
HAL Id: hal-04638605
https://hal.science/hal-04638605

Preprint submitted on 8 Jul 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Gaps in the complex Farey sequence of an imaginary
quadratic number field

Rafael Sayous

To cite this version:
Rafael Sayous. Gaps in the complex Farey sequence of an imaginary quadratic number field. 2024.
�hal-04638605�

https://hal.science/hal-04638605
https://hal.archives-ouvertes.fr


Gaps in the complex Farey sequence
of an imaginary quadratic number field

Rafael Sayous
July 5, 2024

Abstract
Given an imaginary quadratic number field K with ring of integers OK , we

are interested in the asymptotic distance to nearest neighbour (or gap) statistic
of complex Farey fractions p

q , with p, q P OK and 0 ă |q| ď T , as T Ñ 8.
Reformulating this problem in a homogeneous dynamical setting, we follow the
approach of J. Marklof for real Farey fractions with several variables [Mar13] and
adapt a joint equidistribution result in the real 3-dimensional hyperbolic space of
J. Parkkonen and F. Paulin [PP24] to derive the existence of a probability measure
describing this asymptotic gap statistic. We obtain an integral formula for the
associated cumulative distribution function, and use geometric arguments to find
an explicit estimate for its tail distribution in the cases of Gaussian and Eisenstein
fractions. 1

1 Introduction
In order to obtain refined statistical properties of deterministic real sequences mod 1,
their asymptotic gap distributions have been extensively studied, see [Sós58, Hal70,
EM04, Vij08, MS13, BHS14, Ath16, RZ17, BRS17, HM20, ABT23]. This distribution
remains a mystery in many explicit cases. For instance, the sequence p

?
n mod 1qnPN

has been shown to exhibit a nonstandard asymptotic gap distribution by N.D. Elkies and
C.T. McMullen [EM04] (the "standard" one is given by an exponential law). For the
other sequences pnα mod 1qnPN (with α Ps0, 1rrt1

2u), computing the gap statistic is
an open question (and numerically seems to be an exponential law, which is the case for
gaps in a sequence of uniform random variables on r0, 1r ). In the present paper, we begin
the asymptotic study of gaps for the complex Farey sequence given by fractions with
increasing bound of their height in any quadratic imaginary field. Hence we work with
gaps in a 2-dimensional torus and use the distance to nearest neighbour to define them.
This has already been a fruitful choice for a generalisation of the Three Gaps Theorem
[Vij08] and for studying gaps in rescaled vector points on the sphere S2 associated to
"sum of three squares" decompositions of large integers [BRS17, § 1.3].

For clarity, in this introduction we focus on the imaginary quadratic field Qpiq (see
Section 2 for a more general setting). Let pr : C Ñ C{Zris denote the canonical
projection on the square torus. The Gaussian Farey sequence with height at most T ą 0
is defined as the set

GT “

!

pr
´p

q

¯

: p, q P Zris, 0 ă |q| ď T
)

Ă C{Zris.

1Keywords: imaginary quadratic field, nearest neighbour, convergence of probability measures,
homogeneous dynamic. AMS codes: 11B05, 11B57, 11R11, 37A44, 60B10.

1

https://orcid.org/0009-0007-6306-8546


The sets G10 and G20 can be seen in Figure 1. For any point x in C or in C{Zris, let ∆x

denote the Dirac mass at x. Denoting by dx the Haar probability measure on the square
torus C{Zris, we have the equidistribution theorem (see for instance [Cos99, Th. 4]), as
T Ñ `8,

1
card GT

ÿ

rPGT

∆r
˚

á dx.

Figure 1: Gaussian fractions with height at most 10 (on the left) and 20 (on the right)
in the square torus C{Zris, and colours of points depending on their height.

Let d denote the quotient distance on C{Zris. The gap (or distance to the nearest
neighbour) statistic of pGT qT is the asymptotic study of the probability measures

µT “
1

card GT

ÿ

rPGT

∆T 2dpr,GT rtruq.

Here, the scaling factor T 2 is chosen, a priori, in order to obtain a macroscopic rescaled
average gap. Indeed, at each time T ě 1, the gaps δr “ dpr, GT r truq ą 0 give rise to
a family pDpr, δr

2 qqrPGt of pairwise disjoint open disks in the square torus C{Zris (some
of which are tangent to each other). We expect the average gap to be comparable to
the one we compute in the case of if this family of disks covers the whole torus, namely
to be comparable to 2

b

1
πcard GT

„ 2
?

2
π

a

ζQpiqp2q 1
T 2 (since card GT „ π

2ζQpiqp2q
T 4 by a

generalisation of Mertens’ formula [Gro79, Satz 2]) with ζQpiq denoting the Dedeking
zeta function of Qpiq. In other words, we expect the disks Dpr, δr

2 q to be close to the
Voronoï cells in the tessellation of GT . And, a posteriori, it is an arguably good choice
since there is no loss of mass at infinity in the convergence stated in Theorem 1.1 below.
We notice the inclusion supp µT Ă r1, `8r (since the systole of Zris is equal to 1).

The following result is a description of the asymptotic cumulative distribution of gaps
for Gaussian fractions. A version for any imaginary quadratic field is given in our main
results Theorem 2.6 and Corollary 3.4.
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Theorem 1.1. There exists a probability measure µ on r0, `8r , absolutely continuous
with respect to the Lebesgue measure, such that we have the vague convergence of
measures, as T Ñ `8,

µT
˚

á µ .

Furthermore, we have:

‚ the equality of support supp µ “ r1, `8r ;

‚ a description of the cumulative distribution of µ: with Apz, r, Rq Ă C denoting
the closed annulus centred at z P C and of interior and exterior radii r ą 0 and
R ą 0 (empty if R ă r), we have the formula, for every δ ą 0,

µpr0, δsq “ 2
ż `8

s“0
dx

´

pr
´

ď

p,qPZris
p‰0

A
´q

p
,
es

δ
,
e

s
2

|p|

¯¯¯

e´2s ds ;

‚ a tail estimate for µ given by, as δ Ñ `8,

µp sδ, `8r q “
1
δ4 ` O

` 1
δ5

˘

.
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Figure 2: A numerical approximation of the asymptotic gap density for Gaussian frac-
tions, using points with height at most 50. For the approached tail distribution function,
see the top graph in Figure 5.

