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Abstract

This paper establishes error bounds for the convergence of a piecewise linear approximation of
the constrained optimal smoothing problem posed in a reproducing kernel Hilbert space (RKHS).
This problem can be reformulated as a Bayesian estimation problem involving a Gaussian process
related to the kernel of the RKHS. Consequently, error bounds can be interpreted as a quantifi-
cation of the maximum a posteriori (MAP) accuracy. To our knowledge, no error bounds have
been proposed for this type of problem so far. The convergence results are provided as a function
of the grid size, the regularity of the kernel, and the distance from the kernel interpolant of the
approximation to the set of constraints. Inspired by the MaxMod algorithm from recent literature,
which sequentially allocates knots for the piecewise linear approximation, we conduct our analysis
for non-equispaced knots. These knots are even allowed to be non-dense, which impacts the defini-
tion of the optimal smoothing solution and our error bound quantifiers. Finally, we illustrate our
theorems through several numerical experiments involving constraints such as boundedness and
monotonicity.

Keywords: Gaussian processes, inequality constraints, maximum a posteriori, reproducing kernel
Hilbert space, basis function approximation, approximation error, asymptotic convergence.

1 Introduction

Consider a nonempty set Q of R? and a set E of functions from Q to R. Given data (x;, yi)ie, € xR,
the smoothing problem is to find a function u € H solution of
- s ¢ 2
i ol + - 3 (o) — 00 1)
=

where H is the reproducing kernel Hilbert space (RKHS) defined by a kernel K on Q x Q, with 7 > 0.
Hence, H is a Hilbert space included in F, and we let ||- || be its Hilbert norm. Considering an RKHS
allows the solution of (1) to be interpreted as a Bayesian estimator, involving a Gaussian process (GP)
Y with covariance function K: K(z,2') = cov(Y (z),Y (z')). We refer for instance to [Stein, 1999,
Rasmussen and Williams, 2005, Karvonen, 2023] for references on GPs. In the Bayesian framework,
7 > 0 is the noise variance term. Kimeldorf and Wahba [1970] prove that u is the mean of the GP Y
conditionally to noisy observations:

a(t) =E[Y()|Y1 =y1,..., Y0 = ynl,

where £ denotes the expectation of random variables. For the noisy case, the Bayesian model is
Yi=Y(x;)+ & foralli=1,...,n, where & = (&;); ~ N(0,71) is an independent centered Gaussian
vector. Here, I is the n x n identity matrix. For simplicity, we omit the subscripts to the identity
matrices as their sizes will be clear from the context. The solution @ is then given by

t) =k (1) (Kn +71) 7"y,



where k,(t) = [K(t,21),...,K(t,2,)]", K, = (K (xi,xj))lgingn and y = [y1,...,ya] .
If an additional constraint is added to (1), given by a closed convex set C' of functions, we obtain
the constrained smoothing problem of finding a function @, in H N C, solution of

n

min [l + = S (u(z)  yi) 2)

ueHNC °
=1

This problem can be rewritten as a constrained GP model so that the solution can be interpreted as
a Bayesian estimation [Grammont et al., 2024]. Two important examples in practice are when C' is
composed of bounded or componentwise monotonic functions. We refer to [Bellec, 2018, Durot, 2002,
Cousin et al., 2016, Durot and Lopuhad, 2018, Groeneboom and Jongbloed, 2014, Golchi et al., 2015,
Groeneboom et al., 2001, Hornung, 1978, Lin and Dunson, 2014, Lépez-Lopera et al., 2018, Lépez-
Lopera et al., 2019, Lépez-Lopera et al., 2020, Maatouk and Bay, 2017, Riihimé&ki and Vehtari, 2010,
Zhou et al., 2019] for consideration of these constraints with GPs and more generally in statistics.

Unlike the unconstrained smoothing problem in (1), there is no explicit expression for the solution
in the constrained case, thus a numerical approximation of u is required. For clarity, we restrict
our study to the one-dimensional setting 2 = [0,1]. Nevertheless, as explained in Remark 5.1, the
techniques we develop can be extended to the general d-dimensional case, albeit with more cumbersome
notations.

A fruitful approach for numerical approximation is to consider piecewise linear finite-dimensional
kernels, RKHSs and GPs [Bachoc et al., 2019, Cousin et al., 2016, Grammont et al., 2024, Lépez-
Lopera et al., 2018, Maatouk and Bay, 2017, Zhou et al., 2019]. In particular, we consider the
approximate solution @y in the RKHS defined by K, the covariance function of a finite-dimensional
GP Yy approximating the GP Y. Here, N € N is the number of knots defining the piecewise linear
approximation. The function uy is then the solution to a constrained discretized smoothing
problem, and also the maximum a posteriori (MAP) of the posterior distribution of the constrained
finite-dimensional GP Y. In [Grammont et al., 2024, it is shown that uy converges to u as N — oo
for fixed data (x;, ;)" ;, however, no error bounds are provided for this convergence. More generally,
to our knowledge, no general error bounds have been provided for numerical approximations of the
constrained optimal smoothing problem or for the equivalent formulation with the MAP. This is the
ambitious aim of this paper.

An error estimation is always highly dependent on regularity, which is related to the function space
in which the exact solution is sought. In this paper, this function space is determined by the kernel K
that we assume to be §-Holder, 0 < 8 < 1. We note that Holder-continuity is a very standard regularity
measure in statistics and machine learning for functions that are not necessarily differentiable [see,
e.g., Locatelli and Carpentier, 2018]. In addition, our error bound construction would not benefit
from a stronger regularity that Lipschitzness (1-Holder continuity), because of piecewise linearity (see
Remark 5.2).

To provide as much generality as possible, we allow for non-equispaced knots defining the finite-
dimensional approximation, and we even allow the sequence of knots not to be dense in the input space.
Non-equispaced knots enable higher accuracy for a given computational budget N [Bachoc et al., 2022,
Loépez-Lopera et al., 2022] and can be selected automatically by the MaxMod algorithm introduced
in [Bachoc et al., 2022]. Furthermore, the convergence proof of MaxMod includes an intermediary
step analyzing convergences for non-dense knots. This justifies our consideration of non-dense knots
when providing error bounds.

To account for non-dense and non-equispaced knots, we measure the asymptotic density of the
N knots by the specific grid size oy defined in (8). Ultimately, the decay rate of our error bound
depends on f (i.e. the regularity of the GP), the grid size dx, and a third factor we have highlighted:
the distance of the kernel interpolant of the approximate solution to the set of constraints Cr. In
the following, this third factor is denoted as ay (see definition in (28)). Furthermore, for non-dense
knots, the limit function to uy is not @ as in (2), but the function @ defined in (5), which depends on
the closure set F' of the sequence of knots. This definition relies on the notion of multiaffine extension
introduced in [Bachoc et al., 2022]. Naturally, when F' = [0, 1], we have up = u.

