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THE HOMOLOGY OF ADDITIVE FUNCTORS IN PRIME
CHARACTERISTIC

AURELIEN DJAMENT AND ANTOINE TOUZE

ABSTRACT. We express certain Ext and Tor groups in the category of all
functors from an Fj-linear additive category A to vector spaces in terms of
Ext and Tor computed in the full subcategory of additive functors from A to
vector spaces. It may be applied to group homology computations for general
linear groups.

REsSUME. Nous exprimons certains groupes d’extensions et de torsion dans
la catégorie de tous les foncteurs depuis une catégorie additive [Fp-linéaire
vers les espaces vectoriels en termes d’Ext et de Tor calculés dans la sous-
catégorie pleine des foncteurs additifs de A vers les espaces vectoriels. Cela
peut s’appliquer & des calculs d’homologie des groupes linéaires.

1. INTRODUCTION

Let p and 7 be two additive functors from an essentially small additive category
A to the category Vg of k-vector spaces. There are two natural ways to define the
higher extensions between p and mw. Firstly, we can consider = and p as objects
of the abelian category Add(A,k) of additive functors from A to k-vector spaces.
Secondly, we can consider m and p as objects of the abelian category F(A,k) of all
functors from A to k-vector spaces. Since Add(A,k) is a full abelian subcategory
of F(A, k), there is a canonical map of graded vector spaces:

® : BExtaqa(aw (T, p) = Extr (T, p) -
Note that when A = P g, the category of finitely generated projective right modules
over a ring R, every additive functor is isomorphic to tp; : P +— P ® M for some
(R, k)-bimodule M, and there is a graded isomorphism:

ExtpAdae i)t tn) = Extig, (M, N) .

Thus the source of ® can be computed by standard homological algebra in module
categories. In sharp contrast, F(Pg,k) is not equivalent to a module category if
R # 0, which makes the target of ® a bit more mysterious; in some cases it is
related to topological Hochschild homology [19].

If k is a field of characteristic zero, then ® is an isomorphism by [2, Theorem
1.2]. This is no longer in general the case if k is a field of positive characteristic.
For example, if k is a finite field and if A = Py then the ring k ®z k is semi-simple.
Hence the source of ® is always zero in positive degrees, whereas the fundamental
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2 A. DJAMENT AND A. TOUZE

computation of [7, Theorem 0.1] shows that the target of ® may be nonzero in
infinitely many positive degrees.

Let us introduce some notation to formulate our first theorem. Let I denote the
embedding Py — V. We consider Ext;—(Pk’k) (I,1) as a graded algebra for Yoneda
composition.

Notice furthermore that every functor 7 : A — Vg yields an exact restriction
functor 7* : F(Py, k) — F(A, k), which sends F to the composition 7*F = F o,
where F : Vi — Vy denotes the left Kan extension of F to the category of all
vector spaces, that is, F/(v) = colim F(u), with colimit taken over the filtered poset
of finite dimensional subspaces u of v, ordered by inclusion. We therefore have a
graded map:

(1) 77* . Eth;:(Pk,]k) (F‘7 G) — Eth;:(A,]k) (W*F, W*G) .

We can now define, for all additive functors m,p : A — V, a linear map (here
‘o’ stands for Yoneda composition):

(t) U Extiadaca i (7 0) Ok Extze, i (1, 1) = Extr 457, p)
e®e — ®e)on’e .

Theorem 1. Let k be a perfect field of positive characteristic p. There is an
isomorphism of graded k-algebras:

EXt_*F(Pk,Ik)(Iv I)~ k[€17€2,€37~-~]/<6€7€§a€§~-~> )
where each class e; has cohomological degree 2p*=1. If in addition the essentially
small additive category A is Fy-linear, then the map:

U : Extaqa(a (75 0) @k Extrp, p (1, 1) = Exti (T, p)
defined by (1) is a graded k-linear isomorphism for all additive functors = and p.

If k is a finite field, the computation of Ext}(Pk)k)(I, I) given in this theorem is
nothing but [7, Theorem 0.1]. Although technically different, theorem 1 is similar in
spirit to the main theorems of [10, 11] (see also [17, Corollary 4.2]) which compare
Hochschild homology and topological Hochschild homology of smooth F,-algebras.

The calculations of [15] show that ¥ may fail to be an isomorphism if A is not
[F,-linear, for example when A = Py/,,» for 7 > 1 and m = p is reduction modulo p.
Remark 6.2 shows that the isomorphism may fail if k is not perfect.