The density of µ, empirically approached in Figure 2, is similar to the one found
by R. R. Hall for gaps in real Farey fractions [Hal70] (see [Ath16, Fig. 3]). Gap den-
sities seemingly close to the Hall density have already been found in other settings,
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e.g. studying the gaps between tangency points along a line in a circle packing [RZ17,
Fig. 3] (where the Hall distribution is found by studying gaps for the classical Apollonian
packing).

The proof we present of Theorem 1.1 (and more generally Theorem 2.6 and Corollary
3.4) will follow the approach of J. Marklof using fine-scale tail functions [Mar13] and will
rely on an lifted version of the joint equidistribution result of J. Parkkonen and F. Paulin
for Farey fractions placed on a horosphere in the 3-dimensional hyperbolic space H3

R
when pushed by the geodesic flow [PP24, Cor. 4.2].

We conclude this introduction by mentioning that the result of Theorem 1.1 still
holds, with same limit µ if we only take into account Gaussian fractions r P GT falling
in a fixed Borel set B which has nonzero measure and neglibible boundary, as we could
expect from the self-similarity observed in Figure 1. This fact is given in Theorem 2.6.
Acknowledgments: The author would like to thank J. Parkkonen and F. Paulin, the supervisors
of his ongoing doctorate, for their support through discussion, suggestions and corrections
during this research.

2 Existence of a density for the gap statistics
Let K be an imaginary quadratic number field in C, with ring of integers OK , discrimi-
nant DK and Dedekind zeta function ζK . Let prOK

: C Ñ C{OK denote the canonical
projection on the torus. The complex Farey fractions of height at most e

t
2 are defined

as the elements of the set

Ft “

!

prOK

´p

q

¯

: p, q P OK , pOK ` qOK “ OK , 0 ă |q| ď e
t
2

)

Ă C{OK .

Figure 3: Points of Ft with K “ Qpi
?

3q (Eisenstein fractions) hence OK “ Zrjs, with
height at most 20 and colours of points depending on their height.
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The family pFtqtě0 equidistributes towards the Haar measure dx on C{OK (of to-
tal mass covolOK

“

?
|DK |

2 ) in the following sense: as t Ñ 8, we have the vague
convergence of Borel probability measures on C{OK (see [Gro79, Satz 2])

1
card Ft

ÿ

rPFt

∆r
˚

á
2

a

|DK |
dx.

As t Ñ 8, Merten’s formula yields the estimation (see for instance [Cos99, Th. 4])

card Ft „ cKe2t where cK “
π

a

|DK | ζKp2q
.

We are interested in the statistics of the gaps in pFtqtě0 defined as the distance to
the nearest neighbour. More precisely, denoting by d the quotient distance on C{OK

obtained from the Euclidean distance on C, we study the empirical gap measures of
pFtqtě0 defined as the family of probability measures with general term

µt “
1

card Ft

ÿ

rPFt

∆etdpr, Ftrtruq.

Therefore, for each real number t ě 0, the measure µt counts "gaps" in the following
way: a gap around each point r P Ft is defined as the maximal radius δr ą 0 for
which the open disk Dpr, δrq Ă C{OK only meets Ft at its centre r. The factor et is
an adapted scaling parameter. As explained in the introduction, assuming these gaps
are somehow close the ones we would obtain using Voronoï tessellations, we expect the
average gap to be comparable to 2

b

covolOK

card Ft
„
`

2
?

|DK |

π cK

˘
1
2 e´t.

Inspired by the work of J. Marklof on the case of the classical Farey fractions in
[Mar13], our focus lies on the tail distribution function for pµtqtě0, defined as follows.

Definition 2.1. The fine-scale tail distribution function for the gaps of pFtqtě0 is
defined, for every integer k P N, for all Borel subsets A Ă C and B Ă C{OK such
that B is nonnegligible and has negligible boundary (i.e. dxpBq ą 0 and dxpBBq “ 0),
and for every real number t ě 0 large enough so that Ft X B ‰ H, by the formula

Ftpk, A, Bq “
card

␣

r P Ft X B : cardpFt X pr ` prOK
pe´tAqqq “ k

(

cardpFt X Bq
.

We use the parameter B in order to focus only on a portion of all the complex
Farey fractions. For all time t ě 0 and Farey fraction r P Ft, notice that the rescaled
gap etdpr, Ft r truq is bigger than δ if, and only if, the set Ft meets the closed ball
r ` prOK

pD̄p0, e´tδqq only at its center r. Hence, the function Ft describes the tail
distribution of µt with the formula

µtp sδ, `8r q “ Ftp1, Dp0, δq,C{OKq.
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We define a conditional version of the gap measures µt, for t large enough so that
Ft X B ‰ H, by

µt,B “
1

cardpFt X Bq

ÿ

rPFtXB
∆etdpr, Ftrtruq.

Note that µt,B is a probability measure of tail distribution function given by
µt,Bp sδ, `8r q “ Ftp1, Dp0, δq, Bq. (1)

2.1 Dynamical description of the cumulative gaps distribution
We work with the group SL2pCq. For all complex number z P C and real numbers
t, θ P R, we set

hpzq “

ˆ

1 z
0 1

˙

, aptq “

ˆ

e´ t
2 0

0 e
t
2

˙

and mpθq “

˜

e´ iθ
2 0

0 e
iθ
2

¸

.

These matrices are designed so that the formula

mpθqaptqhpzq

ˆ

p
q

˙

“

˜

pp ` qzqe´
t`iθ

2

qe
t`iθ

2

¸

(2)

holds for all p, q, z P C and t, θ P R. Let A be a Borel subset of C. Identifying the
elements of C2 with their column matrices, we define the cone of A by

CpAq “

!

ˆ

z
u

˙

P C ˆ pDp0, 1q r t0uq : z P uA
)

Ă C2

“
ď

uPDp0,1qrt0u

pu Aq ˆ tuu.

