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bilinear Schrodinger equation thanks to a
quadratic term

Théo Gherdaoui*
October 25, 2024

Abstract

The goal of this article is to contribute to a better understanding of the relations
between the exact controllability of nonlinear PDEs and the control theory for ODEs
based on Lie brackets, through a study of the Schrédinger PDE with bilinear control.

We focus on the small-time local controllability (STLC) around an equilibrium,
when the linearized system is not controllable. We study the second order term in the
Taylor expansion of the state, with respect to the control.

For scalar-input ODEs, quadratic terms never recover controllability: they induce
signed drifts in the dynamics (see [10]). Thus proving STLC requires to go at least
to the third order. Similar results were proved for the bilinear Schrédinger PDE with
scalar-input controls in [16].

In this article, we study the case of multi-input systems. We clarify among the
quadratic Lie brackets, those that allow to recover STLC: they are bilinear with respect
to two different controls. For ODEs, our result is a consequence of Sussmann’s sufficient
condition S(6) (when focused on quadratic terms), but we propose a new proof, designed
to prepare an easier transfer to PDEs. This proof relies on a representation formula
of the state inspired by the Magnus formula. By adapting it, we prove a new STLC
result for the bilinear Schrédinger PDE.

Keywords: Bilinear Schrodinger equation, infinite-dimensional systems, small-time
local exact controllability, power series expansion.
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1 Introduction

1.1 Model and problem

In this article, we study the following Schrédinger equation

iatw(ta 37) = —531/}(75733) - (u(t)ﬂl(x> + U<t)ﬂ2<x)) ’(/J(LLL‘), te (OvT)a x e (07 1),
P(t,0) =(t,1) =0, te(0,T), (1.1)
¥(0,z) = vo(x), x € (0,1),

where pq, 2 : (0,1) = R, "> 0, w,v: (0,T) = R, ¢ : (0,T) x (0,1) = C and ||3pol|r2 = 1.
When well-defined, the solution is denoted . When required, we will write ¥(-; (u,v), %o)
to refer to this solution to emphasize its dependence on the different parameters.

This equation describes the evolution of the wave function v of a quantum particle, in
an 1D infinite square potential well (0, 1), subjected to two electric fields with amplitudes
u(t) and v(t). The functions p; and ps, called "dipolar moments", model the interaction
between the particle’s wave function v and the two electric fields u, v.

This is multi-input nonlinear control system:

- the state is the wave function v : (0,T) — S, where S denotes the L?(0,1) sphere,

- the control is (u,v) : (0,7) — R?, it acts bilinearly on the state, through the term
(u(t)pr(z) + v(t)pa(x))(t, z), this is a reason why we speak of "bilinear Schrodinger
equation".
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The ground state is the particular trajectory 1 (¢, ) := o1 (2)e~"M!, with (u,v) = 0 where
o1(z) == V/2sin(rx) and \; := 72. We are interested in the local controllability of the
nonlinear system (1.1), around the ground state, i.e. realizing small motions around the
ground state with small controls: given a maximal size € > 0 for the controls, does there
exist T > 0 and § > 0 such that, for any target )¢ close enough to the ground state, i.e.
s — ¢1(T)| < 6, there exist controls (u,v) : (0,7) — R? such that [|(u,v)|| < e and
Y(T; (u,v), 1) = ¥y. The different norms used are of great importance and will be precised
later.

More precisely, we are interested in the small-time local controllability around the
ground state i.e. realizing, in arbitrary small times T" > 0, small motions around the ground
state with small controls: given T',e > 0, does there exist § > 0 such that, for any target ¢¢
such that ||y — 1 (T)|| < 8, there exist controls (u,v) : (0,T) — R? such that ||(u,v)|| < e
and (T (u,v), p1) = ¥¢. It corresponds to the local surjectivity around 0 of the nonlinear
end-point map O : (u,v) = Y(T; (u,v),¢1).

Any positive answer to the STLC problem may be thought of as a nonlinear local open
mapping theorem, which underlines the deepness and intricacy of this problem, when the
inverse mapping theorem (or linear test, see [28, Section 3.1]) cannot be used.

Small-time controllability has particularly relevant physical implications, both from a
fundamental viewpoint and for technological applications. Indeed, quantum systems, once
engineered, suffer of very short lifespan before decaying (e.g., through spontaneous photon
emissions) and loosing their non-classical properties (such as superposition). Hence, the
capability of controlling them in a minimal time is also an important challenge in physics.

1.2 The controllable linearized case: constrained functional frame-
work

Under appropriate assumptions on the dipolar moments p, o the small-time local control-

lability of (1.1) can be proved by applying the linear test. One then obtains the following

statement, that can easily be proved by adapting with two controls the strategy developed in

[7, 17] with one control. This statement requires the introduction of the following notations:
we define the operator

A := —0? with domain D(A) = H*(0,1) N Hy(0,1). (1.2)

Except explicit precision, we will work with complex valued functions. We consider the
space, L2(0,1), endowed with the classical scalar product

1
Wae 0.0, (L) = [ F@aids
Classical functional analysis study shows that the eigenvalues and eigenvectors are
A= ()2 gy = V2sin(gn),  j> L (1.3)
The family (¢;);>1 is an orthonormal basis of L?(0,1). We define
V;(t,x) == pj(x)e” N, (t,z) € (0,T) x (0,1), j=1.

These functions are the solutions to the free (with controls (u,v) = 0) Schrédinger
equation (1.1), with initial data ¢; at time ¢ = 0. They are called eigenstates. When
j = 1, 1 is called the fundamental state, or ground state. We finally define the spaces

H,)(0,1) = D(A®/2), equipped with the norm

1/2

||<P||H(°‘O)

+oo
=) 15 (e, o)
j=1

We consider, for k& € N, H*((0,T),R), the real Sobolev space, equipped with the usual
H*(0,T) norm and HE(0,T) the adherence of C2°(0,7) with this norm.
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Theorem 1.1. Let p,m € N and puy,po € H>PT™+3(0,1) be such that M§2k+1)(0) _
) =0 for k=0, ,p—1,£=1,2 and

. X C
3C >0, VjieN",  [(uipr, @)+ [(papr, ;)] = JE (1.4)

Then the Schrodinger equation (1.1) is H{'((0,T),R)—small-time locally controllable in

H(Q()()”+m)+3(0, 1): for every T,e > 0, there exists § > 0 such that for every ¥y € SN

H(Q()()”+m)+3(0, 1) with |5 — 1(T)| gaosm+s < 8, there exists (u,v) € Hy*((0,T),R)? such
that ||(u,v)|[ g < € and (T (u,v), 1) = ¥y.

In this statement, there are two parameters:
- p is the number of odd derivatives of u, that vanish at the boundary, ¢ € {1,2},
- m corresponds to the regularity expected on the controls: u,v € HJ*((0,T),R).

The property
Vj e N7, |11, 00|+ [{p2e1, ¢5)| # 0 (1.5)

is necessary for the controllability of the linearized system around the ground state. The
stronger assumption (1.4) guarantees that the linearized system is H"((0,T), R)-small-time
controllable in H 2(1"*‘7")"‘3(0, 1). Then, a smoothing effect allows to prove that the end-point
map is of class C! between the following spaces

Or : (u,v) € HY'((0,T),R)? = (T (u,v), 1) € Hig"P2(0,1) N S

Thus, by applying the inverse mapping theorem, we obtain the local controllability of the
nonlinear system (1.1).

The choice of functional spaces is determined by the controllability of the linearized sys-
tem: once p, m are fixed and (1.4) is verified, then we must work with /(T € H(ZO(fJFmHS (0,1).

Note that the assumption (1.4) prevents the ,ul(zzp ) from vanishing at the boundary

because, if uy satisfies the hypotheses of Theorem 1.1, then integration by parts give: for all
k,j € N* for all £ € {1,2},

4(=1)P(p+ 1)k ik (2p+1) (2p+1) 1
(uses o8) = = pmm e (GO0 = p@VO) + o (g ) 00)

1.3 Our case study and its interpretation in terms of Lie brackets

In this article, we study the case where the linearized system around the ground state is not
controllable, so we consider an integer K > 2 and we assume

(H)lin,K,l (1, oK) = (P21, ¢r) = 0.

In this case, the linearized system is not controllable: it misses one complex direction:
(¥(t), pr) € C, i.e. the first order term in the Taylor expansion at (0, 0) of the map (u,v) —
(¥ (t; (u,v), 1), o) vanishes. We assume that this is the only direction lost, i.e. all other
directions are controllable on the linearized system, with the usual functional framework, so
we consider integers p, m € N and we assume

(H)rag : e € H@T™¥5((0,1),R), with g™ ™| =0for0<k<p—1, £€{1,2}.

c

(H)iin,K 2 : There exists C' > 0 such that Vj € N*\ {K}, ||({epr, @j>)1<e<2H > W.

To control the complex direction (1(t), k) of the nonlinear system (1.1), we will use a
power series expansion of the order 2, i.e. the second order term in the Taylor expansion at
(0,0) of the map (u,v) — (P(t; (u,v), 1), pr). At this step of the proof, we consider an
integer n € N* and we assume that the following assumptions hold:
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(H)quaa,x,1: Vk € [1, [ 2],

A= (- kl}:( ’“*AK)@KAplu — A1) le =0,
(H)quaa k2 Vk € [1, [ 2],

A7 = (- kl}:( = AR (- Ay — M =0,

(H)quad,K,3: Vk € [[1, n— 1H,

+oo
Vi :=Z((/\K Iy = A Ed; — (e — A tEl oy —Al)L%de) =0.
j=1

(H)quad,K,4:

+oo
=D (()\K MIFFI 0y = M)y — e = a)E Oy — a7 de) #0
j=1
with the notations: for all j > 1,
cj = (11, 95) (L1945 PK) 5 dj = (pasp1, v5) (1), Px) 5
G = (p21, ;) (H20s, Pk dj = (g1, ;) (205, Vi) -

Remark 1.2. The asymptotic behavior (1.6) and the hypothesis n < 2p + 2 ensure that
all the series written in (H)quad, k.1, (H)quad K,2, (H)quad, k.3, and (H)quad k,4 converge
absolutely. Indeed, for all m € N,

+oo +o00 +o0 +oo ~ 00 1
DIl 31l 3 ldsld ™ D _1dilit < O e
j=1 j=1 j=1 j=1 j=1 J

which converges if p+1 = n. In particular, if | 5] < p, all the series defined previously, and
ALQJH, ALQJH, Yni1 converge also (technical assumption).
2 2

The existence of such functions pq, po is proved in Appendix A.1.

For A and B two operators, we define by induction on k£ € N the operator LdZ(B) as:
ad%(B) = B and ad%™ (B) = ad" (B)A—Aad" (B). Under appropriate relations between the
parameter n and p, the assumptions (H)quad, k.1, (H)quad, k.2, (H)quad,k,3 and (H)quad K ,4
can be interpreted in terms of Lie brackets:

+1
Vk = 1’ , \fl 2 J s 2Ak = (— < dk ! Bl adA(Bl)]cpl,goK> (17)
VE=1,-- V—QHJ . 242 = <adk L(By) adA(Bg)]g017<pK> (1.8)
LESY
=1, w:ewﬂﬂhj<>MMBMww@, (1.9)

where A is defined in (1.2), and By is the multiplication operator by u, in L?(0,1). We refer
to Propositions A.6, A.7, A.9 and A.10 in appendix for a precise proof.
For the single-input bilinear Schrédinger equation

iat’l/J(t,(E) = —a§¢(ta$) - u(t)/iﬁ(l')w(t’l')v (tax) € (OaT) X (Oa 1)7

1/J(t, 0) = ’(/J(t7 1) =0, te (O,T)7 (1.10)
¢(07$) = ¢0($)» U (0’ 1)7
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the Lie bracket 2A£ is known to be an obstruction to small-time local controllability, in an
appropriate functional setting (see [18]). The Lie brackets (vk)1<k<n are specific to multi-
input system (1.1), our positive controllability result relies on ~,. We need the following
definition: for 7' > 0, and v € L*((0,T),R), one defines the iterated primitives u,, vanishing
at t = 0 by induction as

T
ug = u, and YneN, Vt € [0,T], unt1(t) = / Uy (t)dt.
0

Then, heuristically, it is as if the following terms were included in the quadratic devel-
opment of the solution:

Ln+1 Ln«QFlJ T

2 T T n
—i Y A}C/ up(t)dt —i Ai/ v,%(t)dt—l—Zik’yk/ k4 (v e (B)dE.
k=1 0 k=1 0 k=1 0

The cancellation assumptions (H)quad k,1, (H)quad K, 2, (H)quad, k3 reduce this sum to the
simpler expression:

T
0

T
and they allow use to take advantage of the term / (e (t)anTﬂJ (t)dt. For this strategy
0

to work, it is thus necessary to consider K > 2. Indeed, the assumption (H)jjn k=12 leads
to max(A,lc,Ai) > 0. Thus, at least one of the assumptions (H)quad,1,1, (H)quad,1,2 is not
verified.

Therefore, contrary to the single-input case [18], here, in the multi-input case, the
quadratic term alone can recover small-time local controllability.

1.4 Main result and proof strategy

Our main result is the following one, i.e. the same conclusion as in Theorem 1.1, when
replacing the assumption (1.4) related to the controllability of the linearized system, by

the assumptions (H)lin,K,27(H)quad,K,17(H)quad,K,2;(H)quad,K,:}a (H)quad,K,él related to a
power series expansion of order two.

Theorem 1.3. Let pm,K € N, n € N* with K > 2 and [§]| < p, j1,pu2 satisfying

(H)reg: (Hink,1, (Hiink 2, (H)quadx,1; (H)quad,k,2; (H)quaa k3, (H)quad x4 and
(11, 01) # 0. Then the bilinear Schrédinger equation (1.1) is HJ*((0,T), R)—small-time

locally controllable in H(Q()(f+m)+3 (0,1).

Remark 1.4. In particular, if g1 and po are C°([0,1],R), then, for all m € N, the bilinear
Schrodinger equation (1.1) is H"-STLC, with targets in 1[,[(20()1)+m)+3(07 1), when the condition
(H)reg is satisfied.

