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ABSTRACT: The structure of molecular systems dictates the physical properties, and symmetry 

is the determining factor for all electronic properties. This makes group theory a powerful tool in 

quantum mechanics to compute molecular properties. For inorganic compounds, the coordination 

geometry has been estimated as idealised polyhedra with high symmetry, which, through ligand 

field theory, provides predictive capabilities. However, real samples rarely have ideal symmetry, 

and although continuous shape measures (CShM) can be used to evaluate deviation from an ideal 
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reference structure σideal, this often fails for lanthanide(III) complexes with high coordination 

numbers, no obvious choice of principal axes, and no obvious reference structure. In lanthanide 

complexes, the unique electronic structures and associated properties are intricately tied to the 

symmetry around the lanthanide center. Therefore, robust methodologies to evaluate and estimate 

point group symmetry are instrumental for building structure property relationships. Here, we have 

demonstrated an algorithmic approach that orients a molecular structure Q in the best possible way 

to the symmetry axis of any given point group G and computes a deviation from the ideal symmetry 

σsym(G,Q). This approach does not compute the deviation from an ideal reference system, but the 

intrinsic deviation in the structure induced by symmetry operations. If the structure contains the 

symmetry operation, there is no deviation and σsym(G,Q) = 0. The σsym-deviation is generated from 

all the symmetry operation ÔS in a point group G using the most correct orientation of the sample 

structure in each group G. The best orientation is found by an algorithm that minimises the 

orientation of the structure with respect to G. To demonstrate the methodology, we have 

investigated the structure and symmetry of 8 and 9 coordinated lanthanide(III) aqua complexes 

and correlated the luminescence from 3 europium(III) crystals to their actual symmetry. To 

document the methodology, the approach has been tested on 26 molecules with different 

symmetry. It was concluded that the method is robust and fully autonomous. 

TOC GRAPHICS 
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Introduction 

Two things determine the chemical and physical properties of a compound: constitution and 

conformation. In addition,Further, the electronic properties of molecules, ions, and atoms are to a 

large extent determined by symmetry. The electronic structure can be simplified considering group 

theory,1 and using crystal field (ligand field) theory, electronic transitions can be calculated.2-4 

Symmetry dictates whether electronic transitions are allowed, which in turn enables the design of 

complexes with intricate photophysical properties.5-9 For the development of single-molecule 

magnets, tuning of symmetry plays an important role in both the magnetic behaviour and the 

relaxation pathways that can occur.10-14 As a final example, the charge flow in batteries is assumed 

to be controlled by defects, and understanding the deviations from ideal point group symmetry 

plays a crucial role in increasing the conductance in these.15, 16 So, in every field, from molecular 
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magnets to batteries, we need to be able to quantify the deviation from the ideal point group 

symmetry. 

Symmetry is fundamentally a binary concept, either present or absent. Yet, in chemistry, 

experiments often indicate that approaching a given symmetry is enough for symmetry to be 

defining,1, 2, 4, 7, 8, 13, 17-19 thus defining symmetry as a continuous property is relevant. One approach 

is to define a measure of symmetry, that is, the distance the vertices of a structure has to change 

for the structure to contain a symmetry. This is the basis of the Continuous Symmetry Measure 

(CSM), first developed in 1992 by Zabrodsky, Peleg, and Avnir.20 The CSM quantifies the 

symmetry of a structure Q as a continuous property. The CSM definition is general and does not 

calculate the distance to a selected reference structure. Instead, a structure P is defined to satisfy 

two criteria, it must be of the point group symmetry G evaluated with the CSM and it must have 

the minimal distance to Q, while still belonging to G. Typically, P is a polyhedron but can, in 

principle, be any structure as long as it has the same number of vertices as the evaluated structure 

Q. 21 CSM defines a measure S(Q,G), which is the Euclidean distance between structure Q and the

closest G-symmetric structure P. Specifically, S(Q,G) is the average distance between each vertex 

k of Q and P, the individual distances are given as |Qk - Pk|. The obtained S(Q,G)-value is a 

normalized root mean square deviation defined as a value between 0 and 100, where 0 is perfect 

symmetry, see Eq. 1.  

In order for CSM to provide the correct S(Q,G) value, only a single polyhedron P can be used, 

and this P has to be of a specific point group G. P is found by searching for the polyhedron that 

provides the shortest distance to Q, while being constrained to the symmetry G. Here, we adopt 

the definition of CSM by Peleg and Avnir shown in Eq. 1. 

𝑆(𝑄, 𝐺) = min𝑃 ∑
|𝑄𝑘−𝑃𝑘|2

|𝑄𝑘−𝑄0|2
×

𝑁

𝑘=1

100

𝑁
 𝑤ℎ𝑒𝑟𝑒 𝑃|𝐺  Equation 1.
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Where Q is a sample structure with k vertices, G is a point group symmetry, P is a structure with 

k vertices that is restricted to the symmetry G (𝑃|𝐺) and has the minimal distance from Q, and N

is the number of vertices k.  