By Equation (2), for all complex numbers p, q, z P C and every t P R, we have the
equivalence

ap´tqhp´zq

ˆ

p
q

˙

P CpAq ðñ
p

q
P z ` e´tA and 0 ă |q| ď e

t
2 . (3)

We denote by yO 2
K the set of vectors in O 2

K with coprime components p, q (i.e. they
satisfy pOK ` qOK “ OK). Notice that, for each z “ z̃ ` OK P C{OK , the set
hp´zqyO 2

K “ hp´z̃qyO 2
K is well defined since h is a group morphism and SL2pOKq

preserves yO 2
K . Moreover, notice that a fraction r P

Ť

tě0 Ft (which is equal to K if and
only if OK is principal) determines a vector in yO 2

K up to multiplication by an element
of Oˆ

K . This remark and the equivalence (3) grant us the following formula for the
cumulative distribution function: for every integer k P N, every bounded Borel subset
A of C, every nonnegligible Borel subset B of C{OK , every real number t ě 0 large
enough so that prOK

is injective on e´tA and such that Ft X B ‰ H, we have

Ftpk, A, Bq “
card

␣

r P Ft X B : cardpCpAq X ap´tqhp´rqyO 2
Kq “ k|Oˆ

K |
(

cardpFt X Bq
. (4)
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2.2 The asymptotics of gaps via a joint equidistribution result
from homogeneous dynamics

Our main tool in this Section is the vague convergence result [PP24, Cor. 4.2] for
complex Farey fractions. In order to state it, we work in G “ PSL2pCq and denote by
Γ “ PSL2pOKq the Bianchi group. For a matrix g P SL2pCq, we denote by rgs “ t˘gu

its projection in G. Define H “ rhpCqs and M “ rmpRqs which are abelian subgroups
of G, and let A “ rapRqs be the Cartan subgroup of G. We set ΓH “ NGpHq X Γ
which can be described as followed

ΓH “ pH X ΓqpM X Γq “

!

„

a b
0 a´1

ȷ

: a P Oˆ
K , b P OK

)

.

The group ΓH acts cocompactly on the right on H by the formula

h1
˚ phmq “ m´1h1hm for all h1

P H, h P H X Γ and m P M X Γ.

We endow the orbit space H{ΓH with the measure µH{ΓH
induced by the Haar measure

dz on H by the branched cover H Ñ H{ΓH and normalised to be a probability measure.
By the canonical identification H{ΓH “ pM XΓqzH{pΓXHq, we see H{ΓH as included
in MzG{Γ. Similarly, we canonically identify ΓHzH with pΓXHqzH{pM XΓq Ă ΓzG{M
and we have the induced probability measure µΓH zH (the result [PP24, Cor. 4.2] is stated
in this setting). We have the formula µH{ΓH

“ ι˚µΓH zH where ι : ΓgM ÞÑ Mg´1Γ is
the inversion map. We denote by Θ (resp. Θ1) the Cartan involution MgΓ ÞÑ M tg´1Γ
on MzG{Γ (resp. ΓgM ÞÑ Γ tg´1M on ΓzG{M).

The definition of Farey fractions used in [PP24] is different from ours. We set
O 1

K “ Oˆ
K ˙ OK with law pa, bqpc, dq “ pac, ad ` bc´1q, acting on the left on C

by ppa, bq, zq ÞÑ a2z ` ab with kernel t˘p1, 0qu. For every real number t, the map
z ÞÑ M rap´tqhpzqsΓ is constant on every O 1

K-orbit thanks to the formula, for all z P C
and pa, bq P O 1

K ,

rhpa2z ` abqs “

„

a 1
0 a´1

ȷ

´

„

1 z
0 1

ȷ „

1 a´1b
0 1

ȷ

¯

„

a 1
0 a´1

ȷ´1

and since rap´tqs is in the centralizer of M . We set, for all t ě 0,

F 1
t “ O 1

Kz
␣p

q
: p, q P OK , pOK ` qOK “ OK and 0 ă |q| ď e

t
2
(

Ă O 1
KzC.

Identifying OK with the subgroup 1 ˆ OK of O 1
K , we obtain a projection from C{OK to

O1
KzC which restricts to each set Ft onto F 1

t, and this restriction has fibres of order |O ˆ
K |

2
(except for the fibre of a finite set of points which is independent on t). In particular we
have the estimate, as t Ñ `8,

card F 1
t „

2 card Ft

|Oˆ
K |

. (5)
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Moreover, if DK ‰ ´4, ´3, then Oˆ
K “ ˘1 and this canonical projection yields the

identification, for every number t ě 0, F 1
t “ Ft. Let us denote by dx1 the measure on

O 1
KzC induced by the Lebesgue measure of C by the branched cover C Ñ O 1

KzC and
normalised to be a probability measure.

We now state a result of J. Parkkonen and F. Paulin about joint equidistribution of
Farey fractions (in the sense of elements of F 1

t) and their images on an horosphere in
the 3-dimensional real hyperbolic space pushed forward by the geodesic flow. It is stated
in its original version, that will need to be adapted afterwards for our purpose.

Theorem 2.2. ([PP24, Cor. 4.2]) We have the vague convergence of probability mea-
sures on pO 1

KzCq ˆ pΓzG{Mq, as t Ñ `8,

1
card F 1

t

ÿ

rPF 1
t

∆r b ∆ΓrhprqaptqsM
˚

á dx1
b 2

ż `8

s“0
Θ1

˚rap´sqs˚µΓH zH e´2s ds.

We will prove the following version, more suitable to our study.

Corollary 2.3. We have the narrow convergence of probability measures on the space
pC{OKq ˆ pMzG{Γq, as t Ñ `8,

1
card Ft

ÿ

rPFt

∆r b ∆Mrap´tqhp´rqsΓ Ñ
2

a

|DK |
dx b 2

ż `8

s“0
Θ˚rapsqs˚µH{ΓH

e´2s ds.

Proof. First, notice that the class M rap´tqhp´zqsΓ is indeed well defined for every real
number t and every class z P C{OK .

Since pO 1
KzCq ˆ pMzG{Γq is a σ-compact proper metric space, in order to obtain a

narrow convergence result it is sufficient to prove a vague convergence result for which
there is no loss of mass (this last point is immediate since both sides of this convergence
are probability measures). Such an argument may also be made to immediately improve
Theorem 2.2 into a narrow convergence result.

