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SUBADDITIVITY AND OPTIMAL MATCHING
OF UNBOUNDED SAMPLES

EMANUELE CAGLIOTI, MICHAEL GOLDMAN, FRANCESCA PIERONI, AND DARIO TREVISAN

ABSTRACT. We obtain new bounds for the optimal matching cost for empirical measures
with unbounded support. For a large class of radially symmetric and rapidly decaying
probability laws, we prove for the first time the asymptotic rate of convergence for the
whole range of power exponents p and dimensions d. Moreover we identify the exact
prefactor when p < d. We cover in particular the Gaussian case, going far beyond the
currently known bounds. Our proof technique is based on approximate sub- and super-
additivity bounds along a geometric decomposition adapted to some features the density,
such as its radial symmetry and its decay at infinity.

1. INTRODUCTION

In this paper we investigate the behavior of the transportation cost between expo-
nentially decaying distributions and their empirical measure obtained from a sample of
n independent observations. To a large extent, we complete the program initiated in
[19, 23, 20, 10].

In order to state our main result let us introduce some notation. Letting d > 1 and
(X;)22, be i.i.d. random variables uniformly distributed on the unit cube Q := (0,1)? and
then py, := Y I", dx, be the (non-normalized) empirical measure, the optimal matching
problem concerns the study of the asymptotic behavior of

E [Wg(ﬂnv n]lQ)} )

where W} denotes the p—Wasserstein distance. Letting for p,d > 1,

ni=3 ifd=1,
pd ._ ) 1-2 B
= qn " 2(logn)z ifd=2, (1.1)
nl=a if d >3,
we define
) 1
Cpd = limsup —=E [W;’(,un,n]lQ)] . (1.2)
n—oo 1/

To simplify notation we write 7, for nn’d when p and d are clear from the context. For the
case d = 1, we refer to [8] for a thorough discussion and will focus on the case d > 2 from
now on. Since the work [1], see also [19, Section 4], it is known that for every p > 1 and
every d > 2, €y 4 € (0,00).

Remark 1.1. Let us point out that if d > 3 or p = d = 2, this limsup is actually a limit,
see [11, 3, 5, 12, 16] but this does not affect our analysis. It is still an open problem to
prove the convergence when d = 2 and p # 2. See however [4] for recent progress in this
direction.

Following classical ideas in the matching problem, see e.g. [25, 5, 12, 2] we also consider
a variant of the problem where mass can be transported to and from the boundary. We
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2 E. CAGLIOTI, M. GOLDMAN, F. PIERONI, AND D. TREVISAN

denote by Wb% the boundary p—Wasserstein distance (see (2.5) for the definition) and set

1
D,d — i 1 J—
cP llnrggéf UnE Wb’é(un, n]lQ)] . (1.3)
While it is probably common knowledge in the community that also c”? € (0,00) (the
proof for d > 3 can be easily adapted from [14]), we provide a proof in Proposition A.3 in
the Appendix.

Remark 1.2. As for €, 4, when p = d = 2 or d > 3, the liminf is actually a limit, see
[2, 17] or a very simple proof in the case d > 3 in Proposition A.3. Again, this will play
no role in our analysis.

Remark 1.3. While it is conjectured that cP¢ = Cp.q for every p,d > 1 it is currently
only known for p = 2, see [2, 15]. See also [24] for the case d =1 and p € (0,1/2).

For ¢ > 0 we define the rate function

M if pe[1,d),
2
(logn)'Ta ifp=d=2, )
= d :
n (logn)« if d >3 and p =d,

(log n)dilfp<1 i) ifd>2andp>d.

Let now V be a radial and C! function satisfying for some C' > 0 and every ¢ > 1 (with a
slight abuse of notation we identify V(x) and V(|z|)),

%tq—l <V'(t) <ot (1.5)

We assume moreover that V' (0) is chosen such that p(x) := exp(—V(z)) is a probability
density on R?. Let R, be the unique solution to

V(R,) =logn (1.6)

and set

d
£ := limsup Rnd/ (1 — 14— V(Rnx)>
a JB1 o

n—00 (10g7’L)
d
and é:zliminfR”d/ <1—1d_2V(R"$)>. (1.7)
n—oo (logn)a Bl logn

Remark 1.4. Under hypothesis (1.5) it is not hard to check that 0 < ¢ < ¢ < oo.
1.6

Moreover, it is easy to construct examples of potentials V' satisfying (1.5) but for which
£ < {. Let us also notice that the value of £, ¢ does not change if instead of (1.6) we use

V(R,) + alog R, =logn
for some o € R.

Remark 1.5. If V(t) = V(0) +t?/q (the case ¢ = 2 corresponding to the Gaussian) then
to leading order,

R, = (qlogn)% and L=10= qg / (1 — Lgez|x|?).
By

Our main result is the following:
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Theorem 1.6. Let (X;):2, be i.i.d. random variables of law p. Setting pn := > 1 0x,,
we have for p < d,

= 1
Cp,d (/d P Lpeq + ﬂpd> > limsup —E [W2 (1in, np)]
R

n—oo Tn

1 ; s
2 liminf —E [Wg(un, np)] > ¢ (/del d1p<d+ﬂp=d> (1.8)

and for p > d,
E [W2(pin,np)| =~ 7. (1.9)

Theorem 1.6 is obtained as a combination of Proposition 3.1 for the lower bound and
Proposition 4.1 for the upper bound.

Remark 1.7. On the one hand, when p = d = ¢ = 2 (where €, 4 = c»? = 1/(47)) we get
from Remark 1.5,

- 1
pdy — € 7 — —
ce Cp,d 4’

recovering the result from [10]. On the other hand, for p < d/2 with d > 3, Theorem 1.6
is covered by the results in [5, 12].

In Theorem 8.1, we complement the convergence in expectation with concentration
estimates when p < d and p satisfies a Poincaré inequality. Similar concentration results
were obtained in this range of parameters (actually p < 2 if d =2 and p < d if d > 3) in
the case of the matching to the uniform measure on the cube in [3, Remark 4.7], see also
[16, Remark 6.5] or [17, Proposition 5.3].

Previous results, heuristics and strategy of proof. As understood in [5, 12], while
the matching problem is quite robust when p < d/2,d > 3, the situation becomes more
complicated when p > d/2 (or d = 2). While the case of general densities on bounded
domains was essentially treated in [6, 16, 2] (see also Theorem A.2) the unbounded case
remains challenging. Motivated by this question, the study of matching for Gaussian sam-
ples was initiated in [19], where using semi-group techniques, Ledoux proved the correct
upper bound for the scaling law in the case p = d = 2 but only a sub-optimal local bound.
Soon after the correct lower bound (in terms of scaling laws) was obtained in [23]. In that

paper, Talagrand proves the correct lower bound (log n)% when p = d > 3 and suggests
that his proofs should also apply to the family of densities p(x) = exp(—|z|?) with ¢ > 0.
Still at the level of scaling law, the case p < d with d > 3 was covered in [20]. Using sub-
additivity techniques in the spirit of [6, 16, 2], the optimal constant was recently obtained
(still in the Gaussian case) for the case p = d = 2 in [10].

Here are the main contributions of this paper:

e In the Gaussian case we improve on [19, 23, 20] by obtaining the optimal prefactors.
Moreover, we are able to treat (this time only at the level of scaling laws) also the
case p > d where no conjecture was even made. A surprising feature of this regime
is that the extra logarithmic in dimension d = 2 disappears, see Remark 1.8.

e We cover a large family of radial densities thus proving that there is nothing special
about the Gaussian measure. In particular [19, 20] strongly relies on the properties
of the Ornstein-Uhlenbeck semi-group while [10] used crucially the tensorization
properties of the Gaussian measure. Notice that for ¢ < 1, measures satisfying (1.5)
cannot be log-concave (see also Remark 8.3) which shows that also this natural
property is not essential. While this goes beyond the scope of this paper, it suggests
that for p < d, Theorem 1.6 should hold in the much larger class of densities
satisfying [pa pl_g < oo.
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e We show that obtaining (sharp) lower bounds in the matching problem is much
easier than obtaining the corresponding upper bounds, see Remark 1.10. In par-
ticular we include in Appendix A a short proof of the convergence of the boundary
transport problem in the case of the uniform measure on the cube as well as the
lower bound on bounded sets. The main new ingredient is the elementary estimate
(2.7) of Lemma 2.5.

e For the upper bound we use a general subadditivity property of the Wasserstein
distance, see Lemma 2.2. This goes beyond the classical application of subadditiv-
ity in the context of matching problems where usually the measures are required
to have disjoint support, see also the discussion below.

Asin [6, 16, 2, 10, 17, 21], see also [5, 12] in the case p < d/2, our proof, which we now
sketch, relies on subadditivity /superadditivity arguments. We focus on the case d > 3 to
simplify the notation. The idea is to subdivide R in cubes Qj =z + (0, hj)d for h; >0
and z; € R?. Assuming for a moment that for every j (which of course is never the case),

1 (Qj) = np(Q;), (1.10)
we can write by subadditivity (see (2.3) for the notation Wg),
WE (s np) < WE (s np).
J
Now provided V' does not oscillate too much on @Q); i.e.
hjsup |VV| =~ hylz]7 ! < 1, (1.11)
j

we may consider that in each @; the points X; follow a uniform distribution. Finally,
provided there are in expectation many points in each of the cubes i.e.