Our final and general error bounds are provided in Theorems 5.1 and 5.2. In Theorem 5.1, we



consider the case where any = 0, meaning the kernel interpolant of the approximate solution satisfies
the constraints C'r. Here, the error bound is of order (’)(6]’6\)/ 4). In Theorem 5.2, we address the most
general case, where this kernel interpolant does not necessarily meet the constraints. In this scenario,
the error bound also depends on apy. We demonstrate that oy approaches zero (see Remark 5.3),
though we leave open the problem of quantifying its decay rate.

In numerical experiments, we illustrate and validate our theoretical results through various syn-
thetic examples that account for different types of inequality constraints (e.g., boundedness and mono-
tonicity) and regularity assumptions (i.e. smoothness of the kernel). We examine both scenarios where
the knots are dense and where they are not. Numerically, we confirm the convergence as N — oo,
observing a faster convergence for larger regularity 5.

The paper is organized as follows. Section 2 presents the constrained optimal smoothing prob-
lem, introducing up, our regularity indicators and the multiaffine extension, and stating various of
their properties. Section 3 discusses the numerical approximation of constrained optimal smoothing,
denoted as uy, and states its existence and unicity. Section 4 focuses on the quantitative properties
of the set of approximants involved in %y, which are essential for the final bounds. Sections 5 and 6
provide the error bounds (with Theorems 5.1 and 5.2) and the numerical experiments, respectively.
Section 7 concludes the paper.

Several proofs are included in the main text to elucidate the construction of the error bounds.
Additional proofs, primarily technical or containing pre-existing concepts for completeness, are in
Appendix A.

2 Framework for the constrained optimal smoothing problem

In this section, we present the tools needed to pose the constrained optimal smoothing problem
properly. Then we prove, with classical arguments, that the problem has a unique solution with a
regularity that we outline.

To ensure that our approach is easiest to understand, we have chosen to focus on the one-
dimensional case. Remark 5.1 discusses the extension to the multi-dimensional case. Hence, in this
paper, E is the set of real valued continuous functions on 2 = [0,1]. Let F' be a compact subset of
[0, 1] containing 0 and 1. F will be the closure of the set of knots required in the discretization process
of the approximation (see Section 3). As discussed in Section 1, allowing for a general F' that does not
coincide with the entire set 2 is an intermediary step in the convergence proof of MaxMod in [Bachoc
et al., 2022]. This justifies our interest here to allow for a general F'.

We define Efr as the set of real-valued continuous functions restricted to F', endowed with the
supremum norm:

lulloo = max |u(t)],

for u € Ep. Let Hr and H be the RKHSs associated to the centered GPs (Y (r))zer and (Y (2))ze(0,1]
(respectively), both having covariance function K. The Hilbert scalar product and norm for H are
written as (-,-) and || - ||5. Similarly, for Hp they are written as (-, )y, and || - ||3,. Let us notice
that Hp = Hp, where

Hyp={g: F - R;3f € Hst. Vo e Fg(x) = f()},

see [Berlinet and Thomas-Agnan, 2011, Theorem 6]. Both H and Hp rely on the reproducing kernel
K, which is always symmetric and positive semi-definite.

The regularity of K has a major influence on the error bounds. Here, regularity is measured by
Holder-continuity (recall the corresponding discussion in Section 1 and Remark 5.2). Let 8 be a real
number such that

0<p<l.

Definition 2.1. A function f is f-Holder continuous on [0, 1] if there exists a constant ¢y > 0 such
that, Vs, t € [0,1],
|f(s) = F()] < epls —t]°.



Condition 2.1. The reproducing kernel K is S-Hélder continuous with respect to both its inputs.
That is, there exists a constant cx > 0 such that

Vu, s,t € [071]7 \K(u,s)—K(u,t)\ SCK‘S_t‘ﬁ'

In the following, we will define quantities which are capable of reflecting the regularity of the
problem and which will be useful in setting the error bounds. Let us define the modulus of continuity
of a function defined and continuous on a compact subset S of [0, 1]:

{ sup  |f(s) — f(O)] if6<1,
M(8) = { steS, |s—t|<é (3)

My(1) if 6> 1.

Let us define the following quantity intended to be an indicator of regularity:

M
V() = sup f(td).
>1 0

(4)

The indicator ¥y is adapted to the hat functions considered in Section 3 for the numerical approxi-
mation, and is then involved in the proofs of our main error bounds. The following proposition will
clarify its order of magnitude according to the regularity of f.

Proposition 2.1. Let S be a compact subset of [0,1]. If f is continuous on S,

lim W ;(6) = 0.
lim W(d) =0

If f is B-Hélder continuous on S,
W(8) < cpdP.

Proof. The proof is postponed to Appendix A. O

Then, we define the multi-affine extension announced in Section 1. This extension will allow us
to define the constrained optimal smoothing problem for functions defined on F' rather than on [0, 1].
Then, this extension will allow us to define the limit function ur discussed in Section 1, to which this
paper provides upper bounds.

Definition 2.2. Fort € [0, 1],
o Ift e F, then definet™ =tT =t and w_(t) = wi(t) = 1/2.
o Ift & F, then definet™ =sup{z,z € F,o <t}, tt =inf{z,z € F,x > t}, and
w-(t) = (" —1)/(t" —t7),
wi(t) = (t—t7)/(t" —17).
Define the operator P : Ep — E as follows. For all u € Ep,
P(u)(t) = u(t )w-(t) + u(t w4 (?),
and call P(u) € E the multi-affine extension of u.

We remark that, in Definition 2.2, the multi-affine extension could also be called the affine exten-
sion. Nevertheless, Definition 2.2 is extended to the general multi-dimensional case in [Bachoc et al.,
2022|, where the name multi-affine extension is appropriate. Hence, for clarity, we will refer to P(u)
in Definition 2.2 as a multi-affine extension also in the one-dimensional exposition of this paper.

Proposition 2.2. P(u) is the unique function in E equal to u on F' and affine on the intervals of
[0,1]\F. Moreover the map u — P(u) is linear and 1-Lipschitz from Epr to E equipped with the
supremum norm. In particular, it preserves uniform convergence.



Proof. See [Bachoc et al., 2022, Proposition 4.4]. O

We recall the constraint set C, which is assumed to be closed and convex in E. Let us then define
the set of functions on F' which multi-affine extensions are in C'.

Cr={feEr:P(f)eC}.
The next condition guarantees the compatibility of the constraints with the kernel K and the set F'.
Condition 2.2. Hr N Cp # 0.

Condition 2.2 means that there is a function in the RKHS H r which multi-affine extension satisfies
the constraints. It is clear that our definition of 4r in (5) below needs this condition, where U is
discussed in Section 1. For the standard cases where C' is the a set of bounded, monotonous or convex
functions, Condition 2.2 holds for many standard classes of kernels, see [Bachoc et al., 2022] and
references therein.

