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Abstract

In this paper we study the asymptotic behaviour of the bounded solution of the
following forced system and its discretization

eu” + |u'|%u + VF(u) = g(t)

with conditions on F and g. We present similar forced angle conditions for both con-
tinuous and discrete cases, and then we apply it to examples from the literature.
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35L70, 65L07.
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1 Introduction

In this paper we study the asymptotic behaviour of the following differential equation and

its discretization
eu” + | |*u + VF(u) = g(t), (1)



where FF: R — R, g : R, — R4 & > 0 and a > 0. The main question that we want to
deal with is whether a bounded solution of (1) or its implicit discretization converges to an
equilibrium point. It is now well known that convergence or nonconvergence may occur.

There are some previous works in the literature on this subject in continuous situation:

- when € =0, @ =0, F is analytic and g = 0 (see [20, 21]);

- when ¢ = 1, @ = 0, F' is analytic and g = 0 (see [14, 13]);

- when € = 1, @ > 0 is small enough, F is analytic and g = 0 (see [7]);

- when £ = 1, @ > 0 small enough, F is analytic and g in some sense in L' (see [5]).

There are also previous works in the discrete situation:

-when e = a =0, g, = 0 (g, is a discretization of ¢g) and F is analytic (see [1] for explicit
discretization and [3, 22] for implicit discretization);

-when e =1, a =0, g, = 0 and F is analytic (see [2]);

-whene=1,a=0, g, is in [ and F is analytic (see [11]);

- when € = 1, @ > 0 is small enough, g, = 0 and F is analytic (see [18]);

- when € = 1, @ > 0 small enough, g, in some sense in /' and F is analytic (see [6]).

Note that convergence of bounded solutions does not always occur, as illustrated in
23, 19, 13, 17] in the continuous case and in [1] in the discrete case.
An important tool used to obtain the convergence is the so-called angle condition. Let us
quickly review this approach. Equation (1) (with ¢ = 0) can be written as a first-order
system

u(t) + F(u(t)) =0, t>0, (2)

where F : RY —» R¥ is a continuous function. Let £ : RY — RY be a function of class
C1.
If there exists o > 0 such that

YueRY 1 (E'(u), F(u) 2 o ||€' W) | F(w),

then we say that £ and F satisfy an angle condition.

This condition first appeared in [1]. It proved that every solution of (1) with e = a =0 et
g = 0 satisfies this angle condition. Chill et al. [8] generalized this result for second order
system by proving that every solution of (1) with e = 1 and o = 0, g = 0 satisfies this angle
condition. Haraux and Jendoubi [13] propose the more general inequality

=0 VueRY : (E'(u), F(u)) = o ||€'(w)]| 7| F(u)].

to cover the case of equation (1) with o > 0.

In this paper, we present similar forced angle conditions for both continuous and discrete
cases (forced in the sense that g # 0), and then we apply it to examples from the literature.
With these angle conditions (see (3) and (29)) and under the assumption that some energy
satisfies the Lojasiewicz inequality, we give new proofs of our preceding results given in [6].
In order to do so, we prove two main abstract theorems (Theorem 2.2 and Theorem 3.2).
Our proofs are inspired by the ideas in [9, 5, 11] for the continuous case and in [22, 11] for



the discrete case.
Note that the natural condition for a forced system is

_d
dt

with ¢ € C*(RM,R) and f € C(R;,R,).
Let us also mention that, to our best knowledge, angle conditions in the forced case have
never been used before.

This article is organized as follows:
Section 2 deals with the continuous case. In Subsection 2.1, we specify an abstract result
for the continuous case. In Subsection 2.2, we apply the result of Subsection 2.1 to (1) with
various cases depending on the values of € and «.
Section 3 deals with the discrete case.
In Subsection 3.1, we specify an abstract result for the discrete case. In Subsection 3.2,
we apply the result of Subsection 3.1 in an implicit discretization of (1) with various cases
depending on the values of € and a.

This method allows us to get the same results as in [11]. However, we obtain different
results from those in [5]. It is not surprising, since our conditions on g are different from the
ones in [5].

VteR, : [@(u()] + Cf (1) = o [Vou)]™ 1 @),

2 Continuous case

2.1 An abstract result

In this section we give the definition of an angle condition and we prove that functions
satisfying this condition converge.