Eliin(Q5)] = np(Qy) = nhp(z;) > 1, (1.12)

we can use the definition of €, 4 to infer

ars

E (W3, (11ns10)] < (1+ 0(1))epal?(np(@1)~% = (1 + o(1))epan' /Q ok
j
This estimate is then summed over all cubes satisfying (1.11) and (1.12). Let R, :=
max |z;| and set h = 179 so that (1.11) is almost satisfied. From (1.12) we see that we
must impose
nRI=D exp —V(R,) > 1.
This motivates the choice of R,, as the unique solution to
V(Ry) + d(q — 1)log R, = logn. (1.13)
Notice that with this definition, we have
1
R, ~ (logn)a.
Since (see Remark 1.4 and the computation (4.14))

_bp _
ni—4 / ot
Bg,,

_p R4
= (1+o0o(n))mm <1p<d /Rd Pl a +1p—q 5 d /
q

we can then conclude the proof of (1.8) and (1.9).

s

2
2

Remark 1.8. In the case d = 2 < p, the integral fBR Pt
where in each cube @; the number of points is of order one. This explains why there is
no additional logarithms with respect to the case d > 3.

concentrates around 0BpR,
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One simple but important observation of this work is that the sketch of proof above can
be made rigorous for the lower bound without many changes, see Section 3. Indeed, for
the boundary functional we do not need to impose condition (1.10) and can locally modify
the mass thanks to Lemma 2.5. This leads to much simpler proofs than in earlier works
on the subject where the boundary and standard Wasserstein distances were treated in a
similar way, see [2, 17, 10]. While this is mostly of esthetical nature in the case p < d,
it turns out to be an important observation to treat the case p > d, see Remark 1.10 below.

For the proof of the upper bound, many changes need to be made to the sketch of proof
above. First, as already understood in [19], in order to hope for (1.11) and (1.12) to hold
we need to truncate the measure p on the ball Br, . While the construction of [19] works
for p < d (and also for p = d = 2 thanks to the extra logarithm, see [10]), it yields a
transport cost which is too large for p > d. As alternative we essentially project the points
outside Bg, on 0Bp, , see Lemma 5.1. In particular, this truncation imposes the choice

V(Ry) + alog R, = Blogn
where (compare with (1.13))

=0 if p<d
E1) if —1),2 —1) ifp=d=2
5 €1 ?p<d and o ) € dlg=1),2¢ +d(g 1)) ifp d (1.14)
=1 ifp>d €(dlg—1),q+d(g—1)) ifp=d=>3

The second and most important modification is due to the condition (1.10). Following [16]
a way around it is to use triangle inequality and Young, see also Lemma 2.2 and write for
e €(0,1),

R )

C n(Q;
+ g | W | S e ) | 9

The first term, which we sometimes call the local term, may be estimated following now
exactly the sketch of proof while the difficulty is to prove that the second term, sometimes
called the global term, is negligible. Since the estimate of the global term is usually
delicate, see [2, 17, 21] and since we need to be very precise in particular for p > d, we
had to resolve to modify the partition in order to take advantage of the radial symmetry
of the measure'. A crucial requirement for the strategy to work is that all the elements
of the partition have the same shape so that the rates of convergence in Theorem A.1 are
uniform. To this aim we relax the condition of being a partition, see Lemma 2.2, and use
instead coverings by sets of the form

AV =r{l <|z| <146 : &€ Ds(2)}

where # = x/|x| and Ds(z) denotes the image through the exponential map on S?! of a
(d — 1)-dimensional cube on the tangent — the precise reason for such choice is technical,
since it is common in the literature to argue with cubes. The estimate of the corresponding
global term in Proposition 7.5 is divided into a radial, see Section 7.1 and an angular, see
Section 7.2, transport. While for most values of p and d the order of subdivision (first
radial and then angular or vice-versa) does not matter, for certain values it seems instead
crucial (see Remark 7.6).

et us point out that for ¢ < 1 there is anyway the issue that in order to satisfy (1.11) and (1.12) at
the same time it is not possible to take h = h; independent of Q;.
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Remark 1.9. Let us point out that a similar strategy for the upper bound was suggested
in [23] for the case p =d = 2.

Remark 1.10. In the case of the lower bound, one could argue as in the upper bound
and use triangle inequality together with Young to obtain the analog of (1.15). The main
difference would be the minus sign in front of the global term. Using that Wb < W, one
could then use the estimates for the upper bounds to conclude. This would however not
work when p > d since the local and the global terms are both of the order of 7,, see
Proposition 7.5.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Notation. We identify measures which are absolutely continuous with respect to the
Lebesgue measure with their density. Moreover, when integrating against the Lebesgue
measure, and when it is clear from the context, we omit both integration variables and the
measure in the integrals. We write |Q| for the Lebesgue measure of a set . We write H*
for the Hausdorff measure of dimension k. We denote by M () the set of signed measures
on 2 and by M™(Q) the set of the positive measures on §.
The notation A < B, which we use in output statements, means that there exists a
universal (meaning depending possibly on d and p) constant C' > 0 such that A < CB.
We write A <. B if the implicit constant depends on the parameter €. We write A ~ B
if A< Band B S A. We denote by w(t) a rate function which may vary from line to line
such that lim;_,ow(t) = limy_oo w(t) = 0 We write w. to indicate that the rate function
also depends on ¢.
For d > 2 we write S¥~! = 9B, for the unit sphere and denote by
1

0= 15 T)
the uniform probability measure on S?~1. Moreover S¢~! is endowed with the (Riemann-
ian) spherical distance dga—1. We write S9! := S% 1 x O(d — 1), where O(d — 1) denotes
the orthogonal group on R4~!. For z = (y,U) € S%1 where p € S1, U € O(d—-1), we
define

Hd_l L Sd—l

Ds(z) = exp, (U(—6/2,6/2)%"") c s, (2.1)
where exp, denotes the exponential map at y. For z = (e1,Idg—1) we simply write Dy.

Notice that we are implicitly identifying the tangent at y with R?!, which can is done
e.g. by viewing S*! as a submanifold of R*~!. We also write & for the uniform (Haar)
probability measure on S.

2.2. The Wasserstein distance. For y, A € MT(R?) with u(RY) = A(RY), we define
the p—Wasserstein distance between p and A as

We ) = min{ [ o= ypanta)
R4 x R4

For a set ) we write

T = [, Ty = )\} . (2.2)

Wi, A) =W (uLQ,ALQ). (2.3)
We recall the following classical consequence of the Benamou-Brenier formula, see e.g. [22]
or [16, Lemma 3.4].

Proposition 2.1. Let Q be an open set and p, A € M1 (Q) be such that p(Q) = A(Q). If
¢ is a solution of

Ap=pu—X in and Vo-v=0 on df,

where v denotes the exterior normal to OS2, then

[Vo|?
W, A) S r=x
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We now state a simple subadditivity result for the Wasserstein distance whose proof is
immediate. It extends more classical subadditivity results to the case of coverings which
are not necessarily partitions. The last statement of the Lemma comes from combining
the second one with the property (a + b)P < (1+¢)a? + S5 bP.

ep—1

Lemma 2.2. Let (E,E,() be a measure space and (fi, Az) e a collection of measures on

Q such that p, () = X\,(Q2). Then

Wy ( [ neacea), [ Azd«z)) < [ Wy r ).

In particular, for Q C R?, if (Q0.).cg is a collection of Borel subsets of Q, such that

/ 1g.dl(z) =1 A+ p—ae. and w(y) = AN(Qy) for ¢ a.e.z,
then )
Wp ) < [ WE (1 0)dc ).
Therefore, letting k := pu(Q)/NQ) and k, := pu(Q:)/A (), there exists ¢ = c¢(p,d) > 0
such that for every e € (0,1)

W2 (1, KA) < (1+€)[EW£ (1 K ) dg(z)+€pi_1wg (/Eﬁz)\]lgde(z),m\>. (2.4)

Remark 2.3. To recover classical applications of subadditivity, see e.g. [16, Lemma 3.1],
it is enough to apply the lemma with E finite and ( = ), 0, and obtain

Wy <Z e Y AZ> <Y W (s As)-

z€E zeE zeE

2.3. The boundary Wasserstein distance. For the lower bound we will use the bound-
ary Wasserstein distance, that has been defined in [13] between p and A measures on 2
not necessarily of the same mass. It is defined as

Wb (1, A) := min {/

Qx

e = y|Pdr(x,y) | T [Q = p, mo | Q2 = /\} . (2.5)
Q

As for Wq we write for ' C Q,
WP, (s, N) == WP, (L Q' AL EY).
We recall that Wb is superadditive, see e.g. [2] or [5, Lemma 25].

Lemma 2.4. Let Q C R? be an open set and let 2 C Q be pairwise disjoint open sets
then

WO (11, A) > Z W, (1, A). (2.6)

We conclude with a simple lemma which will allow us to adjust the densities when
working with Wb.