The proof of theorem 1 consists of successive reductions from the classical case of
A = Py, [7]. It relies on several well-known tools such as adjunctions between exact
functors, which are propagated to higher Ext, comparison of -functors, or extension
of scalars at the target (from functors to Fp-vector spaces to functors to k-vector
spaces). We use strict polynomial functors [8] as intermediate functor categories
for which base change behaves very nicely in cohomology, to prove lemma 5.2, the
first step of the proof of the theorem. We use the perfectness assumption on k
through the Hochschild-Kostant-Rosenberg theorem (which implies that HH* (k)
is trivial) to prove lemma 6.1, using the identification between additive functors in
F(Py, k) and (k,k)-bimodules. The last ingredient to prove theorem 1 is the use of
the R-additive envelope A® of A (see section 3), for a big enough regular cardinal ,
which is roughly speaking obtained from the additive category A by formally adding
N-small coproducts. We need it for an important adjunction argument because the
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representable functors A(a, —) may take values in infinite-dimensional F,-vector
spaces, so we pass through P%p and A® (see the proof of lemma 5.3).

Comparison of Tor. If k is an arbitrary field and A an arbitrary essentially small
additive category, there is a tensor product over A [12, IX.6]:
® : F(AP k) x F(Ak) = VW,
k[A]

with left derived functors denoted by Torﬂ,i[““](F7 G). One can also consider the
restriction of the tensor product to the full subcategories of additive functors, whose
left derived functors yield an "additive Tor" denoted by Tor*®*4(F, ) because an
additive functor A — Vy is the same as a k-linear functor k ®7 A — V.

Note that if A = Pg, the additive Tor can be computed in terms of modules.
Indeed, every contravariant additive functor from A to vector spaces has the form
har © P~ Homp(P, M) for some (k, R)-bimodule M and there is a graded isomor-
phism (where ¢y is defined at the beginning of this introduction, page 1):

(2) TorP 2928 (b, ) ~ Torf®2% (M N) .

If k has characteristic zero, then Tor*®24(, p) is isomorphic to Tor“l (r, p) for

all additive functors m and p, but this is not the case in positive characteristic. In
fact, we can dualize theorem 1 to obtain the following result.

Corollary 2. Let k be a perfect field of positive characteristic and let A be an
essentially small additive F,,-linear category. Let T, denote the graded vector space
equal to k in every even degree, and to zero in every odd degree. There is a graded
isomorphism, natural with respect to the additive functors m and p:

TorM(x, p) ~ Tor*®=A (, p) @ T, .

Tor between non additive functors. Corollary 2 should be thought as a com-
putation of Tor in the category of all functors, based on the simpler computation
of Tor in the category of additive functors.

In section 8, we explain how to combine corollary 2 with standard computational
techniques in functor categories to compute Tor between certain non-additive func-
tors. We give an elementary illustration of this in the next example. Let V' be a
finite-dimensional k-linear representation of G4, and let Fy be the endofunctor of
vector spaces defined by Fy (E) = E®d®6d V, where G4 acts on E®? by permuting
the factors of the tensor product. We extend Fy to an endofunctor ﬁv of graded
vector spaces by letting G4 act on the tensor product of graded vector spaces with
a Koszul sign.

Example 3. Let k be a perfect field of positive characteristic p and let A be an F,-
linear additive category. Assume that d is invertible in k. For all additive functors
m and p, there is a graded isomorphism of vector spaces:

Tork Al (754, p* Fy) ~ Fy( Tor*®2A(wr, p) @k T )
where S% denotes the dth symmetric power functor.
If d = 1, this example gives back corollary 2, whereas the functors 7*S? and p* Fy
are not additive if d > 2: they are polynomial of degree d in the sense of Eilenberg

and Mac Lane [5]. Additional and more general Tor-computations are given in
section 8. However, our computations typically require that the characteristic of
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k is big enough. Computations in small characteristic are much more difficult, we
treat them in [3].

Application to the homology of general linear groups. We finish this intro-
duction by recalling one of the main motivations of the present work, namely the
connection with the homology of general linear groups.

Every functor F : PQ — Vg determines a sequence of nested right k-linear
representations F(R™) of GL,(R), in which an element g of the general linear
group acts as F'(g) on the vector space F(R™). These actions assemble into a right
k-linear action of GLoo (R) = |J,;»; GL,(R) on Foo = J,,»; F(R"). Similarly, every
functor G : Pr — Vi determines a left k-linear representation Go of GL(R).

It follows from [1] that when the functors F' and G are polynomial in the sense
of Eilenberg and Mac Lane, there is a graded isomorphism :

(3) H,(GLoo(R), Foo ®x Goo) ~ H,(GLoo (R), k) @y Tor*Frl(F,q) .

Typical examples of polynomial functors are the functors 7*S?% and p*Fy of
example 3, with m = hjs and p = tx. The corresponding representations (h%;5%)x
and (5 Fv)eo of GLoo(R) are concretely described by:

(hirShee = SUM™) ,  (tFv)eo = Fy(N®) = (N¥)* @, V,

where N> and M are the standard representations of GL.(R) associated to the
(R,k)-bimodule N and the (k, R) bimodule M. In other words, N*° = @, N
is a countable direct sum of copies of IV, and a matrix [r;;] of GLo(R) acts as
the endomorphism of N° whose component N; — Nj is left multiplication by 7;;;
similarly, M> = @, ., M} is a countable direct sum of copies of M, and a matrix
[1ij] of GLoo(R) acts as the endomorphism of M* whose component M; — M;
is right multiplication by r;;. Combining example 3 and isomorphism (2) gives a
fairly concrete computation of the Tor-term appearing in the right hand-side of (3).

