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Sparsity and L'-optimal control for linear control systems

Pierre Cavaré *, Marc Jungers?, Jérome Lohéac ?

& Université de Lorraine, CNRS, CRAN, F-54000 Nancy, France

Abstract

For linear time-invariant systems, we take an interest in sparse controls, i.e., those whose support (or LO—norm) is of minimal
Lebesgue measure. We propose to extend this research to Radon measures and, in particular, to controls presenting Dirac
impulses. Then, we can find a minimizer which is impulsive (and so with a null support) and prove that there is no gap
when we extend the problem from L!-controls to Radon measures. To refine our research, this reasoning leads us to study the
minimization problems for L' and measure norms. We prove that impulsive controls are still pertinent for these problems:
once again, we can find a minimizer and prove that there is no gap. In addition to the existence of a solution, we show that, by
extending the research to Radon measures, we can find a solution of L° and L!'-minimization problems in the form of a finite
linear combination of Dirac impulses, and we give an expression of the maximal number of these impulses. We also propose
an algorithm in order to compute an impulsive solution of the measure norm minimization problem.

Key words: Impulsive control, optimal control, sparsity.

1 Introduction

Context and problem statement. The investiga-
tion of the existence, uniqueness and determination of
optimal control, i.e., a control which respects equations
and conditions while minimizing a certain cost, goes back
several decades (see e.g. [BII6II7I26]). In the same time,
consideration of discontinuous controls, measure con-
trols or impulsive controls, was made possible through
the work of A. Bressan, F. Rampazzo or M. Motta (see
e.g. [3I7RI2228]), among others. Thus, it seems natu-
ral that several impulsive optimal control problems were
studied in the last few years (see e.g. [2T272041T2]).

A natural cost to minimize is the duration of action of
the control, which mathematically corresponds to the
Lebesgue measure of its support or its L°-norm. A con-
trol minimizing this criterion is said to be sparse or mazx-
imum hands-off (see e.g [25]). This problem is not con-
vex and, in [24], M. Nagahara looks for conditions to
have an equivalence, for linear time-invariant (LTT) sys-
tems, between the problem of L°-minimization and the
one of L'-minimization which is convex and so easier
to solve. By this method, he obtains, under some con-
ditions (including a bounded condition on the control),
optimal controls in a form called bang-off-bang, i.e., con-
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trols switching between 0 and its bounds (see also the
recent paper [I]). More generally, still for LTI systems
and under a bounded condition, we can find the study
of the LP-minimization problem for p € [0,1] in [I4].
Controls considered in these papers are in the space L'
and we would like to extend the research to the Radon
measures set and, in particular, consider impulsive con-
trols. More precisely, we take an interest in controls of
purely impulsive form (i.e., which can be written as a
linear combination of Dirac impulses). The L%norm of
a such control is equal to 0, and we could directly have
a solution of the LO-minimization problem.

Main results. We consider the problem of state
transfer for linear time-invariant LTI systems whose
plant model is given by

{ﬁ0=Aﬂﬂ+BM0, )

2(0) =2° 2(T) =2t

where for all ¢ € [0,7], x(t) € R™ describes the state
and u(t) € LY([0,T],R™) = L'([0,7])™ the control (or
input). The final time T' > 0, the initial state 2° € R"
and the target 2! € R™ are given, and A € R"*" and
B € R™*™ are (constant) matrices.

We say that a control is feasible if it steers the solution
of the system from z° to z! in time 7. In this paper,
we prove that if there exist feasible L!'-controls, then
there exist feasible impulsive controls. More than that,



we can guarantee that there is no gap when we extend
the L°-minimization problem from the space L' to the
set of Radon measures (Proposition . The construc-
tion of a sequence of feasible L'-controls approaching a
given feasible impulsive control leads us to consider the
L'-minimization problem to refine our research among
all these feasible impulsive controls. This new problem is
directly linked to the one of measure norm minimization,
which always has an impulsive solution whose number
of impulses can be bounded (Theorem . Once again,
we can prove that there is no gap between these two
problems (Proposition . Thanks to the Pontryagin’s
Maximum Principle (PMP), we can find sufficient condi-
tions ensuring that any minimizer is necessarily of purely
impulsive form (Theorem |[17] and Corollary and we
propose, at the end of this paper, an algorithm based
on coordinate descent method [I9] and Bregman itera-
tions [10] to compute an impulsive solution.

Organization of the paper. We give some notations
used in this paper in Section[2} Section[3refers to the ex-
tension of problem from the L'-space to the Radon
measures set. In order to refine our research, we try to
adapt this reasoning to the L'-minimization problem in
Section 4 In Section [B] thanks to a change of variable,
we can use the (PMP) on the problem of measure norm
minimization. Section [6] describes all the possible situ-
ations when n = 2 and m = 1. We build, in Section [7]
an algorithm to approach an impulsive solution. Finally,
Section 8 is dedicated to the conclusion.

2 Notations and preliminaries

To have controls to consider in our minimization prob-
lems, we assume that there is at least one feasible L!-
control (Assumption [)).

Assumption 1 z! is reachable from z° in time T

through a controlw € LY ([0, T])™.

Among all feasible controls u (i.e., we can reach ' from
20 in time T with u), we take an interest in those whose
support (or L%-mnorm) is minimal. We call this prob-
lem (Py). If u € L*([0,T])™ is feasible, then we must
have

T
xt = T2 +/ eT=ABuy(7)dr.
0

We set y = z' — 7429 and we recall that for u €
LY([0,T])™, the input-to-state mapping is defined by

T
@T:uemeﬂme»/ eT=DABy(r)dr € R™.
0
(1)

Thus, a control u is feasible if and only if &7 (u) = y and
Assumption [I| means there exists v € L([0,T])™ such
that & (u) = y.

Before formulating problem , we give some notations
used in this paper. For ¢ € [1,m], we call b; the i-th col-
umn of the matrix B. C'T denotes the transpose of a given
matrix C. Moreover, we use different norms either for el-
ements of R™ or for functions of L'. Here we resume the
different writings adopted. For v = (uq ug ... uy) €
R™, we consider the norms |u|, = >, |u;] and |u|_ =
max;e (1, |uil. For u € L([0, T])™, we consider the L°-
norm (which is indeed not a norm because it does not
satisfy the homogeneity condition) defined by

[ull o = pr {t € [0,T] : u(t) # 0} = pr {supp(w)},

where p7 denotes the Lebesgue measure. We also con-
sider the L' and the L* norms given by ||ul/,, =

T
Jo )]y dt and [Jul| o = ess supepo,ry [u(t)] -

Now, we can formulate the problem

inf [ul| Lo

(Fo)
| we LY, 7)™ and Br(u) =y.
In other words, we want to minimize the support of the
control so it seems natural to consider impulsive controls
whose support is null.
For that, we consider M([0,T]) the set of finite Radon
measures on [0, 7] endowed with the norm

= swp [ pdut.
$eC”((0,T].R) /10,7]
ol oo <1

We can extend these notations to the multi-input case
by considering M ([0, T])™ the set of finite Radon mea-
sures on [0,7] with values in R™ (i.e., such that each
component has to be in M([0,T7])). Then, the measure
norm is obtained by summing the measure norm of each
component.

