient), the ¢;-norm is non-differentiable at zero. To this extent, to carry
out the minimization of such objective function, we use first-order optimization algorithm based
on proximal methods with Nesterov’s momentum method, namely FISTA, see [Beck and Teboulle
(2009). Compared to the classical proximal algorithm, the construction of a new iterate of the
descent is based on a specific linear combination of the previous two points. This makes FISTA
benefits from a significantly faster rate of convergence. A recommended choice of the descent step
is 1/L with L the Lipschitz constant of the gradient. We stop the descent after 200 iterations if
the stopping criterion, based on relative distance between two successive iterations, is not fulfilled
yet.

Another important aspect of the Lasso step concerns the calibration of the penalization constant
k which controls the regularization. As our goal is to recover the true support, x must be large
enough to set all non-active coeflicients to zero. To this end, our strategy is the following: different
values of k are explored through a grid of sufficiently fine size, denoted A, and the one that
minimizes a specific model selection criterion is chosen. The criterion used here is the Extended

!GitHub repository https://github.com/romain-e-lacoste/sparklen
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Bayesian Information Criteria (EBIC) introduced by (Chen and Chen| (2008). For some ~ € [0, 1]
and k € A, this criterion takes the following form:

EBIC, (k) := —2L1,, (%)) + \55(5)( log(n) + 2vlog <<‘ ;54(2)0)

~

where (k) is the Lasso estimated with the tuning parameter s, Lt is the log-likelihood of the
Site) q

model, i is the size of this support, namely the number of active coefficients of (k).
K)

Compared to a classical BIC criteria (namely v = 0), an additional penalization is added to
take into account the number of possible active sets of the same size. As this quantity is increasing
with the size, it is relevant in a high-dimensional setting. In the following, we choose v = 1 and
|A| = 40 as exploration grid size.

Finally, let us highlight that for both the least squares contrast and the log-likelihood functional,
computation such as gradient or loss evaluation are optimized and implemented in C++ which serves
the purpose of rapid computation, see Lacoste| (2025) for more details.

5.2 Implementation details for the ERM step

For the classification step, our strategy consists in minimizing the convexified empirical risk de-
fined in Equation (10). According to the definition of the constraint set of parameters defined in
Equation , each coefficient must be positive. To ensure that each coefficient ay, ;;» remains in
[0, c], with ¢ > 0, the minimization is done under inequality constraints and we use a projected gra-
dient descent algorithm. Nevertheless, since this objective function is non-smooth and non-convex
w.r.t. to the coefficients, its minimization requires particular care. In particular, the tuning of
the step-size in the descent is very tricky ﬂ On the other hand, adaptive gradient methods, such
as ADAGRAD (see Duchi et al., 2011), have been widely used in large-scale optimization due to
their ability to adjust the step size for each feature according to the geometry of the problem. In
practice, ADAGRAD is known to be an efficient method in non-convex setting (in particular for
training deep neural networks optimization, see Gupta et al.|(2014))). In addition, some theoretical
guarantees for the convergence of ADAGRAD for non-convex functions have been provided in the
literature (see Ward et al., [2020; Wang et al., 2023). With this in mind, we use a parameter-free
projected adaptive gradient descent method, in the inspiration of ADAGRAD, called FREE ADA-
GRAD and introduced in |Chzhen et al.| (2023)). Compared with the classical algorithm, its main
advantage lies in the fact that it is adaptive to the distance between the initialization and the
optimum, and to the sum of the square norm of the gradients. The initial starting point is chosen
as the estimate given by the Lasso step, the initial guess for the distance between the starting
point and the optimum is taken as 9 = 0.1 and we stop the descent after 1000 iterations if the
stopping criteria described before is not fulfilled yet.

6 Numerical results

6.1 Simulation scheme

In this section, we present a scenario in which our Lasso-type estimator and our classifier are
evaluated. Note that an additional scenario is provided in the supplementary material for further
numerical investigations.

2Furthermore, classical method such as backtracking line-search with Armijo-Wolfe condition cannot be used
due to the piece-wise constant nature of the projection operator (see Michael W. Ferry and Zhang (2023))).
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MHP path generation. Concerning synthetic data generation, each path is simulated using
cluster representation algorithm (see [Mgller and Rasmussen, |2005). This sampling procedure relies
on the branching structure of the MHP, that can be viewed as Poisson cluster process. We consider
the classical choice of exponential kernel h(s) = fexp(—/fs) with § = 3.

Scenario. We consider block-diagonal matrix matrices A*. In addition to self-exciting interac-
tion, the block structure models interaction between a group of connected components. Coefficient
values, which give the intensity of influence, are identical within each block, but vary from one
to another. For a larger value of M, the blocks are expanded so that the parsimony rate remains
the same for each value of M. The vector of exogenous intensity u* is chosen as constant for
each component, meaning that spontaneous events occur in the same way for each individual. In
Figure [, a visual representation of the parameters is given, for M = 25, in the form of a heat
map. In particular, the values of the coefficients of the matrix A* are given by the color bar. We
precise also that the sparsity rate, which is the percentage of zero-coefficients in the matrix, i.e.
|S*¢| /M2, is 85%.

0 5 10 15 20 . T
Figure 2: Visualization of 8* = (u*, A*) for M = 25. The value of u* for each component is 0.4
and the sparsity rate of A* is 85%.

To illustrate the classification task, we consider the 3-classes classification setting, i.e. K = 3.
The three classes are created on the basis of the scenario described above. The blocks of different
size are interchanged, as well as the values of the coefficients within them. The resulting classes
are quite balanced and close from each other. Finally, the exogenous intensity is chosen to be the
same for each of the three classes. We provide more details in the supplementary material.

6.2 Study of the support recovery

In this section we focus on the accuracy of the estimation of the active set of A*. This study goes
beyond the context of classification and focuses on a single adjacency matrix.

6.2.1 Metric of evaluation

To evaluate the efficiency of the Lasso procedure in recovering support, we introduce the following
metrics, each of which measures the distance between the true parameter A* and the estimation
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A. First, the Hamming distance is defined as:

M
. * 1 1
HammDist (A ,A) - M2 4211 Aj,j#ﬁj,j’
3i'=

which measures the binary dissimilarity between the two matrices. Then, the relative error is
defined as:

. |AZ 5 ~
RelErr <A ) = M2 Z ( |A* 3.5 H{A;j/?ﬁo} + ’Aj’j/’]l{A;,j/:o}>

J,3'=1

which quantifies the averaged relative error between the true A* and the estimated A on non-zero
entries of A* and error on zeros entries. Additionally, the mean Kendall rank correlation is defined
as:

M
R 1 -
RankCorr (A*, A) =7 Z T(AS ., Aj)
j=1
which corresponds to the averaged Kendall’s rank correlation coeflicient between each row of A*
and that of A. Finally, the Euclidean distance is defined as:

EucliDist (A*, 2) = [|A* — A5
which measures the straight-line distance between the two matrices.