Definition 2.1. Let ¢ € C*(RY,R) and f € C(R,,R,).
We say that a function z € C'(R,, RY) satisfies a forced continuous angle condition relative
to ¢ and f if there exist constants C' > 0, 5 > 0 and A > 0 such that

L]+ CF0) = A (IVeE@)IP2 + 12 01). @)

Vt€R+: _E

We now state and prove the main result of this part:

Theorem 2.2. Let x be a function that satisfies a forced continuous angle condition relative
to functions ¢, f and constants C', B, X. We assume that ¢ satisfies a Lojasiewicz-type

inequality (see [20, 21]), that is, there exists 0 € (0, 3] such that

Va € RY 3y, > 0,30, >0 |Vu e RY : ||u —a| < o,
= [IVo(u)|| = 7 |d(uw) — ¢(a)], (4)



and that there is a constant 6 > 0 such that f satisfies

+o00 +o0
/f(s)ds < 400 and sup | 77T / f(s)ds | < +o0. (5)
0 teR4 f
Assume also that (84 1)(1 —0) < 1.
Then either lim ||z(t)|| = +o0, or there exists z* € RN such that lim z(t) = x*.
t—r 400 t—>+00

Precisely, in the second case there exists a constant A > 0 such that

1-(1-6)(pB+1) ¢
—1+(1—9)(ﬁ+2)’5+2)‘ (6)

Vit >0: |x(t) — 2| < At™" where = min (

Remark 2.3. If ¢ satisfies (4) for some exponent 6 € (0, 3], then, by changing ¢ and 7 if
necessary, it is easy to see that ¢ also satisfies (4) for every exponent 6’ € (0, 4].

Proof. By modifiying the constants ¢, 0 and 7 in the inequality (4) (see Remark 2.3) we can

assume that 0 € (%, 3) is small enough so that:

6 1-(1-0(+1)
f4+27 14+ (1-60)(B+2)
This clearly comes from the fact that % >0 > % and the study of the function s —
1—(1-s)(8+1)

—1+(1-s)(B+2)" _
Using this last inequality, we observe that

5(8+1)

< B+ B+2 7

< : (7)
B+d+1

Assume that [|z(t)|| /= +o0 as t — +oo. Then z(t) has an accumulation point z* in
RV,
Let us define

+o00
V205 (D) = ola(t) - oa) + C [ f(s)ds.

Using (3), we get
vez0: ') 2 A (Ve + 2 0))).
Then there exists a constant ' > 0 such that
VE>0: =) = N ([Ve(a(t)] + [l (1)) (8)

The last inequality implies that 1 is nonincreasing. Moreover, since x* is an accumulation
point of z(t), it follows by continuity of ¢ that 1(¢) decreases towards 0. If there is tg such

4



that ¥ (t9) = 0, then 1) must be constant because 1(t) decreases towards 0. By using (8),
we can therefore deduce that x is constant which proves the result in this case. Otherwise,
without loss of generality we can assume that

Vte R, O<@/J(t)§1and0§0/f(s)ds§1. 9)
For all ¢ > 0 such that ||z(t) — 2*|| < 04+ (0,+ as in (4)), we have

W0)" < [oalt) = o)+ (€ [ (s)ds

We can apply the inequality (4) and we obtain

W) < V()] + / £(s (10)

where C; = —

Let ¢ = (8+41)0 — 8. We have ( =1 — (1 —0)(8+ 1). From 8 € [0, 1%;), it follows that
¢ >0.

Now, let ¢ > 0 be such that [|z(t) — z*|| < 0,+. We distinguish two cases.
First case, we assume that

I O + IV ()] < /f . (11)

Using (7) and (9), we obtain

1+ﬁ
BFo+1
I/ () + [ Vo(a(®)] < /f
Thanks to (5), there exists a constant Cy > 0 such that
|2’ ()| < ot~ 75, (12)
Second case, we assume that
2/ 0] + Vo)) > / fls)ds | . (13)



Then combining (10) and (13), there exists a constant C3 > 0 such that

W) < Cs(ll Wl + IVo(z@)]). (14)
We have

Ly = O )
= —U'(t) (o ()T

By using (8) and (14) we obtain

d /
—C4E¢§t:; = =" @) (15)

. chtt
with Cy = #

So, in both cases for all ¢ such that ||z(t) — z*|| < 0+, we have
' d < -(+5%2)
2" (O] < —Ca gt (8) + Cot 777520, (16)
Note that the function on the right-hand side is integrable on (1, +00).