The assumption (H)in k2 and the linear test prove that Py(t) is H{*((0,T),R)—

small-time locally controllable in H (20(53 +m)+3(0, 1) (see Theorem 3.8), where

H = Spanc (p;, j € N*\ {K}), (1.12)
and the orthogonal projection on #, which is given by

P, - L*(0,1) — H
T e = () eK)eK
Then, the proof of Theorem 1.3 is divided in two steps: given a time 1" > 0, a target ¢y and
z € C,
- we find Ty < T and controls (u,v) such that ((T%; (u,v), ¢1), Yk (T1)) ~ =z,
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- we apply on (T7,T) a control such that Py (1) = Pyy,

- we prove that, despite the second step, (¢(T; (u,v), 1), ¥k (T)) stays close to z, so
that a fixed point argument allows to find z = z(vs) so that ((T'; (u,v), ¢1), ¥ (T)) =

Finally (T'; (u,v), ¢1) = ¥y.

For the step 1, we examine the quadratic term of (u,v) — (¥(¢; (u,v), p1), Vi (t)): it
contains terms of the form (1.11).

1.5 State of the art
1.5.1 Topological obstructions to exact controllability

In [1], Ball, Marsden and Slemrod proved obstructions to local exact controllability of linear
PDEs with bilinear controls. For instance, if the multiplicative operators py are bounded on
H{;)(0,1), then system (1.1) is not exactly controllable in SN H, (0, 1), with controls u,v €
L? (R,R) and p > 1. The fundamental reason behind is that, under these assumptions,
the reachable set has empty interior in H (50)(0, 1). The case of Li -controls (p = 1) was
incorporated in [19] and extensions to nonlinear equations were proved in [25, 26]. After the
important work [1], different notions of controllability were studied for system (1.10) such

as

- exact controllability in more regular spaces, on which py do not define bounded oper-
ators: note that in Theorem 1.1, for m = 0, uy do not define bounded operators on

H(2(§’)+3(0, 1) because ufp“)‘{m} # 0 (see (1.6), because of assumption (1.4)).

- approximate controllability.

1.5.2 Exact controllability in more regular spaces, by linear test

For system (1.10), local exact controllability was first proved in [2, 4] with Nash-Moser
techniques, to deal with an apparent derivative loss problem, and then in [7] with a classical
inverse mapping theorem, thanks to a regularizing effect. By grafting other ingredients onto
this core strategy, global (resp. local) exact controllability in regular spaces was proved for
different models in [40, 42| (resp. [16]).

1.5.3 Single-input systems: quadratic obstructions to STLC

In [27], Coron denied the L>°—small-time local controllability result for system (1.10), with
a particular dipolar moment g, thanks to a drift. In [13], Beauchard and Morancey gave
general assumptions on py to deny L>®—STLC of (1.10). In [18], Bournissou proved that
this drift also occurs with small control in W ~1*°. Quadratic terms have also been used to
create obstructions to the controllability of other single-input systems, for example in [10]
for ODEs, in [37] for the Burgers’ equation, [11] for the heat equation, [30] for KdV, and
[43] for KdV-Neumann.

With the exception of a non-physical PDE designed for - see [11, Section 5 and 6], for
single-input systems, the quadratic terms generally do not recover small-time controllability.

1.5.4 Single-input systems: power series expansion of order 2 or 3

Nevertheless, a power series expansion of order 2 allows us to recover a direction lost in
large time: this strategy is used in [13] for (1.10). This method is also used for other
equations, such as KdV, in [22]|. If the order 2 vanishes, a power series of order 3 can be
used to recover the STLC, for example in [29], for KdV. If the order 2 doesn’t cancel out,
but the term of order 3 is strong enough, this expansion can also give the STLC (see [16],
for equation (1.10)).
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1.5.5 Large time and small-time approximate controllability

The first results of global approximate controllability of bilinear Schrédinger equations were
obtained in large time (see [14, 23, 34, 41, 44]). For particular systems, a large time is indeed
necessary for the approximate controllability (see [5, 6]).

Small-time approximate controllability between eigenstates for Schrodinger equations on the
torus is proved by Duca and Nersesyan in [31], by means of an infinite-dimensional geometric
control approach (saturation argument). Related results have been subsequently established
in [15, 24, 33].

1.5.6 Multi-input ODE: Lie brackets technics for a multi-input ODE

In Section 2, we propose a toy model: a finite-dimensional control-affine system. Thus, we
give a new proof of a particular case of the Sussmann’s S(6) condition (see [45]). This proof
relies on a new representation formula of the state (inspired by the Magnus formula), in
terms of Lie brackets. We use the same quadratic brackets as in [20]. We will discuss these
articles in more detail later in the paper.

1.6 Small-time continuously approximately reachable vector

In this section, we recall a result from [16] that will be a key tool in this article.

Definition 1.5 (Concatenation). Let 0 < Ty < T, u: [0,71] — R and @ : [0,T2] — R. One
defines the function u#a : [0,T1 + To] = R as

uftu = ulor) + u(- — T1) (7, 7 +135)-

Let (X, [|-|lx) be a Banach space over R. Let (E7, |- ,.) be a family of normed vector
spaces of functions defined on [0,7] for T > 0. Assume that for all 71,75 > 0, for all
u € Ep, u € Er,, u#t € Er,+7, and the following inequality holds

il ., <l gy, + ],

Finally, let (F7)rs0 be a family of functions from X x Ep to X for T' > 0. The goal
is to prove that the map Fr in locally onto. To do this, we use the following definition; this
is an equivalent of the notion of tangent vector, but in infinite dimension.

Definition 1.6 (Small-time continuously approximately reachable vector). A vector £ € X
is called a small-time continuously approximately reachable vector if there exists a continuous
map Z : [0, +oo[— X with Z(0) = £ such that for oll T > 0, there exist C,p,s > 0 and a
continuous map z € (—p, p) — u, € Ep such that,

Vie(=pp)  1F0(0,u) = E@)y <CET with g, < Ol
Theorem 1.7. Assume the following hypotheses hold.

(Ay) For all T > 0, F7 : X x Er — X is of class C*> on a neighborhood of (0,0) with
F7(0,0) = 0.

(A2) Forallz € X, T € Ry — dFr(0,0) - (2,0) € X can be continuously extended at zero
with dFo(0,0) - (z,0) = x.

(A3) For all Ty, Ty > 0, for all x € X, for allu € Er, and v € E,,
3:T1+T2 (Iz u#v) = EFTQ (g:Tl (I, U), U).

(Ag) The space H := Im(dFr(0,0) - (0,-)) doesn’t depend on time, is closed and of finite
codimension n.

(As) There exists M, a supplementary of H that admits a basis (&)i1<icn of small-time
continuously approximately reachable vectors.
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Then, for all T > 0, Fr is locally onto from zero: for all n > 0, there exists § > 0 such that
for all zy € X with ||zf||x <9, there exists u € Ex with |lul|p, <n such that

STT(O,U) =If.

Remark 1.8. Using a change of function argument, this theorem is also true around another
equilibrium than (0,0).

1.7 Plan of the paper

The paper is organized as follow: in section 2, we present a proof of a theorem of STLC
thanks to quadratic terms for control-affine system in finite dimension, as a toy-model for the
bilinear Schrodinger equation. In section 3, we present classical properties about the bilinear
Schrédinger equation. Finally, in the section 4, we give the proof of the main theorem of
this article. Some elements of proof are developed in the appendix.

2 The finite-dimensional case

2.1 Framework and notations

One considers the control-affine system

' (t) = fo(z(t)) + u(t) fi(z(t) + v(t) f2(z(2)), (2.1)

where the state z(t) € R, the controls are scalar-input functions u(t),v(t) € R, and fo, f1
and f, are analytic vector fields on a neighborhood of 0 in R, such that fy(0) = 0. The
last hypothesis ensures that 0 is an equilibrium of the free control-affine system (i.e. with
(u,v) = 0).

For each T > Ty > 0, u,v € L*((T1,T),R), there exists a unique maximal mild
solution to (2.1) with initial data p at time T, which we will denote by z(-; (u,v),p). We
will sometimes note x(-; (u,v),p,T1). As we are interested in small-time, and small con-
trols, the solution is well-defined up to time 7. The following concepts were introduced by
Beauchard and Marbach in [10], in 2018.

Definition 2.1 (W;"*-STLC). Let m € N. We say that system (2.1) is Wy">*—STLC
when, for every T,e > 0, there exists 6 > 0, such that, for every x; € B(0,0), there exist
u,v € Wi ((0,7),R) with ||(u,v)|lyyme <& and 2(T; (u,v),0) = zy.

Definition 2.2 (Smooth-STLC). The system (2.1) is smooth-STLC if it is Wy —=STLC,
for every m € N.

We use the definitions and notations of Beauchard and Marbach in [12]. Let X :=
{Xo, X1, X5} be a set of three non-commutative indeterminates.

Definition 2.3 (Free algebra). We consider A(X) the free algebra generated by X over the
field R, i.e. the unital associative algebra of polynomials of the indeterminates Xy, X1 and
Xs.

Definition 2.4 (Free Lie algebra). For a,b € A(X), one defines the Lie bracket of a and
b as [a,b] :== ab — ba, also called ad,(b). One defines by induction on n € N, ad!™(b) =
[a, ad}; (b)]. This operation is anti-symmetric and satisfies the Jacobi identity: for all a,b,c €
A(X),

[aa [b7 CH + [C, [a7 b“ + [b7 [C7 CLH =0.

Let L(X) be the free Lie algebra generated by X owver the field R, i.e. the smallest linear
subspace of A(X) containing X and stable by the Lie bracket [-,-].
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Definition 2.5 (Iterated brackets). Let Br(X) be the free magma over X, i.e. the set of
iterated brackets of elements of X, defined by induction as: Xo, X1,Xs € Br(X) and if
a,b € Br(X), then the ordered pair (a,b) belongs to Br(X).

There is a natural evaluation mapping E from Br(X) to L(X) defined by induction by
E(X;) :=X; fori=0,1,2 and E((a,b)) := [E(a), E(D)].
Definition 2.6 (Length and homogeneous layers within £(X)). For b € Br(X), |b| denotes
the length of b. For i € [0,2], for b € Br(X), n;(b) denotes the number of occurrences of
the indeterminate X; in b. We will use the notation: n(b) = ny(b) +na(b) = |b| —ne(b). For
i €N, S;(X) is the vector subspace of L(X) defined by

Si(X) := Span{E(b), b € Br(X), n(b) =i}.

Definition 2.7 (Left and right factors). For b € Br(X) with |[b| > 1, b can be written in
a unique way as b = (by,ba), with by,by € Br(X). We use the notations \(b) = by and
w(b) = by, which define maps A\, p: Br(X)\ X — Br(X).
Definition 2.8 (Bracket integration b0”). For b € Br(X) and v € N, we use the uncon-

ventional short-hand b0” to denote the right-iterated bracket (--- (b, Xo), ..., Xo), where Xg
appears v times.

Definition 2.9 (Lie bracket of vector fields). Let f,g:Q — R? be two smooth vector fields
on an open subset Q of R%. One defines

[f.9]: 2 € Q= Dgof(2) — D fag(). (2.2)

Definition 2.10 (Evaluated Lie bracket). Let fo, f1, fa be C>(Q,R?) vector fields on an
open subset Q of R® and f = {fo, f1, f2}-

For b € L(X), we define f, := A(b), where A : L(X) — C®(Q,R?) is the unique
homomorphism of Lie algebras such that A(X;) = f;, fori € [0,2].

We will write fy instead of fup) when b € Br(X). Finally, for N'C Br(X), we use the
notation

N()(0) := Span{f;(0), b € N'} CR". (2.3)

2.2 An adapted basis of the free Lie algebra

Definition 2.11 (Hall set). A Hall set is a subset B of Br(X) endowed with a total order
< such that

e X CB,
e for all by,by € Br(X), (b1,b2) € B iff b1,ba € B, by < by and either by € X or
Ab2) < by,
e for all by,bs € B such that (by,b2) € B then by < (b1,b2).
Theorem 2.12 (Viennot, [36]). Let B C Br(X) be a Hall set. Then E(B) is a basis of
L(X).
For a Hall set B and A C N, we denote by Ba:
Ba:={be B, n() € A}.

When A is a singleton, we write By instead of Byyy.

The definition of a Hall set is also an algorithm for its construction. Indeed, the subsets
By of a Hall set B can be constructed by induction on N. One may start, for example, with
By = {Xo} and By = {X70", X502, vy, 5 € N} with the following order

Vk e N, X:0% < X50% < X705 < X,0F ! < < X,

which is compatible with the three axioms above. For N > 2, to find all Hall elements
b € By given Bpy y_1], one adds first all (a,b) with a € By_1, b € X and a < b. Then for
each bracket b = (b1, b2) € By, y—1], one adds all the (a,b) with a € By_n) and by < a < b.
Finally, one inserts the newly generated elements of By into an ordering, maintaining the
condition that a < (a,b). With this construction, one obtains the following statement.

10
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Proposition 2.13. There exists a Hall set B such that Xy is mazimal,
={M} :=Xx,0/, M;:=X,0/; jeN}, (2.4)

and By = Bg7g00d U 3275(1(1 with

By pad = {W, M}, M0, W2 = (M7, M?)0" jeN*leN}, (2.5)
and
BQ,good = {Cj,l = (71) <MLJ+1J7 LZ%J) 0l; ],l € N} . (26)

We used the following notation.

Notation. For b = (by,by) € Br(X) and j € N, we use the notation (—1)7b as (—1)7b =
(ba,b1) if 7 is odd and (—1)7b = b if j is even.

Remark 2.14. When | = 0, we will write le, WJ-Q, C; instead of le’o, WJZ’U and Cjo.

2.3 A quadratic sufficient condition for STLC

The purpose of this section is to prove the following theorem.

Theorem 2.15. Let d,L > 1, fo, f1, f2 be analytic vector fields on a neighborhood of 0 in
Re, such that fo(0) = 0. Assume that v := dim (S1(f)(0)) < d and that there exist brackets

brt1,- - yba € B2 gooa such that max |b;| =L and
i€r+1,d]
S1(£)(0) @ Span(f, ., (0),- -, fo,(0)) = R™. (2.7)

One assumes that
for all b € Ba pea such that |b] < L,  f,(0) € S1(f)(0). (2.8)

Then, the control-affine system (2.1) is smooth-STLC.

