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High-Dimensional MVAR Model Identification
Based on Structured Sparsity Penalization

Z. Fang, L. Albera, Senior, IEEE, A. Kachenoura, H. Shu, Y. Kang, and R. Le Bouquin Jeann¢s, Member, IEEE

Abstract—Maultivariate autoregressive modeling is widely con-
sidered in neuroscience, especially when effective connectiv-
ity is concerned. In high-dimensional space, the conventional
least-squares estimation of the autoregressive coefficients is no
more consistent, hence the interest in regularizing the solution.
Therefore, regularized approaches have been developed such
as the Least Absolute Shrinkage Selection Operator (LASSO)
promoting sparsity, which performs well provided that it is
combined with the extended Bayesian Information Criterion
(eBIC) to jointly estimate the MVAR model order and penalty
parameter. Unfortunately, this need for eBIC requires much more
computation time, making such approaches unsuitable for iden-
tifying high-dimensional MVAR models. The method proposed
in this paper, named SOCAR (Simultaneous identification of
the Order and the Coefficients of multivariate AutoRegressive
models), estimates both the order and the coefficients of the
model by combining mixed-norm regularization with classical
sparse priors (e.g. LASSO). Weighted penalties are minimized in
order to drive more easily sparsity to the right place. Experiments
carried out on simulated signals show that SOCAR offers a good
compromise between performance and numerical complexity.

Index Terms—Multivariate autoregressive model, model order
estimation, high dimension, sparsity, LASSO, mixed-norm.

I. INTRODUCTION

UTOREGRESSIVE modeling is widely considered in
A various domains [1], [2]. Some applications deal with a
large amount of data, requiring MultiVariate AutoRegressive
(MVAR) analysis [3], [4]. For instance, the MVAR model has
been explored in ElectroEncephaloGraphy (EEG) to derive
measures of effective connectivity [5], [6]. This connectivity
makes it possible to identify directed brain networks involved
in healthy functioning and in pathologies such as Parkinson’s
disease.

The Least Squares (LS) approach is the most well-known
method to estimate the MVAR coefficients [7]. Burg and
Yule-Walker methods are also widely used [8], [9]. However,
these classical algorithms fail in managing moderate or high
dimensions [10]. Consequently, regularized LS approaches
have been introduced such as the Least Absolute Shrinkage
Selection Operator (LASSO) promoting sparsity [11], [12],
and many of its variants [13], [14], [15], [16], [17]. Note
that this sparse structure of the MVAR model is relevant in
applications such as EEG analysis [18], [19], [20], [21]. Now,
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for all these methods, the estimation of the MVAR model
order is crucial. Choosing MVAR order using model selection
criterion is quite well-established in literature [22], [23], [24].
Unfortunately, since these criteria need to identify the MVAR
coefficients for a suitably refined set of candidate orders, a
regularized strategy provides an unfeasible solution in terms
of computational cost for high dimensions. Hence the need for
a coupled approach estimating simultaneously the order and
the coefficients of the MVAR model in order to reduce the
numerical cost.

In this paper, we propose such a coupled approach, called
SOCAR (Simultaneous identification of the Order and the
Coefficients of multivariate AutoRegressive models), which
promotes group sparsity in a different way from that generally
used to infer sparse causal networks modeled by MVAR
processes [25]. Indeed, the introduction of the mixed-norm
[26] allows for an efficient estimation of the model order.
Note that weights are inserted in order to drive more easily
sparsity to the right place like in [17]. In addition, imposing
sparsity of the MVAR model coefficients by means of the
L1 norm [27] illustrates the possibility of combining our
model order estimation strategy with classical regularized
techniques assuming structural constraints [17]. An iterative
optimization procedure based on the Alternating Direction
Method of Multipliers (ADMM) [28] is implemented avoiding
the calculus of sub-gradients [29], [30].

Section II formulates the MVAR estimation problem and
describes the SOCAR algorithm. Our method is applied to
simulated, and compared with LS-like techniques: results are
discussed in section III. A conclusion and some perspectives
are provided in section IV.