Pushing forward the result of Theorem 2.2 by the continuous and proper map
idC{OK

ˆ ι : pr, ΓgMq ÞÑ pr, Mg´1Γq to reverse the order of quotients, by the formula
ι ˝ Θ1 ˝ rap´sqs : ΓHh ÞÑ Θprapsqsh´1ΓHq we obtain

1
card F 1

t

ÿ

rPF 1
t

∆r b ∆Mrap´tqhp´rqsΓ
˚

á dx1
b 2

ż `8

s“0
Θ˚rapsqs˚µH{ΓH

e´2s ds. (6)

It now remains to pass from a result on the family pF 1
tqtě0 in O 1

KzC to one on pFtqtě0 in
C{OK . If DK ‰ ´4, ´3, these families coincide and dx1 “ 2?

|DK |
dx hence the proof is

complete. It remains to study the two cases OK “ Zris and OK “ Zrjs where j “ ei 2π
3 ,

namely the Gaussian and Eisenstein integers. The group Oˆ
K acts on the left on C{OK

by a ‚ prOK
pzq ÞÑ prOK

pa2zq and the orbit space of this action (resp. the restriction of
this action to Ft) canonically identifies with O 1

KzC (resp. with F 1
t).
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Let pr‚ : C{OK Ñ O 1
KzC denote the orbit projection of the action ‚. We want to

pullback the result of Theorem 2.2 by this projection. We set

X “

$

’

’

&

’

’

%

prZrispr0, 1s Y r1, is Y ri, 0sq if OK “ Zris,

prZrjspr0, 1s Y r0, js Y r1
2 , j2

j2´1s

Yr
j2

j2´1 , 1 `
j
2s Y r

j
2 , j2

j´1s Y r
j2

j´1 , 1
2 ` jsq if OK “ Zrjs.

We verify that all orbits Oˆ
K ‚ z P pr‚ppC{OKqrX q have the same cardinality |Oˆ

K |

2 . Let
us make |Oˆ

K |

2 choices for each orbit, allowing us to write a decomposition

pC{OKq r X “

|Oˆ
K |{2
ď

i“1
Xi (7)

where each Xi is an open subset of C{OK such that pr‚ |Xi
is an homeomorphism onto

pO 1
KzCq r pr‚pX q. See Figure 4 for the choice of such a decomposition.

Figure 4: An example of a decomposition tX1, X2u of pC{ZrisqrX (resp. tX1, X2, X3u of
pC{ZrjsqrX ) into parts which are each homeomorphic to pZris1zCqrpr‚pX q (resp. to
pZrjs1zCq r pr‚pX q). The sets X and pr‚pX q are represented by black lines and black
dots.

Since the map z P C{OK ÞÑ M rap´tqhp´zqsΓ is constant on each orbit of ‚, since
X is negligible and since we have the formula ppr‚ |Xi

´1q˚dx1 “
|Oˆ

K |?
|DK |

dx|Xi
, pulling back

the convergence (6) by the map ppr‚ |Xi
, idMzG{Γq grants us

1
card F 1

t

ÿ

rPFtXXi

∆r b∆Mrap´tqhp´rqsΓ
˚

á
|Oˆ

K |
a

|DK |
dx|Xi

b 2
ż `8

s“0
Θ˚rapsqs˚µH{ΓH

e´2s ds.
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Combining the latter convergence with the estimate (5), summing over the decompo-
sition (7), and using the remark above for passing from vague to narrow convergence,
this concludes the proof.

Let k P N, fix A a bounded rotation-invariant Borel subset of C, as well as a
nonnegligible Borel subset B of C{OK . Since A is rotation-invariant, we have, for every
real number θ P R, the equality mpθqCpAq “ CpeiθAq “ CpAq. Thus, for every matrix
g P SL2pCq, the cardinality of CpAq X gyO 2

K only depends on the class M rgsΓ of g in
MzG{Γ. Hence we can define the following Borel subset of pC{OKq ˆ pMzG{Γq,

Ck “ B ˆ Yk where Yk “ tM rgsΓ P MzG{Γ : cardpCpAq X gyO 2
Kq “ k|Oˆ

K |u. (8)

And using Equation (4) we obtain the formula, for t large enough so that Ft X B ‰ H,

Ftpk, A, Bq “
card Ft

cardpFt X Bq

1
card Ft

`

ÿ

rPFt

∆r b ∆Mrap´tqhp´rqsΓ
˘

pCkq. (9)

Assuming that B has a negligible boundary, since B has nonzero measure, the equidis-
tribution of pFtqtě0 implies the convergence,

card Ft

cardpFt X Bq
ÝÑ

tÑ`8

a

|DK |

2 dxpBq
. (10)

The behaviour of the remaining part in Equation (9) will be described by the narrow
convergence property in Corollary 2.3. For this purpose, we need to control the limit
measure of the boundary of Ck.

Lemma 2.4. Assume that the boundaries BA and BB are negligible respectively for the
Lebesgue measure on C and for the measure dx. Then

´ 2
a

|DK |
dx b 2

ż `8

s“0
Θ˚rapsqs˚µH{ΓH

e´2s ds
¯

pBCkq “ 0.

Proof. By the definition (8), we have the equality BCk “ pBB ˆ Ykq Y pB ˆ BYkq. The
first term in this union has measure 0 since dxpBBq “ 0. For the second term, since
rap´sqs and Θ “ Θ´1 are homeomorphisms of MzG{Γ, we obtain

ż `8

s“0
Θ˚rapsqs˚µH{ΓH

pBYkq e´2s ds “

ż `8

0
µH{ΓH

prap´sqsΘpBYkqq e´2s ds

“

ż `8

0
µH{ΓH

pBrap´sqsΘpYkqq e´2s ds.