Example 4. Let k be a perfect field of positive characteristic p, let R be a ring
of characteristic p, let V be a G4-module with d < p and let M and N be a right,
respectively left, R ®7 k-module. There is a graded isomorphism, where T is the
graded vector space equal to k in even degrees and equal to 0 in odd degrees:

H.(GLoo(R), SYM>)@y Fy (N®)) ~ H,(GLoo (R), k)@ Fy (TorF& (M, N) @y T..).

Further examples of computations can be obtained by combining isomorphism
(2), corollary 2 and the computations of section 8.

2. NOTATION

Throughout the article, k is a field, and A is an additive category [12, VIII.2]
which is essentially small.

We denote by Vi the category of k-vector spaces and k-linear maps, and if R is a
ring, we denote by P the category of finitely generated projective right R-modules
and R-linear maps. Thus Py is the category of finite-dimensional k-vector spaces.

We let F(A, k) be the category of all functors from A to Vi and natural transfor-
mations. (Note that there is a set of natural transformations between two functors
because A is essentially small.) This is a bicomplete abelian category with enough
injectives and projectives. We let Add(.A4,k) be the full subcategory of F(A, k) on
the additive functors. This category is stable under limits and colimits, and also
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has enough projectives and injectives. We refer the reader to [14] and [18] for an
introduction to homological algebra in these functor categories.

We let Py be the category of strict polynomial functors of bounded degree over
k as in [8]. Although this category does not appear in the statement of theorem 1
it plays a role in its proof. Strict polynomial functors over k are highly structured
functors F' : Py — Vg, and there is an exact forgetful functor Py — F(Py, k) which
forgets the "strict polynomial structure". If k is an infinite field, this forgetful
functor is fully faithful.

3. N-ADDITIVE ENVELOPES

Our proof of theorem 1 will rely on a variation of the classical notion of the
additive envelope of a category.

Let X be a regular cardinal and let k be a commutative ring. A k-linear category
is N-additive if it has all R-direct sums, that is, if all direct sums indexed by sets
of cardinality less than N exist. A k-linear functor between two such categories is
N-additive if it preserves N-direct sums.

Definition 3.1. Given a k-linear category K with null object, we let KX be the
category whose objects are the families of objects of K indexed by sets of cardinality
less than or equal to X. Such an object is denoted by a formal direct sum P, 7 ;.
The morphisms f : @jej r; — D;c7 vi are the ‘matrices’ [fij](i j)ezxs with en-
tries fi; € K(z;,y;) and such that for all jo only a finite number of morphisms f;;,
are nonzero. The composition of morphisms is given by matrix multiplication.

We identify K with the full subcategory of K on the formal direct sums with
only one object, and we let ¢ : K < ¥ be the inclusion. The category KX is called
the N-additive envelope of K.

The definition of morphisms in K® shows that the formal direct sum @, 7 z; is
the categorical coproduct of the z; in ¥, which justifies the direct sum notation;
it is also the categorical product if Z is finite. Point (2) of the next elementary
proposition justifies the name given to K.

Proposition 3.2. The category K» is k-linear and N-additive. Moreover:

(1) An object x of KX is isomorphic to a finite direct sum of objects of K if and
only if K¥(z,—) : KX — k-Mod is R-additive,

(2) Every k-linear functor F' : K — £ with R-additive codomain extends to a
unique (up to isomorphism) R-additive functor F® : K¥ — L.

(3) If K is essentially small, then KC® is essentially small.

Proof. (1) The objects of K (hence their finite direct sums) are N-additive by the
definition of morphisms in KX. Conversely, if z = @ z; is an object such that
K®(z,—) is N-additive, the isomorphism KX (z, @ z;) ~ @ KX(x,z;) shows that
id, factors through a finite direct sum of the x;, hence z is isomorphic to a finite
direct sum of objects of K.

(2) For all objects = €D x; we choose a direct sum € F(x;) in £. The assign-
ment F*(z) = @ F(z;) defines an R-additive functor such that F*o. = F. Unique-
ness follows from the fact that given any pair of R-additive functors F/, G’ : KX — L,
every natural transformation 6 between their restrictions to K extends uniquely to
a natural transformation 0’ : F/ — G’. To be more specific, for all formal direct
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sums @ x;, the map QIEB », 18 the composition:

Fl(@a) & @F () 280 @) S (@) .

(3) The set of isomorphism classes of K™ has cardinal less than or equal to that of
K and N. 0

For example, using the universal property (2), Pﬂ}g is easily seen to be equivalent
to the category of k-vector spaces of dimension less than N.

We now come to the usefulness of additive envelopes when computing Ext in
functor categories. We are interested in the case where k =k is a field and K = A.

