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A B S T R A C T

This study presents the experiments, modeling and numerical simulations of an industrial aero-
nautical structure subjected to vibroacoustic excitation. In flight, especially during atmospheric
re-entry, an aeronautical structure is exposed to major pressure fluctuations on its external
surface. These fluctuations are described as a dynamic excitation which generates structural
vibrations of the outer surface and of the components inside the aeronautical structure. Due
to some of these internal components such as joints, the assembly may exhibit a nonlinear
vibration response. The simulation of these nonlinear vibrations requires reliable modeling
of the wall pressure fluctuations and a nonlinear vibration simulation method adapted to
the nonlinear modeling of the structure. In this study, a modeling and simulation method
is developed to compute the nonlinear vibration response of an industrial assembly to such
a surface, random, correlated dynamic excitation. More specifically, numerical simulations
are performed by proposing an extension of the well-known Harmonic Balance Method for
nonlinear mechanical systems subjected to complex vibroacoustic excitation. The method is
validated using a dedicated ground experiment. A metallic industrial assembly representing a
ballistic vehicle and including friction joints is used. This structure is subjected to controlled
vibroacoustic excitation: diffuse acoustic loading in a reverberant chamber. The structure
exhibits a nonlinear vibration response due to friction. The finite element model is validated
through an experimental modal analysis with an electrodynamic shaker. The vibroacoustic
modeling of the excitation is then validated through a test-simulation comparison using diffuse
acoustic field testing at low excitation level. Then the global nonlinear simulation process is
validated using diffuse acoustic field testing at increasing excitation levels. Test and simulation
results exhibit the same nonlinear behavior: increase of dissipation and softening effect at the
main resonances. This work thus represents a new step towards the use of nonlinear vibration
simulation methods with real industrial structures and real-life loading.

. Introduction

Many studies in the literature predict the nonlinear behavior of mechanical structures such as academic beams [1–5], jointed
tructures [6–11] and more or less complex industrial systems [12–15]. In general, studies focus on mechanical systems subjected
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to harmonic or random excitation at a single point, the main objective being to measure and identify the non-linear dynamics of
a system, or to propose the construction of numerical models capable of reproducing the vibratory behavior observed in simple
and controlled experimental tests. It is also worth noting that nowadays modern industrial structures are becoming increasingly
complex and require more and more guarantees, both in terms of integrity and operation, from both researchers and engineers. These
structures, such as those used in aeronautics or civil engineering, may display a nonlinear behavior that must be taken into account
in these guarantee stages before they are put into operation. Therefore, it is important to be able to predict the nonlinear dynamic
behavior of a large-scale industrial structure to a so-called real excitation, i.e., encountered during the life cycle of the structure.
These excitations can be variable: harmonic, random (or multi-harmonic), shocks, etc. [16]. However, in the particular case of
aeronautical structures during an atmospheric re-entry phase, the source of excitation is a correlated multipoint random excitation.
Even though some studies have been conducted to examine the nonlinear response of industrial structures to single point excitations,
with the industrial tools used today, it is not possible to predict the nonlinear behavior of a large-scale structure (for example with
a very large number of degrees of freedom in the finite element model of this structure) to these correlated multipoint random
excitations. In a previous publication, the authors showed the importance of considering the correlation of a multipoint random
excitation in the vibrational response of a mechanical structure [17]. Different models of a multipoint random excitation exist and
can be adapted to many applications, while remaining within the framework of a linear vibratory response [18–20]. However,
to the best of our knowledge, no recent study has appeared in the literature on the prediction of a nonlinear vibratory response
of an industrial system to a correlated multipoint random excitation. One of the main reasons for this is that current industrial
tools do not allow to converge in a suitable time to a nonlinear response of a large-scale structure to a large-scale excitation. The
modeling of multipoint correlated random excitations is not adapted to the tools used in industry. Recently, a study was carried out
to develop a method to model this type of excitation on a simple academic clamped–clamped beam [21]. In the study proposed, one
of the objectives is to adapt this nonlinear strategy for a system comprising a large number of degrees of freedom and subject to a
vibroacoustic excitation. The system studied is an industrial model, the Hypervelocity Ballistic 2 (HB2) structure, whose nonlinear
vibratory behavior now comes from a friction between two sub-assemblies. Several points represent scientific challenges. First of
all, it is necessary to be able to correctly model and implement a vibroacoustic excitation (i.e., a multipoint random excitation) and
adapt it to a system with many degrees of freedom. One key point is to considerably reduce the number of stochastic excitation
terms, without losing precision in the representation of the real excitation, by projecting the multipoint random excitation on the
reduced modal basis of the finite element model of the industrial structure. Secondly it is necessary to adapt the formulation of
the non-linear Harmonic Balance Method to solve a nonlinear system subjected to multipoint random excitations. In the following,
the effectiveness of producing a reduced model of the vibroacoustic excitation while maintaining an accurate prediction of the
nonlinear response of the industrial HB2 structure will be demonstrated. This work can thus be regarded as a new step towards
the use of vibration simulation nonlinear methods with real industrial structures and real-life loading. In this context, one of the
contributions of this study is to discuss the relevance of both a mechanical modeling strategy and development of specific nonlinear
approaches to predict the nonlinear response of a large-scale industrial structure subjected to a real source of vibroacoustic excitation
such as correlated multipoint random excitations. In addition, one of the aims of this study is to demonstrate the feasibility of
implementing a complete engineering approach based both on experimental tests to understand the dynamic behavior of complex
industrial structures subjected to real excitations, and to identify the associated mechanical behavior in order to develop a relevant
modeling and numerical simulation strategy.

This paper is organized as follows: first, a complete description is given of the HB2 structure and the proposed experiments for
studying a correlated multipoint random excitation, which is an experimental vibroacoustic excitation. The experimental nonlinear
vibration response is then observed for increasing levels of the vibroacoustic excitation. The modeling of the structure is then
described. The finite element model of the HB2 structure is created, then reduced using a reduction method. A Coulomb friction
model is introduced to consider friction in the joints, which is the cause of the nonlinear behavior of the structure. In the next
part of this paper, the original modeling of the correlated multipoint random excitation is presented. It uses a projection on the
modal basis of the HB2 structure in order to reduce the number of excitation terms to a few degrees of freedom. The final part of
this paper concerns the numerical simulation method and the numerical results that are compared to the experimental results. This
complete study achieves the objective of predicting the nonlinear vibratory response of a complex industrial structure to a correlated
multipoint random excitation as well as the validation of a global numerical strategy combining modeling and simulation based on
approximations for modeling complex real excitations, and the consistency of associated non-linear numerical techniques versus
vibroacoustic excitations.

2. HB2 structure and experiments

2.1. Structure description and diffuse field acoustic testing

This section details the essential elements of the industrial mechanical structure under consideration, along with the setup used
for the experiments with a vibroacoustic excitation. The HB2 structure comes from the external shape of the envelope that has been
defined in the scientific literature for aerodynamics studies purposes [22,23]. The structure, representative of a ballistic re-entry
vehicle, is an industrial assembly by CEA/CESTA. Fig. 1 shows a picture and a diagram of the HB2 structure. In Fig. 1(a), the
model is placed in the acoustic chamber at CEA/CESTA. The reference frame (X, Y, Z) indicated on the image Fig. 1(b) is the global
reference frame used for all studies on the HB2 model. The HB2 structure is composed of an envelope, a bottom and a ballast, all
2

made from an aluminum alloy. The outer shell is 1.6 mm thick and is reinforced by circular stiffeners. The flat bottom, on the left
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Fig. 1. Photo (a) and sectional view of the finite element model (b) of the HB2 structure.

Fig. 2. Photo (a) of the internal package with its instrumentation, and diagram (b) of the instrumentation plan.

in Fig. 1(b), is distinct from the rest of the envelope in order to allow insertion of the internal package. The bottom is connected to
the envelope by bolted joints.

During assembly, the ballast is inserted into the envelope from the bottom, 23 blades representing 23 friction joints in Fig. 1(b) are
compressed during insertion such that the contact is never broken, even during experiments. The HB2 structure has a fundamental
transverse mode that stresses the contact joints between the 23 blades and the external envelope and that initiates friction when
the structure is subjected to high excitation levels. Most of the mass of the internal package (approximately 25 kg) is concentrated
in a solid axisymmetric ballast. A crown of 23 blades serves to center the package in the envelope. A hollow space is left between
two blades to allow the passage of instrumentation cables during the experiments. When the package is inserted into the envelope,
the blades are deformed and the upper edge of each blade is moved 1 mm inwards. The blade-envelope contact is permanent and
the contact force is very low. The value of this force was estimated at 0.1 N using a static finite element simulation of the flexion
of the blade with imposed displacement. The Coulomb slip threshold of the blades against the inner wall of the envelope is thus
easily reached. At the back, a 1.5 mm thick ferrule is welded to the ballast. The attachment between the internal package and the
aeroshell is provided by two flanges assembled to each other by 12 bolted connections.

This industrial structure thus appears as a complex assembly, in which 23 frictional links cause a nonlinear vibratory behavior
according to the excitation. To analyze its vibratory behavior, the HB2 structure is instrumented with 21 accelerometers: 15
three-dimensional accelerometers A1 to A15 (with reference Endevco 66M6) and 6 one-dimensional accelerometers A21 to A26
(with reference PCB 352A6). For the sake of readability, only a portion of these accelerometers is photographed in Fig. 2(a) and
schematically shown in Fig. 2(b). The set of accelerometers located inside the model are connected to the acquisition setup by means
of cables visible in Fig. 1(a) passing through one of the six holes located on the bottom. The origin of the reference frame (X, Y, Z)
is located near Accelerometer A4 in the center of the bottom.

