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Abstract. In this paper we study the exponential twist, i.e. a path-integral exponential change of measure, of a Markovian reference
probability measure [P. This type of transformation naturally appears in variational representation formulae originating from the theory
of large deviations and can be interpreted in some cases, as the solution of a specific stochastic control problem. Under a very general
Markovian assumption on PP, we fully characterize the exponential twist probability measure as the solution of a martingale problem
and prove that it inherits the Markov property of the reference measure. The “generator” of the martingale problem shows a drift

depending on a generalized gradient of some suitable value function v.

Résumé. Dans ce papier on étudie I’ exponential twist, c’est-a-dire un changement de probabilité exponentiel exprimé par une inté-
grale de chemin, d’une mesure de probabilité markovienne de référence P. Ce type de transformation apparait dans des formules de
représentation variationnelles issues de la théorie des grandes déviations, et peut s’interpréter dans certains cas comme la solution d’un
probleme de contrdle stochastique. Sous une hypothése markovienne trés générale sur IP, on caractérise complétement 1’exponential
twist de P comme la solution d’un probleme de martingale et on montre que cette nouvelle mesure hérite de la propriété de Markov de
la mesure de référence. Le générateur de ce probleme de martingale fait apparaitre un drift qui s’exprime comme un gradient généralisé

d’une fonction valeur v bien choisie.

MSC2020 subject classifications: Primary 60H30, 60J60, 65C05; secondary 49125, 35K58

Keywords: Stochastic control, optimization, exponential twist, generalized gradient, relative entropy

1. Introduction

This paper focuses on exponential twist probability measures Q* resulting from an exponential change of measure with

respect to a Markovian reference probability measure P, i.e.
(1.1) dQ* x e~ ?dP,

when ¢ is a path-integral functional of the form

T
(12) p(X) = / X )dr + g(Xr),

for measurable functions f, g. More precisely we will assume that the reference probability measure PP is a solution of a
cadlag Markovian martingale problem, including the case when P is the law of a stochastic differential equation (SDE)

with jumps and possibly singular coefficients: the drift could even be distributional. The notion of martingale problem



was introduced by D.W. Stroock and S.R.S Varadhan in the seminal papers [41, 42] and has been exploited extensively
starting from [43].

The objective of the paper is then to completely characterize Q* as a solution of a martingale problem, which is still
Markovian, under very general assumptions on P. The properties of Q* have been extensively studied in [8] when the
reference probability measure P is the Wiener measure. In the case of discrete time Markov models with finite state
space, the stability of the Markov property by the exponential twist transformation (1.1) was already pointed out in
[12, 13, 31]. In this paper we extend these results to cadlag (possibly singular) Markovian models and provide a precise
characterization of the generator associated to the martingale problem verified by the probability measure Q*.

Exponential twist probability measures of the form (1.1) are intimately connected to various application domains. It
appears naturally in variational representation formulae in relation to the theory of large deviations [19, 37]. In fact we

have the variational formula

QeP(Q)

(1.3) —log /Q e ?WdP(w) = inf /Q o(w)dQ(w) + H(QP),

see Proposition 1.4.2 in [19], where P(€2) is the space of all probability measures on (§2, ) and H is the relative entropy
of Q with respect to P, see Definition 2.4. The minimum in (1.3) is achieved for the exponential twist probability measure
dQ* x e~ ?dP and Q* is said to be a solution to the optimization problem (1.3). Furthermore, the minimization Problem
(1.3) can often be reinterpreted as a stochastic optimal control problem. For instance, when P is the law of an SDE of the

type
t t
Xt:x+/ b(r,XT)err/ o(r,X,)dW,, Vtel0,T]
0 0

where 7' is a fixed time horizon, (1.3) is equivalent to

T 1 T
B | [ 7 Xp g [ s g(x57)
0 0

ueU
(1.4) : '
dX;" = b(r, X3 )dr + o (r, X3 Jupdr + o (r, X;2F)dW,

u7w p—
Xy =u,

where U is a set of progressively measurable processes u such that the controlled SDE dX** = b(r, X% )dr +
o(r, X" Yupdr + o(r, X»*)dW,, X;"* = x has a solution, see e.g. [9]. This equivalence between Problems (1.3) and
(1.4), first stated in [21, 22], has, since then, given rise to several developments not only in the field of large deviations
but also in concrete applications, where it is used to derive efficient methods to approximate the solution of the optimal
control Problem (1.4), see [12, 44, 45]. The specific setting (1.4) is often referred to as Path integral control in this appli-
cations literature. Moreover, the characterization results for the exponential twist measure (1.1) provided in the present
paper apply to the framework of non-linear optimization on the space of probability measures (often related to mean-field
optimization [14]) stated as

(15) Jnf | F(E%p(X)]) + H(QP)

where F': R — R is a differentiable convex function and ¢ is given by (1.2). Indeed, assume that Problem (1.5) admits a
solution Q*. Then Q* is also solution of
1.6 inf EQ[@(X)]+ H(Q|P),
(1.6) et [(2(X)] + H(QIP)
where 3(X) := F' (E? [p(X)]) ¢(X) (see Lemma E.1) and Q* is an exponential twist measure of the form (1.1) with

¢ = ¢. Hence, any solution of Problem (1.5) falls into the framework of the present paper. Optimization programs of the

form (1.5) appear for example in [12, 13, 38, 39] for demand side management in power systems.
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The main result of the paper is stated in Section 3, where we identify a significant Ideal Condition 3.12 associated
with the reference probability measure P and a functional domain D on which we characterize the generator a2 of
the martingale problem verified by Q*. More precisely, under the Ideal Condition 3.12 the exponential twist probability
measure Q* given by (1.1) is characterized as a solution of a well-identified martingale problem in Theorem 3.15. For all
test function ¢ € D, a?" (¢) can be written as a” (¢) + I'”(¢) /v where a” is the generator associated to the martingale
problem verified by P and I'V(¢) /v is a correction term identified via a Girsanov’s change of measure.

In Section 4, we further specify the map D > ¢ — I'¥(¢) in the integro-differential case. In particular Proposition 4.4
states that it can be expressed as the sum of an integral term corresponding to the jumps contribution, and a generalized
gradient of v. Then, in Proposition 4.11, we extend the continuous part I'”*¢ of this operator to a larger space D including
the identity function ¢d and other test functions outside the domain D. This extension allows us, in Proposition 4.12, to
express the change of probability measure as a drift modification depending only on the continuous part of the (extended)
operator evaluated in the identity function i.e. T':¢(id). In particular, even when the initial drift is a Schwartz distribution,
an additional measurable drift term appears, extending the term oo ' Vv when Vv does not exist.

In Section 5 we provide general conditions under which the Ideal Condition 3.12 holds. We require our reference
probability measure [P to fulfill a slightly stronger version of the Markov property, namely to be Regularly Markovian in
the sense of Definition 5.7. This regularity assumption on P allows to build an extension of the Carré du champ operator,
see Propositions 5.11, in order to identify the generator of the martingale problem satisfied by Q*. This extension was
initiated in [4] in the case of genuine martingales and used to define Pseudo-Partial Differential Equations (Pseudo-
PDE) and their associated probabilistic representations via martingale driven backward SDEs in [5-7]. In Appendix A
we provide an alternative method, in the case of Brownian diffusions, for verifying the Ideal Condition, based on the
existence of a solution of one PDE.

In Section 6, we instantiate our characterization result (Theorem 3.15) on several specific examples using the sufficient
assumptions provided in Section 5. We first study the case where the reference probability measure P is solution to a
martingale problem associated to a jump diffusion. In this situation we are able to fully characterize in Proposition 6.4
the drift of the canonical process under Q*, as well as its jump intensity, as Markovian functions of the current state. We
emphasize once again that we do not require any integrability condition of the underlying process with respect to P. We
then apply these results to the case of Brownian diffusions which corresponds to the stochastic control problem (1.4),
as already stated. Relying on this equivalence and on our characterization Theorem 3.15, we derive in Corollary 6.7 the
existence of an optimal Markovian control for Problem (1.4) in a very general framework, and we characterize this optimal
control by means of a generalized gradient. In comparison with compactification methods used e.g. in [20, 23, 24], we do
not require any semi-continuity hypotheses for the cost functions f and ¢ (only measurability in the space variable), nor
any integrability condition on the controlled process to prove the existence of an optimal Markovian controls. We finally
consider more irregular examples in Proposition 6.13 where the drift b is a distribution.

In the companion paper we make use of Corollary 6.11 which is a consequence of Corollary 6.7 and Lemma 6.10.
This is a basic tool which allows us to develop an algorithm that provides Markovian controls approximating the solution
to a large class of stochastic control problems.

Once we completed this paper, we discovered the article [34] which provides a similar statement to the one of Theorem
3.15. In particular the authors formulate in their Theorem 4.2 a similar hypothesis to our Ideal Condition, assuming the
existence of a so called good function. A comparison between the two results is discussed in Remark 3.17. However, we
recall that we provide two additional major contributions in our paper. In Section 4, we further characterize the exponential
twist change of measure by identifying the change of drift via a generalized gradient, while in Section 5 we provide a

general framework in which the key Ideal Condition is verified, based on a so-called regular Markovian assumption.
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2. Notations and definitions

In this section we introduce the basic notions and notations used throughout this document. In what follows, 7' € R* will

be a fixed time horizon.

All vectors z € R? are column vectors. Given z € R4,
Given a matrix A € R¥?, ||A|| := \/Tr[AAT] will denote its Frobenius norm.

For any = € R, §, will denote the Dirac mass in z.

CHI .= C"I(]0,T] x R%,R) will be the space of real valued functions on [0, 7] x R? that are continuous together

z| will denote its Euclidean norm.

with their time and space derivatives up to order ¢ and j respectively. It is endowed with the topology of uniform
convergence on compact sets (u.c.s).

Cy? = C}7([0,T) x R, R) will be the space of real valued functions on [0, 7] x R that are bounded and continu-
ous together with their time and space derivatives up to order ¢ and j respectively. It is endowed with the topology
of uniform convergence.

For any topological spaces E and F, B(E) will denote the Borel o-field of E. C(E, F) (resp. Cy(E, F), B(E, F),
By(E, F) will denote the linear space of functions from F to F' that are continuous (resp. bounded continuous,
Borel, Borel bounded, Borel locally bounded). If E = F' we will simply denote C'(E) (resp. Cy(E), B(E)) for
C(E,E) (resp. Cp(E,E), B(E,E)). P(E) will denote the set of Borel probability measures on F. Given P €
P(E), EF will denote the expectation with respect to (w.r.t.) P.

Given ¢ € C12([0,T] x R4, R), 0;¢, V.6 and V2 ¢ will denote respectively the partial derivative of ¢ with respect
to ¢t € [0,T], its gradient and its Hessian matrix w.r.t. € R?. Given any bounded function ¢ we will denote by
|| oo its supremum.

For z € RY, id(z) := (id;(2))1<i<a := (¥i)1<i<a Will denote the identity on R,

Given 0 <t < T, D([t, T],R?) will denote of cadlag functions defined on [t,T] with values in R?. In the whole
paper §2 will denote space D([0,T]). For any ¢ € [0,7] we denote by X : w € Q — w; the coordinate mapping on
Q. We introduce the o-field F := o (X,.,0 <r < T'). On the measurable space ({2, F), we introduce the canonical
process X :w € ([0,T] x Q,B([0,T]) @ F) = X¢(w) = w; € (RY, B(R?)).

We endow (2, F) with the right-continuous filtration F; := [\ o(X,,0 < r < s). The filtered space
t<s<T
(92, F, (Ft)) will be called the canonical space (for the sake of brevity, we denote (F3)cjo,7) by (Ft))-
For 0 <t<u<T,wedenote F;,:= [] o(X,,u<r<o).
u<v<T

Given P € P(Q) and a generic o-field G on (2, GF will denote the P-completion of G.

Given P € P(Q2), D“P(P) will denote the space of all cadlag adapted processes (indexed by [0, T']) endowed with
topology of the uniform convergence in probability (u.c.p.) topology under P.

Given P € P(Q2), 1} .(P) will denote the space of locally square-integrable martingales. Given M, N € H2, (PP),
(M, N) will denote their predictable angle bracket. If M = N, we will use the notation (M). We also denote
Pos({M,N)) :=%(M + N) and Neg((M,N)) := (M — N).

Given P € P(Q), Ajo.(P) will denote the set of cadlag processes with P-locally integrable variation.

Equality between stochastic processes are in the sense of indistinguishability.

Throughout the paper we will use the notion of random measures and their associated compensator. For a detailed
discussion on this topic as well as some unexplained notations we refer to Chapter II and Chapter III in [26].

We will work with the convention that inf ) = +oo. In particular, any hitting time 7 of a Borel set by a stochastic

process defined on [0, 7] will have values in [0, 7] U {+o0}.

Definition 2.1. (Lévy kernel). L : [0,T] x Q x B(R?) is called a Lévy kernel if it satisfies the following.

1.

L(t,X,.) is a non-negative Borel measure on R¢ such that L(t, X,{0}) = 0, which is o-finite on R\ {0}.
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2. (t, X))~ L(t, X, A) is predictable for all A € B(R¥\{0});
3. (6, X))~ [,(1A|g|*)L(t, X, dq) is Borel and bounded for all A € B(R?).
Definition 2.2. Let P € P(Q). Let Y, Z be a cadlag process.
1. (Covariation). We define

(Z({(r+e)At)=Z(r) Y ((r+e)At)=Y(r))
€

(2.1) [Z,Y]5(t) == / dr.
10,1

[Z,Y] is by definition the u.c.p. limit, whenever it exists, of [Z, Y| when ¢ — 0. If Y, Z are cadlag semimartingales
then [Y, Z] is the usual (quadratic) covariation, see Proposition 1.1 of [35].

2. (Weak Dirichlet process). Z is called a weak Dirichlet process if it is (Ft)-adapted and if under P it admits a
decomposition Z = M + A where M is a (P, F;)-local martingale and the process A satisfies [A, N] = 0 for all
(P, F;)-continuous local martingale. A will be called a martingale orthogonal process. For more properties on
those processes, see [36], Chapter 15 and [2, 3]. In particular an (F;)-semimartingale is a weak Dirichlet process.

3. A multidimensional weak Dirichlet process is a multidimensional process such that every component is a weak

Dirichlet process.
The following statement is Proposition 3.2 in [3].

