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Abstract11

Given a hypergraph, computing its transversal hypergraph is a classical problem whose exact12

worst-case complexity is still unknown today. In this article, for random hypergraph models à la13

Erdos and Renyi, we compute the average number of minimal transversals. We also study the14

average complexity of Berge’s algorithm, which sequentially enumerates the minimal transversals.15

We prove that the average complexity of Berge is quasi-linear in the average number of minimal16

traverses. Our contribution is also methodological: we use a wide range of analytic combinatorics17

techniques to extract the coefficients of probabilistic generating functions.18
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1 Introduction23

A hypergraph H is a pair (V, E) where V is a set of vertices and E is a set of hyperedges,24

each hyperdge being a subset of V. A transversal of H is a subset of vertices T ⊆ V that25

intersects all the hyperedges. A transversal is said minimal if no proper subset is also a26

transversal. The Transversal Hypergraph Generation problem (THG problem) consists in27

computing, for a given hypergraph H, the transversal hypergraph Tr(H) formed with all the28

minimal transversals of H.29

This problem has gained considerable attention in recent years due to its generality30

and wide applicability in a variety of fields, including artificial intelligence and logic [16],31

computational biology [10, 36, 26], cryptography [32], database theory [37], data mining32

[23, 1, 7], distributed computing [21], e-commerce [3], machine learning [24], mathematical33

programming [35, 33], mobile communication systems [39], semantic web [30], topology [14],34

combinatorics [38], and game theory [8].35

Several problems are equivalent to the THG problem. For instance, the enumeration of36

minimal dominating sets or total dominating sets in graphs can be polynomially reduced to37

the THG problem [9, 29].38

The size of Tr(H), or equivalently, the number of minimal transversals, may be exponential39

in the size of H. Efforts have been done to determine an upper bound for the size of Tr(H)40

such as in [4] (and the references it contains) where both upper and lower bounds have been41

computed for tripartite 3-uniform hypergraphs. Since the size of Tr(H) may be exponential42

in the size of H, it is not possible to find an algorithm that runs in polynomial-time. Johnson,43

Yannakakis and Papadimitriou [28] introduced various classes of complexity involving the44
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size of the intermediate results or the size of the output. They defined the class of output-45

polynomial time problems that can be solved in polynomial time with respect to the size of46

the input and the output.47

Finding an output-polynomial algorithm for Transversal Hypergraph Generation is a48

long-standing problem [12]. While the question remains open for arbitrary hypergraphs,49

algorithms achieving output polynomial time complexity exist for several classes of hyper-50

graphs: hypergraphs with bounded minimal transversals [15], with bounded edge sizes [6, 15],51

of bounded degree [17], of bounded-edge intersections, of bounded conformality [6].52

The Berge algorithm, also known as the sequential method, was the first proposed53

algorithm to solve the THG problem [5]. It computes the transversal hypergraph by adding54

one by one the hyperedges and by updating the set of minimal transversals. Takata proved55

that its worst-case complexity is not output-polynomial [40] and exhibited specific hypergraphs56

where the quantity of intermediate minimal transversals could exponentially exceed the final57

solution. In recent years, several improvments of the Berge algorithm have been conducted.58

As instances, we can cite the algorithms proposed by Dong and Li [13], Bailey, Manoukian,59

and Ramamohanarao [2], Kavvadias and Stavropoulos [31].Using a method akin to Takata’s60

in [40], Hagen proved that most of the improvements of Berge algorithms that mentioned61

are not output polynomial [25].62

The currently fastest known algorithm for solving the Transversal Hypergraph Generation63

problem is due to Fredman and Khachiyan [20, 34] and runs in quasipolynomial time No(log N),64

where N is the size of the input plus the output.65

In this paper, we adopt a probabilistic point of view on the THG problem and we are66

interested in computing the average size of the output and the average case complexity of the67

algorithms. In [22], the authors studied the average-case complexity of the decision version68

of the THG problem on uniform instances. However, the uniform distribution leads with high69

probability to very specific hypergraphs. An upper bound on the average complexity of70

the MTMiner algorithm [27] for the THG problem, is also given in [11]. The authors study71

various random models in which they give bounds on the number of transversals or minimal72

transversals. Then they use those results to obtain bounds on the average complexity of the73

MTMiner algorithm.74

In this article, we use the probabilistic models introduced in [11] (see Section 2). However,75

our methodology based on Analytic Combinatorics [19] is for the first time used in the76

analysis of minimal transversals. The methodology allows us obtain more precise results, in77

particular an equivalence on the asymptotic average number of minimal transversals. We78

also study the average-case behaviour of Berge algorithm instead of MTMiner.79

Analytic Combinatorics is a general method developed by Flajolet and Sedgewick in the80

80’s [19]. The method mixes tools from the Symbolic Method and complex analysis in order81

to describe the asymptotic behavior of algorithms or large random data structures.82

The main tools are generating functions whose coefficients describe the probabilistic83

behavior of the parameters of interest. Explicit expressions of the generating functions are84

usually obtained using the Symbolic Method that translates the combinatorial structure of85

the problem into operations on the generating functions. Then, tools from complex analysis86

such as transfer theorems or saddle point method are used to compute the asymptotic of the87

coefficients.88

Paper is organized as follows. Section 2 details random models we consider on hypergraphs.89

Section 3 recall basic definitions and notations on hypergraphs and Berge Algorithm. We90

also show the relation between the probability of a given set to be a minimal transversal and91

the average case complexity of Berge algorithm. Section 4 describe probabilistic generating92
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functions for a set with ℓ vertices to be a minimal transversal in the general model. As we93

will see, both an exponential generating function and an ordinary one will be necessarily to94

obtain the average complexity of Berge Algorithm. Section 5 contains the main results of95

the paper. We present the probability for a given set of size ℓ to be a minimal transversal in96

an hypergraph with m hyperedges. From this we deduce the average number of minimal97

transversal and the average complexity of Berge algorithm. Finally, we show that the98

Poisson-Mellin-Newton cycle can be used on the exponential generating function to obtain a99

closed formula to compute the probability for a set to be a minimal transversal, that did not100

appear in [11]. Section 6 contains our perspectives and how we intend to improve our results101

using an even more general random model. Section 7 contains the full detailed proofs.102

2 Random models103

The two following random models we present in this section already appear in [11]. The104

hypergraph H can be seen as a binary matrix M(H) = (χi,j(H))i=1..m,j=1..n, called the105

incidence matrix of H, with χi,j(H) = 1 if and only if the vertex vj belongs to the hyperedge106

ei. In the first random model, the columns and the rows of the matrix are independent. It107

can be seen as the adaptation of the Erdös-Renyi model [18] on hypergraphs.108

▶ Definition 1 (HG(m, n, p) random model). Let p ∈ [0, 1] be a parameter. In the HG(m, n, p)109

model, the family of random variables (χi,j(H))i=1..m,j=1..n forms an independent family of110

random variables where for all (i, j), χi,j follows a Bernoulli law of parameter p.111

The second model generalizes the previous one.112

▶ Definition 2 (HG(m, n, π) random model). Fix a sequence π = (π1, . . . , πn) in [0, 1]n of real113

parameters. In the HG(m, n, π) model, the family of random variables (χi,j(H))i=1..m,j=1..n114

forms an independent family of random variables where for all (i, j), χi,j follows a Bernoulli115

law of parameter pj.116

All the rows (hyperedges) follow the same distribution conversely to the columns where the117

degree of the vertex vj follows a binomial law of parameter (m, pj). Then, the average degree118

of vj is controlled and is mpj .119

In [11], the authors obtain precise bounds on the average number of transversals and120

minimal transversals in the HG(m, n, p) model, and some less precise results in the HG(m, n, π)121

model. In this paper, we obtain more precise results than in [11] in the HG(m, n, p) model122

and some versions of the HG(m, n, π) model.123

3 Berge Algorithm and parameters of interest124

Given two simple hypergraphs H = (V, E) and H′ = (V ′, E ′) where E = {e1, · · · em} and125

