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Research highlights:

First derivative (Jacobian) propagation modelling in land surface RT models.
Validation of this derivative modelling by the finite difference method.
Discussion of the major factors that influence the derivative.

Outlook of potential applications of the derivative modelling.
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Abstract

Understanding the sensitivity of remote sensing (RS) observation to land surface parameters
(e.g., reflectance and temperature) is very important for estimating the accuracy of RS products
and optimizing inversion algorithms. The most precise method for quantifying this sensitivity
is physical modelling of derivative propagation in simulated 3D landscapes. However, to our
knowledge, present land surface radiative transfer models (RTM) do not simulate derivative
propagation. This paper proposes an original “differentiable radiative transfer modelling” that
simulates the derivative propagation in natural and urban landscapes, for reflectance. It is
integrated in the framework of DART RTM. We validated it both analytically and with a finite
difference method applied to a 3D landscape. This new modelling extends the efficiency of 3D
RTMs for sensitivity studies. It is implemented in the DART version freely available for

research and education (https://dart.omp.eu).

Key words

DART, Radiative transfer, Derivative, Jacobian, Uncertainty

1 Introduction

Only remote sensing (RS) observations enable us to study land surfaces at different spatial and
temporal scales. This is usually done through their inversion with radiative transfer models
(RTM) as surface parameters (e.g., albedo, temperature, leaf area index) or their assimilation
in land surface models (Dickinson, 2008; Liang and Wang, 2019). Quantifying their sensitivity
to surface optical properties is very important to optimize inversion procedures by identifying
influential parameters, optimizing cost functions (Bowyer et al., 2003; Crosetto et al., 2001,
Gupta and Razavi, 2017; Ye and Hill, 2017), and also to estimate the accuracy of RS products

by investigating the error propagation (Gobron et al., 2008; Vermote and Kotchenova, 2008).
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An observation can be viewed as a function F=f(7) of parameters i=[m, 7y, ..., Tk, -.., Tn ]

OF OF OF

om,’ dmy” T amy,

Its sensitivity quantification needs to know its derivatives [ , ...,;TF] (Ustinov,
N

2015). To compute them with measurements is usually very expensive, if not impossible, due

to the large amount of data required. RTMs offer an alternative solution because the partial

. . oF T2, T+ AT ,... ) — T2, Ty e
derivative of a parameter 7, can be computed as a—=f (o g gt AT )= 2 T T )

- = , using

two simulations with a slight shift Am;, of parameter ;. Zhen et al. (2023) used this finite
difference method with the 3D RTM DART! (Gastellu-Etchegorry et al., 1996; Wang et al.,
2022) to get the derivatives of Sentinel-2 signal per surface element in each pixel. Similarly,
Gobron et al. (2008) estimated the uncertainty of MERIS fraction of Absorbed
Photosynthetically Active Radiation (FAPAR) product by computing the partial derivative of
fTAPAR using a canopy and atmosphere RTM (Vermote et al., 1997). Vermote and Kotchenova
(2008) estimated the error budget of MODIS surface reflectance product due to uncertainties in
atmospheric parameters by simulating TOA reflectance with an atmospheric RTM for several
atmospheric and geometrical scenarios. However, the use of multiple runs of a RTM has two
drawbacks. (1) It is very expensive if the number of parameters is large, because the number of
simulations is twice that of parameters. (2) It is noisy with small parameter shift Am,, and biased
with large Am, . A different method is therefore needed to efficiently provide accurate

derivatives for sensitivity studies.

In the computer graphics field, Li et al. (2018) proposed the first physically based differentiable

Monte Carlo ray tracer to compute derivatives over a rendered image with respect to scene

! DART (https://dart.omp.eu) is one of the most accurate and complete 3D radiative transfer models. It simulates

the radiative budget and remote sensing signals of natural and urban landscapes, from visible to thermal infrared.
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parameters such as camera pose, scene geometry, materials, and lighting parameters. Zhang et
al. (2019) designed a comprehensive mathematical framework for physically based
differentiable rendering that computes derivatives for arbitrary differentiable scene changes.
Jakob et al. (2022) and Vicini (2022) improved computation efficiency with respect to scene
parameter optimization. Present research on differentiable renderers is mostly focused on
reconstructing the shape and appearance of real-world objects from very high resolution RGB
images (Ichbiah et al., 2023; Jiang et al., 2020; Luan et al., 2021; Petersen et al., 2022). Salesin
et al. (2024) will adapt these methods for retrieving aerosol size and refractive index in a simple
atmosphere-ocean scene in the future work. However, methods proposed in graphics are usually
not suited to sensitivity studies in the RS domain where the need is derivatives of multi-
spectral/spatial resolution remote sensing signals to surface optical and thermal properties with

consideration of physical mechanisms, such as polarization and solar-induced fluorescence.

