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An SDE Perspective on Stochastic Inertial Gradient Dynamics with
Time-Dependent Viscosity and Geometric Damping

Rodrigo Maulen-Soto * Jalal Fadili’ Hedy Attouch* Peter Ochs®

Abstract. Our approach is part of the close link between continuous dissipative dynamical systems and optimization algorithms.
We aim to solve convex minimization problems by means of stochastic inertial differential equations which are driven by the gradi-
ent of the objective function. This will provide a general mathematical framework for analyzing fast optimization algorithms with
stochastic gradient input. Our study is a natural extension of our previous work devoted to the first-order in time stochastic steepest
descent. Our goal is to develop these results further by considering second-order stochastic differential equations in time, incorpo-
rating a viscous time-dependent damping and a Hessian-driven damping. To develop this program, we rely on stochastic Lyapunov
analysis. Assuming a square-integrability condition on the diffusion term times a function dependant on the viscous damping, and
that the Hessian-driven damping is a positive constant, our first main result shows that almost surely, there is convergence of the
values, and states fast convergence of the values in expectation. Besides, in the case where the Hessian-driven damping is zero, we
conclude with the fast convergence of the values in expectation and in almost sure sense, we also managed to prove almost sure weak
convergence of the trajectory. We provide a comprehensive complexity analysis by establishing several new pointwise and ergodic
convergence rates in expectation for the convex and strongly convex case.

Key words. Stochastic optimization, Inertial gradient system, Convex optimization, Stochastic Differential Equation, Time-
dependent viscosity, Convergence rate, Asymptotic behavior.
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1 Introduction

1.1 Problem Statement

Let us fix the framework of our study. We consider the minimization problem

min f(z), (P)

czcH

where H is a real Hilbert space and the objective function f : H — R satisfies the following standing assumptions:

f is convex and continuously twice differentiable with L-Lipschitz continuous gradient; (Hy)
S = argmin(f) # 0. 0
To solve (P), a fundamental dynamic is the gradient flow system:
() +Vf(z(t)) =0, t>to;
(1) + V() : o
T (to) = Zg-.

This dynamic is known to yield a convergence rate of O(¢t~1) (in fact even o(t 1)) on the values. Second-order inertial
dynamical systems have been introduced to provably accelerate the convergence behaviour. Among them, the Inertial
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System with Implicit Hessian Damping (ISTHD) is the following differential equation starting at ¢, > 0 with initial
condition xq, vy € H:

{ E(t) +y(0)E(t) + V() + B)E(t) =0, > to; (ISIHD)

x(to) = 20, Z(to) = vo,

where v, 8 : [to, +0o[— R . (ISTHD) was first considered by [1]; see also [2, 3]. Following the physical interpretation
of this ODE, we call the non-negative parameters v and /3 as the viscous and geometric damping parameters, respec-
tively. Also, this ODE was found to have a smoothing effect on the energy error and oscillations [1, 2, 3]. The use of
the term “implicit” comes from the fact that by Taylor expansion (as ¢ — +00) one has

V() + B(t)i(t) = VF(x(t) + BV (X ()i (), (1.1)

thus making appear the Hessian-driven damping with coefficient 5(¢).

In many practical situations, the gradient evaluation is subject to stochastic errors. This is for example the case if
the cost per iteration is very high and thus cheap and random approximations of the gradient are necessary. These
errors can also be due to some other exogenous factor. The continuous-time approach through stochastic differential
equations (SDE) is a powerful way to model these errors in a unified way, and stochastic algorithms can then be viewed
as time-discretizations. In fact, several recent works have used the dynamic
dX(t) = =Vf(X(t))dt + o(t, X(t))dW (t), (12)
X(ty) = Xo. '

to model SGD-type algorithms; (see e.g. [4, 5, 6, 7, 8,9, 10, 11, 12, 13]). In fact, the continuous-time perspective
offers a deep insight and unveils the key properties of the dynamic without being tied to a specific discretization.

In this setting, we can model the associated errors using a stochastic integral with respect to the measure defined
by a continuous It6 martingale. This entails the following stochastic differential equation (SDE for short), which is the
stochastic counterpart of (ISIHD):

dX(t) =V(t)dt,
AV (t) = (V) — V(X () + BV (1))t + o (t, X () + BE)V (£))dW (1), (S — ISIHD)
X(to) =Xo, V(to) ="V

They are defined over a filtered probability space (€2, F,{F;}:>0,P), where the diffusion (volatility) term
o : [to, +oo[xH — Lo(K;H) is a measurable function, and W is a K-valued Brownian motion. Where Xy, V) €
L¥(€; H) for some v > 2 are given initial data. Besides, y and /3 are parameters called viscous damping and geometric
damping, respectively. They are explained and discussed in more detail below.

Our goal is to provide a general mathematical framework for analyzing fast gradient-based optimization algorithms
with stochastic gradient input. For this, we will study second-order stochastic differential equations in time, i.e., also
involving acceleration, and whose drift term is the gradient of the function to be minimized. In this context, considering
inertial dynamics with a time-dependent viscosity coefficient is a key property to obtain fast convergent methods. Our
study is related to two recent works:

* On the one hand, it is a natural extension of the article by Maulen-Soto, Fadili and Attouch [11] devoted to the
first-order in time stochastic steepest descent.

* On the other hand, we will rely on the Lyapunov analysis for the dynamic (ISIHD) done by Attouch, Fadili, and
Kungurtsev in [3]; and the one for (IGS.,) done by Attouch and Cabot in [14].

More precisely, our goal is to study the dynamic (S — ISTHD) and its long-time behavior in order to solve (P).
We develop an independent analysis and do not use the results of the deterministic case, which will serve as a useful
comparison since we will be able to recover the known results for (ISITHD) when there is no noise (i.e. ¢ = 0) in the
dynamic (S — ISTHD).



Let us first identify the assumptions needed to expect that the position state of (S — ISIHD) approaches S in the long
run. In the case where H = K = R%, y(-) = v > 0,3 = 0,and o (-, -) = 01 (¢ > 0), under mild assumptions one can

show that (S — ISTHD) has a unique invariant distribution 7, in (z, v) with density o< exp ( - 3% ( flz)+ %) ), see

e.g., [15, Proposition 6.1]. Clearly, as o — ot, 7, gets concentrated around argmin f x {04} as o tends to 0+, with
lim, _,o+ 7, (argmin f x {04}) = 1, see e.g. [16]. Motivated by these observations and the fact that we aim to exactly
solve (P), our paper will then mainly focus on the case where o (-, 2) vanishes fast enough as t — +oco uniformly in .