Here, we take an interest in impulsive controls, i.e., com-
posed of linear combinations of finite number of Dirac
impulses. Let u be such a control. Then, there exist
N € N*, (ai)ieqi,ny € R™ and (t;);ep,ng € [0,T] such

that u = Ef\il a;0:;, € M([0,T])™. Thus, we have

N

N m
lull e =D leily =D lail s

i=1 i=1 k=1

where «; i, is the k-th component of a; € R™.
By definition, a control u € L*([0,T])™ has its compo-
nents in L1([0,7]) which can be canonically injected in

M([0,T1]) via
LY([0,7]) — M([0,T7)

u (cp € C°([0,T],R) = /T @(t)u(t)dt).
0



Thus, we can canonically inject L([0,7])™ in
M([0,T])™ and extend the input-to-state mapping
to M([0,T])™ (as in [21])

O i u e M([0,T])™ — eT="ABdu(r) € R™.

[0,7]

We still have that u € M([0,T])™ is a feasible control if
and only if 7 (u) = y.

3 Existence of sparse control

The objective of this section is to prove Proposition
which ensures that, under Assumption [I} we have

0= inf Jlul o
| we L0, 7)™ and @r(u) =y,

and, in addition to the existence of a feasible impulsive
control, there is no gap when we extend the problem
from L([0,T])™ to M([0,T])™.

Proposition 1 If z°, 2! € R™ and T > 0 satisfy As-
sumption |1 then for every monempty set T C [0,T]
and every € > 0, there exists an impulsive control u* €
M([0,T)), which steers z° to x* in time T and such that
dist(7T, supp(u*)) < e.

Furthermore, for every feasible impulsive control u* €
M([0,T])™, there exists a sequence of feasible controls
(ur)ken € LH([0,T])™ such that

Jim g =0 and  lim gl = [l o

We prove this proposition by constructing an appropri-
ate sequence (uy)ren which vaguely converges to u*.
We recall the definition of the vague convergence below
(see [0 Definition 30.1] or [I1], Section 1.9] for more de-
tails).

Definition 2 (Vague (or weak-*) convergence) If
m = 1, saying that the sequence (ug)ken € M([0,T])
converges vaguely to u* € M([0,T]) means that for all
f continuous from [0,T] to R,

lim fdug = fdu*.

ko0 J10,1) [0,7)
If m > 1, the sequence (ug)ren € M([0,T])™ converges
vaguely to u* € M([0, T))™ if the sequence of each com-
ponent of (ug)ken converges vaguely to the corresponding

*
component of u*. We note up, — u*.

Remark 3 More generally, the wvague convergence
is a way of convergence defined on dual sets. Here,

M([0,T])™ is the dual space of the set of continuous
functions on [0, T| endowed with the L*>-norm and each
element of L'([0,T])™ is considered as an element of
M([0,T])™. By using classical results on vaguely con-
vergence and compactness (see e.g. [6[11)]), we have:
o if (up)ken € M([0,T]))™ is such that u, = u* €
M([0,T])™, then ||u*|| o < liminfy_ oo [|url vgs
o if (ur)ken is a bounded sequence of M([0,T])™
(i.e., supyey |[ukll oy < 00), then there exist a sub-
sequence (ug,) and v* € M([0,T])™ such that

*
Ug, — u*.

To prove Proposition [I, we need the following lemma,
which will allow us to build the impulsive control u*. We
call R the set of all possible final states with a L!-control
by starting from 2" = 0:

0

R = {/T eT=DABy(r)dr : u € Ll([O,T])m} .

We can notice that R does not depend on T since we do
not impose a bound on control u.

Lemma 4 By noting r = tk @7, whererk(-) denotes the
rank, for almost every ty,...,t. € [0,T], we have

Span {e(T_t")ABU ciel,r], ve Rm} =R.

PROOF. By reasoning as in the proof of the Kalman
condition in [29, Theorem 2.2.1], we have
Span {A'Bv : i € [0,n —1],0 e R™} = R.

Thus, by using the Cayley-Hamilton theorem, we di-
rectly deduce that

Span {e(Tfti)ABv ciefl,r], ve Rm} CR.

for all t1,...,¢. € [0,T).

By reasoning as in [9, Proof of Theorem 7], there exists
Tiy...,7r € [0,T] and vy, ...,v, € R™ such that

dim Span {e(T_ti)ABv cielr], ve Rm}

< dim Span {e(T_”)ABvi HENS [[1,7‘]]} .

and we set S = Span {eT=")4 By, : i € [1,r]}. Then,
for every ¢t € [0,7] and every v € R™, we have
eT=Y4By € S. If not, there would exist to € [0,7]
and vy € R™ such that e(T—t0)4 By, ¢ S. Thus, vectors
e(T=m)ABy; (for i € [0,7]) are r + 1 elements of R



whose dimension is r so they are linearly dependent,
and we have a contradiction with the maximality of
Ti,...,7 and wvi,...,v,.. From this observation, we
easily deduce that R = Ran®p C S.

We  have thus shown  that  there  exist
T,...,7 € [0,7] and vy,...,v, € R™ such that
Span{e(T_”)ABvi 11 € [[1,7"]}} = R. In particular,
there exist P € R™™"™ such that

det (P (e(T_”)ABvl, cee e(T_TT)ABvT>) #0.

Thus, the analytic application (¢1,...,t.) —
det (P(eT=")ABuy, ..., eT=t)ABy,)) is non-
trivial. Hence, its zeros set is of null measure,
this ensures that for almost every (¢1,...,%),
dimSpan{e(T’ti)ABvi RS [[1,7"]]} = r, which con-
cludes this proof. O

PROOF. (Proposition|[l]) Let 7 C [0,7] and € > 0.
By assumption, y = 2! — eT42° € R and, thanks to
Lemma there exist t1,...,¢. € [0,T] and oy, ..., €
R™ such that min;epy - dist(t;, 7) < € and

Yy = Ze(T_t'i)ABai = / eT=DABdu*(t),
i=1 [0,T7]

with u* = Y"7_; a;0,, € M([0,T])™.
To prove the second part of the result, the idea to build
the sequence (ug)ren is to consider a sequence (vg)ren
based on u* and, in order to make this sequence feasible,
to add a sequence of corrective controls (wg)gen-
For every k € N*, we consider I, = [f%, %] and, for all
te€0,17,

T

Q5

(R M (e e

where 7 is the characteristic function of the set I. Thus,
v, describes, around each impulse «;dy,, a rectangle with
an area equal to a;. When k — oo, the height of these
rectangles increases while the base decreases. Based on
these considerations, it is easy to show that v, — u*
when k£ — oo.

However, the controls v, may not steer z° to 2! in time T
and, for all k € N, we define y* = ®7(vy). The vague
convergence of vy to u* ensures that,

lim y* = lim ®7(v;) = ®p(u*) = .
k—o0 k—o0

Thus, we want to build a sequence of controls wy €
LY([0,T])™ such that the sequence (uy)ren defined by
up = vk + wy respects the requested properties.