To our knowledge, land surface RTMs do not simultaneously simulate the RS signal and its
derivatives. This explains at least in part that RTM-based inversion methods (Liang and Wang,
2019) do not use derivatives in optimization methods (Goel and Grier, 1987; Liang and Strahler,
1993), LUT (Look-Up-Table) creation (Darvishzadeh et al., 2008; Weiss et al., 2000) and

machine learning approaches (Abdelmoula et al., 2021; Makhloufi et al., 2021; Miraglio, 2021).

This paper presents the first 3D Monte Carlo “land surface differentiable radiative transfer
modelling” that directly computes derivatives for reflectance of each surface element. Section
2 presents the propagation of derivatives and the new formulation of differentiable radiative
transfer. Section 3 describes the implementation of this modelling in the framework of DART

model. Section 4 presents the validation with an analytical method and a finite difference
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method. The major factors that influence the derivative are also discussed. Finally, Section 5

presents the concluding remarks and the potential applications of this new modelling.

2  Principles of radiative transfer and its differentiation

2.1 Radiative transfer and pixel radiance formulation

The light transport equation, also called rendering equation (Kajiya, 1986), at a surface X' with
bidirectional scattering distribution function (BSDF) £, (r, —Q; = Q,) at position r, gives the
exit radiance L(r,Q,) [W/m?/sr/um] in direction Q, as the sum of emitted radiance L, and

radiance due to scattering of incident radiance in direction —Q; (Figure 1):

L(r,Q,) =L.(r,Q,) + f L(r,—Q) " fi(r,—Q; - Q,) - cos 6; dQ; (1)

4m

Figure 1. Light transport at a surface X with normal 7. 6; is the angle between incident direction €;
and 71, and 6, is the angle between the exit direction Q, and 7.

In absence of volume media, the incident radiation is the exit radiation from the previous

interaction that is also described by the same light transport equation. Thus, Eq. (1) can be

recursively expanded to a sum of multiple dimensional integral (Wang et al., 2022). Then, after

mathematical manipulations with consideration of the optical system (sensor characteristics,

pixel size, focal distance, observation geometry, etc.), for a given pixel, j, its radiance LY can

be represented as an integral function of paths # connecting the light source and the sensor:

1) = f FOF) du(P) )
D
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with £ (7) the contribution function, D = U, D,, the path space, D,, the set of paths 7, of
length n, and 7;, = ry1y...75, @ series of vertices 1, .., on surfaces dA(r) of the scene with

ro on the sensor and 7, on the light source (cf. Figure 2 in (Wang et al.,, 2022)).

u(D,)= fD du(s,) = f@ dA(r,)-dA(r,.,)---dA(ry) is the area-product of D,,.

2.2 Differentiable radiative transfer

Pixel radiance LU (#) is the result of radiation propagation in scenes with parameters 7 =
[7y, 1y, , Tk, -+ ] that can be reflectance, transmittance, emissivity, temperature, surface
architecture, illumination and observation geometry, etc. The aim of differentiable radiative
transfer is to estimate the partial derivative of L) (Eq. (2)) with respect to any parameter my,:

aLU)(n)
om,  0my

[ f FOGR) du(r)] @)

If the integral contains parameter-dependent discontinuities or if the integration domain D is a
function of 7 (discontinuities at boundary), the derivative operator cannot be directly moved
inside the integral. Then, the parameter-dependent discontinuities must be specifically treated.
The Reynolds transport theorem (Reynolds, 1983; Zhang et al., 2019) indicates that a derivative
of an integral of a function £U)(#,#) with containing discontinuities depends on the derivative
of fU)(7, &), the boundary motion and internal discontinuities (discontinuities of £ (7, #)):

g ) dulF of IR Y
P D, 7 = D7 7y 2
oy, UD(nk)f N(F, 7) du(r)l L(nk) o du() + ﬁ(nk) Af (7, ) (ank,n) du(?) (4)

with I'(m;,) € D(my,) the union of the boundary 0D(m,,) and the set of parameter-dependent
interior discontinuities AD(m;,), and (aa—f,ﬁ) the dot product of boundary motion and the
Tk

normal direction at 7. Af O (7, #) is defined as:

S (fOFD, 7 € aD(m;,)
Af(J)(T', ) = {]gi_r)%[f(j)(f +e-71,7) — f(j)(f — &7, ﬁ)] ,7 € AD(1y)
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Generally, three types of parameters can change D or cause discontinuity in £ (7, 7). (1)
Instrument configuration (e.g., camera position, field of view). (2) lllumination configuration
(e.g., light position, light size). (3) Land surface architecture (e.g., shape, position). In the
context of RS applications, our objective is to compute the derivatives of RS image radiance to
surface optical and thermal properties (e.g., reflectance, transmittance, emissivity, temperature)
for a given illumination and observation geometry and land surface architecture. Then,
discontinuity in the integrand and boundary of the integration domain will not be affected by

7. Consequently, we can reduce Eq. (4) to Eq. (5).
o af(])(f 7t)
| [ rocmaum| = [ au(r) ©)
Tk
2.3 Physical interpretation
Eq. (5) implies that partial derivatives can propagate in the scene as radiance. This is shown by

differentiating light transport equation (Eq. (1)), then reformulating is it as:

L(r,Q,) =L.(r,Q,) + J L(r,—9) " fi(r,—Q; > Q,) - cos 6; dS; (6)

41T

with L, (r, Q,) and L(r, —9;) separately defined as:

. oL,.(r,Q af.(r,—Q; - Q

Le(r,ﬂo)z%k())+f L(r,—Q;) - IsC an; 0)-c059idQl-
41T

. dL(r,—Q;)

L(r,—Q;) = Tkl

The transport of derivative (Eq. (6)) has two parts: (1) the emitted differential radiance L, (r, )
when emission and BSDF change with parameter ;. ; (2) the scattering of differential radiance
L(r, Q) as radiometric quantities. Note that the BSDF must be differentiable. Eq. (6) shows that
the differentiable light transport equation has the same form as Eq. (1), which implies that the

transport of radiation and derivative can be evaluated simultaneously.
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3 Implementation in DART

The bidirectional path tracing algorithm (Eqg. (7)) unbiasedly estimates Eq. (5) for path length
n from 1 to infinite (i.e., all scattering orders contribute). In short, a light sub-path p, =
Do, -, Ds, --. Starting from the light source and a sensor sub-path g; = q, ..., q;, ... Starting from
the sensor lens are coupled to generate a group of end-to-end paths, and the derivative estimates

associated to each path are weighted to evaluate the total derivative measurement.

co n+1l ,
of V(7. )/0m
) _ z z ( ) st k
0, F, W (T - (7)
k" MIS — L L st\Us,t p(ﬁi)
with
2
P(f ,t)
Ws,t(fs,t) = ( d )

2
1 _
z:?’-F=O,t’=n—s’+1 (p(TS',t'))

Here, the sum of number of vertices of light and sensor sub-paths always verifiess +t = s' +

t’ = n+ 1. This algorithm is detailed in (Wang et al., 2022).

Automatic differentiation (Kahrimanian, 1953; Wengert, 1964) is commonly used to evaluate
the partial derivative of a function F: R™ — R™. The key idea is to decompose calculations of
F into elementary operations (e.g., addition, subtraction, multiplication) to automatically and
accurately evaluate the partial derivatives of m outputs with respect to n inputs (Eq. (8)) through

the chain rule. Appendix A illustrates an example of automatic differentiation.

0F; 0F;
omy am,
J0E, J0E,
damy om,

Differentiable radiative transfer modelling is a calculation of kind F: R™ — R! for each spectral

band. Prior knowledge in Monte Carlo radiative transfer modelling enables us to optimize
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conventional automatic differentiation. For example, the final radiance estimate is the sum of a
series of products, i.e., only addition and multiplication operations are concerned. We can
therefore calculate the partial derivatives of each product and add them together (cf. Appendix
A). For each product, zero derivatives can be known in advance and only non-zero derivatives
are propagated in the scene (cf. Appendix A). In addition, for each product, a change in the
order of computation will not affect the final result. This is a very useful feature, as it allows us

to adapt the automatic differentiation in the framework of bidirectional path tracing.