CSM has a practical problem: How to locate the specific P that satisfies Eq. 1. The 'folding-

unfolding' method is in most implementations the solution applied to the problem. This algorithm 

renders P from Q based on a particular symmetry G.17, 20, 22 However, the methodology is 

cumbersome beyond the tetrahedron with four vertices (k = 4, coordination number 4, CN 4).17, 22 

A development on CSM is the Continuous Shape Measure (CShM). Instead of a minimising 

search for P, CShM directly compares a structure Q to a manually selected ideal reference structure 

P by calculating a deviation between the two, that is σideal(Q,P). The σideal-value is the average 

distance between the vertices of structure Q and the reference P calculated in Eq. 2. This is 

mathematically the same Euclidean distance as calculated in Eq. 1. between the two structures (Q 

and P). The important difference is the expression of P. In CSM, the P is self-confined and must 

be generated from Q and G. In CShM, a manually selected reference structure is used, and the 

calculated quantity is the geometrical deviation σideal(Q,P) between the input structure Q and the 

ideal reference structure P.21, 23, 24 The definition of P and the transparency of the CShM 

implementation is critical, and different implementations have been published.17, 20-22, 25-38  

𝜎𝑖𝑑𝑒𝑎𝑙(𝑄, 𝑃) = ∑
|𝑄𝑘−𝑃𝑘|2

|𝑄𝑘−𝑄0|2
×

𝑁

𝑘=1

100

𝑁
Equation 2. 

The geometrical deviation σideal(Q,P) readily compares a structure to any polyhedron. CShM has 

been used to determine the deviation between various ideal polyhedra and metal complexes of CN 

4,39, 40 CN 6,41 CN 7,42 CN 8,43 CN 9,44, 45 and CN 10.46 CShM provides physical information and 

has been used to quantify the distortions of coordination environments with temperature,47-50 and 
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to relate the physical properties of different metal oxides to different types of distortions of 

octahedral symmetry.51, 52  

CShM only accounts for symmetry indirectly, through the selected reference structures P. As 

symmetry determines molecular properties, we propose to directly quantify the distortion from 

symmetry. We propose that it be done by determining the deviation between the real structure Q 

and how it is reproduced as ÔSQ by all the symmetry operations in the particular point group G. 

The Symmetry Operation Measure (SOM)52 is developed to quantify this deviation for an 

operation ÔS. SOM reports the deviation σO(Q,ÔSQ) between structure Q and structure after it has 

been operated on by a symmetry operation. The deviation σO(Q,ÔSQ) defined in Eq. 3 is 

mathematically identical to Eq. 2. and differ only in the reference used.  

𝜎𝑂(𝑄, Ô𝑆𝑄) = ∑
|𝑄𝑘−Ô𝑆𝑄𝑘|

2

|𝑄𝑘−𝑄0|2
×

𝑁

𝑘=1

100

𝑁
   Equation 3. 

SOM has been used to produce algorithms that classify molecular structures in terms of point 

group symmetry.53-57 The concept has been applied to reveal intricate trends in systems of both 

simple rotational symmetry,58 of complex symmetry,59, 60 and further generalized to be applicable 

to vectors, functions, and operators within quantum mechanics.61-63   

In this study, we have implemented the mathematical framework of SOM to evaluate all the 

structural distortions needed to make a structure Q conform to a specific point group symmetry G. 

This is done by calculating the Euclidean distance from a structure to the structure after operated 

by each individual symmetry operation within a point group resulting in a total symmetry deviation 

from a specific point group: the σsym(Q,G)-value. The implementation uses the SOM in Eq. 3. to 

calculate the Euclidean distance. We therefore propose the name Continuous Symmetry Operation 

Measure (CSoM), which demonstrates a resemblance to CSM and CShM, but employs the 
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mathematical framework of SOM. The main challenge of the CSoM approach is to align the 

molecular structure in the coordinate system (x',y',z') defined by the point group G in an 

autonomous way that is robust and transparent. For molecules that are distorted from perfect 

symmetry, the assignment of a principal axis can be ambiguous and is often not obvious. 

Furthermore, the methodology must be applicable to any molecular system and not just to a 

specific type of system.  

Our implementation of CSoM is done in a program that identifies and minimizes the optimal 

orientation of any molecule of any composition Q, with respect to the primary symmetry axis of 

any point group G, by how well all symmetry operations ÔS of the point group reproduce the 

molecular structure. That is, we have made the CSoM generally applicable by autonomous 

identification of the correct principal symmetry axis using an approach that works for all point 

groups. To make the process fully transparent, the program outputs the deviations of both the 

overall symmetry σsym(Q,G) and the deviation σO(Q,ÔSQ) from each symmetry operation ÔS in 

each point group G investigated. The program also outputs all molecular structures ÔSQ created 

by the symmetry operations for visual comparison. The program is implemented in Python and is 

made available as supporting information and from GitHub.  

Methods 

Computational details. Geometry optimizations of [Nd(H2O)q]
3+ (q = 8, 9) were performed 

using density functional theory (DFT), with the hybrid meta-GGA M06-2X exchange correlation 

functional.64  Calculations have been performed with the ADF suite (version 2022.103)65 with 

basis sets at the TZP level for all atoms. The ZORA formalism with the MAPA potential was used 
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to describe scalar relativistic effects, and solvation of water was as implemented in ADF66 using 

the COSMO model.67  

The input structures of [Nd(H2O)q]
3+ (q = 8, 9) were constructed based on the model polyhedron 

structures provided in previous studies.68, 69  The mean Nd-O distance in each polyhedron was 

scaled to match the experimental results and set to 2.525 Å, as previously determined 

experimentally.70 Hydrogen atoms were inserted manually and geometry optimized with fixed 

positions for Nd and O. From this, 8 input structures were constructed, four of CN = 8 and four of 

CN = 9. Furthermore, these structures were used as initial structures for complete geometry 

optimization with no fixed positions and were evaluated with a frequency analysis. The second 

sphere coordination structures were optimized with the geometry optimized CN = 8 and CN = 9 

structures as initial geometries.  