Our objectives are largely motivated by recent analysis in the deterministic setting. In fact, the dynamic (S — ISIHD)
comes naturally as a stochastic version of (ISTHD). (ISIHD) is one of the most recent developments regarding the use of
gradient-based dynamic systems for optimization. Let us briefly recall the steps that led to its emergence. In this regard,
let us stress the importance of working with a time-dependent viscosity coefficient y(¢). It is with the introduction of
the non-autonomous inertial dynamics

() + %:b(t) FVf(z(t) =0, t>to, (1.3)

that Su, Boyd, and Candés [17] showed the rate of convergence 1/t> of the values, thus making the link with the
accelerated gradient method of Nesterov [18]. Since then, abundant literature has been devoted to the study of inertial
dynamics with time-dependent viscosity coefficient

B(t) +y(O)at) + V() =0, t>to, (IGS,)

where the importance of the case y(t) = ¢, and the subtle tuning of the parameter « is elucidated. Indeed, o must be

taken greater than or equal to 3 for getting the rate of convergence O (1 / t2) of the values, and o > 3 provides an even
better rate of convergence with little o instead of big O; see Attouch-Cabot [19] and Attouch-Peypouquet [20].

However, because of the inertial aspects, and the asymptotic vanishing viscous damping coefficient, (IGS.,) may
exhibit many small oscillations which are not desirable from an optimization point of view. To remedy this, a powerful
tool consists in introducing into the dynamic a geometric damping driven by the Hessian of f. This gives the Inertial
System with Explicit Hessian-driven Damping

#(t) + (D () + BV F@(D)i(t) + OV F (1)) =0, (ISEHD)

where v and 3 are, the already presented, damping parameters, and b is a time scale parameter. This dynamic is the
explicit version of (ISIHD). The time discretization of this system has been studied by Attouch, Chbani, Fadili, and
Riahi [21]. It provides a rich family of first-order methods for minimizing f. At first glance, the presence of the Hessian
may seem to entail numerical difficulties. However, this is not the case as the Hessian intervenes in the above ODE
in the form V2 f(z(t))#(t), which is nothing but the time derivative of ¢ — V f(z(¢)). This explains why the time
discretization of this dynamic provides first-order algorithms. On the contrary, the time-continuous dynamics can be
argued to be truly of second-order nature, i.e., close to Newton’s and Levenberg-Marquardt’s dynamics [22]. This
understanding suggests that (ISTHD) may represent the nature of first-order algorithms better than (ISEHD). Let us
recall that in our stochastic setting, we do not have direct access to evaluate the gradient of f. Instead, we model the
associated errors with a continuous It6 martingale (denoted as M (¢)). Therefore, it is meaningless to ask for the time
derivative of V(X (t)) + M (t) because (non-constant) martingales are not differentiable a.s.. This is why we are
going to focus on the implicit form of the Hessian-driven damping (S — ISTHD).

1.2 Contributions

Our main contributions are the following:

* Given that the Lyapunov analysis has already been done in the case of the first-order in-time stochastic gradient
system from which our inertial system is derived (see [11, 13]), our analysis is greatly simplified. This allows
us to show almost sure convergence of the trajectory and convergence rates in expectation for the case with
time-dependent coefficients (¢) and a particular choice of 3(¢).

* We will develop a Lyapunov analysis to obtain convergence rates, integral estimates, and almost sure results in
the general case of coefficients v(¢) and 8(t).



* In the case where the coefficient 3(t) is zero, we show that under some hypotheses, we have almost sure conver-
gence of the trajectory, convergence rates, and integral estimates. As a special case, we focus on viscous damping

coefficient y(t) = &, € [0,1},a > 1 —r.

1.3 Relation to prior work

Kinetic diffusion dynamics for sampling Let us consider (S — ISIHD) in the case where H = K = R?, y(t) = v >
0,5(t) = 0 and 0 = \/2vI,. Then one recovers the kinetic Langevin diffusion (or second-order Langevin process). In
this case, the continuous-time Markov process (X (), V'(t)) is positive recurrent and has a unique invariant distribution

2
which has the density o« exp (— flx) — % with respect to the Lebesgue measure on R2¢. Time-discretized versions

of this Langevin diffusion process have been studied in the literature to (approximately) sample from o exp(—f(z))
with asymptotic and non-asymptotic convergence guarantees in various topologies and under various conditions have
been studied; see [23, 24, 25] and references therein.

Inexact inertial gradient systems There is an abundant literature regarding the dynamics (ISTHD) and (ISEHD),
either in the exact case or with errors but only deterministic ones; see [1, 3, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]). We
are not aware of any such work in the stochastic case. Only a few papers have been devoted to studying the second-
order in-time inertial stochastic gradient systems with viscous damping, i.e. stochastic versions of (IGS,), either with
vanishing damping ~(¢) = «a/t or constant damping ~(¢) (stochastic HBF); see e.g. [12, 36, 37]. For instance, [12]
provide asymptotic O(1/t?) convergence rate on the objective values in expectation under integrability conditions on
the diffusion term as well as other rates under additional geometrical properties of of the objective.The corresponding
stochastic algorithms for these two choices of v, whose mathematical formulation and analysis is simpler, have been
the subject of active research work; see e.g. [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51].

Time scaling and averaging An SDE to solve (P) has been thoroughly studied in [11]; see also [13] for the non-
smooth setting. This SDE has the form

{ dX(t) = =V f(X(t))dt + o(t, X (£))dW (1), t > to,

1.4
X(to) = Xo. (14

The authors in [52] proposed time scaling and averaging to link (GF) and (ISTHD) with a general viscous damping func-
tion v and a properly adjusted geometric damping function 3 (related to ). Moreover, in [53] we extended the results
of [52] to the stochastic case. Leveraging the techniques shown in [52] with a general function ~ and an appropriate [,
we were able to transfer all the results we obtained in [11] for (1.4) to (S — ISTHD). This avoids, in particular, going
through an intricate and dedicated Lyapunov analysis for (S — ISTHD) at the cost of having a particular g (related to
7). A local convergence analysis also became easily accessible through those lenses while it is barely possible other-
wise. We also specialized those results to a standard case where y(t) = ¢ and 3(t) = ﬁ However, a distinguished
analysis of the advantages of adding a Hessian-driven damping term requires a fine choice of [ that is independent of
~.Therefore, we go through that dedicated Lyapunov analysis for (S — ISTHD) and consider the more general case for

~v and 5.