For all 8 > 0, we consider the sets

Ro = {@o(f): f € L'([0,0)™ s.t. [ fll e <1}

These sets constitute an increasing sequence of compact
sets containing 0 in their interior. Since limy_,oo y* =
y, for every large enough k, the time optimal control
problem:

0, = min 0

Do(f) =y —y",
feL>([0,0],R™) and |l <1,

admits a solution. In other words, 6y is the index of
the smallest set Ry containing y — y*. The mapping
y — y* — ) is continuous in 0 and so limy_, o 05 = 0.
We note f; a control associated to 6y, i.e., such that
fx € LY([0,0,],R™) and g, (fx) = v — y*. We set,

B 0 iftE[O,T_H)a
wy(t) = {fk(t_ (T —0y,)) ifte [T—Gk,;]-

We directly have that wj, — 0 when k — co. Then, for
all k € N, we have vy, +wy € L*([0,7])™ and

T
B (v + wp) = /0 e T=DAB (e (1) + wy (1)) dt

O
= O (vg) +/ e(ek*S)ABfk(s)ds
0

= ®r(vi) + Do, (fx) =y,

which proves that v + wy, is feasible. When k& — oo, we
have, v, — u* and wy — 080 v + Wy, — w*. O

Thus, if 2! is reachable from z° in time T with L!-
controls, then we can always find impulsive feasible con-
trols and so solutions of the L°-minimization problem.
Proposition [I] seems to be showing a link between the
L'-norm and the measure norm: let us use this new cri-
terion to refine our research.

4 L'-optimal controls

4.1  Presentation of problems and

We decide to take an interest in the L'-minimization,
and we consider the problem

T
inf lull 2 = / fu(t)],

(P1)
‘ uw€ LY[0,T))™ and ®r(u) =y.

To find solutions, this problem is generally studied with

a condition of the type |ju||; . < M on the control

(see e.g. [II). In [1424], authors proved the equivalence

between and under some conditions:



e for the single-input case, it is shown in [24], that
this equivalence holds if (A, B) is controllable and
A is non-singular;

o for the multi-input case, we can find in [I4] that if
A (bj Abj ... A"*lbj) is non-singular for all j €
[1,m], then the equivalence holds.

Let assume that we are in one of these cases and con-
sider a feasible control v € L*([0,T])™ and u}, a
solution of and (P1)), with the additional constraint
llursll oo < M. It is in particular shown in [14)24] that
uy; is of bang-off-bang structure. We then have, for
M'> o]

M |lupsll o = llupgllps < ol -

Thus, |[u};]l 0 — 0 when M — oo (i.e., when we remove
the constraint) which leads us to consider impulsive con-
trols.

Let us prove that we can extend the problem (P to
M([0,T])™. We consider the problem,

min [Jul] \,

(Prm)
| weM(0, 7)™ and ®r(u) =y
We can notice that this is a minimum and not an infimum
because the limit is reached. Indeed, if we set

£ = inf [[ul ,,
| we M0, T)™ and Pr(u) =y,

and consider a sequence (ug)geny of feasible controls
such that limy o [Jugl|y, = £ then (up)ren is a
bounded sequence of finite Radon measures and Re-
mark [3| ensures that there exist a subsequence (ug,)ien
and u* € M([0,T])™ such that uj, — u*. From that,
we can deduce that:
o ut|\ <liminfy, oo [Jug,|| = £ (see Remark;
o limy, oo Dr(uk,) = @r(u*) € R so u* is feasible
and ||u*|| > L.
Finally, ||u*||,, = ¢ and, under Assumption (I} prob-
lem (Ppq)) always has a minimizer.
The canonical injection of L([0,T])™ into M([0, T])™
directly ensures that,

inf ||ull,. > min [ul (2)
ue LY([0, 7)™, u e M([0,T])™,
r(u) =y, Pr(u) =y.

As for , we would like to check whether a gap occurs
or not when we extend (P]) to (Pr)). In other words, is
relation an equality? If @ has an impulsive solu-
tion, then we can reason as in the proof of Proposition|T]
to answer this question.

4.2 Existence of impulsive solutions of

The following theorem ensures that (Pp4)) can be solved
with an impulsive control and allows us to bound the
number of Dirac impulses of this solution.

Theorem 5 Assume that 2%, 2 € R™ and T > 0 satisfy
Assumption . The minimization problem has a
solution which is a linear combination of at most Y. | r;
Dirac impulses, where r; is the rank of the Kalman matrix

of the pair (A,b;).

To prove this theorem, we first consider the single-input
case (m = 1) then we break down the problem (Px/))
into m sub-problems.

4.2.1 Single-input case (m =1)
When m = 1, the idea is to consider y = 2! — 7420 as
an element of the convex hull of the set C defined by

¢={e" B te0,1]}

U {—e(T_t)AB te [O,T]} ,(3)
and to use the following lemma.

Lemma 6 LetS be a subset of a normed vector space of
dimensiond andy € Conv(S) (where Conv(-) is the con-
vex hull). There exist (;)icp1,q] € RY and (i) iep,a) € S

such that y = 2?21 o;x; with Zle a; < 1.

PROOF. The Caratheodory theorem [I8, Theo-
rem 4.3.24] ensures that there are (8;)icp1,a41] € R

and (2;)ie[1,a+1] € S such that y = Zf:ll Bix; with

f:ll Bi <1. Weset fp=1-— Z?Ll Bi > 0 and we con-
sider the following system (where (7;)ic[o,a+1] are the
unknowns)

d+1 d+1

Z%‘%‘ =0 and Z% =0.
i=1 i=0

There are d+ 1 equations for d 4+ 2 unknowns, so there is
a non-trivial solution (v;)sc[o,4+1]- In particular, there
are (at least) one ; > 0 and one v; < 0 and, by taking
the opposite if necessary, we can consider that vy < 0.
We consider the set

I—{Bi:ie[[l,d+l]]and’yi>0},
Vi

(which is not empty) and we note iy an index such that
g—" =min /. Foralli € [1,d+1], weset a; = §3; — f“ .
0 70




Thus, we have a;, =0,

d+1 d+1 ﬂ
> o =3 (8- 2o

=1

To prove the lemma, we have to check if the (a;)ic[1,d41]
are non-negative. Let ¢ € [1,d + 1]. There are three
distinct cases:

e if; =0, then o; = 5; > 0;

o if~, >0, 61 ﬁ”’ by definition of iy and a; > 0;
° 1f'yl<0thenﬁ1<0<[jmanda120 O

PROOF. (Theorem [5| (m = 1)) Let u € M([0,T])
such that ®7(u) = y. Since we know the existence of
a solution of , in order to prove this proposition,
we just have to build a control v € M([0,T]) which is a
linear combination of at most » = dim R Dirac impulses
and such that ®7(v) =y and ||v|| o, < [|ul| \r-

We consider the set C C R defined in (3]) and we assume
that u # 0 (otherwise, there is nothing to prove). Thus,
we have

y= / eT=DABdu(t)
[0,7]

:/ e(Tft)ABdLﬁ(t)—/ eT=DABdu™(t),
[0,77] [0,T]

(lu(E)] £

where, for every measurable set £, u™(FE) =

u(E ))/2 Hence, y/ [Jul| \, € Conv(C) and the Lemma [6]

ensures that there are (i)iepr) € RT, (ti)iepir) €
[0,T] and k € [1,7] such that >, a; < 1 and

ET: aie(T_ti)AB.