Geometry optimizations and frequency analysis were performed with the AMS 2023.1 program 

package (AMS 2023.1, SCM).71 

Continuous Shape Measure CShM. CShM quantifies the difference between two geometrical 

structures with the same number of vertices. This is also called the geometrical deviation. The two 

geometrical structures, an input structure Q and an idealized polyhedron P, are aligned such that 

the total distance between the coordinates of all vertices between the two structures is minimised. 

This is performed with the Kabsch algorithm.72 The CShM value or σideal(Q,P) value is the average 

distance between these two sets of coordinates describing Q and P normalized to the distance from 

the origin as formulated in Eq.2. We use just one implementation of the CShM formalism to 

calculate σideal-values.69, 73, 74 

Continuous Symmetry Operation Measure CSoM. CSoM quantifies how well a molecular 

structure Q is left unchanged by a specific symmetry operation ÔS or how well it is described by 
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a specific point group G. The structure Q is considered to have a point group G if all symmetry 

operations within a point group can be used on the structure to generate the same structure. The 

structure Q is considered to be distorted from a point group G if the symmetry operations produce 

a similar but distorted structure Q’≠Q instead of a structure identical to the original structure ÔSQ 

= Q. The distortion between a structure and the symmetry operated structure with respect to a 

specific symmetry operation is called σsym and is calculated with the SOM method as described in 

Eq. 3.  

The quantification of how well a molecular structure Q belongs to a point group G and, therefore, 

how well the point group can be used to describe the structure, defined as σsym(G, Q) that is the 

average distortion between the structure and the structure after all individual symmetry operations 

within the point group G. How σsym is calculated is described in Eq. 4. Using this formalism, all 

molecular structures can be evaluated and quantified as σsym-values for all point groups. All 

operations within a point group are applied to the coordinates of the molecular structure. The 

σO(Q,ÔSQ) is calculated for the original structure Q which is evaluated against each structure 

created by a symmetry operation ÔSQ. This is defined in Eq. 3. When Q is operated with a 

symmetry operation, all coordinates and atom labels need to be compared to the original 

coordinates and atom labels. These two sets of labels are matched so that the total distance between 

the two sets of coordinates is minimal. This is done with the Hungarian algorithm75, a solution to 

the permutation problem, implemented in Python with the Scipy module. The σsym-value is the 

sum of the σO(Q,ÔSQ)-values normalised by the number of symmetry operations in the point group 

G. 

The calculation of σsym(Q,G) is implemented in a Python program that requires a molecular 

structure file with the atomic coordinates in .xyz format, and a list of point groups as input. The 
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program uses SciPy, NumPy, and Pandas. The program input is given as lists: ‘path_to_structures’ 

requires a list of the full path to each structure file in the .xyz format, and ‘point_group_names’ 

requires a list of point groups written in the format ‘pointgroup_G’. 

The program includes all relevant point groups stored as .txt files (pointgroup_G.txt). For each 

point group (G) all symmetry operations ÔS are defined as a line with the ÔS name and 9 numbers 

representing the transformation matrix. When a point group is selected for analysis, the program 

reads each operation and constructs a 3x3 transformation matrix that is used as an operator on the 

input coordinate set. The resulting molecular structure is stored and used to calculate first σO(Q, 

ÔSQ) and then σsym(Q,G). The program handles atom labels and takes all sizes of structure with 

any combination of atoms. The program outputs σsym(Q,G) for the selected G and all σO(Q,ÔSQ), 

Q in the optimized Cartesian coordinate system (see below), and Q’= ÔSQ for each G. 

Note that all coordinates are normalised to 1 in Equation 1. and are effectively distortions 

quantified in terms of solid angle thus weighting absolute vector distortions closer to the origin 

more.  

Orientation of the input structure. σsym(Q,G) compares the structures to the symmetry 

operations of a point group G in a particular coordinate system, which should have the primary 

axis (z) in the molecular coordinate system as the main axis of symmetry. For the equation to 

provide the σsym-value, the molecular structure must be correctly oriented in this Cartesian 

coordinate system, that is, with the highest possible symmetry axis of the structure coinciding with 

the symmetry axis of the point group. This may be done by manual reorientation of the coordinates, 

but this may introduce errors resulting in a non-minimized σsym-value which will not provide the 

symmetry measure. Here, an algorithmic approach is used to automatically orient the input 
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structure to achieve the best possible match of the molecular axis (z) and the symmetry axis of a 

point group.  

When the CSoM program runs the input coordinates Q(x,y,z) against the point group list, the 

orientation of the molecular structure will be optimised for each point group G. For each G, 20 

axes spanning half of the Fibonacci sphere are generated in the coordinate system (x,y,z). Each of 

these axes defines a new Cartesian coordinate system (x',y',z') with a z'axis defined by a vector (a, 

b, c). Each of the created z' axes has α = 0, where α is the rotation angle of the x'y'-plane 

perpendicular to z'. Rotational matrices are created to transform the input structure into these 20 

Cartesian coordinate systems and σsym(G,Q) are calculated. The σsym(G,Q) is minimised by 

optimising the parameters a, b, c, and α that construct the coordinate system (x',y',z',α) using 

Powell’s method as implemented in SciPy. After minimisation, the coordinate system with the 

lowest σsym-value is selected. The new coordinate system is expressed by defining the new z'axis 

as a vector (x', y', z') in the input coordinate system and a subsequent rotation angle (α) of the x'y' 

plane. The optimized parameters (a,b,c,α) create a rotational matrix that is used to orient the input 

structure Q(x,y,z,0) in the coordinate system Q(x',y',z',α) that gives the lowest σsym(Q,G) for each 

selected G. Typically, multiple or even most of the 20 axes arrive at the same principle axis (z’), 

but since the σsym(G,Q)-function contains many local minima, 20 axes are used to ensure that 

global minima are found every time. In our hands, 20 suffice, but more can be used at some 

computational expense. 