Remark 2.16. The case r = d corresponds to the linear test, see for instance [28], or [10,
Theorem 1] for the smooth-STLC case.

A very simple system for which the theorem applies is the following one

¥ = wu
Th = xyv
Indeed, some computations on Lie brackets give: fy;1(0) = e1 and fc,(0) = es. Thus, the

LARC (2.7) is verified. Moreover, {b € B3 pqq4, b < |C’0|} = (). Then, the condition (2. 8) is
verified. Thus, the system is smooth- STLC

Theorem 2.15 gives a sufficient condition for smooth-STLC; this condition is not nec-
essary: indeed, consider the system

.1:1 == U

! —
Ty = v ,
zh = 22+ 1%+ axrz

3 - 1 2 142

with @ € R*. One can prove that S;(f)(0) = Span(es,ez), and fc, (0) = aes. Then, the
LARC (2.7) is verified. Moreover, fy1(0) = 2e3 ¢ S1(f)(0), and |[W{| = |C1|. Then, the
hypothesis (2.8) is not verified. However, if |a| > 2, one can prove that the system is
smooth-STLC.

Theorem 2.15 is a corollary of Sussmann’s S(6)-condition (see Appendix A.3.1). We
propose another proof of Theorem 2.15, relying on a representation formula of the state,

11
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presented in Propositions 2.19 and 2.20. The advantage of this alternative proof strategy is
that it can be adapted to the infinite dimensional framework of PDEs: the representation
formula does not hold in its full generality for the state of the Schréodinger PDE, but its
leading terms can be extracted from an expansion of the solution (see Proposition 4.1), so
that we can conclude with a similar proof strategy.

In [20], the author is interested in particular linear and quadratic ODEs systems of
¢ = Ax+ Bu,
the form w = teD;z, 1<i<r
proves a small-time global controllability result. For that, Brockett shows that the matri-
ces D; are associated with good brackets, see [20, Theorem 3.4]. The good quadratic Lie
brackets involved are elements shaped as (M}, X3), v € N. They are linear combination of

elements of our base of Bs go04-

, with D;, well-chosen symmetric matrices. He

2.4 Some tools for the proof

Definition 2.17 (Coordinates of the second kind). Let B C Br(X) be a Hall set. The
coordinates of the second kind associated with B is the unique family (&)pen of functionals
Ry x L (R4+;R)? — R defined by induction as: for every t >0 and u,v € L*((0,t),R),

loc

o {x,(t) =t &x, (t,u) ::/0 u(s)ds = uy(t) and Ex,(t,v) ::/0 v(s)ds = v (),

e forbe B\ X, there exists a unique couple (b1,b2) of elements of B such that by < by
and a unique mazximal integer m > 1 with b = ady) (b2), and then

6t (0.0)) = o [0 (0.0 1.0)) . (29)

With this definition, one immediately obtains the following expressions.
Proposition 2.18 (Coordinates of the second kind). The following equalities hold.

1. For every j € N, for every t > 0,
Earr (¢, (u,v)) = i (B), ar2 (t; (u,0) = v41(D). (2.10)

2. For every j € N*, [ € N, for everyt > 0,

gW].l‘L (tv (uv U)) =
(2.11)

gWJz’l (tv (u, ’U)) =

3. For every j,l € N, for every t > 0,

(t—s)

fcj,L(ta (u,v)) = [) Il UL%J +1(£)’ULQJ (s)ds. (2.12)

Proof. The first two points are proved by Beauchard and Marbach in [12, Proposition 3.7].
For the last one, the definition by induction on £ and some computations lead to the result.
O

Proposition 2.19 (Magnus formula). Let M € N, 6,7 > 0, fo, f1, fo : B(0,55) — R?
be analytic vector fields with T| follco < 6. There exist v,C > 0 such that, for every
u,v € Ll((OaT)v Rd) with ||u||L1 ’ ||UHL1 < v, P S 8(075) and t € [077])

Hx(t; (u7 U),p, O) _ eZM(t;ﬁ(uv“))etfop

| <Clw )T (2.13)

12
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with

Za(t fo(w,0)0) = Y m(t, (w,0)) fo(0),

beB[[lJ\/I]I

where the series is absolutely convergent, and the following explicit expressions hold for every
t>0 and u,v € L*(0,t):

1. if b € By, then ny(t, (u,v)) = & (¢, (u,v)),
2. if b € Ba good, then
m(t, (w,0) = & (W) + Y At (Bora(t), (2.14)
j+k=no(b)
where 'V?,k eR.
From this proposition, one can deduce the following one, thanks to Lemma A.15.

Corollary 2.20 (Magnus formula 2). Let M € N*, 6,7 > 0, fo, f1,f2 : B(0,26) — R?
be analytic vector fields with fo(0) = 0 and T'| foll,, < 0. For u,v € L*((0,T),R), as
[(u, 0)[| L+ =0,

2t (u,0),0) = Zu(t: £, (w,0))(0) + O ([ (w, 0) [5E1,) + lau, ) 7) . (215)

These representation formulas rely on [9]. The path for obtaining it is presented in
appendix.
Remark 2.21 (Homogeneity property). Let u,v € L'(0,1), A,y € R, T > 0, u : t €
(0,T) = Aiu(4) and v :t € (0,T) — pv(%). Then, for all b € B,
(T, (u,0)) = A OOl (1 (@, 7)), (2.16)

Lemma 2.22. For every M € N*, there exists Cpy > 0 such that, for every T > 0,
u,v € LY((0,T),R), b € B with n(b) < M and t € [0,T],

CM n n(b
It )| < e w357 - (2.17)
Proof. This lemma is proved in [9, Proposition 52]. O

2.5 A quadratic moment problem
To prove Theorem 2.15, we solve quadratic moment problems.

Proposition 2.23 (Moment problems). Let B be a finite subset of B1 U Ba gooa and by €
BN Ba,gooa. There exist u,v € C((0,1),R) such that,

for every b € B, (1, (u,v)) = dp.p,- (2.18)

Proof. One may assume that B = {M,}, M2, C,., (p,v) € [0, "] x [0,0*]} . One consid-
ers N = p* +v*+1. We are looking for v and v in the form of u = ¢N) and v = ™) with
¢, € C*((0,1),R). Then, for every u € [0, p*], §M;(1, (u,v)) = uu41(1) = 0. One recalls
that for b € By, ny = &. Thus, (2.18) is already verified for b € BN B;.

The equation (2.14) gives: for all b € Ba gooa N B, np(1, (v, v)) = & (1, (u,v)). Moreover,
using (2.12), one obtains for all (i, v) € [0, u*] x [0, v*],

t1—p)
ne,., (1, (u,v)) = ; o UL%J+1(1§)UL;LT+1J (t)dt.
Using integration by parts, one has
1 v (N=1254])
) 1—- 2
e (1 (0 0)) = ()82 [ (B2 Lgoran) (t)dt.
’ 0 V.

13
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1
Using the Leibniz formula, one gets: nc, (1, (u,v)) = / P(t) fu, (t)dt, with
0

min(N— L“THJ V)

fote@ne Y (VIO pegevanen g,
k=0 ’

Step 1: There exists ¢ € C°((0,1),R) s.t. the family F := (fu)o<u<p” 18 linearly indepen-
osrr”

dent on (0,1). Let m > v* +2 and x € C2°((0,1),R) such that x = 1 on (4, 3). One defines

¢t et x(t) € C((0,1),R). By induction, one can prove that: for all I € N, there exists

P, € RIX] with deg(P;) = I(m — 1) such that, for all t € (1,3), ¢()(¢) = e!" P,(t). Then,

V(pv) €[0T x [0.0°], deg (f (e

Thanks to the choice of m, all the degrees (2.19) are different. Then, (¢ — fW,(t)e_tm)Og

ory

Gn) =V m=1DEN-1-p). (219)

p<p”
<

*

is linearly independent on (0,1). Consequently, one obtains the result for F.

Step 2: Construction of u and v. One chooses u = ¢(™), with the function ¢ obtained
at step 1. By construction of ¢, there exists ¥ € C°((0,1),R), solution to the following
moment problems

1
for every (u,v) € [0, 1] x [0,v7], / V() fup(t)dt = ¢, , by
0

We conclude with v := V). O

2.6 Tangent vector

Let m > 0, we prove that the system is W;""*°—STLC. Taking into account the assumption
(2.7), we can consider P, the linear projection on Span(fp,(0)),+1<i<a parallel to Si(f)(0).
The purpose of this section is to prove:

Proposition 2.24. Let j € [r+1,d]. The vector fy,(0) is small-time W™ — continuously
approzimately reachable vector associated with vector variations ez o fv,(0).

The proof is divided in two steps. In the first one, we prove that the system can move
in the direction lost at the linear order f;,(0), in projection.

ey . no(b;
Proposition 2.25. Let j € [r+1,d]. Let q; := { U(ZJ)J, 55 = m, a; = %—i—w’ﬁm)
and 0; = a; + (q; + 2)s;. For all Ty > 0, there exist C,p > 0, and a continuous map

2z € R (uz,v,) € Wi™(0,T1)% such that

Ve (<pp) ([P (@(T1: (u:02).0,0)) - 2y, (O)]] < Clef+. (2.20)
The size of the controls is given by: for all k > 0, for all r € [1,+00], there exists C > 0,
such that

1

Ve (—pp)s Il ozl < Clzjo = (GR), (2.21)
Finally, for all z € (—p, p),
lx(Ty; (uzyv2),0,0)| < C|z\5f. (2.22)
Note that 6; > %

1
Proof. Let Ty > 0 and p = T} . One defines the brackets set B = {Mjl, sz, j € [o, qj]]} U

{b € Ba,gooa, |b| < L}, with L := ﬁnaxd]]|bi|. Thanks to Proposition 2.23, we consider
i€r+1,

u,v € C(0,1) such that n,(1, (@, v)) = dpp,, for all b € B. We define, for z € R*,

Uz, vt t € [0,Ty] — sgn(2)]z|“a M NERD: w )
|2[% |2[%

14
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For all z € (—p, p), one has

Supp <(u2)qj+1) ,Supp ((vz)qj_H) C (Ty — |2|*,Th) € (0,TY). (2.23)

For all k > 0, r € [1,4+o00[, using the Poincaré’s inequality, the support condition (2.23), and
a change of variables, we get for all z € (—p, p) \ {0},

T

1 T
||uz||;V“ < C/o ‘|Z|(¥j_ksj/a(k)(o-)‘ 2% do < C|Z|(aj—ij)7-+sj k)

L
The inequality with » = 400 is proved in the same way and we get (2.21).

We prove (2.22); we estimate the linear term. Note that, for all z € (—p, p), for all i € {1,2},
for all k € N, the homogeneity property (2.16) gives

s (Ths (42,02)) = gy (|Z|S’J (Sgn(zﬂz'am (Iz) [ (M))) (2.24)

Z‘Oéj-i_l]v{;‘s'in]\/[,i (15 (’lj, ’D))

= sgn(z)%t

Consequently, the definition of (#,v) and (2.24) gives: for all z € (—p, p), for all 1 € {1,2},
for all k € [0,q;], nas; (T1, (uz, v2)) = 0 and,

2 +oo
Z1(T13 S, (0, 0))(0) = 30 D gy (T (2, 0:)) f1 (0) = O [z @+ ) - (2.25)

i=1 k=q;+1

The Magnus formula (2.15) with M = 1 leads to
2143 (uz,:),0,0) = Z1(T4: £, (2, 0:))(0) + O (|| (s, 075 + (T (uz, v2), 0, 0) ).
Using the size of the controls given by (2.21) with (k,r) = (0,1) and (2.25), one has:
2(T3; (2, 02),0,0) = O ([21% + 22957425 4 a(Ty; (uz,02),0,0)[*) -

As 1 < §; <205 + 2sj, one gets (2.22).

Now, we prove (2.20). By definition,

Z5(Th; f, (uz,02))(0) = Z1(Th; f, (uzy02))(0) + D mo(Th, (uz,v2)) fo(0) = O (|2%) , (2:26)

beBy

using (2.25), the estimates (2.17) and (2.21) with (k,r) = (0,1). Then, using the map P,
the hypothesis (2.8) on the short brackets of B pqq and the homogeneity property (2.16),
we obtain

P (Z2(T1; f, (uz,v2))(0)) = > sgn(z)™ ) |22 P, (1, (a,9))P (f3(0)) -
be{bEB2,good, |b|SL}
U{beB,, |b|>L}
Using the definition of (@, ?) and the fact that 2a; + |b;|s; = 1, one gets
P (Z2(T1s f, (uz,2))(0) = 25, (0) + O([[F*). (2.27)

Then, using the Magnus representation formula (2.13) with M = 2, Lemma A.15, and the
projection P, one has

P (x(Tl; (u27 Uz)a 0, 0)) =P (ZQ(Tl; s (uzzvz))(O» +
O (122(Ts £ (2, 0O IDZ2(Tis £, 0l + [z} ) (229
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Finally, note that

DZy(Ty; f, (uzyv2)) = Y m(Th, (uz,v2)) D fo
bEB1 2]

Then, with the same steps than for (2.26), one gets
1DZ2(Ts £, (us,0:)) | = O (1217) - (2.29)

Finally, using (2.26), (2.27), (2.29) and (2.21) with (k,r) = (0,1) in (2.28), one obtains
(2.20), as 1+ s; < 20; < 3a; + 3s;. O

One defines Hy = D fp(0). In the second step of the proof, we correct the linear part
of the solution.