For every p, q P C, we compute

ap´sq
thp´zq

ˆ

p
q

˙

“

ˆ

pe
s
2

pq ´ zpqe´ s
2

˙

. (11)
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In this proof, we will frequently use the following description of BCpAq, arising from its
definition,

BCpAq “
ď

uPDp0,1q

pu BAq ˆ tuu Y
ď

uPCp0,1q

pu Aq ˆ tuu, (12)

where Cp0, 1q denotes the unit circle of C. We fix a real number s ą 0. The intersection

rap´sqsΘpYkq X pH{ΓHq “ trhs ˚ ΓH : cardpCpAq X ap´sq
th´1

yO 2
Kq “ k|Oˆ

K |u

has its boundary contained in trhs ˚ ΓH : BCpAq X ap´sq
th´1yO 2

K ‰ t0uu.
More precisely, in the case 0 R A, using the description (12), the only point with zero

first coordinate in the boundary of BCpAq is 0 P C2. Hence, using the computation (11),
every point ap´sq

thp´zq

ˆ

0
q

˙

in BCpAq verifies q “ 0. In the case 0 P BA, Equations

(11) and (12) imply that, for every point q P Oˆ
K , we have ap´sq

thp´zq

ˆ

0
q

˙

P BCpAq

(independently on s, z). Finally, in the case 0 P A r BA, the conclusion is the same as
in the case 0 R A since every point q P Oˆ

K verifies |q| “ 1 (hence qe´ s
2 , with s ą 0,

cannot be equal to some u P Cp0, 1q). In all cases, we have proven that the boundary
of rap´sqsΘpYkq X pH{ΓHq is furthermore contained in

trhs ˚ ΓH : BCpAq X ap´sq
th´1

pyO 2
K r pt0u ˆ Cqq ‰ t0uu

The preimage in H of the latter set is

Z “ thpzq : z P C, BCpAq X ap´sq
thp´zqpyO 2

K r pt0u ˆ Cqq ‰ t0uu.

Let us investigate this subset more thoroughly. Let z P C be such that hpzq P Z. Let
pp, qq P OK with p ‰ 0 be such that

ap´sq
thp´zq

ˆ

p
q

˙

“

ˆ

pe
s
2

pq ´ zpqe´ s
2

˙

P BCpAq.

Using the description (12) and since p ‰ 0, we have:

• either pe
s
2 P uBA and pq ´ zpqe´ s

2 “ u (and u P Dp0, 1q r t0u), which implies
that z “

q
p

´ ues

pe
s
2

P
q
p

´ espBA r t0uq´1,

• or pq ´ zpqe´ s
2 “ u P Cp0, 1q (and pe

s
2 P uA), which implies in particular that

z “
q
p

´ ue
s
2

p
P

q
p

´ 1
p
e

s
2 Cp0, 1q.

In both cases, z belongs to a negligible Borel set depending only on p, q (and of course
A, s). Since O2

K is countable, this implies that dzpZq “ 0 (where dz is the Lebesgue
measure on H), and then using the definition of µH{ΓH

, we finally obtain the equality
µH{ΓH

pBrap´sqsΘpYkqq “ 0.

11



We now combine all the previous results of this Section to obtain a convergence
result for the the tail functions Ft.

Lemma 2.5. For every k P N, for every bounded rotation-invariant Borel subset A of C
with negligible boundary for the Lebesgue measure, for every nonnegligible Borel subset
B of C{OK with negligible boundary for the measure dx, we have the convergence, as
t Ñ `8,

Ftpk, A, Bq Ñ 2
ż `8

s“0
µH{ΓH

ptrhs ˚ ΓH : cardpCpAq X ap´sq
th´1yO 2

Kq “ k|Oˆ
K |uq e´2s ds.

Proof. Using the definition (8) of Ck and the fact that its boundary BCk is negligible for
the limit measure in Corollary 2.3, we obtain the convergence, as t Ñ `8,

1
card Ft

`

ÿ

rPFt

∆r b ∆Mrap´tqhp´rqsΓ
˘

pCkq Ñ

´ 2
a

|DK |
dx b 2

ż `8

s“0
Θ˚rapsqs˚µH{ΓH

e´2s ds
¯

pCkq

“
4dxpBq
a

|DK |

ż `8

s“0
pΘ˚rapsqs˚µH{ΓH

qpYkq e´2s ds. (13)

Then for all s ě 0 and g P SL2pCq, using the change of variable h “ ap´sq
tg´1

i.e. g “ ap´sq
th´1 for the last equality, we obtain

pΘ˚rapsqs˚µH{ΓH
qpYkq “ µH{ΓH

prap´sqsΘpYkqq

“ µH{ΓH
ptrap´sq

tg´1
s ˚ ΓH : g P SL2pCq, rap´sq

tg´1
s P H

and cardpCpAq X gyO 2
Kq “ k|Oˆ

K |uq

“ µH{ΓH
ptrhs ˚ ΓH : cardpCpAq X ap´sq

th´1
yO 2

Kq “ k|Oˆ
K |uq e´2s ds. (14)

Combining the formula (9) for Ftpk, A, Bq first with the convergence (10) then with
Equations (13) and (14), the proof of the lemma is complete.

We now state and prove the main theorem in this section.

Theorem 2.6. There exists a probability measure µ on r0, `8r , absolutely continuous
with respect to the Lebesgue measure, such that for every nonnegligible Borel subset B
of C{OK with negligible boundary, we have the narrow convergence, as t Ñ `8,

µt,B Ñ µ.

Furthermore, we have the equality µpr0, 1sq “ 0 and the cumulative distribution function
of µ is given by the formula, for every real number δ ě 0,

µpr0, δsq “ 1 ´
4

a

|DK |

ż `8

s“0
dxptz : cardpCpDp0, δqq X ap´sq

thpzqyO 2
Kq “ |Oˆ

K |uq e´2sds.

Proof. For every real number δ ě 0, set

F pδq “ 1 ´
4

a

|DK |

ż `8

s“0
dxptz : cardpCpDp0, δqq X ap´sq

thpzqyO 2
Kq “ |Oˆ

K |uq e´2sds.

12



Recalling the definition µH{ΓH
“ pz ÞÑ rhpzqs ˚ ΓHq˚p 2?

|DK |
dxq, by Equation (1) and

Lemma 2.5 with k “ 1 and A “ Dp0, δq, we obtain the convergence, for every δ ě 0,

µt,Bpr0, δsq ÝÑ
tÑ`8

F pδq.