E ′ = {e′
1, · · · e′

m′}. There are two different “unions”, namely H ∪ H′ and H ∨ H′ which are126

defined as follows.127

H ∪ H′ = {e1, e2, · · · , em, e′
1, e′

2, · · · , e′
m′}128

H ∨ H′ = {ei ∪ e′
j ; i = 1, 2, · · · m, j = 1, 2, · · · m′}129

▶ Proposition 1. [5] Let H and H′ be two simple hypergraphs. Then

Tr(H ∪ H′) = min(Tr(H) ∨ Tr(H′))
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The Berge algorithm, as described in [5], uses Proposition 1 to generate the transversal130

hypergraph through the following procedure. Given a hypergraph H with edges E =131

{e1, e2, . . . , em}, let Hi = {e1, e2, . . . , ei} for i = 1, 2, . . . , m. The transversal hypergraph of132

Hi is determined as133

Tr(Hi) = min[Tr(Hi−1) ∨ Tr({ei})] = min[Tr(Hi−1) ∨ {v | v ∈ ei}].134

This result is an iterative computation process, known as Berge algorithm, eventually yielding135

Tr(H) = Tr(Hm). The given pseudocode for the Berge algorithm is as follows.

Algorithm 1 Berge Algorithm

1 Initialize Tr(H1) with the vertices v for v ∈ e1;
2 for i = 2 to m do
3 Tr(Hi) = min[Tr(Hi−1) ∨ {v | v ∈ ei}];
4 Output Tr(Hm);

136

The order in which hyperedges are considered has an impact on the algorithm’s efficiency.137

A natural question is therefore to establish an optimal order for the hyperedges and check138

whether it has an impact on the worst-case complexity. This question has been addressed139

by Takata[40], who demonstrated that the Berge algorithm is at least super-polynomial140

for any order. He gives a characterization of hypergraphs for which this lower bound is reached:141

142

G0 is the hypergraph consisting of one hyperedge, containing a single vertex, that is143

V(G0) = {v0} and E(G0) = {{v0}}.144

Gi = (A ∪ B) ∨ (C ∪ D), where A, B, C, D are all vertex-disjoint copies of Gi−1.145

▶ Theorem 1. [40] The running time of the Berge algorithm on the family of hypergraphs146

Gi(i ∈ N) is superpolynomial in the size of the input and output no matter how the hyperedges147

are ordered.148

Let’s now consider the complexity of Berge algorithm. For each minimal transversal149

M ∈ Tr(Hi−1), the algorithm adds a vertex v ∈ ei and check minimality, which can be done150

in time Θ(|M | × i) and space Θ(|M |), using an hash table. Since |M | ≤ min{n, i}, the cost151

of Berge algorithm over a hypergraph H = (V, E), noted B(H), is in the following range:152

m∑
i=2

|Tr(Hi−1)| · |ei| ≤ B(H) ≤
m∑

i=2
|Tr(Hi−1)| · |ei| · min{n, i} · i153

In the HG(m, n, π) model, let Eπ[Trm,n] be the average number of minimal transversal in154

a hypergraph with m hyperedges and n vertices and Eπ[B(H)] the average complexity of155

Berge algorithm. We have:156

m−1∑
i=1

Eπ[Tri,n] ≤ Eπ[B(H)] ≤ n · m · min{n, m}
m−1∑
i=1

Eπ[Tri,n]157

Let cm,X be the probability for a set X of size ℓ to be a minimal transversal in a hypergraph
with m hyperedges. We have :

Eπ[Trm,n] =
min{n,m}∑

ℓ=1

∑
X⊆{1,...,n}

|X|=ℓ

cm,X
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In the HG(m, n, p) model, the formula simplifies. Let Ep[Trm,n] be the average number of
minimal transversal and cm,ℓ be the probability for a set of size ℓ to be a minimal transversal.
We have:

Ep[Trm,n] =
min{n,m}∑

ℓ=1

(
n

ℓ

)
cm,ℓ

Regarding the average complexity of Berge algorithm we have:158

m−1∑
i=1

Ep[Tri,n] =
m−1∑
i=1

min{n,m}∑
ℓ=1

(
n

ℓ

)
ci,ℓ =

min{n,m}∑
ℓ=1

(
n

ℓ

)m−1∑
i=1

ci,ℓ. (1)159

We call cumulative sum, noted c̄m,ℓ , the value
∑m−1

i=1 ci,ℓ. We have
∑m−1

i=1 Eπ[Tri,n] =160 ∑min{n,m}
ℓ=1

(
n
ℓ

)
c̄m,ℓ. In Section 4, we give an exponential and an ordinary probabilistic161

generating function whose coefficient is cm,X and an o.p.g.f whose coefficient is c̄m,ℓ.162

4 Generating functions163

4.1 Exponential generating function164

Given a probability distribution π = (π1, . . . , πn), let’s consider ℓ columns of the incidence165

matrix M(H). Let X = {x1, . . . , xℓ} ⊆ {1, . . . , n} be the set of selected columns. We have166

(p1, . . . , pℓ) = (πx1 , . . . , πxℓ
) the restriction of π over the ℓ columns. The probability that a167

row contains only zeros over those ℓ columns is given by zℓ(π) = (1 − p1)(1 − p2) · · · (1 − pℓ).168

From now on, if there is no ambiguity, we will use zℓ instead of zℓ(π). The probability that a169

row contains exactly one 1 (at column i) over the ℓ columns is given by oℓ,i = pi

1−pi
zℓ. Finally170

the probability that a row contains at least two 1 is 1 − zℓ −
∑ℓ

i=1 oℓ,i.171

▶ Proposition 2. In the HG(m, n, π) model, the probabilistic generating function of a set C

of ℓ vertices to be a minimal transversal is

Sℓ(u) = e(1−zℓ)·u
ℓ∏

i=1

(
1 − e−oℓ,i·u)

Proof. The proof in the HG(m, n, µ) model consist in an integration over HG(m, n, π) models.
Assume that we have a distribution π = (p1, . . . , pn). In the p.g.f. Sℓ(u), the variable u

marks each line of the matrix (χi,j(H))i=1..m,j=1..n. For fixed n and ℓ, the probability that a
set of size ℓ of vertices is a minimal transversal of a random hypergraph with m hyperedges
is given by m![um]Sℓ(u). First let’s note that everything that happens on the n − ℓ columns
that are not related to our set of vertices is irrelevant to determine if the set is a minimal
transversal. Therefore we can restrict our distribution π to (p1, . . . , pℓ) (up to a relabeling of
the pi). The formula can then be obtained by using the symbolic method [19]. The p.g.f.
of a non-empty set of lines that contain exactly one 1 at position i is eoℓ,i·u − 1. Such lines
exists for each position between 1 and ℓ. Every remaining lines has to contain at least two 1.
The associated p.g.f. is given by e(1−zℓ−

∑ℓ

i=1
oℓ,i)·u. Combining all those parameters we

obtain the generating function:[
ℓ∏

i=1
(eoℓ,i·u − 1)

]
e(1−zℓ−

∑ℓ

i=1
oℓ,i)·u

after a step of simplification where e(−
∑ℓ

i=1
oℓ,i)·u is added in the product, we obtain the172

announced results. ◀173



XX:6 On the average complexity of Berge Algorithm

4.2 Ordinary generating function174

The Borel transform of an exponential generating function Sℓ(u) allows to obtain an ordinary
generating function Ŝℓ(u) sharing the same coefficients. It is defined as follows.

