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—— Abstract

Given a hypergraph, computing its transversal hypergraph is a classical problem whose exact
worst-case complexity is still unknown today. In this article, for random hypergraph models a la
Erdos and Renyi, we compute the average number of minimal transversals. We also study the
average complexity of Berge’s algorithm, which sequentially enumerates the minimal transversals.
We prove that the average complexity of Berge is quasi-linear in the average number of minimal
traverses. Our contribution is also methodological: we use a wide range of analytic combinatorics
techniques to extract the coefficients of probabilistic generating functions.

2012 ACM Subject Classification Design and analysis of algorithms

Keywords and phrases Average Complexity, Minimal Transversal, Berge Algorithm, Hypergraphs,
Analytic Combinatorics

Digital Object Identifier 10.4230/LIPIcs...

1 Introduction

A hypergraph H is a pair (V,€) where V is a set of vertices and £ is a set of hyperedges,
each hyperdge being a subset of V. A transversal of H is a subset of vertices T C V that
intersects all the hyperedges. A transversal is said minimal if no proper subset is also a
transversal. The Transversal Hypergraph Generation problem (THG problem) consists in
computing, for a given hypergraph H, the transversal hypergraph Tr(H) formed with all the
minimal transversals of .

This problem has gained considerable attention in recent years due to its generality
and wide applicability in a variety of fields, including artificial intelligence and logic [16],
computational biology [10, 36, 26], cryptography [32], database theory [37], data mining
[23, 1, 7], distributed computing [21], e-commerce [3], machine learning [24], mathematical
programming [35, 33], mobile communication systems [39], semantic web [30], topology [14],
combinatorics [38], and game theory [8].

Several problems are equivalent to the THG problem. For instance, the enumeration of
minimal dominating sets or total dominating sets in graphs can be polynomially reduced to
the THG problem [9, 29].

The size of Tr(H), or equivalently, the number of minimal transversals, may be exponential
in the size of H. Efforts have been done to determine an upper bound for the size of T'r(H)
such as in [4] (and the references it contains) where both upper and lower bounds have been
computed for tripartite 3-uniform hypergraphs. Since the size of Tr(H) may be exponential
in the size of H, it is not possible to find an algorithm that runs in polynomial-time. Johnson,
Yannakakis and Papadimitriou [28] introduced various classes of complexity involving the
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On the average complexity of Berge Algorithm

size of the intermediate results or the size of the output. They defined the class of output-
polynomial time problems that can be solved in polynomial time with respect to the size of
the input and the output.

Finding an output-polynomial algorithm for Transversal Hypergraph Generation is a
long-standing problem [12]. While the question remains open for arbitrary hypergraphs,
algorithms achieving output polynomial time complexity exist for several classes of hyper-
graphs: hypergraphs with bounded minimal transversals [15], with bounded edge sizes [6, 15],
of bounded degree [17], of bounded-edge intersections, of bounded conformality [6].

The Berge algorithm, also known as the sequential method, was the first proposed
algorithm to solve the THG problem [5]. It computes the transversal hypergraph by adding
one by one the hyperedges and by updating the set of minimal transversals. Takata proved
that its worst-case complexity is not output-polynomial [40] and exhibited specific hypergraphs
where the quantity of intermediate minimal transversals could exponentially exceed the final
solution. In recent years, several improvments of the Berge algorithm have been conducted.
As instances, we can cite the algorithms proposed by Dong and Li [13], Bailey, Manoukian,
and Ramamohanarao [2], Kavvadias and Stavropoulos [31].Using a method akin to Takata’s
in [40], Hagen proved that most of the improvements of Berge algorithms that mentioned
are not output polynomial [25].

The currently fastest known algorithm for solving the Transversal Hypergraph Generation
problem is due to Fredman and Khachiyan [20, 34] and runs in quasipolynomial time N o(log N)
where N is the size of the input plus the output.

In this paper, we adopt a probabilistic point of view on the THG problem and we are
interested in computing the average size of the output and the average case complexity of the
algorithms. In [22], the authors studied the average-case complexity of the decision version
of the THG problem on uniform instances. However, the uniform distribution leads with high
probability to very specific hypergraphs. An upper bound on the average complexity of
the MTMiner algorithm [27] for the THG problem, is also given in [11]. The authors study
various random models in which they give bounds on the number of transversals or minimal
transversals. Then they use those results to obtain bounds on the average complexity of the
MTMiner algorithm.

In this article, we use the probabilistic models introduced in [11] (see Section 2). However,
our methodology based on Analytic Combinatorics [19] is for the first time used in the
analysis of minimal transversals. The methodology allows us obtain more precise results, in
particular an equivalence on the asymptotic average number of minimal transversals. We
also study the average-case behaviour of Berge algorithm instead of MTMiner.

Analytic Combinatorics is a general method developed by Flajolet and Sedgewick in the
80’s [19]. The method mixes tools from the Symbolic Method and complex analysis in order
to describe the asymptotic behavior of algorithms or large random data structures.

The main tools are generating functions whose coeflicients describe the probabilistic
behavior of the parameters of interest. Explicit expressions of the generating functions are
usually obtained using the Symbolic Method that translates the combinatorial structure of
the problem into operations on the generating functions. Then, tools from complex analysis
such as transfer theorems or saddle point method are used to compute the asymptotic of the
coefficients.

Paper is organized as follows. Section 2 details random models we consider on hypergraphs.
Section 3 recall basic definitions and notations on hypergraphs and Berge Algorithm. We
also show the relation between the probability of a given set to be a minimal transversal and
the average case complexity of Berge algorithm. Section 4 describe probabilistic generating
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functions for a set with ¢ vertices to be a minimal transversal in the general model. As we
will see, both an exponential generating function and an ordinary one will be necessarily to
obtain the average complexity of Berge Algorithm. Section 5 contains the main results of
the paper. We present the probability for a given set of size £ to be a minimal transversal in
an hypergraph with m hyperedges. From this we deduce the average number of minimal
transversal and the average complexity of Berge algorithm. Finally, we show that the
Poisson-Mellin-Newton cycle can be used on the exponential generating function to obtain a
closed formula to compute the probability for a set to be a minimal transversal, that did not
appear in [11]. Section 6 contains our perspectives and how we intend to improve our results
using an even more general random model. Section 7 contains the full detailed proofs.