Let I : A — Vi be a functor, possibly non-additive. If z = @, ; z; is an object
of AR, then the left Kan extension of F along ¢ : A — AR can be computed by:

Lan, F(z) = c;)é%r_n F(y),
where 7 denotes the poset of finite direct sums €, ; z;, ordered by canonical
inclusions. (Indeed T is cofinal in the comma category K | z.) This implies that if
F is additive then Lan, F is isomorphic to F®, hence additive. Since 7 is filtered,
this also implies that Lan, : F(A,k) — F(AY k) is exact. The following result
follows by standard homological algebra (see e.g. [18, Lemma 1.4(v)]).

Proposition 3.3. For all functors F : A — Vi and G : AN — Vy, restriction along
L: A A® yields a graded isomorphism.:

EXt}(AN k) (LanLF, G) ~ EXt}(A,]k) (F, Go [/) .

Moreover, if F' and G are additive then a similar isomorphism also holds for Ext
computed in the respective categories of additive functors.

The next proposition reveals the advantage of working with the larger category

AR

Proposition 3.4. Assume that for all pairs (a,b) of objects of A, A(a,b) is an
F,,-vector space of cardinal less than R. Then for all a in A, the functor A®(a,—) :
AN — ng has a left adjoint a @ —. Moreover, for all functors F': Pr, — Vx and

G : AY =V, there is a graded isomorphism:
Ext’: gy (Lan, F o AX(a, —),G) ~ Extrp, w(F,Go(a®-)).

which is induced by precomposition by a ® — and restriction along the adjunction
unit ¢ = A(a,a ® x). If F and G are additive then a similar isomorphism also
holds for Ext computed in the categories of additive functors.

Proof. Let v be a [F,-vector space with basis (b;)icr. We let v@x := D, v; where
each z; denotes a copy of x. The F,-linear map v — A®(z,v ® z), sending b; to
the canonical inclusion of z as the factor z; of v ® z is initial in v | AX(x, —), and
the existence of the adjoint follows from [20, Lemma 4.6.1]. The Ext-isomorphism

is then given by [18, Lemma 1.5]. O
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4. RECOLLECTIONS ON FROBENIUS TWISTS

Assume that the field k is perfect, of positive characteristic p. For all integers r,
the r-th Frobenius twist of a vector space v is the vector space v(") which equals v
as an abelian group, with action of k given by X -z := AP 2. This construction,
which may also be seen as tensoring with k with action twisted by A — A", is
natural with respect to the vector space v. If r > 0 then the r-th Frobenius twist
is the underlying functor of a strict polynomial functor I(").

We denote by E; the graded k-algebra of self-extensions of I(") in strict poly-
nomial functors. This algebra is computed in [8, Theorem 4.10] (with a slightly
different notation for the generators):

Er =Extp (17, 1) ~Kley,...,e ] /() =eb = =€ =0),

where ¢; is a class of cohomological degree 2p*~!. In particular, as a graded vector
space, E has dimension one in degree 2¢ for 0 < ¢ < p”, and it is zero in other
degrees. Precomposition by the Frobenius twist I(!) yields a morphism of graded
k-algebras: E} — Ey, ;. It is shown in [8, Corollary 4.9] that this map is injective.
For dimension reasons, it is an isomorphism in degrees less than 2p”. We denote
by EZ the colimit of the E. Thus, as graded k-algebras we have:

E% ~kle;,i > 1]/(e? =0 for all i > 1)

and the canonical map E} — EZ_ identifies ' with the subalgebra of % generated
by the classes eq,...,eé,..

For all 7 > 0, we define a morphism of graded k-algebras o as the composition
of the Ext-map induced by the forgetful functor Py — F(Py,k) with the Ext-map
induced by precomposition by the (—r)-th Frobenius twist (here we need that k is
perfect!):

ok Bf = Exth, (17, 1M) = Extlp, 1) (1", I7)) = Extlrp, (I, 1) .
Passing to the colimit yields a morphism of graded k-algebras:
ok, B = Extrp, (1, 1) .

The following result is a special case of [6, Theorem 3.10]. It can also be proved
directly by comparing [7] (which computes the target of aEp) and [8, §4] (which

computes the source of ozITF” by using a suitable adaptation from F(Pr,, k) to P of
the methods of [7], making it easy to compare both sides).

Theorem 4.1 ([7, 8]). Ifk = F,, the map asZ is an isomorphism. FEquivalently,
for all integers r > 0, the maps af” are isomorphisms in degrees less than 2p".
5. A FIRST Ext-COMPUTATION IN F(A, k)

In this section, k is a perfect field of positive characteristic p. Given an additive
functor m: A — Vi and r € NU {400}, we denote by 7 the morphism of graded
k-algebras defined as the composition:

* * ahf“ * " *
m s Bl = Extrp, 1) ([, 1) — Extz 4 (7, 7)
where «,. is as in section 4 and 7* is the restriction map (1). Recall that:

P Extaqaqar) (m p) = Extr (T, p)
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is the canonical map induced by the exact inclusion Add(A, k) — F(A,k). The
goal of this section is to prove the following result. It is the main step towards
theorem 1, for which we will then only have to identify EZ .