Since P is linear and C is convex, Cp is a convex set of Ep. We consider the constrained optimal
smoothing:

up = argmin Jp(v), (5)
vEHRFNCR
where, for v € Hp,
1 n
Tp(v) = 0|3, + - > (P(u(i) —vi)*. (6)
i=1

The problem (5) is the extension of the problem (2) announced in Section 1, taking into account
that the closure set F' is allowed to be different from [0, 1]. Next, we introduce the standard notion of
strong convexity which we will use in this paper to show the existence and unicity of g and also to
obtain our error bounds.

Definition 2.3. For a Hilbert space V and a function g : V — R, we say that g is strongly convex
with parameter m if and only if for all u,v € V and t € [0, 1], we have

m
- —t

241~ 1)lu — vl

g(tu+ (1 —t)v) <tg(u) + (1 —t)g(v)

Proposition 2.3. The function v € Hp +— Jp(v) is strongly convex with parameter m = 2.

Proof. 1t is well-known that the function v — Hv||§_LF is strongly convex with parameter m = 2.
Furthermore, the function

v - S (P) - )
=1

is convex as the composition of the affine function v — %(Pv(a:z) — ¥Yi)i=1,..n by the squared Eu-

clidean norm which is convex. Hence, Jr, which is the sum of the two functions, is strongly convex
with parameter m = 2. O

The next lemma addresses the optimization space Hp N Cr in (5). To prove this lemma and
throughout this paper, we will exploit the reproducing property [Berlinet and Thomas-Agnan, 2011]
in the RKHSs H and Hp: for any f € H and = € [0,1], we have f(x) = (f, K(z,))s. Similarly for
f€Hpand x € F, we have f(z) = (f, K(z,"))1p-

Lemma 2.1. The set Hp N Cr is a closed subset of Hr w.r.t. || - ||x,-



Proof. We have Hp N Crp = {v € Hp : Pv € C}. Let us fix v € Hp and consider a sequence
vy, € Hp N Cp such that v, — v for || - ||%,. By the reproducing property,

v — V]]oo < [|on — UHHF sup /K (t,1).
tel

As K is continuous, we deduce that ||v, — v||cc = 0. Now P is 1-Lipschitz with respect to || - || and
thus continuous. Hence Pv,, — Pv for ||-||sc. As C is a closed subset of E, then Pv € C. This proves
that v € Cr and thus v € Hp N CF. O

Finally, we can state the existence and unicity of 4y, and additionally quantify its regularity.

Theorem 2.1. The constrained optimal smoothing problem in (5) has a unique solution up. Moreover
up is g—H(')'lder continuous with constant \/2ck ||up||%,., recalling cx from Condition 2.1.

Proof. As Jp(v) > ||v||12LIF, we have lim | Jr(v) = co. Furthermore, as Cr is a convex set of Er,
as HpNCF # 0 (Condition 2.2) and from Lemma 2.1, HrNCFp is a non empty closed convex set of Fp.
By Proposition 2.3, Jp is strictly convex. Then, as Jp is clearly continuous on H g, by [Hiriart-Urruty,
2012, Theorem 1.18], (5) has a unique solution and, as K is S-Holder continuous, we have:

[ur(t) = ur(s)] = [(ur(), K(t) = K( 8)npl
< urllapl[KCt) = K, 8)lle
< |[arllsy (K(8,1) = K(t,5) + K(s,8) = K(s,))"/?
< ||| V2ex|s — 872, 0

3 The Discrete constrained optimal smoothing Problem

We now introduce the finite-dimensional spaces where the approximate to up is sought. First, we deal
with the notion of grid size compatible with the closure set F' of the knots discussed in Sections 1 and
2. Then, we introduce the hat basis functions given by the knots and yielding the piecewise linear
approximation Uy, r discussed in Section 1.

We consider a sequence of nested subdivisions, i.e. sets of knots Sy C Syy1 with

Sy: O0=t1<---<ty=1.

As explained in Section 2, F'is the closure of |J Sy , i.e.
N>1

Hence F' is a compact set of [0, 1] containing 0 and 1. The nodes of Sy allow the construction of the
finite-dimensional approximation spaces, as we will detail below.

Before tackling this approximation space, we first define the grid size of Sy. As the set F' is
allowed to have holes, it is insufficient to define the grid size simply as maxi]\; Il |tiv1 — ti]. Indeed,
when F' # [0, 1], this quantity will not tend to zero as N — co. To overcome this issue, we need a more
nuanced definition of the grid size. For ¢ € F', we define two nodes tsy € Sy and t;N € Sy, which
are, respectively, the closest grid points of Sy to ¢ on its left and right. In other words, if ¢t € Sy,
then tsy = tJS“N = t, otherwise

ts, = max{z,x € Sn,z < t}, t;rN = min{z,z € Sy,z > t}. (7)
Thus, we can define the grid size as

dN = sup min (|t7t§ |t —td |> (8)
teF N N



Note that since F' is the closure of Sy, we have 6y — 0 as N — oo, which is the benefit of the
definition in (8).

We now proceed to formally define the piecewise linear approximation. We define the set of hat
functions (¢1,...,¢n), similarly as in [Bachoc et al., 2022],

t—1t;_
7l ifi>1andt € [ti1,ti],
o
$i(t) = § L=~ ifi<n—1andt€ [t i1,
liv1 — &
0 otherwise,
with the convention that tp = —1 and ty4+1; = 2. Note that a linear combination of the ¢;’s is a

piecewise linear function.

Then, as in [Bay et al., 2016, 2017, Grammont et al., 2022], we place an RKHS structure on
the linear combinations of the ¢;’s, by defining a kernel Ky. This kernel can also be seen as an
approximation of K, thus corresponding to a finite-dimensional approximation of a GP with kernel
K. We let Hy r be the finite-dimensional subspace of Er defined by

Hn,r = Span{e;p,i=1,...,N}.

Here, for a function g : [0, 1] — R, we let g| be the restriction of g to F', that is the function F' — R
defined by, for x € F', gjp(z) = g(v). On Hy r, we now construct the kernel Ky to obtain an RKHS.
For this we first need to define the matrix

Ly = (K (i, tj))1<ij<n,
and we assume Condition 3.1.

Condition 3.1. I'y s invertible.

This condition is verified for a strictly positive definite kernel, for instance the squared exponential
kernel [see e.g. Karlin and Studden, 1966, Chapter 1, §3, Example 5].

Then, let us define the following inner product on Hy r :
(u,v)Ny = CIF]_\,lcU, (9)

where ¢, = [u(t1),...,u(ty)]" and ¢, = [v(t1),...,v(tx)]". Write || - || x for the corresponding norm.
We can now state the RKHS structure of Hy .

Proposition 3.1. [Bay et al. [2017], Theorem 1] The space Hn, r, equipped with the scalar product
(9), is an RKHS with kernel Ky given by

N
Vz,z' € F, Kn(z,2) =Y K(ti, tj)di(x)¢; ().
i,7=1

Proof. See the proof in [Bay et al., 2017, Theorem 1]. O

These tools allow us to define the discrete problem which will approximate the original problem
(5). We can approximate (6) by the following functional, for ux € Hn,F,

n

Inr(un) = llun|3 + %Z(P(UN)(%) - i) (10)
=1

Hence we approximate up by uy, r solution of

unrp = argmin Jyrp(vy). (11)
UNGH]\LFQCF

Note that when F' = [0, 1], un,F corresponds to the approximant @y that was discussed in Section 1.