2 Random models

The two following random models we present in this section already appear in [11]. The
hypergraph H can be seen as a binary matrix M(H) = (x;;(H))i=1..m, j=1..n, called the
incidence matrix of H, with x; ;(H) = 1 if and only if the vertex v; belongs to the hyperedge
e;. In the first random model, the columns and the rows of the matrix are independent. It
can be seen as the adaptation of the Erdés-Renyi model [18] on hypergraphs.

» Definition 1 (%G (m,n,p) random model). Let p € [0,1] be a parameter. In the HG(m,n,p)
model, the family of random variables (x; ;(H))i=1..m j=1..n forms an independent family of
random variables where for all (i, ), xi,; follows a Bernoulli law of parameter p.

The second model generalizes the previous one.

» Definition 2 (%G (m,n, ) random model). Fiz a sequence m = (71, ..., my,) in [0,1]™ of real
parameters. In the HG(m,n,m) model, the family of random variables (xi;(H))i=1..m,j=1..n
forms an independent family of random variables where for all (i,7), xi,; follows a Bernoulli
law of parameter p;.

All the rows (hyperedges) follow the same distribution conversely to the columns where the
degree of the vertex v; follows a binomial law of parameter (m,p;). Then, the average degree
of v; is controlled and is mp;.

In [11], the authors obtain precise bounds on the average number of transversals and
minimal transversals in the HG(m, n, p) model, and some less precise results in the HG(m, n, )
model. In this paper, we obtain more precise results than in [11] in the HG(m,n, p) model
and some versions of the HG(m,n, ) model.

3 Berge Algorithm and parameters of interest

Given two simple hypergraphs H = (V,&) and H' = (V', &) where & = {e1,- - e, } and
& ={e}, el }. There are two different “unions”, namely H U H’ and H V H' which are
defined as follows.

/ / / /
HUH :{615627"' y€m,€1,€0, " , €y

HVH ={eUei=1,2,--m, j=12---m}

’

» Proposition 1. [5] Let H and H' be two simple hypergraphs. Then

Tr(HUH') =min(Tr(H) VvV Tr(H'))

XX:3
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On the average complexity of Berge Algorithm

The Berge algorithm, as described in [5], uses Proposition 1 to generate the transversal
hypergraph through the following procedure. Given a hypergraph H with edges £ =
{e1,€2,...,em}, let H; ={ej,ea,...,e;} for i =1,2,...,m. The transversal hypergraph of
H,; is determined as

Tr(H;) =min[Tr(Hi—1) VTr({e:})] = min[Tr(H;—1) V{v|v € ¢;}].

This result is an iterative computation process, known as Berge algorithm, eventually yielding
Tr(H) =Tr(Hm). The given pseudocode for the Berge algorithm is as follows.

Algorithm 1 Berge Algorithm

1 Initialize Tr(H1) with the vertices v for v € eg;
2 for ¢ =2 tom do

3 ‘ Tr(H;) =min[Tr(H,—1) V{v|v € e;}];

4 Output Tr(H,,);

The order in which hyperedges are considered has an impact on the algorithm’s efficiency.
A natural question is therefore to establish an optimal order for the hyperedges and check
whether it has an impact on the worst-case complexity. This question has been addressed
by Takata[40], who demonstrated that the Berge algorithm is at least super-polynomial
for any order. He gives a characterization of hypergraphs for which this lower bound is reached:

Go is the hypergraph consisting of one hyperedge, containing a single vertex, that is
V(Go) = {vo} and €(Go) = {{vo}}-
G, =(AUB)V (CUD), where A, B,C, D are all vertex-disjoint copies of G;_;.

» Theorem 1. [/0] The running time of the Berge algorithm on the family of hypergraphs
Gi(1 € N) is superpolynomial in the size of the input and output no matter how the hyperedges
are ordered.

Let’s now consider the complexity of Berge algorithm. For each minimal transversal
M € Tr(H;—1), the algorithm adds a vertex v € e; and check minimality, which can be done
in time O(|M| x ¢) and space ©(|M]), using an hash table. Since |M| < min{n, i}, the cost
of Berge algorithm over a hypergraph H = (V, &), noted B(H), is in the following range:

D ATr(Hi)| - leil < B(H) <> [Tr(Hi)| - |ei| - min{n, i} - i
=2 i=2
In the HG(m,n, ) model, let E;[Try,. ] be the average number of minimal transversal in

a hypergraph with m hyperedges and n vertices and E,[B(#)] the average complexity of
Berge algorithm. We have:

m—1 m—1
Z Er[Tr;n] <E:[BH)] <n-m-min{n,m} Z Ex[Tr;n]
i=1 i=1

Let ¢, x be the probability for a set X of size £ to be a minimal transversal in a hypergraph
with m hyperedges. We have :

min{n,m}

Ex[Trmml= Y > emx

=1 XC{1,...,n}
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In the HG(m,n,p) model, the formula simplifies. Let E,[Tr, ] be the average number of
minimal transversal and c¢,, ¢ be the probability for a set of size £ to be a minimal transversal.

We have:
min{n,m} n
Ep[Trmn] = Z <£)Cm,i

=1
Regarding the average complexity of Berge algorithm we have:

m—1 m—1min{n,m} n min{n,m} n m—1
E,[Trin) = Z Z (£>Ci,€ = Z <£> Z Cig- (1)
=1

i=1 i=1 (=1 =1

, _ -1 -1
We call cumulative sum, noted G, , the value > i~ " ¢; o. We have Y>./" " E[Tr;,] =
min{n,m} (n
=1 (e
generating function whose coefficient is ¢, x and an o.p.g.f whose coefficient is ¢, ¢.