Ŝℓ(u) =
∫ ∞

0
Sℓ(tu)e−tdt

Applying the Borel transform to our exponential generating function ultimately yields the
following ordinary generating function:

Ŝℓ(u) = uℓℓ! 1
1 − u(1 − zℓ)

ℓ∏
i=1

oℓ,i

1 − u(1 − zℓ − ioℓ,i)

This generating function actually has a nice combinatorial interpretation: recall that the
variable u mark each line. The uℓ

∏ℓ
j=1 oℓ,j therefore denotes ℓ lines that contains exactly one

1, one for each ℓ columns. The ℓ! allows to choose the order in which they appear. We’ll call
those lines separators. They guarantee the "minimality" property. After the ℓ − i-th separator
has been added in the matrix and until the next separator is added, each row cannot contain
only zeros and cannot contain only one 1 in one of the i remaining positions. This probability
is given by (1 − zℓ − ioℓ). A sequence of such rows is given by the quasi inverse 1

1−u(1−zℓ−ioℓ) .
The product is obtained to deal with each block between each separators. Note that in the
HG(m, n, p) model, the function simplifies into Ŝℓ(u) = uℓℓ!oℓ

ℓ

∏ℓ
i=0

1
1−u(1−zℓ−ioℓ) . Given the

formal expression for Ŝℓ(u), we have:

Ŝℓ(u) =
∑
m≥0

cm,ℓu
m

The generating function for the sequence {c̄i,ℓ}∞
1 is denoted by S̄ℓ(u), which can be written

as S̄ℓ(u) =
∑

m≥0 c̄m,ℓu
m. This function, S̄ℓ(u), is referred to as the cumulative generating

function:
S̄ℓ(u) = 1

1 − u
Ŝℓ(u)

We will use the coefficients of S̄ℓ(u) in calculating the average-case complexity of the Berge175

algorithm.176

5 Main results177

Figure 1 summarizes our contributions and the main results of this paper. In the HG(m, n, π)178

model, we recall that zℓ =
∏ℓ

i=1(1 − pi), where (p1, . . . , pℓ) is the restriction of π over the179

vertices of a set X of cardinal ℓ.180

▶ Theorem 2. In the HG(m, n, π) model, the probability for a set X of cardinal ℓ to be a181

minimal transversal, or cm,X is as follows:182

cm,X =


(1 − zℓ)m

(
1 + O( log m

m1−ϵ )
)

for mzℓ ≥ mϵ,(
m
ℓ

)
ℓ!(
∏ℓ

i=1 oℓ,i)
(

1 + O( log m
m1−ϵ )

)
for mzℓ ≤ m−ϵ,

mm

em

Sℓ(r)
rm

(
1 + O

(
m−1/3 + l

m

))
for m−ϵ ≤ mzℓ ≤ mϵ

183

The results from Theorem 2 are based on the value of mzℓ. For mzℓ ≥ mϵ and mzℓ ≤ m−ϵ,184

the results are the asymptotics of the coefficients of the ordinary generating function, and185
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Figure 1 Summary of our main results and methods.

obtained by Cauchy’s formula (Lemmas 13 and 14). It should be noted that for simplicity,186

we have proved Lemmas 13 and 14 for HG(m, n, p) model . The same argument works for187

HG(m, n, π) model and gives the desired results. For m−ϵ ≤ mzℓ ≤ mϵ, the result is derived188

from the asymptotics of the coefficients of the exponential generating function using the189

saddle point method, in which r is the saddle point (Lemma 7).190

Restricting our focus to the HG(m, n, p) model and defining q = 1 − p, the following191

corollary is a consequence of Theorem 2.192

▶ Corollary 3. In the HG(m, n, p) model, the probability of ℓ given vertices to be a minimal193

transversal, is as follows:194

cm,ℓ =


(1 − zℓ)m

(
1 + O( log m

m1−ϵ )
)

for ℓ ≤ log 1
q

m1−ϵ,(
m
ℓ

)
oℓ

ℓℓ!
(

1 + O( log m
m1−ϵ )

)
for ℓ ≥ log 1

q
m1+ϵ,

e−mzℓ(1 − e−oℓr)ℓ
(
1 + O( 1

m1−2ϵ )
)

for log 1
q

m1−ϵ ≤ ℓ ≤ log 1
q

m1+ϵ

195

Regarding the cumulative sum, we obtained results using the ordinary generating function.196

▶ Proposition 3. In the HG(m, n, p) model, we have197

c̄m,ℓ =


Γ(q

p
) ℓ!
Γ( q

p + ℓ + 1)
1
oℓ

(
1 + O( log m

mϵ
)
)

for ℓ ≤ log 1
q

m1−ϵ,

(
m + 1
ℓ + 1

)
oℓ

ℓℓ!
(

1 + O( log m

m1−ϵ
)
)

for ℓ ≥ log 1
q

m1+ϵ

198

and for log 1
q

m1−ϵ ≤ ℓ ≤ log 1
q

m1+ϵ
199

ℓ!oℓ
ℓ

(
j0

ℓ

)
(1 − zℓ − ℓoℓ)j0−ℓ ≤ c̄m,ℓ ≤ (m − ℓ)ℓ!oℓ

ℓ

(
j1

ℓ

)
(1 − zℓ)j1−ℓ

200

with j0 = min
(

m,

⌊
ℓ

zℓ + ℓoℓ

⌋)
, j1 = min

(
m,

⌊
ℓ

zℓ

⌋)
.201
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The method to obtain the first two asymptotics is similar to the one used to extract cm,ℓ202

and is described in Lemmas 13 and 14. The proof of the last inequalities, given in Lemma 15203

is a direct consequence of intermediates bounds used in the proof of Lemmas 13.204

Let av(n, m, ℓ) be the average number of minimal transversals of size ℓ in the HG(m, n, p)
model. The average number of minimal transversal is equal to

min{m,n}∑
ℓ=1

av(n, m, ℓ) =
min{m,n}∑

ℓ=1

(
n

ℓ

)
m![um]Sℓ(u) =

min{m,n}∑
ℓ=1

(
n

ℓ

)
cm,ℓ

We obtain the asymptotics when m is greater that n.205

▶ Proposition 4. In the HG(m, n, p) model, assume that there exists a constant 0 < α < 1
such that n = mα. The average number of minimal transversals in the HG(m, n, p) model is
asymptotically equivalent to

av(n, m, ⌊j⌋) + av(n, m, ⌊j + 1⌋) + av(n, m, ⌊j + 2⌋)

with j = log 1
1−p ( mp

κ ) +1 where κ is the unique solution to α + log 1
1−p

( 1−e−(1−p)κ

1−e−κ ) = 0206

Note that the asymptotic is concentrated around only three positions. First we prove207

that av(n, m, ⌊j + 1⌋) is maximal by studying the ratio of two consecutive elements. This208

ratio is decreasing and is close to 1 for ℓ around j. It also tends to 0 for ℓ > j + 1 or to +∞209

for ℓ < j − 1 which implies that the other elements are negligible. These last two points use210

the fact that n = mα with α < 1. For α > 1, the asymptotic is smoother but it is out of211

scope of this article. Also, in practice (the Frequent Itemset Mining Dataset Repository for212

instance), the assumption that α is smaller than 1, that is m > n, seems reasonable. The213

detailed proof is given in Section 7.3.214

The complexity of Berge algorithm is lower and upper bounded, up to a polynomial term,
by the double sum given in Equation (1) which involves the cumulative sums c̄m,ℓ. Basing
ourselves on Proposition 3, we consider the following decomposition:

m−1∑
i=1

Eπ[Tri,n] =

log 1
q

m1−ϵ∑
ℓ=1

(
n

ℓ

)
c̄m,ℓ +

log 1
q

m1+ϵ∑
ℓ=log 1

q
m1−ϵ

(
n

ℓ

)
c̄m,ℓ +

min{n,m}∑
ℓ=log 1

q
m1+ϵ

(
n

ℓ

)
c̄m,ℓ

By proving the first and the third sum are equivalent to the first and the last term of the215

second sum, we conclude that the second sum is the one that matter asymptotically. Then,216

by identifying the ℓ that maximizes the coefficient c̄m,ℓ, we deduce an upper bound on the217

average complexity of the Berge algorithm.218

▶ Proposition 5. In the HG(m, n, p) model, assume that there exists a constant 1− p
ln( 1