Now, let ¢ be sufficiently large such that

“+o0
O p*

< % and Cy)¢(t) + Oy / s~ 0teR) s < - (17)

Hx(z_f) —z*

t

Define
tt=sup{t >1:||lx(s) —z*|| < o, Vs € [,1)}.

Let us assume by contradiction that t* < +oo, so that ||z(¢) — 2*|| = 0,+. Forall ¢ € [t,tT),
estimate (16) is satisfied, and due to the choice of ¢, we obtain

Jo(t) 2@ < [l ds < % (18)

Applying the triangle inequality,

|z(tt) — o* < Op.

< ||a:(t+) — x(f)H + H:v(f) —x*

This leads to a contradiction. Therefore, t* = +o00, estimate (18) is valid for all ¢ > ¢, then

+o0
J ll2'(s)|l ds < +oo which implies that x(¢) has a limit as ¢ tends to infinity.
t



Now, we will prove the convergence rate (6).
We follow the ideas in [12]. We define

Ji={t>0:(11) holds} and Jo = {¢t > 0: (13) holds}.
By (8) and (14), there exists a constant Cs > 0 such that, for every ¢t € Js

_i¢1—(1—6)(5+2) (t) _ _[1 _ (1 _ Q)(/B + 2)]@/1/(75) (@Zj(t))f(lfe)(mrz)

dt
> (. (19)

To get (6), let us assume first that either [to, +00) C Jy or [tg, +00) C Jy for some ¢y > 0.
In the first case we have, for any t > tg,

le)) —2* < /Hw’(s)Hds

+oo
< / C’gs_(Hﬁ)ds
by (12)
t
5
< Cgt F2,

If [to, +00) C Ja, we get by integrating (19) from ¢, to ¢.

e(t)

IN

S S
<C’5 (t —to) + (@p(to))l*(lf@)(m?)) —TF(I-0)(A+)
< Cot=THaaED

Using (15) we get

Jot) ~ 2 < [ o(s)lds

< G4 W(t))g

—¢
< CyCSt=TFa=0FTD

The case where neither J; nor J; contain a half-line must specifically be handled in order to
finish the proof. Because Js is an open set by definition, there exists a countable family of
disjoint open intervals (a,, b,) such that Jo = J >~ (an, by).

Let us consider ¢t € J,. Let n* be the integer n such that ¢ € (a,,b,). Note that ¢ can be

chosen such that a,» > 1. We get by integrating (19) from a,» to ¢
1
Y(t) < (05 (t — ap) + (¢(an*))1—(1—9)(ﬁ+2)) T I-0)(F12)
-
< <C5 (t — ap+) + (1/J(an*))1_(1_9)(/3+2)> TR0

7



We obtain, by using (5), (10) and (11)

(w(an*>>1—9 < <Cga*(1+ﬁ+5)>(1—9)

and, thus,

n*

b(t) < <05 (t— ape) + (057(179)(&2)a7(1+6+6)(17(179)(5+2)))> 0 '
From (7), it follows that
(1+8+9)[-1+(1—-0)(p+2)] > 1.
Replacing C5 by CL = min (C’5, 081‘(1‘9)("‘“)), we obtain

Y(t) < (CLt)Trame,

Note that this last inequality holds for every ¢ € (a,«, 00) N Js.
We have, according to (12) and (15), for every ¢ > a,,-

la(t) — 2" < / 2/(s)]] ds + / Ia/(s)]] ds

(t,4o00)NJy (t,+o00)NJ2
d
< / Cos™ 1+ 782)ds 4 / —C'4d—wc(s)ds
s
(t,+00)NJ1 (t,+00)NJ2

__5_ [ S
< Cgt 92 4 Cy(Cit) =#0-0G+)

We, therefore, obtain the convergence rate (6) again. O

2.2 Applications

In this section, we implement our approach on the following examples of continuous functions.
Let F: R? — R be a C? function. We define

S={u €eR! VF(u")=0}.
We assume that:
36 € (o,%] Vu* €S Ir, > 03, >0 Vu e R : |lu—u*|| < rg
— |[VF(u)|| > ca|F(u) = F(u*)['"™". (20)

Proposition 2.4 ([18]). The Assumption (20) holds if one of the following two cases is
satisfied:

- F' is a polynomial function, or

- F'is analytic and S is a compact set.