II. METHODOLOGY

A. Problem formulation and classical approaches

Let {x(n)} be a realization of an N-sample MVAR se-
quence of order p:

xz(n) =>7_, A x(n—10) +e(n) (1)
where {e(n)} is a realization of an M -dimensional white
Gaussian noise sequence with zero mean and covariance ma-
trix 021 and where Aj is the {-th submatrix of the (M x pM)
coefficient matrix A* = [A], A3,..., A;]. We assume in the
sequel that the p matrices A7 (1 < ¢ < p) are linearly inde-
pendent and that the order p is lower than or equal to M?2. The
matrix A* can be estimated using the LS method [7], which
minimizes the Frobenius norm || X — AB||% with respect to
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the A variable where X = [z(p + 1), x(p + 2),--- ,z(N)]
and

z(p) x(p+1) z(N —1)
B w(p'— 1) w(.p) w(N.— 2)
z(1)  2(2) (N - p)

provided that we have N > pM. Then, the LS solution is
given by A* = XBT(BB”)~! [31]. As mentioned above,
the sparse regularized version of the LS method, LASSO, has
been proposed [13]. It consists in minimizing the following
objective function:

f(A) =X — AB|E + | AlL 2)

where ) is a hyperparameter balancing between the data fitting
term and the penalty term. Note that the L; norm penalty
term can be replaced with another term based on the Lo,
norm, which promotes a common zero among all MVAR-lag
parameters when Granger Causality has to be measured [17].
In practice, the MVAR model order p is unknown and needs
to be estimated.

B. The SOCAR algorithm

We first introduce the (M? x p) matrix A* given by
A* = (vec(A7),vec(A3),...,vec(Ay)). Note that the vec
operator consists in vectorizing every (M x M) matrix A}
into an M?2-dimensional column vector obtained by stacking
the columns of the matrix A} one below the other. Under the
assumption that the p matrices A} (1 < ¢ < p) are linearly
independent with p < M?, the A* matrix is full column rank.
So, estimating the order p of the MVAR model is equivalent to
estimating the rank of the A* matrix. Then we can modify the
LASSO objective function (2) by adding an additional term
based on the nuclear norm, classically used to estimate the
rank of a matrix. A link between the L; » mixed-norm and
the nuclear norm can be derived from [32, proposition 1],
showing that the L;» mixed-norm is a better candidate for
the role of convex envelope of the rank when matrices are full
column rank. Consequently, a solution aiming at estimating
simultaneously the order and the coefficients of the MVAR
model can be obtained by minimizing the following objective
function:

1
9(A) = 51X = ABJ& + M [[Al1 + oAl 3)

This function can be reformulated as follows:

1 q q
9(A) = 5| X =D AcBeli+ Ml A+ Y[l Ace 4)
/=1 =1

where ¢ is chosen sufficiently high to overestimate p. It
is noteworthy that A, (resp. By) is the ¢-th matrix block
of A (resp. B), such as A = [A;, Ay, -, Ay] (resp.
B = [B{, B3, , B,]"). Note also that using the Frobenius
norm of each matrix block A, allows us to promote group
sparsity within the whole matrix. According to equation (1),
the ¢ — p last matrix blocks A, of A should be zero. This can
be obtained using a suitable penalty parameter Ay, which can

be difficult to get. Another solution proposed in [17] consists in
using weights in order to drive more easily sparsity to the right
place. In our case, an increasing sequence {ay,} of weights
should be chosen by the user in order to promote more sparsity
in the last matrix blocks Ay of A, leading to the following
cost function:

1 q q
hA) = 3] X - S ABE A+ MIAlL A+ A || Al

(=1 =1
4)
Now let’s consider the strategy adopted to minimize equa-
tion (5), leading to the SOCAR method. The L; and Frobenius
norms are non-smooth and cannot be solved in a closed form.
This would require the use of iterative proximal algorithms
such as the ADMM technique, which is fast and accurate
for convex optimization problems of large dimensions [28].
However, the ADMM convergence is not guaranteed when
we split the objective function in more than two terms.
Consequently, we replace the minimization of (5) with that
of the following cost function:

B 1 q q
hA) = 51X =Y AcBelf + 22 ) B Adllf + M| Al
/=1

= (=1

(6)
with 8, = ay/||A¢||r. By assuming first that 8, does not
depend on A, the convex objective function (6) appears now
as the sum of a differentiable term and a non-differentiable
one, which can be minimized by ADMM. Next, by updating
(¢ from the last estimate of A, it allows us to take into account
their dependence. Such an iterative procedure has been proven
to converge to minimize mixed norms in order to avoid the
calculus of sub-gradients [29], [30], which is more complex
and might not ensure the ADMM convergence as explained
above. More particularly, in order to achieve an estimate of A,
using the ADMM method, we define the following Lagrangian
function:

1 q q
LIACV)=Z[X =) ABi+) (M|Cel
2
=1

=1
+X20¢ ||A6||12?+g|\Ce —AE+(Vi, A= Cy)) (D)

where (G, H) = trace(GTH) denotes the inner product,
V, is a Lagrangian multiplier, and C = [C1,C5,--- ,C,].
Then, following the optimization strategy used in [29], [30],
we derive £ with respect to each matrix A, by considering
first that 3, is constant with respect to Ay:

q
OEACV) S~ AB,BI — XBT + 2054,
0A, Py
+Vi+ ABiB] +p(Ar—Ci) ()