)57”7@. In Section 4, we give an exponential and an ordinary probabilistic

4  Generating functions

4.1 Exponential generating function

Given a probability distribution © = (y,...,m,), let’s consider £ columns of the incidence
matrix M(H). Let X = {x1,...,2,} C{1,...,n} be the set of selected columns. We have
(p1,--.,0¢) = (Tay, ..., Tz,) the restriction of m over the £ columns. The probability that a

row contains only zeros over those ¢ columns is given by z¢(m) = (1 — p1)(1 — p2) - (1 — p).

From now on, if there is no ambiguity, we will use z, instead of zy(7). The probability that a
Di
1-p;

row contains exactly one 1 (at column 7) over the ¢ columns is given by op; = z¢. Finally

the probability that a row contains at least two 1 is 1 — zp — Zle 04,4-

» Proposition 2. In the HG(m,n, ) model, the probabilistic generating function of a set C
of £ vertices to be a minimal transversal is

Sp(u) = elt=20)u

(3

(1— eoraw)

£
=1

Proof. The proof in the HG(m, n, 1) model consist in an integration over HG(m, n, ) models.

Assume that we have a distribution # = (p1,...,p,). In the p.g.f. S¢(u), the variable u
marks each line of the matrix (x; ;j(H))i=1..m,j=1..n. For fixed n and ¢, the probability that a
set of size £ of vertices is a minimal transversal of a random hypergraph with m hyperedges
is given by m![u™]Se(u). First let’s note that everything that happens on the n — ¢ columns
that are not related to our set of vertices is irrelevant to determine if the set is a minimal
transversal. Therefore we can restrict our distribution 7 to (p1,...,pe) (up to a relabeling of

the p;). The formula can then be obtained by using the symbolic method [19]. The p.g.£.

of a non-empty set of lines that contain exactly one 1 at position ¢ is e®¢#* — 1. Such lines

exists for each position between 1 and ¢. Every remaining lines has to contain at least two 1.

0¢,i) U

14
The associated p.g.f. is given by e(lfz’fzizl . Combining all those parameters we

obtain the generating function:
¢ 4
i=1

£
after a step of simplification where ¢!~ Dm0 ig added in the product, we obtain the
announced results. <

XX:5
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On the average complexity of Berge Algorithm

4.2 Ordinary generating function

The Borel transform of an exponential generating function Sp(u) allows to obtain an ordinary
generating function Sy(u) sharing the same coefficients. It is defined as follows.

So(u) = /0 ~ Su(tu)etdt

Applying the Borel transform to our exponential generating function ultimately yields the
following ordinary generating function:

A 1 0¢.q
= L | £
Se(u) =u g'l—u(l—zg)

P 1—u(l -z, —io0g;)

This generating function actually has a nice combinatorial interpretation: recall that the
variable u mark each line. The u* H§:1 o¢,; therefore denotes £ lines that contains exactly one
1, one for each ¢ columns. The ¢! allows to choose the order in which they appear. We'll call
those lines separators. They guarantee the "minimality" property. After the ¢ —i-th separator
has been added in the matrix and until the next separator is added, each row cannot contain
only zeros and cannot contain only one 1 in one of the 7 remaining positions. This probability
is given by (1 — z; —i0g). A sequence of such rows is given by the quasi inverse m
The product is obtained to deal with each block between each separators. Note that in the
HG(m, n,p) model, the function simplifies into Sy(u) = u*¢10 Hf:o m Given the

formal expression for Sy(u), we have:

S'Z(u) = Z Cm o™

m>0

The generating function for the sequence {¢;¢};" is denoted by S¢(u), which can be written
as Se(u) =Y, <0 Cm,eu™. This function, Sy(u), is referred to as the cumulative generating

function: )
Se(u) = Se(u)

T 1l-uw

We will use the coefficients of Sy(u) in calculating the average-case complexity of the Berge
algorithm.

5 Main results

Figure 1 summarizes our contributions and the main results of this paper. In the HG(m,n, )
model, we recall that z, = Hle(l — p;), where (p1,...,p¢) is the restriction of 7 over the
vertices of a set X of cardinal 4.

» Theorem 2. In the HG(m,n, ) model, the probability for a set X of cardinal £ to be a
minimal transversal, or c,, x s as follows:

(1 —2zp)™ (1 + O(logm)) for mzg > me,

mi—ec

Cm, X = (?)Z!(Hle 0¢,i) (1 + O(ifﬁ;fi)) for mz; <m~€,
m™ Se(r) (1 +0 (m*1/3 + #)) for m~¢ < mz < me

em  pm

€
)

the results are the asymptotics of the coefficients of the ordinary generating function, and

The results from Theorem 2 are based on the value of mz,. For mz, > m® and mz, < m~
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Figure 1 Summary of our main results and methods.

obtained by Cauchy’s formula (Lemmas 13 and 14). It should be noted that for simplicity,
we have proved Lemmas 13 and 14 for HG(m, n,p) model . The same argument works for
HG(m,n, ) model and gives the desired results. For m™¢ < mz, < m€, the result is derived
from the asymptotics of the coeflicients of the exponential generating function using the
saddle point method, in which r is the saddle point (Lemma 7).

Restricting our focus to the HG(m,n,p) model and defining ¢ = 1 — p, the following
corollary is a consequence of Theorem 2.

» Corollary 3. In the HG(m,n,p) model, the probability of £ given vertices to be a minimal
transversal, is as follows:

(1—z)™ (1 + O(ifﬁfﬁ)) for ¢ <logim!'™¢,
eme =4 (P)oftt (1+ 0(252)) for £>logs mte,
eTm#(1—e ") (14 O(515%)) for logim!'™¢ <l <logim'™e

Regarding the cumulative sum, we obtained results using the ordinary generating function.

» Proposition 3. In the HG(m,n,p) model, we have

q £ 1 logm 1
I'--)=————— { <logi €
GrETer 013( O)) Jor £ loggm™,
Em,Z:
m+1\ ,, logm 1
! > 1 +e
<£+1>045 (1+O(m16) for €_1ogam

and for logs m'=¢ < ¢ <logi m!'*e

tog (@?) (1= 20— Log)* ™" < Gy < (m— )L} (]€1> (1= zp) "

with jo = min [ m L iy = min [ m ﬁ
Jo = ) Z[+€Og ) J1 = ) 2 .
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On the average complexity of Berge Algorithm

The method to obtain the first two asymptotics is similar to the one used to extract ¢, ¢
and is described in Lemmas 13 and 14. The proof of the last inequalities, given in Lemma 15
is a direct consequence of intermediates bounds used in the proof of Lemmas 13.