The autonomous orientation of the coordinate system can be disabled and a manual coordinate 

system can be chosen with manual input for the principal axis (x,y,z) and the rotation angle (α) of 

the xy plane. 
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Results and Discussion 

We are f-element chemists,76 so let us consider a simple, yet often studied, model system: the 

lanthanide(III) aqua ion.70, 77 The molecular structures formed by this complex have either 

coordination number (CN) eight or nine. The molecular structure of these complexes is difficult to 

assess experimentally, and the structure is thought to be highly dynamic.68 Using theory, the 

coordination geometry of monodentate ligands, such as water, is evaluated as the Thompson 

problem, which for CN = 8 and CN = 9 is solved to be of square antiprismatic geometry (SAP) 

and tricapped trigonal prismatic (TTP) geometry, respectively.78, 79 The SAP and TTP polyhedra 

are not the only low energy solutions, and four possible geometries are shown in Figure 1 for each 

coordination number. Table S1 contains an overview of the analysed polyhedra with the 

corresponding IUPAC nomenclature.80 To investigate the possible molecular structures of 

lanthanide(III) aqua ions in water, we optimised the geometry of a neodymium(III) ion with 

density functional theory starting from the eight low energy solutions to the Thomson problem 

shown in Figure 1 (see computational details). The eight geometric optimisations converged to a 

single CN = 8 and a single CN = 9 structure only with minor geometrical differences. (See Figures 

S1-S2 and Tables S2-S3). 
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Figure 1. Eight idealized polyhedron that could describe 8- and 9-coordinated lanthanide(III) aqua 

complexes, four for coordination number 8 and four for coordination number 9.  

Quantifying the shape of lanthanide(III) aqua complexes with CShM 

To evaluate the geometry of our model systems, we applied the CShM methodology21 using the 

AlignIt approach69 described in Eq. 2. Prior to this analysis, the two structures are aligned by a 

minimisation of the rotation matrix between the coordination structures. This is done for every 

possible permutation based on the Kabsch algorithm72 to ensure the most optimal overlap between 

the input structure Q and the reference structure P.  
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Figure 2. The two DFT optimized structures of 8- and 9-coordinated lanthanide(III) aqua 

complexes created from the four model polyhedra input structures. The optimised structures are 

shown with the optimised structural overlap with the SAP, DD (CN = 8) and cSAP, TTP (CN = 9) 

polyhedron of the model along with the deviation values, σideal.  

We investigated the eight constructed structures representing the molecular structure of the 

lanthanide(III) aqueous ion, four structures with [Ln(H2O)8]
3+

 and four structures of [Ln(H2O)9]
3+. 

The geometrical distortions are calculated using Eq. 1. With the idealised polyhedra in Figure 1 as 

reference structures for the two molecular structures. These distortions are compiled in Table 1, 

along with all polyhedra evaluated against each other. The two polyhedra that best describe the 

structures are superimposed on the two optimised structures in Figure 2. We observe that although 

the SAP geometry near perfectly matches the [Ln(H2O)8]
3+ structure, the TTP and cSAP are 

equally good descriptors for the [Ln(H2O)9]
3+ structure. This poses a problem in the predictive 

power of the physical behaviour of the complex, as the symmetry, and therefore the electronic 

structure, of these geometries are different. Although we realise that this judgement is based on 

the selected ideal polyhedra used for comparison and a better version might exist, we conclude 

that CShM is not sufficient as a descriptor. The shapes for TTP and cSAP are not unique, and the 
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reference shapes used here may not be the closest representations of TTP and cSAP with respect 

to the [Ln(H2O)9]
3+ structure. This introduces a significant selection bias in the CShM approach. 

To correctly identify the correct molecular structure of the 9-coordinated lanthanide(III) aqua 

complex, we could instead evaluate how well the structure is reproduced by the symmetry 

operations in the point groups of the evaluated polyhedra.  

The Continuous Symmetry Operation Measure 

The Continuous Symmetry Operation Measure (CSoM) is based on another geometric deviation 

value, σO, defined by SOM. However, rather than using a reference structure, the input structure 

Q is evaluated to itself after a symmetry operation ÔS has been performed on the structure. The 

nomenclature of the deviation is changed from σideal to σO to emphasise the difference. Averaging 

the deviation value calculated for each symmetry, excluding the identity operation, operation 

within a particular point group G gives the CSoM value σsym(Q,G)  defined in the equation. 4. 

𝜎𝑠𝑦𝑚(𝑄, 𝐺) = ∑
𝜎𝑂(𝑄,Ô𝑆𝑄)

𝑁

𝑁

𝑠=1
  Equation 4. 

where σO(Q,ÔSQ) is the geometry deviation defined in Equation 3 between the coordinate set of 

structure Q and the same coordinate set operated on by the specific symmetry operation ÔS. The 

sum is over all N symmetry operations in a point group, G. A visualisation of the σsym calculation 

is shown in Figure 3, where the different symmetry operations are applied to the calculated 9 

coordinated lanthanide(III) aqua complex. Here, the complex has been evaluated in D3h, C4v, and 

D7h symmetry using the optimal orientation with respect to the principle axis of each of the point 

groups. The visualisation readily identifies the correct symmetry as D3h, since the atom positions 

are reproduced by the symmetry operation in D3h and not in the other point groups. The 

computation of σO(Q, ÔSQ) and σsym has been implemented in a Python program, which also 
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includes all point groups and symmetry operations. The program is available as supporting 

information. 