Since pµt,Bqtě0 is a sequence of probability measures, it remains to prove that F is
the cumulative distribution function of some probability measure µ on r0, `8r with
density with respect to the Lebesgue measure, i.e. that F is nondecreasing, is absolutely
continuous, verifies the equality F p0q “ 0 and the convergence F pδq Ñ 1 as δ Ñ `8.

We begin by investigating more thoroughly the definition of F . For every δ ě 0, we
have the description

CpDp0, δqq “
ď

uP s0,1s

Dp0, uδq ˆ Cp0, uq.

For all p, q P yO 2
K , all real numbers δ, s ě 0, and every complex number z P C, this yields

the following equivalence

ap´sq
thpzq

ˆ

p
´q

˙

P CpDp0, δqq ðñ

"

|p| ď δe´s|pz ´ q| ,
0 ă |pz ´ q| ď e

s
2 .

(15)

The equality F p0q “ 0 is then a consequence of Equation (15) with δ “ 0, since
then q may take any value in Oˆ

K (and only these ones, in order for 0 and q to be
coprime), no matter what are the values of z P C and s ě 0. Hence we obtain
F p0q “ 1 ´ 4?

|DK |

ş`8

0

?
|DK |

2 e´2sds “ 1 ´ 2
2 “ 0.

Furthermore, the latter argument proves that for any Borel set A containing 0, the
intersection CpAq X ap´sq

thpzqyO 2
K contains at least |Oˆ

K | points. Since in addition the
cardinality of this intersection is nondecreasing with respect to δ for A “ Dp0, δq, the
function F is nondecreasing as well.

In order to compute the limit of F at `8, we need to describe points in the in-
tersection CpDp0, δqq X ap´sq

thpzqyO 2
K which are nontrivial, namely not of the form

ap´sq
thpzq

ˆ

0
q

˙

with q P Oˆ
K . Each of these points necessarily has a nonzero first

coordinate pe
s
2 . The equivalence (15) then translates to, for all s ě 0 and δ ą 0,

cardpCpDp0, δqq X ap´sq
thpzqyO 2

Kq ‰ |Oˆ
K | ðñ Dpp, qq P yO 2

K , p ‰ 0,

es

δ
ď
ˇ

ˇz ´
q

p

ˇ

ˇ ď
e

s
2

|p|
. (16)

Using the pigeonhole principle, we have the following adapted version of Dirichlet Dio-
phantine approximation theorem [EGM98, § 7, Prop. 2.7]: there exists a constant κ ą 0
(depending on K) such that for every non rational complex point z P CrK, there exist
infinitely many pairs pp, qq P yO 2

K with p ‰ 0 verifying
ˇ

ˇz ´
q

p

ˇ

ˇ ď
κ

|p|2
(17)
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In particular, for each point z P C r K there exists such a pair pp, qq with |p| ě κ,
hence the right-hand inequality of Equation (16) holds for this pair. Since z R K, we
have |z ´

q
p
| ą 0, hence the equivalence (16) yields, for δ large enough (depending on

z),
ap´sq

thpzq

ˆ

p
´q

˙

P CpDp0, δqq.

This gives a nontrivial point in the intersection defining F . Since CrK has full measure,
Beppo Levi’s monotone convergence lemma gives, for every s ě 0, as δ Ñ `8,

dxptz P C{OK : cardpCpDp0, δqq X ap´sq
thpzqyO 2

Kq “ |Oˆ
K |uq ÝÑ 0.

By the dominated convergence theorem, since the integrand defining F is bounded from
above by the L1 function s ÞÑ 4?

|DK |
e´2s on r0, `8r , we finally have

F pδq ÝÑ
δÑ`8

1.

The last property to check is the absolute continuity of F . For every point z P C and
all real numbers r, R ě 0, recall that Apz, r, Rq is the closed annulus in C centred at z
and of radii r and R (hence empty if r ą R). Let s ě 0. By the equivalence (16), we
obtain, for every real number δ ą 0 (and using the change of variable pp, qq ÞÑ pp, ´qq

on yO 2
K),

dxptz : card
`

CpDp0, δqq X ap´sq
thpzqyO 2

K

˘

“ |Oˆ
K |uq (18)

“

a

|DK |

2 ´ dx
´

ď

pp,qqPyO 2
K

p‰0

prOK

´

A
´q

p
,
es

δ
,
e

s
2

|p|

¯¯¯

.

Let us fix a real number M ą 0. We now show that this union is finite in a uniform way:
there exists a finite subset SM of yO 2

K such that for all δ P s0, M s and s ě 0, we have

ď

pp,qqPyO 2
K

p‰0

prOK

´

A
´q

p
,
es

δ
,
e

s
2

|p|

¯¯

“
ď

pp,qqPSM

prOK

´

A
´q

p
,
es

δ
,
e

s
2

|p|

¯¯

. (19)

For a fixed δ ą 0, in the left-hand side of Equation (19), most of the annuli are empty,
namely those associated to pairs pp, qq verifying |p| ą δe´ s

2 . Hence we may restrict this
union to indices p, q P OK with 0 ă |p| ď M . This describe only a finite set for p.
Now, for each such point p, the equality diampC{pOKq “ |p|diampC{OKq implies that
the map q ÞÑ prOK

`

q
p

˘

is surjective from Dp0, |p|diampC{OKqq X OK to prOK
p1

p
OKq.

Thus, Equation (19) holds for the finite set

SM “ tpp, qq P yO 2
K : 0 ă |p| ă M and |q| ď |p|diampC{OKqu.
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By Equations (18) and (19), for every s ě 0, the function

fs : δ ÞÑ 1 ´
2

a

|DK |
dx

`

tz : cardpCpDp0, δqq X ap´sq
thpzqyO 2

Kq “ |Oˆ
K |u

˘

is absolutely continuous over s0, `8r . It is also continuous at 0 since it is constant
equal to 0 on r0, e

s
2 s (this is a direct consequence of Equation (18) and the fact that

sysOK
“ 1). This implies that the measure µ verifies the level repulsion equality

µpr0, 1sq “ F p1q “ 0. Furthermore, since fs is nondecreasing, its derivative f 1
s is

defined and nonnegative almost everywhere. And by Equations (18) and (19), the func-
tion ps, δq ÞÑ fspδq is continuous (hence measurable) on r0, `8r ˆr0, `8r . Thus, by
Fubini’s integration theorem we obtain, for every δ1, δ2 ě 0,

F pδ2q ´ F pδ1q “ 2
ż `8

s“0
pfspδ2q ´ fspδ1qq e´2sds

“ 2
ż δ2

δ“δ1

ż `8

s“0
f 1

spδq e´2sds dδ

Hence F is absolutely continuous, with almost everywhere derivative given by the formula
F 1pδq “ 2

ş`8

s“0 f 1
spδq e´2sds.