2.2.1 A first order gradient system

We consider the differential system:
U'(t) + VEU()) = g(t) (21)
where ¢ : R, — R? is a continuous function.

Theorem 2.5. Let U € WH (R, RY) be a function which satisfies (21), and assume that
there exists a constant o > 0 such that g satisfies

/Hg(s)||2ds < 400 and sup | £+ / lg(s)[Pds | < +o0.

teR4

Then there exists U* € R? such that lim U(t) = U*.

t—>+00
Moreover, there exists a constant A > 0 such that for all t > 0, we have

6 4
— * < K = 1 — .
|Ut) — U*|| < At™ where p m1n(1_29,2>

Proof. We define ¢ := F, z:= U, f :=||g||* and 8 = 0.
We have for all t > 0 :

L oat) + 510 =~ (VEW),U0) + 3 o(0), 9(0)

= (VEU),U'(0) + 5 (U(0) + VEU ), U'(#) + VEU )
(IVF@@IP + 1 ®1?)
(IVo(@) 7 + ll2' )1***)

N~ N~

Then the function z satisfies (3) with the function ¢ and the statement follows from Theorem
2.2. O

2.2.2 A second order gradient system

We consider the differential system:
U"(t) + IU' 0" U'(t) + VE(U(t)) = g(t) (22)

where 1 > o > 0 and g : R, — R? is a continuous function.



Theorem 2.6. Let U € W2*°(R,,R?) be a function which satisfies (22), and assume that

(i) a € (0, 1%),
(1) there exists a constant a constant 6 > 0 such that g satisfies

teR4

+00 +oo
/||g(3)||ds < 400 and sup | £+t / lg(s)l|ds | < +oo.
0 t

Then there exists U* € RY such that lim U(t) = U*.
t—>+o0

Moreover, there exists a constant A > 0 such that for all t > 0, we have

|U(t) — U*|| < At™" where p = min (_11__‘_(21__02;?02_1;), - j_ 2> .

Proof. We define
8e(u,0) = Il + Flu) + €| VE@)|*(VE (), v), (23)

x=(U,U"), f =g/l and 8 = a. Using [5] and the fact that (U, U’) is bounded, we can find
e =€ > 0 small enough such that there exists constant v > 0 satisfying

d / a
— 0@+ Clg@I = AT O+ IVEUD)I] . (24)
Let us show that z satisfies (3) with the function ¢-. We have

Vo=(u,v) =
VE(u)+E|[|VF(u)||*V2F(u) v+Ea||VE (u)||*~2(VF(u),0) V2 F (u)-VF (u)
v+E|| VF(u)|*V F(u) '

Since (U, U') is bounded, there exists a constant Cy > 0 such that
vteRy: ([Voe(a(t)] < GollU" Ol + IVFU ). (25)
On the other hand

(U (), U" ()]l
= (U'(t), = lU'|* = VEU(t)) + g(t))|l
< Cull|lU'OI+ [IVEWU)]

(40l

where we used the fact that U’ and g are bounded.
By combining this last inequality with (24) and (25), we get that x satisfies (3).

10



Now, let us show that ¢z satisfies (4).
Let B C R? x R? be a ball containing {(U(t),U'(t)),t € R,}. We have V(u,v) € B

IV ée(u, 0]

= ||VF(u) +E|VF(u)|[*V*F(u) - v+ 5a||[VE () [|*"*(VF (u), v) V2F (u) - VF(u)]
Ho +E[VE)|*VE@)|

> IVE@)l = ElIVF@)[*V2F (u) - v+ Ea| VF(u)[**(VF (u), v) V2 F(u) - VF(u)]]
Holl = elllVE)|*VE(u)]

> (L=eCu)lvfl +[[VE()]].