2 Notation and Preliminaries

We will use the following shorthand notations: Given n € N, [n] = {1,...,n}. Consider H, K real separable Hilbert

spaces endowed with the inner product (-, -}y and (-, -)x, respectively, and norm ||-||g = /(-, Jmand |||k = /", )k
respectively (we omit the subscripts H and K for the sake of clarity). Iy is the identity operator on H. £(K;H) is the
space of bounded linear operators from K to H, £ (K) is the space of trace-class operators, and L2 (K; H) is the space
of bounded linear Hilbert-Schmidt operators from K to H. For M € £, (K), is trace is defined by

tr(M) =) " (Me;, e;) < 400,
el



where I C N and (e;);e; is an orthonormal basis of K. Besides, for M € L(K;H), M* € L(H;K) is the adjoint
operator of M, and for M € L,(K; H),

def

|M|lgs = Vir(MM*) < 400

is its Hilbert-Schmidt norm (in the finite-dimensional case is equivalent to the Frobenius norm). We denote by w-lim
the limit for the weak topology of H. The notation A : H = H means that A is a set-valued operator from H to H.

Consider f : H — R, the sublevel of f at height r € R is denoted [f < 7] e {reH: f(z) <r}. Forl <p< +oo,
LP([a, b]) is the space of measurable functions g : R — R such that f: lg(t)|Pdt < +o0, with the usual adaptation
when p = +o0. For two functions f,g : R — R we will denote f ~ g ast — +oo, if lim; 4o % = 1. On the
probability space (§2, F,P), L”(€); H) denotes the (Bochner) space of H-valued random variables whose p-th moment
(with respect to the measure P) is finite. Other notations will be explained when they first appear.

Let us recall some important definitions and results from convex analysis; for a comprehensive coverage, we refer
the reader to [54].

We denote by T'o(H) the class of proper Isc and convex functions on H taking values in R U {4+o00}. For pp > 0,
I',(H) C T'o(H) is the class of p-strongly convex functions, roughly speaking, this means that there exists a quadratic
lower bound on the growth of these functions. We denote by C'*(H) the class of s-times continuously differentiable
functions on H. For L > 0, C;"' (H) C C"(H) is the set of functions on H whose gradient is L-Lipschitz continuous,
and C? (H) is the subset of C}’" (H) whose functions are twice differentiable.

The class of C’i’l (H) functions enjoys the well-known descent lemma which plays a central role in the analysis of
optimization dynamics.

Lemma 2.1. Ler f € C}''(H), then

L
fly) < fl2) +(Vf(z),y —2) + 5 ly —|*, Vo,yeH.
Corollary 2.2. Let f € C " (H) such that argmin f # (), then

IV£(@)|* < 2L(f(z) — min f), Vo€ H.

On stochastic differential equations For the necessary notation and preliminaries on stochastic processes, see [13,
Section A.2]. Moreover, the existence and uniqueness of a solution of (S — ISIHD) is discussed in Proposition A.9.

Let us now present It6’s formula which plays a central role in the theory of stochastic differential equations:

Proposition 2.3. [55, Section 2.3] Consider (X, V') a solution of (S — ISIHD) and W a K —valued Brownian motion,
let ¢ : [to, +0oo[xH x H — R be such that ¢(-,x,v) € C([ty, +00]) for every x,v € H, ¢(t,-,-) € C*(H x H) for
every t > to. Then the process

Y(t) = olt, X (1), V(1)),

is an Ito Process, such that for all t > t,

Y(t) =Y (to) —l—/t aa—f(s,X(s),V(s))ds—i—/ (V.o(s,X(s),V(s)),V(s))ds

to

*/ (Voo(s, X(5), V(8)),1(s)V(s) + VF(X(s) + B(s)V(s)))ds
" 2.1
+/t (0% (s, X(s) + B(s)V(s))Vus(s, X(s),V(s)), dW (s))

1

+§/t trlo(s, X (s) + B(s)V(s))o* (s, X (s) + B(s)V () Vib(s, X (s), V(s))]ds,



where V2 is the Hessian with respect to the double differentiation of v and o* is the adjoint operator of o. Moreover,
ifforall T > tg

= </ llo™ (s, X (s) + ﬂ(S)V(S))Vm(S,X(SLV(S))Qdé’) < +o0,

to

then f:o (0*(8, X (5) + B(s)V(s))V,(s, X(s),V(s)),dW(s)) is a square-integrable continuous martingale and

E ( [ 0%, X )+ BV (55 X 51,V (5), dw<s>>) - 22)

to

3 (S — ISIHD) with general v and (5

In this section, we will develop a Lyapunov analysis based on [3] to study almost sure, and in expectation properties of
the dynamic (S — ISIHD), when the parameters y and 3 are general functions. This will allow to go much further and
consider parameters not covered in [53] which exploits the relationship between first-order and second-order systems.
We will also apply our results to two special cases: (i) y is a differentiable, decreasing and vanishing function, with
vanishing derivative, and /3 is a positive constant; and (ii) v(t) = ¢, and 5(t) = vo + g (with g, 8 > 0). These cases
are again are not covered by results in [53].

Recall that our focus in this paper is on an optimization perspective, and as we argued in the introduction, we will
study the long time behavior of (S — ISTHD) as the diffusion term vanishes when ¢ — +o0. Therefore, throughout the
paper, we assume that the diffusion (volatility) term o satisfies:

(Hy)

SUPy> ¢, zem |0 (¢ ) [[ns < 400,
lo(t,z") —o(t,z)llas < lollz" — ],

for some [y > 0 and for all ¢ > ¢y, x, 2’ € H. The Lipschitz continuity assumption is mild and required to ensure the
well-posedness of (S — ISIHD).

Remark 3.1. Under the hypothesis (I1,) we have that there exists 02 > 0 such that
lo(t,z)||hs < 02, Vt>to,Va € H.
Let us also define o, : [to, +00[— Ry as: 000 () = sup,ep [0 (t, ) ||us-

Now, we follow with the hypotheses we will require over the damping parameters.

For to > 0, let v : [tg, +0o[— R4 be a viscous damping, we denote

p(t) = exp </t: 'y(s)ds) : (3.1)

Besides, if
< ds
—— < +o0, (Hy)
/tg p(s) !
we define I : [tg, +0o[— Ry by
* ds
ING gpt/ —. (3.2)
(t) =p(t) e

Remark 3.2. Let us notice that I" satisfies the relation

I =~ — 1.