The experimental setup used is the reverberant acoustic chamber photographed in Figs. 1(a) and 3. The acoustic sources are two
arrays of 12 loudspeakers. The position of the mid-frequency loudspeakers and the natural reverberation properties of the chamber
ensure a homogeneous diffuse acoustic field in the room at any point situated more than two meters away from the excitation
assemblies. The HB2 structure is suspended at a height of 1.50 m above the ground by means of a winch in order to avoid any
acoustic scattering phenomena due to the ground and to ensure free–free mechanical conditions. This vibroacoustic excitation is
3
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Fig. 3. Photo of the experimental setup.

recorded by six microphones placed arbitrarily in the acoustic chamber (see Fig. 3). The pressure level measured by each microphone
is sent to the acquisition system using conditioners, then the acquisition system calculates the arithmetic mean of the six pressure
levels and uses this as the control signal to set the excitation. In this study, the vibroacoustic excitation considered is a white noise,
i.e., with a constant Power Spectral Density (PSD), in the frequency band [100−1000] Hz. The excitation is defined with a global
RMS level associated with a Sound Pressure Level in decibels (dB SPL). During experiments, the HB2 structure was subjected to
increasing levels of excitation from 90 dB to 130 dB in 10 dB steps.

2.2. Experimental nonlinear response

This section focuses on the vibration behavior of the HB2 structure solicited by vibroacoustic excitation. For all accelerometers
presented in this study, numerical and experimental results are post-processed in order to study the same quantity 𝑎RMS which
represents the ratio of the RMS acceleration over the RMS acoustic pressure per frequency band. Both numerical and experimental
results were post-processed on forty-eighth octave bands, such as
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where 𝑁 = 48 and 𝑓𝑐 respectively represent the size of the octave band and the middle frequency of each considered octave band.
The measured quantity 𝑎RMS(𝑓𝑐 ) is linked to the energy level (in acceleration) of the system divided by the imposed acoustic

level (in pressure). With only linear vibroacoustic phenomena, these quantities remain the same whatever the acoustic excitation
level. Reading these data as a function of the acoustic level thus allows to correctly observe the nonlinear vibratory phenomena
associated with the friction of the blades of the HB2 model.

Fig. 4 shows the processing of the real PSD measurement given by Accelerometer A1 situated at the front end of the envelope
for a vibroacoustic excitation level of 90 dB. Due to acoustic resonances present within the reverberant chamber at CEA/CESTA,
the superposition of measurements for increasing acoustic levels of excitation does not allow observation of a correct nonlinear
behavior, whereas the post-processed data 𝑎RMS enables such an observation.

From now on, processed acceleration measurements are analyzed for a limited number of accelerometers. Only the relative
accelerations at five acoustic excitation levels (from 90 dB to 130 dB in 10 dB steps) for five accelerometers are presented and
analyzed. The five accelerometers, schematized in Fig. 2(b), chosen for the analysis of the vibration measurements are
4



Journal of Sound and Vibration 588 (2024) 118526S. Talik et al.

A

Fig. 4. True experimental data (blue) and post-processed experimental data (red) corresponding to the PSD acceleration given by Accelerometer A1 for a
vibroacoustic level of 90 dB. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

• the three-dimensional accelerometer A1 on the external envelope and more precisely on the nose. The measurements associated
with this accelerometer are given by dotted curves in Fig. 5;

• the three-dimensional accelerometer A4 at the center of the bottom. The measurements associated with this accelerometer are
given by dotted curves in Fig. 6;

• the three-dimensional accelerometer A7 on the front end of the internal package. The measurements associated with this
accelerometer are given by dotted curves in Fig. 7;

• the three-dimensional accelerometer A10 on the rear end of the internal package. The measurements associated with this
accelerometer are given by dotted curves in Fig. 8;

• the one-dimensional accelerometer A21 on one of the 23 blades of the HB2 structure. The measurements associated with this
accelerometer are given by dotted curves in Fig. 9.

For the sake of brevity, only the transverse component (according to the global Z direction) of each acceleration is presented.
zoom into the frequency band [100−200] Hz, where the first vibration mode of the HB2 structure was identified during a modal

test (see Section 3), is given for each accelerometer. The acceleration measured along the Z-axis is the most interesting to observe.
Concerning Accelerometer A1, over most of the frequency band, more specifically between 200 Hz and 800 Hz, the curves are

all merged, there is no nonlinear vibratory phenomenon observable on this frequency domain. On the other hand, in the frequency
band [100−200] Hz, where the first transverse mode of the structure is identified, the dotted curves are distinct. Fig. 5(b) shows very
clearly an experimental nonlinear behavior: there is a decrease in the resonance frequency as well as a decrease in the resonance
amplitude when the level of acoustic excitation increases. As the excitation level increases, the blades are stressed and rub against
the inner part of the aeroshell. This friction has a dual effect on the structure: in stiffness and in dissipation. This friction translates
the release of a bonding constraint by the appearance of slippage. It thus leads to a decrease in local stiffness. The local attenuation
of stiffnesses leads to a decrease in the resonance frequency of the structure. Moreover, friction is a dissipation phenomenon that
contributes to increase the damping of the model. The same nonlinear phenomenon can be observed in Fig. 5(a) for the second
transverse vibration mode identified, when the system remains within the framework of a linear behavior, around 925 Hz.

Concerning Accelerometer A4, the acceleration measured along the Z-axis reveals a nonlinear behavior in the two frequency
bands [100−200] Hz and [800−1000] Hz: there is a decrease in the resonance frequency along with a decrease in the resonance
amplitude as the level of acoustic excitation increases. The level measured for the first transverse mode, located in the frequency
band [100−200] Hz and given in Fig. 6(b), remains however much lower than the one measured for Accelerometer A1. This can be
explained by the fact that the transverse mode has a lower modal amplitude at the center of the bottom of the structure than on
the nose of the envelope. The strong increase in acceleration level that is observed from 300 Hz is due to the presence of vibration
modes that are modes of the bottom. These vibroacoustic excitation experiments show that there is little noticeable impact of blade
friction on the vibratory behavior of the bottom modes of the HB2 structure.

Concerning the measurements of the accelerometers A7 and A10 located at the front zone and rear zones of the internal package
of the HB2 structure, the vibration responses observed along the Z-axis are similar to those described for Accelerometer A1 for the
two frequency bands [100−200] Hz and [800−1000] Hz. The nonlinear signature of the HB2 structure, characterized by the friction of
the blades against the envelope according to acoustic level, is thus observed on the whole internal package. Concerning the vibration
modes of the internal package, identified around 700 Hz and observed in Figs. 7(a) and 8(a), there is no noticeable change in the
vibratory behavior of the structure according to acoustic level. These vibroacoustic excitation experiments show that there is little
noticeable impact of blade friction on the vibratory behavior of the internal package modes of the HB2 structure.
5
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Fig. 5. Experimental transverse acceleration at Accelerometer A1 on the envelope for different levels of vibroacoustic excitation: 90 dB (black), 100 dB (blue),
110 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz and (b) zoom in the frequency band [100−200] Hz. (For
nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 1
Values of the ratios of the RMS levels of the acceleration measured by an accelerometer along the Z-axis to the
RMS level of the acoustic level (frequency band [100−1000] Hz).

Accelerometer Ratio of experimental RMS levels ((m s−2)/Pa)

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 1.434 1.342 1.154 1.023 0.840
A4Z 0.574 0.558 0.520 0.493 0.457
A7Z 0.124 0.120 0.113 0.107 0.095
A10Z 0.189 0.187 0.183 0.177 0.167
A21Z 1.322 1.307 1.151 1.111 1.064

Finally, the experimental vibratory behavior of the HB2 structure at the location of the blades can be observed via Accelerome-
er A21 in Fig. 9. This one-dimensional accelerometer measures the acceleration of one of the metal blades along the global Z-axis. It
s possible to observe in Fig. 9(a) the two transverse vibration modes respectively located in the two frequency bands [100−200] Hz

and [800−1000] Hz. For these two vibration modes, the same experimental nonlinear vibrational phenomenon is observed: there is
a decrease in the resonance frequency for the transverse modes as well as a decrease in the resonance amplitude when the level of
vibroacoustic excitation increases. The principal mode observable on this accelerometer is a blade mode located between 300 Hz
and 400 Hz. There is no noticeable change in the acceleration measured in the frequency band [300−400] Hz according to acoustic
level. Another mode is identified in the frequency band [700−800] Hz and this one displays a nonlinear behavior: attenuation of the
resonance amplitude.

To summarize of all these experimental results and for the interested reader, Tables 1–3 group together for the studied
accelerometers all the ratios of the RMS levels of the acceleration measured along the Z-axis with the RMS level of the pressure
according to global vibroacoustic level. The RMS levels are calculated in the frequency band [100−1000] Hz (see Table 1), in the
frequency band [100−200] Hz (see Table 2) where the first transverse mode of the HB2 structure is located, and in the frequency
and [800−1000] Hz (see Table 3) where the second transverse mode of the HB2 model is identified. Thanks to the data indicated in
ables 1–3, a new quantity is calculated: the coefficient of dissipation of RMS level compared to the RMS level with the referenced
coustic level of 90 dB. This coefficient is defined as the ratio of RMS quotient in a frequency band (i.e., either [100−1000] Hz, or
100−200] Hz or [800−1000] Hz) to the RMS quotient for the 90 dB acoustic level in the same frequency band. With a linear dynamical
ystem, this coefficient would remain equal to 1. These coefficients of experimental dissipation are given for each accelerometer
long the Z-axis in Tables 4–6. Their values will be compared with the value of the numerical results given in Section 5.2.2 in
rder to validate the test-simulation comparisons. The values given in all these tables support the observations on the experimental
ibration response of the HB2 structure for the different accelerometers according to acoustic level. For example, Table 5 shows
hat the experimental response at 130 dB is reduced by a factor of approximately 1∕0.36 ≈ 3 in the frequency band [100−200] Hz at
he front end of the envelope. Indeed, there is a dissipation of the structure as the blades are stressed to rub against the inner wall
f the aeroshell. These vibratory behaviors are observed on all the accelerometers present during the tests: on the envelope (A1),
n the bottom (A4), on the internal package (A7, A10) and on one of the 23 blades of the model (A21).

