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MULTIFUNCTION ESTIMATION IN A TIME-DISCRETIZED SKOROKHOD
REFLECTION PROBLEM

NICOLAS MARIET

"Université Paris Nanterre, CNRS, Modal’X, 92001 Nanterre, France.

ABsTrRACT. This paper deals with a consistent estimator of the multifunction involved in a time-
discretized Skorokhod reflection problem defined by a stochastic differential equation and a Moreau

sweeping process.

1. INTRODUCTION

Let X; be the location recorded at time ¢ € [0, 7] of a target living in a convex body C(t) of R™, where
T > 0 and m € N*. Due to a lack of information on the target’s behavior, C(¢) may be unknown, and
then needs to be estimated. For instance, if X; is the location of an animal at time ¢, then its territory
C(t) is a priori unknown. Such an application in ethology has been investigated in Cholaquidis et al. [4]
when the process X is a reflected Brownian motion. More generally, X may be modeled by the following
continuous-time Skorokhod reflection problem defined by a stochastic differential equation and a Moreau

sweeping process (see Moreau [8]):

t t
Xt = / b(XS)ds + / O'(Xs)dws + Yt
0 0

\
=
m

Nap (X DY|-a.e.
1) with s (X) DY St e 0,7,

Yo(-) = %o
where
e b (resp. o) is a Lipschitz continuous map from R™ into itself (resp. GL,,(R); the space of
the m x m invertible matrices with real entries), W is a m-dimensional Brownian motion and
C: R4y = R™ is a convex-body-valued multifunction.

e For every convex body K of R™,
Ni(x) :={seR™:Vy € K, (s,y —x) <0} is the normal cone of K at point x € R".

e For every continuous function of bounded variation ¢ : [0,7] — R™,

dD
Y= W@‘ with D¢ the differential measure of ¢ and |D| its variation measure.
®
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Roughly speaking, a solution of Problem (1) behaves as a diffusion process when X; € int(C(¢)), but
when X; reaches 9C(t), a minimal force Y, is applied to X; in order to keep it inside of C(¢). About the
existence and uniqueness of the solution of Problem (1), the reader may refer to Bernicot and Venel [1]
and Castaing et al. [2]. Under appropriate regularity conditions on the multifunction C (see Bernicot and

Venel [1], Theorems 3.9 and 4.6), a uniformly convergent approximation of X is defined by

Xj+1 = HC(tj+1)(Xj + b(XJ)An + U(Xi)(wtg‘+1 - wtj))
XO = Xg € C(O)

(2) ;7 € Jn\{n},

where II¢ () is the orthogonal projection from R™ onto a given convex body C of R™, J,, :={0,...,n}
with n € N*, A, :=T/n with T' > 0, and ¢; := jA, for every j € J,. Our paper, which is part of the
copies-based statistical inference for diffusion processes (see Comte and Genon-Catalot [5], Marie and

Rosier [7], Denis et al. [6], etc.), deals with the consistency of the estimator
= <1 SNy
Cnj=conv{X;,....X; }; j € J,\{0}

of C(t;), where conv(-) is the convex hull operator, and il, .. ,XN are N independent copies of X. Pre-
cisely, Theorem 2.1 says that EN’J- converges to C(t;) - with rate N - when m = 1, and Theorem 2.2
says that ENJ converges pointwise to C(¢;) when m > 1 and the multifunction C is decreasing (possibly
constant). Finally, for another example of estimator computed from observations of the approximation

scheme of a reflected diffusion model, the reader may refer to Cattiaux et al. [3].

Notations and basic definitions:

e The Euclidean norm (resp. distance) on R™ is denoted by ||.|| (resp. d).

e For every m x m real matrix A,

| Ax||
Allop := sup .
[Allor = 12 ]

e For every K € P(R™),
d(-, K) :=inf{d(-,y) ; y € K}.

e Consider two normed vector spaces (E, ||.||g) and (F,||.||r). For every Lipschitz continuous map

f:E—=F,
| fllLip := sup M

aty v —2le

2. MAIN RESULTS

First, the following theorem says that Cy j converges to C(t;) - with rate N - when m = 1.
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Theorem 2.1. Assume that there exists a constant m¢ > 0 such that, for every t € [0,T] and x € C(t),

|z| < m¢. For any j € J,\{0},

dH(aN,j, C(t;)) := max{sup(C(t;)) — sup(aNJ),inf(aNJ) —inf(C(¢;))} LN 0,

N —oc0
and if in addition o is constant, then

Ndy(Cn.j,C(t;)) —— 0.