From this derivative, we get an update rule for each A,:
q .
AP = (XBT +pCy — Vi — ZAE-J)BiBE)

Iy,
x (BB + 2080+ p)I) " (9)
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with j = k+1if i </ and j = k if i > £. Now, remembering
that 5, depends on Ay, we use the following update rule:

BED — /| AT | (10)

Regarding the update rule of C, it is derived from the
minimization of the Lagrangian function £ (7) with respect
to C, by solving the following problem:

2M\

. 1 2
m&nTHC||1+||;V+(A—C)”F (1)

The solution of (11) is thus derived using the proximal
operator of the L; norm [33], which is the soft thresholding

operator. The update of C' is then given by:
CHHY =8y, /(AN + VB /p) (12)

where S is the soft-thresholding operator [33] defined by:

Ail,iQ -1 lf Ail,i2 >
(Sy(A))iri, =94 0 if [Aiy | <n (13)
Ai1,i2 +n if Ai17i2 <-n
The update of the Lagrangian multiplier is given by:
V(k+1) — V(k) +p(A(k+1) o C(k+1)) (14)

All these variables are alternately updated until convergence.
More particularly, the SOCAR algorithm stops when the
primal and dual residuals, given by 7(*+1) = A(k+1) _C(k+1)
and st = —p(C++1) — (), respectively, are lower than

eé’fjl) and egf:;l), respectively, with:
S = VNeas + eramax{| A%V |, |CEH | )
) = VNeaps + el [VED | p

where €,,s and €, are absolute and relative tolerances,
respectively, and N is the number of time samples of the
MVAR sequence {x(n)}. If we call Af) the estimate of
Aj after convergence, the estimate pl©) of the order p is
got by counting the first non-zero columns of A =
(vec(A'Y), vec(AL), ... vec(AL?)). The different steps of
SOCAR are summarized in Algorithm 1, which gives the
estimate A(©9) of A* as output. Parameters \; and A, are
set experimentally. The penalty parameter p is fixed to 1. In
practice, we propose to run SOCAR a second time based on
the previously estimated values (A(®) and p(®), using a small
Ao parameter in order to refine the solution. It is noteworthy
that, as in [17], the convergence analysis of the proposed
algorithm is left as an open question, while the ADMM-based
optimization approach always converged in the experiments.

III. RESULTS

In this section, we are interested in assessing the perfor-
mance of the SOCAR method and comparing it with classical
approaches such as LS [7], Yule-Walker [34], Burg [35]
and LASSO [12]. Regarding LS, Yule-Walker and Burg, the
MVAR model order is estimated using the eBIC criterion
[24]. Tt is noteworthy that the latter was also used to estimate
both the MVAR model order and the penalty parameter of
regularized cost functions [17] and thus implemented in the
LASSO method [12].

Algorithm 1 SOCAR

Input: X, B, {a}1<i<4, A, CO VO p )\ and Ny
1B« a/|AY |
2: repeat
3 k+k+1
for / =11to q do
Update A@kﬂ) using (9)
end for
Build A®+1) from the ¢ matrices A"
Update Békﬂ) using (10)
Update C**1 ysing (12)
10:  Update V*+1 using (14)
t1: until [[r34D | p< €D and [|s¢HD||p< Y
12: p(®) given by counting the first non-zero columns of A(©)
Output: MVAR coefficient matrix C'(++1)

© X DNk

A. Performance criteria

In order to evaluate the robustness and accuracy of SOCAR,
three performance criteria are considered. Firstly, we compare
the estimated order with the true one. Secondly, the degree of
similarity is computed as follows:

S(A*, A9 =
i3, Az — A(Af) - A©)

Vo (A, — A2 (5, T, (AL - A0)2)
where K denotes the mean of the components of matrix
K. Thirdly, the computation time is estimated for the five
methods.

We are also interested in comparing the true Power Spectral

Densities (PSDs) with the estimated ones as explained after-
wards. We calculate the true spectral matrix as follows:

P(v)=HW)Z,H(v)'

5)

(16)

where X, is the true residual covariance matrix of the MVAR
model and H (v)' is the Hermitian transpose of H (v) with
H the transfer function of the system given by [31]:

p
H(v)= (I =) Aje 7>~
=1

a7)

The true PSDs of the channels are computed from the diagonal
components of the spectral matrices. The PSDs estimated from
the five methods are obtained using (16) and (17) by replacing
A* with its estimate and X, with the following estimated
residual covariance matrix:

- 1
b))

_ . T
=N, z(n)) (18)

Y (@(n) —@(n) (2(n) -

n=p+1

where x(n) is given by (1) and &(n) is computed by replacing
A* with A©).