Proposition 2.3. Let Z be a cadlag weak Dirichlet process. There exists a unique continuous local martingale Z°¢
and a unique process A, vanishing at zero, verifying [A, N| = 0 for all (P, F;)-continuous local martingale such that

Z=7°+4+A.

Definition 2.4. (Relative entropy). Let E be a topological space. Let P, Q € P(E). The relative entropy H(Q|P) between
the measures P and Q is defined by

EQ [log ng} fQ<P
(2.2) H(QIP):=

+ 00 otherwise,
with the convention 1log(0/0) = 0.
Remark 2.5. The relative entropy H fulfills the following properties for which we refer to [19] Lemma 1.4.3.

1. H is non negative and jointly convex, that is for all P1,P5,Q1,Q2 € P(E), for all A € [0,1], H(AQy + (1 —
AN Q2|APy + (1= N)P2) < AH(Q1|P1) + (1 — A H(Q2[Py).

2. (P,Q)— H(Q|P) is lower semicontinous with respect to the weak convergence on Polish spaces.
We will often use the notion of martingale problem.

Definition 2.6. (Martingale problem). Let a : D C B([0,T] x R% R) — B([0,T] x R%,R) be a linear operator. Let
u € P(RY). We say that a probability measure P € P(Q) is solution of the martingale problem associated to (D, a, ) if

1 LF(Xo) = ps
2. for every ¢ € D the process
23) Mig) =60 X) = 60,X0) - [ al0)(r X, )ar

has a cadlag modification which is a local martingale under P.

3. Characterization of the exponential twist measure

We consider f, g verifying Hypothesis 3.1 below.
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Hypotbhesis 3.1. (Cost functions). f € B([0,T] x R4, R), g € B(RY,R) and f,g > 0.
Remark 3.2. Without restriction of generality, Hypothesis 3.1 can be relaxed supposing f, g to be lower bounded.

We will moreover assume that the reference probability measure P has the Markov property (3.3) below. We introduce

to this aim the following assumption.

Hypothesis 3.3. P satisfies the Markov property

(3.1) EP[F((Xu)ue[t,T])u:t] = EP[F((Xu)ue[t,T])‘Xt]a
forall F € By(D[t,T],R), t € [0,T].

In the rest of the paper, we assume that Hypotheses 3.1 and 3.3 are verified.
In relation to previous Hypothesis 3.3 we introduce the notion of Markov domain below, defined for a probability
measure P.

Definition 3.4. (Markov domain D(P)). A Borel locally bounded function ¢ : [0,T] x RY — R is an element of the
Markov domain D(P) if there exists a function x € B([0,T] x R% R) such that the process

(32) M[6] = 6~ X.) — 6(0, Xo) - / (X, )dr

0

has a cadlag modification in H3, .(P). We will denote a* (¢) := x. That modification will still be denoted M ).

loc

We introduce here a significant space of (equivalence classes) of Borel functions.

Notation 3.5.
T
(3.3) LY:=L°(P) = {¢ € B([0,T] x RYR) : / |o(r, X;)|dr < +o00 P—a.s.} ,
0

which corresponds to the classical space L°([0,T] x R, dt @ dPx,), where Px, is the (marginal) law of X; under P.
With a slight abuse of notations L° can be seen as a linear space of equivalence classes, where the equivalence is given

by the equality up to a dt ® dPx, null set.

Remark 3.6. 1. a¥(¢) defines a dt @ dPx,-unique element of L°. Indeed assume that there exist two elements X1
and X of B([0,T] x R% R) such that (3.2) holds for x = x1 or xa. Clearly ¢(-, X.) is a special semimartingale
under P and uniqueness of the decomposition of special semimartingales immediately yields f(: x1(r, X )dr =
fot X2(r, X, )dr P-a.s. for all t € [0,T), that is x1 = x2 dt ® dPx,-a.e.

2. Also if p* = ¢? in LY then M[p'] = M[$?] up to a modification.

3. Assume that P is solution of a martingale problem associated to (D, a) in the sense of Definition 2.6. If P fulfills
the martingale problem with respect to (D, a), then D C D(P) and a is a restriction of a® to D.

4. If \,;p € R and ¢*, ¢* € D then (up to a modification) M[\¢' + pg?| = AM [¢'] + pM[¢?].

5. When D C D(P) is a linear subspace of D(P) which is also an algebra (i.e. stable by multiplication), D will be
called a subalgebra of D(P).

We will need later the following technical result.

Lemma 3.7. Let ¢ and ¢ be two elements of D(P). The following statements are equivalent.

1. ¢ € D(P).
2. There exists T'(¢,v) € B([0,T] x R4, R) (unique in L°) such that

(M[g], M[y]) = / T(6,4)(r, X, )dr Peas.

0



Markovian Exponential Twists 7

Moreover we have

(3.4) T(¢,0) =d" (¢9)) — vaF (¢) — ¢a” (v).

Remark 3.8. The bilinear map I in (3.4) is called the Carré du champ operator.

Proof of Lemma 3.7. Let ¢, € D(P). By integration by parts, for all ¢ € [0, 7],
t t
¢(t,Xt)¢(t,Xt)=¢(0,X0)1/f(07Xo)+/ ¢(7“,Xr)d¢(7",Xr)+/ U(r, Xy )do(r, Xy) + [M[g], M[]]
3.5) = ¢(0, X0)¥ (0, Xop) / o(r, X )dM [y / o(r, X,) X, )dr

/ W, X, ) M6 / w(r, X,) X,)dr + [M[g], M[¥],.

We now prove the first implication 1. = 2. As ¢1p € D(P), we also have that

(3.6) o(t, X )(t, Xi) = ¢(0, Xo0)9(0, Xo) + M[go] + /Ot a” (¢9)(r, X, )dr

Consequently, defining I'(¢, ) as (3.4), we get

6. (Mg Ml = [ T(6.6)( X )ar =N
where N is the local martingale
- - . r d r | y o d .
Moo~ [ v X )anttal, — [ o x )bl

By (3.7) and the fact that the process fo (¢,9)(r, X,.)dr is adapted continuous and therefore predictable, we conclude
that (M|[¢) = [, T(¢,9)(r, X, )dr P-as.

We now prove the converse implication 2. = 1. By definition, the process

is a local martingale. We deduce from (3.5) that

& (-, X )Y (-, X.) = ¢(0, X0)1h(0, Xo) — /O (D(6,) + ¥a®(9) + da¥ () (r, X, )dr = M,
where
M = /er YdM (¢ /¢rX)dM[w] + N1,

is a P-local martingale. At this point, it is clear that )¢ € D(P) which yields 1. Moreover we get a” (¢9)) = I'(¢,v) +
wa® (@) + ¢a® (1), which finally implies (3.4). O

As mentioned earlier, in this paper we aim at characterizing the exponential twist Q* defined by

(3.8) dQ* := DrdP,
where
T
exp | — r)dr —g(Xr)
(3.9) Dy = ( Jo ! ’ )

EP |:exp( fO Hdr —g( T))}



A first observation concerns the fact that the exponential twist Q* conserves the Markov property, i.e. Q* still fulfills
Hypothesis 3.3, see Lemma B.6 in the Appendix. Besides the Markov property, as we will illustrate later, it is interesting
to know the dynamics of the canonical process X under Q*, e.g. which martingale problem is fulfilled by Q*.

Since PP verifies Hypothesis 3.3 (Markov property), for all ¢ € [0, 7], we have

T
exp </t flr, X, )dr — g(XT)> |Xt] .

Remark 3.9. By Proposition 5.1 in [11] there exists a Borel function v : [0,T] x R? — R such that

exp (< fy S Xodr)
EP [exp (_ fOTf(r, X, )dr — g(XT))}

(3.10) EF[Dr|F,] =

T
(3.11) v(t, X;) :=EF [exp (—/ flr, X, )dr — g(XT)> ‘th dt ® dP-a.e.
¢

v is then, obviously, unique as an element of L°.

In the sequel we will make use of the notation
(3.12) U?f:= 1[S,T](-)/ fr, X,)dr,
0

where s € [0,7]. Below we denote by D := (Dy);c[o,7) the cadlag version of the martingale (E*[Dr|F;]), see (3.10).

Proposition 3.10. Letr P be a probability measure fulfilling the Markov property, i.e. Hypothesis 3.3. Let v € B([0,T] x
R? R) verifying (3.11). We set

(3.13) V; = EF[v(0, Xo)] exp (/t f(r, Xr)dr) Dy, te[0,T),
0

We have the following.

1. V is a cadlag version of (v(t, Xy)), i.e.
(3.14) Vi=v(t,Xy), P-as. forallte|0,T].
2. v € D(P) and af (v) = fv. In particular D(P) is non trivial.

Proof. 1. Combining (3.10) and (3.11), for all ¢ € [0, T'[, P-a.s. we have

exp (— / X, ) — g(XT>> exp ( / i X»dr)

(3.15) = DtEP(U(QXO))exp (/t f(r Xr)dr) =V,
0

v(t, X;) = D,EF

which shows (3.14).
2. According to Definition 3.4, it will be enough to prove that

t
(3.16) M=V Vo~ [ fn X Vodr, te 0.7),

0
belongs to HZ .(IP). Now, by integration by parts, using (3.13) and (3.16), we easily obtain that

t
(3.17) M, = / E(V) exp(U°)dD,., t € [0, 7).
0
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Consequently M is a stochastic integral w.r.t. the martingale D, hence M is a local martingale. Moreover, since it
is the sum of a bounded process and a continuous adapted process (hence locally bounded), M actually belongs to
Mo (P).

O

Let us consider again the cadlag process V' defined in (3.13), which is a modification of (v(¢, X;)) by Proposition
3.10. The characterization of the probability measure Q* defined in (3.8), which is equivalent to the reference probability
measure [P, as solution of a martingale problem naturally requires the use of Girsanov’s theorem. Notice first that D &
H? .(P) since it is a bounded martingale taking into account (3.9) and Hypothesis 3.1. In particular, for any M € H2, (P),

(M, D) is well-defined under P. Let us then recall the Girsanov’s theorem in our context, see for example Theorem 3.11,
Chapter III in [26] along with Proposition 3.5 item (i), Chapter III in [26] for the positivity of D.

Theorem 3.11. (Girsanov). Let M € H?OC(IF’). Under Q* the process D is strictly positive (up to indistinguishability)
and the process M — fo ﬁd(/\/l, D), is a Q*-local martingale.

About the martingale problem verified by Q*, we need to specify the linear operator a2 and its domain. For the
moment let ¢ € D(P) and let us apply then Theorem 3.11 to M = M|¢] so that we need to compute the bracket
(M{[¢], D) in order to find the expression of a® (¢). This, by (3.17) with M = M|v], is equivalent to computing the
bracket (M([¢], M[v]). Indeed, since D is strictly positive P-a.s., the same holds for V' by (3.13). By (3.17) we have

(M1} Mlul) = [ ¥ [Velexp(U2)a(M 161, D).

0
so that
“exp(—U?
(161.D) = [ T aialol. )
consequently
1 _ (e (=) _ [ dMIg), M[v]),
(3.18) [ R

also taking into account (3.13).
Assume now for a moment that ¢pv € D(P). Since v € D(P) and V,. = v(r, X,.), dr ® dP-a.e., by Proposition 3.10,
(3.18) becomes

(3.19) /0 Di_ <M[¢]7D>T:/O' Wdr:/o' d<M[¢%M[v]>r :/O‘ F(qi,(z;,)()?;;(r)dn

where I'(¢, v) is given by (3.4) with ) = v, see Lemma 3.7. Combining Theorem 3.11 with the previous equality, a
natural candidate for the operator @ of the martingale problem verified by Q* would be a?” (¢) = a¥ (¢) + W for
any ¢ € D(P) verifying ¢v € D(P). In view of what precedes, we introduce the following Ideal Condition fulfilled by a
probability measure [P and a linear subspace D C D(P).

Condition 3.12. (Ideal Condition). The element v of L° characterized by (3.11) is an element of D(P), such that ¢v €
D(P) for all ¢ € D.

Remark 3.13. The Ideal Condition will be later verified essentially for any subalgebra D C D(P), under the general
hypothesis that P is Regularly Markovian, see Definition 5.7. This will be the object of Corollary 5.13. Alternatively,
in Appendix A, we show the validity of the Ideal Condition under the existence of a C%!-solution of a PDE, i.e. (A.3).

Therein we do not suppose that P is Regularly Markovian.

Setting v = 1) in Lemma 3.7, we can formulate an alternative formulation of the Ideal Condition 3.12.
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Corollary 3.14. Let D C D(PP) a linear subspace. The following statements are equivalent.

1. (P, D) fulfills the Ideal Condition.
2. There exists a linear operator T'V : D — L, such that for all ¢ € D,

(3.20) (M[g], M[u]) = / T(6)(r, X, )dr-
Moreover
(3.21) I(¢) = a" (vg) — va" (¢) — pa” (v).

Proof. This result is a direct consequence of Lemma 3.7, the only thing to check being the linearity of I'” which imme-

diately follows from (3.21) as aP is linear. O

We can then state the kernel result of the paper.

Theorem 3.15. Let our reference measure P verify Hypothesis 3.3 (Markov property). Let i be the law of Xo and
D C D(P) be a linear subspace of D(P) such that (P, D) verifies the Ideal Condition 3.12 and v : [0,T] x R? — R
characterized by (3.11). Let Q* be the probability measure defined in (3.8).

Then Q* is solution to the martingale problem associated to (D, a?’, V) in the sense of Definition 2.6, where, for all

¢ D,

(3.22) a® (¢)(t,x) == d (¢)(t, @) + W
(3.23) (o) i=o(0,2)uds)/ [ o0ty

Remark 3.16. In particular D C D(Q™).

Remark 3.17. As we mentioned in the introduction our Theorem 3.15 has some similarities with Theorem 4.2 from [34]
which supposes the existence of a (so-called) ”good function” (according to Section 1 in [34]) v : R¢ — R, which in
particular belongs to D(P).

1. Our Theorem 3.15 implies the result of Theorem 4.2 in [34] under their assumption, at least under, the technical
hypotheses on f = a¥(v) /v and g := —log(v) to be lower bounded. In this case we are in position to apply our
Theorem 3.15, which entails the statement of Theorem 4.2 in [34]. Indeed, the particular assumption “D¥ = D(A) “
of Theorem 4.2 in [34] implies the validity of our Ideal Condition for (P, D) when D is the whole extended domain
D(P).