 

Figure 3. The DFT optimized structures (Q) of the 9-coordinated lanthanide(III) aqua complex 

analysed using three symmetries G = D3h (TTP, top), G = C4v (cSAP, middle) and G = D7h (HBP, 

bottom). The symmetry operations (ÔS) are shown on the input structure (Q). The algorithm 

outputs structures (ÔSQ) for each symmetry operation. These are plotted using different colors for 

the oxygen atoms for each output structure. If the symmetry is correct, the structures formed by 

symmetry operations on the input structure (ÔSQ) must overlap with the input structure (Q).  
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Table 1. Point group symmetry deviations, σsym(Q,G), and CShM deviations calculated using 

AlignIT, σideal(Q,P), for the DFT-optimized structures (Q) and the ideal polyhedron structures (P).  

 

The autonomous solution to the problem of orienting the input structure in G 

To calculate the true deviation from point group symmetry σsym(Q,G), an optimal coordinate 

system must be found that aligns the molecular structure with the symmetry axis of each point 

group G. The symmetry axis, and thus the optimal coordinate system, is seldom obvious for lower 

σ
sym(Q,G)

 

(σ
ideal

(Q,P)) 

G=D4d 

(P=SAP) 

G=D2d 

(P=DD) 

G=Oh 

(P=Cube) 

G=C2v 

(P=BTP) 

σ
sym(Q,G)

 

(σ
ideal

(Q,P)) 

G=D3h 

(P=TTP) 

G=C4v 

(P=cSAP) 

G=C4v 

(P=cCube) 

G=D7h 

(P=HBP) 

CN = 8 

optimised 

0 
(0.07) 

5.59 
(2.92) 

19.00 
(11.42) 

0 
(3.43) 

CN = 9 

optimised 

0.031 
(1.86) 

1.818 
(1.75) 

1.818 
(12.26) 

18.424 
(20.10) 

SAP 

0 
(0) 

5.75 
(2.55) 

19.39 
(10.05) 

0 
(4.54) 

TTP 

0 
(0) 

4.28 
(4.12) 

4.28 
(13.24) 

22.103 
(21.52) 

DD 

5.00 
(2.55) 

0 
(0) 

14.42 
(7.21) 

0 
(4.90) 

cSAP 

6.418 
(4.13) 

0 
(0) 

0 
(9.08) 

22.85 
(22.63) 

Cube 

14.06 
(10.05) 

0 
(7.21) 

0 
(0) 

0 
(14.41) 

cCube 

22.52 
(12.87) 

0 
(9.01) 

0 
(0) 

20.46 
(17.49) 

BTP 

6.233 

(4.54) 

15.996 

(4.82) 

28.709 

(14.22) 

0 

(0) 

HBP 

22.03 

(21.35) 

18.66 

(21.49) 

18.66 

(15.87) 

0 

(0) 
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symmetry systems, where the choice of alignment can be ambiguous. Some algorithms solve this 

by detecting specific operations to decide on the point group through symmetry flow charts and 

manually chosen tolerance levels.53, 54 We propose that by optimising the coordinate system used 

to all symmetry operations of a given point group, a readily interpretable measure of the distortion 

from this point group can be obtained even when the point group is a poor descriptor. The 

algorithmic procedure is visualized in Figure 4a-b) for the ideal SAP polyhedron with the D4d point 

group. The SAP polyhedron is point group D4d and σsym(SAP,D4d) must therefore be 0. With a 

randomly assigned coordinate system, the obtained value happens to be σsym = 24.1. To align the 

input structure, we numerically optimise σsym as a function of the coordinate system used, here 

defined by the direction of the principal z' axis in the input coordinate system (x,y,z) and the angle 

of rotation (α) of the x'y' plane perpendicular to z'. The optimisation process is susceptible to the 

occurrence of local minima, as most structures exhibit some degree of symmetry from multiple 

points of view. In order to overcome this issue, we generate 20 evenly spaced vectors spanning 

half a Fibonacci sphere and use all 20 as trial coordinate systems. Numerically optimizing these 

provides multiple minima, but by clustering the results, it can be identified that three possible axes 

for the SAP structures are obtained with σsym = 0, σ'sym = 21.7, and σ''sym = 23.4 (see Figure S3-4 

and Table S4 for details). Taking the coordinate system with the lowest σsym-value, we obtain the 

optimal orientation for the molecular structure in the coordinate system of the point group. We 

tested the method using 1 to 30 trial axes. Figure 4c shows the average symmetry deviation from 

32 different point groups in four different polyhedra as a function of the number of trial axes. In 

our experiments, the optimal coordination system for the molecular structure tested was always 

found when 20+ trial axes were used (see Figure S5-7 for details). The approach described here is 

implemented in the Python scripts made available as SI 
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Figure 4. a) Visualisation of the calculation of σsym as the sum of distances from the original 

structure as a function of all symmetry operations in a point group. b) Visualisation of the 

optimization algorithm that finds the optimal coordinate system (x',y',z',α) as defined by a vector 

(x, y, z) in the input coordinate system and the rotation of the x'y'-plane (α) for a molecular 

structure (Q) with respect to a selected point group (G). c) Convergence of the alignment algorithm 

displayed for the four CN = 8 polyhedra. The average symmetry deviation from all 32 different 

point groups is shown with respect to the number of trial z-axis used to determine the coordinate 

system for the molecular structure.   