By choosing a smaller value for £ > 0, there exists p > 0 such that
V(u,v) € B [[Voe(u, v)[| = plllv]l + [VE(u)]] (26)

If (a,b) is not a critical point of ¢, then, using the continuity of ¢z, it is evident that ¢z
satisfies (4).
Consider (a,b) € B to be a critical point of ¢=. Then VF(a) =0 and b = 0. By (20)

Tre>03c, >0Vu R |Ju—al <r, = ||[VF()| > ci|F(u) — F(a)|*°. (27)

Applying the Cauchy-Schwarz inequality, we obtain
_ _ o 1-6
[6=(u, v) — ¢(a, 0)]'~* = [5]|v]* + F(uv) — F(a) + E|VF(w)[|*(VF(u),v)]
< ol + [ F(u) = F(a)|'~" + [VF (u) ||+ o], (28)
By using Young’s inequality, we get
1-6
IV F ()| Dol '20 < [V F ()| + [fof| 700,

Hence

[62(u,v) = $ea, 00 < ol + |[F(w) — F(@)]'"™ + [V F(w)]| + ||o]| 70

Using (27) and the fact that 2(1 — ) and #ﬁe) are larger than 1, we obtain for all
(u,v) € B with [jv]| <1 and ||u —al| < rq

[P=(u,v) = de(a, 0)]'™" < ol +[F(u) = F(a)]'™" + [VF(u)] + |[v]]

1
< (2+2)09F@I+ el
< 2 (242) 19wl
by (26) P Ca

Then the function x satisfies (3) with the function ¢z and the statement follows from Theorem
2.2. O

11



Remark 2.7. In [11], the equation (22) was studied with o = 0, where it was assumed that

+oo
F satisfies (20) and g satisfies [ [|g(s)||* ds < +oo and
0
+o0o
sup (t1+5 i Hg(s)”2ds> < +00. By considering ¢. defined by (23) with a = 0 and using
teR4 t
[11] and following the same proof as in the previous section, we get the same convergence

result as in the previous theorem with oo = 0

3 Discrete case

3.1 An abstract result

In this section we prove an abstract theorem for the discrete case. For this we define the
angle condition and we prove that sequences satisfying this condition converge.

Definition 3.1. Let ¢ € C*(RY,R) and (f,)nen be a non-negative sequence.
We say that a sequence (x,,) of elements of RY satisfies a forced discretized angle condition
relative to ¢ and (f,)nen if there exist constants C' > 0, 5 > 0 and A > 0 such that

VneN:  ¢(@n) = ¢(@n1) + Cfarr 2 NI VO(@nin) |77 + [lznn — ]| 7). (29)
We now state and prove the main result of this part:

Theorem 3.2. Let (z,) be a sequence that satisfies a forced discretized angle condition
relative to function ¢, sequence (f,) and constants C, 5, X\. We assume that ¢ satisfies a
Lojasiewicz-type inequality, that is, there exists 6 € (0, %] such that

Va e RY, 3y, > 0,30, > 0| Vu e RY : |ju— a|| < 0o = ||[Vo(u)| > 74 |o(u) — d(a)| "
(30)

and that there is a constant 0 > 0 such that (f,) satisfies

+00 +oo
ka < 00 and sup (n”‘”'g ka> < 0. (31)
k=0 k=n

neN

Additionally, we assume that (B + 1)(1 —6) < 1.

Then either lim ||z,| = +oo, or there exists x* € RN such that lim =z, = z*.
n—> 400 n—>-+oo

Precisely, in the second there exists a constant A > 0 such that

1-1-60)(B+1) ¢
—1+(1—9)(5+2)’5+2>' (32)

VneN": |z, — 2" < An™" where p = min (

12



) 1—(1-0)(B+1)
B+27 -1+ (1—-0)(B+2)
So that 5 5(541)
t he
S G o+l (33)

Now we assume that lirE |xn|| # +00. The sequence (x,) then admits an accumulation
n—--+0oo

point z*.
Let for alln € N :

400
Un = 0(@a) = 9(@) +C Y fun.

k=n+1
Using (29), we get
Yo = Y1 2 MIVO(@ne) |77 + 2nsr — a7 (34)
Then there exists a constant A’ > 0 such that
U = Yt 2 X(IVO(@nin) | + |21 — zal)**2. (35)

So that (¢,), is nonincreasing. Let n; — 400 such that z,, — 2*. We clearly have
ty, — 0 as k — 400. So 1, — 0 as n — 400 and ¥, > 0 for all n > 0.
Without loss of generality we assume that

+oo
VneN: 0<v¢,<land0<C Y fry <L (36)

k=n+1

We have, since 0 < 0 < 1,

oo (1-6)
(o)™ < [(@asr) — o) + (0 > f) . (37)

k=n+1

If |zpe1 — || < 0p (04 as in (30)), we can apply the inequality (30) and we obtain from
(37)

+o0 (1-9)
(1) ™" < CLIIV(@nia) | + (C > fk+1> (38)

k=n+1
where C] = % We recall that
(=(B+1)0-0.