3 Tails and details
Trying to obtain a closed formula for the cumulative distribution function (or equivalently
for its derivative, the density) of the probability measure µ from Theorem 2.6 seems to
be a really demanding challenge. Nevertheless, we managed to compute an explicit tail
estimate and present it in this section. For all real numbers s, δ ą 0, we set once again
fspδq “ 2?

|DK |
dx

`
Ť

pp,qqPyO 2
K

p‰0

prOK

`

A
`

q
p
, es

δ
, e

s
2

|p|

˘˘˘

. Theorem 2.6 and Equations (18)

and (19) yield the following description of µ.

Corollary 3.1. For every δ ą 0, we have the formula

µpr0, δsq “ 2
ż `8

s“0
fspδqe´2s ds.

And for each value of δ ě 0, the union defining fspδq can be restricted to a finite set
of indices pp, qq without changing the whole union (hence without changing the value
fspδq), in a uniform way over δ varying in any bounded interval and s varying in r0, `8r .

The following lemma begins the study of the functions fs. We use the standard
notation

ωK “

$

&

%

i

?
|DK |

2 if DK “ 0 mod 4,

1`i
?

|DK |

2 if DK “ 1 mod 4,

so that OK “ ZrωKs. We use the notation ln for the natural logarithm function.
15



Lemma 3.2. ‚ Let

s˘ “ 2 ln
`δ

2 ˘
δ

2

c

1 ´
4|ωK |

δ

˘

.

If s, δ verify the inequalities δ ě 4|ωK | and s´ ď s ď s`, then we have the
equality fspδq “ 1. The same equality holds if we replace the assumptions on s, δ
by 2 ln |ωK | ď s ď lnp δ

2q.

‚ If s ě 2 lnpδq, then fspδq “ 0.

‚ Set cK “ mint|z| : z P OK , |z| ą 1u. If s ě 2 lnp
|1`ωK |cK

cK´1 q, then the expression
of fspδq can be simplified as follows:

fspδq “
2

a

|DK |
dx

`

prOK

`

A
`

0,
es

δ
, e

s
2
˘˘˘

.

Proof. ‚ We assume firt that δ ě 4|ωK | and s´ ď s ď s`. Notice that s˘ are the
zeros of the function s ÞÑ e

s
2 ´ es

δ
´ |ωK |. Thus, for s P rs´, s`s, the annulus

Ap0, es

δ
, e

s
2 q has a difference of radii greater than (or equal to) |ωK |, allowing

it to project onto the whole torus C{OK (using an appropriate translate of the
fundamental domain r0, 1s`r0, 1sωK and the decrease of curvature of a disk when
its radius increases). By definition, we then obtain fspδq “ 1.
If we assume 2 ln |ωK | ă s ă lnp δ

2q instead, then the consequential inclusion of
annuli Ap0, 1

2 , |ωK |q Ă Ap0, es

δ
, e

s
2 q and the fact that the annulus Ap0, 1

2 , |ωK |q

projects onto the whole torus C{OK (using the four translates Apz, 1
2 , |ωK |q cen-

tred at z “ 0, 1, ωK and 1 ` ωK and the fundamental domain r0, 1s ` r0, 1sωK)
prove that we still have fspδq “ 1.

‚ If s ě 2 lnpδq, then for every point p P OK r t0u, we have es

δ
ě e

s
2 ě e

s
2

|p|
so that

each annulus Ap
q
p
, es

δ
, e

s
2

|p|
q has measure zero (it is empty or equal to a circle).

‚ Let p, q P OK be such that p ‰ 0 and let z P Ap
q
p
, es

δ
, e

s
2

|p|
q. We want to prove that

prOK
pzq P prOK

pAp0, es

δ
, e

s
2 qq or equivalently that there exists q1 P OK such that

q1 P Apz, es

δ
, e

s
2 q. If p P Oˆ

K , the latter already holds with q1 “ qp´1. Otherwise,
first notice that we have the inequality |p| ě cK , hence e

s
2

cK
ě es

δ
since Ap

q
p
, es

δ
, e

s
2

|p|
q

is nonempty. In addition, the annulus Apz, es

δ
, e

s
2 q contains a disk of diameter

L “ e
s
2 ´ es

δ
ě e

s
2 p1´ 1

cK
q. If L ě |1`ωK | (“ diamOK

), then this disk contains a
fundamental domain of OK (by convexity), thus contains an integer point q1 P OK .
Thus, the condition e

s
2 p1 ´ 1

cK
q ě |1 ` ωK | is sufficient to simplify the expression

of fspδq as stated in the lemma.

Remark 3.3. The third point of Lemma 3.2 will not be used in this paper, as we
will focus on the asymptotic gap distribution tail, and for that purpose the first two
points of this lemma will be sufficient. Nevertheless, we believe it could be a useful
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tool for a later attempt at studying more thoroughly this distribution. The explicit
value of cK in this third point is simply given by

cK “

$

&

%

?
2 if OK “ Zris,Zri

?
2s or Zr1`i

?
7

2 s pi.e. DK “ ´4, ´8 or ´ 7q,
?

3 if OK “ Zrjs or Zr1`i
?

11
2 s pi.e. DK “ ´3 or ´ 11q,

2 otherwise pi.e. DK ď ´15q.