Theorem 5.1. Let k be a perfect field of positive characteristic p. Assume that
A is Fp-linear. For all additive functors w,p : A — Vi, the following map is an
isomorphism of graded k-vector spaces:

Voo 1 Extagacam(mp) @k B = Extr g (T p)
T®Y = O(x) 0w (y)

We shall prove theorem 5.1 in several steps.
Lemma 5.2 (First step). Theorem 5.1 holds if A= Py, .

Proof. There is an equivalence of categories Vi ~ Add(Py,, k) which sends a k-
vector space u to the additive functor v +— v ®F, U- Thus the additive functors =«
and p are direct sums of copies of the additive functor ¢ : v — v ®p, k. Hence by
additivity of Ext, @, 7% , and by degreewise finiteness of E_, the proof reduces to
the case m = p = t. In this case we have:

Thus the proof reduces to showing that t*_ : E* — EXt;—'(PFp,k) (t,t) is an isomor-
phism. The latter is equivalent to showing that for all positive integers r, ¢} is an
isomorphism in degree less than 2p".

For this purpose, we consider the commutative square:

i r T tr (
EXth(I( )7 I( )) EXt]:(PFp,k) (t7 t)
]k®a£p

k ®r, Extp, (107, 10)) ——"— k®s, Exti}-(PFp (1)

where the vertical isomorphism on the left is the base change isomorphism for
strict polynomial functors [21, 2.7] and the vertical map on the right is induced by
tensorization with k, which is here an isomorphism thanks to [18, Proposition 2.6
and Theorem 2.7| (which restates |7, Proposition 10.1]). As recalled in section 4,
af” is an isomorphism in degrees less than 2p", hence ¢; is an isomorphism in
degrees less than 2p”. O

Lemma 5.3 (Second step). Let A be an arbitrary essentially small, additive, F,-
linear category. Then theorem 5.1 holds if 1 =k ®r, A(a, —) for some a € A.

Proof. Let X be a cardinal larger than the cardinal of A(x,y) for all z and y, and let
A® be the R-additive enveloppe of A, as in definition 3.1. Let 7’ = k ®z A%(a, —)
and let p/ : AY — k-Mod be an arbitrary additive extension of p. Then 7’ is
R-additive, hence it is the left Kan extension of 7 to AX. Thus, by proposition 3.3,
lemma 5.3 reduces to proving that:

Voo t Extpqa(ar o (7', 0') @k Bl = Extir g (7', p)
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is an isomorphism. Now let ¢ : Py — Vi be given by ¢'(v) = k ®g, v. Then
proposition 3.4 provides a commutative square with vertical isomorphisms:

* * Vo *
Extagaqar i (") ®x B, ——————— Extzan (7', ")

s :

* * Voo *
Ext gapy oo ola®-)) @ By, — Extzpy i ', p o(a®—))

Thus, in order to prove the result, it suffices to prove that the lower ¥, in this
square is an isomorphism. By proposition 3.3 again, this is equivalent to showing
that:

Voo : Extagacps, i) (t pa) @k B, = Extrp, (L, pa)

is an isomorphism, where ¢ and p, denote the restrictions of ¢ and p’ o (a ® —) to
Pp,. But this is an isomorphism by lemma 5.2. (]

We can now conclude the proof of theorem 5.1 by a d-functor argument.

Proof of theorem 5.1. By lemma 5.3, ¥, is an isomorphism for 7 = k®z.4(a, —) for
all objects a of A. Now every projective object of Add(A,k) is a direct summand of
a direct sum of such functors. Noticing that Ext sends arbitrary direct sums at the
source to products, that direct sums and products are here both exact, and using
degreewise finiteness of £, we see that U, is an isomorphism for all projectives
7w of Add(A, k).

The source and the target of ¥, are d-functors of the variable 7. We claim that
U, is a morphism of d-functors.

First of all, ® is a morphism of d-functors because it is induced by the exact
inclusion functor Add(A,k) — F(A, k). Now, remark that m — Extz 4 ) (T, p)
is a d-functor of graded Extz(p, ) (I, I)-modules, so of £} -modules by restriction
along o, because of [7, Proposition 1.5] and the usual description of connecting
morphisms of long Ext-exact sequences as Yoneda products [13, IIT Theorem 9.1].
As ¥, is obtained from ® by extending scalars to £ at the source, it implies that
U, is a morphism of §-functors.

Notice that the source and target of W, are mot universal J-functors in the
additive functor mw, but the fact that it is an isomorphism when 7 is projective,
proved before, implies formally that it is always an isomorphism, by using a usual
spectral sequence argument, or an induction on the cohomological degree by com-
paring the long exact sequences associated to an epimorphism onto 7 with projective
source. (]

6. PROOF OF THEOREM 1

The following lemma gives the first part of theorem 1, using the computation of

E*_ recalled in section 4.

oo

Lemma 6.1. The map o : EX — Extrp, (I, 1) is an isomorphism for all
perfect fields k of positive characteristic.