For tg > 0, let 3 : [to, +00[— R be a geometric damping that we will assume to be a differentiable function. We
will occasionally need to impose the additional assumption:

there exists ¢1,co > 0, and 1 > tg such that
B(t) < e,
pIt) —~(®)B() +1

B(t)

(Hp)

S Cg,vt 2 tl.

We recall also that S = argmin(f).

3.1 Reformulation of (S — ISIHD)

The formulation of the dynamic (S — ISIHD) is known as the Hamiltonian formulation. However, it is not the only
one. In the deterministic case, an alternative equivalent and more flexible first-order reformulation of (ISIHD) was
proposed in [3]. The motivation there was that this equivalent reformulation can handle the case where f is non-smooth.
Although we will not consider the non-smooth case here, we will still extend and use that equivalent reformulation to
the stochastic case.

Consider the dynamic (S — ISIHD), and let us define the auxiliary variable
Y(it)=X@)+81)V(t), t>to.
We have that
dY (t) = dX (t) + B'(t)V (t) + B(t)dV ()

= —BOVIY (B)dt — (8'(t) —1(B(E) + 1) <X<f>—Y<t>

B(t)

So we can reformulate (S — ISTHD) in terms of X, Y in the following way:

) dt + B(t)o(t, Y (£))dW (2).

dX(t) =— (W} dt, t>to,
dy(t) =-B)VF(Y(t))dt —(8'(t) —v(t)B(t) + 1) (%) dt + B(t)a(t, Y (t))dW(t), t>to,

X(to) =Xo, Y(to)=Xo+ B(to)Vo,
(ISIHD — Sgr)

where the subscript R’ indicates that this is a reformulation. Moreover, we can reformulate (ISIHD — Sg) in the
product space H x H by setting Z(t) = (X (¢), Y (t)) € H x H, and thus (ISTHD — Sy) can be equivalently written as

{ dZ(t) = —BENVG(Z(t))dt — D(t, Z(t))dt + 6(t, Z(E))dAW (1), t > to, 33

Z(to) = (Xo,Xo + B(to)Vo),

where G : H x H — R is the convex function defined as G(Z) = f(Y), and the time-dependent operator D :
[to, +oo[xH x H — H x H is given by

(L BO O8O+
D(t, Z) = (B(ﬂ (X-Y), 500) (X Y)) , 3.4)
and the stochastic noise 6 €  Moyo(L2(K;H)) defined by 6(t,2) = (8 B(t)UO(t Y)>’ and

W (t) = (Wi(t), Wa(t)), where W7, Wy are two independent K—valued Brownian motions.



3.2 Fast convergence properties: convex case
To obtain properties in almost sure sense and in expectation of (S — ISTHD), we are going to adapt the Lyapunov
analysis shown on [3] for the dynamic (ISTHD).

To that purpose, let us consider t1 > g, 7, 8 : [to, +oo[— Ry be fixed functions and let a, b, ¢, d : [tg, +00[— R
be differentiable functions (on |¢g, +00[) satisfying the following system for all ¢ > ¢;:

a'(t) — b(t)c(t) <0
—a(t)B(1) <0
—a(t)()B() + a(t)'(t) + a(t) — c(t)* + b()e()B() = Supod)
b (£)b(t) + L0 <0 whed
b (t)e(t) + b(t)(b(t) + ' (t) — c(t)y(t)) + d(t) =0
c(t)(b(t) + ' (t) — c(t)y(t)) <0
Given z* € S, we consider
E(t,2.v) = alf)(F(x + A1) ~ min(f)) + Lb(O@ — ) + el + e -2 @)

Remark 3.3. It was shown in [1, Section 3.1] and [3, Lemma 1] that energy function £ with a, b, ¢, d satisfying the
system (S, ,,4) is a Lyapunov function for (ISTHD) when y(t) = ¢ (witha > 3) and 3(t) = 7o+ % (with yg, 8 > 0),
hence, useful to obtain convergence guarantees of that dynamic. We will see that the same system (S, 5, .4) also covers
the case of general coefficients « and /3, hence providing insights on the convergence properties of (S — ISIHD) when
one can find the corresponding functions a, b, c, d.

In the following proposition, we state an abstract integral bound, as well as almost sure and in expectation conver-
gence properties for (S — [SIHD).

Proposition 3.4. Assume that f, o satisfy (Hy) and (H,,), respectively. Letv > 2, and consider the dynamic (S — ISTHD)
with initial data Xy, Vy € LV (Q; H). Consider also vy, B from (S — ISIHD) satisfying (H.,) and (Hg). Then, there ex-
ists a unique solution (X,V) € Sk, ylto] of (S —ISIHD). Moreover, ift +— m(t)o% (t) € L([to, +oc[), where

oo
def

m(t) = max{1,a(t),c*(t)}, then the following statements hold:
(D) Ifo(t)e(t) — a'(t) = O(c(t)(v()e(t) — ¢ (8) = b(t))), then

/Oo(b(s)c(s) —d(5))(f(X(s)) —min f + |[V(s)]|*)ds < +o0  a.s..

to
(ii) If there exists 1 > 0,t > to such that
n <) (v(t)e(t) = () = bt), n<a®)Bt), ~({t)<n, Vt>4i,

then lim;_,oc ||V (1)[| = 0 a.s., limysoo [V (X (2) + BV (2))|| = 0 a.s., and lim;—, o0 [|[V f(X (2))[| = 0 a.s.
(iii) If there exists D > 0,t > tg such that d(t) > D fort > t, then :

2
E(|VO)2) =0 <1;l(’t)(t)> ,
and 2 2
E (f(X (1)) —min f) = O <max {é) ﬁ<t>m AU (; (;b (1)) }) |

This is a compact version that extracts only the most important points from the more detailed and complete Propo-
sitions A.13, A.14 which are proved in the appendix.



The complete version of the previous proposition (i.e. Propositions A.13 and A.14) generalizes the results poved
in [3] to the stochastic setting. However, they lack practical use if we cannot exhibit a, b, ¢, d functions that satisfy
(Sa.b,c,a). Although we are not able to solve this system in general, in Corollaries 3.5 and 3.7 we will specify some
particular cases for v and 8 where such functions a, b, ¢, d can be exhibited to satisfy the system (S, p.c 4)-

The following corollary provides a specific case where a solution to the system (S, ; .,4) can be exhibited, which
was not discussed in [1, 3]. Moreover, we show the implications it has on the stochastic setting.