1=k+1

1
_ o(T—ti)A
—y = ;e B -
[[ull pq Z

Setting ¢; = «a; for ¢ € [1,k] and ¢; = —a; for ¢ €
[k + 1,7], we have, y = [ju|| , > i_, sieT 4B, with
>i_1lsi| < 1. Finally, the control v = [Jul| v, 20 <0,
verifies B7(v) — y and lolly = fulloe Sy foil <
|lul| o, which concludes this proof. O

4.2.2  Multi-input case (m > 1)

PROOF. (Theorem (5| (general case)) Let u €
M([0,T])™ such that @1 (u) = y. Just like the previous
case, to prove this proposition, we have to build a con-
trol v € M([0,T])™ which is a linear combination of at
most Y .-, r; Dirac impulses and such that ®r(v) =y
and [0y, < ]

For i € [1,m], we note u; the i-th component of u. As
before, we have

_ o(T—1A o(T—A
Y= / Bdu(t / b;du;
[0,7] Z 0,T) ®)

and we set 3! = f[o 7) e(T=Y4p,du; (t). Then, we consider

the problem

min [|v;]| 4

v; € M([0,T]) and yi:/

(0,77

e(Tit)Abid’Ui(t).

_ (Pm.i)
For every ¢ € [1,m], y* is reachable from 0 in time T
(thanks to u;) and Theorem [f] (case m = 1) ensures that
there exist (o)) jeqi,r,] € R and (t;) e, € [0,T] such
that the control v; = 22:1 a0y, is a solution of .
We go back to the problem and we consider the
control v with values in R™ whose components are the
(vi)ie[1,m] issued of the m sub-problems . By not-
ing R = )", r;, thanks to the expression of the v;,
there are (v;)jc1,z] € R™ and times (t;);ep,r) € [0, 7]
such that v = Zf‘:l 7;0¢;. Furthermore, we have

y—Zy—Z/OT]e”fAbdv() Br(v).

Finally, for all ¢ € [1,m], v; is a solution of (P ) so

ol = 2o il g < 32350 Mluallag = llull g, Which
concludes this proof. O

4.8 No gap between and

Now we know the existence of an impulsive solution u*
of (Pa]), we can build sequences (vi) and (wy) as in the
proof of Pr0p051t10n [ to obtain:

o  (vp)ken~ € LY([0,T])™;

o (w)ren- € L'([0,T])™

o v = u* and wy — 0;

o Joullzo — 0 and [legl o — 0;

o Joullp = g and el — .

Thus, we deduce this following proposition, which
ensures that there is no gap between (P|) and (Px]).



Proposition 7 We have

inf [|ul = min ul| (4)
u € LY([0,T])™, u € M([0,T)™,
Op(u) =y, Op(u) =y.

Furthermore, if u* is an impulsive solution of (Pa),
then there is a sequence of feasible controls (ux) €
LY([0, M],R™) such that

* % . *
up —u*  and klgrolo Nluell 2 = [l oy -

Remark 8 There is no guarantee that this impulsive
control will be unique or give a better result than contin-
uous controls. For example, we consider z(t) = u(t) with
n=m = 1. We can prove that the set of L' -minimizers
for this system is composed of all elements u of M([0,T))
such that u is of constant sign and u([0,T]) = f[O,T] du =

xt — 2%, Thus, among these minimizers, we can find im-

pulsive controls (with a potentially infinite number of im-
pulses), C> controls, Cantor functions or even a miz of
these varieties.

5 Use of Pontryagin’s maximum principle

In this section, we search for sufficient conditions to
ensure that any minimizer of is necessarily of
purely impulsive form by using the Pontryagin’s maxi-
mum principle (PMP) (see e.g. [2IT5)26]) on the prob-
lem .

Remark 9 Here, we do not necessarily have the control-
lability of system (@ but we can rewrite it according to a
basis of R™ adapted to the accessible set R (see [30, Theo-
rem 3.11]). By restraining to R, we obtain a controllable
system with a state in dimension r. The n —r remaining
components are not affected by the control and, thanks
to Assumption[d], they will follow the trajectory imposed
by this last system. So, even if that means working in
dimension r, in the following, we consider that the pair
(A, B) is controllable.

5.1 Change of variable

By its “almost all” aspect, the PMP does not allow
us to obtain optimal impulsive controls. Thus, we use
the same change of variable as in [§] or [21I] p. 31] to
“reparametrize” the time t and use the PMP.

We remind that for all u € R™, |u|, = Y%, |u;| where
u; are the components of u. The idea is to set:

o s(t)y=t+ fot |u(7)|; d7 with S = s(T);
e y(s(t)) =x(t) forall ¢t € [0,T7];

o wo(s(t)) = e = o

o« w(st) = sl = gult);

e o = wgy with yo(0) = 0.
Thus, for all s € [0, S], we have wq(s) +|w(s)|; = 1 with
wp(s) € [0,1] and all components of w(s) in [—1,1].
Moreover, we have,

s t
y()(S) :/ w()(O')dO' :/ 1dr = t,
0 0

which particularly ensures that wg Z 0 on [0, S]. Finally,
we can rewrite the system in the form

{ i) = wo(s)Au(s) + Bus),

Yo (s) = wo(s).

We want to minimize the quantity fg lu(t)|, dt =S —-T
with T given so finally, we are interested in

min S

y(0) = 20 and y(S) = 2,
Y0(0) = 0 and yo(S) =T, (6)
(wo,w) € ([0, 8]) x L=([0, S])™,

Vs € [0, 5], wo(s) > 0 and wo(s)+ |w(s)|; =1,
(yo,y) solution of (),

which is a problem on which we can apply the PMP.

Remark 10 Let us represent this change of variable in
the case of an impulsive controlu = ad, for a € R™ and
7 € [0,T). From the foregoing, we have

(6) = {§+ A

We could have a problem of continuity to use this change
of wvariable, but we can show that the trajectory x(-)
of corresponds to the solution y(-) of the new prob-
lem (see [21], p. 30-31] for the case m = 1).

Below, for m = 1, we have drawn the controls t — u(t),
s = wp(s) and s — w(s). We can notice that this change
of wvariable “freezes” the impulse’s moment (during a
length equal to the intensity of the impulse), see Fig. .

fo<t<r,
ifr<t<T.

5.2 First deductions of the PMP

The objective of this paragraph is to prove the following
proposition, which we will interpret after.