Let av(n,m,£) be the average number of minimal transversals of size £ in the HG(m,n, p)
model. The average number of minimal transversal is equal to

min{m,n} min{m,n} min{m,n}
n n
Z av(n,m,l) = Z (€>m![um]55(u) = Z (€>Cm’g

We obtain the asymptotics when m is greater that n.

» Proposition 4. In the HG(m,n,p) model, assume that there exists a constant 0 < o < 1
such that n = m®. The average number of minimal transversals in the HG(m,n,p) model is
asymptotically equivalent to

av(n,m, [j]) + av(n,m, [j +1]) + av(n,m, [j + 2])

1—e—(1=pP)r
l—e—*

with j =1og_1_(mpy+1 where £ is the unique solution to o +log 1_( )=0

Note that the asymptotic is concentrated around only three positions. First we prove
that av(n,m, |j + 1]) is maximal by studying the ratio of two consecutive elements. This
ratio is decreasing and is close to 1 for ¢ around j. It also tends to 0 for ¢ > j + 1 or to +o0
for £ < j — 1 which implies that the other elements are negligible. These last two points use
the fact that n = m® with o < 1. For o > 1, the asymptotic is smoother but it is out of
scope of this article. Also, in practice (the Frequent Itemset Mining Dataset Repository for
instance), the assumption that « is smaller than 1, that is m > n, seems reasonable. The
detailed proof is given in Section 7.3.

The complexity of Berge algorithm is lower and upper bounded, up to a polynomial term,
by the double sum given in Equation (1) which involves the cumulative sums ¢, . Basing
ourselves on Proposition 3, we consider the following decomposition:

l1—e 1+e
me1 log% m . log% m . min{n,m} .
Y= X (Hemer S (Ganer X (7)o
i=1 (=1 {=log1 ml—¢ {=log1 m!te

q q

By proving the first and the third sum are equivalent to the first and the last term of the
second sum, we conclude that the second sum is the one that matter asymptotically. Then,
by identifying the ¢ that maximizes the coefficient ¢, ¢, we deduce an upper bound on the
average complexity of the Berge algorithm.
» Proposition 5. In the HG(m,n,p) model, assume that there exists a constant 1 — ln(l%) <
a < 1 such that n = m®. For all € > 0, the average complexity of the Berge algorgthm
satisfies

m

B B3] < et oy et () (7} )1 = 20" 1+ o(0)

with £ =logi(m) — logi (Inm) — log;(lz") +o(1).
q q q

The complete proof is given in Section 7.4. The condition on « is mainly technical and other
results can be obtained if 1 — ﬁ > q.
1-p
To evaluate the result of Proposition 5 in ¢ = logi(m) — logi (Inm) — loga (
q q q
helps clarifying the asymptotics.

l—a
p

) +o(1)
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24 » Theorem 4. In the HG(m,n,p) model, assume that there exists a constant 1 — <

L,
In( 1—p)
«

2w« <1 such that n = m®. The average complezity of the Berge algorithm is

l—«

m p

EB(H)] = O (n oy (m)(1 - )1 )

26 with £ = logi(m) —log1(Inm) —log1 (+5%) + o(1).

£—1
»7  Note that a more precise upper bound could be obtained: we upper bounded a ratio 1n(n;7|)

»s by m in the formula to make it easier to read. Indeed, we can now clearly see that the
29 dominant term is a quasi-polynomial in n. It can be proven using Proposition 4 that the
20 number of solutions computed by the Berge algorithm is also quasi-polynomial. Therefore
2 we can conclude with the following corollary.

22 B Corollary 5. In the HG(m,n,p) model, assume that there exists a constant 1 — <

p
In(v15)
a3« < 1 such that n = m®. The average output complexity of the Berge algorithm is quasi—li’ﬁear.
» 5.1 Another Point of view

235 In this section, we show how the Poisson-Mellin-Newton cycle can be used as a transformation
26 between the analytic combinatorics point of view and the probabilistic point of view.

237 Restricting ourselves HG(m,n,p) model, we recall that the probabilistic generating
28 function that a given set of £ vertices is a minimal transversal is:

239 Se(u) — e(l—(l—p)é)u (1 . e_p(l_p)zflu)f

240 The Poisson generating function is Pj(u) = e~ *S;(u).
2 It can be shown that, after applying a Mellin transform, we obtain:

~ el L (s)
242 Ml(S) = Z(_l)l g (k’) (1 _p)(lfl)s(l —p+Ip — kp)s

k=0
23 The coefficient of the original function are now given by the Rice integral:
1 I'(m+1)

M (s)ds

244 Cm, 0

T 2mi Al(m+s+1)

After several steps of simplification we obtain:

m

ems =30 (7 ) [0 = (= = tp(1 = 1 =)

i={

25 This formula has a combinatorial interpretation: given a set of size ¢, its probability to be a
26 minimal transversal of a random hypergraph with m hyperedges is given by:

247 there is at least £ lines that contains only one 1, that is at least one per vertex. Assume
28 there are ¢ such lines. Then there is (T) possibilities to select such lines.

249 then, the i lines have to be distributed amongst the ¢ vertices, that is a set composition
250 of {1,...,i} into ¢ subsets. There are l!{;} ways to do so, where {;} are the Stirling
251 number of the second kind.

252 The probability that each of the i lines contains exactly one 1 is given by (p(1 — p)!=1)%.

253 The probability that the rest of the m — i lines contain at least two 1 is given by
m (1=(1=p) =1-pd-p~t)m.
s Note that such closed formula did not appear in [11].
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6 Perspectives

In the future, we would like to consider a third model that we consider powerful enough to
capture the complexity of real datasets but is in a sense simpler since all the columns have
the same probabilistic behaviour.