2. Theorem 4.2 in [34] (stated in the time inhomogeneous setting) can be used to prove our Theorem 3.15. If we
assume that the process in [34] is of the form (t, X) with time horizon T and X being an inhomogeneous Markov
process, considerations just above (3.11) automatically provide the existence of a good function v on the basis of a
running cost f and a terminal cost g. That function v is made explicit in Section 5 when P is regularly Markovian,

where the Ideal Condition is always verified.

Proof of Theorem 3.15. We first check item 1. of Definition 2.6. Let ¢ € Bb(Rd, R). Then, taking into account (3.13)
and (3.14),
1

E?" [1(Xo)] = E¥[Do3h(Xo)] = MEP[U((),XO)¢(X0)]~
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Hence £ (X)) = v, where v is defined in (3.23). It remains to check item 2. of Definition 2.6. Let ¢ € D. Theorem 3.11
states that under Q* the process M|[¢] — [ id<M [¢], D), is a local martingale. Now by (3.19),

1 @),
| gty = [ O

where 'V is given by Corollary 3.14, and under Q* the process

" p () (r, Xy
0. X) = 60.X0) = [ @) Xpar — [ S Sear
—6(.X) = 9(0.X0) - [ a¥ (@)X, )ar
0
is a local martingale. This concludes the proof. O

Of course two peculiar cases arises in the following, which will be explored in the sequel.

Hypothesis 3.18. Let b € B([0,T] x R4, R?), o € B([0,T] x R R*). Let L :[0,T] x R? x B(R?) be a Lévy kernel
in the sense of Definition 2.1. We fix a truncation function k : R — R, i.e. a bounded real function defined on R equal

to the identity in a neighborhood of zero.

1. We suppose that P is solution to the martingale problem with respect to (D, a, 1), where y € P(R?), D :=D(a) :=
05’2([0171] x R R) and a(¢) is given as

() (t,2) = D (t,2) + (Vad(t, ), b(t,2)) + 5 Trloo” (1,2)V36(1,)

(3.24)
+ /Rd (0t x+q) — ot x) — (Vao(t, x), k(q))) L(t, z, dg),
forall ¢ €D.
2. (P, D) verifies previous item 1. replacing the non-local operator (3.24) with
(3.25) a(6)(1,2) = 0ep(t,2) + (Ve (t,2),b(t, ) + L Trloo” (,2) 9260, 2),
forall p €D.

Remark 3.19. Let assume Hypothesis 3.18 2. Theorem 2.42, Chapter II in [26] implies that, for all ¢ € CZ(R?) the

process

600) = 0(%0) = [ (To0)(Er X )i = 5 [ Trloo (r. X V26X,

0
_ /O /Rd(QS(Xr_ +y) —o(X,) — <Vx¢(Xr),y>k(y))l/X’P(dr’ dy),

is a local martingale under P. By (3.25), since the characteristics are uniquely determined, we have v*¥ = 0. This

implies that the jump measure 1 vanishes and the process X is P-a.s. continuous.

4. Extension of the Carré du Champ under P

In this Section 4 we further characterize the operator I' appearing in Theorem 3.15 and introduced in Corollary 3.14.
Let now P be our reference probability measure and v : [0,7] x R? — R be a Borel function verifying (3.11) such that

(P, D) fulfills the Ideal Condition 3.12. We start by an assumption on the P-compensator of the jump measure i~ .

Hypothesis 4.1. (Compensator). The P-compensator vXF of the jump measure u~ of X verifies vXF (X, dt,dq) =
dtL(t,X,_,dq), where L is a Lévy kernel in the sense of Definition 2.1.
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Lemma 4.2. Assume that P verifies Hypothesis 4.1. Let ¢ € D(IP). Let ® be the cadlag modification of ¢(-,X.). Then
(Pt )ieo, ) and (¢(t, X¢—))ieo, 1) are P-indistinguishable.

Proof. In this proof we make use of the notion of quasi-left continuous processes and predictable stopping time, see
Definition 4.3 below.
Let 7 be a predictable stopping time. By Theorem 86, Chapter IV in [16], it will be enough to prove

4.1) O, =¢(r,X,-) P-as.

on {7 < +o0}. We write
t
42) B, = M[6], + 6(0, Xo) + / o (8)(r, X, )dr, t € [0,T).
0

Let now (S,,)n>1 be a localizing sequence for M[¢] verifying fOTAS” |a® (¢)(r, X,.)|dr < n. Tt will be sufficient to prove

(4.3) (IDT,I{T<5"’} = (;5(7’, XT,)1{7.<5”} P-a.s.

To prove what precedes, on the one hand, taking the limit ¢ — 7 A §,, from the left in (4.2) yields

TAS,
“44) Brpsy = Mlblons,)— + 60, Xo) + / o (8)(r, X, )dr.

On the other hand, by 1.17, Chapter I in [26], {T < S,,} € F,_ for all n > 1. Setting X = M[¢]° in Lemma 2.27,
Chapter I in [26], by the same Lemma we have that

4.5) M[B)(rns,)- =EF [M[¢];ns, | Fr-] on {1 <S,}.
As fOTAS"' |a¥ (o) (r, X,.)|dr <n € L*(P), by (4.5) and (4.2) evaluated at t = 7 A S,, we get

M[¢)(rrs,)— =B [M[g]rns, | Fr-]

=EF [®, s,

Fr] - 6(0,Xo) /O T @) Xy on {7 <Sa)
Replacing M[¢](-ps,)— in (4.4) we get
Dps,)—- =E [®rps, [Fr] on {7<S,},
that is
(4.6) O 1pres,y =E [¢(1, X7)|Fr ] 15,y Pas.,

Hypothesis 4.1 implies that v**F (X, {t} x R?) = 0 identically. By Corollary 1.19, Chapter II in [26], the process X is
quasi-left continuous under P in the sense of Definition 4.3 and we have AX, =0 P-a.s. Hence ¢(7, X ;) = (7, X )
P-a.s. Moreover, since 7 is F.-_-measurable by 1.14, Chapter I of [26], then ¢ (7, X _) is F,_-measurable. Consequently
(4.6) then yields

“@.7 C,_lircs,) = o(T, XT_)1{7-<3"} P-a.s.

and therefore (4.3). This concludes the proof.

Definition 4.3. The definition below is Definition 2.25 in Chapter I in [26].
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1. A cadlag process X is called quasi-left continuous if AX,; =0 a.s. on {T < +o0} for all predictable stopping
times T, see Definition 2.25 in Chapter I in [26].
2. We recall that the notion of predictable stopping time is defined for instance in Definition 2.7, Chapter I in [26].

Proposition 4.4. Let P € P(Q) and let D C D(P) be a linear subalgebra. Assume that (P, D) verifies the Ideal Condition
3.12 and that P satisfies Hypothesis 4.1. Given T by (3.21), we define the linear operator TV : D — B([0,T] x R4, R)
by

“38) V¢ ()(t, 2) = TV () (t, ) — /]R (wlta+q) — olt,2))(O(t2 +q) — 6(1,2)) (1, da).
for ¢ € D. Then
4.9) (M), M[6]f] = /0 U)X, )dr Pas.

Remark 4.5. The identity (4.9) also shows that TV*° can be considered as a map D — L.

Proof of Proposition 4.4. Let ¢ € D. Using the notation (3.2), let M [¢] and M [v] be the cadlag local martingales, which
belong to H2 _(IP), also taking into account Proposition 3.10. Hence [M [v], M [¢]] € Ajoc(IP) by Proposition 4.51, Chapter

loc

I'in [26], which, taking into account
(4.10) [M[v], M[g]] = [M[v]°, M[¢]] + [M[v]*, M[]%],

yields [M[v]?, M[¢]?] € Ajoe(P).
By Theorem 4.52, Chapter I in [26], we have

4.11) (M), M[g]"] = Y AM[],AM[¢], = Y AV,A®,,

0<r<- o<r<-
where V and ® are cadlag versions of v(-, X.) and ¢(-, X.) respectively. By Lemma 4.2, P-a.s., for all » € [0, 7],
AV, =V, =V, =v(r,X,) —v(r,X,—)=v(rX,- + AX,) —v(r,X,_)
and
A, =&, — D, = o(r, X,) — b, X, ) = 6(r, Xo + AX,) — b, X, ).

Therefore equality (4.11) a.s. gives

@12 (ML MY = Y ((r Xom + AX,) —v(r, X,0) (@, X, + AX,) - 6(r, X,))
o<r<-

= /]0 | Rd(v(r, Xo_+q)—v(r, X)) (p(r, Xo— +q) — o(r, X)) (dr, dgq).

Since the left-hand and right-hand side of previous equality are cadlag, they are also indistinguishable. Since
[M[v]?, M[$]9] € Ajoc(P) we have

(4.13) / W(r, X,_,q)u™ (dr,dq) — / W(r, X,—,q)vXF(dr,dq)

10, ]xR4 10, ] xRd
is a local martingale, where W (¢,z,q) := (v(t,z + q) — v(t,2))(¢(t,z + q) — ¢(¢,z)). Consequently [M [v]¢, M [$]?] —
fm’_]de W (r,X,_,q)v*F(dr,dq) is a local martingale. Since the process jiof]de W(r,X,_,qv*F(dr,dq) is pre-
dictable, we have that

(4.14) (M[v)*, M[p]?) = / W(r, X,—,q)v*F(dr,dg) P-as.
10,-]xR4
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Let 'V be the linear operator defined in (4.8). Now (4.10) implies (M [v], M[¢]) = [M[v]¢, M [$]¢] + (M [v]?, M[¢]9).
By (3.20) and (4.14), we have that

/ T(6)(r X, )dr = [M[u]°, M[6)] + / W(r, X, F(dr,dg) P-as.,
0 10, ] xR

which immediately yields

/0 TU(9)(r, X, )dr = [M[o)°, M[g]Y] Pas.

This concludes the proof. O

Proposition 4.4 states that, under Hypothesis 4.1, the operator I'” can be decomposed into a jump part and a continuous
component 'V given by (4.8). We now extend this new operator I'”*° from D (being a domain of a martingale problem)
to a wider domain ID. By assumption, for every ¢ € D, ¢(-, X.) is a special semimartingale. This will allow to identify a
unique decomposition for ¢(-, X.) even for an important class of non-special semimartingales.

The extension of I'":¢ will naturally intervene in the formulation of the martingale problem verified by Q* in the

examples in Section 6 when the process X is not a special semimartingale under IP. For ¢, € D(PP), let d. be defined by

[M]¢]° — M[Y]r
L+ [M[g] = M[y]]r

(4.15) de(p,10) :=TEF

Remark 4.6. 1. The application d. introduced by (4.15) is a semidistance in the sense that it is non-negative, sym-
metric, verifies the triangular inequality but d.(p, 1)) might be O even if ¢ # ).
2. d. is homogeneous in the sense that d.($,v) = d.(¢ — ,0) for all ¢, € D(P).

We endow LY defined in Notation 3.5, with the natural metric

foT |¢ - 1/}‘(7"’ Xr)dr ] )

4.16 dro(é,1) :=EF
(10 (@) 1+ [ |6 —|(r, X, )dr

Definition 4.7. (Closure of D). A linear metric space (D,dp), where dp is a homogeneous distance, is said to be a
closure of D if the following holds.

1. D is dense in D with respect to the metric dp.
2. de.+dpo <dponD.
3. The map ¢ — [¢(-, X.), N| is continuous from D to D“P with respect to the metric dp for all continuous P-local

martingales.
Remark 4.8. The following statements are equivalent, given a continuous P-local martingale N.

1. ¢ [p(-,X.), N] is continuous with respect to dp.
2. ¢ [p(+, X.), N] is continuous in zero.
3. Forall g €D, ¢ [¢(-, X.), N]| exists.

1 & 2 is obvious, whereas 2. < 3. follows from the Banach-Steinhaus theorem for F-spaces, see e.g. Chapter 2.1 in [18],

taking into account Definition 2.2 item 1.

Proposition 4.9. Letr (D, dp) be a closure of D in the sense of Definition 4.7. Let ¢ € D. Then ¢(-, X.) is a weak Dirichlet

process in the sense of Definition 2.2.
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Proof. Let (¢,,),>1 be a sequence of elements of D such that dp(¢,,,¢) — 0. In particular, d.(¢n, d) — 0,
- n—+00 n,m——+00

that is [M [, ]° — M[dm]] T % 0. We consider the unique special semimartingale decomposition
n,m——+oo

¢7z('7X-) = M[d’n]c + M[¢n]d =+ /0 aP(d)n)(Ta Xr)dr = M[¢n]c + A(d’n)a

where M [$,,]¢ (resp. M[¢,]?) is a continuous (resp. purely discontinuous) local martingale. By Problem 5.25, Chapter
1 in [27], the sequence (M [¢,]°)n>1 is a Cauchy sequence in D"P. Consequently there exists a continuous process M
such that M[¢,]° B _>—+>OO M P-u.c.p. Since the space of continuous P-local martingales vanishing at 0 is closed under
u.c.p. convergence, M is a continuous P-local martingale. Clearly ¢, (-, X) — ¢(-, X.) dt ® dP-a.e.

We set A(¢) := ¢(-,X.) — M. Let N be a continuous P-local martingale. To establish that ¢ (-, X.) is a weak Dirichlet
process with decomposition M + A(¢), we need to prove that

(4.17) [A(¢), N] =0.

(4.17) holds for ¢ replaced by ¢,, € D since A(¢,,) has bounded variation. To establish (4.17), we only need to prove that
1 — [A(), N] is continuous from D to D““P. This follows because ¢ — [¢)(-, X.), N] is continuous by assumption and

1 — [M[y]¢, N] is also continuous by Kunita-Watanabe inequality, taking into account that d. < dp.
O

From now on, we will denote M [¢]¢ the unique continuous local martingale of the weak Dirichlet decomposition of
o(-, X.), see Proposition 2.3.