. Modeling of the HB2 structure

Now that the nonlinear behavior of the HB2 structure has been observed experimentally, the paper focuses on the prediction
6

f the nonlinear response of the Finite Element (FE) model of this industrial assembly subjected to vibroacoustic excitation defined
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Fig. 6. Experimental transverse acceleration at Accelerometer A4 on the bottom for different levels of vibroacoustic excitation: 90 dB (black), 100 dB (blue),
10 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz and (b) zoom in the frequency band [100−200] Hz. (For interpretation
f the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Experimental transverse acceleration at Accelerometer A7 on the front end of the internal package for different level of vibroacoustic excitation:
90 dB (black), 100 dB (blue), 110 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz and (b) zoom in the frequency
and [100−200] Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Experimental transverse acceleration at Accelerometer A10 on the rear end of the internal package for different level of vibroacoustic excitation:
90 dB (black), 100 dB (blue), 110 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz and (b) zoom in the frequency
and [100−200] Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

s a multipoint random excitation. The modeling and simulation method is based on four key points: first a finite element model
f the structure is reduced using a dynamic substructuring method. Next, a friction model is introduced for each nonlinear joint in
7
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Fig. 9. Experimental transverse acceleration at Accelerometer A21 on one of the 23 blades for different levels of vibroacoustic excitation: 90 dB (black), 100 dB
blue), 110 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz and (b) zoom in the frequency band [100−200] Hz. (For
nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 2
Values of the ratios of the RMS levels of the acceleration measured by an accelerometer along the Z-axis to the
RMS level of the acoustic level (frequency band [100−200] Hz).

Accelerometer Ratio of experimental RMS levels ((m s−2)/Pa)

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 0.492 0.446 0.345 0.290 0.212
A4Z 0.014 0.012 0.011 0.010 0.007
A7Z 0.121 0.111 0.083 0.068 0.046
A10Z 0.029 0.026 0.021 0.018 0.014
A21Z 0.104 0.095 0.076 0.067 0.055

Table 3
Values of the ratios of the RMS levels of the acceleration measured by an accelerometer along the Z-axis to the
RMS level of the acoustic level (frequency band [800−1000] Hz).

Accelerometer Ratio of experimental RMS levels ((m s−2)/Pa)

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 2.973 2.774 2.369 2.083 1.687
A4Z 0.823 0.770 0.664 0.598 0.512
A7Z 0.130 0.121 0.103 0.088 0.071
A10Z 0.204 0.198 0.184 0.174 0.170
A21Z 0.157 0.144 0.122 0.109 0.093

Table 4
Values of the coefficients of dissipation of the RMS ratio of the acceleration measured by an accelerometer along
the Z-axis for each acoustic level (frequency band [100−1000] Hz).

Accelerometer Coefficient of experimental dissipation

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 1.0 0.94 0.80 0.71 0.59
A4Z 1.0 0.97 0.91 0.86 0.79
A7Z 1.0 0.97 0.91 0.87 0.77
A10Z 1.0 0.99 0.97 0.94 0.88
A21Z 1.0 0.99 0.87 0.84 0.80

this reduced model. The vibroacoustic excitation is projected on the structural modes and the vibration response is simulated in the
reduced basis using an adapted Harmonic Balance Method to predict the nonlinear response of the industrial assembly subjected
to controlled vibroacoustic excitation. This section details the FE model of the HB2 structure, the reduction method used and the
friction modeling introduced in this study in order to simulate the nonlinear response.

The HB2 structure is modeled with the finite element software Abaqus. Figs. 1(b) and 14(a) represent the FE model. Each
omponent of the HB2 structure is defined and meshed separately. The average mesh size used is approximately 10 mm. The
omplete finite element model of the HB2 model has 171,960 nodes and 128,162 elements. Each component is composed of two
ypes of finite elements with shell solid elements (labeled SC8R) to model the thin walls and volume solid elements (labeled C3D8R)
8
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Table 5
Values of the coefficients of dissipation of the RMS ratio of the acceleration measured by an accelerometer along
the Z-axis for each acoustic level (frequency band [100−200] Hz).

Accelerometer Coefficient of experimental dissipation

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 1.0 0.91 0.70 0.59 0.36
A4Z 1.0 0.84 0.75 0.67 0.52
A7Z 1.0 0.92 0.68 0.56 0.38
A10Z 1.0 0.90 0.71 0.61 0.49
A21Z 1.0 0.91 0.73 0.64 0.53

Table 6
Values of the coefficients of dissipation of the RMS ratio of the acceleration measured by an accelerometer along
the Z-axis for each acoustic level (frequency band [800−1000] Hz).

Accelerometer Coefficient of experimental dissipation

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 1.0 0.93 0.80 0.70 0.57
A4Z 1.0 0.94 0.81 0.73 0.63
A7Z 1.0 0.93 0.79 0.68 0.54
A10Z 1.0 0.97 0.90 0.85 0.83
A21Z 1.0 0.92 0.78 0.70 0.59

Table 7
Numerical and experimental mode pairs identified from the numerical modal analysis of the full finite element model of HB2.

Pair Mode description 𝑓 exp (Hz) 𝑓num (Hz) 𝜖𝑓 (%) MAC (%)

1 Transverse mode 130.9 136.2 4.1 98.1
2 Transverse mode 135.4 139.4 2.89 98.0
3 Blades mode 336.2 365.2 8.60 89.7
4 Envelope mode (2 lobes) 344.7 408.7 18.57 94.5
5 Envelope mode (3 lobes) 474.8 502.9 5.91 90.7
6 Envelope mode (3 lobes) 478.4 504.8 5.51 90.3
7 Envelope mode (4 lobes) 713.7 685.5 3.96 81.7
8 Transverse mode 925.0 905.9 2.06 86.2
9 Envelope mode (5 lobes) 1033.6 992.5 3.97 90.9

side of the joint and a kinematic coupling to a dedicated control node is defined. The joint is then defined as a rigid connector
between those two control nodes. Contact between each blade and the outer shell is realized with connectors. On the blade part,
the reference nodes are denoted ‘‘Ref_blade_1’’ (for blade 1 for example). On the aeroshell part, the reference nodes are denoted
‘‘Ref_contact_zone_1’’ (for the envelope nodes associated with blade 1 for example). The connectors representing each link have a
very high stiffness (1010 N m−1) in the directions rblade_1, 𝜃blade_1 and zblade_1 as well as in rotation around zblade_1 (1010 N m rad−1)
for each blade. The rotations around rblade_1 and around 𝜃blade_1 are left free for each blade.

Once the finite element model has been constructed, it must be validated before the vibratory responses can be studied for various
dynamic environments. The validation criterion used in this study is the classical comparison of the numerical modal analysis with
the experimental modal analysis. The FE model was validated through an experimental modal analysis with an electrodynamic shaker
and a laser vibrometer. Photos of this additional experiment are given in Fig. 10. The chosen excitation is a low-level random force
excitation applied at mid-height of the envelope. This input signal is defined by a PSD of constant level (0.10 N RMS) along the
frequency band [100−1000] Hz. The accelerometer locations and scanning laser vibrometry measurement points are joined to form a
united measurement mesh. The Frequency Response Functions (FRF) are measured for each node of this measurement mesh. Finally,
the modal frequencies, damping and shapes of the HB2 structure were identified using the PolyMAX [24] optimization algorithm
based on all the measured FRFs. Twenty modes of vibration are experimentally identified along the frequency band [100−1000] Hz.
Using FEMTOOLS software, nine pairs of experimental and numerical modes were identified on the basis of a MAC criterion greater
than 80%. Table 7 indicates the mode pairs identified from both numerical and experimental modal analyses, within the notations
𝑓 exp, 𝑓num, 𝜖𝑓 and MAC respectively indicate the experimental frequency, the numerical frequency, the frequency error and the
MAC value of the paired modes. As indicated in Table 7, nine pairs of vibration modes were identified in the frequency band of
interest [100−1000] Hz, validating the finite element model of the HB2 structure. As only one blade out of 23 is equipped with an
accelerometer, only one blade mode is identified between 300 Hz and 400 Hz, whereas 23 blade modes were computed by numerical
modal analysis. The mode pair shapes are illustrated in Figs. 11–13. These figures show the wealth of experimental data obtained
by using a 3D scanning laser vibrometer, which produces modal deformations very similar to those obtained numerically.

The global nonlinear vibration response of such a model to vibroacoustic excitation is impossible with the classical simulation
method due to the large number of degrees of freedom subjected to dynamic air pressure. A reduction method is thus employed to
predict the nonlinear response of the HB2 structure on only a few physical degrees of freedom. The reduction method used in this
9
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Fig. 10. Photos of the experimental set-up for 3D scanning laser vibrometry measurements of the HB2 structure excited at one point by a suspension-mounted
electrodynamic shaker.

and the eigenmodes with the chosen degrees of freedom of interest. The static modes are the static responses of the structure to a
unit displacement imposed on one chosen degree of freedom and all the others are blocked. This method is analogous to the method
of Craig and Bampton [26], the difference comes from the dynamic modes that can be computed with hybrid interfaces: for the
computation of these modes, the chosen physical degrees of freedom can be blocked or free, whereas in the Craig and Bampton
method, they must be blocked. In this study, this reduction method is used on the HB2 structure in order to keep the following
136 degrees of freedom

• 19 × 3 degrees of freedom for all the degrees of freedom of each accelerometer present on the structure;
• 23 degrees of freedom corresponding to the 23 friction joints between the blades and the external envelope in order to

implement a nonlinear numerical method;
• 56 degrees of freedom corresponding to the 56 first vibration modes below 1000 Hz computed from the complete FE model of

the HB2 structure, without any additional boundary conditions on the other chosen degrees of freedom.

Fig. 14(b) shows the finite element model of one of the 23 blades present on the HB2 structure. For each blade of the crown, a
local cylindrical frame is given and reference nodes are defined in order to numerically link the crown to the aeroshell (observed
in blue in Fig. 14(b)). In this study, the 23 chosen degrees of freedom corresponding to the 23 friction joints are those in translation
along the 𝜃blade direction in the local cylindrical frame of each blade. The nonlinear forces are applied to these degrees of freedom in
the reduced base. The modeling of the nonlinear links is chosen to be necessary and just sufficient in order to achieve the vibration
prediction objectives. It thus takes into account these nonlinearities while ensuring an easy implementation of these contributions
in the numerical resolution for the prediction of the nonlinear vibratory response (for more details, see the previous work by Claeys
et al. [13]).