» Definition 3 (HG(m,n,u) random model). Fiz p a probability measure over [0,1]. In

the HG(m, n, u) model, the incidence matriz M (H) is generated according to the following

procedure:

1. Compute a random vector m = (w1,...,7,) where (7w1,...,7,) forms a family of i.i.d
random variables with probability measure u;

2. Compute M(H) according to the multiparametric model HG(m,n, ).

With the HG(m,n, 1) random model, the distribution of the degrees is controlled and it
is possible to describe the influence of the degrees on the number of minimal transversals.
The columns of the matrix remain independent but the rows are no more independent since
they share the same random variable 7. Models are closely related:

Prmm’u[H]:/[ ] Pr, . [Hlduen (1) (2)
0,1]"

with gy, the product measure p ® --- ® p (n times). Also, if we consider the Dirac Measure
= 0p, then HG(m,n,d,) is exactly the HG(m, n,p) model. To the best of our knowledge,
this idea is new in the field of algorithm analysis and so is our approach to obtain results
in this random model. It is general enough to capture the behaviour of algorithm in both
classical models like the Erdos-Renyi and on real-world hypergraphs. Though we only gave
the average complexity of Berge algorithm in the HG(m, n, p) model, the results we presented
already allow to numerically compute the average cost of the algorithm in both HG(m, n, )
and HG(m,n, u) models. In our perspectives, we would like to obtain the average number of
minimal transversals and complexity of Berge algorithm for other measures p like

the uniform distribution between two values a and b, that is u = Uja, bJ;

a measure that combines two Dirac measures;

the Dirac measure (or one of the two previously mentioned), when the probability p is

close to 0 and/or when n is not polynomial in m.
Note that, in the HG(m,n,p) model, we claim to be able to extract the average number
of minimal transversals with n vertices and m hyperedges when m < n, that is n = m®
with o > 1. We omitted the proof for the clarity of the paper and since we are convinced
that, in practice, it is safe to assume that @ < 1. The case where n is almost equal to m
remains a challenge though. Our results could also be applied to study algorithms which are
improvements of Berge Algorithm, as mentioned in the introduction. Finally, in order to fully
understand why Berge algorithm is more efficient in practice than the one by Fredman and
Khachiyan [20], one would also require to analyse this algorithm in various random models.
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7 Details of the proofs
7.1 Details for the EGF

In the HG(m,n, ) model, for a given distribution =, the e.g.f is

14

Sy(u) = et==0)u H (1—e o)

i=1

it can be rewritten as:

4
S@(u) — 6((17zz)u g 0L H 0p,iU _ _ e(lfzzfzle 04, uH oriu

i=1

Our goal is to find m![u™]S,(u), that is the probability of a set with ¢ vertices to be a minimal
transversal in a hypergraph with m hyperedges. The idea of the proof is the following: Sp(u)
is analytic, we can therefore use the saddle-point method to extract its coefficient, using a

i=1

circle of radius 7 as a closed path. Indeed, using Cauchy’s integral formula we have

i) = 5z [

where r is between 0 and the radius of convergence. Let h(0)

1 i .
[ ]SZ( ) / eh(@)—mwda

2mrm

Using the Taylor expansion we obtain

Sp(u)

um+1

™S () = — / (O FOR (0)+ 2 1 (0)+O (0% supye)

2rrm

du

= In(S(re'?)), we have

MO imf g

Therefore, we need to find the first, second, and third derivative of h(6).

1 (#) can be computed as follows:

/ i0
n'(0) = ire' Sﬂ(re. ) =ia(re’?), where a(x)=

Se(re?)

L 00,
a(x) = [1»@ +Z‘fi€e ] =2l =20 + 3 wloesa)

. re T T
with  w(z) = o= — o _ 1

Now, h'(#) can be computed as:

B"(0) = —rea (re'?) := —b(re??), with b(x)

14

=bx)=a|(1—2z)+ Z 0w’ (0g,i)
i=1

L

=(1—-z)z+ Z oe’ixw’(omm)
i=1

= zd (z)

XX:11
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Where,

W (z) = 1 . e et —1—ze”

et —1 (er —1)2  (e* —1)2

And h(0) is obtained as:

R (0) = —ire®V (re'?) = —ic(re')
with ¢(z) = ab'(x)

‘ ¢
=z |(1—2z)+ Z og,w' (0p,iT) + Z 07 j2w" (0g,:)
i=1 i=1

¢ ¢
=a2(1—z)+ Z 07w (00;T) + Z(O@7i.’1¢)2w”(047i$)
i—1 i—1

‘
=b(x) + > (0g2)%w" (0pi)
i=1
We have
[u™]Se(u) = Se(r) /Tr i0(a(r)—m)— G b(re’®)+0(6% supge)_n o 1M O)]) g
2rr™

We define the notion of H-admissibility as it was in [19].

» Definition 6 (H-admissible). Let G(z) be a generating function with a radius of convergence
R with 0 < R < co. Given Ry < R, let G(z) be positive for z €|Ry, R[. G(z) is said to be
H -admissible if it satisfies the following conditions:
1. (Capture condition) lim, g a(r) = +oo and lim,, g b(r) = +00
2. (Locality condition) for some function 0y (r) defined over |Rg, R|, and satisfying 0 < 0y < m,

one has

G(reie) ~ G(r)ew“(r)*ez)b(r)ﬁas r+— R,

uniformly in 0] < Oy(r)

3. (Decay condition) Uniformly in 0o(r) < 10| <«

(5

» Lemma 7. In the HG(m,n,w) model, when ¢ = o(m), the probability that a set with £
vertices is a minimal transversal is:

m![u™]Sy(u) = m! . (1 + o(b(r)’%))

Proof. The idea of the proof is to evaluate the integral

/ " i0a(r)—m)— Zb(re ) +O(07 supge; 1 [ (0)]) g

We decompose the integral into two, that is [u™]S¢(u) = I + I with

02

I = / Li0(a(r)—m)— G b(re'®)+O(6) supge; 1 10" (O)]) gg
0]<e

I = / Li0(a(r)—m)— Zb(re™)+O(67 supge; 1 10" (O)]) gg
e<|f]<n

In order to use the saddle-point method and prove Lemma 7, we prove the following:
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we show there exists a unique saddle point r such that a(r) = m (Lemma 8).