1−p ) <

α < 1 such that n = mα. For all ϵ > 0, the average complexity of the Berge algorithm
satisfies

Ep[B(H)] ≤ ϵn2m2(log 1
q

m)ℓ!oℓ
ℓ

(
n

ℓ

)(
m

ℓ

)
(1 − zℓ)m−ℓ (1 + o(1)))

with ℓ = log 1
q
(m) − log 1

q
(ln m) − log 1

q
( 1−α

p ) + o(1).219

The complete proof is given in Section 7.4. The condition on α is mainly technical and other220

results can be obtained if 1 − p
ln( 1

1−p ) ≥ α.221

To evaluate the result of Proposition 5 in ℓ = log 1
q
(m) − log 1

q
(ln m) − log 1

q
( 1−α

p ) + o(1)222

helps clarifying the asymptotics.223
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▶ Theorem 4. In the HG(m, n, p) model, assume that there exists a constant 1 − p
ln( 1

1−p ) <224

α < 1 such that n = mα. The average complexity of the Berge algorithm is225

Ep[B(H)] = O
(

nℓ+2m4 log 1
q
(m)(1 − α)ℓ 1

m
1−α

p

)
with ℓ = log 1

q
(m) − log 1

q
(ln m) − log 1

q
( 1−α

p ) + o(1).226

Note that a more precise upper bound could be obtained: we upper bounded a ratio ln(m)ℓ−1

l!227

by m in the formula to make it easier to read. Indeed, we can now clearly see that the228

dominant term is a quasi-polynomial in n. It can be proven using Proposition 4 that the229

number of solutions computed by the Berge algorithm is also quasi-polynomial. Therefore230

we can conclude with the following corollary.231

▶ Corollary 5. In the HG(m, n, p) model, assume that there exists a constant 1 − p
ln( 1

1−p ) <232

α < 1 such that n = mα. The average output complexity of the Berge algorithm is quasi-linear.233

5.1 Another Point of view234

In this section, we show how the Poisson-Mellin-Newton cycle can be used as a transformation235

between the analytic combinatorics point of view and the probabilistic point of view.236

Restricting ourselves HG(m, n, p) model, we recall that the probabilistic generating237

function that a given set of ℓ vertices is a minimal transversal is:238

Sℓ(u) = e(1−(1−p)ℓ)u
(

1 − e−p(1−p)ℓ−1u
)ℓ

239

The Poisson generating function is Pl(u) = e−uSl(u).240

It can be shown that, after applying a Mellin transform, we obtain:241

Ml(s) =
l∑

k=0
(−1)l−k

(
l

k

)
Γ(s)

(1 − p)(l−1)s(1 − p + lp − kp)s
242

The coefficient of the original function are now given by the Rice integral:243

cm,l = 1
2πi

∫
Λ

Γ(m + 1)
Γ(m + s + 1)Ml(s)ds244

After several steps of simplification we obtain:

cm,l =
m∑

i=ℓ

(
m

i

)
l!
{

i

l

}
(1 − (1 − p)l − l · p(1 − p)l−1)m−i · (p(1 − p)l−1)i)

This formula has a combinatorial interpretation: given a set of size ℓ, its probability to be a245

minimal transversal of a random hypergraph with m hyperedges is given by:246

there is at least ℓ lines that contains only one 1, that is at least one per vertex. Assume247

there are i such lines. Then there is
(

m
i

)
possibilities to select such lines.248

then, the i lines have to be distributed amongst the ℓ vertices, that is a set composition249

of {1, . . . , i} into ℓ subsets. There are l!
{

i
l

}
ways to do so, where

{
i
l

}
are the Stirling250

number of the second kind.251

The probability that each of the i lines contains exactly one 1 is given by (p(1 − p)l−1)i.252

The probability that the rest of the m − i lines contain at least two 1 is given by253

(1 − (1 − p)l − l · p(1 − p)l−1)m−i.254

Note that such closed formula did not appear in [11].255
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6 Perspectives256

In the future, we would like to consider a third model that we consider powerful enough to257

capture the complexity of real datasets but is in a sense simpler since all the columns have258

the same probabilistic behaviour.259

▶ Definition 3 (HG(m, n, µ) random model). Fix µ a probability measure over [0, 1]. In260

the HG(m, n, µ) model, the incidence matrix M(H) is generated according to the following261

procedure:262

1. Compute a random vector π = (π1, . . . , πn) where (π1, . . . , πn) forms a family of i.i.d263

random variables with probability measure µ;264

2. Compute M(H) according to the multiparametric model HG(m, n, π).265

With the HG(m, n, µ) random model, the distribution of the degrees is controlled and it266

is possible to describe the influence of the degrees on the number of minimal transversals.267

The columns of the matrix remain independent but the rows are no more independent since268

they share the same random variable π. Models are closely related:269

Prm,n,µ[H] =
∫

[0,1]n

Prm,n,π[H]dµ⊗n(π) (2)270

with µ⊗n the product measure µ ⊗ · · · ⊗ µ (n times). Also, if we consider the Dirac Measure271

µ = δp, then HG(m, n, δp) is exactly the HG(m, n, p) model. To the best of our knowledge,272

this idea is new in the field of algorithm analysis and so is our approach to obtain results273

in this random model. It is general enough to capture the behaviour of algorithm in both274

classical models like the Erdös-Renyi and on real-world hypergraphs. Though we only gave275

the average complexity of Berge algorithm in the HG(m, n, p) model, the results we presented276

already allow to numerically compute the average cost of the algorithm in both HG(m, n, π)277

and HG(m, n, µ) models. In our perspectives, we would like to obtain the average number of278

minimal transversals and complexity of Berge algorithm for other measures µ like279

the uniform distribution between two values a and b, that is µ = U[a, b];280

a measure that combines two Dirac measures;281

the Dirac measure (or one of the two previously mentioned), when the probability p is282

close to 0 and/or when n is not polynomial in m.283

Note that, in the HG(m, n, p) model, we claim to be able to extract the average number284

of minimal transversals with n vertices and m hyperedges when m < n, that is n = mα
285

with α > 1. We omitted the proof for the clarity of the paper and since we are convinced286

that, in practice, it is safe to assume that α < 1. The case where n is almost equal to m287

remains a challenge though. Our results could also be applied to study algorithms which are288

improvements of Berge Algorithm, as mentioned in the introduction. Finally, in order to fully289

understand why Berge algorithm is more efficient in practice than the one by Fredman and290

Khachiyan [20], one would also require to analyse this algorithm in various random models.291
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7 Details of the proofs292

7.1 Details for the EGF293

In the HG(m, n, π) model, for a given distribution π, the e.g.f is

Sℓ(u) = e(1−zℓ)·u
ℓ∏

i=1

(
1 − e−oℓ,i·u)

it can be rewritten as:294

Sℓ(u) = e

(
(1−zℓ)u−

∑ℓ

i=1
oℓ,iu

) ℓ∏
i=1

(eoℓ,iu − 1) = e

(
1−zℓ−

∑ℓ

i=1
oℓ,i

)
u

ℓ∏
i=1

(eoℓ,iu − 1)295

Our goal is to find m![um]Sℓ(u), that is the probability of a set with ℓ vertices to be a minimal
transversal in a hypergraph with m hyperedges. The idea of the proof is the following: Sℓ(u)
is analytic, we can therefore use the saddle-point method to extract its coefficient, using a
circle of radius r as a closed path. Indeed, using Cauchy’s integral formula we have

[um]Sℓ(u) = 1
2πi

∫
|u|=r

Sℓ(u)
um+1 du

where r is between 0 and the radius of convergence. Let h(θ) = ln(Sℓ(reiθ)), we have296