Proposition 2.26. Let j € [r+1,d]. For all Ty +1>T > T, > 0, there exist C,p > 0
and a continuous map z — (U, V,) € Wy"*(0,T)? such that

Vz € (=p, p), H:c(T; (U.,V2),0,0) — ze(T‘Tl)HOfbj(O)H < Cz|t*e, (2.30)
with the following estimate on the family of controls
1Vl s [Velyrn e < Ol (2:31)
Proof. Let 0 < Ty <T < T} + 1, one defines, for z € R,
U.,V, = u o1 + Ui 1, v 10,1 + 017,17

where u, v, € W;"°°(0,T}) are the controls defined in the previous proposition, and @, v, €
Wy (T, T) are the controls that correct the linear part of the solution, i.e. the controls
that drive the solution from x(7%; (u,v.),0,0) to Pg, () (0) (ze(T*Tl)H“fbj (0)) in projection
on S1(f)(0), that is to say

Ps, (o) (@(T5 (@2, 02), 2(Th; (uz, v2),0,0), T1)) = Ps, ()0 (Ze(Tle)H"fbj (O)) :
Note that Pg, (s)(0) = I —P. Then,
Gz 7 e < € (10T (1,02), 0,0)| + [z [T =05 1y, ) ) < Cla, (282)
the last estimate is given by the (2.22). Moreover, the control estimate (2.21) with (k,r) =

(m, 00) gives
[tz 02) [ yprm e < Cl2|% ™85 < Ol2|7. (2.33)

The equations (2.32) and (2.33) give (2.31), as §; > 1. Furthermore, by construction,

(T (U2, 12),0,0) = 2P0 £, (0)| =

’P (m(T; (U2, V2),0,0) — zeT=THo f, (0)) H . (2.34)
We apply Lemma A.19 with p = (Th; (us,v,),0,0) and (u,v) = (i, 0,) to obtain

QS(T; (UZa Vz)a 0, 0) =T (T; (Oa 0),1‘(T1; (uZa Uz)a 0, 0)7T1) + I(T; (’az, f’z)a OaTl)
+ O (JJ(T; (2,02, 0,0)|[ [z, 82) | oo + (T (w2, 02),0,0)[*) . (2.35)

The equations (2.22), (2.32), (2.34), and (2.35) give:
(T (U, V2),0,0) = 2e @10 £, (0)|| < IP(2(T; (62, 72), 0, T1) | +

HP (x(T; (0,0), 2(Ty; (2, v2),0,0), Ty) — zeT =T Ho f, (0)) H +O(|22%). (2.36)
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We designate the second term of the right-hand side of (2.36) by A, and Lemma A.18 gives
with p = 2(T1; (uz,v,),0,0)

A= HP (e(T_Tl)H"x(Tl; (uz,v:),0,0) — zeT =T Ho g (0)) H +0 (||:B(T1; (uz,02),0, 0)H2> .

For all b € By, Hy f»(0) = D fo(0) f5(0) — D f(0) fo(0) = f0(0), with b0 € By. Then, S1(f)(0)
is stable by e(T=T)Ho  Consequently,

=T o (1 — P) (2(T; (uz, ), 0,0)) € S1(f)(0) = ker(P),
and, with (2.22), we obtain
A= HP (e(T_Tl)HUP (x(Ty; (uz,v),0,0)) — ze(T_Tl)HUbe (O)) H +0 (|z|251) )
A=0 (HP (2(T1; (uz,22),0,0)) — 2fp, (O)H + |z|2‘51) .
Finally, the equation (2.20) gives
A=0 (2", (2.37)

as 1+ s; < 24;. To obtain (2.30), we finally estimate the first term of the right-hand size of
(2.36), let’s say B. Using once again the Magnus formula (2.13) with M = 2, Lemma A.15,
and the projection P, one has

P (l‘(T, (am ﬂz)a 0, Tl)) =P (22(T; fv (am ﬂz))(o)) +
O (IZ2(T: £, (12, 5)O) o | DZ2(T: £, (5. o + NI ) . (2:38)
Again, (2.17) and (2.32) gives
IP(Zo(T: £. 1z, 5o = O (11 5252 ) = O (12).
122(T3 £, (@, 0)) o s 1D Z2(T5 f, (12, 92)) | = O ([(@2,0:2)l112) = O (J2) -
Therefore, thanks to the estimates (2.38), one has:
B =0 (|22 + ||(@,5.) |3, ) = O(2"*), (2.39)

as 1+s; < 2d; < 3a; +3s;. To conclude, the equations (2.36), (2.37) and (2.39) lead to the
(2.30). O

We are now in a position to write the proof of the main result of this section.

Proof of Proposition 2.24. One considers T' > 0, and T} := % Then, the previous proposi-
tion gives the result. O

2.7 Proof of Theorem 2.15

Now, we can write the proof of Theorem 2.15.

Proof of Theorem 2.15. We use Theorem 1.7. More precisely, we consider X = R? and
Er = Wg"*(0,T)%. Moreover, for all T > 0,

Fr: (0, (u,v)) — z(T; (u,v),0).
We have to check all the assumptions to obtain the controllability result.

(A1) This is well-known that the end-point map is regular around the equilibrium.

17
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(A2) The differential at (0, (0,0)) is given dFr(0, (0,0))(zo, (@,v)) = Y (T') where Y is the
solution to the linearized system

{Y’(t) = Dfo(0)Y(t) +u(t) f1(0) + v(t) f2(0)
Y(O) = X

Then, for all zy € R?, T +— dF7(0, (0,0))(z0, (0,0)) = TPz, is continuous on R,
and dF(0, (0,0))(xo, (0,0)) = (.

(A3) This point is linked to the semi-group property of the solution.

(A4) By hypothesis, H = Im(F7(0,0) - (0,)) is a closed subspace (finite dimension), this is
the reachable set of the linearized system around 0. This space doesn’t depend on T,
and its codimension is finite.

(As) Finally, Proposition 2.24 shows that, for all j € [r + 1,d], f,;(0) is a small-time
continuously approximately reachable vector. Then, as a supplementary space of H is

given by Span ((fbj (O))ngjgd), this condition is verified.

By Theorem 1.7, the multi-input control-affine system (2.1) is W **~-STLC. We obtain the
desired result. O

3 Preliminaries on the Schrodinger equation

In all the document, we will note w; := A\; — A, and v; = Ag — Aj, with j > 1, K > 2. For
¢ € L*(0,1), t € R, one defines

+oo

efiAtSO _ Z<90? Spk>€7i>\kt90k~
k=1

One recalls that \;, ¢, are defined in (1.3). For the rest of this paper, n > 1, p,m > 0,
K > 2 are fixed integers. Let us discuss about the well-posedness of (1.1).

3.1 Well-posedness

Theorem 3.1 (Well-posedness). Let T' > 0, p1, po satisfying (H)yeg, u,v € Hi*((0,T),R),

g € H(Q()()I'+nl)+3(0,l), and f € H" ((O,T),H2er3 ﬂH(Qg’)Jrl(O,l)). There exists a unique

weak solution to the following equation

Zaﬂl) = _831/} - (ulul + UN2)1/} - fﬂ (07 T) X (07 1)7
¢('70) = ¢(7 1) =0, (0’ T)’ (3'1)
¥(0,-) = o, (0,1),

i.e. a function b € C™ ([O,T], H(2(§3+3(0, 1)) such that the following equality holds in H(Qé’)+3
for every t € [0, T

w(t) = e Mo + Z/O e AT (u(s)pr + v(s)p2)(s) + f(s))ds. (3.2)

Moreover, ¥(T) € H(Z()()p+7")+3 and the following estimates hold: for every R > 0, there exists
C =C(R,p1, 12, T) > 0 such that, if |u|| g , |V|| g < R,

||¢||Cm([0,T]7Hf§)+s) <C <|T/’O||H<20()P+m>+3 + ||f|Hm((0,T),H2p+3)) ) (3.3)

|W(T)||H(20(f+m>+3 <C <||¢0|H(2(§)p+m>+3 + ||f||Hm((o,T),H2p+3)> : (3.4)
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See [17, Theorem 2.1] for details about the proof.

Lemma 3.2. Let k € N and p € W?°°(0,1). Then, p is a bounded operator on H(Q(f) (0,1)
iff all the derivatives of p of odd order less than or equal to 2k — 3 vanish at the boundary.

Proof. For all ¢ € H(on) (0,1), for all I € {0,--- ,k — 1}, one has, thanks to Leibniz formula

l -1
A\ o) (20— 2l | e
(1) =3 <2j> PN <2j ! 1) (20D (20-)-1),

=0 =0

The first sum vanishes at £ = 0,1 because @(z(l_j))\{m} =0. If u(2j+1)\{0)1} = 0 for
2j+1<20—1< 2k — 3, the second sum is 0 at z = 0,1. Conversely, let I € {0,--- ,k — 2}.
Considering ¢; € H(Q(f) (0,1) satistying <pl(2(k_])_3)(0) =, for 0 < j < k — 2, we obtain the
result. O

Remark 3.3. Let u be a function satisfying (Hyeg). Then, ¢ — pp is a continuous mapping
w g
from H2p+3ﬂH(2§’)+1 to H2p+3ﬂH(2§’)+1. However, u?»+1(0), u?PTY (1) a priori don’t vanish,

so this application doesn’t preserve H?PT3 0,1). This problem is circumvented by (3.3) and
(0)

(3.4).

The following statement gives the dependency of the solution with respect to the initial
condition. This is the adaptation of Lemma A.19, with the Schrédinger equation.

Proposition 3.4. Let T > 0, p1, po satisfying (H)reg, and 1y € H(Q()()I’+m)+3(0,l). For

all R > 0, there exists C = C(T,p1,p2,R) > 0 such that for all u,v € H(0,T) with
||u||Hm ) HU”HM < R, one has

||,(/J(Ta (ua U)7 ¢0 + @1) - ¢(T7 (’LL, ’U), 801) - ’(/}(Tv (07 0)7 ,(/10>||H(20()P+'m)+3
< C N )l g 40l s - (35)
Proof. One defines for T' > 0,

A:te [O’T] = ’Qb(t; (Uav)ﬂﬁo + 901) a ¢(t; (’U/,’U),(pl) - 1/’(t; (O’O)awO)'

The function A is the solution to the following bilinear Schrodinger equation

ZatA = _agA - (U/Jl + v/~’/2)A - (u/’(‘l + UM2>¢(7 (05 0)7 ’(/JO)v <0a T) X (07 1)?
A(70) :A(vl) = Oa (OvT)7
A(0,-) =0, (0,1).
Then, the inequality (3.4) applied to this equation gives
D) e < O s + 05 0.0 60 gmoryovssy - (39

When m > 1, the Sobolev space H™(0,T) has an algebra structure, and one obtains the
following inequality

AT grmrss < C 1) max st 000, 0) ooy, -
Once again, we use the algebra structure of the Sobolev space H?P*3(0,1) to obtain

A gagpemrea < € e (il raes [ (s 0) g 1 (0,0),¢o)\|Hm((O,T),H(z§)+s) :

Noticing that (t; (0,0), ) = e~ ey,

I3 (-; (Oa 0)71/10)||Hm ((07T)7H(2£+3) <C Hd’OHH(?é)HmH?’ :
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This leads to the conclusion. Finally, let’s consider the case where m = 0. The following
estimation holds

T
lupa ¥ (-5 (0,0), ¢0)||L2((o T, H2p+3) :/o u(t)[? |13 (t; (0, 0), 3o [ 37204 dit-

Using the algebra structure of H?P+3(0,1),

T
2 2
lup1v(+;(0,0), 7v[JO)HLQ((O T),H2p+3) <C ”’U1”H2P+3~/0 ‘U(t)|2 [ (t; (0»0)7¢0)||H(20”)+3 dt.
The same estimate can be obtained with the term in psv. Thus, the equation (3.6) gives

AT [ azges < C masc [t prapes 11 )] 2 (195 0, 0), wo)IIL(X,((O’T) H29)

The inequality (3.3) (with m = 0) gives the conclusion. O

3.2 Expansion of the solution

We want to make an asymptotic development of the solution ¢, with small controls. Let
u,v € HJ*(0,T) be two fixed controls. The first-order term ¥ € C™ ([O,T],lLI(Qg’)"'g(O7 1)) is
the solution to the linearized system of (3.1) around the free trajectory (¢1, (u,v) =0), i.e

10,V = —02W — (upy +vp2)br, (0,T) x (0,1),
U(-,0)=9(,1) =0, (0,7), (3.7)
0(0,-) =0, (0,1).

Using (3.2), the solution is given by: V¢ € [0, 7],

w(r) = f (oo [ woreras + o) [ vreras) . 69

Definition 3.5 (Weak norms of Sobolev spaces). For any integer k € N*, the negative
—%(0,T) space is endowed with the norm: Yu € H=*(0,T),

HUHH*’“(O,T) = [ui (T)] + ||Uk||L2(0,T) .

Proposition 3.6 (Weak estimates). Let T > 0, k,p € N be such that k < p, p1, ua be two
functions satisfying (H)yeg and u,v € HJ*(0,T). For every R > 0, there exists a constant

C = C’(T ul,,ug,R) > 0 such that, if |ull gm , [Vl gm < R and ua(T) = -+ = w1 (T) =0,
v1(T) = =vp41(T) =0, the following estimates hold: for alll = —(k+1),--- ,m,

1T (u,0), 1) = 1 = OYD)| aprorvs < Ol (s 0| e (s 0) e (3.9)
Proof. This point is proved in [18, Proposition 4.5]. O

In the framework of this article, (H)in k,1 implies (¥(T'), o) = 0, for every controls
(u,v). To determine the evolution of ¢ in this direction, we refine the approximation,
and extend the development of the solution to the quadratic term. The second-order term

EeCm ([O T], H(Q(])”)Jr3 (0, 1)) is the solution to the following system

10:€ = —02€ — (up 1 +op2)¥, (0,T) x (0,1),
£(-,0) = £(t,1) = 0,7), (3.10)
£0,-)=0, (0,1).

We will sometimes note £(-; (u,v)) for more precision. The idea is that (T (u,v),p1) ~
1(T) + ¥(T) + ¢(T). Thus,

(O(T5 (u, ), 1), Y (T)) = 0+ 0+ (&(T), Y& (T))
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the first term being 0 thanks to orthogonality (K # 1), and the second one by hypothesis
(H)iinx,1- For 1 < o, 8 < 2, one defines

“+o0

hag: (t,s) € [0, T = = (a1, 05)(0j, nppr)e™ s e (3.11)
j=1

We finally use the notation, for u,v € L?((0,T),R),

]—'%(u) = /OT u(t) </0t hlfl(t,s)u(s)ds> dt,
)= [ ") ( / ot s)v(s)ds> a,

Gr(u,v) = OTu(t) < /0 thz,l(t,s)v(s)ds> dt + /0 Tv(t) < /0 thl,g(t,s)u(s)ds> dt. (3.13)
(

3.2) and (3.8) lead to

(3.12)

The formulas
(E(T),vx(T)) = Fr(u) + Gr(u,v) + F£(v). (3.14)

Lemma 3.7. Assume that pi, po satisfy (H)reg. Then, as ||(u,v)]| ;2 — 0,
905 (00, 00) =1 =¥ =€l (o 10205 = © (a0 + o) - (319)

Proof. First step: linear remainder. One defines A : t € [0,T] — v(t; (u,v), 1) —1(t). The
function A is solution to the following PDE

10N = —02A — (upy +vpe)A — (upy +vp2)r, (0,T) x (0,1),
A(-0) =A(,1) =0, (0,7),
A0, ) =0, 0,1).