Example 4.10. 1. Suppose that D = C; 2 and X such that X is a weakly finite quadratic variation process, for
instance

T 2
X - X
sup / Mdr < +00, P-a.s.
0<e<1Jo £

We also suppose Hypothesis 4.1. Consider D = C%'. Obviously D is dense in C°' and ¢(-, X.) is a special semi-
martingale, and in particular a weak Dirichlet process, for all ¢ € D. By Theorem 4.3 in [3], under P the canonical
process X is a weak Dirichlet process. Let X = M€ + A be the unique decomposition under P according to Propo-

sition 2.3. By Theorem 3.37 in [3], the unique continuous local martingale part M[$]° of ¢(-, X.) is

(4.18) Mg = /.(Vm)T(r, X, )dX;.

0

It is clear that djo < dp. Concerning d., for all ¢ € D, (4.18) implies

. P o
[MIg]]r = UO (Vm)T(r,Xr)deL Z/O B0, d(r, X,) 0, b, X, )d[X S, X ],

ij=1

Now if ¢y, W 0inC%, clearly [M[¢]¢] W 0 in probability under P and it follows that d.(¢,,0) — 0.

n—-+oo

For any ¢ € CO, ¢(-, X.) being a weak Dirichlet process, taking into account (4.18) we have

(6, X.), N] = [M[g]°, N] = / (V.0)T(r, X, )d[X°, N].

So the continuity of ¢ — [¢(-, X.), N| immediately follows from the previous equality. We conclude from the above
that D is a closure of D. We remark that Theorems 3.37 and 4.3 in [3] are stated in the one-dimensional framework

but they can be easily extended to the multidimensional case.
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2. We assume moreover that X has finite variation and has a discrete number of jumps and that X; = gt(AX s), P-
a.s. We set D = Cg’o. Then for all ¢ € D,

O, Xe) =D (A¢(s, X,)), P-as.

s<t

We have M [¢]° =0 and

where
F@)0) = [ @+ 0) = S(r)Ls (v, do),
R

and M @)% is a purely discontinuous local martingale. Consider D = C°° so that dy is the metric of C*° compatible
with the uniform convergence on compact sets. We remark that d., given by (4.15) vanishes so that d. + dpo < dp.
Let ¢ € D. Since ¢(-, X.) has bounded variation, [¢(-, X.), N| exists for all continuous local martingale N and is
equal to 0, see e.g. item d) of Proposition 4.49, Chapter I in [26]. In particular ¢ — [¢(-, X.), N] is continuous
and D is a closure of D. The map I'° =0 by (4.9) and so its extension to D is also trivially zero.

Before proving the main result of this section, we extend the operator I'" introduced in Proposition 4.4 from D to D.

Proposition 4.11. Let D C D(P) a subalgebra and (D,dp) be a closure of D. Assume that (P, D) verifies the Ideal
Condition 3.12. Assume moreover that P verifies Hypothesis 4.1 and let T'V>° be the operator given by Proposition 4.4.
The operator TV : D — L° extends continuously to D — L°: we will keep the notation T'V>° for the extension and we

still have

4.19) /0 TU()(r, X, )dr = [M[o]°, M[@]6]  P-as.

Proof. Since dp is homogeneous, in order to prove the continuity extension property, it is enough to check the continuity

of I'>¢ in 0. Let then (¢, ), >1 be a sequence of elements of D such that dp(¢.,, 0) —+> 0. Previous convergence implies
= n—-+0oo

that d.(¢n, 0) = 0, hence [M [, ]| % 0 and up to a subsequence we can assume that
n——+00o n—-+0o0
(4.20) [M[¢n]lr — 0 P-as.

n——+oo

By (4.9) in Proposition 4.4,

4.21) / T () (1, X, )dr = [M[0], M{pn]Ye,

for all ¢ € [0, 7. By Kunita-Watanabe inequality, for all 0 < s < ¢,

(4.22) |d[M (0], M6 (5,1]) < VM 0]l — [M[0]]s v/ [M[@n]]e — [M[n]Ts,

hence, by Cauchy-Schwarz inequality,

A

sup{zId[M[v]cvM[%]C]l(]ti1%])} {Z([M[v]chm—[M[v]”}ti)} {
i=1 —

=1

([M[d)n]c}twl - [M[¢n]c]tz)}

i=1

(4.23) = M ]]r v/ [M[dn)]7,
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where the supremum is taken over all subdivisions 0 =to < t; <...<t, =T of [0,T]. (4.23) and (4.20) then imply that
d[M[v]¢, M [¢,]¢] — 0 in the total variation norm for signed measure on [0, T']. This immediately yields by (4.21) that

T
o X P-a.s.
| o) = 0 Pas.

hence dro(¢y,0) —+> 0 and the conclusion follows.
n—-+0oo
Concerning (4.19), let ¢ € D and (¢,,) converging to ¢ in dp. By Remark 3.6, for ¢t € [0, 7] we write

t

(M), M[g]], — / T () (r, X,.)dr

0

t

< [M[v]*, Mg = ¢n] e + | [M[v]%, M[¢n]]]: —/0 L%(¢n) (7, Xy )dr

¢
(4.24) —|—/O [Ty, — &)|(r, X, )dr.

Using Yamada-Watanabe inequality, the fact that d. + dyo < dp, taking the limit on the right-hand side of (4.24), we get
the left-hand side is zero.
This concludes the proof of (4.19).
O

Proposition 4.12. Assume that under P the canonical process X is a weak Dirichlet process with unique decomposition
X = X°+ A given by Proposition 2.3. Assume moreover that P verifies Hypothesis 4.1 and that D is dense in D = C%1.
Then DD is a closure of D in the sense of Definition 4.7 and for all ¢ € D, (t,z) € [0,T] x R,

4.25)  T@)(tx) = (T (id)(t, 2), Voo (t, 2)) + /Rd (v(t,z +q) —v(t,2))(o(t, x + q) — (¢, x)) L(t, x, dg),

with T'V¢(id) := (TV¢(id;) ), < ;<4 TV being the linear operator given by Proposition 4.11.

Proof. The fact that D is a closure of D was the object of Example 4.10 item 1. Concerning the proof of (4.25), we see
from (4.8) in Proposition 4.4 that it is enough to show that

(4.26) T (¢, ) = (DU<(id)(t, ), Vad(t, ) dt ® dPx,-ae.

Recall that for all ¢ € D, by (4.19), we have

(427) [ @) Xy = e, Mg,
0

In particular, taking ¢ = ¢d;, which is an element of I,

(4.28) /0 TV id) (r, X, ) dr = (Mo, Mlid)€] = [M[0]°, X°],

where M[id] := (M|id;])1<i<a- Let ¢ € D. Taking into account the definition of LY, it is enough to prove that
(4.29) [MTv]*, M[¢]] = /Oh(quﬁ)T(T, X )PV (id)(r, Xy )dr

Now, since X is a weak Dirichlet process under P, Theorem 3.37 in [3] yields

(430) MG = 0(0.X0) + [ (7.6)7 (. X, )ax:.

Finally

[M[v]e, M[g]¢] = / (V26) T (r, X, )d[M[]°, X°].
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gives (4.29) using (4.28).

5. Ideal Condition in the Regular Markovian framework
In this section we propose a general framework in which the Ideal Condition 3.12 holds. Most of the following definitions
are taken from [4] and [6].

Definition 5.1. (Markov canonical class). Let (P*) (s 1)c[0,1]xra be a set of probability measures on (§2, F) with cor-
responding expectation operator maps (E*%)(; yepo,1)xra- (P*%) (s 2)e0,1)xre s called a Markov canonical class if
P$%(X, =2,0 <7 <s)=1forall (s,7) €[0,T] x R% and for any s <t <u <T, A€ B(R?), x — P*>*(A) is Borel

and
5.1 P?(X, € A| F) =PXt(A) P5-as.

We will say that (P*®) (s 1)co,1)xrd is measurable in time if (s,x) — P**(A) is Borel for all A € F.

Remark 5.2. A consequence of Proposition B.1 in the Appendix is that for every (s,1),0 < s <t < T,x € R%, Ps*
verifies Hypothesis 3.3, i.e. the Markov property.

Remark 5.3. Ler (P57 )(s,z)e]0,T]xre be a Markov canonical class. Let Z be a random variable. The proof of the
following facts can be found in [4], Proposition 3.10.

1. We fix s € [0, T) and assume that B |Z) is well-defined for all x € R?. Then x + E**[Z] is Borel.
2. Assume moreover that (P*%) (s 1)c[0,1)xre IS measurable in time and that B> [Z] is well-defined for all (s,x) €
[0,T] x R% Then (s,z) — E**[Z] is Borel.

Definition 5.4. (Zero-potential set). A € F is said to be a zero-potential set if for all (s,x) € [0,T] x R, P*%(A) =0.

We refer to [4] and the references therein for more details on the properties of Markov canonical classes. We will need

the notion of Markovian martingale generator which extends the notion of extended generator introduced in [6].

Definition 5.5. (Markov martingale domain and generator). Let (Ps’w)(s,z)e[o,T]de be a Markov canonical class. We
say that ¢ € B([0,T] x R?,RY) belongs to the Markov martingale domain D(a) if there exists a (unique up to a zero-

potential set) function x such that the process
(5.2) M(g)>* :=115,1)() (¢(-,X-) —¢(s,z) - / x(r, Xr)dr)
has a cadlag modification which is a local martingale under P*%, for all (s,z) € [0,T] x R%. We set

(5.3) a(¢) :==x, V¢ € D(a),

a:= a(P>") is called Markov martingale generator of (P*%)(, »)cjo,r)xre- D?(a) will denote the set of elements ¢ €
D(a) such that M[¢]*>® € H3, (P*®) for all (s,z) € [0,T), whereas D?,(a) will denote the set of elements ¢ € D*(a)
such that d{M[p]**) < dt for all (s,z) € [0,T] x R%.

Remark 5.6. Clearly D(a), D?(a) and D?,(a) are vector spaces.
As stated in Section 3 we require more regularity on the reference probability measure P.

Definition 5.7. (Regularly Markovian). A probability measure P € P () is said to be Regularly Markovian if there
exists a measurable in time Markov canonical class (P*) s 1)c[0,7)xre and a probability measure . € P(RY) such that
P= fRd PY®(dzx). The mentioned Markov canonical class will be said associated with P and 1 will be referred as the

initial law.
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In the rest of the section, we are working with a Regularly Markovian probability measure P associated with
(P*%) (s,2)e[0,7] xre and initial law 4.
For all (s,z) € [0,T] x R? we set

T
(5.4) v(s,x) =E>* lexp (—/ f(r, X )dr — g(Xﬂ)] .
Lemma 5.8. v € B,([0,T] x R% R) and fulfills (3.11). Moreover v € D(P) and a (v) = fv.

Proof. v € B,([0,T] x R% R) by Remark 5.3. By the Markov property, provided by Lemma B.5 it is clear that the
function v given by (5.4) satisfies (3.11). The result then follows from Proposition 3.10. O

Remark 5.9. v defined in (5.4) is independent of the underlying Markov canonical class (P**). Indeed, suppose that
P is associated with another Markov canonical class (Psx ). In this case (5.4) would characterize another function v.

Nevertheless we know by Remark 3.5 that v =7 in L°.

Remark 5.10. Choosing P =P%*, Lemma 5.8 yields that v € D(P%®) so that M [v]>* € H2 _(P*?) for all x € R? and

loc

s = 0. Analogously this extends to all s € [0,T). In particular, v is an element of D?(a).

By Lemma 5.8 the function v defined by (5.4) verifies (3.11) and constitutes a good candidate to satisfy the Ideal
Condition 3.12 with respect to the Regularly Markovian probability measure PP. It remains to find a suitable domain
D C D(P) such that vg € D(P) for all ¢ € D, or equivalently to prove the existence of an operator I'V : D — L° such
that (3.20) holds, see Corollary 3.14. This is the aim of the crucial Proposition 5.11 below, whose proof is postponed to
the Appendix C for the sake of clarity.

Proposition 5.11. Let (Ps’z)(s,I)e[O,T] «rd be a Markov canonical class. We have the following.

1. There exists a bilinear map T : D%,(a) x D%(a) — B([0,T] x R4, R) such that for all 1) € D*(a), ¢ € D2,(a) and
forall (s,z) € [0,T] x R4,

5.5) (M[3%%, M), = 1,.19() / (6 0)(r, X, )dr P*"-as,

Let P be a Regularly Markovian probability measure associated with (PS’I)(SJ)G[QT] «Rrd and initial law (.

2. Let v defined in (5.4). There exists a linear map T’V : D2,(a) — L such that for all ¢ € D?,(a),

(5.6) (Mg, M[v]) = / TU@)(r, X, )dr Peas.

0

Remark 5.12. Given ¢,, the function T'(¢, 1)) is uniquely defined up to a zero-potential set. In fact, to be rigorous, this

means that the operator I takes values in the linear space of classes of Borel functions up to zero potential sets.

The following corollary is the main result of this section.
Corollary 5.13. Let P be a Regularly Markovian probability measure and let D C D3, (a) C D(P) be a subalgebra,
where D?,(a) is given by Definition 5.5. Then (P, D) verifies the the Ideal Condition 3.12.

Proof. By Lemma 5.8 v is an LO-version of the one introduced in (3.11). Moreover, ¢v € D(P) for all ¢ € D, by
Proposition 5.11 item 2. and Corollary 3.14. O
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Remark 5.14. The function v is a (so called) decoupled mild solution of the Pseudo-Partial Differential Equation

a(v) = fo
o(T,.) =gy,

in the sense of Definitions 5.3 and 5.13 in [6]. This extends the case illustrated in the Appendix A, where v is either a

classical or a strong solution of the PDE (A.3). In the general case v is a priori only measurable.

6. Examples of applications

In this section we will provide examples of probability measures P which are solutions of martingale problem with
respect to (D, a, 1), for some integro-PDE operators a. In this case (P, D) will fulfill the Ideal Condition 3.12 since PP is
a Regularly Markovian probability measure, associated with peculiar examples of Markov canonical classes.

Remark 6.1. 1. In this section v will be the Borel function defined in (5.4).
2. Tv¢: D — LO is the map defined in the sense of Proposition 4.4; the same notation will refer to its extension to the

closure on D = C°! in Proposition 4.11.
6.1. Markovian jump diffusions

We focus in this section on the case of Markovian diffusion with jumps, namely when (IP, D) satisfies Hypothesis 3.18

item 1.