6.2.2 Benchmark for support recovery

For the purpose of comparison, we introduce two benchmark approaches. The first one is ADM4
from|Zhou et al.| (2013)). This procedure relies on the log-likelihood and imposes sparse and low-rank
regularization on the adjacency matrix. We use the tick package implementation of this procedure,
with Lasso regularization. Concerning the choice of the penalization constant, we explore a grid
of value C' € {10,100,1000} and select the one that minimizes the score. The second competitor
is the nonparametric Lasso estimation procedure from Hansen et al.| (2015), implemented in the
nm-bridgeﬁ package. The procedure relies on a least-squares criterion combined with a Lasso
penalty and involves the choice of the penalization constant -y, the size of bin § and the number
of bins K. We choose v = 1.0, § = 0.1 and K = 10. In the following, the estimated adjacency
matrices associated with these two methods will be denoted as EADMAL and ﬁnm_bridge.

6.2.3 Numerical results for support recovery on synthetic data

This section is devoted to the discussion of the obtained results of the Lasso procedure. These
results are provided in Table [T] and Figure [3]

First, from Table [1} we observe that the Hamming distance between the true support S* and
the estimated one S is close to zero in all settings, therefore our procedure is able to correctly
recover the active set of A*. This remains true even for small values of n and for high-dimensional
networks, for which the Hamming distance is quite small. As expected, the larger n is, the better
the support is reconstructed, whether in terms of Hamming distance or ¢y distance. Thus, in
addition to reconstructing the support more accurately, a gain is also made in terms of point
parameter estimation, illustrating the theoretical result of support consistency and convergence

$Website https://neuromod.gitlabpages.inria.fr/nm-bridge
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u HammDist EucliDist
n =100 n =500 n = 1000 n =100 n =500 n = 1000

10 0.04 (0.02) 0.03 (0.02) 0.02 (0.02) 0.39 (0.06) 0.18 (0.03) 0.13 (0.02)

I 25 0.05 (0.01) 0.04 (0.02) 0.05 (0.03) 0.88 (0.09) 0.42 (0.08) 0.28 (0.06)

50 11 (0.01) 0.04 (0.01) 0.03 (0.01) 1.81 (0.12) 0.70 (0.05) 0.51 (0.05)

100 0.14 (0.01) 0.10 (0.01) 0.08 (0.00) 2.07 (0.36) 1.15 (0.09) 0.81 (0.06)

10 0.00 (0.00) 0.01 (0.01) 0.01 (0.01) 1.24 (0.07) 0.64 (0.03) 0.47 (0.02)

P 25 0.07 (0.01) 0.00 (0.01) 0.01 (0.00) 2.30 (0.10) 1.37 (0.03) 1.02 (0.02)
50 0.13 (0.01) 0.10 (0.00) 0.04 (0.00) 2.34 (0.10) 1.77 (0.03) 1.57 (0.02)

100 0.15 (0.00) 0.12 (0.00) 0.11 (0.00) 1.88 (0.09) 1.87 (0.04) 1.58 (0.03)

Table 1: Lasso results averaged over 100 repetitions for different values of M and n (standard
deviations in parentheses) for our estimator and the one implemented in nm-bridge. T'=15

Figure 3: Illustration of our estimator: true support S* and recovered support §, with M = 50
for n € {100, 500, 1000}.
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of the associated estimator established in Section [l In particular, for large value of M, such
as M = 50, a clear decrease in the Hamming distance is noticeable for increasing values of n.
Finally, it is worth emphasizing that, the Lasso procedure is successful in recovering the underlying
block structure of the interaction matrix A*. This assertion is supported by Figure [3| which
visually shows the convergence of the support to the actual structure as the number of observations
increases.

We provide further details concerning the computational time of the procedure in the supple-
mentary material. For more details regarding the complexity of the least-square functional, one
refers to Lacoste| (2025)).

6.2.4 Real-world data experiments

In this section, we present a social network application to illustrate our Lasso procedure using the
widely studied MemeTracker dataset (Leskovec et al., |2009).

This dataset tracks frequently cited phrases and memes, capturing the flow of information
through hyperlinks linking various online sources. Each record includes a timestamp, the source
website, and hyperlinks to other posts. In the context of this paper, each website is treated as a
component (or node) of a MHP. For a given website, an event corresponds to the publication of a
post containing a hyperlink to another site. In this network representation, an edge is assumed to
exist between two websites if at least one hyperlink connects them. By leveraging hyperlinks to
trace the flow of information, an approximation of the network’s true interaction matrix A* can
be obtained, grounded in the causal relationships of MHP (see e.g. Bacry et al., 2015).

To align the data with our framework, we performed the following pre-processing steps. We
use posts spanning from August 2008 to December 2008 and extract events from the top M = 100
media sites with the highest volume of published content. The event sequence is then segmented
by grouping events on a daily basis, resulting in n = 153 repeated short-time sequences. Given
the large dimensionality of the network relative to the number of observations, the MemeTracker
illustration falls within our high-dimensional setting.

To ensure robustness, the evaluation is conducted 25 times on different random sub-samples
of the dataset. More precisely, for each repetition, we consider 75% of the data, resulting in
n = 114 > M = 100, which fits within our framework From each sub sample, we run the three
procedures and obtain the corresponding estimates A A ADM4 and Anm-brldge Once the estimates
are retrieved, we compute their evaluation metrics.

The obtained results are presented in Table 2l We observe that our procedure outperforms
the benchmark approaches across all three metrics. Notably, the estimated interaction matrix
produced by our method yields a very low Hamming distance, indicating effective recovery of the
support of the ground truth A*. This suggests that our approach captures the underlying influence
network more accurately than the competing methods.

Metric HammDist RelErr RankCorr

AADM4 0.83 (0.00) 75.93 (3.33) 0.138 (0.002)
Anm_bridge 0.36 (0.01) 45.59 (0.96) 0.199 (0.003)
A 0.06 (0.00) 37.57 (0.17) 0.567 (0.005)

Table 2: Averaged values of the metrics over the 25 repetitions (standard deviation in parentheses.)
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6.3 Study of the classifier
6.3.1 Benchmark for classification

Let us detail here the different competitors which are compared with our classifier.

Simple plug-in strategy. A full plug-in strategy consists in using the estimators 0 of the

parameters, obtained by minimizing the least-squares contrast with Lasso penalty on the adjacency

matrix given in Equation . Then, we plug 6 into the Bayes classifier formula. Consequently,

the resulting classifier for a new observation T is

R ﬁk Fﬁk,gk(TT)

gﬁg(’]}) = ar%max ©  F &
& =i brwe

(Tr)’

where p is the estimated distribution of Y. This classifier is learned on the entire training sample
D,, of size 2n. This classifier is referred as PI.