As Y (t) € H(Q(f)+3(0 1), and pq,pe verify (H)reg, Remark 3.3 ensures that (u(t)us +

v(t) )1 (t) € H*»H3 N H(Qg’)“(o, 1). Then, we can use the regularization inequality given
by (3.3) with m = 0 to obtain

||A||Loo ((07T)7H(2§)+3) < Cl(upr +vp2)r ||L2((0,T),H2p+3) : (3.16)

Note that

T
2 —i 2 2 2
il e 0,1y, m2ves) = /0 () || apre™ | frapss At = laprlranes lullz20.1 -

We can obtain the same estimate for [[vp2t1| 2o 1), geo+s)- Then, thanks to (3.16), one
gets

(- (u,v), 1) — 1/)1||Loo ((O’T)7H55)+3) =0 (HUHLZ(O,T) + HU”Lz(o,T)) .

Second step: quadratic remainder. Using the same strategy, one defines A : ¢ € [0,T] —
¥(t; (u,v), 1) —1(t) — ¥(t). The function A is solution to the following PDE

10\ = _8:%A - (uﬂl + v/~L2) (w(a (u’v)v 901) - d}l) ) (OvT) X (07 1)a
A(-,0) =A(-,1) =0, (0,7),
A(Oa ) = 0) (07 1)

By the same way, one can use the estimate (3.3) with m = 0 in this equation to obtain

HAHLoo ((O,T),Hf(%“) < Cl(upr +vp2) (V(5 (w,v), 1) — w1)|IL2((O,T),H2P+3) :
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Computing this norm, and using the algebra structure of the Sobolev space H?+3(0,1),

ups (5 (u,v), 1) — ¢1)||L2((07T)7H2p+3)
< L (0r0)s01) = bl 1y I Dl oy - 317)

Then, using the inequality proved in the first step in (3.17), we obtain
2 2
605, 0)s0) = = Bl ey = © (Wil + 1910

Third step: cubic remainder. We conclude with the same arguments. O

3.3 Control in projection

The following result is adapted from a result proved by Bournissou in [17]. This theorem
gives the controllability in projection on H, defined in (1.12). More precisely, the statement
is the following.

Theorem 3.8. Let p,m,k > 0, K > 2, such that k < p, p1, po functions satisfying (H)reg,

and (H)iink 2. Then, the bilinear Schrodinger equation (1.1) is H*—STLC in projection

on H around the ground state in H(2()()p+m)+3. More precisely, for any Ty < T, there exists

§>0,C>0, and a C* map U, 7 : V1, x Vr — H((T1,T),R)?, where

VT1 = {wO esSn H(20()p+7n)+3(07 1)7 ”1/)0 - 1/J1(T1)||H<255p+m>+3 < (5}

Vr = {wf € HOHG ™ 0.0), oy =1 (1) gacpmrvs < 5}

such that, T'r, 7(¥1(Th),v1(T)) = (0,0) and for every ¢o, vy € V1, x Vr , the solution to
(1.1) on (T1,T) with initial data v in t = T1, and controls u,v := ', 7(o, ) satisfies

P (U (T5 Ty (Y0, 11 ), ¥0)) = ¥y,
with the following boundary conditions
w(T) = =up1(T) =0, and vo(T)--- =vp41(T) = 0.

Finally, for alll € {—(k+1),---,m},

fulle <€ (9 = 62Tl agnss + 67 = 1(D gagos ). (339

Moreover, if {(u1¢1,91) # 0, one can ensure v1(T) = 0.

Remark 3.9. The hypothesis (u1p1, 1) # 0 allows us to solve the moment problems (given
by the linear test) in the direction w1 with the control u. Indeed, since wy =0,

(U(T),v1(T)) = i{papr, pr)ua (T) + i(paepr, p1)v1(T).

Thus, one can impose the border condition v1(T) = 0. This property is also verified by the
nonlinear system thanks to the iteration on the Banach fixed-point theorem.

4 Proof of the main theorem

The proof of the main theorem is divided in the following steps:

1. In the first step, we use the quadratic expansion of the solution in the direction 1k (T')
(given by Proposition 4.1) to move along the real direction lost i" .
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2. In the second step, we correct linearly the system in the other directions H, thanks
to Theorem 3.8. Then, we examine the impact of this second step on the correction
made in the first one. A priori, the second step can destroy the work of the first, and
we use weak estimates to prove that this is not the case.

3. We use a trick introduced by Kawski in [35], and executed by Bournissou in [16] to
move along the other real direction lost "1y .

4. We apply Theorem 1.7 (based on the Brouwer fixed-point theorem) to obtain STLC.

In order to extract the leading terms of the dynamic of the system (as in finite dimen-
sion, with the Magnus-type representation formula), we manipulate the expression given by
(3.14). This is the purpose of the following subsection.

4.1 Asymptotic estimates on the quadratic term of the solution

Notation. For T >0, j > 1, and u,v € L?(0,T), we use the notation

I (u,v) = /OTu(t)ei”jt </Otv(s)ei“’jsds> dt, Zr(u,v) = /OT u(t)v(t)e™xtdt.

We define ¢ := |5 ]. As a remainder, the sequence (c;);>1 is defined in Section 1.3 as
¢; = (u1p1, @;) (1@;, pr). The goal of this subsection is to prove the following proposition.

Proposition 4.1. Let u,v € L*((0,T),R) be such that, u;(T) = 0 for 1 <i < q+1, and
v;(T) =0 for 1 <i< g+ 1. Furthermore, assume that (H)reg, (H)quad,k,1, (H)quad, K2
and (H)quad,x,3 hold. Then,

T T
(1), vk (1)) = _ZAq+1 ungl (t)e™rtdt + "y, / Ugr1 () vn—q(t)e™ <" dt
0 0

T
—iAGn ; Vg1 (et + RE (u) + pF (u,0) + REG (v). (4.1)

with
+oo

1 1 175
Rg:j_l (u) = (‘qucﬂ/;ﬁ W;H_ I%(uqﬂ-lauq-i-l)’
j=1
+oo
1 ~ +1 1475
REII:,; (v) == (=1)* ZCJ'VJ(‘I W?+ I7-(Vg+1, Vg+1),
j=1

P& (u, v) = Zd Vq+1 PTUL (Ugy1s Vnq) + Zd e q'HI] T (Vn—q, Ugt1)
Jj=1
The following lemma is strongly inspired by [18, Proposition 5.1].

Lemma 4.2. Let T > 0, 0 < 1 < q and assume that u € L*((0,T),R) such that u;(T) = 0
for2 <i<U+1. If (H)peg holds, then

iy T iw;s U1 (T)2 wgT =
Fi(u) = —uy (T Zc etviT u(s)e i*ds | + — ¢ Zlcj
j=

—iZA,lc/o up(t)e™<tdt + R (u).  (4.2)
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Proof. We prove the statement by a finite induction on ! € [0, ¢]. If the formula is true for
a fixed | < ¢ — 1, then, for all u € L*((0,1),R) such that u;(T) = 0 for 2 < i <[+ 2, an
integration by parts gives

(-1)'R}(v) = A+ B, (4.3)
with
+00 T
:_ZZCJ 2O (0, uig),  Bi=— i l+1/0 taa (Bt (et
=1

Then, with integration by parts, we obtain

+o0 T
A=—iy ittt /0 uf o (t)e™ < At + (—1)' RY T (u). (4.4)
j=1
in = T :
B= - cjyéﬂwé“/o uj o (t)etdt. (4.5)
j=1

Using (4.3), (4.4), (4.5) and the induction hypothesis, we conclude. The initialization is
proved by the same manipulations, but there are boundary terms. The starting point is the
equality given by (3.11) and (3.12),

+oo
=Y ¢ilp(u,u)
j=1

All series converge thanks to the hypothesis [ 5] < p (see Remark 1.2). O

One recalls that, for any integer & € N*, the negative H (0, T) space is endowed with
the norm: Yu € H=%(0,T), lull gr-r o,y = lwr(T)] + lukll p2(o,7) - Using the expression of
Lemma 4.2, one can obtain the following estimate.

Corollary 4.3. Let T > 0, and assume that u € L?((0,T),R) such that u;(T) = 0 for
2<i<q+1. If (H)reg and (H)quad k.1 hold, then

[Frw] = <|u1 )+ ”u‘IHHLZ) =0 (Hu”il—(q-%—l)) . (4.6)
Proof. Using Lemma 4.2 with [ = ¢, we obtain
+oo T 9 +oo
. , ™2
]:qln(u) = 7U1(T) chesz (/ u(s)ezszd5> + %GZWKT ch
Jj=1 0 j=1

T
qu+1/0 g (B < dt + RIS (u).

Note that A}I 41 = 0 when n is odd, but not necessarily when n is even. We can manipulate
the first term: using integration by parts,

“+o00 T T
chei”fT (/ u(s) z“’”ds) Zc et ( (T)e™ ™ + (—iw,;)9H / uqﬂ(s)ei“fsds) .
j=1 0 0

Finally, the term R%J,rll (u) is estimated by Hu||§{,<q+1) because, for all j > 1,

j 2
(g1, g 0)| < gl
This formula leads to the result. ]

Now, we can follow the same approach with the crossed terms. More precisely,
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Lemma 4.4. Let T > 0 and assume that u,v € L*((0,T),R) such that u;(T) = 0 for
2<i<qg+1and v (T) =0 for 1 <i< g+ 1. If (H)reg holds, then

q n—q—1
:Z VovorZr (upy1, vg) + i Z (=D *yop 1 Zr (whr1, vkt1)

k=1
+w . T .
—ui(T) Zdje’”jT </ v(s)ewisds> + pE N (u,0). (4.7
=1 0

Proof. We deal with the case where n is odd. Thanks to (3.11) and (3.13), we obtain:
Gr(u,v) = —(A + B) with

—+o0
A= Zdjf%(u,v), B= Zd}-[%(v,u).
j=1

First, we prove by a (finite) induction on 0 < I < ¢ that: for all u,v € L?((0,T),R) such
that u;(T) =0for 2<i <1 +1,

+o0o T
T) Zdje“’jT (/ U(s)e“"fsds> it ZdJ i l+1fj (U1, vip)+
= 0

l “+oo

> (=)t Zd Ty )+ 13 Y T ). (09
=0 k=0 J=1

For [ = 0, with an integration by parts on A, we get

+oo T
T)Zdjei”jT (/ v(s) “"Jéds> Zd Ir(uy,v de vl (ug,v
j=1 0

Another integration on v by parts gives

+oo T
T)Zdjei”jT (/ v(s) “"Jéds> Zd vjw; D (ug, v1)+
j=1 0
“+o0
— ZdeT(Ul,U) —1 ZdjVjIT(uly'Ul)-
j=1

j=1

For the induction step, it suffices to do two integration by parts in the formula given by the
induction hypothesis. Similarly, we prove that for 0 < 1 < g, for all u,v € L*((0,T),R) such
that v;(T) =0for 1 <i<I1+1,

l +o0 +oo
B = Z( Zd viw; IT uk+1,vk) +iZdjyfwf+llT(uk+1,vk+1) =+
k=0 j=1
too )
(DS dpt o (v, wia). (49)
j=1

Using Gr(u,v) = —(A+ B), (4.8) and (4.9) with [ = ¢, we conclude. To obtain the result in
the even case, we manipulate the expression in the same way, with v, instead of v441. Once
again, all the series converge thanks to the hypothesis || < p (see Remark 1.2). O

Using the expression given by Lemma 4.4, we get the following estimate.

Corollary 4.5. Let T > 0, u,v € L?((0,T),R) be such that, u;(T) =0 for2 <i<q+1,
vi(T)=0for1 <i<qg+1. If( Jreg and (H)quada k,3 hold,

G (u,v)| = O(HUHH*(HI) HU”H*('ﬂﬂz))' (4.10)
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Proof. We deal with the case where n is odd, so n = 2¢ + 1. First, using Lemma 4.4 and
(H)quad,K,3, We obtain

+o0o T
Gr(u,v) = —ur(T) Y dje™ " (—iw;) (/ vq+1(8)6“’“"8d8> + pf (u, 0)+
j=1 0

i(=1) Iy (Ugt1, Vgt1)-

This equality leads to the result, by definition of the norm in a negative Sobolev space, as

1
qu+ (Uav)’ < COllullg-@sv 0l g-@en s [Zr(ugrs vge)] < Cllullg-n 10l g -
We can prove this statement in the same way when n is even. O

Proof of Proposition 4.1. Once again, we deal with the case where n is odd. Then, using
the hypothesis (H)quad, k,1, Lemma 4.2 with | = ¢ gives

Fr(u) = R (u). (4.11)
Similarly, the hypothesis (H)quad, k.2 leads to
Fi(v) = R¥ (v). (4.12)

Using Lemma 4.4 and (H)quad k.3, one has

T
Gr(u,v) = i(—l)qyn/ Ugs1 (1) vg 11 (DKt dt + L (u, v). (4.13)

0
Using the equations (3.12), (3.13), (3.14), (4.11), (4.12), and (4.13), we obtain (4.1). O

4.2 A concatenation lemma

For all the rest of the document, we assume that (H)reg, (H)iin,k,1, (H)tin,x,2, (H)quad, K1,
(H)quad,k,2, (H)quad k,3 and (H)quad k,4 hold. The goal of the following lemma is to
examine the interaction between the first and the second step.