Proposition 11 Assume that (wo,w,yo,y) s a mini-
mizer of (6). There exists q : [0,5] — R™ absolutely
continuous and such that for almost all s € [0, S]:
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Fig. 1. Illustration of the change of variable given in Sec-

tion see Remark

(1) q(s) = —wo(s)ATq(s);

(ii) |BTq(s)| . < 1;
(#ii) if wo(s) =0, then |BTq(s)|Oo =1;
(iv) if|BTq(s)|oo <1, then wo(s) =1

PROOF. (Proposition item [(i)) The PMP en-
sures that if the control (wg,w) associated to the tra-
jectory y(-) is optimal on [0, S], then there exist two
absolutely continuous functions ¢ : [0,5] — R™ and
qo : [0,8] = Rand ¢ < 0such that (g, qo, ¢) is non-trivial
and for almost all s € [0, 5]

_0H

Q(S) = ay (y(S), yO(S)a Q(s)a QO(S)v ) ’LU()(S), UJ(S))7
. oH
qo(s) = _aiyo(y(s)vyo(s)’ q(s), QQ(S),C, ’LU()(S),U)(S)),

where the Hamiltonian H is defined by
H(y7 Y0, 4, 40, ¢, Wo, U)) = <Q5 wOAy =+ B'LU> + qgowo + c.
It follows that g is constant and ¢ satisfies item O

In order to prove items and of Proposi-

tion |11} we need the following two lemmas. In these lem-
mas, we consider the assumptions of Proposition |11} and
use the first deductions made in the proof of ite of
Proposition [I1]

Lemma 12 For almost all s € [0, S] we have

wo(s) = {O if (q(s), Ay(s)) +qo < |BTq(5)|OO7
T i (g(s). Ay(9)) + a0 > [BTa(s)], -

PROOF. When (y, 0,940, ¢, wo,w) is optimal, the
maximization condition of the PMP ensure§l] that for
almost all s € [0, 5],

H(y7 Yo, 4, q0, C, Wy, ’LU)
= H
Orgnvixél (Y, Y0, 4; Qo ¢, Vo, V)
[v]y=1—vo

= max max H 0 0,C, Vg, V).
pAX, | max (> Y0, 4, 90, ¢, 0, V)

So we must have (BT q,w) = (1 — wp) ’BTq|oo and the
Hamiltonian becomes,

H(y7y07 q; 40, C, Wo, w)

= max (vo (g, Ay) +a0) + (1= o) [BTa| , +¢)
(7)

which concludes the proof. O
Lemma 13 We have ¢ # 0.

Thus, up to a rescaling, we can assume that ¢ = —1,
and, according to @, q(+) and qp satisfy for almost all
s€]0,5],

H(y»y07Q»QO7_1,w0,w)
= wo ({¢, Ay) + qo) + (1 — wo) |BTq|C>O —-1=0.

PROOF. The final time S is not fixed, and the
system is autonomous, so for almost all s € [0,5],

H(y(s),yo(s), q(s),c,wo(s)) = 0. Let us prove
Lemma by contraposition: we assume that ¢ = 0.
Thanks to Lemma we can distinguish three cases:

o if{(q,Ay)+qo = |B—rq‘<>o7 we have H = |B—'—q|oo =
0, that is to say B ¢ = 0;

o if (q,Ay) +qo < |BTq‘007 we have wg = 0 and so
H= ‘BTq| =0, that is to say BTq = 0;

o if (g, Ay) +qo > ’B—'—q‘oo7 we have wg = 1so H =
(q, Ay) + qo = 0 and, according to our assumption,
we must have |BT¢| < 0 which is a contradiction.

Finally, we must have BTq(s) = 0 for almost all

s € [0,.5] and we use the same reasoning as in [21], p. 34]
by considering the set E defined by

E={s€[0,5]:B"q(s)=0}n{s €[0,5] : wo(s) > 0}.

As wo #Z 0, ur(E) > 0 and, by noting E? the set of
density points of E, we have ur(E?) = ur(E). Then,
we consider s € E? and a sequence (s3)reny € F which
converges to s such that |[sg,s] N E| > 0 for all k£ € N.

! The time s is omitted in the expression of H to make
computations clearer.



Let k € N. By definition, we have BT q(s) = B q(s) =
0 and, since BT q € W1>°([0, S]), we obtain that

0=BTq(s) — BTq(sp) = /S BT j(o)do

Sk

= /S —wo(0)BT AT q(0)do,

Sk

according to the (already proved) item of the Propo-
sition 11} Let i € [1,m]. We note a;(c) the i-th compo-
nent of BT AT¢(0) € R™. Thus, we have

/S wo(o)a;(o)do = 0.

Sk

But wy # 0 with wg > 0, so either a;(o) is identically
equal to 0 or its sign changes on [sg, s]. In all cases, there
exists oy, € [sg,s] such that a;(o) = 0. When k — oo,
we have o, — s and, by continuity, a;(s) = 0. We can
generalize for all 7 and obtain that BTATq(S)r = 0. By
repeating this operation, we show that BT (AT)*q(s) =
0 for all s € E4 and all k € [0, — 1]. Thus, the Kalman
condition due to the controllability of the system (see
Remark@ ensures that we have ¢(s) = 0 for all s € E<.
Then, item |(i)| of Proposition [11|ensures that

g(s) = o) AT )

)

and, by choosing o € E?, we finally obtain that ¢ = 0.
Then, the Hamiltonian is H = wyqy = 0 and, since
wo # 0, we have go = 0. But (g, go,c) must be non-
trivial, and we obtain the desired contradiction. O

PROOF. (Proposition items to|(iv)))

Lemma [13]ensures that for almost all s € [0, S], we have

wo ((g; Ay) + qo) + (1 —wo) [BTq|__ = 1.

Using Lemma [I2] we can distinguish three cases:
o if (q(s), Ay(s)) + qo < |BTq(s)|_, then wo(s) = 0
and H = |BTq‘oo —1=0,s0 }BTq(s)’OQ =1;

o if (q(s),Ay(s)) + qo = |BTq(s)|_, then H =

‘BTq’OO —1=0,so0 ‘BTq(s)L)O =1;
o if (q(s), Ay(s)) + qo > ’BTq(s)‘oo, then wq(s)
and H = {(q(s), Ay(s))+q—1 = 0,s0 ’BTq(s)‘

(q(s), Ay(s)) + qo = 1.
We deduce from it that for almost all s € [0, 5], we have
|BTq(s)|OO < 1 (item [(ii))). Furthermore, we obtain the
two following equivalences:

=1
<

o0

(q(s), Ay(s)) + a0 < |B q(s)|
(q(s), Ay(s)) + qo > | BT q(s)|

o0

. |BTq(s)|  #1

Now, we have,

Ey={s€0,5]:wy(s) =0}
c{sel0,9]: |B—'—q(s)’Oo =1}, (item|[(iD)
Ey ={s€]0,5] :wp(s) =1}

> {sel0,9]: |BTq(s)’oo #1},  (item[{iv))

which concludes the proof. O

5.3  Sufficient conditions

We recall that our objective is to find sufficient condi-
tions in order to obtain an impulsive control by using the
PMP as previously. According to Remark it seems
that we have an impulsive control when wq(s) € {(H

for almost all s € [0,7] and so, by using items [(iil)|
and of Proposition we would like to avoid the

case where wg(s) > 0 and BTq(s)‘oo = 1 on an interval
of [0, S]. Indeed, we have the following lemma.

Lemma 14 By using the notations and assumptions of
Proposition if, for almost all s € [0, 5], |BTq(s)|Oo =

1 involves wo(s) = 0, then the L*-optimal control found
by the PMP (in the previous part) is a finite linear com-
bination of Dirac impulses.

PROOF. We assume that, for almost all s € [0,S],
|BTq(s)|oo = 1 involves wy(s) = 0. Thus, items
and of Proposition ensure that for almost all
s €10,5],

[0 if ’BTq(s)’OO =1,
wo(s) = {1 if ’BTq(s)’oo # 1.

Item [(i)] of Proposition [I1]and the expression of 1o (ob-
tained during the change of variable) allow us to write
that, for almost all ¢ € [0, 7],

S
a(s(t)) = exp ( / N wo<a>daAT> 4(9)

= exp ((30(S) — yo(s(t)))AT) a(S)
=exp (T —t)A") q(S) =: p(t).