Proof. We are going to use a Hochschild homology computation to determine
Ethdd(Pk’k) (I, I) and then apply theorem 5.1. The enveloping ring k®zk identifies
as k®p, k, and every field extension of IF,, is a filtered colimit of IF-subalgebras which
are smooth and essentially of finite type. Thus HH, (k) is an exterior algebra over
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the k-vector space of Kéhler forms Q' (k/F,) by the Hochschild-Kostant-Rosenberg
theorem [9, Corollary 2.13]. Since k is perfect, Q! (k/F,) is zero, so that HH; (k) = k
for i = 0, and zero otherwise. By duality, this implies that HH (k) =k for i =0,
and zero otherwise. Now the equivalence of categories:

(k ®F, k)-Mod ~  Add(Pyk)

M = v vk M|
sends the (k,k)-bimodule k to I, hence the graded vector space:
EXtde(P]k,]k) (I, I) ~ EXti:®]Fp]k(k7 k) ~ HH* (k)

equals zero in positive degree, and k in degree zero. Thus, theorem 5.1 with A = Py
and m = p = [ implies that I* = aw : E5, — Extzp (I, 1) is an isomorphism.
|

Proof of theorem 1. We observe that U, = ¥ o (id ® o), where ¥, is the iso-
morphism of theorem 5.1 and ¥ is the map of theorem 1, which is defined in the
introduction, page 2. Since id ® o is an isomorphism by lemma 6.1, we conclude
that ¥ is an isomorphism too. (I

Remark 6.2. The proof of lemma 6.1 shows that for A = Py and m = p = I the
source of W is equal to HH" (k) ®x Ext’zp,_ i) (I, I) while the target of ¥ is equal

to Ext’p, 1 (I, I). If k is not perfect, then HH, (k) ~ Q' (k/F,) # 0, so HH" (k) is
non-trivial, so that ¥ fails to be an isomorphism.

7. DUALIZATION OF THEOREM 1

Given a vector space V and a functor F' : A°? — Vy, we let Dy F : A — Vi be
the functor such that Dy F(a) = Homg(F(a), V). Then the tensor product over A
is characterized by the isomorphism, natural with respect to F', G and V:

Homy (F' k%‘] G,V) ~ Homz( 1) (G, Dy F) .
By deriving this isomorphism, we obtain isomorphisms, natural with respect to F,
G, V, in which Homg(—, V) is applied degreewise:
Homy (Tors™ (F, G), V) ~ Extr( 4 1) (G, Dv F) .
If the functors F' and G are additive, there is a similar isomorphism:
Homy (Tor'®**(F, G), V) ~ Ext gqa (G, Dv F) .
These isomorphisms allow us to prove corollary 2.

Proof of corollary 2. We have a chain of graded isomorphisms, natural with respect
to m, p and V, in which the third isomorphism is provided by theorem 1 and the
fact that T, is finite-dimensional in each degree:
Homy (Tor®*A (, p) @y T, V) ~ Homy (Tor*®*A (7, p), V) @y Extrp, (I, 1)
~ Extpda(ax (T, Dvp) @x Extrp, 1)1, 1)
~ Extr (4 (m, Dvp)
~ Homy (Tor*™(x, p), V) .

Hence the result follows from the Yoneda lemma. O
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8. SOME Tor-COMPUTATIONS BETWEEN NON-ADDITIVE FUNCTORS

Additive functors are building blocks for interesting non-additive functors, in
particular polynomial functors. The simplest way to produce polynomial functors
of arbitrary degree from additive functors is to consider tensor products of such
functors. In this section, we explain how to compute Tor between tensor products
of additive functors from the Tor between their additive building blocks. The results
of the section should not be surprising for experts, though they cannot be found in
the literature. Combined with our theorem 1, these results yield example 3 of the
introduction, and many other computations.

In this section A and B are arbitrary essentially small additive categories, and k
is an arbitrary field (of characteristic zero, or of positive characteristic). Unadorned
tensor products are taken over k. We first give Tor-versions of some well-known
properties of Ext, see e.g. [6, proof of Theorem 1.7] or [18]. Given a functor
¢ : A — B, we have a canonical restriction map:

res? : Tor* ™ (F o ¢, G o ¢) — Tor*BI(F, G) .

Noting that precompositions (such as —o¢) are exact, the following lemma is proved
by a straightforward verification.

Lemma 8.1. Let ¢ : A= B : ¢ be an adjoint pair, and let u : id — 1 o ¢ and
e: ¢o — id be the unit and the counit of the adjunction. Then the following
composition is an isomorphism, whose inverse is induced by F(e) and res?:

Tot™(F 0 ¢, @) Z“%% TorM(F 0 ¢, G 01 0 ¢) 225 TorlBl(F,G o ) .