Lemma 4.6 (A composition lemma). Assume that {(u1o1,91) # 0. Let 0 < Ty < T,
u,v € L2(0,T1) be such that u;(Ty) = v;(T1) = 0 for 1 < i < q+ 1. Let (4,0) =
Tryr(¥(Th; (u,v),91),91(T)), where T' is defined in Theorem 8.8. Finally, one defines
U = U1(07T1) —|— ﬂ‘l(Tl,T) and V = Ul(O,Tl) + ’[)1(T1,T)' Then,

(€T (U V)5 (T)) — (6T (0, 0)) e (T1)) = O (8. 5) -y
+ 11w, O = o 1@ O gr-casry + [l -y 18]l gr-cn-o ) (4.14)
Proof. Using the formula (3.14), we get

T (U V), ¥r (T)) = (E(Th; (u, 0)), Y (Th)) = (E(T5 (0, 0)), o (T) + Gy 0 (U, V), (4.15)

where G'1, 1 is the bilinear form given by

T T T1
G, r(U,V)= / a(t) (/0 hi,1(t, s)u(s)ds —l—/o h271(t,s)v(s)ds> dt

T
T

T T
—|—/ ’U(t)( ; hi,2(t, s)u(s)ds +

T

ha o (t, s)v(s)ds> de.  (4.16)
0
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Each term of (4.16) can be written as a sum of product of two integrals, for example

T T +00 T _ T ‘
/ () / hua(t,s)u(s)ds | dt = -3 ¢ / () tat / u(s)e ds | |
T 0 = T 0
Using integration par parts, one can write the expression as

+oo
j=1

T

T

ﬂq+1(t)€“jjtdt> (—iwj)qﬂ/ Ug+1(s)e"7%ds.
0
By Cauchy—Schwarz’s inequality,

T T
/ () ( hoa(t, s)u(s)ds) dt
T 0

We obtain the same estimation with the other terms of (4.16). Thus,

Gz, o (U, V) = O ([(w, )| gr—casn [1(@ 0) | gr—casn)) - (4.17)

< Ol 0) | gr-can 10 D) gy-carn -

Moreover,
(€(T; (0, 9)), ¥ (T)) = Fp(a) + F7(0) + Gr(a,0). (4.18)

Using (4.15), (4.17), (4.18), (4.6), and (4.10) (thanks to the boundary conditions given by
the STLC in projection Theorem 3.8), we obtain the result. The assumption |5 | < p gives
the convergence of all the series written (see Remark 1.2). O

4.3 Motion along px and i

The next proposition implements step 1 of the proof strategy explained at the beginning of
Section 4.

Proposition 4.7. We denote s,, := m and oy, := %—i— m For all Ty > 0, there

ezist C,p > 0 and a continuous map z — (u.,v,) from R to HJ*(0,T1)? such that
Vz e (=pp)y (T (uzy02), 1), ¥ (T1)) = i"2] < Clz] 5. (4.19)

The size of the controls is given by: for all k € Z>_ (411, for all v € [1,+00], there exists
C > 0 such that

Vo (o) Tuslhen s [oelyer < ClelentonGb), (1.20)
Finally, for alle € (0,2) , there exists C > 0 so that for all z € (—p, p),
[9(T1s5 (uzsv2), 1) — ¢1(T1)|\H(2[§;+l>+3 <Ol l=—(¢+1),-,m, (4.21)
with 7, := o, + S, (% —— l) > %. Note that T_441) > % if e < %.

Proof. Let T} > 0 and p = Ts” Thanks to (H)quad,k,4, we considers 4, € C2°(R,R)? such
1
that Supp(a), Supp(v) C (0, 1) and / p2ati- ”)( t)dt = P Then, we define for z € R*,

n
an 5(g+1) t \z
Y

uz,v; € [0, 1] — sgn(z)|z an a+1) (Ifq) .
Z on
Supp ((uz)q+1) , Supp <(”2)q+1) c (0, |z

Then, for all z € (—p, p), one has

su) € (0,T1). (4.22)
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By definition,
for all z € (—p,p), foralli e [1,q+1], (u.),(Th) = (v.),(T1) =0. (4.23)

Then, we can compute the norm of the controls. For all k € Z5_(441), 7 € [1, +00], using,
the notation u®) = u_ if k < 0 and the Poincaré’s inequality, we get for all z € (—p, p)\ {0},

[ [E—- CHu(k)H —C/ Fis ksnu(Q+1+k)<|| )
Z|5n

Then, using a change of variables, one obtains

dt.

C‘Z|(an_ksn)+57n

a(q—H—i—k)‘

sl < .
The inequality with » = 400 is similarly proved. We prove the inequality for v, in the same
way to get (4.20). Then, the mapping can be extended to 0. The continuity is given by the
previous inequality. We use the expansion (4.1), the support condition (4.22) and (4.23) to
obtain, for every z € (—p, p),

|z|°

<£(T1)a wK(Tl» = Z'n'yn/o (uz)q+1 (t) (Uz)nfq ( ) mJtht + pq+1(uz, Uz) + R%—l‘r}l (uz)

|z1°7 |z1°

+RQ+1( ) ZAqul i (uz)q+1 (t)2eithdt ZAerl A (vZ)CI-‘rl (t)%i‘”‘tdt.

Note that, for all k& € [0,q + 1], one has (u,), = sgn(z)|z|*Fhsnglati=k) (\Z‘;n) and

(Uz)k — ‘Z|an+ksn@(q+1—k) (

EED ) Then, with the change of variables t = |z|*»c, one has

1
(€(Th), ¥ (T1)) = i"vnsgn(Z)IZIZ""*(”“)S"/ a(0)p P (0)e T do + pf (us, v2)
0

1
+REF (u2) + RET 5 (v2) — ]2 2on TR0t )en / (A} u(0)* + A2, 0(0)?) e do.
0

(4.24)
Note that, if n is even then n = 2q. Else, n is odd, then, (H)quad,x,1 and (H)quad k2 gives

Al = A2, =0. In all the cases, we obtain

1
et Cai0sn | [ (4L a(o)? + AZ10(0)) x1 o da| = O (Jafer ) 425
0

By definition of RS, [REF: (us)

+o0
<
j=1
the explicit formulation of I7, and (4.20) with (k,r) = (—(q + 1),1),

cjv ;leq“‘ ‘L}l ((uz)q+1 , (uz)q+1) ‘ Then, using

[REE ()] < O ey < ClaPont2@t2on = 0 (|a2ent o) - (4.26)
Similarly,
[REF A ()| = O (Jafpentren ) (4.27)
Finally, one obtains with the same arguments
’pq+1 Uz, v2)| < Ozl 102y —oarn = O <|Z|2an+(n+3)sn) ) (4.28)

Using (4.25), (4.26), (4.27), and (4.28) in (4.24), noticing that 2a, + (n + 2)s, = 1, and
using the expansion eI =1 4+ O(|z|*"), one has

1
(€(Th), ¥ (T1)) = i"w/ (o)t (0)do + O (|2 Hon) = iz + O (J2]F)
0
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by definition of @, v. Thus, using the error estimates (3.15), and the hypothesis (H)jin k. 1,
we obtain

(T3 (2, 02), 00), 0 (T1) = 2] = O[22+ (s, 02) 32 ) -

Using (4.20) with (k,r) = (0,2), we obtain (4.19), as 1 + s, < 3o, + 35,,.
For the estimate (4.21), we use (3.9) with k = ¢ and (4.20) with (k,r) € {(I,2),(m,2)}
to obtain the existence of C' > 0 such that, for all = —(¢ + 1),--- , m,

[ (T1; (uz, v2), 1) — 1 (Th) — ‘I’(T1)||H(20<)p+l>+3 < C|z[Pontontmm=l), (4.29)

Then, we estimate the linear term in weak norms. For all j > 2, for all k > —(¢ + 1),
integration by parts give (the same notation as previously is used for k < 0) gives

< Cray Pl o070 (4.30)

T ) T ‘
/0 Uy (t)eZWj (t*Tl)dt wj—k /0 U,gk) (t)e“"j (t,Tl)dt

thanks the inequality (4.20), with (k,r) =
the left-hand size is zero. Let k € [—(¢ +
such that r = k + 6. Then, using (4.30)

(k,1). This inequality is true with j = 1 because
1),m], and r € [k, k + 1]. There exists 6 € [0, 1]
1-0 0

T ) T ) T -
/ Uy (t)ele (t_Tl)dt / U, (t)ele (t_Tl)dt / U,y (t)elw]‘ (t—Tl)dt
0 0 0

1-0 0
< (Ckwj—k|z‘o¢n+sn(1—k)> (Ck+1w;(k+1)|Z‘an+sn(1—(k+1)))

an+sn(l—r)

< 1,C 1,C -r
cmas (max(1,C) max(L, Cpn) w2

Then, the inequality (4.30) is true for k real; there exists C' > 0, uniform in k, such that,
for every j € N* and k € [—(¢+ 1),m + 1],

Th
/ u (£)e™ Tt < Cuwyh[z|ontsn (2R, (4.31)
0

This inequality is also true with v,. We want to apply this inequality with k& = [. Never-
theless, the series diverges; we introduce a non-integer perturbation: let € € (0,3/4) and
le{-(g+1),---,m}. With k =&+ 1+ %, one obtains

—+o0
1 7
(TN 2enee < € 2317 2™, (4.32)
j=1

thanks to the remark 1.2 and the estimate (4.31). Using the equation (4.29) and (4.32), we
obtain the desired inequality, because 7; < 2, + s,(1 — m —1). O

The following statement represents step 2 of the proof strategy explained at the be-
ginning of Section 4.

Proposition 4.8. Assume that (11, ¢1) # 0. The vector ik is a small-time H["-
continuously approzimately reachable vector associated with vector variations i" i (T'). More
precisely, for all T > 0, there exist C,p >0 and a continuous map z € R — (U,,V,) €
HJ(0,T)? such that

V2 € (=pp), (T3 (U V) 1) = vn(T) — " ue (D) gz s < Clz|"T5, (4.33)

with the following size estimate on the family of controls

1
U=l rm s 1Vl gy < C2]7 (4.34)
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Proof. Let 0 < T1 < T, one defines controls that allow to move along "¢k, and correcting
the linear part. More precisely, for z € R,

U, Vo == w101 + ULy 1y 02107 + 02101, 195

where u,, v, are the controls defined by the previous proposition, and u,, v, are the controls
given by the control in projection Theorem 3.8 with k& = ¢, i.e.

’azy’Dz = FTl,T(d}(Tl; (’LLZ,’UZ)7 wl)’wl(T))

Then, for all z € (—p, p) (with p = min(p1, 1), where p; is given by the previous proposition
with Tl),
NN gm > Vel g < M (uzs v2) [ g + (@2, @) | o -

The first term is estimated by (4.20) with (k,r) = (m,2). For the second one, we use the
simultaneous estimates (3.18) and (4.21) to obtain, for all I € [—(¢ + 1), m],

||(’&’Zai}z)||Hl < c ||¢(T17 (uz,vz), L)01) - wl(Tl)HH(QO()PHHS < C|Z|Tl~ (435)

Noticing that 7,,, > % and a,, + s, (3 —m) > 1, one has (4.34). For the motion along i" ¢,
by construction

Pr((T; (U, V2), 1)) = ¥1(T) = Pu (1 (T) + i" 20k (T)),
where H is defined in (1.12). Thus, we just have to estimate | (¢(T; (U,, V), v1), ¥ (T)) —

i"z|. Using the triangular inequality,

| (T3 (U2, Vz), 1), ¥ (T)) — 2] < | {0 (T1; (uz, 02), 1), ¥ (Th)) — i 2|+
I <w(T7 (UZ7 Vz)) @1)7¢K(T)> - <¢(T1; (u27vz)7 901)’wK(T1)> | (436)

The first term is estimated by (4.19). To study the second one, we use the equations (4.14),
and (3.15). Then, we get

| (T (U2, Va), 1), i (T) = (T (uz, v2), 1), ¥ (Th)) | = O (ll(ﬂz,ﬁz)lli[—<q+1> +

U . - 3
H(uZ’UZ)HHf(qH) ||(u27UZ)HH*(<I+1) + HUZHHf(tHl) ||'Uz||H7(nfq) + H(Uz7Vz>||L2) .
(4.37)
We choose 0 < € < ﬁ. We estimate these terms

1. The error term: using (4.20) with (k,r) = (0,2) and (4.35) with [ = 0, and because
1 1
gsn < 16°
I(U= Vallgs < Claffortden 4+ Clafo < Claf 3o + Ol B+ (300 )4
< Cla| e 4 Ol B+ 3) < Ol 4 OB < O+,
2. Using (4.35) with | = —(¢ + 1), ||(11271~)Z)Hi,(q+1) < O|2]?™+v. We obtain the result
because
a. if n is odd, 2T_(g4+1) = 20 + 8y (n+2+%—25) =1+s, (% —25) >1+ %sn
b. if n is even, 27_ ;1) = 20, + 8y (n + 2+ % — 25) >1+ %sn
3. Once again, using (4.20) with (k,r) = (—(¢+1),2) and (4.35) with I = —(¢ + 1),

~ o~ 1
ez, 02) | pr-corny (s, D) - o) < Olef @ FonGHIFDFT (@i,

With the same arguments, we obtain the result.
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4. If n is even, there is a last term: using (4.35) with | = —g and | = —(¢ + 1),
2] gy oy 10:ll -0 < Cla| =070,
Furthermore, 7_(g41) + 7—¢ = 20, + s (n + 2+ % — 26) =1+4+s, (% — 25) >14+ %sn.

Finally, the continuity of 2 € R — (u,,v,) € HJ"(0,T1)? is given by the previous proposition,
and the continuity of z € R — (i, 0,) € Hy*(T1,T)? results from the regularity of I'r, 7
and the regularity of the Schrédinger equation, with respect to the controls. O

Now, we have to show that it is possible to move in the direction i"*!px: this is the
step 3 of the proof strategy explained at the beginning of Section 4.

Proposition 4.9. Assume that {u1¢1,p1) # 0. The vector i" Loy is a small-time HY'-
continuously approzimately reachable vector associated with vector variations i"+*1ipy (T).
More precisely, there exists T* > 0, such that, for all T € (0,T*), there exist C,p >0 and a
continuous map z — (U, V,) from R to HF*(0,T)? such that,

Vz € (_pa p)7 Hw(Tv (Uz> ‘/;), 301) - ¢1(T) _ Z‘n-‘rlsz(T)HH(zo()p+m)+3 < C|Z|1+%s”’
with the following size estimate on the family of controls
1
”UZHHm ) ||VzHHm < C|Z|4.