Lemma 2.5. Let Q be a bounded set. Then for every m,m’ > 0

m —m/|P

Wbg, (m,m') < diam(€)P*4 (2.7)

max(m,m/)P~1’
Proof. Since Wb < Wbcony o where Conv €2 denotes the convex enveloppe of €2, we may
assume without loss of generality that €2 is convex. Let us first treat the one dimensonal
case. We may assume that Q@ = (0,L) for some L > 0 and m > m/. We then set for
x € (0,L),

T(z) := min (%x, L)
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so that T sends m1 g ) on m'lg 1)+ (m —m’)/LdL, and is thus (Id x T)y(m1 1)) is an
admissible transport plan for ng(m, m’). We then compute

L 2L m » L
Wb‘g(m,m')gm/ |T—x|p:m/ ‘—,—1‘ Jcp+m/ (L —
0 0 m m,

An elementary computation then yields the claimed

_ /\p
W, (m,m') < LPHM. (2.8)

Let us now conclude the proof in the case d > 2. For 2/ € R41 let
Qo ={teR: (t,2') € Q}

be the intersection of 2 with the line Re; +2’. Since 2 is convex this is a segment. Letting
Q= {2/ €e R : Qu # 0} and for 2’ € Q,, 7,» be an admissible transport plan for
Wby, (m,m’) we see that the plan defined by

/ ¢dm = / / C(a' +tey, 2’ + sey)dmy (t, s)da’
axQ / ﬁx/Xﬁx/
is admissible for Wb{,(m,m’) and thus

(2.8) )
Wb (m,m') < Wbp [(m,m")dz" < / diam (€2, )p‘Hmmpnll
Q/ U
S diam(yrral2—
~ Tn/p,l
This concludes the proof of (2.7). O

3. PROOF OF THE LOWER BOUND

In this section we prove the lower bound part of Theorem 1.6. Let us recall the definition
(1.4) of 7, and (1.7) of £.

Proposition 3.1. Let (X;)$°, be i.i.d. random variables of law p. Setting pn, :== > 1, 0x,,
we have for p < d,

1
liminf —E [W2(pn,np)| > cPd </Rd Pl_%ﬂp<d + éﬂp:d) (3.1)

n—oo Tn
and for p > d,
E [Wg(ﬂm np)] 2 Tn- (3.2)
Proof. Step 1. Let us first set some notation. For h > 0 and z € hZ? we denote
Q. = z+ (0,h). For any Z C hZ4, we set
Oz :=U.ezQ.. (3'3)

Let € > 0 be fixed. We first claim that provided there exists m = m,. large enough such
that for z € Z,

hW'(l2]) Se (3.4)
and
nh®p(|z]) Ze exp(Cem) (3.5)
then
E (W) (pin, np)]
> (1= w(e) — maxw(np(Q:))e"n'~ Z/ (L4 Lama(log np(Q2))?).

z€Z

(3.6)
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Let us first prove the claim. To this aim we first use superadditivity, see Lemma 2.4, to
obtain

E [WE(pin,np)] > > E [ngz (un,np)] :
z2€Z

Fix z € Z and set N := 11,(Q.). Let X; be i.i.d. random variables of law ) := plg./p(Q)
so that p, L @, has the same law as iy := Zf\il 5Xi’ We thus have

E [WH, (n,np)| = E [E Wt (e, np)| N = k]|

By (3.4), we can use either the Knothe map as in [6, Lemma 1] or [2, Proposition 2.4] (in
both cases the proof easily extend to general dimensions) to find a Lipschitz map 7" : Q, —

@ such that Tﬁj\ =1/|Q@| and such that LipT < 1+ w(e). Letting p) = Zle Op(x,) We
find for every k,

E (W, o) 2 (1 - w(e)E W, (1, "% ).

Using triangle inequality and (2.7) from Lemma 2.5, we find

p _ / k) _£ ( k nP(Qz))
Wb (,uk,np) (1 CU( ))ngz (Mk’ ‘Qz| €p—1 ngz |C>22”7 |QZ‘

Taking expectation and using the definition (1.3) of ¢?? (recall also the definition (1.1) of
7, we find

k—np(Q2)[”
(n (Qz))f"*1 ‘

Taking the expectation over N and using that E[|N — np(Q.)|?] < np(Q.)P/? (recall that
(3.5) holds and thus E[N] = np(Q.) > 1 provided m is large enough) we get

B (WG )] 2 (1= ) — (W) Qe — 511

_D
2

E Wbl (nsmp)| = (1= w(e) = w(np(Q:))e”| Q= FElny] — - 1\er (np(Q-)"
= (1 0(e) — Pl Q)R- iy — -7 1Q:1E (00(@2)

r
2

Recalling that

_Pp P
ap(@2) = (np(Q2))' ™ 4(1 + La=z(log np(Q2))?)
we see that provided m is large enough (depending on €) we have

so that
E [WH_(tn,np)| > (1= w(e) = w(np(Q:))e" Qx| g

> (1 - w(e) — w(np(Q.)))en' / P E (1 + Lia(log(np(Q2))) ).

z

After summation this proves (3.6).

Step 2. We now consider separately the cases p < d, p=d and p > d.
Step 2.1. The case p < d. Let R > 0 be fixed, set

h = emin(1, R*79) and Z :={zehR? :|z| <R}.
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In this case (3.4) holds and

min(nhp(2])) Zrn  and  log(np(Q2) > logn — Cr

so that (3.5) holds. Applying (3.6) we find (recall the definition (1.4) of 7,,)

als

B (W2t mp)] > (1 = w(e) —wenlm))e ', [,

Dividing by 7, and sending n — oo we find

als

lim inf —E [W2 (i, 1p)] > (1 - w(e)) /B R

n—oo Ty

Sending € — 0 and R — oo concludes the proof of (3.1) in this case.

Step 2.2. In the case p = d we choose a > max(d(q— 1),0) and set R,, to be the unique
solution to

V(R,) + alog R,, = logn.
We then set
h := emin(1, R} 79) and Z:={z€hz® : Q.NBg, #0}.

By definition of h and (1.5), we see that (3.4) holds. Let us check that also (3.5) holds.
For this we see that for z € Z,

nh?p(|z]) = nhp(R,) = enmin(1, RY'~D) exp(—V (Ry)) = £ min(1, R4~ RY
so that by our choice of a we get that (3.5) holds and so that

maxw(np(Q:)) = w=(n).

By (3.6) and the fact that for d = 2,
> [ 11081Qul1 £ 92]108 R S | B, log B < 7,
2ez 7 Q=
we have
B (W3, np)] = (1= (e) —we(m)e [ (1+ Lacalog(mp)
zZ

> (1 - wle) ~wrm)e” [ (14 Laalog(ng).

da
If d > 3, since 7, = (logn)9 this concludes the proof of (3.1). If instead d = 2, we write

/BRn log(np) = /BRn (logn — V(z)) = R% logn/Bl <1 B Vl(ozg,f))

concluding similarly the proof of (3.1).
Step 2.83. The case p > d. We finally choose R,, to be the unique solution to

V(Ry,) +d(qg—1)log R, =logn (3.7)
and set for m > 1,
h:=¢eR.%  and Z:={zehZ? : |z| € [R, — 4mh, R, — mh]}.
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Since for z € Z, |z| ~ R, as above (3.4) is easily seen to hold. Let us check that also (3.5)
is satisfied. For z € Z we have

nhp(|z]) > nh?p(R, — mh) = nh®exp(—V (R, — mh))

Ry Ry,
= nht exp(—V(Ry)) exp(/

U v y=es( " Vi)

> exp(C(RL — (R, — mh)?)) > exp(Cme).
Thus (3.5) holds. Applying (3.6) yields

f
Qz

als
s

E [WE(ptn,np)] Zen'~

Ry,—2mh
>l [ ) 2, 0t R (R,
Rn—3mh
=t iR e (5= 1) V(R) D R D00 s,
This proves (3.2). O

4. PROOF OF THE UPPER BOUND

4.1. The geometric setup. Motivated by the heuristics from the introduction, we set
r1 > 1 be arbitrarily chosen such that in [r1, 00), the function t4~%exp(—V (t)) is decreasing
and then for j > 1, set

Tj = (1 + 5]')’{’]',1 (4.1)
where for € € (0,1),
5 i ifd=2and pe[l,2) (4.2)
=€ :
! (logn)~! otherwise.

For the distinction between the cases see Remark 7.6 below. It is not hard to check that
in both cases r; = oo as j — co. When 6; = ¢(log n)~! we simply write & for d;. Let R,
be the unique solution to

V(R,) + alog R, = Blogn (4.3)
where we recall that o and § are defined in (1.14). Notice that by (1.5), we have

Q=

R, ~ (logn)a.
Let j, be the first index such that )
T, = Ry.
We then set
R, :=rj,, Q, = Bp,,, R, :=rj,_1, and Q) = Br: . (4.4)
It is an elementary computation to check that

R, — R,| <eRl™ and 6; ~e(logn 1~ R4, 4.5
~ n J

We define the truncated probability density p, by
1—p(€2)
p(Q2\ )

45
Let us observe that since (R,, — R;)qufl =4, R (2)

P = <TIQ;L + ﬂm\m) p- (4.6)

g, (1.11) is satisfied and thus

L=p() _ Jm 700 RT(R) 1 1
p(Q2n 1\ 27,) f;ﬁ" rd=lp(r) Ri'p(Ra)R,S;, RO, €

(4.7)
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For 0 <7 < R< o0, z€ S%! and 6 > 0, we define the set (recall the definition (2.1) of

Ds(2))

A ={r<|z| <R :& € Ds(2)} (4.8)
where # = x/|z|. When § > 27 so that Ds(z) = S, we simply write
Apg={r <|z| <R} = A2, (4.9)
Finally for z € S9! and 2 < j < j,, we define the quasi-cylindrical domains
AZ = Aff oy ={reRY i <|z| < (1+6)rj-1 and F€ Ds,(2)}. (4.10)

4.2. The upper bound. In this section we prove the upper bound part of Theorem 1.6.
We recall the definition (1.4) of 7, and (1.7) of ¢.