Then, for all ¢ € [1,m], we consider the following func-
tions on [0, T

fit) =blp(t) =1 and g;(t) = b p(t) + 1,



and the set

T = {t € [0,7] : wo(s(t)) = 0}
={te[0,T]: |B q(s(t)| =1}
={te[0,T]:3i € [1,m]st. |bq(s(t))| =1}
={te€[0,T]: 3 € [l,m] s.t. f;(t) =0 or g;(t) =0} .

None of the functions f; and g; can be identically null,
since otherwise, we would have 7 = [0,7] and wg = 0,
which is not. Moreover, these functions are clearly an-
alytic so they vanish a finite number of times and two
cases can occur:

o if for all i € [1,m] and all ¢t € [0,T], fi(t) #
0 and g;(t) # 0, then for all s € [0,S], we have
‘B—'—q(s)|Oo # 1, that is to say wp(s) = 1 and so
u = 0;

e otherwise, thereare N € N*and 74, ..
such that 7 = {7,..
that

TN € [Oa T]
., 7N }. We directly deduce

{s€[0,8] :wo(s) =0} =95 ({r1,...,7n})-

Since yq is continuous and non-decreasing, we ob-
tain that this set is a finite union of closed intervals,
which concludes the proof. O

Remark 15 If all eigenvalues of A are real, as in the
proof of [21, Proposition 5.2.5], by using [17, Exer-
cice 16], we can show that, for i € [1,m], each f; and
each g; has at most n zeros (counted with multiplicity)
and we have N < 2nm.

To find sufficient conditions to avoid the case where
wop(s) > 0and {BTq(s)LX) = 1 on an interval of [0, S], we
reason as in [, Proof of Theorem 6-13] by assuming that

L ({s €[0,5] : wo(s) > 0 and ‘BTq(s)}oo =1})>0.

For all i € [1,m], we consider the sets
E;={s€0,5]:wo(s) >0and |bq(s)|  =1}.

Thus, we have £ = U, E; and > ", pur(E;) >
pr(E) > 0. Thus, there exists ¢ € [1,m] such that
pr(E;) > 0 and we can write E; = E;” U E;” where

Ef ={s€0,5]:wo(s) >0and b q(s) =1},
E; ={s€0,5]:wo(s) >0and b q(s) = —1}.

Hence, we have pr(E;") > 0 or pr(E;) > 0 and we
assume that g (E;") > 0 (the other case is similar). We
can differentiate the function s + b; ¢(s) on the set E¢
of density points of Ej' and, by reasoning as in the proof
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of Lemma we deduce that, for all s € E¢ and all
k € N*, b] (A*¥)Tq(s) = 0. This implies

CTATq(s)=0 Vse EY, (8)

where, as in [5, Theorem 6-13], we have considered the
matrix C; = (bi Ab; ... A", ).
But, by definition of E;, ¢(s) # 0 and, for (8] to hold, it
is necessary that C;' AT be a singular matrix. Thus, we
must have the relation

det (CAT) =det (C;' ) det (A7) =0.  (9)
Before formulating a theorem about the desired suffi-

cient conditions, we recall the definition of a normal lin-
ear system given by [B Definition 6-15].

Definition 16 (Normalityﬂ The system (or the
pair (A, B)) is normal if, for all i € [1,m], the system
z(t) = Az(t) + bu(t) is controllable.

Thus, if (A, B) is normal and A is non-singular, then @D
cannot hold, and we obtain the following theorem.

Theorem 17 If(A, B) is normal and A is non-singular,

then any minimizer of , for the system (@, is a

finite linear combination of Dirac impulses.

Corollary 18 In the single-input case (m_ = 1), if
(A, B) is controllable and A is non-singula then any
minimizer of , for the system , is a finite linear

combination of Dirac impulses.

6 Characterization forn =2and m =1

In Section[3] we have proved Theorem 5] by using convex
combinations. Here, we assume that n = 2 and m = 1
and we want to study this convex set in order to charac-
terize the moments of the impulses. For all t1,t2 € [0, T,
we set C([tl, tQ]) = C+([t1, tg]) U C_([th tg]), where

Co ([t 12]) = {e(T’t)AB te [tl,@]} C R?,

and C_([t1,t2]), its symmetrical to the origin. We sim-
ply note C4 = C4+([0,T]) (idem for C_ and C). Thus,
the convex hull of C is the set of all ¥ € R? which can
be reached from the origin in time 7" with an impulsive
control u such that [|u[| ,, < 1. Obviously, we can adapt
this maximum thanks to a rescaling.

2 Normality is not only a notion concerning linear systems.
One can find its definition in [25] Definition 7].

3 In [23], for B € R™, the pair (A, B) is said non-singular
when (A, B) is controllable and A is non-singular.



We recall that every point of a convex set can be ex-
pressed as a convex combination of points on its bound-
ary. Thus, we want to study A = C N3 Conv (C).

Before giving a result, let us interpret A and these

notations through an example: we consider T = 7,

1-2 1
A= <2 . ) and B = <1> On Fig. [2| we have drawn

the different sets introduced in this section (on the left,
arrows follow ¢t € [0,7]). It would seem that there ex-
ists 7 € (0,T) such that A = C([0, 7]). Thus, any point
y € Conv(C) can be reached thanks to an impulsive con-
trol w consisting of (at most) two impulses in [0, 7] and
such that [ul ,, < 1.
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Fig. 2. The sets C = C4+ UC_ (on the left), Conv(C) (in the
middle) and A = A4 UA_ (on the right).

Thanks to convex combinations, for y given, finding a
such control becomes a geometry game. The appearance
of C (and so of A) directly depends on the eigenvalues
of A, and we obtain the same conclusions by change of
basis. Thus, we distinguish cases according to the Jor-
dan matrix similar to A. We do not give an extensive
analytic demonstration, but just some ideas to see the
link between the eigenvalues of A and a characterization
of the moments of the impulses.

If A is singular, we can show that C; and C_ are seg-
ments, symmetrical to the origin. Thus, Conv( C 15 a
parallelogram (possibly flat) and A = C ( see Flg

In the following, we assume that 0 & o(A) Where ol
denotes the spectrum of A). Moreover, the subs‘mtutlon
s =T —t allows us to consider fewer cases by assuming
that A has at least one eigenvalue with nonnegative real
part: it will be sufficient to “reverse” the conclusions.

Two distinct real eigenvalues. Thus, we consider

A O
A= ( 01 \ ) with A\; > 0 and Ay € R*. The controlla-
2

bility of (A, B) ensures that the two components of B
are not null. We can show that C is the representation
of a function whose study leads to two cases:

150

Conv(C)
100 L|——C N dConv(C)

50 - b

50 | 4

-100 B

-150

1 08 -06 04 -02 0 02 04 06 08 1
1

Fig. 3. A singular.

e if Ay > 0, then there exists 7 € [0,7T] such that
A =C([0,7]) (see Fig. d);

e if Ay < 0, then A is reduced to four points corre-
sponding to the times t = 0 and t = T (see Fig. .
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100 |——C N AConv(C)
-——-C \ 9Conv(C)
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Fig. 4. Two distinct positive eigenvalues.
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Fig. 5. Two real eigenvalues with opposite signs.