Below, lemma 8.1 will be applied to the diagonal functor D : A — A% D(a) =
(a,...,a), and the direct sum functor IT : A4 — A, I(ay,...,aq) = a1 - -- D aq,
which are adjoint to each other on both sides, giving isomorphisms:

Tor M )(F oI, G) =~ Tor*(F,G o D) ,
Tor ™ (F' o D, G") ~ Tot* ' (F', G’ o T1) .

The second property is a Kiinneth isomorphism. We let F} K--- K Fy; : A4 — )
denote the external tensor product of functors F; : A — V, defined by:

(Fl |Z|-~-|X|Fd)(a1,...,ad) = Fl(al) ®-~-®Fd(ad) .
Lemma 8.2. For all functors F; : A°® — Vi and G; : A — Vi, with 1 < i < d,
there is a Kiinneth isomorphism:
kTN AR RF, G R K Gy) ~ & Tor*M(F;, G;) .
1<i<d
Proof. For each object a of A, let P, denote the projective functor k[A(—,a)] of
F(A°P;k); it is characterized by a natural isomorphism P, ® G ~ G(a) for G in
k[A]

F(A;k). For all objects ay, ..., aq of A, the external tensor product P,, X--- K P,,
is isomorphic to g, ,....4,), hence the Yoneda isomorphisms yield an isomorphism,
natural with respect to the functors G; and the standard projectives P,,:

(Po, B ®P,) @ (G1R-+RGy)~ X) Gila:)~ Q) (Pa, @ Gy).
k[A] 1<i<d 1<i<d Al
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The result follows from this isomorphism by taking projective resolutions of the

F;’s by direct sums of functors of the form P,. O
Now we define some non-additive functors of interest. We fix additive functors
T1,..., T from A°P to Vi and we consider the (non-additive if r > 1) functor:
= - -m: AP — Vk

a — 7(a)®- - Qm(a)

We also fix covariant additive functors pq, ..., ps, we set p® := p1 ® --- ® p,, and
we consider the graded vector space:

T. = Tor{(x®, p%) .

The next two propositions compute this graded vector space. The first one is a
variant of Pirashvili’s vanishing lemma [18, Corollary 2.13], [16].

Proposition 8.3. Ifr # s, then T, = 0.

Proof. Every (covariant or contravariant) functor F' from A to Vg splits as a direct
sum of a constant functor with value F'(0) and a "reduced" functor red F, that is,
a functor such that (red F)(0) = 0. Reduced functors have projective resolutions
by direct sums of reduced standard projectives, and the tensor product over A of
a reduced functor with a constant functor is zero, hence we obtain:

(%) Assume either that F' is reduced and G is constant, or that G is reduced
and F is constant. Then TorM/(F,G) = 0.

We may assume without loss of generality that r > s. Let 72 :=m X --- K ;.
Then 7@ = 780 D, hence lemma 8.1 yields an isomorphism T, ~ Torﬂi[Ar](
IT). By additivity of the p;, the functor p® o II is isomorphic to a direct sum of
external tensor products F; X --- X F}. and since r > s at least one Fj is constant.
Thus, the result follows from the Kiinneth isomorphism of lemma 8.2 together with
the cancellation property (x). g

™ p®o

Henceforth we suppose that » = s. For every permutation o € &,, we set
70 == To(1) @+ @ Ty (r) and 8o = To1) M- K7, We still denote by o the
morphism 7® — 7®¢ that ¢ induces:

o: ma)®---@m(a) — Tea(a)®- QT (a)
1 Q- Qxy = To(1) @+ @ To(r)
We set:
T: = ® TOTH:[A] (’/To(i)api) )
1<i<r
and we denote by YT the graded k-linear map defined as the following composi-

tion (where the first map is induced by the maps o : 7® — 7®0, and the last
isomorphism is the Kiinneth isomorphism of lemma 8.2):

Oy res? r
T:T. 1o-, @ Tor*M(7%q, p?) Bres, EB Tor*M (7¥g, %) ~ @ T? .
S €S, o€,

The next proposition is our computation of T, (recalling that r = s).

Proposition 8.4. The map YT is an isomorphism.
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Proof. Since the 7; are additive, there is a decomposition:
7T®(G1EB"'€BCLT): @ m1(ay) @ Q@ mp(a;,) .
1<t ,eenyin <r

Forallo € &, welet fo : 7% (a1 @@ a,) = To1)(a1) @ - - @7Tg(r (ar) be the map
which is zero on all summands of 7®(a; @ - - @ a,), except on the summand such
that iy = o~ ! (k) for all k, where it is defined by fo(21®- - -Qxy) = Zo(1)@" - @Tg(r)-
The maps f, are the components of an epimorphism:

f:r®oll = @ ™o,

ceS,

which satisfies the following properties.

(1) The kernel of f is a direct summand of 7® o II, and it is isomorphic to a direct
sum of external tensor products F; X ---X F. in which at least one of the F; is
constant.