Oracle on estimated support. We are also interested in another predictor, referred to as 0ES
for The Oracle on Estimated Support, which is defined as follows

@;9;\(7}) € argmax g 5.0+ (7).

ke[K] E

where —~
050 = A D 1E ) € S
5750 0 otherwise

It corresponds to the best possible predictor that relies on the support recovered in the Lasso
step. Note that if the true support is recovered by the Lasso step, then it exactly corresponds to
the Bayes rule. By taking into account this predictor, we can quantify the effect of poor support
recovery in terms of classification error, while evaluating the gain that could be obtained by an
ERM step.

LSTM. We also consider a classifier that relies on Long Short-Term Memory (LSTM) network.
To perform classification, we use a neural network consisting of a single LSTM layer with 64 units
to capture temporal dependencies, followed by a dense output layer with softmax activation for
multiclass prediction. For training, we use the sparse categorical crossentropy loss and the ADAM
optimizer, with epochs = 50 and batch_size = 16. The implementation is carried out using the
TensorFlow library.

Remark 5. As a natural benchmark, we initially considered Random Forests (RF). However,
given the pronounced temporal and cross-component dependencies present in the data, the RF al-
gorithm demonstrates limited performance, even when its hyperparameters are optimized via cross-
validation. The results are presented in the supplementary material, and the empirical classification
error remains consistently close to 0.6, which is comparable to that of a classifier making random
predictions.

6.3.2 Evaluation scheme

Hereafter, we present the evaluation scheme that relies on Monte-Carlo repetitions. We fix T' = 5,
and p* ~ Uz. For each scenario described, each value of M € {10, 25,50}, and each value of
n € {400, 800, 2000}, we repeat independently 100 times the following steps.
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1. Simulate the data set and split it into D and D with 75% allocated for training;

Ntrain Ntest ?

2. Based on D, , for each k =1,..., K, compute py, = %Z?:l Livierys
3. Based on D, , perform the Lasso step:

(a) For each k € [K], calibrate the penalization constant using EBIC; criteria by exploring
values in the grid A. For each k € A do:

i. using FISTA, compute 5k the Lasso estimate with tuning parameter x;
ii. based on 6, compute EBICq(k);

and choose K € argmin EBICq (k);
KEA

(b) Given (Ky)re[k), for each k =1,..., K do:
i. using FISTA, compute the Lasso estimates é\k with tuning parameter Ky;
ii. get the estimated support §k = {(j,j/) € [M], é\kjj’ % 0} .
(c) From (§k) ke[k] compute the classifier gogs, from @) ke[k] compute the classifier gpr

4. From D,, . , perform the ERM refitting step:

(a) starting from (é\k)ke[K} as the initial point, minimize the Ls-risk defined in Equation
(9) using FREE ADAGRAD to obtain (%)ke[K]%
(b) from O® and D build the classifiers geruig.

5. Based on D,, ., = {(’7'T(i)7 Y%),i = 1,...,nest}, evaluate the error rate of the classifiers PI
and ERMLR using

1 Ntest 1 Ntest
Err :—Z]IA ; . and Err = Z]IA ; L
o ntest =1 {gPI (Tjgl));éy(l) }, ERAMLR ntest =1 {gERMLR (T,I(f) );AY(Z)} 7

6.3.3 Numerical results for classification on synthetic data

This section is devoted to the discussion of the obtained results of the ERMLR procedure. These
results are provided in Table [3] and Figure [4

First, from Table [3] we can see that the ERMLR is close to the Bayes classifier in terms of error
rate, in both scenarios and for each value of M. In particular, note that for n = 2000, its error
rate is almost equal to that of the Bayes classifier. In fact, as expected the greater the number
of data, the closer the classifier comes to the Bayes classifier, which illustrate the consistency of
the ERMLR procedure established in Section [4] This decreasing trend in the error rate of ERMLR
is illustrated in Figure 4] for M = 50. As shown, the slope of the empirical error (in blue, plain
line) closely matches that of the theoretical bound (in red dotted line) on the log-log plot, with
only a small gap attributable to conservative constants. This provides empirical support for the
theoretical result.

Another important point is the comparison with the PI classifier as a benchmark. Overall,
it can be seen that the PI exhibits good performance. This can be explained by the fact that
recovering the true support structure is sufficient for accurate class prediction. On the other hand,
poor support recovery also impacts the performance of the ERMLR predictor. This gap can be
quantified with the OES oracle classifier, which gives the gain that could be obtained by an ERM
step. For these reasons, it is not expected to see a big gap between the two. Nevertheless, it is
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M Bayes OES PI ERMLR LSTM

10 0.132 0.132 (0.035) 0.149 (0.035) 0.147 (0.035) 0.317 (0.068)

25 0.223 0.297 (0.055) 0.366 (0.049) 0.350 (0.051) 0.561 (0.046)

50 0.081 0.251 (0.054) 0.246 (0.047) 0.227 (0.044) 0.450 (0.061)
(a) n =400

M Bayes QOES PI ERMLR LSTM

10 0.132 0.134 (0.027) 0.144 (0.026) 0.144 (0.028) 0.304 (0.063)

25 0.223 0.237 (0.027) 0.298 (0.030) 0.293 (0.031) 0.525 (0.039)

50 0.081 0.120 (0.024) 0.176 (0.026) 0.163 (0.027) 0.412 (0.047)
(b) n = 800

M Bayes OES PI ERMLR LSTM

10 0.132 0.137 (0.015) 0.141 (0.015) 0.141 (0.014) 0.319 (0.103)

25 0.223 0.229 (0.020) 0.263 (0.022) 0.262 (0.020) 0.502 (0.026)

50 0.081 0.086 (0.012) 0.126 (0.013) 0.118 (0.013) 0.345 (0.062)

Table 3: Empirical error averaged over 100 repetitions for each classifier for different values of M

(c) n = 2000

and n (standard deviations in parentheses). 75% for train and 25% for test. T =5

Figure 4: Ilustration of the ERMLR procedure for M = 50: log-log plot with in red the theoretical

1071 1

—_——
—_———
—_——

3x 102 4 x10?

6 x 102

103

rate O («/nil(M + s*)) as a function of n; in the blue the empirical counterpart of the excess

risk R(g) — R(g*). The empirical errors of the classifier are averaged over 100 repetitions.
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worth noting that, a significant gain by the ERM refitting step can be observed. This assertion is
particularly supported by the results obtained for M = 50. This suggests that, for some particular
structures, a refitting step leading to a finer point estimate of the parameters is relevant and leads
to better performance in practice.

Finally, it can be observed that LSTMs exhibit relatively high error rates, particularly as the
value of M increases. This may be due to the fact that the data exhibit very complex temporal
and cross-component dependencies that are difficult to capture.