Corollary 3.5 (Decreasing and vanishing -, with vanishing + and positive constant 3). Consider the context of
Proposition 3.4 in the case where B(t) = 8 > 0, y satisfying (H.,), such that it is a differentiable, decreasing, and
vanishing function, with lim;_, ., 7' (t) = 0, and satisfying that:

3
there exists to > to and m < 3 such that y(t)I'(t) < m for every t > ts. (H)

Let b €)2(m — 1), 1], then choosing
L)) - Bb)

A O
b(t) = b,

() = 1(0)

) = b(1 ),

there exists t > t such that the system (Sq. p.c.q) is satisfied for every t > i.

Given z* € S and 0, be such that t — T'(t)o(t) € L%([to, +o0), then the following statements hold:
(i) j;io L(s) (f(X(s)) —min f + [[V(s)]|?) ds < 400 a.s..

(if) Timy oo [VAX @) + V(B = 0 as.,

(i) B(F(X (1) = min f + [V($)]) = O (1 ).

Remark 3.6. When y(t) = ¢ witha > 3and to () € L?([to, +00]), the previous corollary ensures fast convergence
of the values, i.e., O(t~2). Besides, by Corollary A.7, when v(t) = & with r €]0,1[,a > 1 —r, and t"0(t) €
L2 ([to, +o00]), the previous corollary ensures convergence of the objective atarate O (t~2"). The latter choice indicates
that one can require a weaker integrability condition on the noise, compared to the case v(t) = < (a > 3), but at the

t
price of a slower convergence rate.

Proof. We start by noticing that since 7 is decreasing, by [14, Corollary 2.3] we have that I'(¢) is increasing and
~(@&)I'(t) > 1, for every t > . Also, it is direct that with a fixed 5 > 0 we satisfy (Hp).

Letting b €]2(m — 1), 1[ and ¢; > to such that § < ﬁ, this ¢; exists since ¢ — ﬁ is an increasing function.

We choose ¢(t) = I'(¢), by the fifth equation of (S, ;...q4), we get that d = b(1 — b), and the fourth equation is trivial.
L) (T (t)—bB)
1—B(¢)
fort > ty, since B < ﬁ < ﬁ < T'(t) forevery t > t1. By the definition of c(t) and the fact that b < 1, we directly
have that the sixth equation also holds. We just need to check the first equation, to do that we can see that this equation

is equivalent to
') (2T () — Bb)(1 = B (1)) + BT () (I'(t) = Bb)y'(E)
(1-By()?

The third equation implies that a(t) = and the choice of 5 implies that the second equation is satisfied

< Ol(2),
which in turn is equivalent to the following:
20(8)I(t) — BbI (1) — 28y (HL ()L (t) + by (1)L (¢) + BL2 ()Y () — bBT(£)y'(t)
< BL(t) — 208y (H)T(t) + bB**T(t). (3.6)

By (HZ,), there exists to > to such that v(¢)I'(t) < m and IV(t) < m — 1 for every ¢ > t5. Note that the terms
bB%y(t)I'(t), —2bB~(t)T'(t) are upper and lower bounded by constants. Since the terms

=2By(t)L(OL'(8), =L (t),  BL*(t)y'(1)



are negative, and b3%v2T'(t) is positive, if we could prove that there exists t3 > max{tg, 1, %2} such that
—b3/ () < b—2I'(1)

for t > t3, this would imply that there exists > t3 such that (3.6) holds for every ¢ > t. In fact, we see that the previous
inequality holds for ¢ large enough (i.e. there exists such a t3) since lim;_, .o —'(¢) = 0 and the fact that 2(m —1) < b
implies that b — 2I"(¢) > 0. Thus, we have checked that the proposed a, b, ¢, d satisfy the system (S, 5 ..4) for ¢ > ¢.

The rest of the proof is direct from replacing the specified a, b, ¢, d, 7y, 5 functions in Proposition 3.4, and the fact
that for ¢ large enough, bI'(t) — a’(t) > (b — 2(m — 1))I'(¢) — C} for some Cj, > 0, that lim;_, o, I'(¢) = +o00, and
also a(t) > T2(¢).

O

The following result gives us another case in which we can satisfy the system (S, 5 ¢ q). This generalizes to the
stochastic setting the results presented in [1, Section 3.1] and [3, Lemma 1]. Besides, it ensures fast convergence of the
values whenever ¢ — too (t) € L2([tg, +00[).

(03

Corollary 3.7 ((t) = ¢ and () = 7o + ?). Consider the context of Proposition 3.4 in the case where y(t) = ¢
and B(t) = v + % where a > 3,79 > 0,3 > 0. Then choosing

s (1 L (= byt~ Bla+1-b)
0= (1 e )
b(t)=be (2,a—1),

c(t) =t,
d(t)=bla—1-0),

the system (S p.c.q) is satisfied.
Given z* € S and 0, be such that t — to (t) € L?([tg, +00[), then the following statements hold:
(i) [i s (f(X(s)) —min f + [V (s)]|*) ds < +o0 a.s..
(i) Tty oo |V F(X ()] + IV (8)] = O as.
(iii) E(f(X(t)) — min f +[[V(£)[*) = O (5z).

Proof. Direct from replacing the specified a, b, ¢, d,~y, 8 functions in Proposition 3.4, and the fact that for ¢ large
enough bt — a’(t) > @, and also a(t) > 2,0 < v < B(t) < o + % O

Remark 3.8. We can use the choices for a, b, ¢, d presented in Corollaries 3.5 and 3.7 in Propositions A.13 and A.14
to obtain additional integral bounds, almost sure and in expectation properties of (S — ISTHD). We leave this to the
reader.

3.3 Strongly convex case

In the following theorem, we consider the case where the objective function is strongly convex and we present a choice
of parameters -y and /3 to obtain a fast linear convergence to a noise dominated region.

Theorem 3.9. Assume that f : H — R satisfies (Hy), and is p-strongly convex, pn > 0, and denote x* its unique
minimizer. Suppose also that o obeys (H,). Let v > 2, consider the dynamic (S — ISIHD) with initial data X, €
1

LY(Q;H). Consider also v = 2./p, and a constant (3 such that 0 < 3 < PN Moreover, suppose that 0 is a

non-increasing function such that o, € L?([to, +o0[). Define the function £ : [tg, +oo[xH x H — R as

E(t,z,v) = f(z + Bv) — min f + %H\/ﬁ(x —x*) + %

Then, (S — ISIHD) has q unique solution (X, V') € Sy u(to]. In addition, there exists positive constants M, M such

that
to+t

2

E[E(t, X (£), V()] < E(to, Xo, Vo)e™F t=t0) 4 Me= 5 (=t0) 4 Moo ( > .Yt > t.