7



Proposition 3.2. Jy r is Fréchet differentiable, strongly convex with parameter 2, and

lim JN,F(UN) = 0.
lon [l v —ro0

Proof. 1t is obvious that Jy is Fréchet differentiable. With the same arguments as in the proof of
Proposition 2.3, Jy p is strongly convex with parameter 2. Finally, as Jy r(vy) > ||’UNH?V then
hmHvNHNHOO JN,F(UN) = OQ. ]

Then, we define 7y as the piecewise affine interpolation associated to the subdivision Sy, defined

from Er onto Hy,r by
N

VfeEBr, wn(f)=_ ft;)d;r-

=1
Notice that 7 is a projection in the sense that my o mny = mn. The following proposition provides a

first approximation property for this projection. However, it does not offer a quantitative measure of
the approximation’s quality. This will be addressed in Section 4.

Proposition 3.3. For any f € Hp, we have

lmn (DN < [ F [l

Moreover Hp is characterized by
He={f € Er : suplmn(f)lly < oo},
N

and, for all f € HE, by
2 : 2
1718, = Jim [l ()

Proof. See [Bay et al., 2016, Theorem 3.1]. O

In Proposition 3.3, and throughout the paper, recall that the convergence in Er is defined with
the uniform norm. We make the following assumption:

Condition 3.2. WN(CF) c Cp.

It can be shown that this assumption holds for boundedness, monotonicity and convexity con-
straints, using reasoning similar to [Bachoc et al., 2022]. Finally, we can state the existence and
unicity of the approximate solution uy r.

Theorem 3.1. Under Conditions 2.1 to 3.2, (11) has a unique solution Uy .

Proof. From Condition 2.2, we can take ¢ € Hr N Cr. Then, thanks to Condition 3.2, myx(g) €
Hn,rNCF, so that Hy p N Cr is nonempty. From the same arguments as in Lemma 2.1, it is a closed
convex subset of Hy p. Similarly as in the proof of Theorem 2.1, we have the conclusion. O

4 Quantitative properties of the set of approximants Hy r

In this section, we aim to quantitatively assess whether the class of approximants we have chosen is
suitable. The first indicator is based on the error resulting from the finite-dimensional approximation:

En(f) = llmn (f) = flloo (12)

for fin Er or Hp.



As Hpy,r is intended to approximate Hr, a second indicator evaluating the quality of the RKHS
approximation plays a key role in the error bound. One way to achieve this is through their kernels:

G = sup o (Kn (-.0) = K0l (13)

Here, since K and Ky belong to different spaces, we extend Ky using the operator py. Thus, py
is the extension operator from the approximating space Hy r to the infinite-dimensional space Hp
defined as follows:

N
Yoy € Hnr,  pn(ow) =D NE(t), (14)
i=1
where A = (A1,...,An) " solves TxA = ¢y, recalling the definition of ¢, after (9). The vector A is

defined such that the operator py is an isometry between Hy r and Hp, i.e., Yoy € Hy r, we can
check that

lon ()32, = llon - (15)

Remark 4.1. It is possible to define py on Ep. In fact, pn(f) is denoted by In(f) in [Karvonen,
2022/, and is often called the kernel interpolant because it corresponds to the unique function in the span
of K(-,t;) that interpolates f at the nodes t;, where t; € Sy. The difference is that [Karvonen, 2022]
considers interpolation at the observation points, whereas here, it is at the knots. While [Karvonen,
2022] aimed to investigate the accuracy of the kernel interpolant, it serves here as an intermediary
that allows us to compare the exact solution with the approximate one.

We now study both quality indicators in (12) and (13). For Fy, it is useful to give the simplest
explicit formula to evaluate wn(f)(t), for t € F and f € Ep. For this, we define wy_(t) and wy, (t) as
follows. Recall the definition of tg ~and th in (7). If t € Sy, then wy_(t) = wn, (t) = 1/2, otherwise

B th —t b=ty
?,UNi(t) = m, wNJr(t) = m
This yields
N (f)(t) = ftg )wn_ () + f(tS Jwn, (). (16)

We then have the following proposition.

Proposition 4.1. Recall U; from (4) and 6y from (8). If f is in E or Ep, then
Fy(f) <2¥;(0n). (17)
Proof. As wy_(t) + wy, (t) = 1, (16) implies
T (F)(8) = f(t) = (f(tg,) — FO)wn_ (1) + (f(tE,) — f(O)wn, (1)

Let us suppose without loss of generality that ¢ —tg < tiqu —t. Ast—tg <IN,

tE =t —tg tt —t
P N (R BN U Nl PR 1)




ts ~ts
where xny = tN N > 1, so that

ts,
. 2N t—tsy
\WN(f)(t)—f(t)\S!f(tsN)—f(tﬂﬁJrV( W) SOl =
Sn Sy 'Sy
t—tg,
< |flts,) = FOI+1f(ES W IOl =
Sy~ Usy
< My(dn) + |f(t+ ) tf( ) (recall Mf(6) from (3))
SN
t—tg,
M(ts —t
< M, (5w) t-{( SNt_ )
Sy 'Sy
t—tg,
gMﬂ@HW,

where we can conclude that |7y (f)(t) — f(t)] < Mp(0n) + ¥ s(dn) <2V f(0n).

For G, we have the following proposition.

Proposition 4.2. We have

Gy 20

Furthermore, if K satisfies Condition 2.1, then

G < dadl,
where dy 1= 6¢k .
N
Proof. We have py (Kn(-,t)) = Z)\i(t)K(-,ti), where I'yA(t) = cx (1), and
i=1
N
Kn(.t) =) (ZK(tiatj)¢j|F(t)>¢z‘|F-
i=1 \ j=1

Hence I'yA(t) = [y (), where ¢(t) = (¢1)r (1), - - ,ng‘F(t))T. Then, A(t) = ¢(t) and

N
)= dyr()K
i=1
Applying the reproducing property of K and K, we obtain

<K('7ti)7 K('ﬂt»HF = K(t,ti),
<KN('7t)7KN('7t)>N = KN(t,t).