7 Discussion

The present work offers some solution to deal with event based data using Hawkes processes.
In particular, we propose an innovative classification algorithm tailored to classify Multivariate
Hawkes Processes paths in high-dimension. For each class, a first step is dedicated to the sparse
estimation of the support of the adjacency matrix. Then, in a second step, we build a classifier that
takes of advantage of the estimated support. Specifically, the resulting classifier is based on the
minimization of a ERM criterion. We establish rates of convergence for both estimated support
and classification algorithm. Finally, we illustrate the numerical performance of our procedure
through a comprehensive simulation study.

A possible guideline for further research is to consider a more challenging model by including
inhibition interaction. From a theoretical aspect, it may be tricky since adding inhibition effect
induces complication due to the non linearity of the underlying intensity function. In particular,
providing a closed form of the compensator is a key aspect to compute the least-square contrast
or the likelihood function. The work of |[Bonnet et al.| (2022) and Bonnet et al.| (2023) should form
a theoretical basis for this future work. From a practical point of view, a procedure which is able
to deal with inhibition, may be applied to generalize the work of |Denis et al. (2024). Indeed,
the use of MHP allows to model simultaneously different species echolocation calls and then the
effects of inter-species cooperation. Furthermore, adding inhibition effects, potentially translates
the ecological aspect of inter-species competition.

Another direction could be to investigate a penalized ERM classifier. It would allow to deal
with the high-dimensional setting without the prior Lasso step. Indeed, this procedure relies on
a global penalized criterion dedicated to the classification task. This direction is left for further
investigations.
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Appendix

In the following we gathers the proofs of the theoretical results of the paper. It is organized as
follows. Appendiz [A] provides useful technical results. The proof of the closed-form expression of
the Bayes classifier is established in Appendiz[Bl. The proof of the support recovery result is given
in Appendiz[C Finally, the rate of convergence of the ERMLR algorithm is proved in Appendiz [D}

Throughout the proofs, the notation C' refers to a generic positive constant, which may differ
from line to line. In particular, this generic constant C does not depend on n or on the dimension
M. However, it may depend on the other parameters.

A Technical results
Proposition A.1. For any classifier g € G, we have

R(g)—R(g)=E| > |7 (Tr) = mih(To) L {g Ty, g(Tr)=k}
1<i#k<K

Proof. This result is established by Denis et al.|(2022). Let g € G a classifier and 77 an observation
of the process on [0,7]. We observe that

R(9) = E [ {gryery] = 1= E [Lgmory] = 1= E |75 |
Therefore, from the above equation and the definition of the Bayes classifier g*, we get
RUg) = R(g") = B[z = 75 ||

Since for each g € G, g(Tr) = Zszl K1 {4(77)=k}, the above equation yields the result. O

Lemma A.1. Let A € R¥™9 (symmetric), and X € R, Then,
IAX || < Vip(A) | Xl
Proof. We start by remarking that
[AX ]| < [[AX], -

Then, by using the definition of the spectral norm as a matrix norm induced by the vector 2-norm,
we have

[AX][, < Al Xl -

Since the matrix A is assumed to be symmetric, the following equality holds
p(A) = |lA[,.
Using that, and remarking that || X ||, < Vd || X|| ,, we get
1AX |y < Vdp (A) || X ]| -
Combining all these inequalities, we finally obtain the desired result. ]

Lemma A.2 (Hoeffding). Let B ~ B(n,p), with p € (0,1). We then have for allt > 0 and n > %,

P(B <t) <exp(—2n(p—t/n)?).
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B Proof for Bayes classifier

We first denote for all k €
de|]-'tN

dPO|]—'tN 7
with Y := o (T1) = 0 (N;,0 < t < T). We classically obtain:

log(®F) = Z/ ds+/0 log(Ag ;(s)) dNj(s),

by writing w.r.t. a Poisson process measure of intensity 1 (see Chapter 13 of |Daley and Vere-Jones,
2003)). Thus, for ¢ > 0, we have the following equation for the mixture measure

<I>5;C =

K K
dP|en = ph dPy| ey =Y ppdf dPo| ey
k=1 k=1
and then N
APz % dPo| £ X
= —% : = —% -
dmﬂN Zj:l P;(I)g dP0|]_—tN Zj:l P;‘bi
« F¥
Finally, by using (4), it comes 7} (77) = ZKLICF* that concludes the proof.
j=1P;€ ’

C Proofs for support recovery

In this section, we gather the proof of the result provided in Section We first recall and
introduce the main notations for the proof of the main result in Section [C.I] Then, in section [C:2]
we establish a Bernstein lemma. This lemma is the cornerstone of the proof of the support recovery
which is given in Section [C.3|

C.1 Notations
We recall that the learning sample is D,, = {(7}21), Y(l)) ey (TT(n), Y(")) } Let k € [K] be a

fixed integer. Throughout this section, all the results are established for a generic class k. Let us
define the random variables .
ne = Z ]lY(i):k'
i=1

Hence ny ~ B(n,pj,). We also recall that minge (] pj > po > 0.

For sake of simplicity, we remove the dependency w.r.t. k. To sum up, our parameters of
interests are p, A, and we have at our disposal a sample of (random) size ng. In the rest of this
section, we work conditional on {n; > 1}.

()

For observation i € [ny] and coordinate j € [M], we consider M}, the martingale associated

to the counting process Nj(,Z ) through the Doob-Meyer decomposition. We then denote dM (t) =

(dM;,i) (t)) , € RMX™ and define the random martingale matrix Z as
J

T
7 = /0 (dM(H)H,) .

30



Besides, the j-th column of Z is denoted by Z;. Therefore, for g i€ {0,..., M} x [M], the main
term of Z is the continuous-time martingale,

ne T .
Z = Z; /0 H]@(t) dM;f)(t), (12)
where

. i— ) )
H](.Z)(t) = /0 h(t —s) dN;Z)(s)7 for j #0, and HO(Z) =1.

C.2 A Bernstein lemma

2
Lemma C.1 (Bernstein Lemma). Assume that n > —. Let us define the event

Po
1 log? (nM?2 *
Qn = { — max Zj,j' < CM ﬂ {nk > %} )
kg vn 2

o , : Cllalloe 2o
where Zj ji is given in Equation (12)). There exists Cp|_ p, > 0, such that P (2,) > 1 .
Bk n

Proof. For clarity of presentation, the proof is divided in two steps.

First step. In this step we work on the event {nj; > 1} and conditional on Ly =gy -5 Ly m—py-
For j,j" € {0,..., M} x [M], we apply Theorem 4 in |Bacry et al.| (2020) to the real valued random
variable Zj’j/. For clarity, we consider the same notations as in Bacry et al.| (2020).