10



Let © : [to, +00[— R, defined as O(t) = max{e‘g(t_m, 0o (55)}. Consequently
E(f(X(t)) — min f) = O(O(t)),
E(IX (1) - 2*[*) = 0(6(®)),
E(JV(®)]*) = 0(O(t)),
E([VF(X(®))]*) = 0(O()).

Proof. Using Ito’s formula with &, taking expectation and denoting F(t) = E(£(t, X (t), V(t))), we have

/tt \gﬁE(s)ds/t:C(s)der(Lﬂz+1)/tf7§o(5)d$,

to

where
C(t) £ BIV(X () + BV + BVA(VF(X (1) + BV (1)), V(1)) + g(ﬂ% +DIVEl®
FBuyX () — ot VO) + VX () — 2+ 5V ()
It was proved in [3, Theorem 4.2] that under the condition 0 < 3 < =~ we obtain that C'(¢) is a non-negative function.

f
Therefore, we can write the following

t t
E(t) < E(ty) — / @E(s)ds +(LB%+1) / o2 (s)ds.
to tO
We continue by using [13, Lemma A.2], to do this, we need to solve the following Cauchy problem:

Y/(t) ==Y (t) + (LB% + 1)o2,(t)
Y(to) = E(to, Xo, Vo).

Using the integrating factor method, we deduce that for all ¢ > t;:

t
Y () = Y(to)e® (to=t) (L52+1)e*%/ T 302 (s)ds
to

= = 2 i t (0
< Y(to)eg(toft) + (LB% + l)efgt (/ eésogo(s)ds +/ e?sago(s)ds>
to ——

to+t
2

< Vlto)e F 00 4 (1 + 1)
= 0(0(1)).
By [13, Lemma A.2], we conclude that E(t) = O(O(t)), immediately we observe that

E(f(X(t) + V(1)) — min f) = O(O(1))
E(|va(X(t) —2*) + V()[*) = O(e(1)

By the strong convexity of f, we have that E(|| X (t) — 2* + BV (¢)]|?) = O(O(t)), since 3 # # @B < ﬁ), then
E(|X () — z*?) = E(]V(®)||*) = O(O(t)), on the other hand, using Lemma 2.1 and Lemma 2.2, E(f(X (¢)) —
F(X() + BV(1))) = O(O1(1)), thus,

E(f(X(t) — min f) = E(|VA(X(1)]*) = O(O(t)).

11



4 (S — ISIHD) with general v and 5 = 0

In this section we are going to study properties of the dynamic (S — ISTHD) in expectation and in almost sure sense,
when the parameter v is a general function and 3 = 0. The noiseless case and under deterministic noise is well
documented in [19].

Consider the dynamic (S — ISTHD) when 5 = 0. This dynamic will be a stochastic version of the Hamiltonian
formulation of (IGS,) and it will be described by:

dX(t) =V(t)dt, t > to,
dV(E) = -V ()dt — V(X ())dt + o(t, X)W (2), t > to, IGS, — S)
X(to) = Xo, V(to)=W.

The main motivation for a separate analysis is that, in Section 3 we consider hypothesis (Hp) to establish the existence
and uniqueness of a solution, from which, the rest of the results follow. This hypothesis is incompatible with the case

B =0.

We will demonstrate almost sure convergence of the velocity to zero and of the objective to its minimum value,
o

under assumptions that are satisfied for v(t) = &, with r € [0,1],« > 1 — r. Additionally, we will show that for this

e
particular choice of 3, we can obtain almost sure (weak) convergence of the trajectory.
4.1 Minimization properties

Let us define for ¢ > 0,
p(t)
c+ ftto p(s)ds

We can deduce that A, + A\? — v\, = 0, besides, since p ¢ L!([to, +00]), then \. ¢ L ([to, +-o0).

Ac(t) =

Theorem 4.1. Assume that f and o satisfy assumptions (Hy) and (H,), respectively. Let v > 2, and consider the
dynamic (IGS., — S) with initial data X, Vy € LY(Q; H). Then, there exists a unique solution (X, V') € Sk, ulto] of
(IGS, — S). Additionally, if o € L?([to, +o0]), then

/OO Y&V (s)||?ds < +oo  a.s..

to

Moreover, suppose that

there exists t > to, and ¢ > 0 such that y(t) < \.(t) Vt >, (Hq)
and
/ A(8) [V (5)|2ds < 400 a.s. (H,)
to

Then the following properties are satisfied:
(i) ftzo Ac(8)(f(X(s) — min f)ds < 400 a.s..
(ii) lims— o0 ||V (t)]] = 0 @.s. and lim;_,o f(X () — min f = 0 a.s..

Proof. The existence and uniqueness of a solution of (IGS., — S) is a direct consequence of [13, Theorem 3.3] in the
product space H x H.

Let 2* € S and ¢y : (x,v) — R defined by ¢o(x,v) = f(z) — min f + %, by It6’s formula and Theorem A.12
we obtain that ftzo v(8)||[V(s)|?ds < +o0 a.s.. Moreover, if we assume the hypotheses (H,) and (H,), then:

12



(i) Letz* € Sand ¢ : (t,z,v) — R defined by o(t,z,v) = w + (f(x) — min f). Let  defined in
the statement, by It6’s formula from ¢ to ¢, we have

Ae(B)(X(H) — 2*) + V(D)]?
2

X () —2) + V(O _

5 FOX(0) —min f +

f(X(t)) — min f + L

+ /t Ae()Xe(8)IX (5)) = 22 = vV () = Ac(O)(VF (X (5)), X (5) — 2*)]ds

+ /t AV ()I* + tr[S(s, X (s))]ds +/£ (Pe(8)(X(5) — ™) + V(s))o™ (s, X (s)), dW (s)) -

My

By the hypotheses, we have that

o0

/:O eIV ()] + e[S (s, X (s))]) ds < /t eIV )2 + 0% (s)) ds < o0 a.s..

Besides (M), is a continuous martingale. Moreover, by convexity of f and the fact that \/,(t) < 0Vt > t,

/E Ae()Xe(8)[1X (5)) — 27|12 = y(W)[V ()* = Ac()(VF(X (5)), X () — 2*)]ds

< / Ao(s)(F(X(5)) — min f)ds.

Then, by Theorem A.12,
/ Ac(8)(f(X(s)) —min f)ds < +00  a.s., 4.1)
f

and lim¢_, oo f(X(t)) — min f + ”)‘“(t)(x(t);x*)J’v(t)Hz exists a.s..

(ii) By Lemma A.2 and (4.1), we conclude that lim;_, M + f(X(¢)) —min f =0 as..