Hypothesis 6.2. 1. P is regularly Markovian in the sense of Definition 5.7
2. D C D?,(a), where the latter set was defined in Definition 5.5

Remark 6.3. We list below some cases in which Hypotheses 3.18 and 6.2 are fulfilled.

e b, o, fltzl <1 lq|?L(-,dq) have linear growth uniformly in t, o is bounded continuous and non-degenerate, see Theo-
rem 5.2 in [28].
* There is no diffusion component, b is bounded continuous, (t,z) — [ %gp(q)[/(t,x,dq) is continuous for all

¢ € Cp(R?) and sup Joa(L A q[?)L(t, 2, dq) < 400, see Theorem 2.2 in [40] for the existence and Theo-
(t,2)€[0,T] xR
rem 3 in [29] for the uniqueness. This typically includes the case of a-stable Lévy processes, for instance Cauchy

processes.

Proposition 6.4. Let (P, D) verifying Hypotheses 3.18 item 1. and 6.2. Set j:= L¥ (Xy). Let v be defined in (3.23) and
v by (5.4). Then the exponential twist Q* given by (3.8) is solution of a martingale problem (D, a?, v) and for all € D

¥ (9)(t,2) = a(¢)(t,2) + (Voo(t,2), T (0) (1, 2))

6.7)
+ / (v(t,2+ q) — v(t,2)) (Bt + q) — Blt,2))L(t, . da),
Rd
where
(6.8) L'(v)(s,z):= [Fvyc(idi)(svx)]lgigdv

where I'V>¢ is the map introduced in Remark 6.1 2.

Proof. Corollary 5.13 states that (P, D) fulfills the Ideal Condition 3.12. Notice that I also verifies Hypothesis 4.1. The
result is then a direct application of Theorem 3.15. taking into account Proposition 4.12.
O
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6.2. The case of Markovian diffusions

We consider here the particular case of Brownian diffusions, when (P, D) verifies Hypothesis 3.18 item 2.

Remark 6.5. We emphasize that we do not make any assumption on the coefficients o,b of the martingale problem.
In fact, we do not even require local boundedness of these coefficients. All the results of this paper are based on the
properties verified by the probability measure P (in particular the Regularly Markovian feature) without any restriction

on the generator a of the underlying martingale problem.
Remark 6.6. Hypothesis 6.2 is verified for instance in the following cases.

e 0,b have linear growth and o is continuous and non-degenerate, see [43] Corollary 7.1.7 and Theorem 10.2.2.
e d =1 and o is lower bounded by a positive constant on each compact set, see [43], Exercise 7.3.3.

e d=2 00 is non-degenerate and o and b are time-homogeneous and bounded, see [43], Exercise 7.3.4.

e 0,b are Lipschitz with linear growth (with respect to the space variable, independently in time).

¢ 0,b are bounded continuous, see Chapter 12 in [43] and the Markov selection therein.

Corollary 6.7. Let (P, D) verifying Hypothesis 3.18 item 2. and Hypothesis 6.2. Set 1 := LF(Xy). Let v be defined in
(3.23) and v by (5.4). Then the exponential twist Q* given by (3.8) is solution of a martingale problem (D, a?’, v), where
forall p € D

(6.9) a () (t, ) = Bpp(t, ) + <Vz¢(t,x), b(t,x) + W> + %T?“[UUT(t,x)Viqb(t,x)],
where
(6.10) L'(v)(s,z) = [ch(idi)(svx)]lgigdv

where I'V°° is again the map introduced in Remark 6.1 2.

Proof. Since L =0, the probability measure PP verifies Hypothesis 4.1 and the result is a direct application of Proposition
6.4. O

Remark 6.8. When the function v is an element of C*', then Proposition A.1 implies that T'(v) = oo " V,v. Indeed, by
Lemma 5.8, a¥ (v) = fuv.
In the more irregular case when P is only Regularly Markovian, T'(v) can then be interpreted as a generalized gradient,

see [6] for more consideration on this notion.

We state now some consequences which will be used in the companion paper [10], when the coefficients b, o have
linear growth. To avoid more technical conditions we will suppose the initial condition to be deterministic, i.e. u = d,,

for some z € RY.

Hypothesis 6.9. 1. The coefficients b, o in (3.25) satisfy
(6.11) b(t, )| + llo(t, 2)[| < C(1 + [x),

for some constant C > 0.
2. o is uniformly elliptic in the sense that, for all (t,x) € [0,T] x R, ¢ € R, £Too ' (t,2)€ > ¢, |€|?, for some

constant c5 > 0.

Lemma 6.10. Assume Hypothesis 6.9. Let P be a solution of the martingale problem (D, a,d,) for some x € R and
operator a defined by (3.25). Let v be the function defined in (5.4) and T'(v) defined in (6.10). Then for all 1 < p < 2,

EY VOT

p

L) X[,

v(r, X'r) < +o00.
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Proof. Since Hypothesis 6.9 holds, (P, Cb1 ’2) verifies Hypothesis 6.2, see Remark 6.6. Then by Corollary 6.7, under Q*
the canonical process decomposes into

"T(v)(r, X,)

dr+ MY
o(r X, M

t
(6.12) Xi=x —|—/ b(r, X,.)dr +/
0 0
where M@ is a Q*-local martingale such that (M@"), = fot oo ' (r, X,.)dr. This decomposition is a direct consequence
of Proposition 5.4.6 in [27], noticing that the martingale problem verified by P extends to D = C1:2([0,7],R%). On the
other hand, since H(Q*|P) < +oo, Theorem 2.1 in [30] gives the existence of a progressively measurable process « such
that

T
(6.13) EY / lo " (r, X,)a|2dr | < 400,
0
and under Q* the canonical process has decomposition
t t B
(6.14) X :x—|—/ b(r,XT)dr—i—/ oo’ (r, X,)a,dr 4+ M;,
0 0

where the Q*-local martingale M verifies (M), = |, (f oo (r, X,)dr. Identifying the bounded variation and the martingale
components between (6.12) and (6.14), we get M = MY and

(6.15) oo (-, X ). =T (v)(-, X.)/v(-, X.), dt ® dQ*—a.e.

Besides, since ||dQ*/dP|| o < +00, the linear growth of o and classical moments estimates under P’ yield

T
(6.16) EY / o (r, X,.)||9dr
0

< 400,

forall ¢ > 1. We then fix 1 < p < 2. By Holder’s inequality applied on the measure space ([0,7] x ,B([0,T]) ® F,dt ®
dQ*), it holds that

*

T
EQ / loo " (r, X, )a,|Pdr
0

T
<=7 / lo(r, X2 [Plor " (o, Xr)ozrpdT]
0

T 17?/2 T p/2
S(E@* / |a(r,Xr>||2p/<“>er (E@* l/ |aT(r,Xr>a,.|2er :
0 0

Combining previous inequality with (6.13) and (6.16), taking into account (6.15), yields

T
/
0

p

) X[

T
’U(T,XT) :]EQ* / |O'0’T(7»,Xr)ar|pd,r. < 400.

0

The corollary below constitutes a key tool in [10].
Corollary 6.11. Let X be a solution in law of the SDE
dXt = b(t, Xt)dt + O'(t, Xt)th

X():ZL'7
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where b, o verify Hypothesis 6.9. Then there exists a function 3 € B([0,T] x R%, R?) such that exponential twist Q* given
by (3.8) is the law of a weak solution of the SDE

dXt = (b(t,Xt) + ﬁ(t,Xt)) dt + O'(t,Xt)th

XQZLE.
Moreover, 3 € LP([0,T] x R, dt @ dQ*) forall 1 <p < 2.

Proof. Since Hypothesis 6.9 holds, (]P’,C; "2) verifies Hypothesis 6.2, see Remark 6.6, so that we can apply Corollary
6.7 and Lemma 6.10. The result follows from the equivalence between weak solution of stochastic differential equations
(SDE) and solution of martingale problems associated to (D, a) where a is given by (3.25), see e.g. Proposition 5.4.6 in
[27].

O

6.3. SDEs with distributional drift

We apply in this section our result to a more irregular framework where the reference probability measure P is solution of
a martingale problem with parabolic generator a(¢) = 9;¢ + (V¢,b) + 1 A¢ where the drift b= (b', ..., b%) is a (vector
valued Schwartz) distribution. We will use throughout this section the formalism and some of the results from [25]. Let
S(R%) be the space of Schwartz functions with values in R and let S’ (R?) be the space of Schwartz distributions. For
7 € R we denote C” (R?) the Besov space B, - For details on Besov spaces we refer to Section 2.7 in [1]. In particular,
for any ¢ € C%(R?), ¢ € C~P(R?) for o, 3 > 0 such that o — 3 > 0, one can define the pointwise product ¢ € C~#(R%).

We also define C7F (R4) := |J C*(R?). CJ(R?) will denote the set of elements of C¥(R?) with compact support. Finally
a>y

we denote C) (R) the space
CY(RY) :={p cCT(RY) : I(¢,) C CY(RY) such that (¢,,) — ¢ in CY(R?)}

and we define the spaces C) T (R9) as C7+(R?).
Let 0 < 8 < % According to Theorem 4.5 in [25] there is a unique probability measure P being solution to the
martingale problem (with distributional drift) with respect to (D, a, 11), where

D= {¢ cC ([o,T],c<1+5>+(Rd)) . Jpe O ([0,T),C0* (RY)) such that
(6.17)
¢ is a weak solution of a(¢) = ¢ and ¢(T,.) € €£1+B)+(Rd)}

and a(¢) = 0,0 + (V,0,b) + 2A¢ for a drift b € C ([0,7],C A+ (R?)). We remark that (V,¢,b) 1=, 9,,¢b’ and

the products 9, ¢b’ are pointwise products.

Remark 6.12. 1. The aforementioned probability measure P is Regularly Markovian since it is the Zvonkin transform
of a probability measure fulfilling a martingale problem of the same type as the one in the first bullet point in
Remark 6.6, see Theorem 3.9 in [25]. Also, since the martingale problem can be solved for any deterministic initial
condition we have D C D?,(a).

2. The martingale problem in [25] is stated on the canonical space of the continuous functions on C([0,T],R?)
instead on D([0,T],R%). However, using similar arguments as in the discussion following Remark 6.6 at the
level of the Zvonkin transformed process, one can show that the jump measure is necessarily zero, whenever the

martingale problem is formulated in the space of cadlag functions.

We are now ready to characterize the solution Q* to Problem (1.3) in this framework.
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Proposition 6.13. Let (P, D) introduced above. Set ji := LF(Xy). Let v be defined in (3.23) and v by (5.4). Then the
exponential twist Q* given by (3.8) is solution of a martingale problem (D, a?’, v), where D is given by (6.17) and

o (¢) = alg) + <w7 L) > |

v
where I'(v) := (I'"(id;)), << 4 is provided by Proposition 4.11.
Proof. Corollary 5.13 together with Remark 6.12 imply that (P, D) fulfills the Ideal Condition 3.12. Moreover under
P the canonical process X is a continuous weak Dirichlet process by Proposition 5.11 in [25] applied with f =id. In

particular, IP verifies Hypothesis 4.1 with L = 0. Since D is dense in C°'! by Lemma 5.7 in [25], we can apply Proposition
4.12 which says that D = C%! is a closure of D and

I'(¢) = (V¢,I'"(id)), V¢ € D

and I'"¢(id) is provided by Proposition 4.11. The result then follows from Theorem 3.15. O

Appendix A: PDE characterization of v: an illustration in the case of Markov diffusions

In the whole section, our reference measure PP will be supposed again to fulfill the Markov property 3.3 but not necessarily,
a priori, to be Regularly Markovian. We assume on the other hand that P fulfills item 2. of Hypothesis 3.18.

We recall that a is given by (3.25). We recall that, in this case D = C; 2 c D(P), see Remark 3.6 item 3.

By Remark 3.19 X is continuous. By obvious extension arguments we can replace D with C»? and by Proposition 4.6
in Chapter 5 of [27], we easily obtain that

t
(A1) Mlid), == X, — Xo— | b(r, X,)dr
0

is a continuous local martingale satisfying
t
(A.2) [M[id]]; = / oo (r, X,)dr.
0

Alternatively to the Regularly Markovian property, we focus on the PDE
a(w)(t,z) =w(t,x)f(t,x), (t,2) € [0, T[xR?
(A3)
w(T,.)=e 7.
The aim of the proposition below is to show the validity of the Ideal Condition provided we find a solution of (A.3).

Proposition A.1. Suppose there is w € C*1[0, T] x R?) belonging to D(P) and verifying a® (w) = fw. Assume moreover
that w is bounded. Then w is an L°-version of the function v which is defined by (3.11) Moreover it fulfills the Ideal
Condition 3.12 and for all ¢ € D, we have

(A4) T%¢(¢) := (Vo0) oo V.
Proof. By assumption, for all ¢ € [0, 7] we have
t
w(t, X¢) =w(0,Xo) + / (fw)(r, X, )dr + M[w]y,
0

where M [w] is a local martingale. Then by integration by parts, the process

exp (-/Ot fr, Xr)dr> w(-, X))
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is a local martingale, which is a genuine martingale since it is bounded. Consequently, by taking the conditional expecta-

tion with respect to F; and making use of the Markov property (3.1) we get

T
exp (—/t f(r, X )dr — g(XT)>

for all ¢ € [0,T]. So w verifies (3.11), and by Remark 3.5, w = v in LO.
It remains to prove that (P, D) fulfills the Ideal Condition 3.12. Since w € C%!, by Theorem 3.37 in [3], v(-, X.) is a

weak Dirichlet process with local martingale component

w(t, X;) =EF

Xt] P-a.s.,

M[v] =v(0, Xo) + /O.(VIU)T(T, X,)dM{id),,

where M[id] is given in (A.1). Consequently for all ¢ € D, taking into account (A.2) in the fourth equality
Ml = [0 X), 0 X)) = [ (V6T (r, X, )1 M),
-/ (Vo) X, M i), M]),
= /O t(Vzas)T(r, X,)oo T (r, X,)Vao(r, X, )dr

t
= [ty xar
0
where I'":¢(¢) is given by (A.4). The Ideal Condition then follows by Corollary 3.14 applied to ¢ = v. O

Example A.2. We provide below some examples of application of Proposition A.1.

1. Suppose that w € C; 2 is a (classical ) solution of (A.3). A direct application of It6’s formula proves that a* (w) =
fw = a(w) so that we can apply Proposition A.1 which tells that w = v in L° and v is a classical solution of (A.3).