(2) The map [Jo : 7® = @, 790 is equal to the following composition, in
which « :id — IT o D is the unit of an adjunction between D and II:

® D
7T®7T—(U)>7T®OHODM @ PooD = @ %o .
cEGS, gES,.

Property (2) implies that there is a commutative diagram:

Tor (7® o Tl o D, p®) ——» Tor™ (72 o 11, p¥)

res

V lf (D). lf*

T. T> Torui[A] (@ 7T®0', p®) — 5 TOI‘E:[AT] (@ W‘Zlo-, p‘Zl)
o res

and property (1) implies (by the same reasonning as in the proof of proposition
8.3) that f, is an isomorphism. Now the composition of res” and 7®(u), is an
isomorphism by lemma 8.1, hence the bottom row of the diagram is an isomorphism.

The result follows. O
For further computations, we assume that we are given tuples r = (r1,...,7,)
and s = (81,...,8y) such that r1 + -+ 7, =r =81 + -+ + S, and that 7® and
p® have the following specific form:
7T®:7Ti®rl®"'®’fr;§r" , p®:p?s1®.”®pg&n .

If we denote by &, the Young subgroup &,, X --- x &, C &,, then every o € &,
induces an endomorphism of 7#®, and this defines a right action of &, on 7®.
Similarly, there is a right action of the Young subgroup &g on p®, hence T, is a
right &, x Gg-module. The next lemma is proved by a straightforward verification.

Lemma 8.5. There is a right &, X &g-action on EBJEGT T with respect to which
T is a morphism of &y X Gg-modules. It is given as follows: if (T,u) € &y X Gg
and if t =21 ® - @z, € T, then:

T - (7—7 M) — €$;L(1) R ® x,u.(r) c Tl—*lo'ﬂf ,

where € is the usual Koszul sign determined by p and the degrees of the x;, i.e. the
sign such that Ty - T, = €z, 1) Ty 0 the free graded commutative algebra on
LlyeoeyLp.
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Now let U be a left G,-module. Then, instead of 7® we can consider the functor
m® ®g, U. Similarly if V is a left Gs-module, we consider the functor p® ®g_ V.
The following lemma gives another Tor-computation, in terms of our computation
of the right &, x Gs-module T,. Note that by Maschke’s theorem, the projectivity
hypothesis on U and V is automatically satisfied if the integers r; and s; are all
invertible in k (thus if k has characteristic zero, or big prime characteristic).

Proposition 8.6. Assume that U and V are projective as modules over the sym-
metric group. There is a graded isomorphism, natural with respect to U and V :

Tor M (7® @6, U, p® ®s, V) = T\ ®e,xe, (UR V).

Proof. The formula is obviously true if U and V are direct sums of copies of the
group rings k[S,] and k[&g] respectively. The general result follows from the fact
that U and V are direct summands of such direct sums. O

Remark 8.7 (The relevance of 7® ®@g, U). Let U; be a left representation of &,,,
and let F; : P, — Vi denote the functor such that Fj(v) = v®" ®s,, Ui, where the

right action of &,., on v®" is given by permuting the factors of the tensor product.
Then if U = Q) -,~,, Ui we have:

¥ Re, Uil ® - Q@miF, .

Assume for simplicity that k is algebraically closed. Then it follows from [4, The-
orem 4| that if the N; are projective and simple &..-modules, and if the additive
functors my,..., T, are pairwise non-isomorphic, simple, with finite-dimensional
values, then 7® ®g, U is a simple functor. If k has characteristic zero, such simple
functors exhaust all the simple polynomial functors with finite-dimensional values
(and by [4, Theorem 3 and Corollary 4.15] it exhausts all the simple functors with
finite-dimensional values if in addition A is Q-linear). If k has positive characteris-
tic, this does not exhaust all the simple polynomial functors with finite-dimensional
values, but provides nonetheless many examples of simple functors.

If 7® = 7®7 for some additive functor 7, then the description of the source of T
can be simplified. Namely, we have an isomorphism of graded &, x Gg-modules:

(4) P 17 ~ k&, @5
€S,
where the group ring k[&,] is placed in degree zero, with action of &, x G4 given
by o - (7,1) = 77 lopu and T3 denotes the tensor product:
TS = TorM (7, p1)®1 @ - @ Tork (7, pyyp )@

with action of &, x & action given by (1 ® - ®@x,) - (7, 1) = €T,1) @ -+ - @ X1
with the usual Koszul sign € as in lemma 8.5.
If U equals ky,iy, the trivial G.-module of dimension one, then:

T* ®6r><65 (ktriv &® V) ~ (T* ®6r ktriv) ®65 Vo~ ‘Ii ®Gs V.

Hence proposition 8.6 gives the computation of example 3 (recall that r = s is here
assumed to be invertible in k, giving the projectivity hypothesis of proposition 8.6),
as 7% ®e, kv == 75", Further explicit computations could be obtained with other
choices of U.
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