Proposition 4.1. Let (X;)$°, be i.i.d. random variables of law p. Setting pn, :== > 1, 0x,,
we have for p < d,

1 _
limsup —E [WE (pun, np)] < Tpa </ p1*§1p<d + E]lp:d> (4.11)
Rd

n—oo Tn
and for p > d,
E [WE(pin,np)] < . (4.12)

Proof. Let T' be the optimal transport map for Wp(p, pn). Let X; = T(X;) and then
fin = Thpn = Z?:l 55{, Notice that X; are i.i.d. random variables with law p, and
fin LY, = iy LYy, (recall (4.4)). Since

E[Wg(ﬂm fin)] < nW;(p, Pn);

we have by triangle inequality and Young that for £ € (0, 1),

N C
E[Wy(jan, np)] < (1 + VEIWE i, mpn)] + W2 (0, )
Since nW} (p, pn) = o(mn) + 1p=4O(7,) by Lemma 5.1, we are only left with estimating
E[W} (fin, npy)]. To this aim, we set
and K3 1= . 4.13
pn(Br,) ! pn(AJZ'> ( )

Using the subadditivity inequality (2.4) from Lemma 2.2 on E = N x S%! with

In ~
1, ®do(z - ~
¢ = E ]%U, where o; = /gd—l ]1D5j (=)(€1)do(z)

g
j=1 J

R1 =

and
M.:=DBy, and Q;,:=A%forj>2
we find

E[WE (i, npn)] < (1+ ) | BV, (in m1p0) +ZG L BVE G 5p01052)
J

C 1 ~
+ ?p—lE WP | kilp, pn + Z = /gd 1 H?ILAJz,pnda(z),npn
g=2 7 >

Let us first consider the case p < d. In this case, applying (6.5) from Proposition 6.2 and
(7.17) from Proposition 7.5 we obtain (recall the definition (1.1) of n,

BV i pn)] < (1+0(6) + ) Gy | 7 (1 + Lo (ljg””"> ) + 0= (1u).

ogn



SUBADDITIVITY AND OPTIMAL MATCHING OF UNBOUNDED SAMPLES 13

Using that for p < d,

P
1-2 logn 2 _p -
nn/ pn ¢ <1+1d:2< i Pn) > < (1+Wa(n))7_n/dpl Z(ﬂp<d+€ﬂp=d)
Qn R

this concludes the proof of (4.11) sending first n — oo and then € — 0.
In the case p > d, we use (6.6) from Proposition 6.2 and (7.17) from Proposition 7.5 to

obtain
N _P 1-E
E[Wg(ﬂmnpn)] S&‘ nl Z/ Pn d +Tn.
Qn
Since
_P Rn
n1—g/ pi d ~_ nl—g/ Td—1p(r)1—g
Qn 0
1-2 e [T p fin
=n"dp(Ry) _d/ r“ texp | — (7 - 1) Vi(t)dt ) dr
0 d T
(1.5) 4.5)

Ry
~ (np(Rn))lg/ 14t exp (—C(RY — 19)) dr ~ R (np(R,)) 1 (ﬁ Tn, (4.14)
0

this concludes the proof of (4.12). O

5. COST OF THE CUT-OFF

In this section we estimate the distance between p and p,,. We recall the definition (1.4)
of 7,.

Lemma 5.1. Let p,, be the probability measure defined in (4.6). We have

nt(P,Pn) = O(Tn) + 1p>dO(Tn)' (5.1)
Proof. By subadditivity,
1—p(€2)
W}f(p, pn) < Wﬁ (MQQCMMHQTL\Q%P .
Let
_ /

= Ha1(o0,)
Then by triangle inequality,

1—p(2) . 1= p(,)
pr (1(9;)0%1)(971\9%)]19”\9;19 S Wﬁ (l(ﬂg)cpypn) + W}? Pmmﬂm\ﬂgﬂ .

We now estimate both terms separately using that since all the measures involved are
radially symmetric, so are the optimal transport maps. For the first term we have

(4.5)

S o)
Wy (L)ep; pn) S/R, rU R —rPp(r) S /R r YR, — r[Pp(r).

We then estimate

o) T

/ |R,, — r|prd_1p(r)d7" =exp(—V(Ry)) / |R, — r|prd_1 exp ( V/(t)dt> dr

Ry

n

o
< P(Rn)/ |[Ro = r[Pr~  exp(=C(r! — RY)) S Ry~ U p(Ry,).
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For the second term we may brutally estimate the transport distance by R, — R), =

d;, Ry, (recall (4.1)) so that

o[ A 1-— (Q ) < /\p / (4<5) p(1—q) > d—1

Wp Prs Wﬂﬂ \ P S (5jan) (1-p(2,)) S RY " p(r)
< Rfl_ﬁp(l_q)p(Rn).

Recalling the definition (1.14) of a, § as well as (4. 3) d (4.5), we thus conclude that

d

(logn
W2, pn) S nRETP0-05(R,) < { (logn

)@ 1”15 if p<d
)

1

(logn)d ( ‘1) it p>d.
)

d «
R S

Recalling the definition (1.4) of 7, and the range (1.14) of « in the case p = d we conclude
the proof of (5.1).
U

6. THE LOCAL TERMS
For r,0 > 0 we set (recall the definition (2.1) of Dy)
Al :=r{1<|z|<1+6 : &€ Ds}

where # = z/|z|. Recall the definitions (1.2) of €,4 and (1.3) of c”¢ as well as the
definition (1.1) of 7,. Our main buiding block is a variant of Theorem A.1 with a more
explicit dependence on the parameters. Let us however stress that the main point in
Proposition 6.1 is that A2 is almost isometric to a cube while the difficulty in Theorem
A.1 is to cover arbitrary domains.

Proposition 6.1. There ezists w : RY — R with lim_ow(t) = limy_o w(t) = 0 with
the following property. Let r > 1, § € (0,1) and X\ be a Lipschitz continuous probability
density on A such that

Ird <1,
where € := | A||Lip|A%|. For every n > 2, if (X;)P_ are i.i.d. random variables on A2 with

law A, denoting p,, = Y, dx,, we have

E[WZ, (. n\)] < (L4 w(0r) + w(8) + w(n))Epamn /A A (6.1)

T

Proof. Setting \,.(z) := r?\(rz) we see by scaling that it is enough to prove (6.1) with
r = 1. To lighten notation we set A := A‘ls. The map

®:Dsx(0,6) >R (z,8) = (1+s)ze Al

satisfies |[V® — Idga|| < 0. Moreover, by the very definition of Dy, the exponential map
on S¢! provides a diffeomorphism

exp,, : (—6/2,6/2)7 1 C R — Dy
such that ||V exp,, —Idga|| < 6. Letting
Cs == (—6/2,5/2)41 x (0,4),
it follows that the map F : A% — Cj defined through
Fl(y, s) := ®(expe, (y),8) = (1 + 5) expy, (y)
is a diffeomorphism. Moreover, it satisfies

IVF —1dgalloo + [ V*Fllo < 6



15

SUBADDITIVITY AND OPTIMAL MATCHING OF UNBOUNDED SAMPLES

and the same estimate also holds for F~!. In particular
’\Aﬂ—]()ﬂ‘ g/ 11— det VF~| < 6|C5] (6.2)
Cs
Now we define
A= Fx\ and [y, := Fypp,.
Notice that fi, = Y ;" 6¢ where X; = F(X;) are i.i.d. random variables of law A. We
have
(= | Mluip|Cs| S +6  and
EW 2, (s n\)] < [ F Y2 EWE, (s )] < (1+ COEWE, (snA)]. (6.3)
We then set for z € Cq, N(z) = A(62)6 and g, = 321", x where X/ = 6~ X; are i.i.d
random variables of law ). By scaling we have
INlLiplCh| = 66 < 60+ 6% and  E[WE, (fin,nA)] = SPE[WE (4, nX)]. (6.4)

0 = ; = ol
Since C is a cube, we can use either the Knothe map as in [6, Lemma 1] or [2, Proposition
2.4] to obtain a map T transporting A on the uniform measure on C; with

ITlip, 1T~ ip < 1+ O(¢)
X,

Arguing exactly as above and setting fi, = > ;" dp(x7) (so that T'(X]) ae i.i.d. uni-
formly distributed in C}), we find using the definition of 7,
BV (4, n)] < 1+ O(NE W, (s )| < (1 ) + )Gl
Combining this with (6.3), (6.4) and (6.2), we obtain
E[WRs (tn, nA)] < (14 w(00) + w(0) + w(n))Tpann|A°|4
Using that A\|A?| is /—Lipschitz continuous, we can replace |A%[P/¢ by Sas AP/ at a cost
i U

of order w(d¥) in the previous inequality thus concluding the proof of (6.1)

We recall the following notation from the proof of Proposition 4.1. For X; i.i.d. with
1) . and then
(A

common law p,, we set fi, := >
(1, (B
fin(Br,) and

K1 =
Pn(Bm)