Figure 2 illustrates our procedure for computing the derivatives (dL/dp,) and (dL/dp,) of a
Monte Carlo radiance estimate {(L(c, p,, ps)) = cL.p3ps for a specific stochastic path in a
schematic landscape with two elements (tree and soil). Estimates will converge to the true
derivatives after sufficient sampling. Here, ¢ is a geometric connection factor, L, is light
emission, p,, is vegetation reflectance and py is soil reflectance. A ray starts from the light
source and is scattered at points p; and p, (light sub-path), a second ray starts form the sensor
and is scattered at points g, and g, (sensor sub-path). Next, the two sub-paths are connected to
generate a complete path linking the sensor and the source. Note that the connection factor c is
zero if two vertices are not mutually visible; only complete paths contribute to derivative and
radiance computation. Intermediate radiance and derivative values are computed at each vertex,
with the exact partial derivative being 3cL,p2p, for p, and cL,p3 for p, after the connection.
This optimized procedure has been implemented in DART with pixel derivative computed for

each user-defined material (i.e., optical property).
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" ‘qz %
: ¥

Vegetation reflectance: p,, Soil reflectance: p,

(Ly=1P?-c- 1% = CLe,DS,Ds

Pl =1L,p {Lop,) = ¢ (Igjv 197+ ’351; ) Ipz) = 3cLepyps
- er’v

2
pL _ Olepy _ ¢ (Laps) = ¢+ I3, 1P? = cL.p] qr _ 9py _
dpy 9py dpy
P2 =[P1. 5 = L,p,p. qu = Iqll- p, = p 5y
2 _ gpl ,  _ qz __ 4q1 ql , 9Ps __
Iapv = Iapv ps = Leps Iapu - Iap,, Py +1 aps 2py
P2 _ 9ps _
Iaps =[Pt ps Lepy

Figure 2. Adapted bidirectional derivatives and radiance computation. I is an intermediate estimate of

the radiance measurement updated after each interaction. Iy is an intermediate estimate of

dluv) _

the derivative with respect to variable X. The product rule (7 u% + UZ_Z) is applied in

the connection to get final derivatives.

4 Validation and discussion

We have validated our modelling using an analytical method and a finite difference method for
a 3D urban scene with 7 scene elements (tree, grass, ground, road, wall, roof, water), for solar
direction (zenith angle 6, = 30°, azimuth angle ¢, = 225°), nadir viewing direction, and 1m
spatial resolution. Material optical properties are from the DART database (Figure 3). The
DART optical property of any scene element can be spatially variable. Here, it is spatially
constant (Figure 3) to simplify understanding of our derivative computation. Below, the term

"Jacobian™ refers to derivative radiance and derivative reflectance products.

10
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Proot = 0.50

Pgrass = 0.10
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(@) (b)
Figure 3. a) 3D urban model (200 x 200 m) with 7 elements: tree, grass, ground, road, wall, roof, and

water. Reflectance (p) and transmittance (t) are indicated. b) 1m spatial resolution nadir image.

4.1 Comparison with the analytical method

The comparison is done for single scattering, because the analytical computation of RS radiance
derivatives with respect to optical properties is only possible for single scattering. For a flat
Lambertian surface (reflectance p, normal Q,,) and direct sunlight (horizontal irradiance Ej,

direction Q(6,,,)), the single scattered radiance in viewing direction Q, is

PEs|Qs.Qn| d OL(Qy) — Es|Q5.Qnl

Observed radiance

L(Q,)= , which is

ap 1T cos Oy Parameter of interest

. The parameter of interest is
1T cos B

the reflectance for an opaque material. For translucent materials (e.g., foliar element), it is the

sum of reflectance and transmittance (i.e., single scattering albedo). The analytical Jacobian

. . DART single scattering Bidirectional Reflectance Factor (BRF) image Q.0
reflectance image is g & (BRE) image _ |Qs.0nl yy/0

Parameter of interest cos O

verified the equality of the analytical and DART Jacobian reflectance images. Figure 4 shows
the analytical and DART Jacobian reflectance images for the roof, tree, and ground scene
elements, and Figure 5 shows their pixelwise comparison: coefficients of determination =1 and

RMSE = 0 for all scene elements.