N—o00
Now, consider two convex bodies K and L of R™ such that L C K. If
d(x,L) =0 ; Vx € int(K),

then int(K) C L, leading to K = L because K and L are closed subsets of R™. For this reason, it makes
sense to say that a sequence (L, )nen of random convex-compact subsets of K converges pointwise (in
probability) to K if and only if,

d(x, L) —— 0 ; ¥x € int(K).

n—oo

The following theorem says that Cy ; is pointwise consistent, for every j € J,,\{0}, when the multifunction

C is decreasing (possibly constant).

Theorem 2.2. Assume that C(t) C C(s) for every s,t € [0,T] satisfying t > s. Then, for every j €
J\{0}, Cwj converges pointwise to C(t;):

d(x,Cn ) —L L0 wvxe int(C(t;)).
’ N—o0

APPENDIX A. PROOFS

A.1. Proof of Theorem 2.1. The proof of Theorem 2.1 relies on the following lemma.

Lemma A.1. Consider C = [I,S] with I,S € R satisfying I < S, a R-valued random variable H, and

6}\[ = [TN,S\N] with fN:min{Xl,...,XN}

and Sy = max{X1,..., Xy},

where X1, ..., Xy are N independent copies of X = lc(H). Moreover, let ® (resp. F) be the distribution
function of H (resp. X ).

(1) Assume that

(3) ®((1,95)) C (0,1).
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Then,

dH(éN, C) L 0.
N—o00

(2) Assume that there exist @, € C1(C;(0,1)) such that

(4) H() <O <p() on C.

Then,

The proof of Lemma A.1 is postponed to Subsubsection A.1.1.

Consider j € J,\{n}, and let ®;11 be the distribution function of

Hj+1 = ij + b(ij)An + O’(Xj)Zj_;'_l with Zj+1 = thl — wt..

J

First, since X; € C(¢;), |X;| < mc, and then

—mc + An min b(U) +O'(ij)2j+1 < Hj+1 <me + An max b(’U) +O'(Xj)2j+1.

[v]<me [v|<me

=Mmn ::I\/fn

So, by assuming that o(-) > 0 without loss of generality, for any = € R,

— M, _
P (Zj+1 < —|x|> < P(o(X)Zj41 <2 — M,y)
Me
< @j44(x)
(5) < P(0(%))Zj1 < —my) <P <2j+1 < 'xm"'>

with

me = min o(x).
‘x‘gmc

Since Z;11 is a Gaussian random variable, ®;,1(z) € (0,1), and then
du(Cnj, C(t;)) —~ 40 by Lemma A1.(1).
N—o0
Now, assume that o(-) = s with s > 0. By Inequality (5),
Yig1() < Pjpa() < @ja() on R,

where ¢; 1 (resp. ¥;41) is the distribution function of ;41 := sZ; 1 + M, (resp. (j11 = SZjt1 + my).

Since both ;11 and (j4+1 are Gaussian random variables, ¢;11, %41 € C*(R;(0,1)), and then

Ndy(Cy;,C(t;)) NL> 0 by Lemma A.1.(2).
—00
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A.1.1. Proof of Lemma A.1. First of all, in order to prove Lemma A.1, let us establish the following

suitable relationship between ® and F':
(6) F(LE) = @(x)1]<x<s + 19525' ; Vz € R.
For any z € R, since {I < H < S} C {X = H},

Flz) =P(X<z,He ([,9)+P(X <z (1,9))

,H
H

< 4
< <NH+PX<a,H>S).

= PH<a,] <H<S8)+PX <z,

Moreover,
PH<z,I<H<S)=PUI<H<2)licges +PI < H<S)1;>g

and, since {H < I} ={X =TI} and {H > S} = {X = S},
P(X <o, HSI)+PX <a,H>S)=PH< Dlyss +PH > S)1yss.
Thus,

F(x) =PI < H<2)lrcpes +P(H < N1ysg
(P < H < S) +P(H > 5))1ass
= (P(H <z)—P(H < I))licacs
VYPH < I)(Loeg + 1osg) + P(H > 1,55

=P(H < l’)l]gx<s +(P(H <L)+ P(H >1T)) 1,>5 = (I)(l')11<1<5' + 1:>5.