B. Performance analysis

We generated 100-channel MVAR signals for two orders
(p = 5 and p = 15) to test the robustness of our approach.
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p=>5 p=15
Method p(c) g p(c) g
SOCAR 5.00 0.994 | 15.00 0.997
LASSO 5.00 0.994 | 15.05 0.997
OLS 1.25 0.683 1.00 0.578
Yule-Walker | 1.10 0.684 1.05 0.579
Burg 1.15 0.684 1.05 0.579

TABLE I: Quantitative estimation of the order and the coeffi-
cients for two MVAR models with 100 channels

[ Method | p=57]p=15]
SOCAR 17 mn 37 mn
LASSO 15 h 15 h

OLS 15s 1 mn
Yule-Walker 16 s 1 mn
Burg 15 s 1 mn

TABLE II: Computation time to identify two MVAR models
with 100 channels

The sampling frequency was set to 1 kHz and signals were 10
seconds long. Sparsity was randomly applied on the coefficient
matrices. The signals have been constructed in such a way that
some of them exhibit oscillations in the [8 Hz - 12 Hz] band
(well-known as the alpha band which is of interest in EEG).
The stability of the model was verified before any experiment.
The order and the degrees of similarity were estimated for
the five aforementioned methods. Twenty independent Monte-
Carlo simulations were carried out to get the results. Note that
the degree of similarity was only computed from the signals
exhibiting oscillations in the alpha band.

Quantitative results are given in Tables I and II. Unlike LS,
Yule-Walker and Burg, LASSO and SOCAR are much more
consistent, the estimated order being equal to the true one
whatever its value (p = 5 and p = 15). Clearly, the LS, Yule-
Walker and Burg methods underestimate the order. Regarding
the degrees of similarity, LASSO and SOCAR are the only
techniques which properly estimate the coefficient matrix of
the MVAR model, allowing for an efficient reconstruction of
the channel PSDs as shown in Table I. However, LASSO is
much more time consuming than SOCAR, by a factor of 25
to 55 (see Table II). This is due to the introduction of eBIC
to jointly estimate the MVAR model order and the LASSO
penalty parameter. In the light of our experiments, this is the
only guarantee of success for LASSO, which is very sensitive
to the choice of its penalty parameter. Our approach, on the
other hand, is much less sensitive to the choice of its penalty
parameters, and therefore does not require the use of eBIC.
Note that the poor behavior of the non regularized methods is
due to the small k-ratio value of our scenario. Recall that the
k-ratio is defined by k = N/Mp [36]. Such a k-ratio value is
not large enough in our context [37] contrarily to some rules
of thumb given for lower dimensional models [36].

The good behavior of SOCAR and LASSO in terms of es-
timation accuracy is illustrated in Figure 1. More particularly,
we compare the PSDs obtained from the five methods with
the true one. As we can see, the LS, Yule-Walker and Burg
methods do not bring out the information present in the low
frequencies. Regarding the LASSO and SOCAR techniques,
the difference with the reference is negligible, resulting in

<——True PSD
—SOCAR
LASSO

OLS, Yule-Walker and Burg_

~.
\.\'\-
-16 e e bt o |
-18 - :
0 10 20 30 40 50

Frequency (Hz)

(a) For a model order p = 5

PSD (dB)

0 10 20 30 40 50
Frequency (Hz)

(b) For a model order p = 15

Fig. 1: PSDs estimated from the five methods

more consistent and reliable estimates.

IV. CONCLUSION

In this paper, we proposed a coupled approach, called SO-
CAR, estimating simultaneously the order and the coefficients
of an MVAR model. SOCAR amounts to the combination of
two penalization strategies, namely the LASSO technique and
the minimization of the mixed-norm which aims at making our
method robust with respect to an overestimation of the model
order. The simulations showed a better trade-off between
performance and numerical complexity of SOCAR compared
to classical approaches such as LS, Yule-Walker, Burg and
LASSO. LASSO succeeded in achieving high performance
like SOCAR provided that it was combined with eBIC to
jointly estimate the MVAR model order and penalty parameter.
In fact, unlike SOCAR, an arbitrary choice of penalty parame-
ter cannot guarantee LASSO such good results. Unfortunately,
this need for eBIC requires much more computation time,
making LASSO unsuitable for identifying high-dimensional
MVAR models. In addition, the spectral information is well
preserved by our new approach.

In a future work, we plan to estimate adaptively both
hyperparameters \; and Ao guided by the estimation technique
proposed in [38], which strikes a balance between the data
fitting term and the regularization terms. The idea would
be to achieve a closed form to update the hyperparameters
in each iteration, forcing the solution to satisfy Morozov’s
discrepancy principle. Besides, we aim to replace the LASSO
regularization of SOCAR by other ones proposed in the
literature by promoting more specific structural priors about
the MVAR model.
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