11
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0.2
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215 0.0

216 Figure 4. Single scattering analytical (left) and DART (right) Jacobian roof, ground and tree

217 reflectance images. Roof Jacobians depend on the configuration {roof slope, sun direction}.
218
1.00 1.00 1.00
g Roof g Ground g Tree
g 075 g 075 S 075
= = =
= 050 = 0.50 — = 0.50
8 8 3
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0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
219 DART Jacobian DART Jacobian DART Jacobian
220 Figure 5. Pixelwise comparison between single scattering DART and analytical Jacobian reflectance
221 images for roof, ground and tree. Coefficients of determination are indicated.
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4.2 Comparison with the finite difference method

Derivatives of full radiative transfer modelling with single and multiple scatterings cannot be
computed analytically due to the complex formulation of light transport equation in 3D scenes.
As already stated, the finite difference (FD) method can provide approximate partial derivatives:

of (my, mp, 13, ...) _ f(my + hmy, 5,705, ...) — f (g — hy, 75, 3, ..)
dmy 2hmy

(9)

Here, h =10%. It is a compromise, because a large h value tends to induce a biased derivative
while a small h value tends to induce a noisy derivative with Monte Carlo noise close to the
term f(my+hmy, my, M3, ... ) — f(mw,-hmy, 75, 75, ... ). FOurteen simulations were run to compute
the FD Jacobians of the seven scene elements using Eq. (9). The resulting FD and DART

reflectance Jacobian images appeared to be very close (cf. Figure 6 for roof, ground and tree).

FD Jacobian DART Jacobian
1.0
E
~
- 0.8
FD Jacobian DART Jacobian
@ B 06
k| ki
2 E
S S

0.4

FD Jacobian DART Jacobian

0.2

Tree
Tree

0.0

Figure 6. Roof, ground and tree FD (left) and DART (right) reflectance Jacobian images.
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The pixelwise comparison of the FD and DART Jacobian reflectance images (Figure 7 and
Table 1) stresses a very good agreement: coefficients of determination above 0.9995, and
relative RMSE of derivatives for all scene elements visible to sensor below 0.02%, except for
walls (relative RMSE = 0.4%), which is explained by the fact that they are not directly visible
in nadir images. The small differences are mostly due to (1) the Monte Carlo noise in DART

Jacobian images and (2) the approximation of the FD method.

1.00 1.00
Roof Ground 1.00 Tree
5 075 7 £ 075 - £ 0.75 -
s ey B
(@]
£ 050 g 0.50 ;:g 0.50
a A
2 025 - , = 025 - . £ 025
R” =1.0000 R’ =0.9999 R* =0.9996
0.00 T T T 0.00 T T T 0.00 T T T

0.00 0.25 0.50 0.75 1.00
DART Jacobian

0.00 0.25 0.50 0.75 1.0
DART Jacobian

0.00 0.25 0.50 0.75 1.00
DART Jacobian

Figure 7. Pixelwise comparison of roof, ground and tree D ART and FD Jacobian images. Coefficients

of determination are indicated.

Table 1. RMSE and relative RMSE of DART and FD Jacobian images.

Element Roof Ground Tree Grass Road Wall Water
RMSE 0.0012 0.0048 0.0005 0.0014 0.0006 0.0101 0.0018
rRMSE 0.001% 0.005% 0.010% 0.013% 0.002% 0.400% 0.003%

4.3 Discussion

Which factors do impact pixel derivatives? Figure 6 highlights three major factors: surface

orientation, masking effect, and multiple scattering. Examples are presented below. 1) Although

all roofs have the same optical properties, the sunny roofs (i.e., roofs orientated towards the sun)

have larger derivatives than less sunny roofs. Values in Figure 4 are in agreement with the
Q5.0

single scattering derivative expression — of plane Lambertian surfaces with orientation Q,,.
N

14
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Indeed, most sunlit roofs have the highest |Q,.Q,|. 2) All ground surfaces have the same
orientation, but those below grass and tree crowns has lower derivatives. 3) Multiple scattering
explains that ground pixels close to 3D scene elements (e.g., walls or tree crown) tends to have
larger derivatives. Figure 8 illustrates this. It shows Jacobian images due to multiple scattering
(i.e., difference of full and 1% scattering Jacobian images in Figure 6 and Figure 4, respectively).
Here, multiple scattering can increase derivatives by as much as 20%, especially for less sunny
areas. Furthermore, being the original mechanism of the Jacobian image for "walls" and
majority source of non-linearity of parameter and observation, it implies the large relative error

between DART and FD Jacobian images for walls (Table 1).