[um]Sℓ(u) = 1
2πrm

∫ π

−π

eh(θ)−imθdθ297

Using the Taylor expansion we obtain298

[um]Sℓ(u) = 1
2πrm

∫ π

−π

eh(0)+θh′(0)+ θ2
2 h′′(0)+O(θ3 supθ∈]−π,π[ |h′′′(θ)|)−imθdθ299

Therefore, we need to find the first, second, and third derivative of h(θ).300

h′(θ) can be computed as follows:301

h′(θ) = ireiθ S′
ℓ(reiθ)

Sℓ(reiθ) = ia(reiθ), where a(x) = x
S′

ℓ(x)
Sℓ(x)302

303

a(x) = x

[
(1 − zℓ) +

ℓ∑
i=1

oℓ,ie
−oℓ,ix

1 − e−oℓ,i

]
= x(1 − zℓ) +

ℓ∑
i=1

ω(oℓ,ix)304

305

with ω(x) = xe−x

1 − e−x
= x

ex − 1306

Now, h′′(θ) can be computed as:307

h′′(θ) = −reiθa′(reiθ) := −b(reiθ), with b(x) = xa′(x)308

⇒ b(x) = x

[
(1 − zℓ) +

ℓ∑
i=1

oℓ,iω
′(oℓ,ix)

]
309

310

= (1 − zℓ)x +
ℓ∑

i=1
oℓ,ixω′(oℓ,ix)311
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Where,312

ω′(x) = 1
ex − 1 − x

ex

(ex − 1)2 = ex − 1 − xex

(ex − 1)2313

And h′′′(θ) is obtained as:314

h′′′(θ) = −ireiθb′(reiθ) = −ic(reiθ)315

with c(x) = xb′(x)316

= x

[
(1 − zℓ) +

ℓ∑
i=1

oℓ,iω
′(oℓ,ix) +

ℓ∑
i=1

o2
ℓ,ixω′′(oℓ,ix)

]
317

318

= x(1 − zℓ) +
ℓ∑

i=1
oℓ,ixω′(oℓ,ix) +

ℓ∑
i=1

(oℓ,ix)2ω′′(oℓ,ix)319

320

= b(x) +
ℓ∑

i=1
(oℓ,ix)2ω′′(oℓ,ix)321

We have322

[um]Sℓ(u) = Sℓ(r)
2πrm

∫ π

−π

eiθ(a(r)−m)− θ2
2 b(reiθ)+O(θ3 supθ∈]−π,π[ |h′′′(θ)|)dθ323

We define the notion of H-admissibility as it was in [19].324

▶ Definition 6 (H-admissible). Let G(z) be a generating function with a radius of convergence325

R with 0 < R ≤ ∞. Given R0 < R, let G(z) be positive for z ∈]R0, R[. G(z) is said to be326

H-admissible if it satisfies the following conditions:327

1. (Capture condition) limr 7→R a(r) = +∞ and limr 7→R b(r) = +∞328

2. (Locality condition) for some function θ0(r) defined over ]R0, R[, and satisfying 0 < θ0 < π,
one has

G(reiθ) ∼ G(r)eiθa(r)−θ2b(r)/2as r 7→ R,

uniformly in |θ| ≤ θ0(r)329

3. (Decay condition) Uniformly in θ0(r) ≤ |θ| < π

G(reiθ) = o

(
G(r)√

b(r)

)
▶ Lemma 7. In the HG(m, n, π) model, when ℓ = o(m), the probability that a set with ℓ330

vertices is a minimal transversal is:331

m![um]Sℓ(u) = m! Sℓ(r)√
2πb(r)rm

(
1 + o(b(r)− 2

3 )
)

332

Proof. The idea of the proof is to evaluate the integral333 ∫ π

−π

eiθ(a(r)−m)− θ2
2 b(reiθ)+O(θ3 supθ∈]−π,π[ |h′′′(θ)|)dθ334

We decompose the integral into two, that is [um]Sℓ(u) = I1 + I2 with335

I1 =
∫

|θ|≤ε

eiθ(a(r)−m)− θ2
2 b(reiθ)+O(θ3 supθ∈]−π,π[ |h′′′(θ)|)dθ336

337

I2 =
∫

ε≤|θ|≤π

eiθ(a(r)−m)− θ2
2 b(reiθ)+O(θ3 supθ∈]−π,π[ |h′′′(θ)|)dθ338

In order to use the saddle-point method and prove Lemma 7, we prove the following:339
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we show there exists a unique saddle point r such that a(r) = m (Lemma 8).340

we show that r ∼ m−ℓ
1−zℓ

(Lemma 9).341

we show that b(r) tends to infinity with respect to r (Lemma 10)342

in I1, we show that if ε = b(r)− 4
9 , we have |θ3h′′′(θ)| = m− 1

3 (Lemma 11).343

we give an upper bound of I2 and show it is negligible compared to I1 (Lemma 12).344

Note that this is sufficient to prove that Sℓ(u) is H-admissible. Once all those elements are
proven, we have that

I1 = (1 + O(m− 1
3 ))
∫ ε

−ε

e− θ2
2 b(reiθ)dθ

Using ε = b(r)− 4
9 , all that is left to study in I1 is the Gaussian integral∫ b(r)− 4

9

−b(r)− 4
9

e− θ2
2 b(reiθ)dθ

Using a change of variable s =
√

b(r)θ, and assuming b(r) tends to infinity we obtain∫ ∞

−∞
e− s2

2
ds√
b(r)

which is equal to
√

2π
b(r) , therefore concluding the proof.345

◀346

In the context of Lemma 7, since the functions ω(x) and xω′(x) are bounded on [0, +∞[,347

we have r = m
1−zℓ

+ O (l) and b(r) = m + (O(l)) . By replacing m! using the Stirling formula,348

we obtain the result announced in Theorem 2 when m−ϵ ≤ mzℓ ≤ mϵ.349

▶ Lemma 8. There exists a unique r such that a(r) = m.350

Proof. Recall that a(x) = (1 − zℓ)x +
∑ℓ

i=1 ω(oℓ,ix). So,351

a′(x) = (1 − zℓ) +
ℓ∑

i=1
oℓ,iω

′(oℓ,ix)352

and353

ω′(x) = ex

(ex − 1)2 (1 − x − e−x) ≤ 0354

so ω(x) is decreasing.355

ω′′(x) = e2x

(ex − 1)3 (x + xe−x − 2 + 2e−x) ≥ 0356

Since a′′(x) ≥ 0, we have a′(x) is increasing and a′(0) = 1 − zℓ +
∑ℓ

i=1 oℓ,iω
′(0) = 1 − zℓ −357

1
2
∑ℓ

i=1 oℓ,i > 0. So a′(x) > 0 and a(x) is increasing.358

Moreover, a(0) = ℓ and limx→∞ a(x) = ∞ and we can conclude that r exists uniquely. ◀359

▶ Lemma 9. If ℓ = o(m), then r ∼ m
1−zℓ

. Otherwise we have r ∼ m−ℓ
1−zℓ

.360

Proof. Assuming a(r) = m, we have r(1 − zℓ) +
∑ℓ

i=1 ω(oℓ,ir) = m. Using the fact that361

ω(x) ∈ [0, 1], one has m−ℓ
1−zℓ

≤ r ≤ m
1−zℓ

.362

For k > 1, if ℓ ≥ k log m, then ℓzℓm → 0363

r(1 − zℓ) +
ℓ∑

i=1
ω(oℓ,ir) = r(1 − zℓ) +

ℓ∑
i=1

(1 + O(oℓ,ir)) = r(1 − zℓ) + ℓ + O(ℓzℓm)364
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thus, m = r(1 − zℓ) + ℓ + O(ℓzℓm), so r ∼ m−ℓ
1−zℓ

.365

If ℓ ≤ log m, then r ∼ m
1−zℓ

∼ m−ℓ
1−zℓ

.366

◀367

▶ Lemma 10. If ℓ = o(m), then the function b(r) tends to infinity.368

Proof. We have369

b(r) = r(1 − zℓ) +
ℓ∑

i=1
oℓ,irω′(oℓ,ir)370

Using the fact that ω′(oℓ,ir) ≤ 0, there exists a constant like A ≤ 0 such that A ≤ oℓ,irω′(oℓ,ir),371