Proof. We consider (u,,v,).cr the family of controls associated with i"¢y in Proposition
4.8. First, we show that there exists C' > 0, for all (o, 3) € R?, small enough,

[6(BT (5, v ), 91) = $1(3T) = 7 (BT + @) e (3T) | g rss < Clla, B,

(4.38)
with wa,p = ua#00,1)#us and va,g = va#0p0,m#vs. Indeed, by Proposition 4.8, there
exist C, p > 0 such that, for all a € (—p, p),

9T (a0 00) = V2 (T) = e (D) yagmrss < Claf™* b, (4.39)

1
(e va) | grm < Cler] 7 (4.40)
In the interval [T, 277, the evolution of the system is free ((u,v) = 0), the solution is given by
Y(2T) = e *ACT=T)y(T). Using that e~*47 is an isometry from H(ZO(ermHg to H(20()p+m)+37
12T (ua#0p0,11, va#tO0,11)s 1) = $1(2T) = "t (21| oo oo < Cla|F 55, (4.41)
Let A € C, ¢ € H(Qc)()’)+m)+3(0, 1), and u,v € HJ"((0,T),R). Using the uniqueness of the
solution to (3.1) (with f = 0), one has: ¥(; (u,v), M) = AY(+; (u,v),1p). This property,

applied with A := e**7T | and the semi-group property of the bilinear Schrédinger equation
lead to

V(3T (Ua,p, Vap), 1)e2 T = (T (ug, vg), ¥ (2T (ua#0)0 17, Va#0p,17), ¢1)e*1 7).
Then, the estimate (3.5) with 1o = V(2T (ua#0(0,77, Va#0[0,71), 1)e?MT — ) gives
H¢(3Ta (ua,ﬁa Uoz,ﬂ)v 301)62i)\1T - w(Tv (U/67 ’Uﬁ)7 901) - ¢(Ta (Oa O)a 1/}0) HH(QO(;Uer)JrS
< C (g, vp) | g | (2T (ua#0p0,77, va#0p0,17), 1) — ¢1(2T)|‘H(20()p+m>+3 .
Using the estimation (4.40) with @ = 8, and (4.41), one gets

A1 . —i 1
[T (a5, va)s 1) = (T3 (ug, v5), 1) = €74 (o) yagparres < C1B 3.
(4.42)
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Using (4.41) in (4.42), we obtain

1 (3T; (a8, Ve 8)s 1) — (T (up, vg), pr)e >N — 74T (inC“/)K(QT))HH?éerwnJrs
) (4.43)

<C (18|l + ol +Ee) .

Finally, as e AT (i"ay i (2T)) = i"arh (3T), using (4.39) with 3 instead of a, we obtain
(4.38). Thus, for T € (07 ﬁ), and z € R, taking 5 = m
conclude. m

and a = —f cos(2w T, we

4.4 Conclusion

Now, we can easily write the proof of the main theorem of this article; this is the last step
of the proof strategy explained at the beginning of Section 4.

2(p+m)+3 (0 1)

Proof of Theorem 1.3. We use Theorem 1.7. More precisely, we consider X = H(o)

and Er = HJ*(0,T)2. Moreover, for all T' > 0,
ng : (1/)07 ('LL,’U)) = 1/)(T7 (U»U)M/JO)'
We have to check all the assumptions to obtain the controllability result.

(A1) This is known that the end-point map is regular around the equilibrium (¢4, (0,0))
(see [17, Proposition 4.2] for C1).

(A2) This point is given by [17, Proposition 4.2].

(A3) Using the uniqueness of the solution to (3.1), one can prove the following semi-group
property: for all Ty, T5 > 0, 9g € H(zo()ermHg(O,l), u,v € H"((0,7T1),R) and 4,0 €
Hg)’n((o’ T2)7 R),

’(/}(Tl + T2; (’u#’(], U#T})a '(/)0) = '(/)(T2; (ﬁ’ 6)7 ¢(T1; (ua ’U)v ’(/}O))

(A4) By hypothesis (H)iin,k,2 and by Theorem 3.8, H = H is a closed subspace, this is
the reachable set of the linearized system around the ground state. This space doesn’t
depend on T, and its real codimension in L?(0,1) is equal to 2.

(A5) Finally, as (u1¢1, 1) # 0, Propositions 4.8 and 4.9 show that ¢ and ipg are small-
time continuously approximately reachable vectors. Then, as a supplementary space
of H is given by Spang(¢k, i@k ), this condition is verified.

By Theorem 1.7, the multi-input bilinear Schrédinger equation (1.1) is H{"-Small-Time

Locally Controllable around the ground state in H (20();; +m)+3(0, 1). O

A Postponed proofs

A.1 Existence of uq, us verifying the hypotheses
This section is inspired by [18] and [16].
Lemma A.1. Let € C°(0,1). For alln € N, for all f € C*([0,1]),

adi () f =Y apu® k) fk), (A1)
k=0
where () eo,n] are defined by induction as, af =1 and,
Vk € [1,n], aptti=2a}_, +af, agtt = ay, ol =2al.

n
Moreover, Zaﬁ(—l)k =(-1)".
k=0
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This lemma is proved by induction in [18, Proposition A.3, Step 1].

Lemma A.2. For all n € N, there exist a constant C' > 0 and a quadratic form @, such
that, for every i, ps € C°(0,1),

1. The odd good quadratic brackets are estimated as

n An+42
= 2(=1)™H "

Yant1 = —([ad’} (u2), ad’y " (n1)]eo1, o) 1201, P ) + Qu (111, p12),

with |Qn (11, p2)| < [pall gransa 12l e -
2. The even good quadratic brackets are estimated as
dn—2
Yo = {[ad} (1), ad} (u2)]r, o) = dn(=1)" (15" o0 o) + Qupur, o),

with [Qn(p1, p2)| < 1]l gran—s g2l g -

Proof. The equalities between the brackets and the series defined by ~; are proved in Propo-
sition A.10. Let pq, o € C°(0,1). We start with the odd case: for all f € C*°([0,1]), n > 0,
using (A.1), one has

n n " : 7’ n n n 11— k? l n—1
lad (2), ady ™ (u)lf = D0 (1)%“ T T A
i=0 =0

Z(D%WWW PPN pD (A 2)
k=0 +=0 [=0

Moreover, for all a,b € N, for all f € C*>([0, 1]), there exists C' > 0, such that

a b
[0, 0| < Nelgass N2l o

Thus, thanks (A.2), one obtains

([ad’ (112), ad’s (1)1, 0k —aOHZa GADFD 200 o o)

n+1

+ap Za"“ 2000, @00 oM < il gganss sl 2 - (AL3)

Moreover, using integration by parts, we get for all ¢ € [0, n],

2(n+1)+1i 2n—1i i 4An+2
[P LE D00 1) = (1 P i, 10| < latllggans ol s (A4)

2(n+1)—1 2n—+1 i 4dn—+2
[P E D o o) — (<1t ™ P o, o) | < Nl ggamss Nizllpe - (A5)

Using (A.3), (A.4) and (A.5) one has

n n+1
Von+1 + (agﬂ Z ai (1)" — ag Z 0‘?“(—1)1) <H§4n+2)ﬂ2<ﬁ71, PK)

=0 =0

< el gansa 2l 2 -

n
Finally, as Za?(—l)i = (—1)", and af = 1, one obtains the result. Let us extract the
i=0
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leading term of the even good brackets. With same manipulations, one obtains for all n > 1,

— Z o <( (=) (2t _ uézn*i)u?"“')) o1, s0K> -
an Zw‘ <( (2n— z)uézn-m 1) MéQn—i)M(fn-&-i—l)) 80/1» SOK> B

2n—1i) (2n+i—1 2n—1 2n+i—1
ot 3ot () )

< lpall pran—s w2l g -

Thus, we obtain with same estimates

4In—2
Yan — <2a1 > (- ) (52 et o)

By induction, we obtain af = 2n. This proves the result. O

< el gran-s izl g -

Lemma A.3. Let K € N, K > 2 and T € (0,1) such that sin(KnZ) = 0. There exists
§ > 0 such that for every n € N*, for every J* (resp. J~) open interval of (z,T + §) (resp.
(T —0,%)), there exist puf ,pu3 | (resp. ui _, py ) in C2°(0,1) supported on JT (resp. J7)
such that:

(1Y 11, 0r) = (Uo 101, 0K) = Y1 (U] 45 My o) = - = Va1 (U] 4,15 1) =0,

and
Vnpy 4 p3, ) = £1.
The proof of this lemma is the same as the proof of [18, Theorem A.4], using Lemma
A.2 instead of [18, Proposition A.3].

The proof of the following theorem is mainly the same given by Bournissou in [16,
Theorem A.2].

Theorem A.4. Letn > 1, K > 2, p,m > 0, such that | 5] < p. There exist ju1, iz satisfying
(H)reg7 (H)lll’l,K,l) (H)lln,K,Z; (H)quad,K,l; (H)quad,K,Z; (H)quad,K,3 and (H)quad,K,él'

In order to prove this theorem, we reformulate some hypotheses. More precisely, we
will note

Supp (1), Supp(pz) € [0,1), (A-6)
Vi € N"\{K}, (1, 95){nae1, 05) # 0, (A7)
ui 0 (0) # 0. (A.8)
Note that, if yu1, po € H2P+m™+3 0 H2PT1((0,1),R) are two functions, one has
(A.6), (A7), (A8) = (H)reg, (H)iin k2.

Consequently, we prove the existence of py,uy € H2Ptm+3 0 H2P11((0,1),R) verifying
(H)lin,K,ly (H)quad,K,17 (H)quad,K,27 (H)quad,K,37 (H)quad7K747 (A6)7 (A7)7 and (AS)

Idea of proof. Let K € N, K > 2 and Z € (0,1) such that px(Z) =0. As ¢; > 0 on (0,1)
and ¢ (Z) > 0, one may assume the existence of ¢ > 0 such that p1px > 0 on (Z,Z + 9),
and p1px <0 on (Z —9,z). Let n € (0,Z — §) be such that ¢10x # 0 on (0,7).

Step 1: We prove the existence of functions uy, py € H2@Tm™+3 0 HZPYL((0,1),R) satisfying
(Hhink,1, (H)quad K 4, (A.6), (A.7) and (A.8). We use the same method than Bournissou
in [16]; we consider

= {ul,ug e H2<p+m)+3(0, 1), 41 = 2 =0on [g, 1], satisfying (H)lin,K,l} ﬂHosz(O, 1),
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U:={p1,p2 €E, p1,po satisfy (H)quad,KAa (A.7) and (A.8)}.

The set £ is not empty. The purpose of the step is to prove that U is not empty. For that,
we use the Baire theorem to prove that U is dense in £.

Step 2: We prove the existence of functions i1, py € H>®+™+3 0 HZPTL((0,1),R) satisfying
(H)lin,K,ly (H)quad,K,3; (H)quad,KA; (AG), (A7) and (AS) We divide the support of
and po, in two intervals: Supp(u1) = I'U I, and Supp(us) = I U I, with Iy N Io = (. We
considers two functions p1, pto as given in the previous step. If (H)quad,k,3 is not true, we
construct, as in [16], a perturbation, supported on I, satisfying (H)quad k,3, Without any
consequence on the other properties.

Step 8: Conclusion we prove the theorem: we need to take into account the hypotheses
(H)quaa,k,1 and (H)quaa,k 2. For example, if (H)quad k,1 is not true, we construct, as
in [16], a perturbation, supported on I, satisfying (H)quad,k,1, Without any consequence
on the other properties (in particular, the properties (H)quad,k,3 and (H)quad k.4 are not
affected, because ps =0 on I; (and p; =0 on I)). O

A.2 Lie brackets on the Schrodinger equation
A.2.1 Definition of Lie brackets in infinite dimension

Lemma A.5. Let k € N, uy € W?2k>°(0,1) with all its derivatives of odd order less than
or equal to 2k — 3 that vanish at the boundary. Then, for all ¢ € H(on) (0,1), ad® (By)y is

well-defined in L*(0,1). Moreover,

k
ad” (By)p = Z ak (=0 0,
=0

with the definitions of the scalar (a¥)o<i<k given in (A.1).

Proof. One proves this lemma by induction on k. The case k = 0 is immediate, because By
is an operator on L?(0,1). Assume that the result is true for a fixed k, and, one considers
p € WH2:20(0,1) such that @+ |5, =0for 0 <1<k —1. Let ¢ € H§0’3+2(o,1).
Then,

1. Ap € H?®

(0)(0,1), so ad” (By)(Ayp) is well-defined, by the induction hypothesis.

2. We now prove that ad” (B; )y € H(QO) (0,1). The induction hypothesis gives: ad% (B;)¢ =

k
Z af,ug%_l)gp(l). Then, one has ad® (B;) € H2(0,1). Moreover, for all [ € [0, k],
1=0

a. If lis odd, I = 2i + 1, and ,ug%_%_l)cp(l) ‘{0,1} = 0 because 2k —2i —1 < 2k —1

(2k—2i—1)
SO [ty 0,13 =0

b. Otherwise, [ is even, u§2k7[)gp(l) 013 =0 because | < k and ¢ € H(20k)+2(0, 1).

Then, the bracket is well-defined. The proposition is true by induction on k.
O

Proposition A.6. Let k € N*, u; € W*=2°0(0,1) with all its derivatives of odd order
less than or equal to 4k — 5 that vanish at the boundary. Then, for all p € H?’k*l(O, 1) the

(0)
operator [ad% 1 (By),ad" (By)]g is well-defined in L?(0,1).

Proof. Let ¢ € l‘.f(?’ok)fl(o7 1). Then ¢ € H(20’3(071) so ad® (B))y and ad% ' (B;)yp are well-

defined by Proposition A.5 and one has to prove that
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1
1. ad Y (By)yp € H(O)(O, 1). One recalls: ad% ' (B)p = Zafﬁlu?k*ld)(p(l). Accord-

ing to the regularity of ¢ and g1, this expansion gives @271(31)g0 € H?#(0,1). Then,
using Leibniz formula, for all j € [0,k — 1], [ € [0,k — 1],

@k—-1-2) _1)\#) 2 27\ (@k—1-244) (142j—4)

('ul v ) :Z<Z’>Ml ¥ =,
i=0

Each term of this sum vanish at = 0, 1. Indeed,

a. If i and [ have the same parity, [+2j—iiseven and [+2j—i < k—14+2(k—1) =
3k — 350§0l+2j l)‘{o }—0

b. Otherwise, 2k — 1 —2+iisodd and 2k -1 —2+i <2k —-2+2j—1 <4k —5so
(2k—1+1) 0
m 0. = 0.