One doublereal eigenvalue. Thus, we consider A =
Al

( )\) with A > 0. The controllability of (A, B) ensures
0

that the second component of B is not null. By studying



the function represented by C; in the plan (x9, 1), we
obtain that there exists 7 € [0, T'] such that A = C([0, 7])
(see Fig. @;
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40

T2 0 t=T1 ’ b

Y
,

20k |

40 b |

60 . . . . .

-150 -100 -50 0 50 100 150
Tl

Fig. 6. One double positive eigenvalue

Two complex conjugate eigenvalues. Thus, we

-8«

. a fB .
consider A = with o > 0 and 8 € RT*. The

-
controllability of (A, B) ensures that B = (bl b2) # 0.
The equations of C; are given by

{x% — (T0) (b cos (B(T — 1)) + by sin (BT — 1))
zo(t) = e“T=) (by cos (B(T —t)) — by sin (B(T — t))) .

Thus, for all ¢ € [0,T], the point (z1(t),z2(t)) € C4 is

on the circle of center (0,0) and radius ("=t /b? + b3.

e if @ =0, then C is included in a circle and A = C
(see Fig. ;

e if a > 0, then C; is a spiral which get closer to
the origin and there exists 7 € [0,7] such that

A = ([0, 7)) (see Fig. {);

Conv(C)
——C N 9oConv(C)

0.4 0.6 0.8 1
xy

Fig. 7. Complex conjugate eigenvalues with null real part.

Conclusions. Table [I] summarizes the different re-

sults.
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Fig. 8. Complex conjugate eigenvalues with positive real

part.

Table 1
Summary of the results obtained in Section [6]

Eigenvalues of A

Description of A

A singular (0 € o(A))

A = C([0,T])

eigenvalues

Two distinct positive 37 € [0,T] s.t. A =C([0,7])
real negative 37 €[0,T] s.t. A =C([r,T])
eigenvalues of different signs A=c{o})ucH{T})
One double positive 37 € [0,T] s.t. A = C([0,7])
real eigenvalue negative 37 € [0,T] s.t. A =C([r,T])
Two complex positive real part 37 € [0,T] s.t. A =C([0,7])
conjugate negative real part 37 €[0,T] s.t. A =C([r,T])

zero real part

A =c([0,T])

7 Numerical computations

In this section, we propose an algorithm converging to
an impulsive solution of (P4)). For more facilities, we
assume that (A, B) is controllable.

7.1 Strategy

We reason as in [19]. Here there are the main ideas:

(1) To approach a solution of (Puy), we “cut” [0,7] in
N intervals, and we impose that the impulses occur
at times t; = L for i € [0, N]. Then, we search
for elements of R™ (corresponding to the weights
of the impulses) which allow us to approach uy,
the “discretized” solution of with imposed
impulses at times t;. Intuitively, we can imagine
that when N — oo, we do not impose the moment
of the impulses anymore, and so we approach the
desired solution (see paragraph .

Instead of solving directly , we take an interest
in a minimization problem in the form

min + Ay — Lul? ,

Lo |l + Ay = Lyl

where |-|, denotes the Euclidean norm. We can show
that we obtain a solution of (Ppq) when A —

(see paragraph .



(3) Bregman iterations help us to obtain a solution
of (Pup) from a solution of this new problem (see

paragraph .
(4) Practically, to solve this new problem, we use an
algorithm based on the coordinate descent method

(see paragraph (7.4]).
7.2 Time discretization and convergence

Let us show that the discretized solution converges to a

solution of (Ppr)) when N — co.
For N € N*, we consider a discretization Ty of [0,7]
such that

(i) Tv C Tn+1;
(ii) for all t € [0, T, limy o0 dist(t, Tn) = 0;
(iii) 7= Nyen- Tv = {f1,. .., T } with:
rk (e(T_fl)AB, e e(T_E’“)AB) =n.

This last assumption is not so strong since the control-
lability of (A, B) ensures that for almost all ¢,...,t; €

[0, T, we have tk (e(Tffl)AB, . e(T’{’C)AB) =n (see
Lemma. We set u* = ZZV:I i 07> a solution of 1|

and we consider:
o ujy = Zf\il w; -, where 7; € argmin |7 — 7l;
o uy = Zt,-,eTN 1i0,, a solution of |D with im-
posed impulses according to the discrefization Ty .
When N — oo, for all i € [1, N*], assumptionen—
sures that 7; — 77 and so u} — u*. But, according to
its construction, uj may not be a feasible control. To
“correct” this, we consider a measure v whose support
is included in 7 and such that &7 (ul, + vn) = y, that
is to say ®r(vn) =y — Pr(uly).
Since u* is a solution of (Pn)), ®r(u*) =
uly = u*, we have that limy o @7 (ul) = ®r(u*) =y
and we deduce that

Z eT=DAByN (1) = 0.
teT

lim ®7p(vy) = lim
N—o0 N—o00

Thus, since rk (e(T’El)AB, ey e(T’E’C)AB) =n, we de-
duce that vy can be chosen such that limy o [[on]| v =

0 and so u}y + vy — u*.

By construction, uy is solution of among the mea-
sures presenting impulses at times ¢ € Ty . The control
ujy + vy only has impulses at times t € T so

lunllae < lluy +onlla < lludvllae+ llowliagc-

But [luy |l rs = lu*]| o and [[un]| 1, — 0 so there is C' €
R independent of N such that ||uy||, < C. We deduce

that there is & € M([0,T]) such that uy — .
Since u* is optimal, we have ||a| ,, > [[u*]| \,. But we
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also have

v < timin (el g + o)

= lim inf ||u} = ||lu* .
i in ] v = [l g

Thus, ||@|| ,, = [|u*|| r, which proves that, when N — oo,
the minimizer of the discretized version of (P4 con-
verges (up to the extraction of a subsequence) to a min-

imizer of (Pp)).

As announced in the strategy, we decide, for N € N*, to
cut [0, 7] in N intervals (of same length) [t;,t;+1] where
t; = L with i € [0, N]. We note Uy the set of controls
in the form of linear combination of Dirac impulses at
times ¢; on [0, T]. In other words, we have

N
Uy = {Zaiéti : Vi € [0,N], t; = %
i=0

T m
and o = (@1,Q2,...,0m) €R }

Modulo extraction, this discretization of [0, T] respects
the assumptions of this proof. Thus, for NV given, we want
to write an algorithm allowing us to approach uy, solu-
tion of constrained in Uy . Large values of N make
un closest to a general solution of (i.e., without a
restriction to Uy ).

7.8 Reformulation of

For N € N* given, we are interested in the “discretized”
minimization problem

min ||ul]
M (PR)
‘ u €Uy and Pr(u)=y.

N .
To a control v = ) ;" , a;0;, € Uy, we can associate the

vector € R™N+1 presenting the m components of
each N + 1 elements «; associated to the impulses of u.
Thus, this “discretized” problem can be rewritten in the

form
. m(N-+1
min |ul, = X7 |

pe RN and Ly =y,

where j1; are the components of ;1 € R™N+D) and
I = (G(Tfto)ABv L 6(T—tN)AB) € RAXm(N+1)

We note p* a solution of this problem, and we consider
the problem

Ia(p) = |l + Ny — Luly, (P

min
ILERm(NJrl)



where A > 0 is a scalar parameter. We note p) a solution
of this problem, and we have that

2 * *12 *
lualy + My = Lpaly < |p*ly + Xy — Lp™[; = [0, -

Since A |y — LuA\g > 0, we deduce that |py|; < |u*|; for
all A > 0.