13



We have

ot _ BHDB+20-F(F+2) -1
p+2 B+2
_ 3B+ (B+2) -8B+ 1
N B+2
=52+ B)
- B2
< 0,
so that
1
0<C§m.

Now, consider n € N* such that ||z,11 — 2*|| < og-.
First case, we assume that

oo 1-9
H%wl—an+HV¢@nHWfE<C E:mﬁﬂ> :

k=n+1
Using (33) and (36), we obtain

o)
)

+o0 BFSHT
Hxn-&-l - xn” + ||V¢(xn+1)|| < <C Z fk+1> .

k=n+1

Thanks to (31), there is a constant Cy > 0 such that
)
lZn 1 — zall < Con~ 5w,
Second case, we assume that

oo 1-0
H%wl—mnH+HV¢@mHNh><C E:.ﬁﬂ> :

k=n+1

As in [22] and [11], we distinguish two cases:
- If ¥p1 < 1, /2, according to (34), there holds

i — 2] < (—) 7 o = Y]

(39)

(41)

(42)

(43)



where

- If g1 > 1, /2, we have

n
N L R
Pnt1
2 C(wn)<71 [wn - wn-i-l]
> (27 (Y1) [ — W] (44)

Let us estimate (¢,41)° " from the below. Combining (38) and (42), there exists a constant
Cy > 0 such that

(Wnr1)' ™" < Cull| 21 — zall + IV @nin)]]) (45)

then
(Cns1)' ™ = (W) "D < CF M (i — | + V(@) [)7H (46)

Using (35) together with (44) and (46), we obtain

¢ ¢ 627,
(¥n)> = Wn1)” 2 Zag A llons — 2l (47)
4
By combining (41) and (43) and (47), we can deduce that for all n > 0 such that
[Tni1 — 2¥[| < 0

s = ol < Con™ 4552 4 C5 | ()¢ = ()] (48)

olan
05 = max ﬁ, 03 .

Let ny € N* be sufficiently large such that

where

* O-J»’*
i, — ol < Z
and
400 —(1+L) ¢ O p*
Cy Y M) 4 O () < 5 (49)

n=no
We define Ny > ng the largest integer such that ||z, — z*|| < 2% for all ng < n < Ny (we

take Ny = +o0 ifon—x*H < 2@'71 for all n > ny). ’
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Suppose, by contradiction, that Ny < +oo. According to (34), we obtain

[N+ — @] < [2Ng+1 — v || + [l — 27

1

< Cs (77Z)]\70)m + H"L‘No - l‘*H
1

< C3 (ng) 72 + [lzn, — 27|

< Cs (wno><+ HxNo —:L‘*H

by (36) and (39)
< Ogx,s

where we used (49) and the fact that (¢,,), is nonincreasing. Thus, we can apply (48) for
all n € {ng, ..., No} and summing from n = ng to n = Ny, we get

No —+o0
(142
Z [2ne1 —zal < Gy Z n~ER) 4 Oy ()¢

n=ng n=ng
O g

5 (50)

So, [lzny1 — ¥ < Z= + ||y, — 2¥|| < 2%, which contradicts the definition of Nj.

As a result, Ny = 400, estimate (50) remains true, and the sequence (x,,), converges to x*.
Now, we will prove the convergence rate (32).

If ¢, = 0 for some ny € N, then ¢, = 0 for n > ng and by using (35) we obtain that

Tpt1 = T, for n > ng, we deduce z,, = 2* for n large enough and (32) is clearly true.

Now, we assume that ¢,, > 0 for all n > 0 and let ny € N* large enough so that ||z, — 2*|| <

o for all n > ny.