As pp is isometric (see (15)), we have

low (Kn (1) = K013, = llow (Kn(0) I3, + 1K )H%F —2(pn (KN (-,

= [EnCOIR + KGO, — QZ@F

= Kn(t,t) + K(t,t) — 2 Z i, r (D) K (2, 1)
=1

10

)) vK('a t)>HF



Setting K;(-) = K(-,t), if K satisfies Condition 2.1, then, according to Propositions 2.1 and 4.1,

N
Ki(t) = i (8) Ko, (8)] = |Ko(t) = v (Ko(1))] < [y — 7 (K)o < 25,
1=1

We have, for ¢t € [th,th],

Kn(t,t) = thN (tg,)wi (t) + thN (t& Jwk, (t) + ZKtEN (t&, )wn, ()wn_ (1),

Also
Ky (Bun_ () = K. Oy (Olwx_ () +wx, ()],
thN (t)wN+ (t) = thN (t)wN+ () [wn_(t) + WN, )]
Hence,

= |Kn(t.0) = K, (D (1) = Ky (Dww, (t))

SN

< |Ky (t5,) — K, (t))w%vi (1) + ‘Kt;N ()~ Kyz (f)(um (t)?

+ ’Kt (t5,) — K. O]+ ]Ky (55— Ky (t)” wy, (Hwy_(£).

SN

Let us now suppose, without loss of generality, that ¢t — tgy < t:gLN —t. As th and th are
N N

[B-Holder continuous, we have

K, (5, = Ky (0]wk (1) < exdy.

th

t& —tg
Using (18), as tjqu —t < xndn, where xy = % > 1, we obtain
sy

(K (tt )~ K (t)‘wz (1)< My (5 —1) [ ——tox_
Y e M AN
MKtJr (dnzN)

SN
Mk (dnzN)
SN
< e
<k, (On) < cxdy,
SN
Ko (85~ Koo (0O]ww, o () < Mic (5, — 1) [ 5
t;N SN tiN WN wN K EN SN t; t§
N N
MK ((5]\[.%’]\7)
< °N < CK5N7
TN

Finally,
N
‘KN(t, t) =Y i r(t) Ky, ()| < dekdy,
i=1
so that ||pn (Kn(-,t)) — K(,t)”%_lp < 6CK5]BV, which allows to conclude the proof of (20), under
Condition 2.1. The proof of (19) uses the same arguments and that (lsin(l) U (d) = 0 from Proposition 2.1.
%

O]
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5 Error Bound

We here analyze the error committed when approximating up, the solution of (5), by un r, the
solution of (11). We not only prove that 4y r — up when N — oo, but also give an error bound.
To estimate the error ||un r — Up|/oo, We split it in two terms: the piecewise linear interpolation error
lmn(uF) — uFp||oo, and the distance from the approximate solution to the projection of the exact
solution, both on Hy p, ||7n(Ur) — UN,F|lec. This splitting is treated rigorously in the following
proposition.

Proposition 5.1. Under Conditions 2.1 to 3.2, there is a constant ¢ such that

. . ~ ~ 2
lawr = rlloo < ¢ |mn(@r) — Gn,rllx + didy >, (21)
where dy == \/8ck||ur| 1y, with cx and B from Condition 2.1.

Proof. We have
[unF = urlleo < lunp — 7N (UF)lloo + [|7n (Ur) — Ur |-

As ||y (UuF) — UF|co = Fn(ur), according to the bound in (17), Fn(ur) < 295, (dn). Theorem 2.1
states that up is g—Hélder continuous, so that applying Proposition 2.1, we obtain

7y (@) — Brlloo < 2v2ek |Gr||2, 08 ° = di6%>. (22)

As Hpy r is an Hilbertian space of Ep, from Lemma 5.1 in [Grammont et al., 2024], there exists a
constant ¢ such that, Vhny € Hy F,
[hnlloe < cllhn|n- (23)

O
Similarly as in (23) and up to increasing ¢, for all h € Hp,
17llos < clh]|3- (24)

It remains to address the second term ||7x(Up) —Un r|| N, that requires a more delicate treatment,
provided in the next propositions. In the following, for the sake of readability, some of the proofs will
be presented in Appendix A.

We first show that the bound of |7y (uF) — un r|/n relies on the characterization of the strong
convexity for a differentiable function and the necessary condition of the first order for its minimum.

Proposition 5.2. Under Conditions 2.1 to 3.2, we have
lmn (@r) — v % < Jnr(rn(ir)) = Inr(anr),
with Jy r as in (10).

Proof. As Jy r is differentiable from Proposition 3.2 with Fréchet derivative J]’\L p» then the strong
convexity leads to, Yv,u € Hy,F,

IN,F(0) = I e () > (T p(u), v = u)n + [lv = ul[{-
If u=1unr and v = TN (Ur), then
Inp(rn(Up)) — Inp(ing) = (Jy p(ine), 7y () — dne) v + |mv(@r) — anelly-
As mn(up) € Hy,p N Cp thanks to Condition 3.2, and uy, p solves (11), we have
(Inp(inF), 7N (i) —Unp)N >0,

which allows to conclude the proof. O
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The next proposition derives the bounds of Jy p(7n(ur)) and Jy r(un,F).

Proposition 5.3. Under Conditions 2.1 to 3.2, we have

In,p(nn(ir)) = —En + Jp(tp) + ex, (25)

Inr(unr) = Jr(pn(Un,F)) + 10N, (26)

where R
Ey = |[url3, — l7v @)%,

. 2nd1

2 ~
en| S dsoy®, dy (cll@r I + maxyil),

2
Inn| < d45§/2, dy = nd

lnr v (el rll + ma]u ).

Proof. This proposition has no standalone value but it serves as an intermediary result required for
subsequent derivations. Its proof relies solely on computations and the application of previously
established results. The complete proof is provided in Appendix A. O

Now, from Propositions 5.2 and 5.3, we can establish the error bound of |7y (4r) — Un,r||N-

Proposition 5.4. Under Conditions 2.1 to 3.2

|m (ir) = Tin el < Jr(ir) — Jr(pn (in p)) + dsoy 2, (27)
where ds = ds + da.
Proof. From Proposition 3.3, EN > 0. Using Propositions 5.2 and 5.3,
|7 (Ur) — Unpllk < Jnp(rn(ir) — Jne(tnr)
= —En+ Jr(up) +eny — Jr(pn(Un,F)) — NN
< Jp(ir) — Je(pn (n,p)) + dsos!* + s,
Since ds = d3 + d4, we have the bound in (27). O

To complete the construction of an error bound that is easy to read and interpret, we need to add
a third quantity to the first two (5, which measures regularity, and 0, which measures the grid size).
This final quantity required for the error bound is the distance, in Hp, between py(uy r) and the
constraints Cr. This is the distance of the kernel interpolant of uy r to the set of constraints:

a = d(pw (@ ). Cr) = [|Pe(on @ ) — o (@n.) 3 (28)

where Po in Hp is the orthogonal projection in Hg onto the closed convex set Cp.
We first address the case where py(un,r) € CF, i.e. ay =0, which corresponds to Condition 5.1
next.