To this end, for a fixed j, 7' € {0,..., M} x [M] and t € [0; 7], we define the tensor (see Bacry
et al. (2020)) for its definition and related properties) T; of shape 1 x 1 x M x ny as follows

q79) it k=4

(T)11,ke = { I (13)

0 else,

for k € [M] and ¢ € [ng]. We also recall that the matrix dM(t) is defined by the main term
dM(t)j; = dMJ(,Z) (t). According to Bacry et al.| (2020) we have that Z; » = Z7(T') € R defined
by
T
Zn,(T) = / T, o dM,
0

satisfies
s [T — [T 0 0
Zr,(T)=> > /O (T)11,mi AMi(£) = > /0 HY (1) M, (¢). (14)
k=1 1=1 =1

Furthermore, we observe that since the tensor T} is symmetric we have

~ t ot 2
Vi(t) ::/0 T? o dNS:Z/O <Hj()(s)) AN (s),
=1

and

br, = sup max(||Tslop,oc/|Tsllop,ec) = sup = max
0<s<t 0<s<ti=1,..,np
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which both depend on (j, j).
Applying Theorem 4 of Bacry et al.| (2020) on the event {n; > 1} and conditional on 1 yy-a)_y,

-++s Ly (my gy, We then obtain that for z > 0 with probability at least 1 — C'exp(—=) the following
holds

‘Zjﬂ./ g2\/Amax(VTT)(x+€x(T))+c(x+£x(T))(1+bqu), (15)

since for all (,5) € [M] x {0,... M},

~ ~ . 2 .
Amax (VT(T)> < Voo i=ny max (HJ(,%) (T)) max N](.Z) (1), (16)

and

br, < boo 1= max ‘Hj(l) (T)
27‘7

: (17)

from Equation , setting 2 = log(nM?), with an union bound on 7, j/ we obtain that the event

Z .= {ma/x ‘ij/ < 2\/‘700 (log(nM?2) + £o) + ¢ (log(nM?) + £o) (1 + boo)} ,
JiJ ’
with N
4V
o =2loglog [ —=2__ v 2| 4+ 2loglog (4bs V 2), 1
14 og Og(log(nMQ)v )—i— oglog (4bss V 2) (18)
satisfies
. c C
L, > P (Z Ly —gys- - -a]l{y(n):k}) Sy =
From the above inequality, we deduce that
P(Z°) = P(Z%nx>1)4+P(Z2°n, =0)
C
< —+P(np=0)
n
c x
< 4 explnlog(1 ~ p})
C
< o + exp(nlog(1 — po). (19)

In particular, we have used here that n > 2/py. Thus, for n large enough we have P (Z¢) <

s1Q

Second step. In this step, we provide a bound for YA/OO, bso, and fo, respectively defined in
Equation , and . To this end, we introduce the event

np;
Q.= {nk > 2k

} M {ﬂ{nm} max N;V(T) < 1og5/3<Mn>} . (20)

Note that, in view of the definition of H @)

j,i , we have that on the event {n; > 1}, we have

Voo < max <nk Hh”oo max (NJ(Z) (T)) sk maX(Nj(l) (T)) < C||h|| n 10g5(Mn).
0] Y o

With the same idea, we have that boo < Cjjp_ log®/3 (n). Finally, we observe that £, < 2log(nM?)
(as M > 2).
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Hence, on the event 2N Z, it holds that n; > 1 (since n > p%), and by the definition of €2 in
Equation , ny > npj./2 allow to write:

7 < C'log?’ (nMQ) < C'10g3 (nMQ) < C'10g3 (nMQ)
ng njl,?x g | = N - N N7

To conclude the proof, since P (Q%) <P ((Z N N)°), it remains to control P ((Z N N)°).
Conditional on ]l{ymzk}, ey ]l{Y(n):k}, on the event {ny > 1}, by applying the sub-exponential

property of N®

i Assumption , and Proposition 2.7.1 in [Vershynin| (2018]), we obtain

P <max N]@ (T) > logB/B(Mn)> < ngpexp (—clog5/3(nM)>

2]
1
< -
n
Therefore, from Lemma [A.2]
1 ¥ 1
PQ) < —+P(me<E) <~ texp(-n)
n 2 n 2
C
< =
n

Finally, combining the last equation with Equation (19]), we deduce that
C
P((Z2NnQ)°) < —,
n

which yields the result.

C.3 Proof of the main result Theorem [

Since, under Assumptions |§| and m we have P(Qyr N Qume) = 1, and then P (Qyr N Qve N Q) =
P(€2,). Thus, throughout the proof, we work on the event Qg N QypE N Q,y, with

ng’gP)glﬁMQ)}ﬂ{nkzngz}.

Note that on the event (2, since n > %, the random variable n; satisfies ng > 1. Also, let us
emphasize that the second event in the definition of §2,, allows us to get rid of nj, which is random,
in the bound and to replace it by n.

The proof follows the primal-dual witness method as in Hastie et al. (2015) Chapter 11, and
goes in several steps. Let us consider the penalized contrast

1
Q, : =< —max ‘ijj/
Nk

M M
C(O) == Rri(0) + 1> > 10,]. (21)

j=1j=1
An element z of the subgradient of C at some point 6 writes as follows
VRTJg(Q) + Kz,

where the concatenated vector z is z = (21,..., zy) with zj0 = 0 and z; j» = sign(6; /) for j' > 1
(with the convention that sign(0) € [—1, 1]). We say that a pair (0, 2) is optimal if it satisfies the
following zero-subgradient equation

~

VRT’k(Q) +rkz =0. (22)
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~

First step. We first build an “oracle” pair (0,2) that satisfies Equation and such that
GS*C = 0. First we define 0 and Zg+ as follows.

1. é\s*c == 0,

2. Ogv € argmin RTk(QS*) + KZJ 1 Zj res; \{0) |0 ;/|, where

O+

Ryp(0s+) = nkTZZ/ > 9,J,H dt

i=1 j=1 jES*

T . .
—2 /0 ST 0,HD () | AN ().

'/GS*
J 0;

In view of the above conditions, since fg+ is a minimizer, we have for each j € [M]

(VRT,k(§)>S* + ks, = 0.

0;

We then have to build for each j € [M], Zgse such that
J

(VRT,k(é\))S*C + KZse = 0.

0;

Hence, from the above equations and from the notation given in Equation , we deduce that

(0,2) must satisfies
2 ~ 2
Z Hgue g1 (9._9%) — 2 (Z) e o
ng 0859 \79 U S5 nk( J)S"j +K/259j

and

P . 9
2 (B5-0) - 2(z)g +reg =0
ng 56,50, \79 7 S5, nk( J )591 +st9j

From the last equation, and as zg; = sign((@) ) we observe that
J

n * _ my—1 . ngk 1 'y
(9]- - ej)sgj =H! 5; (Z)s;, — 75 Hs, s; sian((@))s;) (23)
Therefore, we set for each j € [M],
2 -1 . N
e =" (Hsg;;,s* Hs* 55 (Zi)s;, — (Zj)Sg;]?> + Hsje.s; Hg; s; sian((05)s; ) (24)

We then have built an optimal solution (79\, Z) that satisfies the required condition.