Proposition 6.2. We have for p <d
log npn

Jn
,U/m/flpn +ZO’ /Sd ) WAZ<Nn7ﬂJPn)]dO'( )
J
1-2
T L= logn

E[W?
(1 + w(e) + w(n)) Spatin /Q o

>g> (6.5)

and for p > d
(s map)] + Z 5 o BV il (2) S

E[W?,
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Proof. We set
ny = fin(Byr,) and n; = fin(A3).
In B,, we use Theorem A.2 to obtain

. . P
EWE (fin, k1pn)] = E[WE (anlp(B ))]
T1

<E|(14+w(n)) (nl)>1s (1 + 1d=2(10gn1)g)] Cp,d/]; p}fg.

p(Br, T1

Since n is a binomial random variable with exponential concentration around its expec-
tation E[nq] = np(B,,),

s

~ _ 1—
BWE, (s k1pn)) < (14 wln)epams |

1

sa+wm»%mﬁﬂ/

1-2
pn @ (1 + Ildzg(lognpn)g> . (6.7)
Br,

We now consider a fixed set A%. Since A% := p, / pn(Aj ) is Lipschitz continous in A% with

-1
GG = 1N lliplAFT S Sup VVI S 7]
J

we find
(4.2)&(4.5)
Grio; Sy S e (6.8)

We may thus apply (6.1) from Proposition 6.1 and obtain
<

E[WZ; (fin ”;Pn)]

als

1—
nJZ-Zl / on 2.

J

= \'4
CpdE | (1 +w(e) + w(nj)) <p ?]AZ)> (1+ 1g—2(log(1 + nj))g)
L]

We now observe that nj is a binomial random variable with

(4.2)

E[n?] = npn(AZ) = np,(r;)(r;0;)* Ze np(Rp) R, (6.9)

From (4.5) and (4.3) we get (recall the definition (1.14) of o and j3)
n'=8(log n)g(l_q) ifp<d

np(Rp) RAU 0 ~ (log n)%(a_d(q_l)) ifp=d

1 if p>d.

We now argue separately in the cases p < d and p > d. The case d = 2 requires a little
more care so we first consider the case d > 3. Since p < d, we have lim,,_, inf; ; E[n?] = oo

J
and by the good concentration properties of binomial random variables we have
p
d

z 1=a

SHS]

nZ>1| < (1+we)+w(n))n'~

This proves that for p < d,
BIWE; (in, 5500)] < a1+ () + w8 [ 7F. (6.10)
J z

After summation and integration, combining (6.7) and (6.10) concludes the proof of (6.5).
When p < d = 2, since np,(A3) = C.n'=P for A% close to dBp, we need to be a bit

more careful. Letting R, = loglogn (this choice is somewhat arbitrary) we have for
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A% C By, log(npn(A3)) = (1+we(n))logn while for AXNAp 5 # 0 (recall definition
(4.9)), log(npn(AZ)) = Oc(logn) so that the same argument as above gives

E[WE,  (fin £1pn) +ZU/ (WA: (i, 15 pn))d5 (2)
J

<1 1% (logn) 5 Lok B 1-5
< (1+w(e) +w(n))cpan 2 (logn) o HC
R, R,

R7l
Thus (6.5) also holds in this case. If p = d = 2 we have
E[WZ: (fin, 55 0n)] < Cpa(l +w(e) + we(n)) /AZ log(npn| Aj])-

J

Since it is readily checked that
Jn 1
S5 [ 1851108 1451d5(:) = ofum),
= 05 Jst

after summation we conclude again the proof of (6.5).

In the case p > d, since inf; . E[n?] 2. 1, we can still conclude that

:>
p(AZ) =

=\ 174
E|(1+w(e)+wnj))) ( o > (1+ Ta—a(log(1 +nZ))?)

e n'TE (14 Lama(log(1 + npa(A3)))E).

Therefore

P
d

I~ z -5 z 5 1-
BIWE, (s 5p0)) Se 5 (14 Lamallog(L 4 npn(B5)E) [ 8 (611)

z

In the case d > 2, after summation and integration, combining (6.7) and (6.11) con-
cludes the proof of (6.6). We are left with the case p > d = 2. Using that p,(A%) ~

p(rj)r?(log n)~¢ we have

- 1 z 4 1_d _
z_;(;j/gdl(log(1+npn(Aj))) /;pn 5 (2)

2] \*
55/ log|1+n (> Pn on 4.
Qn\Brl lOgTL

Before starting the estimate let us recall that by (4.14)

/ oo p(Rp) - ERI, (6.12)
Qpn
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We first estimate in Bg, 2\ By,

1-p
/ <log (1 +n 1 ) p 4 < logn)g/ ot
BRp/2\Bry og n BRp/2

< (logn) § R p(Ro/2)! =8 < p(Ra)' =4 R ((1og )% exp(~CRY))

(6.12) 1_p
< / pn .
Qn

als

Here we used that by (1.5), we have for some C' > 0,
V(R,/2) <V(R,) — CRL.

In Q,\Bg, /2 we use that since n (|z|/log n)? pn =< 1 we have for some 0 < ¢. < 1,

. d
Len () 0 ) <1t etog [ (L) 50 ) <14 e log(nri0-9),).
log 1 logn

Since nRA™ )p(Rn) ~. 1 we can write
nRZ(lfq) n(T) =~ pn(2) =exp(V(R,) — V(z)).
pn () (R (V(Rn) = V()
Thus
|| d : -2 p 1
/ og (Lt (o) o)) it [ aemr)-vente
Qn\Br,, /2 ogn Qn\Br,, /2

In conclusion we find

b
|| d 2 1-2 1-2
log { 1+n{y Pn pn “Se [ pn ?
Qn\Br, ogn Qn

Since by (6.12) again,
_P _P
(logn)g/ p}z ¢ <</ /3711 %
B Qn

this concludes the proof of (6.6) also in the case d = 2.

7. THE GLOBAL TERMS

7.1. The main radial estimates.

Definition 7.1. Let v € R. We say that a probability distribution A on (0, R) is of type

7 if there exist R € [0, R] such that there exist Cy positive with

/ A< C_rX(r) for r € (0, R) (7.1)
0
and

/R)\ < Cyr7A(r) for r € (R, R). (7.2)

We write A <y B if there is a constant C' > 0 depending only on p, d,y and Cy such that

AL CB.
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We now prove two very similar result. It should be possible to combine them in a single
statement but we decided for clarity to keep them separate.

Proposition 7.2. Let A be of type v and assume that (0, R) = (0, R)U[R,R) = Ip U L.
Forn € N, let (ni)icqo,1y be a multinomial distribution of parameters (nA(1;))ieq0,1) and
set k; = n;/A(I;). Assume that

nA(l;) > 1 fori=0,1. (7.3)
Then,

E[Wg(z,‘ai/\ﬂh,n/\)] <, n'"% <RPA(IO)15+A(11)€ /I wwm). (7.4)

Proof. Let ¢ be the solution to
"= Z(’{’L - n))‘:ﬂ-lia (;S/(O) = ¢,(R) =0
we then have by Proposition 2.1,
1 !
G DESTREY Sy s ()
: 0

We claim that

VS|

1 p -
1- / -z 1-
n p/lo)\p_lEUWp]Sin 2RPA(Io) 2.
We write for r € I,

(7'1) ’no — n)\(f())’

’ - n()—n)\(fo) r rA(r
) = | 2 [ A 5 i)

so that using (7.3) we get
E[|¢/(r)I"] S+ n¥A(To) 2 rPA(r)P.

After integration this yields

R R

) _

nlp/ )\p_le[lgb'\p] S+ nlg)\(fo)g/ rPA Se ! TERPA(L)' TR
0 0

This proves (7.5). We now claim that

i [ e EIEP SentEA)E [ A (7.6

—1
1 AP I

Let r € I = [R, R). We write

o= [ - | = Sl Y

Therefore, using (7.3) we get

D p R P (1.2) D 4
E[l¢'["] S n2 M) ™2 (/ A) S £ n2A)TErPA()P.

After integration this proves (7.6). Combining (7.5) and (7.6) together proves (7.4). O

We now prove a second version of this estimate when (R, R) is decomposed into sub-
intervals.
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Proposition 7.3. Let \ be of type v with A\ = 0 on (0,R). Assume that (R,R) = UI;
where I; are disjoint intervals indexed in increasing order. For n € N, let (n;); be a
multinomial distribution of parameters (n\(1;)); and set k; = n;/\(I;). Assume that for
some € > 0,

nA(L;) > ¢ for every i > 1. (7.7)
Assume moreover that r — rY\(r) is decreasing in each I;. Then,
R
BWH(3 riddrnd)) Seen!F [0 Ear (7.8)
; R

Proof. As above we consider ¢ the solution to

"= Z(K,Z —n)A\lyp, ¢ (R)=¢'(R)=0
so that as above,
p < pnl-p i 1 /\p
E[Wy (Z KiAlp,nA)] Sn - WEW [7].