Condition 5.1. For N large enough, pn(un,r) € Cp.
Theorem 5.1. Under Conditions 2.1 to 5.1,

[in,r — Tr oo = OB (29)

Proof. From Proposition 5.1, ||[un r — Ur|lec < ¢ ||7n(dr) — unrpllv + dléf,/% If Condition 5.1 is
verified, then pn(uUn r) € CF so that Jp(up) — Jp(pn(Un,r)) < 0. Hence, from Proposition 5.4,

—~ —~ 2
lmn (i) — an el < dson”

[in,r — Tl < cy/dsoy” + o3>,

so that

13



Intuitively, Condition 5.1 is expected to hold when %y p is significantly “inside” the constraint
set, since pn(un,F) is expected to be close to un,r for large N. Nevertheless, when Uy r is close to
the boundary of the constraint set, then its kernel interpolant pn(un,r) could fall outside of this set.
To give a very simple example, when the constraint set imposes functions to take values in [0, 1], it
is possible that the values of a function at the knots are in [0, 1] but very close to 0 or 1, so that its
kernel interpolant function takes some values outside of [0, 1], for some kernels K.

Hence, it is valuable to analyze the case where Condition 5.1 does not hold (i.e. an # 0). In this
case, the convergence proof of the error bound becomes more challenging and relies on some weak
compactness arguments as we show in Theorem 5.2 next.

Theorem 5.2. Under Conditions 2.1 to 3.2,
ﬁ]\ﬂp _— ﬂp m EF. (30)
N—oo

Moreover, with ¢ as in Proposition 5.1,

lin.F — Giplloo < ¢ \/dsan + dsd/* + dy 652, (31)

where dg is a constant which is defined in the proof.

Proof. The convergence in (30) is already proved in [Grammont et al., 2024]. The proof is also provided
in Appendix A for a self-contained reading.

Let us now construct the error estimation involving dy and ay (see definitions in (8) and (28),
respectively). Setting hY := pn(Un r), we have

Jr(tir) — Jr(pn(in,p)) = Jp(ap) — Jp(Po(h™)) + Jp(Po(h™Y)) — Jp(RY).

As Po(hN) € Hp N Cr, then Jr(ir) — Jp(Po(
Jr(pn(un F)) is bounded by JF(PC(hN)) Jr(

)) < 0. This implies that the quantity Jp(ur) —

I
N ), which is equal to

n

1P () By~ IRV By, + )» (P(Po(r™)) (@) = PN (@) ) (PPeB) (@) + PBN) () = 25:)

Recall that P(u) € E the multi-affine extension of u (see Definition 2.2).
In the proof of (30) in [Grammont et al., 2024, Appendix, Proof of Proposition 5.8], it is shown
that (h")y is bounded in Hp. As Pc is 1-Lipschitz, then

1Pe(h™) = Pe(ir) e < Y —tpllw,,

and the sequence (P¢ (ﬁN ))n is also bounded in Hp. According to (24), these two sequences are also
bounded in Er. This implies that, for all i € {1,. n} |P(Pe(B)) (25) + P(hN ) (2;) — 2y5] is bounded
(we let dg be the bound), and so is HPc(hN)HHF —|— IR l2¢, (we let d7 be the bound). Moreover,

P(Po(h™))(z:) — P(W™)(@)| < [Pe(Y) — bVl
< el|Pe(h™) = h¥|ap
= caN,
1P 12, — 11BN 13, = (IPe ™) r + 1B ) (1 Pe ™) 3 — (BN [1322)
< drap.

Hence,
nedg

Te(iir) — Je(px(in.g)) < <d7+ >aN=d8aN.

Using the results in (21) and (27) from Propositions 5.1 and 5.4, we obtain the error bound in (31). O
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Remark 5.1. With a similar approach as provided here, it is possible to provide error bounds on the
numerical approrimation of the constrained smoothing problem in higher dimensions. In particular,
the multi-affine extension is defined for general dimensions in Bachoc et al. [2022], and all its proper-
ties, including those related to the constraint sets of bounded, monotonic, and componentwise convex
functions, are also established for general dimensions. Nevertheless, presenting detailed proofs, as we
do here, in general dimension yields significantly more complex notations and cumbersome arguments.
To maintain readability, we present our results and proofs in one dimension.

Remark 5.2. Our error bounds depend on the regularity parameter § € (0,1] for the kernel K
(Condition 2.1), using the notion of Holder-continuity, and with the rate (’)((516\,/4) in Theorem 5.1.
It is natural to ask whether faster decay rates of the upper bounds could be achieved with stronger
reqularity assumptions, particularly by assuming derivatives of multiple orders. Howewver, it is unclear
if this additional reqularity would be beneficial in our setting. This is because we rely on piecewise linear
interpolation, which typically does not gain further benefits from reqularity beyond Lipschitzness. As
explained in [Bachoc et al., 2022], piecewise linear interpolation is crucial for numerically handling
standard constraint sets (boundedness, monotonicity and convexity). Using an interpolation scheme
that would benefit from regularity beyond Lipschitzness, for instance piecewise polynomial interpolation,
18 not suitable for numerically handling these constraint sets.

Remark 5.3. The distance of the kernel interpolant of un g from the set of constraints Cr, denoted

as oy (see definition in (28)), tends to zero as N — co. Indeed, recall the definition BN = pn(UN,F)
from the proof of Theorem 5.2. As Po(up) = up, we have

an < ||Pe(h™) = Po(@p)lwue + lar = Bl < 2l[ar — 2N o,

In the proof of (30) in Theorem 5.2, it is proved that a subsequence of BN s weakly convergent
to up in Hp. This implies that h'Vk(t) — Up(t) for all t € F. By construction of the multi-affine
extension P in Definition 2.2, it is also true for allt € [0,1]. Thus,

n

2 1 N
- Z (PR @) ) = — 3 (Plar) () — ).
=1

As Jp(hNe) = Jp(tip), we have

~N R

127 2e = ([ur -
This property, combined with the weak convergence, leads to the convergence ofﬁN’C to up in Hp. As
Uup s the unique accumulation point, we have

lir = Al — 0.

6 Numerical Experiments

In this section we aim to numerically illustrate Theorems 5.1 and 5.2. Let us recall that the ap-
proximate solution Uy is also the MAP estimate of a GP approximation conditionally to noisy
observations and the inequality constraints [Grammont et al., 2024]. Our numerical assessment relies
on this property. Therefore, we consider constrained GPs with stationary Matérn kernels [Genton,
2001]:

2 e =] 2=
K(z,2') =0 ) (@ J ) (W ) (32)
where x,2’ € [0,1], T is the Gamma function, H, is the modified Bessel function of the second kind
of order v, and (0%,f) € (0,00)? are the variance and length-scale parameters, respectively. The
parameter v € (0,00) allows controlling the regularity of the GP. The larger v, the smoother the GP
samples.

Given the settings above, we sample twenty constrained GP replicates using the finite-dimensional
approximation in [Lépez-Lopera et al., 2018] assuming an equispaced grid of knots with N = 200. The
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Figure 1: Random GP replicates under boundedness (left) and both boundedness and monotonicity
constraints (right) used in the experiments in Section 6.1. As boundedness constraints, we consider
0<Y(x)<1,forall z €l0,1].

choice of N balances the need for better resolution of the piecewise approximation while considering
the computational limitations inherent in Monte Carlo techniques. To introduce noise, we corrupt the
samples by using independent centred Gaussian noises with noise variance 7 =5 x 1072.