MULT SCAT

0.05

0.00

Ground Tree

50.0

40.0

30.0

20.0

10.0

Relative error (%)

0.0

Roof Ground Tree

Figure 8. Roof, ground and tree DART Jacobian images due to multiple scattering (MUL_SCAT) (top)

and relative error (%) of single scattering DART Jacobian (bottom).
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Can single scattering Jacobian be useful? It is very interesting in terms of computation
efficiency, but is exact only for a theoretical flat landscape (Figure 4). The relative difference
of DART full and single scattering Jacobians images (Figure 8) is less than 5% for most roof
and ground pixels, and very large (> 50%) for shaded areas and also ground under vegetation
because vegetation attenuates and scatters the ground signal. The relative error is also around
20% for tree crown derivatives. These errors are even larger if scene elements have larger
optical properties, which is commonly the case in the near infrared domain, especially for

vegetation. Therefore, the single scattering Jacobian is not suitable for most sensitivity studies.

5 Conclusions and perspectives

This paper presents the first differentiable land surface 3D RTM. It computes Jacobian radiance
and reflectance images and has been implemented in the framework of DART model. We have
validated it by both an analytical method and a FD method for a schematic urban scene with
trees, buildings, grass, etc. Results show very good agreement (i.e., coefficient of determination
< 0.9995, relative RMSE < 0.02%) for scene elements directly visible in a nadir image. We
showed that surface orientation, shadow and multiple scattering impact derivatives and
estimated the accuracy of single scattering derivatives. By computing Jacobian images during
the run of the RTM, our modelling avoids running multiple times the RTM and reduces Monte
Carlo errors compared to the FD Jacobian modelling, which offers new avenues in sensitivity
and inversion methods. One particular example is the significant acceleration of DART 3D
RTM-based inversion procedure proposed in (Zhen et al., 2023). It also enables us to calculate
the error propagation from surface optical properties to simulated RS signals, and to estimate
the uncertainty of RS products through back propagation of derivatives if the sensor
uncertainties are known. We note that although this paper presents the reflectance case, the

proposed theory and derivative propagation can also be used for computing derivatives of many
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other parameters than reflectance. For example, we recently extended DART differentiable

modelling to compute Jacobian images for emissivity and temperature.
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Appendix A. Automatic differentiation and DART implementation

Caprp2 + (L) = 2C1P1 + Cz.éhpz
+C3pip2 + Capipaps

X Cy

x :
O X Vg X Cy

Ps Pipaps Capipaps

Figure A.1. Wengert list: graphical representation of the elementary operations for a single Monte
Carlo radiance estimate, with indication of the vertices V1.11. Here, a ray starts from the camera,
is scattered successively at surfaces with Lambertian reflectance values p4, p,, p1, p3. A second
ray is sent to the light source from each interaction, with connection factors C;, C,, C3, C, that

represent the radiation of the light source and the illumination geometry.

Automatic differentiation computes the partial derivative automatically through the chain rule.
The first step is to decompose the calculation into elementary operations. The Wengert list
presented in Figure A.1 illustrates all computations for a single radiance estimate (L) = C;p; +
Cop1p2 + C3pip, + Cup?p,p5 in Monte Carlo radiative transfer. Then, starting from the first
vertex V1, the automatic differentiation calculates for each vertex V; the derivative

v, av,

v, = v,/ =Z A i
' l/ p pesons(i)an ap

for each vertex. Here, p € sons(i) means all son vertices of V;, i.e., all vertices V}, that are used

to compute the value of vertex V;. A step-by-step calculation from the first to the last vertex is

shown below. This procedure also works reversely. In DART differentiable radiative transfer
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modelling, only non-zero derivatives are computed and propagated, which avoids many

redundant computations compared to the classic automatic differentiation. Derivatives

computed in DART modelling are indicated in blue. In this demonstration case, only 13

derivatives over 23 are computed.
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