=1

Let us establish Lemma A.1.(1,2).

(1) First, let us show that H satisfies (3) if and only if
(7) ®((—00,5)) € [0,1) and &((1,00)) C (0,1].
On the one hand, if H satisfies (7), then

®((1,5)) = ®((—00,5) N (I,0))

C B((—00,8)) N B((T,00)) € [0,1) N (0,1] = (0, 1).
On the other hand, (3) implies (7) because ® is increasing. Now, let us prove that if

(8) (I)<(_OO’S)> C [Oal)v
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then Sy is a converging estimator of S. By (6) and (8),
sup{z e R: F(z) <1} = S.

Let Fy be the distribution function of §N. Since X1,..., Xy are independent copies of X, for

any x € R,
N
Fy(z) =P (ﬂ{xi < m}) = F(x)N.
i=1
On the one hand, for z < S, F(x) € [0,1) by (9), and then

lim Fy(z) = lim F(z)Y =0.

N—oc0 N —oc0

On the other hand, for z > S, F(x) =1 by (9), and then

lim Fy(z)= lim F(z)Y =1.

N —oc0 N —oc0

So, F converges pointwise to 1(5 ) (the distribution function of w — S), leading to

P~ P
Sy — S.
N—o00

Finally, by assuming that H satisfies (3) (or equivalently (7)),
= P
Iy — 1,

and thus

dH(aN,C) = sup d(x,aN) because Cy C C
zeC

= max{S — §N7fN - I} T ..
N—oo
First, since X is a [I, S]-valued random variable, for every = € R,

. AN
PNy -8) <o) =P(X <5+ %) =1

Now, by Equality (6), and since ®(-) < ¢(-) on C = [I,S] with ¢ € C*(C;(0,1)), for every
yell,5),
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Then, for any = < 0, and every N € N* such that N > —x/(S —I),

P(N(Sy —S) <) = (1—P(X>S+%))N

<¢(5+£)N:

()" exp(N log(1 + Un(x)))

N
with UN(.%‘) = w — 1,
and
Nlog(1+Un() = ‘;((g))x +o(1).

Since ¢(S) < 1, the distribution function of N(Sy — S) converges pointwise to 1g_, and thus

P

(10) N(S — Sy) —— 0.
N—o0
Since ®(+) = 9(+) on C = [I, 5] with ¢ € C1(C;(0,1)), as previously,
(11) N(Iy —I) —— 0.
N—o00

In conclusion, by (10) and (11),

Ndy(Cy,C) = max{N(S — Sy), N(Iy — I)} —— 0.

N—oc0

A.2. Proof of Theorem 2.2. The proof of Theorem 2.2 relies on the following lemma.

Lemma A.2. Consider a convex body C' of R™, a R™-valued random variable H, and

GN = conv{Xy,...

7XN}a

Assume that, for every x € int(C) and

where X1,..., Xn are N independent copies of X = Il (H).

e >0,

(12) Py (Ba(x,e) Nint(C)) > 0.
Then,

~

d(x,Cn) —— 0 ; ¥x € int(C).

N—oc0

The proof of Lemma A.2 is postponed to Subsubsection A.2.1.

For every j € J,\{n}, consider

Hj+1 = ij + b(XJ)An + U(Xj)Zj+1 with

= Wt,

j+1

— W,

J

Zj+1
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The proof of Theorem 2.2 is dissected in three steps. Step 1 deals with a suitable control of ||H;1; — x|,

depending on Z;4; and ||X; — x|, for every j € J,\{n} and x € C(t;41). In Step 2, the condition

Py, (Ba(x.2) Nint(C(1;))) > 0 ;

Vj € J,\{0}, Ve > 0, Vx € int(C(¢;))

is checked in order to apply Lemma A.2 to EN,l, . ,/C\N’n in Step 3.