We compute the MAP estimate @y p for each random noisy replicate. This procedure results in
twenty predictors that will be used to illustrate Theorems 5.1 and 5.2. For the predictor %g, which
cannot be evaluated in practice, we approximate it using uy r assuming an equispaced grid of knots
with N = 103, As parameter estimation is not the focus here, we use the same covariance parameters
and noise variance that have been set to generate the constrained GP replicates.

In the first part of our experiments (Section 6.1), we focus on the cases where the grid of the knots
is either dense or not. Thus, we fix ¥ = 5/2 to have the same regularity conditions. In the second part
(Section 6.2), we vary v seeking to test convergence for different values of 5 while keeping promoting
a dense grid of knots. In our context, the link between v and § is given by S = min(1,2v) (see for
instance Loh [2015]).

For dense grids, we conduct the MaxMod algorithm introduced by [Bachoc et al., 2022] and
discussed in Section 1, with a minimal initial number of knots (i.e. Ny = 2), and a maximal budget
Npax = 250. This budget has been set aiming for a trade-off between computational time and
numerical stability due to inversion of covariance matrices. Using the MaxMod algorithm will allow
to verify convergence of the error bounds without involving equispaced grid of knots necessarily.

The implementation of the constrained GPs and the MaxMod algorithm are based on the R package
lineqGPR [Lépez-Lopera, 2022].

6.1 Error bounds with fixed regularity assumptions

In this experiment, we sample random GP replicates under monotonicity and boundedness constraints
(see Figure 1). We impose the boundedness constraint 0 < Y (z) < 1, for all z € [0,1], and use a
Matérn 5/2 kernel with 02 = 1 and £ = 0.4. We consider two cases where the grid of knots is dense or
not. For dense grids, we apply the MaxMod algorithm to each random replicate. For non-dense grids,
we restrict the addition of knots to the interval I = [0,0.3] U [0.6,1]. The refinement process is then
conducted via rejection sampling with ¢ ~ Uniform(0,1). In both cases, we set Npax = 250.

Figure 2 presents boxplots of the error ||un r — Up||cc and the grid size dn (defined in (8)) for
the twenty replicates. We must remark that the asymptotic error bounds of ||un,r — UF| s cannot
be displayed, as ay (defined in (28)) cannot be computed numerically. We observe that the error
decreases as  decreases, which is consistent with Theorems 5.1 and 5.2 as the asymptotic error
there bounds become smaller as dy decreases. The boxplots show median error values smaller than
1073 once the maximal budget Nyax is reached, except for the example under boundedness constraints
with non-dense grids of knots. This increase in error is due to abrupt changes in the MAP around
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Figure 2: Boxplots of the error log ||un,Fr — UF||s (blue) and the grid size dn (red) as a function of
the number of knots N. The boxplots are computed for the twenty replicates in Figure 1, considering
cases when the grid of knots is dense or not (top and bottom, respectively). Results are presented for
examples under boundedness (left) or both boundedness and monotonicity (right) constraints.

z = 0.3 and x = 0.6 (limits of the rejection interval). To achieve smaller error values, it is possible to
repeat the experiments with a larger Ny expecting adding knots close to the limits. In particular
for this example, a median error value smaller than 1073 is achieved after N = 275.

6.2 Error bounds with different regularity assumptions

We now perform experiments with dense grids while varying 3, the parameter related to the regularity
of the kernel. To do so, we consider v = 1/4,3/8,1/2,3/4,5/2 (respectively, 5 = 1/2,3/4,1,1,1).
Although 8 = 1 for v = 1/2,3/4,5/2, we opt to conduct experiments with these values to observe
the impact of the GP samples’ smoothness order on the rate of error decrease. We follow the same
procedure as described in Section 6.1 with the same GP parameters except for the length-parameter
that we have increased to ¢ = 0.8 to control the variability of the samples (see Figure 3, left panels).
This choice seeks to have visible convergence trends for N < Nyax = 250. As monotonicity is unlikely
to be satisfied for Matérn kernels with v < 1/2, we focus here on boundedness constraints. To
assess if narrower bounds may have an impact in the results, we suggest GP replicates satisfying
0<Y(x)<0.5.

In line with Figure 2, Figure 3 shows a decreasing trend of the error ||uy r —Ur|/ as dn decreases
independently of the value of 8. In particular, we note that the error decreases faster as 5 increases,
which is consistent with Theorems 5.1 and 5.2 as the asymptotic error bounds there become smaller
as [ increases. In addition, the rate of decrease is higher for smoother GP samples (i.e. for larger v
values). This pattern has also been verified for the squared exponential kernel, i.e. when v — oo, in
experiments unreported here.
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Figure 3: Right:

0.50
x

0.75

boxplots of log||un,F —
boxplots are computed for twenty constrained GP replicates using a Matérn kernel with v

1/4,3/8,1/2,3/4,5/2 (from top to bottom).

the twenty replicates (left).

2 25 50 75 100 125 150 175 200 225 250
N

Upl|loo (blue) and dy (red) as a function of N. The

For a better visualization, we only display three of
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7 Conclusions

We have introduced a general error bound (see Theorem 5.2) for the constrained optimal smoothing
problem and for the equivalent formulation with the MAP estimator. We show that this bound de-
pends on the the grid size, the regularity of the kernel, and the distance from the kernel interpolant
of the approximation to the set of constraints. In particular, if the kernel interpolant satisfies the con-
straints, then the latter distance is zero, and the error bound is given by O(éjﬂ\,/ 4) (see Theorem 5.1).
Convergence results are provided for non-equispaced and non-dense grids of knots, allowing certifi-
cation of sequential schemes, such as the MaxMod algorithm in [Bachoc et al., 2022], introduced for
the efficient allocation of knots. To the best of our knowledge, our theoretical results are the first to
provide quantitative error bounds for numerical approximations of constrained GPs.

Our results are illustrated numerically through various synthetic examples that account for different
types of inequality constraints (e.g., boundedness and monotonicity) and regularity assumptions (i.e.
smoothness of the GP samples). Additionally, we examine scenarios with both dense and non-dense
grids of knots. Our experiments show that the approximation error decreases as the grid size decreases,
with a faster rate of decrease observed for smoother GP samples. This is in line with our theoretical
analysis.

Acknowledgments. We thank Olivier Roustant (IMT, France) for his contribution to this work.
Indeed, this study began thanks to his interest about the subject. Scientific exchanges with him
enabled the improvement of the quality of this work. This work was supported by the projects
GAP (ANR-21-CE40-0007) and GAME (ANR-23-CE46-0007) of the French National Research Agency
(ANR).

A Remaining proofs

In order to make the paper self-contained, we provide in this appendix the proofs that are primarily
technical or containing pre-existing concepts from other works.