Let r € I; = (r;_1,7;) for some i > 1. We write
T R
&(r) = —/ (ki — 1)\ —/ S (5 — mA. (7.9)
r Ti j>i

Regarding the first term we have

/T”(m,- - n)A’ - M_A(T)(I)'/ &

For the second term we observe that

R
/_ D (g —mA=> ML) (kj—n) = [ D on; | —n | Y ML) | =nf —nA(T)

Ti g>i >0 j>i >0

where n;" > j>inj and L' = (ri, R) = Ujs;I; so that > isi ML) = A(I). Observe that

i =
n; is a binomial random variable of parameters (n, A(I;7)). Plugging this into (7.9) we

find thanks to (7.7),
T4 p
E(|¢/["] S Bllns — nA(L)[P] + Elln; — nA(L)IP) S n2 ML) "% (/ >\> + 2.
Using that

ML)~

(SIS
7N\
~\ﬂ

>
N

i)
IN
Y
~\ﬁ
>
N————
[
AN
>
—
S~
j
[N]S]

this simplifies to

p

(7.2) D
E¢[F] Se n3A(L1)E Se nBr]?A(ry)

where in the last inequality we used that r — r7A(r) is decreasing in ;. After integration
this gives

R 1 , R , i
' | —=E[¢ ] Seen'T2 [ r72A(r) 72
B AP R

concluding the proof of (7.8). O
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7.2. The main angular estimate. Recalling the definition (4.8) of Ai’?:g we set A*0 =
0
AG o
Proposition 7.4. Let A be a radially symmetric probability density on R*, n € N and
6 € (0,7|. Let

M, ::/ |x|PdX  and &5 ::/ Ip,(z)(e1)do(z).
Rd §d—1

For (X;)_, i.i.d. random variables of law X, let pu,, := > 1" | dx, and for z € Sa-1

_ Hn(A*°)
Ky = )
A(A#9)
Then, it holds (recall the definition (1.1) of n,)
1
E [Wg <~/ KzﬂAz,a)\da'(z),n)\ﬂ < My npdt, (7.10)
0§ J§d—1

Proof. We use polar coordinates to write for » > 0 and z = (y,U) € Sd_l,
)‘(Ty) = Arad (’l“)d’F ® dO'(y)
Noticing that for i’ € S¥1 it holds 1.6 (ry’) = Ip,(2)(¥'), we can write
1
<~ﬂ /ﬁz]lAz,gkd&(z)> (ry") = Aaa(r)dr @ v(y')do(y)
Oq J§d—1
where )
v(y') = 5 Jsas K21y (y)da(2).
If Ting is the optimal transport map between no and vo (for the Euclidean cost in ]Rd),
we may use T'(ry) := rTang(y) as a competitor to estimate

1 oo
W}Z; <~ / Kzﬂ-Az,éAdé(z)?nA) S / / |T(Ty) — ry‘p)\rad(,r)d,rndo_(y)
§d—1 B a1

as

o0
= / 1P Arad (r)dr / Tang (y) — ylPndo(y)
0 sd-1
= MW} (vo,no) < MyWg,_, (vo,na) (7.11)
where with a slight abuse of notation we write Wg 4, for the Wasserstein distance on

the sphere with respect to the geodesic distance dga—1. Let now X; := X;/|X;| be the
projections of X; on the sphere. Since A is radially symmetric, X; are i.i.d. uniformly
distributed on S ! i.e. their common law is 0. If i, := >"I | ¢ , using that A(A*?) = &,

Xi’
we have 1. (Ds(2))
Un(Ls(Z
o(Ds) (7.12)
We define the Markov kernel ks on St x S ag
Lps(z)(x)Lps(-
ks(2,y) ;:/ 2o D) W) g . (7.13)
§a-1 G50 (Ds)

Given a measure p on S%!, we then define Kj() as the measure on S%~! whose density
with respect to o is [qu_1 ks(x,-)dp, i.e.

Kstu)(B):= [ 16@) [ Koo g)duty)do(a) (7.14)

In particular, by (7.12) we have
vo = Ks (fin) and no = Ks (no) . (7.15)
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For z,y € S¥1, let n,(x) := ks(z,y). We claim (and will prove below) that for every
v,y € S%71 we have (identifying n,o with 7,)
Wpdfl(nyvny’) < dpd71(y7y/)' (7.16)
S S
Postponing the proof of (7.16) we now estimate Wg,_, (Ks(jin), Ks(no)). Let 7 be an
optimal transport plan for ng_l(,&n,na) and for v,y € S¥1, let Ty Dbe an optimal

transport plan for Wé)d_l(ny,ny/) we define the transport plan 7 by its action on ( €
CO(ST1 x s=1y:

/ Cloo!)in(a ) = | [ / <<x,a:/>dwy,yf<x,x/>] d (. 1).
Sdfl XSdfl Sdfl ngfl Sdfl XSd—l

Let us prove that the first marginal of 7 is Ks(fi,). Indeed, for every ¢ € CO(S%1), we
have

/S . ((x)dn(z,2") = /S A [ /S i (x)dmy x’)} d#(y,y')
[ L comio]| aiway = [ cmsteaint)] din

= / ((z)d K5 (fin) ().
Sd-1
Similarly the second marginal of 7 is Ks(no). Therefore,

WE .+ (K5 () . K5 (no))

S /Sd 1y§d—1 |:/Sd 1ysd 1d§d1(x7$,)d7ry7y’(93793,)] dﬁ-(y’y,)
—1ySd— —1ygd—

= /Sd i 1W§d71(77y>77y’)d7}(y7y,)
1 g

(7.16) ) o )

< /Sd e g (v,9)d7 (y, ')
1

= WSpdfl (ﬂnuno-) .

Combining this with (7.11), (7.15) together with the scaling of the optimal matching
problem on the sphere, see e.g. [19, Section 4], we conclude that

1 - . _
E [WII)’ (5] /gd1 /{Z]lAz,a)\dJ(z),n/\)] S ME [Wé)d,l (fin,no)] < M, nPdt,

Therefore in order to conclude the proof of (7.10) we are left with the proof of (7.16). Let
v,y € S ! and let II be the two-dimensional plane containing the great circle of S?~!
containing y and y’. We then let Ry be the rotation of angle 6 € (0, 7] such that Ry = Id
on I+ and Ry(y) = o' so that dsa—1(y,y’) = 6. Since Ry is an isometry of S9!, it induces
an orthogonal transformation Uy between the tangents at y and ¥/, i.e., we can write

Rg (Ds(y,U)) = Ds(y', UpU)
Since in the definition of ny(x) = ks(x,y) we integrate (also) with respect to the Haar
measure on O(d — 1), which is left invariant, we have that (Rg)sn, = n,s. Finally, for every
z € S 1 if r <1 is the radius of the circle given by the intersection between S and the
plane parallel to II containing  we have
dsa—1(x, Rg(z)) < rf < dgd—l(y,y/)
so that

Wpdﬂ(ny,ny’) <[ dgdq(%RH(w))ny(x)dU(x) < dgdq(y?y/)‘
S §d—1
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This concludes the proof of (7.16). O

7.3. Estimate of the global terms. We may now estimate the global cost. Let us recall
that if i, = >, b, with X; i.i.d. random variables with law p,, we have set in (4.13)
(recall the definition (4.10) of A%),

ﬂn(Bm) z ﬂ"(Aj)
K1 :i= ——— and KZ = .
pn(Brl) J pn(AJ)
We recall also the definition (1.4) of 7,.
Proposition 7.5. We have
E|W? (g, pn+z / K71 aspudd(2),mpn | | = 0.(7) + 1p=aO (). (7.17)

j= 2

Proof. Step 1. We first separate the ball B,, from the annulus A := A, g, (recall (4.9)).
We set

nag = (A and then k4 =
finl ) oulA)

and estimate thanks to triangle inequality and subadditivity,

Wy ’fl]lBrlpn—FZU] /Sd L ]lAzpndJ( ), npp,
SWE (11, pn + Kalapn,npn)

+ Wi ZJ /Sd 5 IlAzpndJ( ), kApn | - (7.18)
j

To estimate the first term we use Proposition 7.2 with A\(r) = r%1p,(r), which is of type
v=1—gq, ng = fin(Br,) and n; = n4 so that

nA(L;) Zn> 1.
By (7.4),

E [W;’ (,%1]13,,1 Pn + kAl Apn, npn)] <c nl=% = 0 (Tn). (7.19)
In the next two steps we estimate the second right-hand side term in (7.18). We claim
that

E|W? ZC,J /Sd WL pad5(2),kapn | | = 0c(7a) + 1>dO= (7). (7.20)

Combined with (7.18) and (7.19), this would conclude the proof of (7.17).

Step 2. The case d > 3 or d = 2 and p > 2. Let us recall that by (4.2), §; = ¢ for

every j > 2 in this case. Set ¢ := 7; = [z Ip,(z)(e1)da(z). Here, we first apply the
angular estimate from Proposition 7.4 to pass from A to the angular sectors A? := AfléRn
and then decompose each angular sector using the radial estimate from Proposition 7.3.