2. We focus now on the case of strong solutions in the sense of Definition A.3 below.

Definition A.3. A function w € B([0,T] x R% R) is called a strong solution to equation (A.3) if there exists a
sequence (W, frn,gn) of Borel functions w,, € Cbl’Q, fn € B([0,T] x R4 R) and g,, € B([0,T] x R%, R) verifying
the following.

(i) wy, is a classical solution of equation
a(wp)(t,x) = frn(t,2)wy(t,x), (t,x) € [O,T[de

(A5)
wn(Tv ) = 6_9”7

(ii) (W, fn, gn) converges uniformly on compact sets, towards (w, f,g) as n — +oo.

3. We show below, via Proposition A.1, that the Ideal Condition holds when w is a C*'-strong solution of (A.3). Let
(Wn, [, gn) be the associated sequence. In this case, w,, € D(P) and for all t € [0,T),

Wt X2) = wn (0, Xo) + / (Fuwn)(r, X, )dr + M)y

Recall that the space of continuous local martingale is closed under u.c.p. convergence. Letting n — 400 in the

previous equality in the u.c.p. sense then yields

w(t, X) — w(0, Xo) —/0 (Fw)(r, X, )dr = M[wl,, t € [0,T],
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where Mw] is a continuous local martingale. Hence w € D(P) and af (w) = fw. Since w € C%* by assumption,

Proposition A.1 applies, so that v is a strong solution of (A.3).

Appendix B: Markov property

The objective of the section is to prove that a reference probability P, which is Regularly Markovian verifies the Markov
property (Hypothesis 3.3).

Proposition B.1. Let (IP’S’I)(37JB)E[O7T] «Rrd be a Markov canonical class in the sense of Definition 5.1. Then for all 0 <

s<t<T, FeBy(D([t,T],R%),R) it holds that

B [F((Xadueporm) | Fi = EXX [F((Xy)uefo )

We first prove a weaker version of this proposition in order to apply a functional version of the monotone class lemma

to prove Proposition B.1.

LemmaB.2. Foralln>1,t<t; <...<t, <T, f € By((RH)",R),
ES7[f(Xeys .-, Xe,) | Fi] = EVX (XY, .., Xt,)] PH%-as.
Proof. Let first f1,..., f,, belong to By(R%, RY), ¢t <t; <...<t, <T.Let B € F;. We first prove by induction that

(B.1) ES* [1pf1(Xe,) . fo(Xp, )] = E5F [1ESY [f1(Xy,) . fo(X,)]] -

For n = 1, the property holds for any f of the form f = 14, A € B(R?) by the definition of a Markov canonical class, see
(5.1). Then by pointwise approximation of any positive function f € B,(R%,R*) by an increasing sequence of simple
functions and the monotone convergence theorem for the conditional expectation, the property is also true for any f €
By(R?, R*). This extends to any f € B,(R?, R) by setting f = f — f_.

Let now n > 2 and assume next that the property (B.1) holds for n — 1. By the tower property of the conditional

expectation as well as (5.1) in Definition 5.1, we get
B [Lpfi(Xe,) o Sl Xe, )| = B [EV[1(X0) o falXe,) | Foo ]
=B [1pf1(X0) - fot (X, JE[fa(X0,) | Fr, ]
=B [1pfi(Xe)) o foma (Ko DB X0 (X2,

where the latter equality holds because of the first step of the induction. Now the function

fr(@y,.. o xn 1) € R His fi(x1) ... fo(Tn_1) B2, (X, )]

belongs to By ((R?)"~1, R). By the tower property and the induction step n — 1 we get (B.1) for the integer n.

From the linearity and the monotone convergence theorem of the conditional expectation, we see that the class H :=
{A € BRY)®™ | E**[1p14] = E5 [15EX¢[14]]} is a monotone class (A-system). From (B.1), applied with fi =
14, for some A; € B(R?), 1 <k < n, we see that H contains the 7-system P := {A € B(RY)®" | A= A; x ... x
Ap, Ar, .. Ay € B(RY)}. Since o(P) = B(R?)®™ it follows from Theorem 19, Chapter I in [16] that H = B(R%)®".
Finally by approximation of any positive function f € B, ((R%)",R*) by an increasing sequence of simple functions and
the monotone convergence theorem for the conditional expectation, it holds for any f € B, ((R?)",RT) that

(B.2) ES* [1pf(Xeys.. s Xe,))] = E2° [1EN [f( Xy, ... X2,)]]

and (B.2) can be extended to any f € By((R?)",R), by setting f = f, — f_. Finally the induction property is verified
and the conclusion follows. O
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Proof of Proposition B.1. Let
H:={F eBy(C([t,T)),R) | E¥* [F((Xu)uepo,r)) | Ft] = EbX [F((Xu)uep, )]} -

By linearity of the conditional expectation,  is a vector space. By monotone convergence of the conditional expecta-
tion, if (Fn)nzl is a non-negative increasing sequence of elements of A such that 0 < F,, < F},1; for all n > 1, then
sup,,>; Fl, € H. Finally C be the class of all cylindrical sets on D([¢,T],R?), that is

C={{Xy, €A1,.... X, €A} [ neENt<H <. .. <ty Ay,..., Ay € BRY)}.

Then we get from Lemma B.2 that 1 € H for all C' € C and by Theorem 21, Chapter 'in [16] H = B,(D[¢,T],R). O

We generalize slightly Proposition B.1 in the case when F' is a non-negative measurable function, not necessarily
bounded. We recall to this aim the existence of a generalized version of the conditional expectation for non-negative
random variable. We refer to Remark 39, Chapter [ in [16].

Proposition B.3. (Generalized conditional expectation). Let (Q, F,IP) be a probability space. Let M be a non-negative
random variable on (Q, F). Let G C F be a sub-o-algebra of F. There exists a unique non-negative G-measurable
random variable with values in [0, +00], denoted E[Y'|G], such that for E[14Y] =E[14E[Y|G]] for all A€ G.

Proposition B.4. Let (Ps’x>(s7m)e[07T]XRd be a Markov canonical class in the sense of Definition 5.1. Let F' €
B(D([t, T),R%), [0, +00]). Then

(B.3) E* [F((Xu)uer,)|Fe] = B [F(Xu)ue )] P -aus.

Proof. Let n € N. By Proposition B.1, (B.3) holds for F' replaced by F' A n, and we have

(B.4) E** [F((Xu)uep,m) An|Fe] =EXX [F(Xu)uep,r)) An] PP -as.

On the one hand, by the monotone convergence theorem for the conditional expectation, P**-a.s. we have

(B.5) E** [F((Xu)uepe,r) An|Fe] — B [F((Xu)uep,m) | Fe] -

n—-+oo

On the other hand, for all y € R?, by monotone convergence

EYY [F(Xu)uep,ry) An] — EYY [F((Xu)uep1)] >

n—-+oo

hence

(B.6) E"Y [F(Xu)uepm) An] — EYX [F(Xu)uep,r))] PP -as.

n—-+oo

We emphasize that the conditional expectation in the right-hand side of (B.5) and (B.6) are to be understood in the sense
of Proposition B.3. This shows the validity of (B.3). O

Lemma B.5. Let P € P(Q) be a Regularly Markovian probability measure in the sense of Definition 5.7 with associated
Markov canonical class (P*") (s 1 ejo.1|xwra and initial law p. Then for all t € [0,T), F € By(D([t, T],R?),R),

E*[F((Xu)uerr,m)IFi] = E [F(Xu)uep )| Xe] = BV [F(Xu)uepr,m)]  P-as.

In particular P verifies the Markov Property Hypothesis 3.3.
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Proof. We set Z := F'((Xy)uept,17)- Let A € F;. By definition of P as well as by Proposition B.1 we have
EF [Z14] = /Rd E**[Z14]p(dz)
- /]R E%* [E**[Z|Fy)1a] p(dz)
- / EVE 2] ()

=EF [E"**[Z]14]

and the conclusion follows immediately from the last equality by the definition of the conditional expectation. O

Lemma B.6. Let P our reference probability supposed to fulfill Markov property Hypothesis 3.3.
Then, the probability Q* defined by (3.8). also verifies the same Markov property.

Proof. Lett € [0,7) and F € B(D([t,T],R%),R). It holds

P 4Q*
(B.7) 59 [P (%)) | 7] = E* [F ((];[)d;”;t)] ol ft]
Then
EP {dc(l%* ]—'t} =EP [exp (_ /OTf(n X, )dr —g(XT)> ]—"tl

(B.8) =exp (- /Ot f(r, X,.)dr> EF |exp (- /tTf(r, X, )dr — g(XT)> ft]

=exp ( /075 f(r, Xr)dr) E” |exp ( /tTf(r, X, )dr g(XT)> |Xt1 )

where we have used Lemma B.5 for the latter equality. Similarly,

EP [F ((Xr)re[t,T]) %

—exp (— /Ot f(r, Xr)dr) EF

Combining (B.8) and (B.9) with (B.7), we get

7|
(B.9)

F (X0, ey ) exp <_ /tT Flr, X,)dr — g(XT)> ‘th .

o [F ((X'r)re[t,T]> exp <— S F e, X)dr — Q(XT)) ’Xt}
P {exp (f 17 £, X )dr — g(XT)) ‘Xt}

(B.10) EY [F ((Xr)re[t,T]N}—t} -
This concludes the proof. O

Appendix C: Proof of Proposition 5.11

(a) We first prove item 1. The existence and uniqueness of I'(¢, 1) for any fixed ¢ and 1 follows directly from Corollary
D.12 item 2. It remains to check the bilinearity of the operator I'. Recall that D?(a) and D3, (a) are vector spaces,
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see Remark 5.6. Let then \, 1 € R, ¢1, o € D2,(a), 1 € D?(a). Let (s,x) € [0,T] x RZ. It holds that M [A¢; +
pd2]®® =AM [p1]%" 4+ pM[p2]** P**-a.s. and

(M1 + el MESJ®). = N7, MISJ®). + i(M[ga]*7, MISJ*®). P*o-as.

which yields
(MG + pa]** ML) =14y () [ TG+ pon, ) X )dr Poas
and

(M[AG1 + o, M) = Mgy () / D60, ) (X, )dr + il () / D, ) (r, X, )dr P-as,

S S

The previous equalities hold true for all (s,z) € [0, 7] x R? and by uniqueness of T'(A¢; + ¢, 1) up to a zero-
potential set, we get I'(Ad1 + o, 1) = A (¢1,10) + ul(¢2,%). Similarly for all ¢ € D3, (a), 11,12 € D?(a), we
get T'(o, Mpy + pabe) = AL (h, 1) + pl(¢, 102), hence the linearity of T in the first variable ¢. The linearity in the
second variable v follows by almost identical arguments. This proves item 1.

(b) Let ¢ € D?,(a). We first show that

(C.1) M|¢] € H,.(P).

Let (7,,)n>1 be the sequence of stopping times given by

Ty := inf {t €[0,7] : /OtF(¢7¢)(r, X, )dr > n} ,

where T'(¢, ¢) is given by item 1. which fulfills (5.5). Then for any = € R?,
TNATy,
E07w [[M[QS]OJ]T/\T”] = EOJ [<M[¢]O’I>T/\Tn} = EO,w / F(¢7 ¢) (Tv Xr)d'r‘| <n
0

and M[¢)*% is an element of #(P*). Furthermore, for all ¢ € [0, T,

EIMOI) = | B0 (ML) ) = [ B0 (1016l ] o) <.

d
and M|¢], € L*(P). Let then 0 < ¢ < u < T be fixed and F € F,. Since M[qﬁ]f);\z;n is a PO“-martingale for all
x eRY,

B 1M (hanr, | = [ B [1MI6105, | utde) = [ B0 [1eblollz, | o)

=E" [1pM[¢inr,] -

It follows from what precedes that M[¢]..,, € H?(P), that is (C.1).

(c) Before proving item 2. we make some preliminary computations. We recall that v € D?(a) by Remark 5.10. Set
I'V(¢) :=T(¢,v) for all ¢ € D?,(a), where T is given by item 1. Clearly I'? is linear since I is bilinear, again
by item 1. Assume for a moment that there exists a localizing sequence (Sy,),>1 such that (M [¢]|M[v])ins, —
ngS" () (r, X, )dr belongs to L*(P) for all t € [0, 7] and (M[¢]>* M[v]%%).As,, — (M[¢]%, M[v]%%) 15, is

a genuine P%-*-martingale for p-almost all z € R?. We will show below that

€2) (M[g], M[v]). = / @) (r, X, )dr Pas.

0
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Indeed, forall 0 <t <u <T and F € F;, (5.5) implies that

E]P’

uAS,
1r ((M[¢]M[v])uASn - /0 PU((ZS)(Tv X,Jd?“)]

uAS,
:/ E* |}F ((M[Qﬁ]o’mM[v]O’x)uAsn —/ I(¢)(r, X,-)dr)] p(dz)
Rd 0

- / BT [Lp (M[8]" M0 uns, — (M[9]*", M[v]*")uns, )] uldz)
(C3) !
= /}R BN [ (M) M) )ins, = (M16]"", M[v]**)ins,,)] n(de)

tASy
:/Rd EO,x llF ((M[¢]O’xM[U]O’w)t/\sn _/0 FU(¢)(Ta Xr)dr>] :U’(dx)

=EF

tASy,
1p ((MWM[U])msn —/ I(¢)(r, Xr)drﬂ -

0

It follows that the process (M[p]|M[v]).ns, — fdAS" I'Y(¢)(r, X, )dr would be a (P, F;)-martingale. Hence
(M[g]M[v]). — [, T(¢)(r, X, )dr would be a (PP, F;)-local martingale and since the process [, I'V(¢)(r, X,.)dr is

predictable, we could conclude (C.2).
(d) We prove now item 2. Let (0, ),,>1 be the sequence of stopping times given by

oy = inf {t €0,7] : /Ot f(r, X )v(r, X, )dr > n}

As v is bounded, the process M [v]oi”sn is bounded by L,, := 2||v||oo +n for all 2 € R, Moreover, since M [v].;

is a bounded local martingale, it is a genuine P*?-martingale and we deduce that (¢,,),>1 is a localizing sequence

for the local martingale M [v]%* for all x € R%. Hence forany 0 <t <u < T, F € F;, we have

B (1M [oluna, ) = [

B0 (LMo, | ude) = [ B0 [Ledloli, ] n(do)

=EF [1pM[v]ino,]-

The process M [v] is a locally bounded P-local martingale, hence M [v] € H (P). Let ¢ € D2, (a). We set

loc

¢ ¢
Sy, :=inf {te [0,T] : / (¢, ¢)(r, X, )dr > nor / |Fv(¢)|(T,X7«)dT2TL} N
0 0
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The process N := (M[p]®* M [v]%%).ns, — (M[p]%%, M[v]®%) 15, is a PO®-local martingale and for g-almost
all z € R, for all ¢ € 0,77,

M“%w|M]QWﬂwmMMWWMme@@+M@%w\me%MM“m&]
0<t<T 0<t<T 0<i<T

o 1/2 TAS,
< L,E™® [ sup (M [(b]txfsn)ﬂ +E l /0 IF“(¢)(T,Xr)dr1

0<t<T
TAS,
A |Wwwxwﬁ

1/2

1/2

< 2L, B [(M[g]%)rhs, ] +E®

TAS,
§2L,LE0’I/ (g, 0)(r, Xr)dr| +n
0

<2Ln\/n+n,

where we have used the BDG inequality for cadlag local martingales (see e.g. [32]), recalling that by definition of
S, and (5.5), EO [(M[¢]"%)srs,] = EO [ S D6, ) (r, Xr)dr] < n. Tt follows that (M[¢]%% M[0]%%).ps, —
(M[g]%*, M[v]%*) rs, is a genuine P*“-martingale all = € R?. This realizes the program of item (c) which im-

plies (C.2) and finally (5.6) is verified, hence item 2.