∀i ≤ ℓ. Therefore we obtain372

(1 − zℓ)r + ℓA ≤ b(r) ≤ (1 − zℓ)r373

According to Lemma 9, if ℓ = o(m), r ∼ m−ℓ
1−zℓ

and b(r) ∼ m.374

Now consider the case that ℓ ≥ k log m for large enough k such that oℓ,ir = O( 1
m3 ). In this375

case, oℓ,irω′(oℓ,ir) ∼ − 1
2 oℓ,ir and so b(r) ∼ (1 − zℓ)r + O( 1

m2 ). Thus b(r) → ∞. ◀376

▶ Lemma 11. if ε = b(r)− 4
9 , we have |θ3h′′′(θ)| = m− 1

3377

Proof. Recall that h′′′(θ) = −ic(reiθ), and378

c(x) = x(1 − zℓ) +
∑ℓ

i=1 oℓ,ixω′(oℓ,ix) +
∑ℓ

i=1(oℓ,ix)2ω′′(oℓ,ix)379

Define ω̄(u) := uω′(u) + u2ω′′(u), so380

c(x) = x(1 − zℓ) +
ℓ∑

i=1
ω̄(oℓ,ix)381

We have382

|xkeαx| = |x|keαRe(x) = |x|keα|x| cos(θ)
383

If |x| → ∞, we have384

ω′′(x) ∼ xe2x

(ex − 1)3 and ω̄(x) ∼ |x|3e2|x| cos(θ)

e3|x| cos(θ)385

which tends to zero if |θ| < π
2 − ε. So ω̄ is bounded on the cone {z; |arg(z)| < π

2 − ε}. Thus386

|c(x)| ≤ (1 − zℓ)|x| + O(ℓ) ∼ O(m).387

Now, define ε = b(r)−γ ∼ m−γ such that 1
3 < γ < 1

2 . In particular let γ = 4
9 or ε = m

−4
9 .388

Therefore,389

|θ3h′′′(θ)| = m−3γm = m
−1
3390

◀391

▶ Lemma 12. if ℓ = o(m), then I2 = o(I1)392

Proof. Our objective here is to bound |Sℓ(reiθ)| relatively to Sℓ(r).393

We have394

Sℓ(u) = e

(
1−zℓ−

∑ℓ

i=1
oℓ,i

)
u

ℓ∏
i=1

(eoℓ,iu − 1)395
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eoℓ,iu − 1 is a function with positive coefficients, therefore

|eoℓ,ireiθ

− 1| ≤ eoℓ,ir − 1

Also |eαreiθ | = |eαr cos(θ)+iαr sin(θ)| = eαr cos(θ) = eαre−αr(1−cos(θ)). For |θ| ≥ ε we obtain:

|eαreiθ

| ≤ eαre−αr(1−cos(ε))

And finally we have:

|Sℓ(reiθ)| ≤ e

(
1−zℓ−

∑ℓ

i=1
oℓ,i

)
r

ℓ∏
i=1

(eoℓ,ir − 1)e−
(

1−zℓ−
∑ℓ

i=1
oℓ,i

)
r(1−cos(ε))

using the definition of Sℓ(r) the inequality simplifies into

|Sℓ(reiθ)| ≤ Sℓ(r)e−
(

1−zℓ−
∑ℓ

i=1
oℓ,i

)
r(1−cos(ε)) ≤ Sℓ(r)

So we have396

I2 = Sℓ(r)(1 + O(b(r)− 1
3 )
∫ 2π−ε

ε

e
−θ2

2 b(r)
397

398

≤ Sℓ(r)(1 + O(b(r)− 1
3 )2(π − ε)e

−ε2
2 b(r) = Sℓ(r)(1 + O(b(r)− 1

3 )2(π − ε)e−m
4
9

399

◀400

7.2 Details for the OGF401

In this section, we analyze the asymptotic behavior of the coefficients cm,ℓ and c̄m,ℓ for large402

and small values of ℓ, where Ŝℓ(u) =
∑

m≥0 cm,ℓu
m and S̄ℓ(u) =

∑
m≥0 c̄m,ℓu

m. For the sake403

of simplicity, the results are given in the HG(m, n, p) model but similar results can be stated404

in the HG(m, n, π) model with some additional notations.405

▶ Lemma 13. In the HG(m, n, p) model with ℓ ≥ log 1
q

m1+ϵ, the coefficients satisfy

cm,ℓ =
(

m

ℓ

)
ℓ!oℓ

ℓ

(
1 + O( log m

mϵ
)
)

,

c̄m,ℓ =
(

m + 1
ℓ + 1

)
ℓ!oℓ

ℓ

(
1 + O( log m

mϵ
)
)

,

where the constants in O do not depend on ℓ.406

Proof. Recall that

Ŝℓ(u) = uℓℓ!oℓ
ℓ

ℓ∏
i=0

1
1 − u(1 − zℓ − ioℓ)

So,

uℓℓ! oℓ
ℓ

(1 − u(1 − zℓ − ℓoℓ))ℓ+1 ⪯ Ŝℓ(u) ⪯ uℓℓ! oℓ
ℓ

(1 − u(1 − zℓ))ℓ+1

where f(u) ⪯ g(u) means the coefficients of f are smaller than the coefficients of g. Using
the following equality

1
(1 − au)ℓ+1 =

∑
k≥0

(
ℓ + k

ℓ

)
akuk
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the coefficients satisfy407

ℓ!oℓ
ℓ

(
m

ℓ

)
(1 − zℓ − ℓoℓ)m−ℓ ≤ cm,ℓ ≤ ℓ!oℓ

ℓ

(
m

ℓ

)
(1 − zℓ)m−ℓ. (3)408

Since ℓ ≥ log 1
q

m1+ϵ, (1 − zℓ − ℓoℓ)m−ℓ = 1 + O( log m
mϵ ) and (1 − zℓ)m−ℓ = 1 + O( 1

mϵ ). This
concludes the proof for cm,ℓ. For the cumulative coefficients c̄m,ℓ, the bounds on c̄m,ℓ can be
reused and we obtain for all ℓ ≤ ℓ′ ≤ m,

ℓ!oℓ
ℓ

(
ℓ′

ℓ

)
(1 − zℓ − ℓoℓ)m−ℓ ≤ cℓ′,ℓ ≤ ℓ!oℓ

ℓ

(
ℓ′

ℓ

)
.

Summing over ℓ′ gives the announced result.409

◀410

The following lemma is also written for HG(m, n, p) model. The argument used in it works411

directly for HG(m, n, π) model.412

▶ Lemma 14. In the HG(m, n, p) model with ℓ ≤ log 1
q

m1−ϵ, the coefficients satisfy

cm,ℓ = (1 − zℓ)m

(
1 + O( log m

mϵ
)
)

,

c̄m,ℓ = Γ(q

p
) ℓ!
Γ( q

p + ℓ + 1)
1
oℓ

(
1 + O( log m

mϵ
)
)

Proof. The dominant singularity of Ŝℓ(u) is 1
1−zℓ

. To obtain cm,ℓ, we use the Cauchy413

coefficient formula. By choosing a circle with radius 1
1−zℓ− oℓ

2
as the contour, we have414

1
2πi

∫
Cr

Ŝℓ(u)
um+1 du = [um]Ŝℓ(u) + Re( Ŝℓ(u)

um+1 , u = 1
1 − zℓ

)415

and416

Res( Ŝℓ(u)
um+1 , u = 1

1 − zℓ
) = Res( uℓ

um+1 ℓ!oℓ
ℓ

ℓ∏
i=0

1
1 − u(1 − zℓ − ioℓ)