Let us define

J1 ={n >mng: (40) holds} and Jy = {n > ng : (42) holds} .
We remark that J; and Jy are disjoint and J; U Jo = {n > ng}. Let n € J,.
If ¥,41 < % then
(¢n+1)1—(1—0)(6+2) _ (¢n)1—(1—9)(6+2) > (¢n)1—(1—9)(6+2) % (2—1+(1—9)(6+2) —1)
> 9 A=)+ _
by (36)

w

If ¥, 01 > d’—; we have
(¢n+1)1—(1—0)(ﬂ+2) _ (¢n)1—(1—9)(6+2)
¥n
= [-1+(1-6)(8+2) / s~ 1=0E+2) g
Ynt1
[—1+ (1= 60)(8+2)](¢n) g, — 1]
[—1+ (1= 6)(8 +2)]27 00D (1)~ Oy, — 4, 14].

AVARLY,
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By using (35) and (45), we have

(Png2)' 70D — ()70 > (1 4 (1 - 0)(8 +2)]27 D) %;2-
Therefore, in the two cases, for all n € J,, we obtain that
(¢n+1)1_(1_6)(6+2) o (¢n)1_(1_9)(6+2) > (. (51)
for some constant Cs > 0. According to (43) and (47) we also get for all n € J,
211 = 2all < Cs (V) = (Yn41)°) - (52)

Furthermore, estimate (41) is available for all n € J;.
We distinguish now between three cases.
First case: if J; contains {n > n;} for some n; > ng, then we obtain that

[l — 2 < Z l2p41 = il < 202 H5%) < o,

for all n > ny.
Second case: we assume that J, contains {n > n,} for some n; > ny.
Consequently, by summing (51) from n; to n — 1, we find

—1

(Coltn = ) + (g )07 E+2) OO

—1
< Cgn—1+0-0+2) ,

Un

IN

for all n > ny. By summing (52) from n > n; to co, we obtain that
400 .
s — 2] < Z |Zr1 — 21]] < Cs (iﬂn)c < C5C’§n*1+(1*9><6+2>,

for all n > ny. So, we again get (32).

If neither of the two cases above applies, we have two sequences of positive integers, (n,)pens
and (my)pens , such that Jo N {n >n1} = Upen{nyp,...,mp,}, with ny > ng,n, < m, and
n, —1 ¢ Jy, Vp > 1. Let n € {n,,...,m,}. By summing (51) from n, to n — 1, we find

b, < <C’6(n —n,) + (¢np> (1— 9)(5+2)> SRR (53)
We have, according to (31), (38) and (40)
(9,) " < (Camy C+200) 0.
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Using this in (53), we get
ty, < (Cﬁ(n —n,) + C;—(l—ﬁ)(ﬁ+2)nl()1+ﬂ+a)[_1+(1_0)(5+2)]) ARG
From (33), it can be deduced that
(1+B+0)[-1+(1-0)(B+2)] > 1.
Replacing Cg by C§ = min <C’6, C;_(l_e)(ﬂ+2)>, we find

Py < (C’én)—H(l:;)(ﬂ“) Vn € {np,....,mpy}.
By using (41) and (52), we have, for all n > n;
+oo
lzo = 2% < ) lane — el
k=n
(1425
Z Cok™ U 72) 4 Z Cs ((?/fk)c - (wm)c)

k>n,keJy k>n,keJa

) —C
C-n~ B2 + C%(Cén) —TH(I-0)(F+2) |

IN

IN

We once more find the convergence rate (32). O

3.2 Applications

In this section, we implement our approach on the following examples. We find the same
result in [11] and [6].
Let F : R — R be a function of class C2. We define

S={u eR!|VF(u")=0}.

We assume that:

Lp > 0Vu,v € R? ||VF(u) — VF@)|| < Lp||u—v], (54)
1
396(0,5] Yu* €S Ir, >03c, >0 | Vu € RY: lu—u*|| <7

= [VF(W) = ¢ |F(u) = F(uh)]™". (55)
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3.2.1 A first order gradient system

We consider a sequence u,, € R? which satisfes:

Unp+1 — Un
———— = —VF(up11) + gn
At (Unt1) + Gni1 (56)

UQERd

where (g, )nen is a sequence in R

Theorem 3.3. Let (uy)nen be a sequence satisfying (56), and assume that
(1) (Un)nen is bounded,

(i) 1 > EEAL,

(i11) there exists a constant 6 > 0 such that (gn)nen Satisfies

+o0 400
Z lgkl® < oo and sup n1+5z lgrsll® | < oo
neN k—n

k=0

Then there exists u* € S such that lim w, = u*. Additionally, there exists a constant
n—-—+00

A > 0 such that for all n > 0, we have

|un — u*|| < An™" where p = min (1 _620, g) .