Concerning the friction modeling between the blades and the envelope, the friction model used is the Jenkins model, which is
represented in Fig. 15 with stiffness connector 𝑘bound and Coulomb force 𝐹Coulomb. Note that, in this study, the parameters 𝑘bound
and 𝐹Coulomb are the same for all blades. For each temporal step 𝑡𝑖, and for each blade, a virtual force 𝑣𝑖𝑟𝑓blade(𝑡𝑖) is evaluated and
compared to the Coulomb force 𝐹Coulomb [27]

𝑣𝑖𝑟𝑓blade(𝑡𝑖) = 𝑓blade(𝑡𝑖−1) + 𝑘bound(𝑢blade(𝑡𝑖) − 𝑢blade(𝑡𝑖−1)) (2)

Two states are defined: if the virtual force at temporal step 𝑡𝑖 is greater than the Coulomb force, then the considered blade is in a
slipping state. If not, the considered blade is tied to the envelope, such that

𝑓blade(𝑡𝑖) =

{

𝑣𝑖𝑟𝑓blade(𝑡𝑖) if |𝑣𝑖𝑟𝑓blade(𝑡𝑖)| < 𝐹Coulomb (stick)
sgn(𝑣𝑖𝑟𝑓blade(𝑡𝑖))𝐹Coulomb if |𝑣𝑖𝑟𝑓blade(𝑡𝑖)| ≥ 𝐹Coulomb (slip)

(3)

In the case of the HB2 structure, this Jenkins model is applied to each friction joint in each local frame of each blade. In this study,
each translation along each orthoradial direction is kept in the reduced model. This allows us to define a nonlinear force 𝐅𝐍𝐋(𝐱),
which depends on the reduced degrees of freedom vector 𝐱, such that

𝐅𝐍𝐋(𝐱) =
∑

blade

(

𝑘bound 𝑢blade − 𝑓 (𝑢blade)
)

𝐕𝐛𝐥𝐚𝐝𝐞 (4)

where 𝑢 = 𝐕 𝑇 𝐱 and 𝐕 defines the connector vector of the considered blade [13].
10
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Fig. 11. Pairing of experimental (red) and numerical (blue) mode shapes in YX (a–c–d) and YZ (b–d–f) frames: pair 1 (a–b), pair 2 (c–d) and pair 3 (e–f). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 12. Pairing of experimental (red) and numerical (blue) mode shapes in YX (a–c–d) and YZ (b–d–f) frames: pair 4 (a–b), pair 5 (c–d) and pair 6 (e–f). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 13. Pairing of experimental (red) and numerical (blue) mode shapes in YX (a–c–d) and YZ (b–d–f) frames: pair 7 (a–b), pair 8 (c–d) and pair 9 (e–f). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 14. The FE model of the HB2 structure (a) with some of the accelerometers (yellow crosses) and (b) a zoom on the friction joint between the envelope
and the ballast defined in the local frame of the considered blade. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

For the interested reader it is worth remembering that various friction models can be used to simulate the restoring forces in
mechanical contacts via friction effects. In the present study, the choice of the Jenkins model is the result of previous works [13,15]
showing that this one-parameter model is sufficient to provide a good representation of the experimental response of the mechanical
system under study. More specifically the hysteresis phenomenon with the possibility of adhesion or sliding phases at the frictional
interface, depending of the evolution of the force in the friction joint and the dynamic behavior of the system are taken into account
in this model. One of the advantage of the Jenkins model is that the Coulomb threshold is the unique parameter to be identified. In
the present study, the identification of this Coulomb threshold is undertaken by matching simulations with experimental results at
130 dB (corresponding to the highest excitation level proposed in this study). An improvement on this friction model could be to
include the possibility of partial slip or micro-slip (e.g. using the Dahl model [28], the Iwan model [29,30], the Valanis model [31]
and the LuGre friction model [32] for example).

The nonlinear problem associated with the reduced finite element model of the structure HB2 subjected to vibroacoustic
excitation 𝐅𝐞𝐱𝐜𝐢𝐭 is therefore defined by

𝐌𝐱̈ + 𝐃𝐱̇ +𝐊𝐱 = 𝐅𝐞𝐱𝐜𝐢𝐭 + 𝐅𝐍𝐋(𝐱) (5)

where 𝐌, 𝐃 and 𝐊 respectively define the mass, damping and stiffness matrices in the reduced basis of degrees of freedom of the HB2
structure. 𝐅𝐍𝐋(𝐱) is defined with the Jenkins friction model as described by Eq. (4). Thanks to the experimental modal analysis, a
modal damping per vibration mode is identified. A Rayleigh model is then introduced to define the damping such that 𝐃 = 𝛼𝐌+𝛽𝐊.
Parameters 𝛼 and 𝛽 are identified from the modal damping obtained experimentally on the transverse modes located respectively
at 131 Hz and 925 Hz, which gives the following parameters: 𝛼 = 11.9 s−1 and 𝛽 = 1.0 10−7 s.

From now on, the vibroacoustic excitation vector 𝐅𝐞𝐱𝐜𝐢𝐭 needs to be computed in the reduced basis with the complete information
on the correlation of the random multipoint excitation applied to the outer surface of the aeroshell, and the complete information
on the level of this vibroacoustic excitation.

4. Modeling of the vibroacoustic excitation

4.1. Coupled FEM-BEM-FEA model

Far from the structure, the acoustic field in the reverberant chamber can be modeled as a diffuse field, band-limited ([100
– 1000] Hz) white noise. Yet the pressure fluctuations at the structure surface are strongly influenced by acoustic scattering
phenomena. A vibroacoustic model is developed using Wave6 software. The structural Finite Element Model (FEM) previously
presented (without the nonlinear friction joints) is coupled to a boundary element model of the external air volume (BEM). The
two models are illustrated in Fig. 16. The numerical modal basis of the FEM, which was presented and validated previously, was
computed with Abaqus, then imported into Wave6. A modal damping is then defined. Each modal damping coefficient was chosen
to be perfectly equivalent to the Rayleigh model presented previously.

In order to model the surrounding air volume, a closed external surface of the structure is defined and meshed as illustrated in
the lower image of Fig. 16. The external volume of this surface is defined as the BEM subsystem. A volume diffuse acoustic field
excitation is then introduced. The excitation is implemented using the reciprocity relationship between direct field radiation and
14
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Fig. 15. A representation (a) and a force–displacement diagram (b) of the Jenkins friction model.

Fig. 16. From top to bottom, sectional views of structural FEM mesh and BEM mesh.

diffuse reverberant loading [33]. Then a strong coupling is defined between the FEM and the BEM models, on the external surface
of the envelope.

In a previous study [34], where only the external envelope of HB2 structure was considered, both internal and external air
volumes were modeled using a single BEM model. When adding the internal package, the complex geometry of the internal air
volume makes its modeling by BEM almost impossible. An acoustic Finite Element Model would be well-suited for this internal air
volume. For the purpose of this research study however, the vibroacoustic modeling has been simplified as much as possible. This
study focuses on the structural non-linear behavior. The vibroacoustic model is only introduced in order to compute an accurate
dynamic excitation applied to this model. To that end, the BEM model of the external air volume is necessary because acoustic
scattering has a major effect on this dynamic excitation. Modeling the internal air volume enables us to compute internal acoustic
resonances. It is assumed that these resonances have little effect on the dynamic response of the structure. The modal projection
method presented in next section is restricted to structural resonances, even though an extension to acoustic resonances could be
developed. Thus, in this work, the internal air volume was not modeled.

The vibroacoustic response of the system is computed for all structural modes at each frequency spanning the frequency
band 100−1000 Hz. This response can then be computed for any FEM node by modal superposition. Fig. 17 presents the PSD
15
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Fig. 17. Post-processing of the experimental data (blue), of the simulated output data with the complete model of the vibroacoustic excitation (green) and of
he simulated output data with the proposed reduced vibroacoustic excitation (red). (For interpretation of the references to color in this figure legend, the reader
s referred to the web version of this article.)

cceleration simulated at the location of Accelerometer A1 on the envelope (green curve) compared to the measured data of this
ensor (blue curve). The corresponding vibroacoustic excitation level is 90 dB. The qualitative comparison of the simulation results
ith the experiments is excellent. For all accelerometer locations, in Fig. 2(b), the simulated results are close to the experimental
ata, with a maximum 6 dB difference on the RMS value (in the [100−1000] Hz frequency band). This vibroacoustic modeling, where
he friction nonlinear behavior is neglected, is preliminary to the present study. It is the underlying linear model that is relevant at
ow excitation levels, as illustrated in Fig. 17. These vibroacoustic simulations are performed including all the structural modes, yet
s it will be useful in the next section, it is also possible to perform these vibroacoustic simulations by selecting only one or two
ibration modes of interest.

.2. Modal projection of the vibroacoustic excitation

This section covers an original method used to define the vibroacoustic excitation in a reduced finite element model. The method
or modeling a multipoint correlated random excitation for a academic clamped–clamped beam was developed in a dedicated
rticle [21]. In the following, the modeling of a vibroacoustic excitation in a reduced finite element model will be discussed. One
riginality is to propose an approximate and controlled modeling of vibroacoustic excitations in order to ensure coherence with the
armonic Balance Method presented in Section 5.1.