O

Corollary 4.2. Consider the context of Theorem 4.1 with ~(t) = &, where r € [0,1] and a > 1 — r. Then (H,) and
(Hy) are satisfied and thus the conclusions of Theorem 4.1 hold.

Proof. * We will prove the case » = 1 first, since it is direct, in such case, letting ¢ = at_‘;l we have that \.(t) =
QTH, which satisfies (H,), moreover, A(t) = QTH'y(t), so (Hy) is also satisfied.
to asl—T
e Letr €]0,1[, ¢ = M Instead of proving v(t) < A.(t), we will prove the equivalent inequality
e“to

ﬁ < % In fact, by a change of variable we have that (see notation of I,, in Lemma A.8):

1 1—r)T=r
— ( rl) IL « tl*?” ,
)\C<t)t al-r t=r 1—1r

Moreover, by the first result of Lemma A.8 we have that

L _(1l=n\Tret
th(t) — \ « a T oty(t)

where the last inequality comes from the fact that 1 — r < a. Moreover, by the second result of Lemma A.8, we
obtain that:

a o L L ast — +oo
1—r tA(t)  ty(t)’ '

13



This implies that for every £ €]0, 1] there exists > #, A. > 1 such that A\.(t) < A.y(t) for every t > ¢

(AE = (%) o (1iE)>,this implies (Hy).
O

Remark 4.3. Finding all (or at least a larger class of) continuous functions ~ that satisfy (H,) and fow which one can
prove (H,) in general is an open problem.

4.2 Fast convergence of the values

In order to illustrate the context of the following result, it is useful to mention that if (¢) = ¢, then Theorem 4.1 gives
us minimization properties in the case o > 0. However, it is widely known in the continuous deterministic setting (1.3)
that if & > 3, then the values converge at the rate o(1/ tQ) (see [19, 20]). Based on [19], we will depict that effect for a
general v in the continuous stochastic setting.

We will rephrase assumption (Hg) on the objective f to:

f is convex and continuously differentiable with L-Lipschitz continuous gradient;
f € C*(H) or H is finite-dimensional; Hp)
S = argmin(f) # 0.

(Hp) coincides with (Hy) in the infinite-dimensional case, but is weaker than (H;) when H is finite-dimensional.

Theorem 4.4. Assume that f,o and vy satisfy assumptions (Hp), (H,) and (Hﬂ,,)-(H’ﬂ,,), respectively. Let v > 2, and
consider the dynamic (1GS., — 8) with initial data X, Vy € L”(Q; H). Then, there exists a unique solution (X,V') €
Shmlto] of AGS., — S), for every v > 2. Additionally, if Tos, € L?([to, +00|), then:

(i) [ T@)(f(X(t) —min f + [V (1)[[*)dt < +00 a.s..

(ii) F(X(t) = min f + [V = o0 (ks ) @
(i) E(f(X(8)) = min f + V(1)) = O (=5 )

Moreover, assume that T' ¢ L*([to, +00|), and let §(t) = ftto ['(s)ds. If also 002, € L([to, +o0]), then:
(iv) f(X@) —minf+[|[VE#)|I?=0 (ﬁ) a.s..

(v E(f(X(1) — min f + [V(1)]2) = O (min [t ()}) :

Remark 4.5. The claim (ii) is new even in the deterministic case. According to the first three items of the previous

theorem, the conclusions of Remark 3.6 are also valid. Regarding the fourth item, this can be seen as the extension of

[19, Theorem 3.6] to the stochastic setting.

Proof. (i) Letm < % and 3 defined in (H), letalso b €]2(m — 1), 1[and z* € S. Based on (S, 5 .4) With 8 = 0,
we introduce ¢1 : (¢, z,v) — R defined by

|b(z — 2*) + T(t)v]? n b(1 —b)

2 2 ||‘CC_:'I?‘)<||2

¢1(t’x7v) = Fg(t)(f(x) - minf) +

Since f € C?(H), we use It0’s formula from ¢5 to ¢ to get

G1(t, X (1), V(1) = ¢1(t2, X(t2), V(t2)) + / I(s)[21"(s)(f (X (5)) — min f) = b{Vf(X(s)), X (s) — 2¥)]ds

2]

+(b—1)/ F(5)||V(s)||2ds—|—/ T2 (s)tr[X(s, X (s))]ds

to t2

+/ (IP%(s)V () + 0L(5) (X () — 2*)]o* (5, X (5)), dW (s)) -

to

M,
(4.2)

14



(ii)

When H is finite-dimensional but f is not CQ(H), we can use mollifiers as in [10, Proposition C.2], and get (4.2)
as an inequality in this case.

Besides, we have that
oo (oo}
/ I (s)tr[X(s, X (s))]ds < / I'?(s)02 (s)ds < +oc.
t2 t2
Besides (M;);>1, is a continuous martingale. Moreover, by convexity of f, we have that

/ (s)[20"(s)(f(X (s)) — min f) — b(V (X (s)), X (s) — 2*)]ds

ta

< [ T(E)Er(s) - UK () - i f)ds.

ta

Since b — 1 < 0, and
AV(t) —b=2y(t)[(t) —2—-b<2(m—1) —b< 0, Vt>t,.

By Theorem A.12,

/too L(s)(f(X(s)) — min f + ||V(s)||2)ds < +oc0 a.s., 4.3)
and
Tim T2(8)(F(X (1)) — min f) + [b(X(t) = x*); TOVOIT b(12_ D) 11X (8) — 2|2 exists as..

On the other hand, let ¢ : (¢, z,v) — R defined by ¢ (¢, x,v) = I'%(t) (f(x) — min f + %) Recalling the
discussion for ¢, we get that by 1t6’s formula from ¢, to ¢, we have

ba(t, X (1), V(1)) = Galta, X(t2), V(£2)) + / 2T(s)I"(s)(f(X (s)) — min f)ds

ta

—A F(S)HV(S)HQdS"‘A T2 (s)tr[X(s, X (s))]ds 44)

+/ F2(5)<V(5)0*(5,X(s)),dW(s)).

ta

M,

And also, that

/00 2T ()T (s)(f(X (s)) — min f) + T?(s)tr[X(s, X (s))]ds

ta

< /OO I'(s)(f(X(s)) — min f) + T'%(s)o2 (s)ds < +oo a.s..