, u = 1
1 − zℓ

)417

418

= ℓ!(1 − zℓ)m+1−ℓoℓ
ℓ

ℓ∏
i=1

1 − zℓ

ioℓ
Res( 1

1 − u(1 − zℓ)
, u = 1

1 − zℓ
) = −(1 − zℓ)m

419

So,420

1
2πi

∫
Cr

Ŝℓ(u)
um+1 du = [um]Ŝℓ(u) − (1 − zℓ)m

421

On the other hand, | 1
2πi

∫
Cr

Ŝℓ(u)
um+1 du| ≤ Ŝℓ(r)

rm , and we have422

Ŝℓ(r)
rm

= ℓ!rℓ−moℓ
ℓ

ℓ∏
i=0

1
1 − r(1 − zℓ − ioℓ)

= −1
2(1 − zℓ − oℓ

2 )m+1 1
oℓ

Γ( 1
2 )

Γ(ℓ + 1
2 )

ℓ!423

424

= O

(
(1 − zℓ − oℓ

2 )m 1
oℓ

r
1
2

)
425
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To compute c̄m,ℓ, we use the same argument as for computing cm,ℓ. Note that the426

dominant singularity of S̄ℓ(u) is at u = 1. Therefore, the contour is a circle of radius427

r = 1
1− zℓ

2
. Consider the term

∏ℓ
i=0

1
1−u(1−zℓ−ioℓ) . We can simplify it as follows:428

define β(u) = 1−(1−zℓ)u
uoℓ

, then429

ℓ∏
i=0

1
1 − u(1 − zℓ − ioℓ)

= 1
(uoℓ)ℓ+1

ℓ∏
i=0

1
β(u) + i

= 1
(uoℓ)ℓ+1

Γ(β(u))
Γ(β(u) + ℓ + 1)430

Note that β(1) = q
p , so we have:431

Res( S̄ℓ(u)
um+1 , u = 1) = ℓ! 1

oℓ

Γ( q
p )

Γ( q
p + ℓ + 1)Res( 1

1 − u
, u = 1) = −ℓ! 1

oℓ

Γ( q
p )

Γ( q
p + ℓ + 1)432

Thus433

1
2πi

∫
Cr

S̄ℓ(u)
um+1 du = [um]Ŝℓ(u) − ℓ!

oℓ

Γ( q
p )

Γ( q
p + ℓ + 1)434

But | 1
2πi

∫
Cr

S̄ℓ(u)
um+1 du| ≤ S̄ℓ(r)

rm and435

S̄ℓ(r)
rm

= ℓ!oℓ
ℓ(1 − zℓ

2 )m+2 2
zℓ

Γ( q
2p )

oℓ+1
ℓ Γ( q

2p + ℓ + 1)
436

◀437

▶ Lemma 15. In the HG(m, n, p) model with log 1
q

m1−ϵ ≤ ℓ ≤ log 1
q

m1+ϵ, the cumulative
sums satisfy

ℓ!oℓ
ℓ

(
j0

ℓ

)
(1 − zℓ − ℓoℓ)j0−ℓ ≤ c̄m,ℓ ≤ (m − ℓ)ℓ!oℓ

ℓ

(
j1

ℓ

)
(1 − zℓ)j1−ℓ

where j0 and j1 are the indexes such that the bounds in Inequality (3) are maximal. In
particular, we have

j0 = min
(

m,

⌊
ℓ

zℓ + ℓoℓ

⌋)
, j1 = min

(
m,

⌊
ℓ

zℓ

⌋)
.

Proof. The proofs for the lower and upper bounds are similar. The inequalities in(3) give

ℓ!oℓ
ℓ max

i=ℓ..m

(
i

ℓ

)
(1 − zℓ − ℓoℓ)i−ℓ ≤ c̄m,ℓ ≤ (m − ℓ)ℓ!oℓ

ℓ max
i=ℓ..m

(
i

ℓ

)
(1 − zℓ)i−ℓ.

Studying the ratio between two consecutive elements in the max, it can be proved that the438

sequences are increasing for j ≤ j0 or j ≤ j1 and then decreasing (if j0 ̸= m or j1 ̸= m). This439

concludes the proof. ◀440

7.3 Details for the average number of minimal transversals441

Let ℓ′ = log 1
1−p

(m2(α+1)) and av(n, m, ℓ) =
(

n
ℓ

)
m![um]Sℓ(u). The average number of minimal

transversals is
min{m,n}∑

ℓ=1
av(n, m, ℓ)
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Assuming that that n = mα with α < 1, we split the formula into two parts:

ℓ′−1∑
ℓ=1

av(n, m, ℓ) +
n∑

ℓ=ℓ′

av(n, m, ℓ)

The two following lemmas gives the asymptotic.442

▶ Lemma 16. The asymptotic of the first sum is equal to av(n, m, ⌊j⌋) + av(n, m, ⌊j + 1⌋) +443

av(n, m, ⌊j + 2⌋)444

Proof. there is a unique constant κ such that

α + log 1
1−p

(1 − e−(1−p)κ

1 − e−κ
) = 0

we define the real value j such that p(1 − p)j−1 = κ. Let rℓ be the solution of a(rℓ) = m.
We study the ratio:

R̃(n, m, ℓ) = av(n, m, ℓ + 1)
av(n, m, ℓ) = n − ℓ

ℓ + 1
Sℓ+1(rℓ+1)

Sℓ(rℓ)

(
rℓ

rℓ+1

)m

It can be proven that:445

R̃(n, m, ⌊j⌋) ≥ 1446

R̃(n, m, ⌊j + 1⌋) ≤ 1447

for all ℓ < ⌊j⌋, R̃(n, m, ℓ) tends to infinity uniformly in m448

for all ℓ > ⌊j + 1⌋, R̃(n, m, ℓ) tends to 0 uniformly in m.449

◀450

▶ Lemma 17. The second sum is equal to O( 1
m )451

Proof. first we prove that
(

n
ℓ′

)
[um]Sℓ′(u) = O( 1

mα+1 ). We have452 (
n

ℓ′

)
[um]Sℓ′(u) ∼

(
n

ℓ′

)
m!

(m − ℓ)!p
ℓ′

(1 − p)ℓ′(ℓ′−1)
453

≤ nℓ′
mℓ′

(1 − p)ℓ′(ℓ′−1)
454

≤ m(α+1)ℓ′

m2(α+1)(ℓ′−1)455

≤ 1
mα+1456

Then we show that av(n,m,ℓ+1)
av(n,m,ℓ) < 1, for all ℓ ≥ ℓ′. For all ℓ ∈ {1, . . . , n − 1}, we have

av(n, m, ℓ + 1)
av(n, m, ℓ) = p(n − ℓ)(m − l)(1 − p)2ℓ

(ℓ + 1) ≤ pnm(1 − p)2ℓ

For all value ℓ ≥ ℓ′ we obtain
av(n, m, ℓ + 1)

av(n, m, ℓ) ≤ p

Therefore we have the
∑n

ℓ=ℓ′ av(n, m, ℓ) = O( 1
m ).457

◀458
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7.4 Details for the average case complexity of the Berge algorithm459

This section is devoted to the proof of Proposition 5 on the average case complexity of the460

Berge algorithm. By hypothesis, we have n = mα with α < 1. The average complexity461

satisfies the upper bound462

Ep[B(H)] ≤ n · m · min{n, m}
m∑

i=1
Eπ[Tri,n] ≤ m2α+1

n∑
ℓ=1

(
n

ℓ

)
c̄m,ℓ463

with c̄m,ℓ =
∑m

i=ℓ cm,ℓ. According to Proposition 3, the sum is split into three parts: ℓ ≤ ℓ−,464