Considering the structural FEM, the surface acoustic loading is a stationary multipoint random excitation, applied to each node
f the model connected to the air. Such loading can be characterized using a cross spectral density matrix 𝐒(𝜔) (where 𝜔 denotes
he pulsation), which is defined for the 𝑁𝑒 points submitted to the loading by:

𝐒(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎣

𝑆11(𝜔) 𝑆12(𝜔) … 𝑆1𝑁𝑒
(𝜔)

𝑆21(𝜔) 𝑆22(𝜔) … 𝑆2𝑁𝑒
(𝜔)

⋮ ⋮ ⋱ ⋮
𝑆𝑁𝑒1(𝜔) 𝑆𝑁𝑒2(𝜔) … 𝑆𝑁𝑒𝑁𝑒

(𝜔)

⎤

⎥

⎥

⎥

⎥

⎦

(6)

here the function 𝑆𝑖𝑖(𝜔) represents the Power Spectral Density (PSD) of the temporal excitation 𝑓𝑖(𝑡), defined to the degree of
reedom 𝑖. The function 𝑆𝑖𝑗 (𝜔) represents the Cross Spectral Density (CSD) between the temporal excitations 𝑓𝑖(𝑡) and 𝑓𝑗 (𝑡), which
orresponds to the multipoint temporal excitation defined at the degree of freedom 𝑗 ≠ 𝑖. Thanks to the Wiener–Khintchine relation,
he 𝐒(𝜔) matrix is defined positive [19].

The main idea behind this method is to project the spectral density matrix 𝐒(𝜔) on the basis of vibration modes
[

𝐘𝐜.𝐦.
𝟏 ,… ,𝐘𝐜.𝐦.

𝐍𝐦

]

where 𝑁𝑚 corresponds to the number of vibration modes) of the complete finite element model of the HB2 structure. These vibration
odes must be normalized with respect to the mass matrix of the structure. The vector 𝐅𝐜.𝐦.

𝐞𝐱𝐜𝐢𝐭 (𝑡), representing the acoustic excitation,
s written in the vibration mode basis of the HB2 structure

𝐅𝐜.𝐦.
𝐞𝐱𝐜𝐢𝐭 (𝑡) =

𝑁𝑚
∑

𝑘=1
𝑦𝑘(𝑡)𝐘𝐜.𝐦.

𝐤 (7)

he modal variables 𝑦𝑘(𝑡) are sought in this section. The vectors 𝐘𝐜.𝐦.
𝐤 correspond to the vibration modes of the complete finite

lement model considered.
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The projection of the spectral density matrix 𝐒(𝜔) onto the vibration mode basis
[

𝐘𝐜.𝐦.
1 ,… ,𝐘𝐜.𝐦.

𝐍𝐦

]

leads to a new matrix 𝐒proj(𝜔)
defined by

𝐒proj(𝜔) = 𝐏𝑇 S(𝜔)𝐏 (8)

where .𝑇 denotes the transpose operation. The matrices S(𝜔) and 𝐏 are described by

S(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎣

𝐒(𝜔) 𝐒(𝜔) … 𝐒(𝜔)
𝐒(𝜔) 𝐒(𝜔) … 𝐒(𝜔)
⋮ ⋮ ⋱ ⋮

𝐒(𝜔) 𝐒(𝜔) … 𝐒(𝜔)

⎤

⎥

⎥

⎥

⎥

⎦

(9)

𝐏 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐘𝐜.𝐦.
𝟏 0 0

0 𝐘𝐜.𝐦.
𝟐 ⋱ ⋮

⋮ ⋱ ⋱ 0

0 … 0 𝐘𝐜.𝐦.
𝐍𝐦

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(10)

The components of matrix 𝐒proj are

𝑆proj
𝑘𝑙 (𝜔) =

(

𝐘𝐜.𝐦.
𝐤

)𝑇 𝐒(𝜔)
(

𝐘𝐜.𝐦.
𝐥

)

(11)

These components are also the excitation terms used in the modal vibroacoustic simulations that are performed using the Wave6
solver. In these linear simulations, 𝑈𝑛, the PSD of the displacement of a node 𝑛 of the structural FE model, is computed using modal
superposition

𝑈𝑛(𝜔) =
∑

𝑘

∑

𝑙
∗

𝑘 (𝜔)𝑆
proj
𝑘𝑙 (𝜔)𝑙(𝜔) 𝐘𝐜.𝐦.

𝐤
|

|

|𝑛
𝐘𝐜.𝐦.
𝐥

|

|

|𝑛
(12)

where 𝑘 is the modal transfer function

𝑘(𝜔) =
(

𝛺2
𝑘 − 2𝑗𝜉𝑘𝛺𝑘𝜔 − 𝜔2)−1 (13)

𝛺𝑘 is the proper pulsation of mode 𝑘 that is known and 𝜉𝑘 is the modal damping that is chosen. When performing the linear
vibroacoustic simulations with only one mode 𝑘, the double sum in Eq. (12) reduces to a unique term, leading to a direct relation
between 𝑆proj

𝑘𝑙 and 𝑈𝑛 (when computed with only mode 𝑘)

𝑆proj
𝑘𝑘 (𝜔) =

𝑈𝑛(𝜔)

|

|

𝑘(𝜔)||
2
(

𝐘𝐜.𝐦.
𝐤

|

|

|𝑛

)2
(14)

hen, once all the modal acceptances 𝑆proj
𝑘𝑘 are computed, the cross-terms 𝑆proj

𝑘𝑘 can be computed using simulations involving two
odes 𝑘 and 𝑙. When 𝑈𝑛 is computed with only modes 𝑘 and 𝑙, Eq. (12) lead to

𝑆proj
𝑘𝑙 (𝜔) =

𝑈𝑛(𝜔) − 𝑆proj
𝑘𝑘 (𝜔)

(

𝐘𝐜.𝐦.
𝐤

|

|

|𝑛

)2
− 𝑆proj

𝑙𝑙 (𝜔)
(

𝐘𝐜.𝐦.
𝐥

|

|

|𝑛

)2

(

∗
𝑘 (𝜔)𝑙(𝜔) +∗

𝑙 (𝜔)𝑘(𝜔)
)

𝐘𝐜.𝐦.
𝐤

|

|

|𝑛
𝐘𝐜.𝐦.
𝐥

|

|

|𝑛

(15)

Thus, performing several linear computations with each mode 𝑘 and each mode pair 𝑘 and 𝑙, all the terms of the matrix 𝐒proj(𝜔)
are computed. These terms, which represent the acoustic excitation of the structure, take into account the diffuse acoustic field
and acoustic scattering effects thanks to the coupled FEM/BEM model. It can then be shown that the matrix 𝐒proj(𝜔) is positive
semi-definite [21]. The Cholesky decomposition is used as follows

𝐒proj(𝜔) = 𝐆(𝜔)𝐆∗(𝜔)𝑇 (16)

where 𝐆(𝜔) is a lower triangular matrix

𝐆(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐺11(𝜔) 0 … 0

𝐺21(𝜔) 𝐺22(𝜔) ⋱ ⋮

⋮ ⋮ ⋱ 0

𝐺𝑁𝑚1(𝜔) 𝐺𝑁𝑚2(𝜔) … 𝐺𝑁𝑚𝑁𝑚
(𝜔)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(17)

The 𝐺𝑖𝑗 (𝜔) coefficients are determined with the principal minors of matrix 𝐒proj(𝜔). It should be noted that this method is general
for any type of multipoint random excitation. The temporal modal excitation

(

𝑦𝑘(𝑡)
)

∀𝑘∈[[1,𝑁𝑚]]
is then given by

𝑦𝑘(𝑡) =
√

2𝛥𝜔

( 𝑘
∑

𝑙=1

𝑝
∑

𝑛=1
|𝐺𝑘𝑙(𝜔𝑛)| cos

(

𝜔𝑛𝑡 + 𝜃𝑘𝑙(𝜔𝑛) + 𝜙𝑙𝑛
)

)

(18)

he parameters present in the previous Eq. (18) are defined in such a way that
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• 𝑝 is the finite length of the series of cosine functions of the approximated excitation. It should be considered as a power of 2
in order to use Fast-Fourier Transforms (FFT) [35];

• 𝛥𝜔 defines the pulsation step along the frequency band
[

𝜔𝑚𝑖𝑛, 𝜔𝑚𝑎𝑥
]

. It is given by 𝛥𝜔 = 𝜔𝑚𝑎𝑥−𝜔𝑚𝑖𝑛
𝑝 ;

• 𝜔𝑛 corresponds to the frequency discretization [19]. It is given by 𝜔𝑛 = 𝜔𝑚𝑖𝑛 +
(

𝑛 − 1
2

)

𝛥𝜔. For the numerical simulation, FFT
algorithm discretization is chosen in order to use the Fast-Fourier Transform technique [35];

• 𝜃𝑘𝑙(𝜔𝑛) is defined as

𝜃𝑘𝑙(𝜔𝑛) = tan−1
(

ℑ(𝐺𝑘𝑙(𝜔𝑛))
ℜ(𝐺𝑘𝑙(𝜔𝑛))

)

(19)

where ℑ and ℜ are the imaginary and real parts, respectively;
• 𝜙𝑙𝑛 are independent random phases uniformly distributed between 0 and 2𝜋. The random part of the acoustic excitation comes

from these variables.

The cosine series decomposition is related to the use of the Harmonic Balance Method, presented in Section 5.1. Thanks to Eq. (7),
the description of the multipoint random excitation vector in the full basis of the finite element model considered given by the
vector 𝐅𝐜.𝐦.