Appendix D: Local Martingale Additive Functionals

The aim of this section is to extend the results of [4] to the case of (what we call) locally square integrable Local
Martingale Additive Functionals. We emphasize that the following is just a careful reading of the proofs of the results in
[4] with slight modifications, and that all the technicalities have already been treated by the authors of [4]. In the sequel
we will denote A := {(t,u) € [0,T] : t < u}. In the whole section (P*), ,)c[0,7]xrs Will be a measurable in time
Markov canonical class in the sense of Definition 5.1. For the sake of conciseness, the P**-completion of any sub-o-field
G C F will be denoted G** instead of G The following is Definition 4.1 in [4].

Definition D.1. On (2, F) we define a (non-homogeneous) Additive Functional (AF) as a random-field A := (A!); u)ea
indexed by A with values in R verifying the two following conditions.

1. Forany (t,u) € A, Al is F; -measurable, where those o-fields were defined in Section 2
2. For any (s,z) € [0,T] x RY there exists real cadlag (F;")-adapted process A** (taken equal to 0 on [0, s[ by
convention) such that for any * € R? and s <t <u, Al = AT — A} PS*-a.s. for every (s,z).

AT will be called the cadlag version of A under P**,

Definition D.2. (Local Martingale Additive Functional). Let A := (AZ)(t,u)e A be an AF in the sense of Definition D. 1.
Let A®* be its cadlag version under P5*. A will be called a Local Martingale Additive Functional (LMAF) (resp. a

locally square integrable LMAF) if A%™ is a local martingale (resp. a locally square integrable local martingale).

More generally, an AF A will be said to verify a certain property (being increasing, non-negative, locally integrable...)
if its cadlag version A®*% satisfies this property under P*%.

We start by a small lemma of independent interest which is more or less the end of the proof of Proposition 4.4 in [4].

Lemma D.3. Let t €]0,T[ be fixed. Let G C Fy 1 be a sub-c-algebra of Fy 1. Let (My,)n>1 be a sequence of G-
measurable random variables such that for all (s,z) € [0,t] x RY the sequence (M,,)n>1 converges in probability under

PS:®, Then there exists a G-measurable random variable M such that

(D.1) M, 5 M, V(s,z) €0, x R™.

n—-+oo
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Proof. The difficulty comes from the fact that the convergences in the statement are in probability P*** and not P*®-a.s.
We first assume that for all n > 1, M,, > 0. For all z € R%, denote M*“* the limit of (Mn)nZI under P%%, namely

(D.2) M, B5 st

n—-+oo

Since M,, is G-measurable for all n > 1, M"® is G“*-measurable and by Proposition 3.12 in [4], there exists a G-

measurable random variable a;(x,w) such that
(D.3) as(z,w) = MH* PH*-as.

Let us prove that there exists a B(R?) ® G-measurable version of (z,w) + a;(z,w). For any integer k > 1, we set
af (z,w) :=k A a;(z,w). We then define for all z € R%, k > 1 and n > 1 two positive measures Q%" and Q%* on G as
follows, for all G € G:

i) Q©F"(G) =B [La(k A My));

i) Q*F(G) := E4*[1gal (z,w)].
It is clear that k& A M,, converges in probability towards £ A M*“* under P**. Since the sequence (kA M,,),,>1 is uniformly
bounded by k, the convergence also takes place in L*(IP%®). Hence, for any G € G,

2QUPMG) — BN [lg(k A M) =E " [1gay (z,w)] = Q" (G),

n—-+o0o

where we used (D.3) for the first equality. Moreover, for fixed G € G, by Remark 5.3, z — Q%*"(Q) is Borel. Thus
x +— Q%(G) is Borel being a pointwise limit of Borel functions. We recall that F is separable. Combining these two
previous properties, along with the fact that Q*** < P allows to prove the existence of a B(R%) ® G-measurable version
of the density dQ®* /dPP**. This fact follows from Theorem 58, Chapter V in [17]. Hence there exists a B(R?) ® G-
measurable version of a¥ (x,w), still denoted a¥(z,w). Then a;(z,w) = Eglig af (z,w) is also B(R?) ® G-measurable.

We can now set M (w) := a¢(X;(w),w). Clearly, for any = € R? it holds by (D.3) that
(D.4) MY = M P"*-as.

It remains to prove (D.1). Let (s,z) € [0,¢] x R. Let € > 0. Recall that M,, — M is G-measurable and that G C F; 7. We
have

P**(|M,, — M| > €) =E>* [P**(|M,, — M| > €| X¢)] (tower property)
= E5* [P (|M,, — M| > ¢)] (Markov property (3.3)).
For any fixed w € Q, PHX¢(@)(|M,, — M| > €) — 0 as n — 400 by (D.2) and (D.4), hence by dominated convergence
theorem, E**[PHXe (| M, — M| > €)] = 0, which implies (D.1). Now if M,, are not non-negative, setting M, :=
n—-+oo

(My,)+ and M, := (M,)_ and applying what precedes, we get the existence of two G-measurable random variable
M and M~ satisfying (D.1). Let M := M — M ~. Then M is G-measurable and (D.1) is verified. This concludes the
proof. O

We will often make use of Lemma D.3 in the sequel of this section. The following result generalizes Proposition 4.4
in [4].

Proposition D.4. Let (M.)(;.u)en be a LMAF and for any (s,z) € [0,T] x R%, [M**] be the quadratic variation of its
cadlag version M** under P**. Then there exists an AF denoted ([M]!))(;.uyea and which has cadlag version [M*7]
under P>* for any (s,z) € [0,T] x RY.
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Proof. Let 0 <t <u <T be fixed. Let t =t} <t} < ... <t =u be a sequence of subdivisions of the interval [¢,u]
such that max(t}, ; —t}') — 0. By definition of the quadratic variation P***-a.s. it holds that
<n n—-+oo

t 2 $,T $,x 2 poe s,T $,x
©5) > (M) =2 (M, M) T ML=
<n <n

no\2
for all (s,z) € [0,t] x R%. The random variable >, _,, (Mf;‘;ﬂ) is F; -measurable for all n > 1 and F;,, C Fy 1.

no\2
Lemma D.3 applied with M,, =", <n (Mtt{a»l) and G = F, ,, gives the existence of an F; ,-random variable M;* such
that

2 s,
n P* "
(D.6) 3 (Mtt:iﬂ) o My

for all (s,z) € [0,¢] x R?. The identification of the limits (D.5) and (D.6) yields M} = [M**], — [M*%]; P**-a.s. for
all (s,z) € [0,1] x R™. O

In the following me make use of the notions of predictable projection, see Theorem 2.28, Chapter I in [26]. We will
also make use of the notion of compensator of a bounded variation process (resp. random measure) introduced in Theorem
3.18, Chapter I (resp. Theorem 1.8, Chapter II) in [26].

Proposition D.5. Let (BZ)(t,u)E A be a locally integrable increasing AF with corresponding cadlag version B*™ under
Ps% for (s,x) € [0,T] x RY. Let A*® be the compensator of B*® in (2, F5, (F2")ieto,r), P5"). Then there exists a
locally integrable increasing AF A := (AZ)(t’u)eA so that, under any P> | the cadlag version of A is A>™.

Proof. Let 0 <t < u <T be fixed. The proof follows the same lines as Proposition 4.5 in [4]. In that paper (BZ)(t,u)e A

has L'-terminal value. We split the proof in two steps. The first one consists in showing that
(D.7) V(s,z) €10,1] x RY, A" — AJ® is F;; -measurable.

The second part of the proof consists in showing the existence of an F; ,-measurable random variable A!, satisfying
Al = A3T — AP PST-as. for all (s, ) € [0,¢] x RY.

1. Let us fix (s,z) € [0,7] x R%. For any F € F*%, let N be the cadlag version of the martingale r
E*®[1p|F,]. Then the predictable projection of the process r — 1ply ,((r) is r — fo"’Fl[t’u[(r), which is a
non-negative bounded predictable process. Let (7,,),,>1 be a localizing sequence for the process B**. Then A%’
is the compensator of B’ , see for example 3.20, Chapter I in [26], and by Definition 73, Chapter VI in [17] it

holds that

UNTp
D.8) B [Lp (A5, — ASE )] =E* [ / Nf’f’FdBf.ﬂ .
t

NTn

UNT, F . . .
The sequences (Ayx,, — A, ), -, and ( Sire N dB,‘?"”) ., are P5*-a.s. increasing after a certain rank.
> n>

Letting n — 400 in (D.8) yields by monotone convergence
(D.9) ES* [1p (AD" — APT) =E57 [/ Nf’I’FdBf’“'] .
t

Assume now that F' € F; 7. Lemma 4.7 in [4] provides the existence of an F; ,-random variable denoted
[ NF dB, such that for all (s,z) € [0,t] x R%, [ NF dB, = [ N>*"dB3* P*-as., and in particular it
holds

(D.10) ES" [1p (A5 — A7) = E5° [ / Nder} for all (s,z) € [0,#] x RY.
t
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This statement corresponds to the one of Lemma 4.9 in [4]. We prove now
(D.11) ES% [ADT — AP | For) = AT — APY P%-as.

For this, the rest of the proof of the first part of Proposition 4.5 in [4] can be reproduced, the only difference being
that one has to use the generalized conditional expectation for non-negative random variables, see Proposition
B.3. It is necessary in our setting as for instance, the quantity E** [1r (A5 — A;"™)] might not be finite. Yet this
version of the conditional expectation has the same characterization as the usual conditional expectation and the
Markov property still holds, see Proposition B.3 and Proposition B.4. We thus conclude that (D.11) is verified.
Finally, by definition, the compensator is adapted so A$* — A" is F2>*-measurable. The relation (D.11) implies
that A3® — AP® is F;p-measurable. Since F; 7 = F»® N F; 1, we deduce that A3" — A} is F;;-measurable
for all (s,z) € [0,¢] x R%, namely (D.7). This concludes the first part of the proof.

2. The second part of the proof follows the proof of the second half of Proposition 4.5 and is very similar to the one
of Lemma D.3. From item 1., since A5 — A}" is Ffff -measurable, by Proposition 3.12 in [4] there exists an

Fi w-measurable random variable a;(x,w) such that
(D.12) ar(z,w) = ALT — ADT PhToas,

Let us prove the existence of a B(R?) ® F; ,,-measurable version of (z,w) — a;(z,w). For every x € R?, we define

the positive measure on F ,,
(D.13) Q(F) :==E"* [15 (44" — A)™)] = EM"[1pay(z,w)).

The measure Q® is o-finite for all 2 € R%. Indeed, we set E,, := {w € Q : |as(z,w)| <n} € Fin forall n €N,
and Eo ={w € Q : |a¢(z,w)| = +00} € Fy . Then Q= (U, e En) U B, Q(E,,) <n < +oo forall n € N
and Q(Es) = 0 by (D.12), noticing that A%* — AD™ is finite P»*-a.s. Recall that by (D.10) we have

QQ:(F) :]Et,w |:/uNTFdBr:| ,
t

yielding that x — Q*(F) is Borel for any F' € F;, by Remark 5.3. As Q% < P* and Q° is o-finite for all
x € R%, Theorem 4 in [15] gives the existence of a B (Rd) ® Fi,-measurable version of the density dQ*/ dPhH®,
hence the existence of a B(R%) ® F; ,,-measurable version of (x,w) + a;(x,w), still denoted a;(z,w). We now set
Al := a;(X;(w),w), which clearly is F; ,,-measurable and satisfies A! = A%* — AD® PH2_a 5. It remains to prove
that the previous equality holds for all 0 < s <. This is a consequence of the Markov property, see the end of the
proof of Proposition 4.5 in [4].

Summing up, for all 0 < ¢ < u < T, there exists an F; ,-measurable random A’, such that for all (s,z) € [0,¢] x R4,
Al = A5" — AT P7-as. (AL)@,u)en is then the desired AF, which concludes the proof. O
The following result is a direct consequence of Proposition D.5 and the polarization identity.

Corollary D.6. Let M, N be two locally square integrable LMAFs with respective cadlag version M** and N*7 under
P$% . Then there exists a bounded variation AF denoted ((M, N)!) ¢ w)ea with cadlag version (M**, N**) under P**.
Denoting (M) = (M, M) we also have

((M+N)—(M—N)).