Quantifying the shape of lanthanide(III) aqua complexes with CSoM 

Returning to the DFT optimised water complexes, and considering the idealized polyhedron 

from Figure 1, we are now ready to evaluate the distortion from point group symmetry of the 

computed molecular structures using CSoM. Table 1 shows the σsym-values, while the specific 

deviation from the individual operations of each point group is provided as SI (see Tables S5-S11). 

Cursory inspection of Table 1 shows that the σsym values are 0 for the polyhedra that belong to the 
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point group. Note that if a point group results in a σsym-value of 0 then all groups that are subgroups 

to the evaluated point group must also give σsym-values of 0 eg, the C2v point group, is a subgroup 

of the D4d, D2d, and Oh point groups, and 0 is obtained for C2v. 

The DFT optimised [Nd(H2O)8]
3+ molecular structure is found to perfectly match the D4d 

symmetry, which is expected from the near perfect geometrical match with SAP geometry. 

However, while the [Nd(H2O)9]
3+ molecular structure was found to be directly between the 

reference TTP and cSAP geometries using CShM, the CSM analysis shows that the [Nd(H2O)9]
3+ 

molecular structure matches the D3h symmetry, see Table 1 and Figure 3, which includes the 

visualization of the CSoM calculation using the D3h, C4v, and D7h point groups. Note that the 

optimal coordinate system of the molecular structure Q is different for all three point groups G. 

The contribution of individual symmetry operations to σsym(G, Q) is also calculated (see Tables 

S5-S11), and while all operations within D3h are approaching σsym = 0, all operations within D7h 

give very large σsym-values indicating no presence of D7h symmetry.  

The structure is therefore best described by the TTP geometry, but not by the reference TTP 

geometry used; see above. We thus conclude that the [Nd(H2O)9]
3+ molecular structure has almost 

perfect D3h symmetry, despite the poor match to the reference TTP geometry used in Figure 2. 

With D3h symmetry the structure must be assigned to TTP geometry, but one with slightly different 

angles and ratios of bond lengths between the capping and trigonal oxygen than those found in the 

ideal reference polyhedra. Despite the differences, the structure is within the D3h point group. 

Visualisation in Figure 3 allows the same conclusion to be drawn without scrutiny of the numbers. 



Accepted manuscript 21 

Figure 5. Spectra, structure and determined CSoM values (σsym(Q,G)) for three europium(III) 

structures. Left: Europium(III)-doped Ba2MgWO6 double perovskite, redrawn with permission 

from reference 81. Copyright 2019, Elsevier.  The tructure is shown with the symmetry optimized 

C4 perpendicular to the plane. Middle: Eu(ODA)3, redrawn with permission from reference 82. 

Available under a CC-BY NC license. Copyright J.-G. Kang. The structure is shown with the 

symmetry optimized C3 perpendicular to the plane. Right: Eu(pic)3·3(aza), redrawn with 

permission from reference 83. Copyright 1997, Elsevier. The structure is shown with the symmetry 

optimized C3 perpendicular to the plane. 

Example usage for rationalising europium(III) luminescence 

Moving beyond our model system, three europium(III) structures from the literature were 

investigated. Europium(III) is commonly used to probe point group symmetry in a coordination 

complex as the emission spectra are relatively easily interpreted.84-87 This is due to the singly 

degenerate nature of the emitting state, 5D0, and the concise empirical rules that relate to the 

splitting of the 7FJ states.88 Thus, the emission spectra of europium(III) can be used to evaluate the 

symmetry of the complex. The transitions of 5D0 → 7F0, 
7F1, and 7F2 is of special interest and a 

small recap of the analysis procedure is given here:88
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- The 5D0 → 7F0 line contains up to one line. If a mirror plane vertical to the principal axis is 

present, the transition probability of this transition vanishes, and no transition will be 

observed. 

- The 5D0 → 7F1 band contains up to three lines. If the system is tetragonal or hexagonal, e.g., 

if C3 or C4 symmetry is present, two of the states in 7F1 will be degenerate. If the system is 

cubic, all three states in 7F1 will be degenerate. Spectroscopically, this results in only two or 

one transition to be observed instead of three, respectively. 

- The 5D0 → 7F2 band contains up to five lines. If the system is tetragonal, four states can be 

observed, which is further reduced to three for trigonal and hexagonal and two for cubic 

symmetry.  

Figure 5 shows the spectra and molecular structures of three different europium(III) complexes 

from the literature: an Eu(III) doped Ba2MgWO6 double perovskite,81 Eu(ODA)3,
82 and 

Eu(pic)3·3(aza).83 The point group symmetry of europium(III) in these crystals are reported to be 

Oh, D3h, and C3v respectively. We re-evaluated these point group assignments using our 

implementation of the CSoM methodology. Taking into account only the inner sphere oxygen 

atom - shown isolated in Figure 5 - we have CN = 12, CN = 9, and CN = 9 molecular structures. 

The σsym-values are provided for 26 different point groups in the SI (see Table S13) and for Td, 

D3h and C3 in Figure 5. We find that none of the three original point group assignments matches 

the structures. For Eu:Ba2MgWO6 we find that the distortion from Oh was σsym = 0.6, which is a 

low value and the structure is close to Oh, but Td is a perfect match with σsym = 0.0. In the emission 

spectrum, only a single peak is observed for the 5D0 → 7F1 transition as is expected from both Td 

and Oh symmetry. The Eu(ODA)3 system can, with a σsym = 1.3, be described as a heavily distorted 

D3h system, but it is significantly better described as C3 with σsym = 0.2. In the emission spectra 
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two peaks in 7F1 and three in 7F2 are observed, which is the expected lines with either of the two 

point groups.  Eu(pic)3·3(aza) can be described as heavily distorted from the point groups, D3h, 

C3v, or C3 with σsym = 0.7, 0.8, and 0.8 respectively. Consulting the emission spectra, three lines 

are observed in 5D0 → 7F1 and five lines in 5D0 → 7F2 indicating that this degree of distortion is 

enough to completely distort the physical symmetry of the electronic structure, resulting in the 

interpretation of C1 symmetry.  