Proof of Proposition 2.1. Let f be continuous on S. Suppose that the property lims_o Ws(6) = 0 is
not true. Hence, there exists a sequence (d,)nen such that 6, — 0 and a constant A > 0 such that
Ut(,) > A for all n € N. Moreover, there exists a sequence (t,)nen With ¢, > 1 such that

M (tnd
f(t) > A (33)

If (tn)nen has a bounded subsequence, then 1 < t4,) < b and W < My¢(boy). As fis

continuous, My (bd,) corresponds to a modulus of continuity, so lims,_,o Mf(bd,) = 0. This leads to

My (tndn) My (1) My (tnén)
tn < t = 0.

a contradiction with (33). If lim,, o t, = 0o, then
Hence, there is a contradiction with (33).

, and so lims, o

We next analyze the case where f is S-Holder continuous. Then M(5) < cy6”. Hence, for ¢t > 1

and td <1,
My (t0)

< epdPtPTl < pdP,

and for ¢t > 1 and t§ > 1,
My(t) _ My(1) _ ¢

t t -t
As 6 <1and 0 < 8 <1, we have that W(d) < Cf(SB. O

< Cf5.
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Proof of Proposition 5.3. From (10), we have

n

T (e (@) = o )+ - S (Pl (@) ) — )
=1

~ . Iy 1 ~
= llen @) = [p (5 + [r 5 + = Y (P (@p)) () — )%
i=1

Using (6), then

n

Inp(nn () = llay @)l = farlG, + Jrar) + %Z (P(r(@p)) (i) —yi)* — (P(ar)(@i) — y:)*

i=1
= |an@@p)ll3 — larl3, + Jr(ar) + en,

with
n

en = 1 Z [P(rn(up))(x;) — P(up)(x:)] [P(rn(ir))(x:) + P(ap)(z;) — 2y .

T £
=1

In the following, to simplify the notation, we will denote t; = max{t,t € Sy,t < z;}, t =
min{t,t € Sn,t > z;}, w_ = wy_ and wy = wy, .

From (22), we have the bound

| Py (ip) (i) — Pup(z)| = [rn (Ur) — ] () )w—(2:) + [7n (Gr) — Gp] (87 )wy (z;)
< |lmy (@) — rllse < 16y
Using Proposition 3.3, (23) and (24),
|P(nn (ar)) ()] = |mn (r) (6 ) w—(2:) + 7 (ar) (5w (2:)]

< [l7n(ur)|so

< cllmn(ur)llN

< clluplup,

|P(tp)(z:)| = [up(t] )w-(2:) +Up(t] )wy (2:)]
< [|aplloo

< cllurllp-

Therefore, JN,F(WN(QF)) = —EN + JF(iL\F) + €n, with

5ﬂ/2 2nd1

ex < dsdy/?, and dy = = (el g + max fui]).

From the isometric property of py in (15), we have

n

- - 1 -
Inr(inr) = [y rl% + . > (P(iy,p) () — i)
=1

N I,
= |lon (Un,F) I3, + - > (P(inp) (i) — i)
=1
= Jr(pn(Un,F)) + 1N,

with
N =$ > (P(anp) (i) — i)* = (Plon (@n,p)) (i) — i)
=1
:% [P(un,r)(xi) — Plon (Uun,r))(@i)] [P(un,r)(zi) + Plpn (Un,F)) (i) — 29i] -
=1
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Thanks to (15), (23) and (24), we obtain

|P(un,r(zi))| < [[unFlloo
< cllun,r|| N,
[P(pnun,F)(z:)| < |lpn (Un,F) oo
< cllon (Un, 7)) ll#p
< cllun,r||N,

and hence,

P(un,r — pn(an,r)) (@) = (Unr — py () () w- (i) + (Un,r — oy (N, e) (6w (24).

Forte F,

(Un,r, KN (1) v — (o (Un,p)s K (5 1)) 3

= (pn(un,F), pN(EN (1)1 — (PN (UNF), K (1) 3y
= (pn(Un,F), PN(EN (5 1) — K ()2,

un,r — pn(Un,p) ()] < llon (@, e)llae lon (KN (1) = K (- t) Iy

< lunrlnvG

From Proposition 4.2, Jy r(un,r) = Jr(pn(Un,F)) + nnv where

2ny/dy .

(un,r — pn(un,F))(t) =

vl < dadl?, di= (el el + max [y ).

O]

Proof of (30) in Theorem 5.2. Recall W = pn(un.F). As my(up) € Hyr N Cr, according to (25)

and (26), and as Ey > 0,

[BN3,, < Jr(AN) < Jy.p(n,p) + [nv| < v p(anir) + Inv| < Je(ar) + len| + vl

(34)

Hence, the sequence (EN )~ is bounded in Hp so that, by weak compactness in a Hilbert space, there

exists a subsequence (h™Vk); and h* € Hp such that

AL — h* € Hp, (weak convergence).
—00

As Hp is an RKHS with kernel K, for all ¢; € Sy, K(-,t;) € Hp and

(W K (i) = DN () —— (0" K () = B (83).

k—o00

Therefore, for all N > 1, mn (/HN k) — mn(h*) in the finite-dimensional space Hy .
—00

As Sy C Sny1, as far as N, > N, TFN(EN’“) = WN(ka(aNhF)) = WN(aNk,F)v so that
TI'N(aNk’F) S WN(h*) in /HN.
k—o0
As Hy is an Hibertian subspace of Ep,
WN(aNk,F) S WN(h*) in EF.
k—o0

As mn(un,,F) € Cr and CF is closed in EF, so that VN,

mn(h*) € Cp.
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Cr is closed in Ef and 7y (h*) N% h* in Er, then h* € Cg so that
—00

JF(aF) < JF(h*).

Then, as Jp is convex and lower semi continuous and AV PR, h* € Hp and thanks to (34), as
ﬁ

lim Jy = 0, so that by Proposition 5.3, lim ey =0 and lim %ON =0,
N—o0 N—o0 N—o0
Jrp(up) < Jp(h*)
< limkinf Jp(hNF)
< limkinf In,, F(Un,,F)
<liminf Jy, r (7, (ir)
< limksup In,, (7N, (UF))
< Jp(ur).

Hence
. TNy 1 ~ T ~ . ~
Jm Jp(h™'F) = N INg F (N, F) = A INg F(mn, (up)) = Jp(ur).

~

The real sequences (Jg(hY)), (Jy.r(in.r)) (Jyp(mytr)) are bounded and have a unique accumula-
tion point Jp(up) so that

Jr(BN) —— Jp(tr)
N—o0
In.r(un,F) — Jr(uF)
N—o0
JN,F(TrNﬂF) — Jp(ﬂp)
N—oo
The following bounds

lanF — Grlle < ¢ lnn(@r) — Gn,rlly + Fy,

|lnn (@r) — anrld < Jr(ar) — Je(hY) + len| + vl

lead to (30) . O
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