we show that r ~ ;”:Zf (Lemma 9).

we show that b(r) tends to infinity with respect to r (Lemma 10)

in I, we show that if e = b(r)~5, we have |#3h"(0)] = m~3 (Lemma 11).

we give an upper bound of I and show it is negligible compared to I; (Lemma 12).
Note that this is sufficient to prove that Sy(u) is H-admissible. Once all those elements are

proven, we have that

L=+ o(m—%))/ e~ E0re ) gp

—€

Using € = b(r)_%, all that is left to study in I; is the Gaussian integral

b(r)~ v
/ €7§b(rew)d0

7b(r)7%

ol

Using a change of variable s = 1/b(r)f, and assuming b(r) tends to infinity we obtain

/°° _s2 ds
e 2
—o0 b(r)

which is equal to , /%, therefore concluding the proof.

<

In the context of Lemma 7, since the functions w(z) and zw’(z) are bounded on [0, +o00],
we have r = -+ O (1) and b(r) = m+ (O(l)) . By replacing m! using the Stirling formula,
we obtain the result announced in Theorem 2 when m=¢ < mz, < m¢.

» Lemma 8. There exists a unique r such that a(r) = m.
Proof. Recall that a(z) = (1 — zp)z + Zle w(og,ix). So,

14

a'(x) = (1—2z)+ Z 0¢,iw’ (0¢,i)

i=1

X

W'(x) = ¢ )2(1—x—e*w)§0

(e* —1
so w(x) is decreasing.
e2z

w”(x) _ W

(x+2e®—=2+2e")>0

Since a’(z) > 0, we have o' (z) is increasing and a'(0) =1 — 2z, + Ele opiw'(0) =1—2,—
1 Zle o¢i > 0. So a/(z) > 0 and a(x) is increasing.

Moreover, a(0) = £ and lim,_,+ a(z) = co and we can conclude that r exists uniquely. <

m—£
1—2zp°

» Lemma 9. If { = o(m), then r ~

%. Otherwise we have r ~

Proof. Assuming a(r) = m, we have r(1 — 2) + Zle w(ogr) = m. Using the fact that
w(z) € [0,1], one has % <r <

For k > 1, if ¢ > klogm, then £zpm —

14 14
r(1—z0)+ Y wlogr) =r(L—z) + Y _(1+ O(orr)) = (1 — z¢) + £ + O(Lzym)

i=1 i=1

XX:13
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s thus, m = 7‘(1 — ZE) + 0+ O(EZ(T)”L% so 1 ~ M=t

172@

—£
s If £ <logm, then r ~ 1Tz£ ~ ;n—zz'

367 |

s B Lemma 10. If { = o(m), then the function b(r) tends to infinity.

0  Proof. We have

¢
570 b(r) =7(1 — z) + Z 0g,;Tw (0g,T)
i=1
sn Using the fact that w’(o,;7) < 0, there exists a constant like A < 0 such that A < oy ;rw’(0¢,7),
sz Vi < £. Therefore we obtain

E8 (I=z)r+LA<b(r)<(1—z)r

s According to Lemma 9, if £ = o(m), r ~ % and b(r) ~ m.

ss Now consider the case that ¢ > klogm for large enough k such that o, ;r = O(#) In this
ws  case, 0g,Tw (0,r) ~ —30g;r and so b(r) ~ (1 — z¢)r + O(:2z). Thus b(r) — occ. <

4
9

57 » Lemma 11. if e = b(r)~5, we have |#*h" (9)| = m™3

s Proof. Recall that b () = —ic(re'?), and
s c(x) =x(1— 2) + Zle 0p,ixW (0g i) + 2521(047ix)2w”(0gviz)

s Define w(u) = uw’ (u) + u?w” (u), so

L

381 clx) =x(1 — 2zp) + Z&J(omx)

=1
2 We have
283 |Ik6a:v| _ |x‘k6aRe(z) _ ‘x|k6a|x\cos(9)
s If |2] = oo, we have
2z 3 ,2|z| cos(0)
, ze o ape
385 w (.’Il) ~ W and W(ZL'> ~ W

s which tends to zero if |#] < § —e. So @ is bounded on the cone {z;|arg(z)| < § —e}. Thus
387 ‘C(:C)| < (1 - Zg)|$| + 0(6) ~ O(m)

ss Now, define € = b(r)™7 ~ m~7 such that % << % In particular let v = % ore=mv.
;0 Therefore,

390 |93hm(9)| =m 3V m = m%l
301 |
2 » Lemma 12. if { = o(m), then Is = o(1y)

w3 Proof. Our objective here is to bound |Sy(re?)| relatively to S(r).
30 We have

395 Se(u) _ e(lfzszf:1 Oe,i)u

7

(e~ 1)

4
=1
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e?ti% — 1 is a function with positive coefficients, therefore

|6014171Te7.’9 _ 1| S 601/"““ _ 1

6

Also |earei — |earcos(0)+io<rsin(9)| _ earcos(&) _ eare—ar(l—cos(e)). For |€| > ¢ we obtain:

.10 _ _
are |<eare ar(l—cos(e))

le

And finally we have:

(eog,ir . ].)6_ (l—zz—Zle oe,i)r(l—cos(a))
1

4
1Sp(re®)] < e (1722 o)

L
i=

using the definition of Sy(r) the inequality simplifies into

. L 3
Se(re®)| < Sy(r)e” (1777 Eiyon)reos(@) < g,

2w —e
) / e Lb(r)
€

< Su(r)(1 4+ O(b(r)$)2(r — £)e ™ 20) = Sy(r)(1 + O(b(r) ™

So we have

ol

Iy = Sp(r)(1 + O(b(r)~

W=
Ol

)2(m —e)e”™

7.2 Details for the OGF

In this section, we analyze the asymptotic behavior of the coefficients c,, ¢ and ¢, ¢ for large
and small values of £, where Sy(u) = > uso Cmoe™ and Sp(u) =37, - Em eu™. For the sake
of simplicity, the results are given in the HG (m,n,p) model but similar results can be stated
in the HG(m,n, ) model with some additional notations.