Second step. The goal of the second step is to prove that [|Zg«|cc < 1 which implies the
following result.

Lemma C.2. Assume that ||Zs«c|]loc < 1. Then, any solution 0 of the minimization problem
ming C(0) satisfies g+ = 0.

34



Proof. Let f another solution. Then, it holds that

~

M M
RT,k( ) + K <?, (9> = RT,k(G) + KZ Z wj,j”;
j=1j'=1
we deduce that

M M _ "
Rrp(B) = k(2,0 -8) = Rrp@) + 5 [ 33 10,51 - (2.0)
j=1j'=1

o~

Since the pair (6, %) satisfies Equation (22), we have that

which leads to

Ry (0) = Rrp(8) + (VRr(8),6 - 0) = (fj f[j 8501~ (2.9)

Hence, from the above equation and the convexity of Ry we deduce that

M M » .
SN 180 - <20>) <0.
j=14'=1

Therefore, we obtain that

>3 il < (38) -

||M§

M
Z 95,5

Since ||Zg*e|lco < 1, if there exists QNM #0 for (j,7') € we get

at

€ §*¢
M M M M
IBPBIUEIEDD Z j
j=1j'=1 i=1j'=1
which leads us to a contradiction. Therefore 55% =0

O
log*(nM?
Now we show that for x > M

Jn we have ||Zg«|lcoc < 1 on the event €2,,. From Equa-
n
tion (24, we deduce that for each j € [M]

~ -1 —
PEsgelloo < IIHszes; Flgg s lloo + [Hsze.s;, Hg,

S5,+5%,
+7II( i8¢ lloo-

From Assumption (MI), we get for some v € (0,1)

2
oo (Z)s os

. 2
[Z55¢ oo < (1 —7) <1 + @H(Zj)sg

o)+ e (Z)se

(25)
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C
From Lemma |C.1| we have with probability larger than 1 — — on an event €2,, that
n

1 Clog®(nM?) 1 C'log®(nM?)
_ Z % < — = 7 —_ Z *C < — .

Z)sy oo € —E T (sl < BT
Hence, from Equation , for n large enough, we deduce that, with probability larger than on
O,

[Z5=floo < 1,
C'log®(nM? log*(nM?
provided that w — 0 as n — 4o00. Therefore, the choice k > M yields the

ry/n vn

desired result.

Third step. In the second step, we have shown for n large enough that on €,,, any solution of
ming C(#), with C given in Equation , is a solution of

M
IglsileT,ka*) + KZ Z 1051
J=135'€S;,
In this step, we establish the following result.

Lemma C.3. Let 55* defined as

M
s+ € argmin ¢ Ry (0s+) + fiz Z 105,571

s J=1j'eSy,
log*(nM?
Under Assumption (ME), for k = og\(;z»)) it holds that on €,
n
., CAg ' max; , /1S5 [log (nM?)
* — * <
H 5T = NG

Proof. From Equation , we get for each j € {1,..., M}

Hs* S -1 (ZJ)S* HS* SH -1
5.9, 0; K 0,705 ; )
< ( 5720, > j + 5 (JJ) s1gn((9j)s;j)
o0

[osi, s,
J J Hoo ng ng Nk

Applying Lemma and together with Assumption (ME), we obtain

~ _ C'log®(nM?)
* 1 *
055]_ — 95(3]_ N <A, Sej <\/ﬁ +K).
log* (nM?
Therefore, the choice of kK = M yields the desired result. O

vn
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Fourth step. We deduce from Lemma and Assumption [§] that
sign(fg+) = sign(6g-).

log*(nM?)

Therefore, from Equation , we deduce that on €, for k = NG ,
n

M
95* — rglin RT,k(GS*) + /iz Z |0j,j"7
g* j=1 j/esgj
admits a unique minimizer 55* which satisfies for each j € {1,..., M},
ngk

-~ —1 —1 . *
0si, = 0, + B 55 (Z)sy, = =57 Hs g sen (05 )

log*(nM?)
vn

Hence, in view of Steps 2, with the choice of k = , we then have shown that there

is a unique solution # of ming C(#) which satisfies on €,
fg-c =0, and sign(fg-) = sign(6s-),

and

-1 . * 4 2
§ CAy " max; /\Sejllog (nM )

H%* —Os|| = Jn

D Proofs for the rate of convergence of ERMLR algorithm

We first establish a technical result in Section then rate of convergence of the ERMLR algorithm
is given in Section

D.1 Technical result

We recall that the set ©,, is defined as follows

1 .
0, 1= {0= (1) € RY X RV s € | tog(m)| g € 1, 4l < .

We also introduce the set II of conditional probabilities

Fy, ()
Pre 7k
I = 7rp79:< e 7 ) :
D=1 Pre o) ke[K]
= bo
9:(91779K) 66711{7 ;pk_la mk}npk> 2}

The following result provides a bound on ¢;-distance between two elements of the set II. It
shows that this distance can be bounded by the distance between the corresponding parameters
of the associated model.
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Proposition D.1. Let 7 = mp 9 and 7’ = T, g two elements of I1. Grant Assumptions @ @ and
the following holds

K
Elllx —# < Zp=9
[ ] < poHp Pl
+ CK?n%lo <\/Ma ’+MaA’),
n” log(n) lgel[[gllluk fxll1 ;?elu?]” k— Aillr

where C' is a constant depending on T, po, p1 and ||h||so-

Proof. Let us consider 7, 7’ € II with respective parameters (p, ), and (p/,6’). We have that for
an observation 77 of the process on [0,T], we have

|m(T2) =" (To)|l, < [|7(T2) = 7pe (T) ||y + [|mpr (T2) = =" (T) |- (26)
Let k € [K], for a parameter p = (p1,...,pK), we introduce the function ¢} defined as

Pk €Xp Tk
'Lﬂz(l’l,...,x}() = IZ4 ( )
Zj:l pj exp(z;)
Since, minge(x] pr > %O, for any k, j and (z1,...,2x), we have
‘8¢Z($1,...,1‘K)‘ < 3
Op;j ~po’

we deduce by mean value inequality
2K
I () = (T, < 25 =)

Besides for any k, j and p,

<1

)

‘81/}2)(371, e ,.%'K) ‘
Oa:j
we also deduce
K
|7(T2) = 7o (T, < KD | o, (T) = By (7).
k=1
Therefore, from Equation , we obtain