The following corollary states that the asymptotic distribution for gaps in complex
Farey fractions is heavy tailed (the tail distribution decays at less than exponential
speed).
Corollary 3.4. As δ goes to `8, we have the estimate

1
δ4 ď µp sδ, `8r q ´ 2

ż 2 ln |ωK |

0
p1 ´ fspδqqe´2s ds ď

1
δ4 ` O

` |ωK |

δ5

˘

.

Proof. Take s˘ defined in Lemma 3.2. We write µp sδ, `8r q “ 2
ş`8

0 p1 ´ fspδqqe´2s ds
and decompose the integral between 0, s´, s`, 2 lnpδq and `8. Thanks to the first
two points of Lemma 3.2, for δ ě 4|ωK |, we have

µp sδ, `8r q “ 2
ż s´

0
p1 ´ fspδqqe´2s ds ` 2

ż 2 lnpδq

s`

p1 ´ fspδqqe´2s ds `
1
δ4 . (20)

The lower bound is then immediately obtained using the inequalities fspδq ď 1 and
s´ ě 2 ln |ωK |.

For the upper bound, we first notice the estimates, as δ Ñ `8,

s´ “ 2 ln |ωK | ` Op
|ωK |

δ
q and s` “ 2 lnpδ ´ Op|ωK |qq.

We compute, as δ Ñ `8,

2
ż 2 lnpδq

s`

p1 ´ fspδqqe´2s ds ď 2
ż 2 lnpδq

s`

e´2s ds

“ ´
1
δ4 ` e´2s` “ ´

1
δ4 `

1
δ4

`

1 ` O
` |ωK |

δ

˘˘

“ O
` |ωK |

δ5

˘

.

Finally, the remaining integral on r0, s´s in Equation (20) can be restricted to r0, 2 ln |ωK |s

for δ large enough so that lnp δ
2q ě s´ ě 2 ln |ωK | (here we used the decreasing conver-

gence s´ Ñ 2 ln |ωK |).

In the cases OK “ Zris or Zrjs, we have |ωK | “ 1 so that Corollary 3.4 provides the
following tail estimate (illustrated in Figure 5), proving the last point of Theorem 1.1:
as δ Ñ `8, we have

µp sδ, `8r q “
1
δ4 ` O

` 1
δ5

˘

. (21)

In all other cases, we have |ωK | ą 1, and an estimate of the remaining integral
2
ş2 ln |ωK |

0 p1 ´ fspδqqe´2s ds has yet to be computed. We conjecture this term not to be
negligible with respect to 1

δ4 when |ωK | ą 1, because of numerical tests. An illustration
is given in the case K “ Qpi

?
163q (with principal ring of integers) in Figure 6.
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Figure 5: At the top, the empirical tail distribution δ Ñ µtp sδ, `8r q (in blue) and the
graph of δ ÞÑ 1

δ4 (in red) using Gaussian fractions and the height value e
t
2 “ 30. At

the bottom, a logarithmic version of the top graph: we illustrate the estimate (21) by
comparing the functions ℓ ÞÑ lnpµtpseℓ, `8r qq and ℓ ÞÑ ´4ℓ.
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Figure 6: Similarly to the bottom graphs in Figure 5, a logarithmic comparison between
the empirical tail distribution δ Ñ µtp sδ, `8r q (in blue) and the function δ ÞÑ 1

δ4 (in
red) for OK “ Zr1`i

?
163

2 s. The estimate (21) is conjectured not to hold in this case.

4 Further questions
As mentioned above, one could try and improve Theorem 2.6 by finding a closed formula
for the asymptotic gap cumulative distribution function δ ÞÑ µpr0, δsq (or equivalently, for
the density dµ

d Lebr0,`8r
). A probably less involved improvement could be the computation

of a tail estimate similar to Equation (21) for other discriminants than ´4 and ´3.
In another direction, we could impose one of the two following conditions on the

complex Farey fractions we study: a congruence condition on q or changing the class of
ideal generated by p and q. Fixing two nonzero ideals m and m1 of OK with m | m1, one
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could study the asymptotic gap statistics, as t Ñ `8, for the set

Ft,m,m1 “
␣p

q
mod OK : p P m, q P m1, pOK ` qOK “ m and 0 ă Npmq

´1
|q|

2
ď et

(

.

We expect that there exists a probability measure, similar to the measure µ from Theorem
2.6 (and perhaps equal to µ, depending on the choice of rescaling), which describes the
asymptotic gap statistic.

When m “ OK , this study is pretty straightforward: we can use the same dynamic
as in Section 2.2, except we replace Γ by its Hecke subgroup

Γm1 “

!

ˆ

a b
c d

˙

P PSL2pOKq : c P m1
)

“ StabPSL2pOKq

´!

ˆ

p
q

˙

P yO 2
K : q P m1

)¯

.

Then the proofs of [PP24, Cor. 4.2] and Corollary 2.3 can be easily adapted to obtain
a completely similar joint equidistribution result for Ft,OK ,m1 on pC{OKq ˆ MzG{Γm1 ,
which can then be used to prove that the asymptotic gap distribution is the same for
Ft,OK ,m1 as for Ft.

When m is non principal on the other hand, one would need some volume estimates
around another cusp in B8H3

R, namely around the cusp associated to the fractional ideal
class of m, in order to adapt the result [PP24, Cor. 4.2] to this study.

Finally, another generalisation could be obtained by the asymptotic study of gaps for
Farey fractions in any number field K. Denoting by ι : K Ñ Rr ˆ Cc the canonical
embedding, one could conduct a study of asymptotic gaps (i.e. the nearest neighbour
statistic for a well chosen distance on Rr ˆ Cc mod ιpOKq) for

FT1,...,Tr`c “
␣`p1

q1
, . . . ,

pr`c

qr`c

˘

mod ιpOKq : pp1, . . . , pr`cq, pq1, . . . , qr`cq P ιpOKq,

0 ă |q1| ď T1, . . . , 0 ă |qr`c| ď Tr`c

(

,

perhaps adding a coprime condition pOK ` qOK “ OK where pp1, . . . , pr`cq “ ιppq and
pq1, . . . , qr`cq “ ιpqq. This project is likely to begin with the study of the gaps in the
Farey fractions of a real quadratic number field, and would require a higher rank analog
of Theorem 2.2 for Hilbert modular varieties.
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