» Lemma 13. In the HG(m,n,p) model with £ > log1 m'*€, the coefficients satisfy

1
Cmip = (?)E!oﬁ <1 +O( Oriem)> ,

_ m+1\ logm
= !
Cm b (g_’_l)é.oé (1+O( s )),

where the constants in O do not depend on £.

Proof. Recall that
1

(1 — Zy — iO@)

¢
So(u) = u'0o} H T

i=0
So,

‘ ¢
ulo 9 9

(1 —u(l — zp — Log)) e+t (1 —u(l — z))tt?

where f(u) < g(u) means the coefficients of f are smaller than the coefficients of g. Using

1 AN
(1au)e+1:z( 14 )au

E>0

< Se(u) 2 u‘e!

the following equality
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the coefficients satisfy
00} (?) (1 =20 —Lo))™ " <y < 010} (?) (1—2z)™ " (3)

Since ¢ > log1 mite (1 — 2z —Llo))™ “ =1+ O( ) and (1 —z)™* =1+ O(-X). This
concludes the proof for ¢y, 0. For the cumulative coefﬁments Cm,¢, the bounds on ¢, ¢ can be

reused and we obtain for all £ < ¢ < m,

004 v (1— 2z —Llog))™ " < < 0o} v
:0p ) zy Oy S Cprp > 620y ) .

Summing over ¢’ gives the announced result.
<

The following lemma is also written for HG(m, n,p) model. The argument used in it works
directly for HG(m, n, ) model.

» Lemma 14. In the HG(m,n,p) model with £ < logi m'~¢, the coefficients satisfy

et = (1— 2)™ (1 + 0(1°im>> ,

_ q 1l 1( 10gm>
w=T(H-—— " (110
Cm.L (p)F(%—l—E—i—l)Og ( me )

Proof. The dominant singularity of g@(u) is %ZZ To obtain ¢, ¢, we use the Cauchy

1
coefficient formula. By choosing a circle with radius ﬁ as the contour, we have
2

1 gg(u) mi1& S’g(u) 1
371 Jo um+1du = [u™]S¢(u) +Re(um+1 U= T Zz)
and
Sy(u) 1 1
_ _ U
Res(um+17u 1—Zg> g+t o Hl—u l—z(g—wg) 1—2’5)
1 1 1
— (1 m+1—£ ¢ 1—
( Zil;ll 1—u(1—2’2) 1_28) ( Z@)
So,
1 Sf( ) m1 & m
5 . um+1du— [u™]Se(u) — (1 — z¢)
On the other hand, |5- fc ffnﬂd | < S’m), and we have
Se(r) my, 0t ma1 1 T(3)
g = Bt Hl—rl—z— =5 -2 =™
¢ — 10g) o (¢ + 2)
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To compute ¢, ¢, we use the same argument as for computing c,, . Note that the
domlnant singularity of Sy(u) is at w = 1. Therefore, the contour is a circle of radius

r= 1_ . Consider the term Hl o m We can simplify it as follows:

define ﬂ(u) = 1=z 4pen

uoy

d ! 11 T'(B(w))
1;[ u(l — 2z —iog) — (uog)t+1 1;[ Blu)+i  (uog) T T(B(u) +£+1)

0
Note that 5(1) = 4, so we have:
Se(u) 1 T 1 1 I
Res(ner =1 =00 s el =0 =Y o T(L+0+1)
Thus
1 S A LT
Sel) 1, pum1gy(u) - & — L)

2mi c, umtl o (L +€+1)

But |5 c. um“)d | < S" ) and
Se(r) ’ 20\ may2 2 (21)
= loy(1 = 0 )" — =5
r 2 co,D(gh +4+1)

<

» Lemma 15. In the HG(m,n,p) model with logs m'~¢ < ¢ < logi m!'*¢, the cumulative
q q
sums satisfy

0o @3) (1= 2 — L0}~ < Gy < (m — £)010} @1) (1— 2)~"

where jo and ji are the indexes such that the bounds in Inequality (3) are mazimal. In
particular, we have

. . 14 . . 14
Jjo = min (m, LZZ +€0ZJ) , 71 = min <m, {%J) .

Proof. The proofs for the lower and upper bounds are similar. The inequalities in(3) give

0o} max (1 — 2¢ — £0g)" ™" < Gy < (M — )00} max (1—2z) "
i=L.. f i=L.. j4

Studying the ratio between two consecutive elements in the max, it can be proved that the

sequences are increasing for j < jo or j < j; and then decreasing (if jo # m or j; # m). This

concludes the proof. <

7.3 Details for the average number of minimal transversals

Let ¢/ = logl%(mQ(aH)) and av(n,m, £) = (})m![u™]Se(u). The average number of minimal

transversals is
min{m,n}

av(n,m,?)
=1

XX:17
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Assuming that that n = m® with a < 1, we split the formula into two parts:

-1 n
Z av(n,m,l) + Z av(n,m,?)
=1 =t

w2 The two following lemmas gives the asymptotic.

w3 » Lemma 16. The asymptotic of the first sum is equal to av(n,m, |j]) +av(n,m, |j +1])+
444 av(n,m7 |_] =+ QJ)

Proof. there is a unique constant x such that

1— e (1-pP)r
we define the real value j such that p(1 — p)?~! = k. Let r¢ be the solution of a(r;) = m.
We study the ratio:

- Cav(n,m l+1)  n—LSea(re) e\
E(n,m,€) = av(n,m,f)  L+1  Sy(re) Tl

ws It can be proven that:

446 R(?’l, m, I_-”) >1

447 R(n, m, L] + ].J) <1

448 for all £ < |j|, R(n,m,£) tends to infinity uniformly in m
449 for all £ > |j 4 1], R(n,m,£) tends to 0 uniformly in m.