𝐞𝐱𝐜𝐢𝐭 (𝑡) can be written

𝐅𝐜.𝐦.
𝐞𝐱𝐜𝐢𝐭 (𝑡) =

√

2𝛥𝜔
𝑁𝑚
∑

𝑘=1

( 𝑘
∑

𝑙=1

𝑝
∑

𝑛=1
|𝐺𝑘𝑙(𝜔𝑛)| cos

(

𝜔𝑛𝑡 + 𝜃𝑘𝑙(𝜔𝑛) + 𝜙𝑙𝑛
)

)

𝐘𝐜.𝐦.
𝐤 (20)

The reduction method used on Abaqus ensures that the vibration modes of the reduced model are exactly equal to those of the
complete model projected in the reduced basis. Therefore, the vector of the multipoint random excitation in the reduced basis 𝐅𝐞𝐱𝐜𝐢𝐭 (𝑡)
can be written

𝐅𝐞𝐱𝐜𝐢𝐭 (𝑡) =
√

2𝛥𝜔
𝑁𝑚
∑

𝑘=1

( 𝑘
∑

𝑙=1

𝑝
∑

𝑛=1
|𝐺𝑘𝑙(𝜔𝑛)| cos

(

𝜔𝑛𝑡 + 𝜃𝑘𝑙(𝜔𝑛) + 𝜙𝑙𝑛
)

)

𝐘𝐤 (21)

where the vectors 𝐘𝐤 correspond to the vibration modes of the reduced finite element model considered.
The vibroacoustic modeling of the excitation was validated in a preliminary study through a test-simulation comparison using

diffuse acoustic field testing at low excitation level (90 dB), when the nonlinearities are supposed to be small in the overall response
of the structure. This validation is illustrated for one accelerometer in Fig. 17. Three curves are plotted in this figure, the blue curve
corresponds to the post-processing of the experimental PSD of acceleration for Accelerometer A1, the green curve and the red curve
correspond to the post-processing of the numerical PSD of acceleration of the degree of freedom closest to Accelerometer A1. The
green curve comes from the linear vibroacoustic simulation presented in Section 4.1. During this simulation performed using Wave6
software, the complete acoustic excitation defined by Eq. (20) is computed on all the structural nodes connected to air. The modal
acceptance terms (i.e., the 𝐺𝑖𝑗 (𝜔) coefficients of the 𝐆(𝜔) matrix) are calculated over the whole frequency band [100−1000] Hz. The
red curve is then calculated using the nonlinear simulation method presented in Section 5.1 where the acoustic loading is computed
using Eq. (21). Due to calculation time issues, the modal acceptance terms 𝐺𝑘𝑘 are only calculated at frequencies corresponding
to the resonance frequencies 𝛺𝑘 of the vibration modes of the numerical model of the HB2 structure. The cross-modal acceptance
terms 𝐺𝑘𝑙 with 𝑘 ≠ 𝑙 are computed at the median pulsation between 𝛺𝑘 and 𝛺𝑘. This results in the following approximation

𝐺𝑘𝑙(𝜔𝑛) = 𝐺𝑘𝑙

(

𝛺𝑘 +𝛺𝑙
2

)

∀𝑛 ∈ [[1, 𝑝]] (22)

Note that information on the vibroacoustic excitation level for all frequencies in the frequency band [0–1000] Hz is not complete,
as the cross-modal acceptances terms are identified at specific frequencies. This will result in an underestimation of the excitation,
and therefore somewhat underestimated results from the reduced model compared to the results from the full model.

Therefore, Fig. 17 highlights two important facts:

• the comparison between the blue curve and the green curve is very satisfactory, it validates the construction of the FE model
of this industrial structure with the construction of each component and the contact between each sub-assembly. The slight
difference is interpreted as being due to the acoustic excitation term which is modeled as a homogeneous acoustic diffuse field
whereas experimentally it is influenced by the acoustic modes of the reverberant chamber;

• the comparison between the green curve and the red curve is also interesting, it indicates that the modeling of a reduced
multipoint random excitation is consistent with the whole model. Both curves are merged at frequencies corresponding to the
resonance frequencies of the vibration modes, and the output acceleration of the structure is underestimated at frequencies
far from the vicinity of these resonance frequencies. As this study focuses on the prediction of a nonlinear phenomenon which
only occurs at resonance frequencies, this result is satisfactory and validates the construction of the reduced vibroacoustic
excitation.

It should be noted that the second resonance peak in the frequency band [800–1000] Hz is lower for the green curve (coming from
the complete linear vibroacoustic simulation). In fact, this is due to a loss of energy with acoustic emission taken into account in
the Wave6 software.
18
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5. Numerical simulation

Henceforth, the nonlinear force 𝐅𝐍𝐋(𝐱) and the vibroacoustic excitation 𝐅𝐞𝐱𝐜𝐢𝐭 in the reduced element model of the HB2 structure
define the nonlinear problem described by Eq. (5), which can be solved using the Harmonic Balance Method (HBM) adapted to
multipoint random excitations [17].

5.1. Harmonic balance method adapted to random excitations

For this purpose, this nonlinear method must be adapted for the use of acoustic excitations seen as multipoint correlated random
excitations. The HBM seeks the response of the nonlinear system defined in Eq. (5) as a truncated Fourier series (if this solution
exists), such that

𝐱(𝑡) = 𝐁𝟎 +
𝑝
∑

𝑛=1

(

𝐀𝐧 sin (𝑛𝛺𝑡) + 𝐁𝐧 cos (𝑛𝛺𝑡)
)

(23)

here 𝑝 is the chosen order of the truncated Fourier series and
(

𝐁𝟎,
(

𝐀𝐧,𝐁𝐧
)

∀𝑛∈[[1,𝑝]]

)

are the unknown Fourier coefficients of solution
𝐱(𝑡) to be determined. As discussed in [17,36], the HBM can be adapted to random excitations by choosing the frequency resolution
𝛥𝑓 as the fundamental frequency of the excitation.

Thus in the case of vibroacoustic excitation, the multipoint random excitation can be foreseen as a multipoint deterministic
excitation with one fundamental pulsation 𝛺 = 2𝜋𝛥𝑓 and using Eq. (21), vector force 𝐅𝐞𝐱𝐜𝐢𝐭 (𝑡) can be defined by a finite Fourier
eries of order 𝑝, such that

𝐅𝐞𝐱𝐜𝐢𝐭 (𝑡) =
𝑝
∑

𝑛=1

(

𝐒𝐧,𝐞𝐱𝐜𝐢𝐭 sin (𝑛𝛺𝑡) + 𝐂𝐧,𝐞𝐱𝐜𝐢𝐭 cos (𝑛𝛺𝑡)
)

(24)

𝐒𝐧,𝐞𝐱𝐜𝐢𝐭 (𝑡) = −
√

2𝛥𝜔
𝑁𝑚
∑

𝑘=1

( 𝑘
∑

𝑙=1
|𝐺𝑘𝑙(𝜔𝑛)| sin

(

𝜃𝑘𝑙(𝜔𝑛) + 𝜙𝑙𝑛
)

)

𝐘𝐤 (25)

𝐂𝐧,𝐞𝐱𝐜𝐢𝐭 (𝑡) =
√

2𝛥𝜔
𝑁𝑚
∑

𝑘=1

( 𝑘
∑

𝑙=1
|𝐺𝑘𝑙(𝜔𝑛)| cos

(

𝜃𝑘𝑙(𝜔𝑛) + 𝜙𝑙𝑛
)

)

𝐘𝐤 (26)

Moreover, it is assumed that nonlinear contributions 𝐅𝐍𝐋(𝑡) can be solved in the finite Fourier series of order 𝑝

𝐅𝐍𝐋(𝑡) = 𝐂𝟎 +
𝑝
∑

𝑛=1

(

𝐒𝐧 sin (𝑛𝛺𝑡) + 𝐂𝐧 cos (𝑛𝛺𝑡)
)

(27)

where
(

𝐂𝟎,
(

𝐒𝐧,𝐂𝐧
)

∀𝑛∈[[1,𝑝]]

)

are the Fourier coefficients of the nonlinear force 𝐅𝐍𝐋(𝑡). One of the consequences of the choice of 𝛥𝑓 as

the fundamental frequency is that the number of harmonics 𝑝 chosen in the approximate nonlinear solution (23) can be significant,
hich can constitute a major disadvantage in terms of computation time and data storage issues. In order to determine the value
f the Fourier coefficients

(

𝐁𝟎,
(

𝐀𝐧,𝐁𝐧
)

∀𝑛∈[[1,𝑝]]

)

, decompositions (23), (24) and (27) are re-injected into Eq. (5). This leads to a set
of 𝑁𝑚(2𝑝 + 1) nonlinear equations given by

𝐊𝐁𝟎 = 𝐂𝟎 (28)

[

𝐊 − (𝑛𝛺)2𝐌 −𝑛𝛺𝐃
𝑛𝛺𝐃 𝐊 − (𝑛𝛺)2𝐌

]

[

𝐀𝐧
𝐁𝐧

]

=
[

𝐒𝐧,𝐞𝐱𝐜𝐢𝐭
𝐂𝐧,𝐞𝐱𝐜𝐢𝐭

]

+
[

𝐒𝐧
𝐂𝐧

]

∀𝑛 ∈ [[1, 𝑝]] (29)

Coefficients
(

𝐂𝟎,
(

𝐒𝐧,𝐂𝐧
)

∀𝑛∈[[1,𝑝]]

)

depend on coefficients
(

𝐁𝟎,
(

𝐀𝐧,𝐁𝐧
)

∀𝑛∈[[1,𝑝]]

)

. An extension of the classic Alternate Frequency–

Time domain method (AFT-method [37]) is used to calculate these Fourier coefficients
(

𝐂𝟎,
(

𝐒𝐧,𝐂𝐧
)

∀𝑛∈[[1,𝑝]]

)

(see [36,38] for more
details) thanks to Eq. (4).

Finally, the nonlinear Eqs. (28) and (29) are solved by minimizing the following function

𝐇(𝐗,Ω) = 𝐀𝐗 − 𝐁 − 𝐁𝐍𝐋(𝐗) (30)

with

𝐀 = Diag
(

𝐊,
[

𝐊 − (𝑛𝛺)2𝐌 −𝑛𝛺𝐃
𝑛𝛺𝐃 𝐊 − (𝑛𝛺)2𝐌

]

∀𝑛∈[[1,𝑝]]

)

(31)

𝐁 =
[

𝟎 𝐒𝟏,𝐞𝐱𝐜𝐢𝐭 𝐂𝟏,𝐞𝐱𝐜𝐢𝐭 … 𝐒𝐩,𝐞𝐱𝐜𝐢𝐭 𝐂𝐩,𝐞𝐱𝐜𝐢𝐭
]𝑇 (32)

𝐁 =
[

𝐂 𝐒 𝐂 … 𝐒 𝐂
]𝑇 (33)
19
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Fig. 18. Experimental (dotted lines) and numerical (solid lines) transverse acceleration at Accelerometer A1 on the envelope for different levels of vibroacoustic
excitation: 90 dB (black), 100 dB (blue), 110 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz and (b) zoom in the
requency band [100−200] Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Minimizing Eq. (30) imposes a convergence criterion described as
‖𝐇(𝐗,Ω)‖2

‖𝐁‖2
< 𝜖𝐻𝐵𝑀 (34)

where 𝜖𝐻𝐵𝑀 is a chosen numerical precision and ‖.‖2 is the quadratic norm. For the rest of the study, 𝜖𝐻𝐵𝑀 is chosen to be equal
to 10−3.