Step 1. For any j € J,\{n} and x € C(¢;41), since b and o are Lipschitz continuous maps,

[Hj 11 —x[| = [[X; —x + (b(X;) — b(x))Ap
+(0(X5) = 0(x))Zj1 + b(X) Ay 4 0(%)Zj 11|
< (T4 [blluipAn + llollLipllZj+1IDI1X; — %[ + Rjt1(x)

with  Ryy1(x) = [l0(0)Z541 + DA,
On the one hand, since o(x) € GL,,(R),
1Zj 1]l = o)~ (o (x)Zj41 + b(x) A — b(x) A
< o (%)™ lop (Rj41(x) + [b(x) [ An).-

On the other hand, since C(ty),...,C(t,) C C(0), and since C(0) is a compact subset of R™, there exists

a constant me > 0 such that, for every k € J,, and v € C(tg), ||v|]| < m¢. Thus,
(13) [Hj1 = x[| < exl|X; — x| + c2Rj41(x)
with

o =1+ <||b||L1p+ loflrip sup {IIU(V)lllopb(V)ll}> A

Ivil<me

and ¢ =1+ 2me||o||Lip sup ||a(v)_1||op.
IvlI<me

Step 2. For every j € J,\{0} and x € int(C(¢;)), there exists €;x > 0 such that

(14) Bd(X,é‘j,x) C int(C(tj)).
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First, for every £ > 0 and x € int(C(¢1)), by (14), since o(x¢) € GL,,(R), and since [W, ]1,. .., [W, |m are
i.i.d. Gaussian random variables,
Py, (By(x,€) Nint(C(t1)))
> P([Jx0 — x + b(x0)Ap + o (X0)Wy, || < e Ae1x)
> P([[W,, + 0 (x0) ™" (%0 = x +b(x0)An) || < [[o(x0)[lop (€ A1) = 1,x(€)

with

pix(e) = T PUMe]k + [o(x0) ™ (%0 — x + b(x0) A )]
k=1

< (\/EHU(XO)HOP)_I(E Ne1x)) > 0.
Now, consider j € J,\{0,n}, and assume that for every € > 0 and x € int(C(¢;)),
(15) Py, (Ba(x, ) Nint(C(t;))) > 0.

For any ¢ > 0 and x € int(C(¢j41)), by Inequality (13), by (14), since Z;4; (and then R;j;1) is independent
of Fj = o(Wy,,..., W), and since X; is F;-measurable,
Py, (Ba(x,€) Nint(C(tj+1)))
> P(Hy1 — X1 < £ A1)
> P(ar[|%) — x[| 27 (e Agjrix) Rj11(%) <27 (e Agjix))
> P(|[X; — x| < (261) 7 (e Agjpax) Hy € int(C(t;)))

xP(Rjr1(x) < (262) 7 (£ A gja1x)).

On the one hand, since X; = H; on {H; € int(C(¢;))}, and since x € C(t;41) C C(t;), by (15),
P([|%; — x| < (2¢1) 7 (e A gj1.x), By € int(C(t;)))

= IPHJ (Ed(x, (2C1)71(€ A\ 5j+1,x)) N int(C(tj))) > 0.

On the other hand, since o(x) € GL,,(R), and since [Zjy1]1,...,[Zj41]m are i.id. Gaussian random

variables,

P(Rj41(%) < (2c2) (A1)

> P([lo(x) lopl|Zj+1 + (%) T B) A ]| < (202) 7 (e Aj1x)) = Hjr1x(e)
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with
m

Pjt1,x( H [Zj 1]k + [o(x) ' B(x)] 6 Ay
k=1
< @eavmllo(®)lop) (= A ej41)) > 0.
Step 3 (conclusion). By Step 2, for any j € J,\{0},
Py, (Ba(x,e) Nint(C(t;))) > 0 ; Ve > 0, Vx € int(C(t;)).
Thus, by Lemma A.2, ENJ converges pointwise to C(¢;):

d(x,Cn.j) ——> 0 ; Vx € int(C(t;)).
N —o0

A.2.1. Proof of Lemma A.2. Consider x € C' and

N
by (x) = min d(x, X.).

Since {Xy,..., Xy} C Cn by the definition of Cy,

d(x,Cy) = inf d(x,y)
yeCn

min d(x,y) = on(x).
ye{X1,...Xn} ( y) N( )

N

Moreover, for any € > 0,

P(on(x)>¢) =P (ﬁ{d(x, Xi) > €}>
= IP’(d(lx,X) > )V = (1 - Fx(e)V,
where F is the distribution function of d(x, X), and
Fy(e) = P(d(x, X) < &, H € int(C)) + P(d(x, X) < &, H ¢ int(C))
> Pld(x, H) < &, H € int(C))
because {H € int(C)} C {X = H}.

Thus,

~

P(d(x,Cn) > ¢€) < (1 = Py (Ba(x,¢) Nint(C)))N.

In conclusion, by Inequality (12),
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