By denoting wuy (respectively u*) the control of Uy
associated to py (respectively to p*), we obtain that
lluxll g < |lu*|| o for all A > 0. Thus, there is us €
Uy such that (up to the extraction of a subsequence)

Uy — Usy when A — o00. By considering pio the ele-
ment of R™(V+1) associated to us, we directly have that
|thooly < |p*|; and, since |y — LMOO@ = 0, the optimality
of p* ensures that |pso|; = |p*|;-

To obtain a solution of (]_]F_Z from one of , we use, as
in [19] (and initiated in J10]), the Algorithm 1] based on
Bregman iterations. This method allows us to approach
the solution with a few numbers of iterations and for
reasonable values of A (see [19]).

Algorithm 1 Bregman iterations method

Require: L € R™*M 4 c R" ) > 0, tolerance
Ensure: p € argmin {|u[, : p € RM sit. Lp =y}
Y00
: ,LLO —0

Ly*—y
|\yi‘2 > tolerance do

1

2

3: while -

4: YRty +yF — LyuF
5 pF T argmin, cpa {|,u|1 + A |Lp = yk+? E}
6: end while

7.4 Coordinate descent method

To complete this algorithm, we have to describe a
method to solve (line[5 of Algorithm|[I]). We choose
to use the coordinate descent method: at each iteration,
we stabilize all components of p except one, which we
update to approach the solution. So this method asks
two questions:
e How to choose the component of x4 that we want
to update? We call this way of selection the sweep
pattern.

e How to update the chosen component of p?

We do not give details of computation, but the algo-
rithm can be found in Appendix[A]l

Sweep pattern. The function Jy is convex and lower
semicontinuous. So p* = argmin, Jx(u) if and only if
0 € (0Jx(p*)), for all i € [1,m(N +1)], where 0J(1*)
is the subdifferential of Jy in p* and (0Jx(p*)); its i-th
component.

We decide to update the i-th component of p such that
(0Jx (1)), is the farthest (from 0) component of 9.Jy(x).
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Expression for the update. In dimension 1, the so-

lution of
wmin (Ja] + Aw — )?)

is given by x = shrink (f, %), where

JF—n it f>p,
shrink (f,u) =<0 if —pu<f<up,
f+up if f<—p.

For pn € R™WV+D and i € [1, m(N+1)], we express what
depends on the i-th component of i in the expression of
Jx () to find a formula to update the chosen component.

7.5  Results on discretized 1D heat equation

We consider the 1D heat equation, for ¢ > 0 and £ €
(0,1), defined by

Db(t,€) = OZ(L, €),

O¢(t,0) =0, (10)
Bt 1) = u(t),
$(0,€) = 40 (),

where 10 € L2([0,1]) is the initial state. As in [21], we
consider the finite-difference spatial discretization of this
problem. Thus, we can rewrite in the form of the

system with

—2 2 0 .- 0
1 21 0 0
0
A= (n—-1)> e R™*™,
0
1
0 -+« «-- 0 1 =2

.
and B = (n—l)Q(O,,,01> € R™ where n > 2 is

the number of discretization points and z;(¢) (the i-th

il ) . Moreover,
n—1

component of z(t)) stands for ¢ (t,

the pair (A, B) is controllable.

On Fig[d we have drawn the impulsive control
(composed of 10 impulses) obtained thanks to Algo-
rithm [I| for the control time T° = 1, initial condition
YO(€) = sin(m€) + £ sin(107¢) and target 1! (£) = 0, and
we have set the relaxation parameter A to 50. For the
discretization, we have chosen N = 1000 and n = 101.
On Fig[l0] we have represented the evolution of the
temperature with this control for £ € [0, 1]:

10(a)

e Dbefore the first impulse on Fig




e between the first impulse and just before the second

one on Fig

e Dbetween the second impulse and the fifth one on

e Dbetween the sixth impulse and the last one on

8 Conclusion

In this paper, we proved the interest of impulsive
controls in L° or L'-minimization problems for lin-
ear systems. On one hand, when we authorize Radon
measure controls, there exists a minimizer which is im-
pulsive and, on the other hand, when we are restricted
to L1([0,T])™, we can still approach this impulsive
minimizer. In other words, there is no gap when we ex-
tend these minimization problems from L!([0,7])™ to
M([0,T])™. An impulsive optimal control is usually not
unique, but we can find one with a number of impulses
bounded by:

e the rank of the Kalman matrix of the pair (A, B)
for the L-minimization problem;

e > 1 (wherer; is the rank of the Kalman matrix
of the pair (4,b;)) for the L'-minimization prob-
lem.

Furthermore, the obtained results are confirmed by
some numerical experiments.
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Fig. 9. An optimal impulsive control for the discretized 1D heat equation.
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A Algorithm for coordinate descent method

Algorithm 2]allows us to update the vector y in Bregman
iterations (line [5| of Algorithm . We give here some
explications on it.

Algorithm 2 Coordinate descent method

Require: L € R"*M 4 c R", X\ > 0, tolerance
. 2

Ensure: ;1 € argmin, cgm {|,u|1 + ALy — y|2}

1. p+0eRM

2: A+ —LTycRM
3: G+ 0eRM

4: for i € [1,M] do

5 if [2AA(i) + 1] > 1 then

6: G(i) < [2AA() + 1| -1
T end if
8
9

: end for
© 0" < argmax;ep pp G(7)
d< (LTL) (i*,i)

10:

110 n + p(i*)

120 p(i*) < % shrink (p(i*)d — A(i*); 55)
13: k<+0

14: while |G| > tolerance do

15: AG*) < AG*) + (p(i*) —n) LTL(:, %)
16: for i € 1, M] do

17: if p(i) =0 then

18: if [2AA(7) + 1] > 1 then

19: G(i) < [2AA(G) + 1] — 1
20: else

21: G(i)+ 0

22: end if

23: else

24: G (1) + |2AA(7) + sign(p(0))]
25: end if

26: i* < argmax; ey p G(7)

27: d<« (LTL) (i*,i*)

28: 7 < (i)

29: (%) % shrink (u(i*)d — A(i*) 5 55)
30: end for

31: k+—k+1

32: end while

Variable A (lines d is an help for computations.
By reasoning as in [19], we can find an induction relation
on it (line and save computations. For this reason,
we have to initiate variables (lines [1] to before the
main loop (lines [13] to[32).

Each component of G € RM is the smallest element
(in absolute value) of the corresponding component of
the subdifferential of Jy. The biggest components of G
indicate the index of the component of u to be updated
(lines [9] and [26)).

Variable d (lines[L0]and [27)) is the coefficient on the i*-th
row and the i*-th column of the matrix L' L and takes
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part in the update of (linesand. Variable n is a
save of the ¢*-th component of u before the update: we
need it in the induction relation of A.

Remark 19 When this algorithm updates a new com-
ponent of w, it might lose time between two close im-
pulses and produce a “dirty” representation of . To avoid
that, we can solve (thanks to C V)(El for example) the re-
strained minimization problem before the update of a new
component.
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