> =

(D.14) (M,N) =

Proof. Let (s,z) € [0,7] x R% It is clear that M + N and M — N are locally square integrable LMAFs, hence by
Proposition D.4 there exist two locally integrable AF [M + N] and [M — N] with respective cadlag version [M % + N**]
and [M*®* — N*7] under P**.
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We recall that, given N € H7 (P*), the compensator of [A/] is the oblique bracket (\), see e.g. Proposition 4.50,
Chapter I in [26]. Consequently, by Proposition D.5 applied with B = [M + N] (resp. B = [M — NJ)), there exists an
increasing locally integrable AF (M + N) (resp. (M — N)) with cadlag version (M** + N*%) (resp. (M % — N5%))
under P**. We then define the AF (M, N) by (D.14), which by polarization has cadlag version (M** N*%) under
Ps. O

Remark D.7. We denote Pos((M,N)) := 1(M + N) and Neg({M,N)) := +(M — N) the increasing AF with respec-
tive cadlag version %(MS’“J + N**) and i(MS"'” — N*%) appearing in decomposition (D.14).

The following result can be seen as an extension of Theorem 5 in [33] to time-dependent LMAF. The proof is inspired
by the proof of Lemma 4.7 in [4]. First of all we recall that given a local martingale, there exist a continuous local
martingale M¢ and a purely discontinuous local martingale M? (vanishing at zero) such that M = M€ + M¢9, see
Theorem 4.18, Chapter I in [26].

Proposition D.8. Let M be an LMAF with cadlag version M*® under P> for (s,x) € [0,T] x R%, and let M5 (resp.
M*®4) be the continuous (resp. purely discontinuous) component of M**. There exists an LMAF M? (resp. a locally
square integrable LMAF M°¢) with cadlag version M (resp. continuous M*%¢) under P5*.

Proof. In this proof, p** (resp. v**)) will denote the jump measure (resp. its compensator), of M**. Let 0 <t <u <T
be fixed. We split the proof in two steps.

1. The first step of the proof consists in building a cadlag version 7 € [t,u] — M} of the random function r € [t,u]
M verifying the following:

1) M,’f is F -measurable for all r € [t, u];
i) Mt = M>® — M™" P5*-as. for all (s,z) € [0,1] x R%.

For all r € [t, ul, since (M})_, is non-negative, we can define M5+ := limiinf (M), and we set M/>" := M, the
VLT
veE(t,u]lNQ

final time. Notice that M%7 has right-continuous paths by construction and it is (F;, )-progressively measurable
by Theorem 17, Chapter IV of [16], being the corresponding filtration right-continuous. We prove just below that it
is P**-indistinguishable from (M** — M;"") , forall (s,z) € [0,] x R?. Indeed let (s,z) be fixed. By definition
of M, there exists a P**-null set A" such that for all v € [t,u] € Q and w € N¢, M} (w) = M5 (w) — M;"" (w).
Then for w € N it holds

Miﬁ'(w) = hI,LI)ll}r‘Hf (M7€)+
veE[t,u]NQ

= liminf (M (w) — M;"" (w))
UGE[:/:LJ]ﬁQ

T
= (M (w) = M7 (W)
where we used the right-continuity of M **(w) for the last equality. Now let again r € [t,u]. Then M} is F; ,-
measurable for all v € [r,u] and since the filtration (F) is right-continuous, M is F; ,-measurable. The exact
same construction provides a cadlag process M~ such that for all r € [t,u], M!~ is F; ,-measurable and M*~
is P*®-indistinguishable from (M*>* — M;**)_ for all (s,z) € [0,¢] x R%. We now set M* := M4+ — M4,
From what precedes, M is JF; ,-measurable for all 7 € [t,u] and the process M is P**-indistinguishable from
M>* — MJ® for all (s, z) € [0,¢] x R%. By Theorem 18 b), Chapter IV in [16], it follows that the set

W/, :={weQ : thereis a cadlag function / such that M" = h on [t,u] N Q}



36

belongs to F; ,,. We now set M* := Mtlwg’u- The process M is cadlag, M is F; ,,-measurable for all 7 € [t, u],
even though not necessarily progressively measurable. Yet M is still P**-indistinguishable from M?®** — M}
for all (s,x) € [0,#] x R?. Indeed M? is P*"-indistinguishable from the cadlag process M>* — M;", yielding
lw; , =1P*%-as. This concludes the first step.

2. We are now ready to prove the existence of the AF M ¢ and M?. For n > 1, let

(D.15) (N = > AMI A grisy/ny-

t<r<u

As for all (s,z) € [0,¢] x R, M* is P**-indistinguishable from M>* — M;"*, it holds that

(N )= Z AM? Vanse>1my  P77-as.

t<r<u

t

Moreover, since M! is F;,-measurable for all r € [t,u], (N;5),

is also F;,-measurable. Hence Nn+ =
(N} )Z)(t,u) ca is an increasing AF. Notice that as M ** is a local martingale, it is a special semi-martingale
and by Proposition 2.29, Chapter II in [26], it holds that the process (|g|1{|q>1/n}) * ¥** is locally integrable,
which in turn implies that ng. AMP*Lapso>1/ny = (@lig>1/ny) * p*% is locally integrable and N, is an
increasing locally integrable AF. We apply Proposition D.5 to B = N,T,

A, that we will denote by N7, Replacing M* by —M?* in (D.15), we similarly build two decreasing locally
integrable AF N,;” and N,;*P. We now set M % := (N;f — N;tP) — (N — N,P). Under P*7,

NP NP = /
s, ] xR

which provides the locally integrable AF

algg>1/mpr™” :/

aLgg>1/myp™” —/
d s, ] X R

ql{qu/n} (/’('S@ - VS@)(dra dQ)
]s,]xRd d

and
N = N = / Aig<-1/mp™" — / A gz1/mpr™* = / Lqz-1/np (™" —v*")(dr, dq).
Js, | xR4 Js, ]xR4 Js, | xR4
Hence M is a LMAF whose cadlag version is
(My)** = / qLyjg/>1/ny (0" = v*")(dr, dg)
]s, ]xR4
under P>* Forall 0 <s<t<u<T, (Mg)z converges towards

()= = [ g v o),
]s,- ] xRe

in probability under P*>*. Indeed previous limit stochastic integral is well-defined since q1{4>1/n} converges in
L2(v*%) to q.

By Lemma D.3 there exists an F; ,-measurable random variable (M d)i such that for all (s,z) € [0,t] x RY,
(Md)z = M3wd — Mf"z’d P*?-a.s. Hence M¢ is a LMAF with cadlag version M*®¢ under P**. We conclude

the proof by setting M€ := M — M4,

O

This is Proposition 4.16 in [4].

Proposition D.9. Let H>% := {M € H2 : d(M) < dt} and H>*% .= {M € H3 : d(M) L dt}. H>% and H>+*
are orthogonal sub-Hilbert spaces of HZ, HE = H*»% & H>+% and any element M of ’Hfo’gt is strongly orthogonal to
any element N of H2: =% i.e. (M, N) = 0.

loc
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Finally we can generalize the main result of [4], i.e. Proposition 4.17.

Proposition D.10. Let M, N be two locally square integrable LMAFs. Assume that the AF (N) is absolutely continuous
w.r.t. the Lebesgue measure dt. There exists a unique (up to a zero-potential set) function w € B([0,T] x R?) such that
for any (s,z) € [0,T) x RY, (M** N*%) = [ w(r, X, )dr.

Proof. Given a square integrable martingale N we denote by N'% its orthogonal projection on H 29,

Let (M, N) be the bounded variation AF given by Corollary D.6 and Pos({M,N)) and Neg({M, N)) be the cor-
responding increasing AF given by Remark D.7. Let (s,7) € [0,T] x R%. Let (,),>1 be a sequence of stopping
times such that M %™ N%Tn ¢ H3(PST). As (N5 ) = (N5%)™ it is immediate that d(N*%™) < dt. Hence
N&%Tn ¢ ’Hg’dt and by Proposition D.9,

<Ms,ac,7—n7Ns,:c,Tn> _ <(Ms,ac,7'n)dt7Ns,x,Tn>
1

1
_ Z <(Ms,z,'rn)dt + Ns,z,7n> o Z <(M5,z,7'n)dt o Ns,:r,rn> )

Consequently

Pos (<Ms,z,'rn’Ns,m,'rn>) — <(Ms,z,7'n)dt 4 Ns,a:,'rn>

N

and
, , 1 - ‘
Neg (<M873L77'71’Né,x77'n>) — Z <(Ma,m,7—n)dt _ N‘S’x’”"> )
Recall that N%% ™ ¢ H(Q)’dt and that ’Hg’dt is a vector space. Consequently, by polarization we have dPos ((M %™ N$%Tn)) <
dt and dNeg ({M*®Tn N5%™)) < dt. Moreover, it holds

(D.16) Pos ((M*",N**)) =Y Pos ((M>"™ N*"T)) 1} _ |
n>1

and

(D.17) Neg ((M**,N*")) =3 " Neg (M>®7 , N¥®T ) 1y, - ).
n>1

It follows from (D.16) and (D.17) and what preceeds that dPos ((M % N*%}) < dt as well as dNeg ((M*>*, N*7%)) <
dt for all (s,x) € [0,T] x R%. We recall that Pos({M, N)) (resp. Neg({M, N))) is an increasing AF with cadlag version
Pos ((M** N**)) (resp. Neg ((M**, N**))). Then Proposition 4.13 in [4] ensures the existence of two functions
wy and w_ in B([0,T] x R?) such that for any (s,z) € [0,7] x R?, Pos({(M** N*%)) = fs'vs w4 (r, X, )dr and
Neg ((M*® N**)) = fs'vs w_(r, X, )dr. Setting w = w4 — w_, by additivity, we conclude the proof. O

We come back to the notion of Markov martingale domain D(a) introduced in Definition 5.5.

Remark D.11. Let ¢ € D(a). We set

t

(D~]8) M[¢]Z = ¢(’U,7Xu) - (b(tht) - / Cl((ﬁ)(ﬁ Xr)dT7 (t’u) €A.

u

Obviously (M[9]!,) t,u)ea is a LMAF with cadlag version

MG =1y () (¢<~,X.> ~o(s.0) - [ a0 XTW)

under P*% for all (s,x) € [0,T] x R
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The following corollary is the main result of this section.

Corollary D.12. Let ¢ and v be two elements of the Markov martingale domain D(a) such that M [¢]*® € HZ, (P*®)
and d(M[¢]*®) < dt for all (s,z) € [0,T] x R

1. There exists a unique (up to a zero-potential set) measurable function T.(¢,v) € B([0,T] x R?) such that for all
(s,2) €[0,T] x RY,

(D.19) (Mg]>™¢, M[y]>*€). = / Le(0,4)(r, Xy )dr.

2. Assume moreover that M[]>® € H? (P*?) for all (s,z) € [0,T] x R% There exists a unique (up to a zero-

loc

potential set) measurable function T'(¢,v) € B([0,T] x RY) such that for all (s,z) € [0,T] x R?,

(D.20) (M) M[g]). = / T(,4)(r, X, )dr.

S

Proof. Let (M[¢]!)uyea and (M[y]) ¢ u)ea be the LMAFs with respective cadlag version M([¢]** and M[¢)]**

u

under P*? defined in (D.18). By assumption M [¢]*>® € H} (P*®) and d(M[¢]*®) < dt. Hence the random field
(M[8]%,)(t,uyen is a locally square integrable LMAF such that d(M[¢]) < dt, recalling that (M [¢]) was provided by
Lemma D.6.

By Proposition D.8 there exist two locally square integrable LMAF M [¢]¢ and M [1)]¢ with respective cadlag version
M[¢]** and M[1]*®¢ under P**. Since for all (s,z) € [0,T] x R,

(Mg]*®) = (M[g]* 7 + M[g]*™7) = (M[9]) + (M[9]>"),

d(M|[@]) < dt implies that d(M[p]°) < dt (and d{M[¢]¢) < dt). Now item 1. follows from Proposition D.10.
As far as item 2. is concerned, assume now that M[1]%* € H2 (P*) for all (s,z) € [0,T] x R<. Then, by definition,
(ML) (t,u)ea is alocally square integrable LMAF and existence of I'(¢, 1)) is given again by Proposition D.10.
O

Appendix E: Extension to mean-field optimization

This short section is devoted to the proof of the equivalence between the optimization problems (1.5) and (1.6).

Lemma E.1. Let F': R — R be a convex differentiable function. Then Q* € P () is solution to Problem (1.5) if and only
if Q* is solution to the linearized Problem (1.6).

Proof. Assume first that Q* is solution to Problem (1.6). Since F is convex differentiable, for all 2,y € R?, it holds that
F(z)— F(y) > F'(y)(z —y). Applying this inequality to = E2[¢(X)] and y = E®" [p(X)] for some Q € P () yields

F(E%p(X)]) = FEY [p(X)]) = F'(EY [p(X)])(E[p(X)] - E¥ [o(X))).
Adding H (Q[P) — H(Q*|P) to each sides of the previous inequality, we get
F(E%p(X)]) + H(QIP) - F(EY [(X))) — H(Q"[P) > E%[3(X)] + H(QIP) - E¥' [3(X)] - H(Q"|P) >0,
where we used the fact that Q* is solution of Problem (1.6) for the right-most inequality. Hence for all Q € P(£2),
F(E%p(X)]) + H(QIP) > F(EY [p(X)]) + H(Q"|P),

and Q* is solution to Problem (1.5).



Markovian Exponential Twists 39
Conversely, assume that Q* is solution to Problem (1.5). Let A € [0, 1]. By definition, for all Q € P(Q2),
F (BN 09 p(X)]) + HOQ+ (1 = NQ'|P) - F (E¥ [p(X)]) - H(Q'[P) 0,
that is
€1 F(AEp(X)]+ (1= NEY [p(X)]) - F (E¥ [p(X)]) + HOQ+ (1 - NQ'[P) — H(Q'|P) 2 0.
By the convexity of the relative entropy, see Remark 2.5 item 1., we have
(E2) HOQ+ (1- Q" |P) — H(Q'P) < \(H(QIP) — H(Q"|P)).

Combining (E.1) and (E.2) and dividing by A we get

5 (F (RS0 + (1 - NEY [p(X)]) - F (E¥ [o(X)]) ) + H(QIP) - HQ'[E) >0,

and letting A — 0 yields
F' (BY [p(X)]) (E%p(X)] — E¥ [p(X)]) + H(QIP) - H(Q"|P) 0,
which rewrites
F' (EY [p(X)]) E%e(X)] + H(QIP) > F' (EY [p(X)]) B [p(X)] + H(Q"P).

We conclude from the previous inequality that Q* is a solution of Problem (1.6). O
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