K
E Jr(75) = # ()] < 2 o=, + K 2B | (77— g 7).
k=1

Hence, it remains to bound the second term in the r.h.s. of the above inequality. Using Cauchy-
Schwartz inequality, for each k, we have that

E [| Fo, (72) = Fy (T7)|

M T . T
=1 ( /0 log <ij§: Eg) AN (t) - /0 (M) = A, () dt)

L|7=1
_ 1/2
<E %/T log X5 () dN;(t) 1
B =Jo A ’
M o7
+E Z/O ‘/\j,gk(t)—/\jy%(t)’ dt| . (27)
=1
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Now, we observe that

M

‘Aj,ek () = Ao (t)’ < g — ths| + 1hlloe Y lan o — aj, ;5| Ny (T).
=1

Therefore, we deduce

M
Z/ o) = N ()] dt| < T ey — i

j=1

+T| oo Z Z |ak:,J,J ,g,g |E [Nj’ (T)] . (28)

=17=1

Now, we bound the first term in the r.h.s. of Equation . Since

i t Y t Ao (T .
tog | 200} | — og <]9’“()> ~log J’e,’“< 1) 4 log Phi

we deduce since x — log(z) is Lipschitz for = > 1 that

log Ao (D) < |log Hii V| 4
Ao () )|~ My j

<l — pg | + 1 ‘M;c,j)‘jﬂk (t) = kMg, (t)’

)

Ajioi () _ /\j,al’c ()
ik, j 1, j

< gy — phog| + (Wk,j = gl A0 (0) + ’Mek (t) = Ajoy, (2) D

< nlpkg — i g| 0 (!Mk,j = Hi A0, (1)

+ og(n) (|1 — gl + oo S N5 (D — a;,j,j/r)) (29)

j'=1

Besides, applying the Doob’s decomposition for the processes Nj,j € [M], and the Cauchy-
Schwartz’s inequality, we get

2 -
TGRS SN ETRUARE
E Z/ ( Ao t)> dN;(t) SM;E /0 log (Aj76;€(t)>/\y7j(t)dt]
=z _ r )‘jﬂk(t) * i
+M;E ( /0 log ( Mot (t)> () dt) . (30)

From Assurnption we have E [()\’{/J(t))ﬂ < oo. Therefore, the first term in the r.h.s. in
Equation can be bounded as follows
Ajar, (1)

T ‘ T
/0 log? (iﬁ:%)@ﬂ) dt] < /0 E
Ajoi (t)
log* ( Ao ( t))

1/2
E | (A (1)

1/2

E dt

2} 1/2

<CT sup E
te[0,7
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" oe? [ 28O (e 2
/0 log ()\j’%(t)> ()\Y7j(t)) dt]

Similarly, we obtain:
2
Ay;(t) dt) <TE
N 1/2
< CT? sup E [log4 (m“)] .

T
Ao, (1)
E / log [ =272
( 0 (M,e;@(@)
te[0,7 )\j,e;C (75)

Then, by Assumption , from Equation and Equation , we get

Aj b, (t)
ge/ t)

4
< CTQMZ S[lép}E [Wlw uk]| (n+ n?\jg, (t) +n? log(n))
Dite

2

dNV; (t)

EZ/

4~ 1/2

+n8log(n)?| ||, Z Nj/(T)lak, .5 — a;f,j,j’

1/2
sup. E [\ ()1 + n2 + n*log(n)?| |y — ;I
te|0;

§CT2MZ< n*

=1

4~ 1/2

+Cn*log(n)’E Z Ny (T)lak.j5 — a5

where C is a constant depending on pg, p1 and ||hl|s. In view of AssumptionIE (Mo, ()] < C.
Therefore, from the above equation, and Cauchy Schwartz’s inequality, we deduce

J9k (t)
]0’ t)

M
< CT?*M (n* + n* + n'log(n Z\uk,j—uk,jIQ

2

dN;(t)

o 2 1/2 v M
+CT?Mn*log(n)’E | [ Y N;/(T)? Yo ansy —ap gl
, J=1j'=1

2
From Assumption {4 we have that E [(Zyl Nj (T)Q) ] < CM?. Thus, gathering Equations
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and , it comes

2K
E[r —a'[] < f||p Pl
+KC Z Z’Mw ﬂwzz kg — g
Jj=1j'=1

K M

+KCn?log(n Z MZ |ikej — M 2
k=1 j=1

[ 1/2
FMEY N agy — ag gl

j=15'=1

with C' depending on pig, p11, |h||eo and T. Finally, using that ||z|]2 < |z|j1 < Vd|z||2 for z € RY,
we obtain

2K

E[lr —7'[l] < —Hp Pl
+ K? Cl?elﬁ% Z’,uk,] M;w|+ szkﬂﬂ ,m

j=1j=1

M
+ K?Cn*log(n) ;E%(X] \/MZ g — g, ;| + M| A — Ayl p
j=1

thus
2K
E[|r—'|1] < 7Hp —p|li + K*Cn? 1og(n)vM]§€1aX] ke — 2]l

+K2C'Mn log(n) nelax | A — A%llF

Finally, combining the above equation, Equations and yields the desired result.
O

D.2 Proof of Theorem (2|

We begin this section by a lemma that provides a bound on the e-covering number of the set )
defined in Equation .

Lemma D.1. Let € > 0. There exists an e-net M, C 6 with

M| < ((IOg(”) ; 1/n)M>MK (3n> > Sk |

3

1 < e and

In particular, for all (1, A) € © there exists (e, As) € M. s.t. maxpe(x] ||k —
|Ar — Agcllr <e.

Proof of Lemma[D.1] First, we observe that the set
{1 L Qo) = 1/m) {1, | M{log(n) ~1/m) _ 1}}

n [M(log(z)—l/n)‘l ’ e
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is and e/M-cover of the interval [1/n,log(n)]. Therefore, we deduce that there exists M., an
e-cover of { € RM | s.t. p € ©,} for || - |1, such that

mgus(

Let k € [K]. For ¢ > 0, the covering number of the Euclidean ball centered in 0 and with
radius n in RS satisfies

N oI < (%)

Hence, we deduce that there exists M. 4 j, an e-cover of {A € ©,,, s.t. supp(A) = §k}, for || - ||,

such that R
S
3n\ 7F

’ME,A,]C’ < (€> . (32)

From Equation (31]) and (32) we obtain the desired result. O

Proof of Theorem |4 We first recall that the construction of the ERMLR algorithm is based on a
dataset D,, = {(T" JY®) 4 =1,...,2n} of size 2n which is split into two independent dataset of
same size n that are denoted respectively D,(ZI) and Dg).

Based on the first sample DS), we estimate the vector of weights p* by its empirical frequencies

p. Hence for each k, we have
N R
Pe= 1 2 T pyo-r)
i=1

Then, based on sample Dg), we build the estimator S := (§1, . ,§ K) as described in Section .