ℓ ≥ ℓ+ and ℓ− ≤ ℓ ≤ ℓ+ with ℓ− = log 1
q

m1−ϵ and ℓ+ = log 1
q

m1+ϵ for an arbitrary fixed465

positive ϵ.466

▶ Lemma 18. The first and third sums satisfy467

ℓ−∑
ℓ=1

(
n

ℓ

)
c̄m,ℓ =

(
n

ℓ−

)
c̄m,ℓ−(1 + o(1)), and

n∑
ℓ=ℓ+

(
n

ℓ

)
c̄m,ℓ =

(
n

ℓ+

)
c̄m,ℓ+(1 + o(1)).468

Proof. The proof is similar in the two cases. First the ratio Rℓ =
(

n
ℓ+1
)
c̄m,ℓ+1/

(
n
ℓ

)
c̄m,ℓ is469

calculated using the equivalences of Proposition 3 and we prove it is decreasing. After, we470

show that Rℓ− tends to infinity whereas Rℓ+ tends to 0. Then we can conclude and the o(1)471

can be replaced by O (1/Rℓ−) for the first sum and O(Rℓ+) for the second one. Indeed the472

equality in Proposition 3 gives for ℓ ≤ ℓ− and ℓ ≥ ℓ+
473

Rℓ = n − ℓ
p
q + ℓ + 1

1
q

(
1 + O( log m

mϵ
)
)

, Rℓ = (n − ℓ)(m − ℓ)
ℓ + 2 pq2ℓ

(
1 + O( log m

mϵ
)
)

.474

It proves that the ratio Rℓ is decreasing with ℓ in both cases. The ratio Rℓ− is a Θ
(

n
log m

)
475

which tends to +∞. The ratio Rℓ+ is a Θ
(

1
m1−α+2ϵ log m

)
which tends to 0 for ϵ small enough.476

By induction on ℓ,
(

n
ℓ

)
c̄m,ℓ ≤

(
n

ℓ−

)
c̄m,ℓ−Rℓ−ℓ−

ℓ− and
(

n
ℓ

)
c̄m,ℓ ≤

(
n

ℓ+

)
c̄m,ℓ+Rℓ−ℓ+

ℓ+ . Summing over477

ℓ gives the two assertions. ◀478

Note that Lemma 18 entails that the asymptotic in the complete sum is given by the479

asymptotic over the ℓ in the intermediate range ℓ− ≤ ℓ ≤ ℓ+. Using once more the upper480

bound in Proposition 3, we obtain481

n∑
ℓ=1

(
n

ℓ

)
c̄m,ℓ = (1 + o(1))

ℓ+∑
ℓ=ℓ−

(
n

ℓ

)
c̄m,ℓ482

≤ (1 + o(1))m
ℓ+∑

ℓ=ℓ−

(
n

ℓ

)
ℓ!oℓ

ℓ

(
jℓ

ℓ

)
(1 − zℓ)jℓ−ℓ (4)483

with jℓ = jℓ(m, ℓ) = min
(

m,
⌊

ℓ
zℓ

⌋)
. We now deal with the asymptotic of the right hand

side, using once more the upper bound in Proposition 3. For this, we consider once more the
ratio Rℓ of two successive elements,

Rℓ = n − ℓ

ℓ + 1 pq2ℓ jℓ+1!
(jℓ+1 − ℓ − 1)!

(jℓ − ℓ)!
jℓ!

(1 − zℓ+1)jℓ+1−ℓ−1

(1 − zℓ)jℓ−ℓ
.

484
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▶ Lemma 19. The ratio Rℓ is decreasing and the maximum value in the sum (4) is obtained
for ℓ = log 1

q
(m) − log 1

q
(ln m) − log 1

q
( 1−α

p ) + o(1) when α ≥ 1 − p
ln(1−p) . In particular, we

have
n∑

ℓ=1

(
n

ℓ

)
c̄m,ℓ ≤ (1 + o(1))m(ℓ+ − ℓ−)

(
n

ℓ

)
ℓ!oℓ

ℓ

(
m

ℓ

)
(1 − zℓ)m−ℓ.

Proof. To study the ratio, it is necessary to distinguish the case jℓ < m and the case jℓ = m.485

Though, in both cases, the ratio is decreasing. The ℓ given in the lemma only comes from486

exact calculations. Note that the condition on α ensures that jℓ = m. ◀487

7.5 Details for the Poisson-Mellin-Newton Cycle488

The generating function is in the following form:489

Sℓ(u) = e(1−(1−p)ℓ)u
(

1 − e−p(1−p)ℓ−1u
)ℓ

490

The Poisson generating function is Pl(u) = e−uSl(u)= e−u(1−p)ℓ
(

1 − e−p(1−p)ℓ−1u
)ℓ

491

The Mellin transform is as follows:492

Ml(s) = 1
(1 − p)sl

∫ ∞

0
vs−1e−v(1 − e

−p
1−p v)ldv493

Using the Binomial theorem we have:494

Ml(s) = 1
(1 − p)sl

∫ ∞

0
vs−1e−v(

l∑
k=0

(
l

k

)
(−1)l−ke

−(l−k)p
1−p v)dv495

496

=
l∑

k=0

(
l

k

)
(−1)l−k 1

(1 − p)sl

∫ ∞

0
vs−1e−v( 1−p+lp−kp

1−p )dv =497

Then by changing the variable v( 1−p+lp−kp
1−p ) = u we have

∫∞
0 vs−1e−v( 1−p+lp−kp

1−p )dv =498 ∫∞
0 us−1e−u( 1−p

1−p+lp−kp )sdu = ( 1−p
1−p+lp−kp )sΓ(s)499

and therefore500

Ml(s) =
l∑

k=0
(−1)l−k

(
l

k

)
Γ(s)

(1 − p)(l−1)s(1 − p + lp − kp)s
501

According to Poisson-Mellin-Newton cycle, we know that the coefficients of the p.g.f. are502

obtained as follows by simplifying the Nørlund-Rice Integral:503

Cm,l = 1
2πi

∫
Λ

Γ(m + 1)
Γ(m + s + 1)Ml(s)ds504

But505 ∫
Λ

Ml(s)
Γ(m + s + 1)ds =

l∑
k=0

(−1)l−k

(
l

k

)∫
Λ

ds

(1 − p)(l−1)s(1 − p + lp − kp)s(s)(s + 1) · · · (s + m)
506

Let507

F (s) = 1
(1 − p)(l−1)s(1 − p + lp − kp)s(s)(s + 1) · · · (s + m)

508
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then according to the Residue Theorem we have:509 ∫
Λ

ds

(1 − p)(l−1)s(1 − p + lp − kp)s(s)(s + 1) · · · (s + m)
= 2πi

m∑
j=0

Res[F (s), s = −j]510

But511

Res[F (s), s = −j] = (−1)j

j!(m − j)! (
1

(1 − p)(l−1)(1 − p + lp − kp)
)−j

512

So513

m∑
j=0

Res[F (s), s = −j] = 1
m!

m∑
j=0

(
m

j

)
(−1)j((1−p)(l−1)(1−p+lp−kp))j = 1

m!
(
1 − (1 − p)l−1(1 − p + lp − kp)

)m
514

Thus515

2πi

m∑
j=0

Res[F (s), s = −j] = 2πi

m! (1 − (1 − p)l−1(1 − p + lp − kp))m
516

Therefore Cm,l is as follows:517

Cm,l =
l∑

k=0
(−1)l−k

(
l

k

)(
1 − [(1 − p)l−1(1 − p + lp − kp)]

)m
518

=
l∑

k=0
(−1)l−k

(
l

k

)[ m∑
i=0

(
m

i

)(
1 − (1 − p)l − lp(1 − p)l−1)m−i (

p(1 − p)l−1k
)i

]
519

=
m∑

i=0

(
m

i

)(
1 − (1 − p)l − lp(1 − p)l−1)m−i (

p(1 − p)l−1)i

(
l∑

k=0
(−1)l−k

(
l

k

)
ki

)
520

521

=
m∑

i=0

(
m

i

)
l!
{

i

l

}(
1 − (1 − p)l − lp(1 − p)l−1)m−i (

p(1 − p)l−1)i (5)522

in which
{

i
l

}
is Stirling numbers of the second kind.523
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