 

Table 2. σsym-values calculated for 26 molecules (Q) sorted by their point group symmetry are 

evaluated with 26 different point groups (G). Green elements highlight the assigned point group, 

and orange elements highlight the subgroups of the assigned point group.  
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        G 
 

Q       c 
Ci Cs C2 C2h C2v C3 C3h C3v C4v C5v S4 D2 D2d D2h D3 D3d D3h D4d D4h D5d D5h D6h Td Th Oh Ih 

CH2Cl2F2 0 23.4 23.4 15.6 37.2 91.7 69.2 61.1 68 64.2 83.7 37.2 68 31.9 71.7 65.2 62.5 60.6 62.7 57 62.5 52.1 104 99.6 102 95.9 

CH2ClF 219 0 102 146 68.1 100 132 74.5 79.6 75.1 146 146 125 125 132 120 109 116 117 126 115 104 138 137 135 133 

C20H14O2 82.5 21.3 0 54 26.2 62.3 50.6 51.4 50.9 47.9 28.7 25.8 24.6 47.7 49.5 46.2 43 42.8 49.4 47.4 45.8 38.4 64.1 74.7 71.9 75.5 

C2F2H2 0 0 0 0 30.2 67.4 51.3 48.7 50.6 47 62.8 30.2 50.6 25.9 53.9 49 46.4 41.9 46.1 41.6 46.2 38.8 103 99 100 96.6 

H2O 126 0 0 84.1 0 63.2 75.8 63.2 57.2 49.5 84.2 84.2 72.1 72.1 75.8 68.9 57.4 55.4 63.1 72.5 66.5 60.1 130 127 127 122 

MC18H15 86.1 11.2 45.5 61.2 28.8 0 41.6 5.61 27.1 24.7 72.1 65.7 59.1 56.1 32.1 47.5 41.9 49.8 57.2 53.1 53.1 52.5 78.8 83.8 80.3 88.4 

BO3H3 85.7 0 3.41 45.9 2.27 0 0 1.7 35 31.8 43.9 45.9 35 39.3 2.04 37.5 1.55 26.2 30.8 34.1 30.1 31.1 46.1 66.4 65.8 63.3 

NH3 112 0 37.2 62.9 24.8 0 22.3 0 30.2 27.6 62.9 62.9 51.5 53.9 22.3 51.4 23.6 42.4 47.9 49.2 45.7 46.8 58.2 76.1 75.2 73.8 

MF5Cl 114 0 0 72.2 0 15.3 53.7 9.59 0 12.2 68.7 68.7 61.4 61.9 53.7 63.5 42.6 52.5 60.7 64.8 60 54.3 60.7 60.7 59.4 69.9 

MF6Cl 124 0 23.9 75.5 12 10.8 61.3 6.77 9.49 0 68.1 68 58 63.9 62.7 59.9 51 55 60.8 59.2 50.7 58 58 65.4 64.4 63.3 

C25H20 46.9 0.002 0 29.8 0.001 15.9 27.5 11.9 25.2 26.3 0 0.001 0.001 25.6 22 28.1 22.2 27.4 22.7 27.5 26.6 22.9 22.2 26.9 26.5 36.8 

C2H4 (α = 10°) 2.96 2.96 0 1.97 1.97 24.5 20.8 25.3 24.1 19.2 21.5 0 18 1.69 19.6 18.9 18.9 19.5 19.5 18.3 18.8 15.2 74.1 72.4 74.7 76.2 

C2H4 (α = 90°) 49 0 0 25.9 0 24.5 22.3 15.5 22.2 19.2 0 0 0 22.2 19.6 19.6 20.2 19.4 21 20.3 18.8 15.9 55.8 76.6 75.1 73.8 

C2H4 (α = 0°) 0 0 0 0 0 24.5 19.6 24.5 22.2 19.2 32.7 0 22.2 0 19.6 17.8 17.8 19.4 21 17.7 18.2 14 75.1 71 73.5 76 

MC6H24N6Cl2 14.4 14.4 0 9.6 12.7 0 11.4 7.2 20 19.1 24 17.3 19.8 16.2 0 7.85 10.4 15.8 18.6 18 18.2 15.6 23.2 23.2 22.7 30.1 

C2H6 (α = 90°) 0 0 0 0 17 0 19.9 0 13.6 12.4 17.1 17.1 13.6 14.6 0 0 16 10.1 12 11.4 12.2 11.5 33.9 33.9 33.1 54.6 

C2H6 (α = 0°) 33.3 0 0 17 0 0 0 0 13.6 12.4 17.1 17.1 13.6 14.6 0 13.9 0 10.1 12 13.3 11.7 11.5 53.8 56.8 54 56.5 

S8 18.3 0 0 12.2 0 24.8 16.2 15.7 0 13.4 12.2 12.2 10.5 10.5 16.2 13.9 13.8 0 9.19 14 13.1 9.87 47.9 47.8 46.9 48.3 

MCl4 0 0 0 0 0 21.4 17.2 13.4 0 17.1 0 0 0 0 17.2 15.6 13.2 19 0 14.6 16.2 12.3 45.6 42.2 44.6 49.3 