Note that the proposed extension of the Harmonic Balance Method to vibroacoustic excitation is based on a redefining of the
fundamental pulsation, as well as approximation of a multipoint correlated random excitation by reducing the number of excitation
terms while remaining in a formalism of the HBM applied to random excitations.

5.2. Numerical results

In this section, the simulation results are compared with the experimental results of the test campaign on the HB2 structure
subjected to acoustic excitation. This comparison is performed on the 5 accelerometers whose measurements were presented in
Section 2. The parameter of the friction model used to perform this set of simulations is the same for all excitation levels: FCoulomb
= 0.05 N. In order to appreciate the order of magnitude of this parameter, a static calculation with imposed displacement on an
isolated metal blade is performed on Abaqus. The radial force applied to a blade is estimated at 0.1 N. The order of magnitude of
the Coulomb threshold thus seems reasonable.

In a first step, the numerical results are analyzed alone in order to identify the numerical nonlinear vibration signature for
some vibration modes of the HB2 structure associated with the friction model chosen in Section 3. In a second step, these results
are presented for all the degrees of freedom located near the accelerometers in order to be compared to the measurements of the
experimental campaign performed with an acoustic excitation. This comparison is performed through a graphical superposition of the
experimental and numerical results processed by octave bands (see Section 2.2). The comparison of the numerical and experimental
dissipation coefficients by acoustic level also allows us to conclude on the relevance of the nonlinear simulation method developed.
As a reminder, these coefficients are introduced in Section 2.2 to quantify the nonlinear phenomenon observed experimentally.

5.2.1. Study of the numerical nonlinear vibration signature
The first vibration mode of the HB2 structure in the study is the first transverse mode experimentally identified at approximately

131 Hz (see Table 7). First, the numerical study focuses on the degree of freedom corresponding to the Z component of the closest
node from the experimental location of the first accelerometer A1 located on the nose of the envelope of the HB2 structure. The
results from the numerical simulations are given by the solid lines in Fig. 18 for the different acoustic levels. Concerning the first
transverse mode of the HB2 structure located in the frequency band [100−200] Hz, a distinction of the curves according to the
coustic level is observed numerically (see Fig. 18(b)), which is representative of a nonlinear vibratory signature. This is the same
onlinear vibration signature as that observed experimentally: there is a decrease in amplitude and a decrease in resonance frequency
ccording to acoustic level. This phenomenon is very well-represented for the first transverse mode at Accelerometer A1 along the
lobal 𝑍-axis. The four other degrees of freedom chosen for this numerical study are the ones corresponding respectively to locations
losest to Accelerometers A4, A7, A10 and A21 along the Z-direction. The results from the numerical simulations are respectively
iven by the solid lines in Figs. 19–22 for the different acoustic levels. The same nonlinear vibrational phenomenon is observed on
he first transverse mode, i.e., there is a decrease in resonance amplitude and a decrease in resonance frequency with acoustic level.

The second vibration mode studied in this section is the second transverse mode, experimentally identified at approximately
25 Hz (see Table 7). For all degrees of freedom respectively corresponding to Accelerometers A1, A4, A7 and A10 along the
20
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Fig. 19. Experimental (dotted lines) and numerical (solid lines) transverse acceleration at Accelerometer A4 on the bottom for different levels of vibroacoustic
excitation: 90 dB (black), 100 dB (blue), 110 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz and (b) zoom in the
requency band [100−200] Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

-direction, neither the resonance amplitude, nor the resonance frequency of the second transverse mode located in the frequency
and [800−1000] Hz are strongly modified by the acoustic level: the nonlinear signature is not well-represented numerically for this
ibration mode.

For other vibration modes present in the numerical modal analysis of the FE model of the HB2 structure, the analysis of the
umerical results varies according to the chosen degree of freedom. For example, for the degree of freedom corresponding to
ccelerometer A1, it is possible to observe in Fig. 18(a) that the solid curves are merged between 300 Hz and 850 Hz, where
ertain resonances are represented. There are three resonances between 300 Hz and 400 Hz and three resonances between 580 Hz
nd 700 Hz. No nonlinear vibratory phenomena are observable at the respective frequencies of these modes. However, an additional
esonance at 830 Hz is observed in Fig. 20(a) for the degree of freedom corresponding to Accelerometer A7. The amplitude of this
esonance is completely attenuated as the acoustic level increases. This mode is very pronounced at the front end of the inner
ackage compared to the resonance observed in Figs. 18(a) and 19(a) for Accelerometers A1 and A4. This mode corresponds to the
irst longitudinal mode, it is not observable for the nodes located on the envelope corresponding to the accelerometers A1 and A4.
he fourth accelerometer is Accelerometer A10 located at the rear end of the inner package of the HB2 structure. The results from
he numerical simulations given by the solid lines in Fig. 21 for the different acoustic levels are consistent with the numerical results
iven for Accelerometer A7. The nonlinear signature is observed for the mode previously mentioned at 830 Hz. The second transverse
ode located around 925 Hz is weakly resonant along the Z-axis. Indeed, the transverse mode observed on Abaqus has a relatively

ow modal amplitude at the location of the node associated with Accelerometer A10. Finally, the internal package modes and some
lade modes, located between 350 Hz and 850 Hz, resonate very strongly according to the acoustic level for Accelerometer A21
ocated on one of the 23 blades of the HB2 structure (see Fig. 22(a)). A nonlinear signature is notably observed at 500 Hz and
10 Hz for which the resonance concerned is completely attenuated at 130 dB. These frequencies correspond to coupled blade and
nvelope modes according to the numerical modal analysis.

To summarize these observations of the numerical results and for the interested reader, Tables 8–10 group together, for the
ccelerometers studied, all the ratios of the RMS levels of the simulated acceleration along a global axis to the RMS level of the
ound level according to global sound level. The RMS levels are calculated in the frequency band [100−1000] Hz (see Table 8), in
he frequency band [100−200] Hz (see Table 9) where the first transverse mode of the HB2 model is located, and in the frequency
and [800−1000] Hz (see Table 10) where the second transverse mode of the HB2 model is located. Using the data given in these
ables, a coefficient of dissipation introduced in Section 2.2 is calculated in the different frequency bands: either [100−1000] Hz (see
able 11), or [100−200] Hz (see Table 12) or [800−1000] Hz (see Table 13). The values shown in all these tables support the observed
esults on the simulated vibration response of the HB2 structure for these different degrees of freedom according to acoustic level.
ndeed, there is a dissipation of the structure as the blades are stressed by the acoustic level. The numerical nonlinear signature
f the HB2 structure is only well-predicted by simulation in the frequency band [100−200] Hz. Comparison with the experimental
esults and a discussion are given in the following section.

.2.2. Experiments-simulations comparison
Now that the analysis of the numerical results is given for different of the HB2 structure vibration modes, the comparison with

he experiments is carried out. As a reminder, the superposition of numerical (solid lines) and experimental (dotted lines) results is
iven in Figs. 18–22.

Concerning Accelerometer A1, the simulated acceleration level is much lower than the one measured between 200 Hz and
00 Hz. This is mainly due to the choice of the calculation of the cross-modal acceptance terms for the acoustic excitation given in
21

ection 4. Indeed, for this study, the choice was to insist on the representation of the acoustic level for the resonance frequencies
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Fig. 20. Experimental (dotted lines) and numerical (solid lines) transverse acceleration at Accelerometer A7 on the front end of the internal package for different
levels of vibroacoustic excitation: 90 dB (black), 100 dB (blue), 110 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz
nd (b) zoom in the frequency band [100−200] Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
f this article.)

Fig. 21. Experimental (dotted lines) and numerical (solid lines) transverse acceleration at Accelerometer A10 on the rear end of the internal package for different
levels of vibroacoustic excitation: 90 dB (black), 100 dB (blue), 110 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz
nd (b) zoom in the frequency band [100−200] Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
f this article.)

Fig. 22. Experimental (dotted lines) and numerical (solid lines) transverse acceleration at Accelerometer A21 on one of the 23 blades for different levels of
vibroacoustic excitation: 90 dB (black), 100 dB (blue), 110 dB (green), 120 dB (orange) and 130 dB (red) - (a) in the frequency band [100−1000] Hz and (b)
oom in the frequency band [100−200] Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
rticle.)
22
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Table 8
Values of the ratios of the RMS levels of the simulated acceleration (at the location of the degree of freedom
corresponding to an accelerometer) along a global axis to the RMS level of the sound level according to global
sound level (frequency band [100−1000] Hz).

Accelerometer Ratio of numerical RMS levels ((m s−2)/Pa)

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 1.418 1.415 1.319 1.177 1.299
A4Z 0.651 0.652 0.634 0.596 0.616
A7Z 0.165 0.166 0.162 0.164 0.173
A10Z 0.263 0.262 0.249 0.231 0.233
A21Z 0.695 0.702 0.678 0.682 0.652

Table 9
Values of the ratios of the RMS levels of the simulated acceleration (at the location of the degree of freedom
corresponding to an accelerometer) along a global axis to the RMS level of the sound level according to global
sound level (frequency band [100−200] Hz).

Accelerometer Ratio of numerical RMS levels ((m s−2)/Pa)

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 0.435 0.432 0.151 0.092 0.158
A4Z 0.013 0.013 0.005 0.003 0.004
A7Z 0.101 0.100 0.036 0.026 0.044
A10Z 0.023 0.023 0.008 0.006 0.011
A21Z 0.103 0.102 0.039 0.018 0.014

Table 10
Values of the ratios of the RMS levels of the simulated acceleration (at the location of the degree of freedom
corresponding to an accelerometer) along a global axis to the RMS level of the sound level according to global
sound level (frequency band [800−1000] Hz).