We thus define
nZ
Ny = fin(A® and then Ky 1= . 7.21
() P (A7) (7.21)
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Using triangle inequality we estimate

1
wh Z / K3 ]lAzpndO'( )y kapn | < Wp< / IQZ]]_Azpnd&(Z),I{A,On>
0'] §d—1 0 J§d—1

In
1 1
p ~ ~
+ Wy ; P /gd_1 ijAJZ.,OndU(z), > /Sd—l ko lpazpndi(z) | . (7.22)

Step 2.1. To estimate the first term in (7.22), we apply Proposition 7.4 with A\ =
(pn/pn(A))14 and n = n4 (notice that Elna] = np,(A) >~ n and in this case M, < 1) to
get

1
E [Wﬁ <_/ HzﬂAzpnd5(Z),ﬁApn>:|
0 JSd-1

SEnal' "7 15 + Elnal' ™5 [1y—s + (log E[na]) % 14=s]

<mpdt W oiny. (7.23)

Step 2.2. To estimate the second term in (7.22), we first notice that for every z € Sa-1,

; Lo (413) L (7.21) ;
Z"("‘jpn<Aj) = ,Un(A) = ﬁzpn(A)
J

so that we may apply Lemma 2.2 and get

Jn
1 1
p jod ~
Wy Jz; p /gd_1 R51A§pnda(z), o /gd—1 Ky lpzprda(2)

) (e )
< 5 Jau Wy jz;Hj Lazpn, Kzpn | d6(2). (7.24)
Fix z € S971. Let
I:= (Tl,Rn), Ij = (’I"jfl,?"j) (725)
and then
M) = — 2t ()L, ny = (D), and k= (7.26)
) P = A, gy
By (4.13) and (7.21), we have
]zrd Lon(r) = kjA(r) and Tk (1) = naA(r)
so that by radial symmetry of p,,
Jn Jn
Z"Cj]lAfpnaﬂzpn = W}? Zﬂj:ﬂ-lj)\)nz)\
j=2 j=2

Let us notice that n, is a binomial random variable with
E[n.] = npn(A®) ~ndd 1 > 1
so that with overwhelming probability, n, > np,(A?)/2. In that event, for every j € [2, j,],

(6.9)
nzA(Lj) Z npn(AF) Ze 1.
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Therefore, since A is easily seen to be of type v = 1 — ¢ with constants depending only
on ¢ and since when conditioned on n,, (nj)je[gd‘n} are multinomial with parameters
(n2A(15)) jef2,5,), We may apply Proposition 7.3 to get by definition (7.26) of A,

Jn

_p p(1—q) _
E WX ZKJZIAJZ.PnaHan SsE[nz]l 2 /Ir =A(r)!
=2

y
2

dr

1 ifp<?2
Se O HE L1+ R 4 1ymplog R, ifp=2
(R#q*Z,O(Rn))l*gRi(PQ) otherwise.

Plugging this back into (7.24) we find
1 1
E fo Z_/ H?ﬂAZ_pndé'(Z),_/ Ky lpzpndo(z)
=2 7 J8d ! g Jgd-t
1 ifp <2

1+ Ry "+ 1,logR, ifp=2  (7.27)
(RAT2p(R,)) 5 R29 otherwise.

[NJ4S)

S.;& nlf%(sf(dfl)

Let us check that for d > 3 or p > d, the right-hand side is 0. (7,) + 1p>qO¢ (7). Combining
this with (7.22) and (7.23) would prove (7.20) in this case. If 1 < p < 2 < d, since ¢ is
logarithmically small in n and n'"i = Tn > nl_g, the statement is clear. If p = d = 2,
the right-hand side of (7.27) is of the order of
2_q 1+2
(logn)(1+ (logn)e ~ +loglogn) < (logn) "¢ = 7,.

We may thus focus on the case p > 2. Recalling that § ~ e¢R,“, (4.5) and the definition
(1.14) of v, B, there exists v € R such that the right-hand side of (7.27) is of the order of

(logn)Yn~(1=AE-1) if2<p<d
R@Da=p(a=1) (p-dla=Dp 5B 1)175 <, { (log n)g—l—i(a—d(q—l))(%—l) ifp=d>3
(log n)dil*p(l*é it p>d.

Using that when 2 < p < d, 8 < 1 and for p = d, @ > d(q— 1), and recalling the definition
(1.4) of 7,,, the claim follows.

Step 3. We finally consider the case d = 2 and p < 2. In this case we will first split the
annulus A into the annuli A; := A;,_, », and then split each annulus into the corresponding
AZ%. We introduce the notation

nj = fin(A;) and then Ka; = —_ (7.28)

By triangle inequality and subadditivity,
In 1
wh — Kilazppdo(2), k
A ;&j /gd—1 j Ajpn U() APn

Jn Jn
1
p p ~
S Wi JEQ KA; LA, pnykapn | + ]22 WAj (5] /gd1 ﬁjﬂAjpnda(z), nAjpn> . (7.29)
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Step 3.1. In this step we estimate the first right-hand side term of (7.29). We recall
(7.25) and set

1 3 .
A(r) = pn(A)rd Lo (r)1; and Kj 1= D) = KA;pn(A).

We then have by radial symmetry of p,,

Jn Jn

wh Z Ka; 1A pns a0 | = W) Z Rl A naA

=2 j=2

As above we notice that with overwhelming probability,
na > Enal/2 2 n

and in this event, for every j > 2 (recall that d = 2 and that r — r2~9p(r) is decreasing
in [r, +00)),

(4.1)&(4.2)
naA(1j) Z npn(Aj) Ze nrj(rj —rj—1)p(r;) 2 nrj “p(rj)

(4.5)&
>nRp(Ry) 2 (logn)s 'nt P> 1,

Since A is of type v = 1 — ¢ with constants depending only on ¢, we find from Proposition
7.3,

Jn
(A=q)
B W | Skt Lapnsniarn | | S Bina 8 [ am
j=2 !
(7.30)
Step 3.2. In this final step we estimate the second right-hand side term in (7.29). For
fixed j we apply Proposition 7.4 with § = 7, A = pn/pn(A;j)14, and n = n; to get (recall
that d = 2)

r
2

(M)

/ 2Pd) S 12 (npn (A7) E.

J

1 z ~ 1—
E [Wﬁj <5j /gd1 K ﬂA;pndU(Z),ﬂAjpnﬂ < Elnyl
Writing that by (4.1) and (4.2),

ry (npu(47))'7

we have after summation,

9j

Jn
1 - iy 1422 iy
E Zng (~ /gd_l ﬁ:j]lAJz_pnda(z),ﬂAjpn> <. nl72 er 2p(r)t 2 (ry —rjo1)
i=2

Ry
Sen'Th / P p(r) T2 dr Sn'E = ou(ma). (T.31)
T1

Combining (7.29), (7.30) and (7.31) together concludes the proof of (7.20) also in this
case.

g

Remark 7.6. Let us point out that if we tried to use the argument from Step 2 in the
case 1 < p < 2 and d = 2 we would have an issue with the error coming from the radial
part of the transport. Indeed, the error term coming from (7.27) would be much larger
than 7, = n'P/2(log n)P/2. Moreover, if we kept d; = § we would have also an issue with
the term (7.31). Vice-versa, if we used the argument from Step 3 in the case p > d we
would have an issue with the error coming from the angular part of the transport when
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d=2ord=3 (see Step 3.2 and (7.10)). In the remaining cases, both arguments give
similar conclusions.

8. CONCENTRATION INEQUALITIES

In this section we briefly prove some concentration inequalities. For p < d and ¢ > 0,
let

1

1 Y
nr 27, "7 ifp <2
L ) b= (8.1)

_7+&‘ .
Tn® lpeqg+7Tn @ 1p—q otherwise.

§n ==

Notice that &, — 0 as n — oo.

Theorem 8.1. Let {X;}5°, be iid random variables with common distribution p satisfying
a Poincaré inequality and p, = ;" dx,. Then for every 1 <p <d, r>2 andt >0,
we have
1
P (7_n_1|W;§J(Mna np) —E [Wé’(ﬂmnpﬂ | > t) ! ST,E t_lfn-
In particular we have complete (hence P a.s.) convergence for p < d.

Proof. By Chebyshev inequality it is enough to prove that for every r > 2,

E(WE (ttn,10) — E[WE (1, np)]|"]7 Ser Tnn. (8.2)

We start by recording the following a result from [16, Proposition 5.3]: if 7 is the optimal
transport plan between u,, and np and r > 2, we have

(/Rded B yQ(p—l)dﬂ(ﬂc,y)> gl % . (83)

Step 1. The case p < 2. In this case, since 2(p — 1) < p, we may use Holder inequality to
upgrade (8.3) into

1

E[IWE (pns np) = EIWY (pn, np)l"]7 S E

1 1 1
s

E[IW5 (tn, np) = E[W (pn, np)]["]7 S e 2E [(Wﬁ(un,np))@] gy (8.4)

We now prove by induction that for every r € N with r > 2, we have
11 1-1

1 1_1
E|W (. np) — EIWE (s np)|[']F Sy mv~2my 7. (8.5)

By definition (8.1) of &, this would conclude the proof of (8.2) in this case. Before
embarking on the proof, let us point out that as a consequence of (8.5), &, — 0 and
triangle inequality we have

1
E[(WE (bns1p))' 17 S T (8.6)
We start by proving (8.5) in the case r = 2. In this case, since 2(p—1)/p < 1 it is a direct

consequence of (8.4), Holder inequality and E[W} (i, np)] = 7, by definition.
We now assume that (8.5) holds up to » — 1. Let us show that it holds also for r. Since

1 T
r— < - <r—1,
P 2

We have by (8.6) with » — 1 instead of r and Holder inequality,

r(p—=1) 1—1

G ol
E | (W} (stn,1p)) 7 } <E[(WEunnp) ] S

so that by (8.4), we get that (8.5) also holds for r.
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Step 2. The case p > 2. Notice that in particular we are then only concerned with
d > 3. For 0 < n <1 we write 2(p — 1) = (1 — )p + nm where

_2p=1D) -0 =np
; :

(8.7)

Using triangle inequality in the form
la —b™ < (Ja] 4 [b])™ < 2™ max(|a|™, [b]"") < 2™ (|a[™ + |b]™)
we have

B[, Jo-yras] g2 [ imdp s Com)
R4 xR4 R4

In the last line we used that if p = exp(—V) with V satisfying (1.5), then ([ ]x\Mdp)ﬁ ~
M1'/4. Indeed, this follows from p < exp(—C|z|9) and a change of variables to reduce to
the case ¢ = 1 where the computation is explicit. Combining this with Holder inequality
we can derive from (8.3),

1 mn n A=mr | r
B o) — BV Gl S 2m) 0 | (9 mm0) 2] 59
We claim that for every ¢ < 1 and r € N with r > 2,
rl 1ie 1-14
E[[WF (n, np) — E[WE (1n, np))|"]7 Sre T® Lp<a+7n ¢ 51p=d- (8.9)

As in the case p < 2 this would conclude the proof of (8.2) by definition (8.1) of §,,. Notice
that if (8.5) holds for some r, then (8.6) also holds for the same r by triangle inequality.
We fix 1> e >0, 0 < ¢ < 2ed/q and choose

n::{e(§—1) ifp<d

loglogn . _
Cogn if p=d.