MO10 (α = 90°) 0 0 0 0 7.32 11.8 11.1 7.39 11.3 0 13.2 7.32 11.3 6.27 9.43 8.58 10.1 7.7 10.5 0 10.4 8.78 16.3 14.8 15.9 14.4 

MH10 (α = 0°) 21.3 0 0 10.7 0 9.65 7.72 9.65 8.48 0 10.7 10.7 8.48 9.21 7.72 7.96 5.96 6.3 7.48 8.48 0 7.19 18.4 18.8 18.4 23.9 

C6H6 0 0 0 0 0 0 0 0 11.6 9.62 17.9 0 11.6 0 0 0 0 9.91 11 8.21 9.12 0 52.2 50.2 51.1 49.9 

CH4 106 0 0 56.3 0 0 30.4 0 21.7 19.8 0 0 0 45.6 33.4 42.7 28.8 39.4 40.7 44.2 39.7 34.2 0 42.3 41.6 42.5 

C60Br24 0 0 0 0 0 0 3.18 1.61 0.98 3.11 1.15 0 0.98 0 1.03 0.94 4.02 2.9 0.86 2.76 4.67 3.58 0.90 0 0.88 2.7 

MF6 0 0 0 0 0 0 12.3 0 0 12.2 0 0 0 0 0 0 9.46 13.6 0 10.4 11.5 8.75 0 0 0 25.3 

C60 0 0 0 0 0 0 2.54 0 1.41 0 1.64 0 1.41 0 0 0 2.34 3.07 1.23 0 3.01 2.02 1.29 0 1.26 0 

 

 

The Implementation of CSoM as a General Tool for Symmetry Quantification 

To show that the method is generally applicable, we evaluated 26 molecules of different 

symmetry (see Figure S8 for visualisation of the structures). The results compiled in Table 2 show 

that the method is robust, and both the algorithm to find the primary axis and our implementation 
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of CSoM is generally applicable. To illustrate how the method reports the values of the individual 

symmetry operations, we included these values from six systems in Table 3. Scrutiny of Table 3 

shows how the method handles each of the symmetry operations and it is easily recognised how a 

symmetry element present in a molecular structure is clearly recognised with a low number and 

how a symmetry element not present results in a high number. 

 

Table 3. Individual symmetry operations of molecules of specific point group symmetries. Values 

are with respect to the optimised principal axis of highest symmetry. Values in parentheses are 

with the principle axis optimised to the individual symmetry operation.  

Q  

Formula (G) 

σO(Q, ÔSQ)  

ÔS 

E i σh(z) σv(y) C2(z) C3(z) C3
2
(z) S4 (z) 

 

C20H14O2 (C2) 

0 82.5 
82.5 

(21.3) 

63.3 

(21.3) 
0 

82.0 

(62.2) 

65.8 

(62.2) 

116.9 

(23.6) 

 

C2F2H2 (C2h) 

0 0 0 
61.5 

(0) 
0 

100 

(67.4) 

100 

(67.4) 

200 

(57.1) 

 

H2O (C2v) 

0 126.3 
126.3 

(0) 
0 0 

63.2 

(63.2) 

63.2 

(63.2) 

252.6 

(63.1) 
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PC18H15 (C3) 

0 100.6 
69.4 

(11.2) 

25.4 

(11.2) 

45.7 

(50.0) 
0 0 

97.6 

(73.2) 

 

BO3H3 (C3h) 

0 85.7 0 
15.2 

(0) 

85.7 

(3.4) 
0 0 

23.0 

(23.0) 

 

C25H20 

(S4) 

0 46.9 
46.9 

(0) 

0 

(0) 
0 

36.9 

(15.9) 

36.7 

(15.9) 
0 

 

Conclusions 

We have reported an implementation of the continuous symmetry operation measure CSoM; an 

alternative to quantify symmetry deviations with the continuous symmetry measure. The 

implementation evaluates how well a molecular structure contains the symmetry of an entire point 

group. This is achieved by aligning a molecular structure Q in the optimal coordinate system for a 

given point group symmetry G, and then calculating a deviation from this symmetry σsym(G, Q). 
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The deviation calculates the overlap between the structure and itself after being operated by each 

individual symmetry operation in the group. In the examination of 8- and 9-coordinated 

lanthanide(III) aqua complexes, we found that while the continuous shape measure was 

insufficient to describe the symmetry of the 9-coordinated complexes, the continuous symmetry 

operation measure reported here provided an accurate evaluation of the symmetry point group. We 

conclude that the combination of both measures is useful to provide a comprehensive picture of 

the coordination structure. 

We have documented robust performance on a large series of molecules, and used the new 

CSoM methodology on lanthanide(III) complexes with 8, 9 and 12 donor atoms in the inner 

coordination sphere. The method was developed by expanding on previously reported 

approaches,17, 89 and adding a minimisation algorithm to search for the optimal coordinate system 

for each tested symmetry.  

Testing the methodology to three europium(III) complexes from the literature, we showed that 

we could reevaluate the point group symmetry assignment of the structures, and we could relate 

the CSoM identified point groups to the observed electronic transitions in the emission spectra. 

With the CSoM method reported here, we can readily evaluate point group symmetry through a 

robust methodology made available as Python code. 

 

ASSOCIATED CONTENT 

The following files are available free of charge. 

Supporting information (PDF), details on the geometry optimizations, the optimizations of the 

principal axis, documentation of convergence, and extended details on the symmetry deviations 

calculations. 
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Structure files (.xyz), coordinates of all structures discussed. 

Python script (.py), the symmetry deviation program written in Python. 
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