Proof. We define ¢ := F, x,, := i, fn := ||ga||” and 8 = 0. Using Section 4 from [11] we can
find constant v > 0 satisfying

Qb(xn) - ¢($n+l) +C ||gn+1|| > [Hxn-i-l - "EnHQ + ||VF(xn+1)||2} .

Then the sequence (z,) satisfies (29) with the function ¢ and the statement follows from
Theorem 3.2.

[
3.2.2 A second order gradient system
We consider a sequence (u,,v,) € R? x R? which satisfes:
Up41 — Up
A
Un — Un o
S = o[ *ons = VE (1) + gaa (57)

d
ug, vg € R

where 1 > a > 0 and (g, )nen is a sequence in R%.
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Theorem 3.4. Let (uy,,v,)nen be a sequence satisfying (57), and assume that
(i) (Un)nen is bounded,
(i) there exists a constant cp > 0 such that F' satisfies

Vu,v € RY < VF(u) — VE@),u—v>> —cp|lu—v|*",

(iii) 1 > <£(At)*H and a € (0, 1%5),

(iv) there exists a constant a constant 0 > 0 such that (g, )nen satisfies

+oo +oo
Z llgk|| < oo and sug <n1+‘5+°‘ Z ||gk+1||> < 00.
ne

k=0 k=n

Then there exists u* € S such that lim w, = wu*. Additionally, there exists a constant
n—-+00

A > 0 such that for all n > 0, we have

||y, — u*|| < An™" where p = min (

1-(1-0)(a+1) & )

“1+(1-0)(a+2) a+2
Proof. We define

(u, v) = %Ilvll2 + F(u) + e[|[VE(u)[*(VF(u),v) (58)

as the continuous case, x, := (Un, vy), fn := |lgn]| and 8 = «a. Given that (u,) is bounded,
using (57), (v,) is also bounded. Using Lemma 3.8 from [6] and the fact that the sequence
(x,) is bounded, we can find a small enough € = € > 0 such that there exists a constant
~v > 0 satisfying

0(@n) = G=(@n1) + Cllgnri] = 7 [lonsall + [ VF (o) [ (59)

Let us show that when (u,) is a bounded sequence, (z,) satisfies (29) with the function ¢-.
Indeed, a simple computation gives

Voz(u,v) =
VF(u) 42|V F(w)||* V2 F (u) v+&a|| VEF (u)||*~2(VF (1) ,0) V2F (u)-V F(u)
v+E|| VF (u) [V F (u) ‘

Since we assume that (u,) is bounded, there exists a constant Cq > 0 such that
Vn €N [[Voe(zni1)| < Croll|vnsa |l + [VE (wps)]]- (60)
Besides

[Zni1 — Zull = [|(Ung1 — Un, Vngr — vn)||
= “(Atvn+la _AtHUn+1HaUn+1 - AtVF<un—l-1) + Atgm—l)”
< Culllvnsall + IVF (unga)[]]-
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where we used the fact that (v,) and (g,) are bounded. By combining this last inequality
with (59) and (60), we deduce that (z,) satisfies (29).

By using the same function ¢- as in the continuous case, we obtain that ¢- satisfies the
Lojasiewicz inequality (30) and the statement follows from Theorem 3.2. O

Remark 3.5. In [11], the equation (57) was studied with o = 0, where it was assumed that
+o0o

F satisfies (54) and (55), with o = 0, and (g,,) satisfies 3 ||g||* < oo and
k=0

+0o0
sup <n1+5 > HgkﬂHz) < 00. By considering ¢. defined by (58) with @ = 0 and using
neN k=n

Lemma 3.3 of [11] and following the same proof as in the previous section, we get the same

convergence result as in the previous theorem with a = 0.
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