2. ad’(B1)p € H(zok) 2(0,1). This is proven in the same way as point 1.
Consequently, the operator [@ﬁ(l(Bl), @’2(31) is well-defined. O

Then, if 2| 2| — — 1, Proposition A.6 ensures that the brackets in (1.7) and
(1.8) are well-defined.

Proposition A.7. Let k € N, uy, o € W-°(0,1) with all their derivatives of odd order
k41
less than or equal to 2k — 3 that vanish at the boundary Then, for all p € H(koﬂ 2 J(07 1),
adA g] J(Bl) audL J(Bg)} ¢ is well-defined in L?(0,1).

This proposition can be proved in the same way as the previous one. Similarly, if
n— 2 < p — 1, the brackets in (1.9) are well-defined, thanks to Proposition A.7.

A.2.2 Computation of Lie brackets for the Schrédinger equation

Lemma A.8. Letk € N and u € W?%°°(0,1) be such that 'Y lf0,13 =0 for0 <1< k-2
Then, for all p,q € N*,

<@i(ﬂ)‘ﬁpa <Pq> =(Ap — )‘q)k (Hpp, ©q) -

Proof. If k = 0, the result in true. Then, assume that £ > 1. As ¢,, ¢, € H(on) (0,1), one has

<@§1(/‘)¢p,@q> = <[@,]€471(N)a‘4]¢p,90q> = <()‘p1d - A)@ﬁ\il(/i)@pﬂpq>

Using the symmetry property of A,

(adly(1)ps 0a) = (ad (Wep nla = A)pg) = O = Ag) (adli™ ()220 )
An induction gives the result. O
Proposition A.9. Let k € N* be a fized integer, K > 2 and ju; € W*=2°(0,1) be such
that, for 0 <1< 2k — 3 pq @D (01} = 0. Then,
(lad!™ (o), adb (m)lior, o ) = 2(—1)F AL,

Proof. By definition,

—+oo
2(-1)FAL =) (0 — M) Ak = ) ch FOk — Ak~

j=1
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Using Lemma A.8, we obtain

—+oo

Z (<@1§1—1(N1)@j7<ﬂ1> <@i€4(ul)s0K7<Pj> - <@Z(M1)@ja<ﬁ1> <@]Z_1(M1)@K,W>) :

Jj=1

Using the symmetry of the operators, we get

2= A} = (=1 (adh™ (u)er adly (u)en ) + (1) (adh (un)er adly™ () ) -

Then,

2(-1)" A4} = = (adk () (ads ()1 ) s onc ) + (s () (adi (1) ) o)
Finally,
2A=1)*Af = (ladi (o), ad (u)ler, oxc)
O
Proposition A.10. Letk € N, K > 2, and pu1, pip € W25°°(0,1) such that p; *!+1 l{0,13 =0
forO<I<k—2and1<i<2. Then,

<[@£\%J(M1)7@}4§J(M2)} @17@K> = (‘Uk%-

Proof. Using Lemma A.8, we notice that

= Bt ®
™=y (<@£ =)ok, s0j> <@£€J (n2)ej, s01> -
j=1

k+1

<@§J (H2)ex, 90]'> <@h 2 J(Nl)@j? s01>)

As (p;)j>1 is an orthonormal basis of L?, and thanks to the symmetry/skew-symmetry of
the operator,

k+1
k41
2

k k
= (1)1 (ady 7 ()i, adl (2)er ) -
k41 k k+1
(-1t J<@Efj(uz)s0m@i J(u1)901>.

Once again, using the symmetry/skew-symmetry of the operator,

. ket k
i = (DS (ady ™ (), adi® (n2)] o, )

This equality completes the proof. O

A.3 Some elements of proof in finite dimension
A.3.1 A proof of Theorem 2.15 via Sussmann’s S(¢)-condition

In this section, we present a proof of Theorem 2.15 relying on Sussmann’s S(6)-sufficient
condition (see [45, Theorem 7.3]), recalled in Proposition A.12 below (see [28, Theorem
3.29]), for which we need the following definition.

Definition A.11. The map o : Br(X) — L(X) is defined by o(b) = E(b) + 7(E(D)), where
7 L(X) — L(X) is the unique morphism of Lie algebra such that n1(Xo) = Xo, 7(X1) = Xo
and 7(Xs) = X;.

For iIlS'EELI’lCG7 ifb= (Xl, (Xl,Xo)) then O'(b) = [Xl, [Xl,Xo]] + [XQ, [XQ,X()H.
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Proposition A.12 (Sussmann’s S(6)-condition). Let fo, f1, fo be analytic vector fields on
a neighborhood of 0 in R? that satisfy the Lie algebra rank condition, Lie(fo, f1, f2)(0) = RY.
If there exists 6 € [0,1] such that, for every b € Br(X) with no(b) odd and both nq(b) and

na(b) even, we have
fo(6)(0) € Span{ f(0);b € Br(X),n(b) + Ong(b) < n(b) + Ong(b)}, (A.9)
then the system & = fo(x) + ufi(x) + vfa(z) is L®°-STLC.

Proof of Theorem 2.15 thanks to Proposition A.12. We prove by induction on m € N that
for every d € N*, the assumptions of Theorem 2.15 imply W"»*°-STLC.

Initialization for m = 0: we prove L*°-STLC by applying Proposition A.12. First (2.7)
gives the Lie algebra rank condition,

Spa'n(fln (0)7 e fbd (O>) = Rda

with by, - -+ , b, € By such that Span(fp, (0),- - f5,.(0)) = S1(f)(0) and byy1,- -+ ,ba € B2 good-
One considers )

max |b;|

i€[1,d]

0<0<

Let L = ﬁIlaXdﬂ|bi|' Let b € Br(X) be such that ng(b) is odd and both n;(b) and na(b)
i€[r+1,
are even. Then,

1. Either, n(b) > 4 and then (2.7) gives the compensation because, for all i € [1,d],

n(b;) + Ono(b;) < 2+ 6 (,n&%ﬂwi - 1) <3< 4+ 0ng(b) < n(b) + Ong(b).
e l,

2. Or, n(b) =2 1ie. (n1(b),n2(b)) € {(2,0),(0,2)} i.e. o(b) € Span{Ba paq}. Thus:
a. If [b] < L, (2.8) gives, for all i € [1,7],

b. If |b| > L, the LARC (2.7) gives once again the compensation because,

n(b;) +60no(b;) <2460 (L—2) <2+0(L—1)<n(b)+0ng(b), forie][r+1,d].
Theses points prove (A.9).

Heredity. We assume the result is proved up to some m € N. We consider the extended
system

&= fo(z) +ufi(z) + vfa(z)

U=w
vV =w
: d+2 . ody
with state Y = (z,u,v) € R*"* and control (w,w), i.e. P FY)+wkR(Y)+wF(Y)
with:
fo(z) +ufi(z) +vfa(z) 0 0
Fo(z,u,v) = 0 , Fi(zyu,v)=(1], F(z,u,v)=1{0
0 0 1
Then, for every i € [1,2],
fi(z)
Py (Y)=[F,Rl(Y)=| 0
0
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Thus, when computing FMZ for j > 2, the derivatives with respect to u and v never come
into play, and we obtain

ad) ! op, (1) (@)

Vizl, Fyi(Y)= 0 ,
J 0

where ad denotes the right-bracketing: ad(g) = [g, f]. Thus, for every i € [1,2] and [ € N,
leil = 0 and for every j > 2,

l ji—2 j—1
Ldf0+uf1+vf2[ df0+uf1+vf2(fl) df0+uf1+vf2(fi)}(x)
Fy: (V) =
O

Moreover, for every | € N, Fg,, = Fo,, = 0 and, for every j > 2,

(~1Vad) o, opladb 2 (a2 (@)
0

FCj,l (Y) =
0
faez_,(0)
In particular, for every i € [1,2], j > 1, FMv (0) = 0
0
Moreover, for every ¢ € [1,2], j > 2,1 € N,
fws, ,(0) fe;1,(0)

FW;Z<O) = 0 y FCj,l(O) = 0
: 0 0

Thus the extended system satisfies the assumptions of Theorem 2.15 with d +2 — d. By
the induction assumption, the extended system is W™ °°-STLC. By choosing trajectories of
the extended system starting and finishing at v = 0, one concludes that the initial system

i = fo(z) +ufi(z) +vfa(z) is WmHL>_STLC. O

A.3.2 Proof of the representation formula of Proposition 2.20

Definition A.13 (Support). Let a € L(X). For b € B, a Hall set, we denote by {(a,b) the
coefficient of E(b) in the expansion of a on the basis E(B). We define

supp(a) := {b € B, (a,b) # 0}.
If A C Br(X), we let supp(A) = J,c 4 supp(a).

Definition A.14. We consider the (unital associative) algebra A\(X) of formal power series
generated by A(X). An element a € A(X) is a sequence a = (an)nen written a =Y _\ Gn,
where an, € An(X) with, in particular, ag € R being its constant term. We also define the

Lie algebra of formal Lie series Z(X) as the Lie algebra of formal power series a € le\(X)
for which a,, € L(X) for each n € N.

We consider the formal differential equation

{ §(t) = y(t)(Xo + u(t) X1 + v(t)Xa),

o)1 (A.10)

whose solution is a formal series valued function y : Ry — A(X) (see [9, section 2.2]). By
[9, Section 2.4, Theorem 41|, for every ¢ > 0, there exists Zoo(t; X, (u,v)) € L£(X) such that

y(t) = exp(tXo) exp (Zoo (t; X, (u,v))) . (A.11)
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If B C Br(X) is a Hall set, there exists a unique family (1;)pe of maps Ry x L} (Ry,R)? —
R, called coordinates of the pseudo first kind associated with B and they satisfy the an-
nounced homogeneity properties in (2.16). Moreover, by [9, Section 2.5], for every ¢ > 0 and
u,v € LY((0,1),R),
-
y(t) = Heéb(t,(u,v))b_ (A.12)
beB

Let B be a Hall set as in Proposition 2.13. We deduce from (A.11), (A.12) and the maximality
of Xg in B that

-
exp (2o (t; X, (u,v))) = H 6o (£ (u0)b
beB\{Xo}

By applying the multivariate CBHD formula [9, Proposition 34] to this expression, one
obtains 7, = &, for every b € By and for every b € Ba,

n(t, (u,v)) = &(t, (u,v)) + % Z by b2) b8 (t, (15 0)) &, (L, (u,v))

where the sum is indexed by the set {b; > by € By;b € supp(by,b2)} and dp, p,),» denotes
the coefficient of b in the expansion of (b, b2) on the basis B. In particular this sum is finite
and involves only elements by, ba € By such that ng(b1) + no(b1) = ng(b).

The estimate (2.15) is proved in [9, Proposition 161]. The absolute convergence is
proved in [9, Proposition 103] and relies on [8, Theorem 1.9].

A.4 Some lemmas about ODEs

Lemma A.15. Let § > 0 and z € C1(B(0,6); RY) be such that |z|, < 5. We note (-, 2,0)

2 = z(x)
2(0) = 0 . Then,

the solution to the system: {
(13 2,0) = 2(0)]| < |2(0)| || Dzl o, €7l
Proof. This lemma is proved in [9, Lemma 160]. O

Lemma A.16. Let 6 > 0, and fo, f1, f2 : B(0,20) — R be real continuous functions, with
fo(0) = 0. There exists r(0) > 0, such that, for all Ty <T < Ty + 1, p € B(0,7(9)), and
u,v € L®(Th,T) with ||u|| . , |V|| Lo <7(5), one has

vt e [T1,T], «(T;(u,v),p,T1) € B(0,0). (A.13)
Proof. This result is linked to continuity with respect to the initial condition O

Corollary A.17. Under the same assumptions as the previous lemma, there exists r(6) > 0,
C(8) > 0, such that, for all Ty < T < Ty + 1, p € B(0,7(9)), and u,v € L>®(Ty,T) with
[ull oo s 0]l oo < 7(8), ome has

[#(T; (u, v), p, T1) || < C(6) (llpll + [|(w, v)[| g ) -
Proof. This statement is based on the previous Lemma and the Grénwall inequality. O

Lemma A.18. Let fy : B(0,25) — R%, be C? function, for 6 > 0, with fo(0) = 0. There
exist C,e > 0 such that, for allTy <T < Ty +1 and p € B(0,¢),

(@5 0,0),p. 73) = T=TIPRO | < 7.

Proof. By definition, there exists h > 0, s.t. for all x € B(0, h),

In(e) = o(0) = DA} < (5 D20 + 1) (A14)
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Let p € B(0,¢) with € = min (r(5),7(h)). Using the Duhamel formula,
(@5 0,0),p.13) = T =TIPR O | <

T
[ [P0 atats, 0.0).0.71)) = Dfo(a(s. (0,0), T3 ds.
Ty

Thank to Lemma A.16, one can use the inequality (A.14) and Corollary A.17 gives the
result. O

Lemma A.19. Let § > 0, and fo, f1, fo : B(0,25) — R? be C? functions, with fu(0) = 0.
There exist C,e > 0, such that, for all Ty <T <T1+ 1, p € B(0,¢), and u,v € L>(Ty,T)
with ||ull po , |V]|p oo < €, one has

(T (,0), . Ta) = (T (u,0),0,T2) — (T3 (0,0),p, 7)< C (Il 11, 0) 1 e + I1pl12)

Proof. Let p € B(0,¢), u,v € L>®(T1,T) for £ small enough. For simplicity, we use the
notations: = := x(-; (u,v),p,11), Ty = z(:; (u,v),0,T1), and z, := x(-;(0,0),p,T1). Let
Z =T — Ty, — Tp. By definition, z is solution to the following control-affine system

Z = (folz + T + 2p) = folwuw +2p)) + (fo(@uw +2p) = fol@uw) = folzp)) +
u(fi(z + Tuw + 2p) = [1(@uw)) + 0 (f2(2 + 2w + 2p) — f2(Tu0)),
with z(77) = 0. We estimate each term of this formulation
1. the first one scales like ||z||,
2. the second one is shaped like ||p|| (||p|| + || (w, v)|| )
3. the other terms are like ||(u,v)| ., (||z|| + lIpll)-

The Gronwall lemma gives the result. O
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