450 <
s » Lemma 17. The second sum is equal to O(%)

s Proof. = first we prove that (},)[u™]Se (u) = O(+a5r). We have

s ()mse ~ () - e
- <nfmf (1= p) @D

m(a+1)z’
< S EErET

Then we show that 2D 1 for o]l ¢ > ¢/ For all £ € {1,...,n — 1}, we have

av(n,m,l)

av(n,m,(+1) _ p(n—£0)(m—D(1—p)*

— < 1—p)*
av(n,m, ) (L+1) < prm(l = p)
For all value ¢ > ¢’ we obtain
av(n,m,l+ 1)
av(n,m,)

as7 Therefore we have the ", av(n,m,l) = O(L).
458 <
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7.4 Details for the average case complexity of the Berge algorithm

This section is devoted to the proof of Proposition 5 on the average case complexity of the
Berge algorithm. By hypothesis, we have n = m® with a < 1. The average complexity
satisfies the upper bound

E,[B(H)] < n-m-min{n, m}Z]E [Tr;n) < 2““2( )cm,e

i=1

with Cpe = > 1) Cm . According to Proposition 3, the sum is split into three parts: £ < ¢,

¢>¢t and £~ < ¢ < ¢ with ¢~ = logi m' ™€ and ¢ = logi m'*¢ for an arbitrary fixed
q q

positive e.

» Lemma 18. The first and third sums satisfy

i (Z)cm,z = <Zi)0m,e—(l+0(l)), and En: <Z>C’”’Z = <£j_)cm,f+(].+0(1)).

(=1 L=0+

Proof. The proof is similar in the two cases. First the ratio R, = (éil)am7[+1/(?> Cm,e 1S
calculated using the equivalences of Proposition 3 and we prove it is decreasing. After, we
show that R,- tends to infinity whereas R+ tends to 0. Then we can conclude and the o(1)
can be replaced by O (1/R,-) for the first sum and O(R,+) for the second one. Indeed the
equality in Proposition 3 gives for £ < ¢~ and ¢ > £

oon—{ 1 logm 7(nf€)(mf€) logm
RZ_Z-‘FK—qu(lJrO( " )), Ry = D) 1+ 0( e ).

It proves that the ratio Ry is decreasing with ¢ in both cases. The ratio R,- is a © (logm)
which tends to +o00. The ratio Ry+ is a © (m) which tends to 0 for € small enough.

By induction on £, ( )cmg < ( )Cmg RZ ¢ and ( )Cm’g < (ﬂ)EWﬁRﬁIN. Summing over
{ gives the two assertions. <

Note that Lemma 18 entails that the asymptotic in the complete sum is given by the
asymptotic over the £ in the intermediate range £~ < £ < ¢*. Using once more the upper
bound in Proposition 3, we obtain

ot

> (Z)cm,z = (1+o(1) 3 (’;)cm,e

=L~
ot

(1+o0(1 Z ( >€' Z(“)(lw)jw (4)
=0

with j; = je(m,¢) = min (m, L%J) We now deal with the asymptotic of the right hand
side, using once more the upper bound in Proposition 3. For this, we consider once more the
ratio Ry of two successive elements,

IN

n— ﬂpqzz Jet1! (o — )1 (1 — 2gaq)ie1—t-1
{+1 (Jer1 — =1 44! (1= )i 7
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» Lemma 19. The ratio Ry is decreasing and the mazimum value in the sum (4) is obtained
for £ =logi(m) —logi(Inm) — logl(lg(’“) +o(1) when a > 1— ﬁ. In particular, we
q q q

S a0 - ()ad(M)o e

{=1

Proof. To study the ratio, it is necessary to distinguish the case j, < m and the case j, = m
Though, in both cases, the ratio is decreasing. The ¢ given in the lemma only comes from
exact calculations. Note that the condition on « ensures that j, = m. <

7.5 Details for the Poisson-Mellin-Newton Cycle

The generating function is in the following form:

SZ(’U’) = 6(1_(1_11)[)“ (1 — e_p(l_l))éilu)e

1 \*
The Poisson generating function is Pj(u) = e~%S;(u)= e~ *(1-P)" (1 — e~p(1-p)’ “)
The Mellin transform is as follows:

1 o _
(l—p)slA v e (1 - eT5 ) d

Using the Binomial theorem we have:

MZ(S) =

l

Mi(s) = (1_1]0)51/000 ol (3 (,i)(l)““ew o

k=0

l
l Ik 1 > 1 —v(izptle—kp)
:Z<k)(—1) W/o v e ey =
k=0

1— p+lp kp) 16_1,(M)
-p

Then by changing the variable v( = u we have fooo v57 =p v =

Jo ut e () tdu = (17”)5F( )

1 p+ip—kp 1—p+ip—kp
and therefore

l /1 I(s)
My(s) =Y (=1)"* (k) (1 —p)E=Ds(1 —p+Ip — kp)*

k=0

According to Poisson-Mellin-Newton cycle, we know that the coefficients of the p.g.f. are
obtained as follows by simplifying the Ngrlund-Rice Integral:

1 T(m+1)

Coni=7— | —/—m—
b o Allm+s+1)

)

M (s)ds

But

l

/F(mj\ﬁiﬁl Z ( )/A(l—p)“”5(1—p+lp—djfp)s(8)(8+1)---(8+m)

k=

Let

1

F(s) = (1—p)t=Ds(1 —p+Ip—kp)*(s)(s +1)--- (s +m)
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then according to the Residue Theorem we have:

ds '
/A (1=p) Do —p+1lp—kp)*(s)(s+1)--- (s +m) — 270 Y Res{F(s),s = ]

7=0

But

g (=1 1 —j

Reslf ()5 === Fn = i A= T = p+ ip— )
So
> Restr(s)s = 31 = > (M) - L1-@-p
es[F(s),s = - —p) (1—p+ip— k:p)) ooy (1 1-p) (1

i— §=0
Thus

2mi ZRes[F(s), s=—j] = %(1 —(1=p) A =p+ip—kp)™

Therefore C,,; is as follows:
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