Besides, we also build the estimator of the vector of score function f = fyr, and g its associated

classifier. Since Dg) and D,(f) are independent, we have that p is independent of fand qg.

Let us introduce the set A := {p: min(p) > B }. Note that on .A° we have

bo

[min(p*) — min(p)| > 22,

which implies that there exists k € [K] s.t. |pj — pi| > %. Thus, using Hoeffding’s inequality we
get
& p
* ~ 0
P(A) < Y P (!pk — Pkl > 5)
k=1
< 2Ke "0/, (33)

Now, let us work on € := AN{S = 5*}, and denote

K

An =Bk - ph)% (34)

k=1

which is a random variable independent from D,(f). We also recall that for each 0 € é, the score
function fy is defined as follows

15(Tr) = 2mp50(Tr) — 1, k € [K].
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We introduce the oracle counterpart of f

6 = argmin Ra(fy).
06

Our aim is to control the following excess risk:
E[Ra() - Ra(5)] = E[(Ralf) = Ra(s)) 1]
+E [ (Ra(]) = Ra(f") Ly - (35)

Since for each 6 € © defined by , Ra2(fp) is bounded, from Theorem , and Equation , we
deduce that

E[(Ra(f) - Ralf")) 1gar)] < CB(2) < € (; +exp (—npa/z)) . (36)

Therefore, it remains to bound the first term in the 7.h.s. of Equation (35). Hence, we work on
the set 2. We consider the following decomposition

Ra(f) = Ra(f*) = (Ralf) = Ra(fp)) + (Ralfy) = Ra(f")) (37)

In a first step, we control the second term in the r.h.s. of the above equation. For n large
enough, we observe that on €2, * € ©. Therefore, from the definition of 6, we deduce

Ra(fz) — Ra(f7)

Ra(fz) — Ra(for) + Ralfo) — Ra(f")
< Ra(for) — Ra(f").

Then on €, we deduce from the mean value theorem that
Ra(f5) = Ra(f") < Ra(for) — Ra(f*) < CAy, (38)
with A, given in Equation . Since E [A,] < %, from Equation we deduce that

E [(Ro(]) ~ Ra(1")) 1yen] < E[Raf) ~ Ralfy)iey] + & (39)

Now, we focus on the first term in the r.h.s. of Equation . We denote
Dy :=TRa(f) = Ra(fz), and Dy :=Ra(f) = Ralfy).

And we want to control E[Df] By Lemma [D.1] there exists a subset M. C © such that for
6f = (/l, fl), there exists 0. = (ue, Ac) € M. satisfying

ma — <e and max||A,. — A <e.
max ke — fxllt < ke[;((]H ke — Akllp <

Then, the following decomposition holds
D> < Df — 2Df

f
(D7 = Dy, ) + (2Dy,, —2D5) 4+ (Dy,, — 2Dy, )
= Ty+Tr+1T;5.
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Applying Proposition combined with Lemma with ¢ := 1/(n>M log(n)) we get

Besides,
Therefore, gathering Equation , , @, and , we deduce that

BiRa(f) - Ral*) < E [ guas (s, ~2Dp)1ien| + <. (1)

To finish the proof, it remains to control the first term in the r.h.s. of Inequality . Condi-

(1)
p,gw] .

tional on D, 7, we have that
Note that on the set {S = $*} (as we are on Q), the set M. is an e-net of the deterministic set

E | max (Dy, — 2Dy,) 1y |D{! ] =LghE [erg%} (Dfy = 2D )N g_guy

&=1{0=(01.....0x) € OF, supp(4y) = S},

1

and then is also deterministic. Besides, from Lemma |D.1, we deduce that for e = —————
n3M log(n)

log (IM.]) < CK (M + 57 22

Furthermore, for © > 0 conditional on Dg), it holds that

oo
E (9%1/2\%/)1( (Dfe 2Df0)]1{§:5v*}:| < u—l—/u P <9Iél%/§{i(Df0 — 2Df6)1{5':,5'*} > t) dt

(0.9]
< P Dy —2Dg ) >t | dt. (41
<ut [T (g 2By 2 1) ar @)

Now, we have to bound the last term in the above equation. Let 8 € M., and f := fy. Let us
introduce the least squares function

K
#(Z,Tr) =Y (Zk — [*(T1))?
k=1
Since for each 8 € ©, fy is uniformly bounded by 1, we get from Bernstein’s inequality that,
conditionally on Dg), fort >0

P(D;—2D;>t) < P(2D;—Dy)>t+Dy)

—n(t+ Dys)?*/8
S exp (Bf Y+ Df)4K/3> ’ (42)

with
By :=E [(zf(Z,TT) - zfé(zﬂ-ﬂﬂ :
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From the Cauchy-Schwartz inequality, we observe that conditionally on D,(ll)

K
E|(61(2,Tr) = (02, T0)7] < Cx 3 E (R Tr) = £ 7))

= Ok (Ra(f) — Ralf)).

Thus, since
2 2
By < 2E [(Ef(Z,TT) —(2,T7)) ] +2E [(zfé(z,m —p(2,Tr)) ] ,

we deduce that

By < Cx (Ra(f) = Ra(f*) + Ralfz) — Ra(f7)) -
Then, as Ra(f) — R2(f*) = Ra(f) — Ra(f5) + Ra(f5) — R2(f*), on the event A and conditionally
on Dg), we deduce from the above inequality and Equation that

By < Ck (Df +A,).
Therefore, for t > A,,, we have that By <g (D + Ay). then, since Dy > 0, we deduce that

—n(t+Df)2/8
< — < — .
B+ ({4 Dy)AK)3 = Crgn(t+ Dy) < —Cgnt

Hence, from Inequality , we get for t > Ay,

P (Df —2D; > t) < exp (—~Cgnt),

which leads to
P (max (Dy — Zﬁf) > t) < |Mc|exp (—Cgnt).

0cM:

In view of Equation (41]), we then obtain that, conditionally on DS),

~ C'log(| M.
E |:91161/5\1/:;{5(Df9 - 2Df9)]l{9}|D7(11)} < max <An7 ggD>
+00
+/ |M|exp(—Cnt) dt.
Clog(M.)/n

As before, we use that E[A,,] < C/n, and we deduce from the above inequality by integrating over

DY that
o Clog(IMe])

E [max (Dfe - Qﬁfe)]l{g}] S

feM. n

Since for € = 1/(log(n)n3M) we have that log(|M.|) < C(M + s*)log(nM), we obtain from the
above inequality and Equation that
~ (M + s*)log(nM)

E[R2(f) — Ra(f*)] < C - .

From the above inequality, we get the desired by applying the Zhang’s lemma

BIR() - R(5")) < = (EIRF) - Ratr)])
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