Accelerometer Ratio of numerical RMS levels ((m s−2)/Pa)

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 2.981 2.975 2.785 2.482 2.741
A4Z 0.831 0.828 0.778 0.710 0.787
A7Z 0.111 0.111 0.113 0.149 0.183
A10Z 0.212 0.200 0.150 0.109 0.135
A21Z 0.839 0.850 0.799 0.829 0.713

Table 11
Values of the coefficients of dissipation of the RMS ratio of the simulated acceleration of a degree of freedom
near an accelerometer along the Z-axis for each acoustic level (frequency band [100−1000] Hz).

Accelerometer Coefficient of numerical dissipation

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 1.0 0.99 0.93 0.83 0.92
A4Z 1.0 1.00 0.97 0.92 0.95
A7Z 1.0 1.00 0.98 0.99 1.05
A10Z 1.0 0.99 0.95 0.88 0.88
A21Z 1.0 1.01 0.98 0.98 0.94

Table 12
Values of the coefficients of dissipation of the RMS ratio of the simulated acceleration of a degree of freedom
near an accelerometer along the Z-axis for each acoustic level (frequency band [100−200] Hz).

Accelerometer Coefficient of numerical dissipation

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 1.0 0.99 0.35 0.21 0.36
A4Z 1.0 0.99 0.36 0.22 0.30
A7Z 1.0 0.99 0.36 0.25 0.44
A10Z 1.0 0.99 0.36 0.26 0.47
A21Z 1.0 0.99 0.38 0.17 0.14

of the HB2 structure vibration modes, while neglecting the information on the excitation level for frequencies located outside the
scope of these resonance frequencies for reasons of calculation time. This explains the fact that the comparison of experimental
and numerical acceleration levels is good at the resonance frequencies of the transverse modes of the HB2 model (see Fig. 18(a)),
23

but also the fact that the acceleration level simulated decreases sharply away from these resonances. This is particularly the case
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Table 13
Values of the coefficients of dissipation of the RMS ratio of the simulated acceleration of a degree of freedom near an accelerometer
along the Z-axis for each acoustic level (frequency band [800−1000] Hz).

Accelerometer Coefficient of numerical dissipation

90 dB 100 dB 110 dB 120 dB 130 dB

A1Z 1.0 0.99 0.93 0.83 0.92
A4Z 1.0 0.99 0.94 0.85 0.95
A7Z 1.0 0.99 1.01 1.34 1.64
A10Z 1.0 0.95 0.71 0.52 0.64
A21Z 1.0 1.01 0.95 0.98 0.85

from 180 Hz along the Z-axis for the degree of freedom near Accelerometer A1. The nonlinear experimental and numerical vibration
signatures remain coherent: there is a decrease in resonance amplitude and a decrease in resonance frequency for the first transverse
mode of the HB2 structure. Numerically, this behavior does not differ between 90 dB and 100 dB, then a very strong dissipation
of the resonance amplitude from 100 dB appears and finally a decrease of the resonance frequency is observed from the acoustic
level of 120 dB. Experimentally, the two phenomena occur simultaneously according to the acoustic level, which is not represented
numerically. This may be due to the choice of friction model used, with an overly low Coulomb threshold coefficient. Between
120 dB and 130 dB the simulated resonance frequency remains low and the modal amplification increases. This simulated evolution
is also related to the choice of a Jenkins model, similar trends have been observed and explained by Al Sayed et al. [39]. The
Jenkins model has two linear asymptotic states: at very low excitation level, the blades remain stuck to the envelope, at very high
excitation level, the blade are almost always sliding on the envelope surface which is the second asymptotic state. The maximal
dissipation is reached when stick and slip phases are of equal duration. Experimentally this increase of amplification at high level is
not observed, revealing another limit of the Jenkins model in this application. However, the comparison remains very satisfactory
in terms of the objective of representing the nonlinear vibratory phenomenon for the first transverse mode along the Z direction.
Indeed, as given in Table 12 at the 130 dB acoustic level, a coefficient of numerical dissipation of 0.36 is reached numerically which
is exactly the same coefficient of experimental dissipation shown in Table 5. The comparison of the numerical and experimental
coefficients of dissipation provides new information on the ability of the model to represent and predict the nonlinear signature of
the HB2 structure. Overall, this comparison for Accelerometer A1 is satisfactory.

Concerning the comparison for Accelerometer A4, contrary to Accelerometer A1, the simulated acoustic level is well-represented
ince the simulated acceleration levels along the 𝑍-axis axes are of the same order of magnitude as the measurements, with the

same trends: a progressive increase in acceleration from 300 Hz. Yet, the representation of the nonlinear vibration signature is very
satisfactory along the Z-axis for the first transverse mode of the model.

Concerning the comparison for the accelerometers A7 and A10, located on either side of the internal package of the HB2
structure, the analysis of the superposition of the data set is similar to the comparisons for Accelerometers A1 and A4 for the
2 main transverse modes. However, the comparison of the experimental and numerical dissipation coefficients on the frequency
band [100−200] Hz, where the first transverse mode of the model is located (see Table 12), is very satisfactory. For Accelerometer A7,
a coefficient of numerical dissipation of 0.44 is obtained at 130 dB, very close to the coefficient of experimental dissipation of
0.38. For Accelerometer A10, a coefficient of numerical dissipation of 0.47 is obtained at 130 dB, very close to the coefficient of
experimental dissipation of 0.49. These comparisons for Accelerometers A7 and A10 are thus satisfactory.

Concerning Accelerometer A21 located on one of the 23 blades of the HB2 structure, the superposition of all the data is shown
in Fig. 22. Contrary to what is analyzed for the other accelerometers in the paper, the first transverse mode along the Z-axis for
Accelerometer A21 is completely attenuated at 130 dB. The vibration phenomenon is thus overestimated for this mode as indicated
by the coefficients of numerical dissipation between 100 Hz and 200 Hz (see Table 12). Two other vibration modes, corresponding to
coupled blade and envelope modes, located numerically at 500 Hz and 710 Hz, are completely attenuated for the numerical results
and they are also attenuated for the experimental results. Indeed, the resonances located experimentally at 480 Hz and 720 Hz are
also completely attenuated from 130 dB. This vibratory behavior is thus very well-reproduced by the simulation and does not only
concern the transverse modes of the HB2 model. Finally, the comparison deteriorates from 750 Hz since the modes of the blades
resonate more strongly in the simulation results than experimentally. The acoustic behavior of the internal air volume must have a
significant effect on the vibroacoustic response of the blades. Thus, the vibroacoustic modeling of this internal air volume and its
coupling with the nonlinear modeling presented in this article would be a promising way to reduce those test-simulation differences.

In conclusion, in light of the elements presented in this section, the nonlinear vibration simulation of the HB2 model solicited
by an acoustic excitation is satisfactory on many points: it is possible to account for a nonlinear vibration phenomenon at different
locations of the industrial structure according to different degrees of freedom. The numerical results presented are consistent with
the experiments with notably very good comparisons in the frequency band [100−200] Hz where the first transverse mode of the
HB2 structure is located. However, some other numerical results are not in complete agreement with the measurements of the
test campaign performed. In particular, the nonlinear vibratory phenomenon on the second transverse mode of the model is not
sufficiently well-represented compared to the experimental data. The limitations in test-simulation comparison must be related to
the choices made for the nonlinear joint model: the choice of friction model given in Section 3, the choice of degrees of freedom
in translation along the direction 𝜃 only and the choice of the Coulomb threshold. However, all these choices enabled to predict
a complex nonlinear vibratory phenomenon which is found on several vibration modes (at 139 Hz, 500 Hz and 710 Hz) of an
24
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industrial structure. This meets one of the objectives of this paper, which was to propose a controlled, accurate and sufficient model
to reproduce certain nonlinear phenomena. The overall satisfaction with the simulation results and the associated experiments-
simulations confrontations comes from the very good correlation on the level of simulated excitation thanks to an original modeling
of a multipoint random excitation on a reduced number of degrees of freedom, and on the other hand on the representation of a
complex nonlinear vibratory phenomenon on an industrial structure according to the level of this simulated excitation.

6. Conclusion

In this paper, the work proposed is an application of an original approach to modeling a multipoint correlated random excitation
n an industrial context. This application is dedicated to the use of a simulation method of nonlinear vibrations with an extension
f the Harmonic Balance Method. First, the structure studied (the HB2 structure) was designed to enhance nonlinear vibration
hanks to friction joints in order to be representative of an aerospace structure submitted to a vibroacoustic load, representative of
tmospheric re-entry. In order to experimentally study such a nonlinear behavior, an original setup, a reverberation chamber with
oudspeakers arrays, was developed at the CEA/CESTA site. A nonlinear vibration response was then obtained experimentally and
ay now be confronted to numerical results.

Thus, this paper developed the complete modeling of both the structure and the excitation. The finite element model of the HB2
tructure is reduced thanks to a reduction method implemented in the Abaqus software, allowing few degrees of freedom to be kept.
he number of degrees of freedom retained is just sufficient and necessary for the observation of the nonlinear response and for
he introduction of a nonlinear force. This nonlinear force, modeled in its simplest form with a Jenkins model, is applied to only
ne degree of freedom per friction joint in the HB2 structure. Once the reduction method used, the modeling of acoustic excitation
ust be stored in a reduced excitation vector. In order to achieve such an objective, an original method previously published by the

uthors was used. This consists in projecting the spectral density matrix onto the vibration modes of the HB2 structure. The reduced
ibroacoustic excitation is therefore modal and it was validated through a test-simulation comparison using diffuse acoustic field
esting at low excitation level. Finally, using an adapted Harmonic Balance Method, the nonlinear response of the HB2 structure
as predicted. Numerical results are consistent with experiments in the vicinity of the vibration modes, mainly the first transverse
ode, of the assembly.
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