Notice that this choice of 7 is such that

g, \mL o 130 e 1—g+e
(2 m) 2q n2 Ty ,.Sg Tn :H-p<d + Tn ]]-p:d' (810)

We prove (8.9) by induction and start with » = 2. In this case, from (8.8) and Hélder
inequality we have

1 mn n 1-n
E([|[W) (ttn, np) — E[WE (pn, np)]["]* < (4m) 5 n2E [WE (n, np)] 2
mn o 1=n (8:10) 14 _1
= (4m)Tnn§77'n2 <c T’ Ilp<d—|—7'7}b d+€ﬂp:d.

This proves (8.9) when r = 2.

Assume now that (8.9) holds for » — 1. We then have

A-mr 1. _4
2 2

so that by (8.6) with » — 1 and Holder we have

1-n

(A—m)r

T _l-m
E (Wg(/ﬁn,np)) 2 } SE{(Wﬁ(un,np))Pl} 070 < T

Plugging this into (8.8) and recalling (8.10) concludes the proof of (8.9) also for r.
O

Remark 8.2. The proof above fails when p > d. This may be easily seen from the fact
that we have a gap in the rate, that is 7, = (logn)*'~2 (that does not coincide with the
correct rate when p = d), and this prevents us from finding a suitable n = n(n) as we did
before.
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Remark 8.3. On the one hand, all log-concave distributions satisfy a Poincaré inequality
by [9]. On the other hand, if p satisfies a Poincaré inequality then it must have exponen-
tially decaying tails by [7]. Therefore, Theorem 8.1 mostly applies for potentials satisfying
(1.5) with ¢ > 1.

APPENDIX A. BOUNDS FOR THE MATCHING PROBLEM IN BOUNDED DOMAINS

We start by recording that arguing verbatim as in [21, Proposition B.1], we have the
following de-Poissonization result

Proposition A.1. Let Q) be a bounded and connected set, X be a probability measure on
Q, {X;}2, be i.i.d. random variables of law A and for every n, let Ny, be Poisson random
variables of parameter n. Letting p, = > i, 0x, and then for W¥ e {WE W},

f(n) == E[W?(pn, nA)],
we have for every a, f € R,

lirginf n®(logn)? f(n) > lin_1>inf n®(log n)’E[f(N,)]

and
limsup n®(logn)? f(n) < limsup n®(logn)’E[f(N,)].
n—oo n—oo
We start by discussing upper bounds. Let us recall that if X; are i.i.d. random variables
uniformly distributed in Q1 = (0,1)¢ and if u, = > I, 6x, we have set

1
Cpd = 117rln_>solip n—nE [ng (Hn, n)}
where

Mn =n'"4(1 + 14—s(logn)?).
It is now well-established, see e.g. [19, Section 4] that €, 4 € (0,00) for every d > 2 and
every p > 1. Notice that actually by [3, 5, 12, 16], the limsup is a limit when p = d = 2
(with €, 4 = 1/(4m)) or when d > 3. Combining the proof of [21] where the case of uniform

densities is treated together with [2, Proposition 2.4] we have (see also [5, 12, 17]).

Theorem A.2. Let Q C R? be a bounded and connected open set either C? or convex
and let A be a Holder continuous probability density on ) bounded away from 0. Let X;
be i.i.d. random variables with common law A. then

1
lim sup —E [W§(pn, nN)] Scnd/ ATd (A1)
n—oo Tn Q

We now turn to the lower bounds and recall that

el
cP? = liminf —E [ngl (tn, n)} .

n—oo "7n
We first prove that cP? € (0, 00).

Proposition A.3. For cvery d > 2 and every p > 1, we have cP¢ € (0,00). Moreover,
the liminf in the definition of cP® is a limit at least if p=d =2 or if d > 3.

Proof. Notice first that c”? < Cpq < 0o. The fact that the limit exists and is equal
to 1/(4m) in the case p = d = 2 was proven in [2, Proposition 3.1] so we focus on the
remaining cases. By scaling, Proposition A.1 and Hoélder inequality, it is enough to prove
the following Poisson version of the statement: let u be a Poisson point process of intensity
one on R? and set

1
fpa(L) :=E mW%L (1, &)

where k := p(Qr)/|Qr| then 1
fra(L) Z (log L)? (A.2)
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and for d > 3, p > 1, (the existence of the limit is part of statement)
lim f,q4(L) = c”? > 0. (A.3)
L—oo

For (A.2) we use [18, Lemma 2.7] to infer that
1
ha(D) =B | Fy s { [ e 9 <1c=00n 001 ]
1
2| o] [ clu—n) VA< 1c=0mogi s [ c=of

1
:E[Bsup{/QLCdu HVE<1,(=00n0QL & QLCZOH

We now turn to (A.3). Since for € € (0,1),

! 1 C 1
E [|QL|WI’%L (1, H)} >(1-¢)E [MWI%L m 1)] - 5E [@LngL (1, H)}
and by Lemma 2.5,

E [ W, (Ln)] S (L= np) S 1209, (A4)
L

in order to prove (A.3) it is enough to prove it for

]/C;J,d(L) {|Q|Wbp (1, 1)} .

Let L > 0 and m € N. We divide Q,,,1, into m¢ cubes @Q; of sidelength L. By superaddi-
tivity, see Lemma 2.4, and stationarity of pu,

1 Q) 1 2
fp, mL Z Ez: [‘QmL‘ngl (}L,l):| - ; ’QmL’ |:|QL’WZ7P (:uvl):| - fp,d(L)'

Since fp,d is a continuous function the statement follows.

O

Remark A.4. Notice that with the notation from the proof of Proposition A.3, we have
using the fact that f, q(mL) is increasing in m, triangle inequality and (A.4),
C

a—2 "
2

FL) <P+

See also [16, Theorem 4.1] for a similar estimate regarding ¢, 4.
We may now prove the counterpart of Theorem A.2.

Theorem A.5. Let Q) C R? be a bounded open set let A a a Hélder continuous probability
density on ) bounded away from 0. Let X; be i.i.d. random variables with common law

A. then .
liminf —E [Wb) (4, n )] > /)\1 (A.5)
Q

n—oo 7771

Proof. Let 1> ¢ > 0 be fixed. And for z € Z% let Q, := (2 + Q1). Setting
Z:={z¢€ 7% . Q, C O} and Qe = U,ezQ»,

we have by superadditivity, see Lemma 2.4,

[Wbp ,un,n)\ ZIE [ (pn, )|

z€Z
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We claim that for every z € Z,

1
liminf —E Wb, (pn,n\)| > (1—w(€))cp’d/ Ad (A.6)

n—oo ’I’]n

Summing over z and letting then ¢ — 0, this would conclude the proof of (A.5). We now
prove (A.6) and set for simplicity @ := @,. Letting N := u,(Q) and for (X'Z),Loil iid.
random variables of law A := AL Q/\(Q), fiy = Zfil O%,» HnL @ and fiy have the same
law thus

E [ng(ﬂn,m)] —E [E[ng(ﬂk,nA)yN —#|.

By [2, Proposition 2.4], there is a transport map 7" : @ — @ with Tﬁj\ = 1/|Q| and such
that LipT < 1+ Cw(e). Letting p), := > 1" 4 07 (x,) we then have for every k € N,

E[W (i, )] 2 (1 = w(e))E {Wbp <“?f’ n?c(z?))]

S O R )

= - wtens (Wi (s )| - DA,

Taking the expectation we find
, N A — NJ|P
B (W )] = (1~ wle)E [ W2 (s, 5 )| - 08 [
> (1 - () IQUE ] ~ Con'~

p
2

where in the last line we used the definition of c”? and the fact that N is a binomial
random variable with E[N] = nA(Q). Since n'~% = o(1,) and

U 2
lim E [N] = \Q)'q,

n—o0 Tln

we find

P

)] 2 (1= ()P IQIEAQ)E > (1 - w(e))e /Q A,

als

lim inf iIE %%

n—oo nn Q

This concludes the proof of (A.6). O
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