(2

Besides (M;);>1, is a continuous martingale. By Theorem A.12, we get again that ftzo I(s)||V(s)]|?ds < +0
a.s. and that )

- VR

lim T'“(¢) ( /(X (t)) — min f + 5 exists a.s. 4.5)

t—o0

et us recall that % 1([t0’ [) by Lemma A.3. Therefore, by (4.3) and (4.5), we can use Lemma A.2 to
obtain that )
Vit
lim I‘Q(t) <f(X (t)) — min f + |()”) =0

t—o0 2

15



(i)

@iv)

v)

Taking expectation on (4.2) and denoting

Ky = T2 (1)B(((X (1) — min ) + LE(D(X (1) — #) + ()Y (1)) + 2 (1) — a2

we obtain directly that

E (r?(t)(f(X(t)) — min f) + 10 = x*); LOVOL® , 6(1; D x () - az*||2) < K1+ Kr.

From this, is direct that sup,,, E(||[ X (t) — 2*||?) < +o0, and this in turn imply

E (f(X(t)) — min f + 'V(;)”Q) =0 (I‘?l(t)> .

Moreover, assume that I' ¢ L!([to,+oo[), and let 6(¢) = |, ’

to
2

consider ¢3(t, z,v) = 0(t) (f(:z:) —min f + HT)* by It6’s formula from ¢5 to ¢, we get

['(s). If also 802, € L([to, +oc), then we

a0, X(0). V(1) = dalta, X(02), V(1) + [ 1) (5069) = min g + 7

- [ AV + 5 [ oeplnte, X ) ws)

+ | 0(s)(V(s)0™ (s, X (5)), AW (s)) .

to

My

Also, by the first item and new hypothesis on the diffusion term, we get that

t $)12
/t I'(s) (f(X(s)) — min f + W(2)H> + 0(s)tr[E(s, X (s))]ds

< /too I'(s) <f(X(s)) — min f + ”V(;)”> +0(s)02 (s)ds < +o0.

4.7
Besides (M)¢>t, is a continuous martingale. By Theorem A.12, we get that ftzo (8)8(s)||V (s)|]*ds < +o0

a.s. and that )
vVl

lim 60(t) (f(X(t)) —min f +

t—o00

) exists a.s., 4.8)

Using Lemma A.4 with g(t) = 6(t), we get that §; & L*([t2, +o0o[). Besides, recalling that

IV (s)II?

/t:o ['(s) (f(X(s)) — min f + 2) < 400, s,

we invoke Lemma A.2 to conclude that lim;_, » (%) (f(X(t)) —min f + M) =0as..
Taking expectation in (4.6) and upper bounding we get

t s 2
B(0a(t, X(0), V() < B(oalta, X(12). V) + [ D)8 (006 ~ min g + G a
2 (4.9)

+ % /t:o 0(s)o2 (s)ds.
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By the third item, we have that E (f(X(s)) —min f + M) =0 (F21(S) ) so we conclude that

E (H(t) (f(X(t)) — min f + |V(2t)”2)> =0 </tt rﬁ)) . (4.10)

e (roxi i+ ) o (o {50, 1)

Thus,

4.3 Almost sure weak convergence of trajectories

In the deterministic setting with o > 3, it is also well-known that one can obtain weak convergence of the trajectory.
Our aim in this section is to show this claim for a general + in the stochastic setting.

Theorem 4.6. Consider the setting of Theorem 4.4. Then, if To, € L%([ty, +00[) we have that:
(i) B [supesy, [ X(@0)]]] < +oc.
(ii) Va* € S, limy, o0 || X (t) — 2*|| exists a.s..

(iii) If v is non-increasing, there exists an S—valued random variable X™* such that w-lim;_, ., X (t) = X* a.s..
gl g

Proof. (i) Analogous to the proof of the first point of [11, Theorem 3.1].
(ii) Recalling the proof of Theorem 4.4, we combine the fact that both

tim T2(8)(F(X (1) — min f) + 1A =D LTV BBy e

t—o0 2

and

lim T2(t) (f(X(t)) — min f + ”V(t)HQ)

t—o0 2
exist a.s.. We can substract both quantities to obtain that

X () — |2

t—o0 2

+T(E)(X(t) —x*, V(1)) exists a.s..

Thus, for every z* € S there exists Q,« € F with P(Q,+) = 1 and 3¢ : Q,« — R such that

Jim XG0, ) =% by (v (w0, ), X (w0, 8) — 27) = ().

Let Z(w,t) = M — {(w) and € > 0 arbitrary. There exists T'(w) > to such that V¢ > T'(w)

HZ(W, £) + DV (w, 1), X (w,t) — )| < <.

Let g(t) = exp ( fttz %), multiplying the previous inequality by %, there exists 7'(w) > to such that for
every t > T(w):

g(t) x €
| £ 20 + 90V (@,t), X(w,1) = )| < 590
On the other hand, dZ(t) = (V(t), X (t) — 2*)dt and

d(g(t)Z(1)) = (i‘i((?)Z(t) VD), X () — x*>) dt.
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(i)

A

Al

Thus,

lott)2(0) ~ o)) = | | dlas)2()]| = | / t (fi((?)Z(s) T g(s)(V (), X () - :c*>) ds|

<e / 9 s — e(g(t) - g(T).

7 I'(s)
So,
9(T)
Z(t)| < z(T)]| + e.
2@l o0 12(T)l
By Lemma A.3, we obtain that lim;_,~ g(t) = +00. Hence, limsup,_,.. || Z(¢)|| < . And we conclude that

for every z* € S, limy_, o0 M

exists a.s.. By a separability argument (see proof of [11, Theorem 3.1] or

[13, Theorem 3.6]) there exists ) € F (independent of =*) such that IF’(Q) =1 and lim;_, M

forevery w € Q,2* € S.

exists

If 7y is non-increasing, then I is non-decreasing (see [19, Corollary 2.3]). Then, by item (ii) of Theorem 4.4, we
have that:
lim f(X(t)) =minf a.s.

t——+o0

def

Let Q; € F be the set of events on which this limit is satisfied. Thus P(27) = 1. Set Q¢ony = 2 N Q. We
have P(Qcony) = 1. Now, let w € Qeonyv and X (w) be a weak sequential cluster point of X (w, t) (which exists
y boundedness). Equivalently, there exists an increasing sequence (tx)ren C Ry such that limg_, o0 £ = 400
and

w-lim X (w, t) = X (w).

k—oo
Since lim; o f(X(w,t)) = min f and the fact that f is weakly lower semicontinuous (since it is convex and
continuous), we obtain directly that X (w) € S. Finally by Opial’s Lemma (see [56]) we conclude that there
exists X*(w) € S such that w-lim;_, o X (w,t) = X*(w). In other words, since w € Qony Was arbitrary, there
exists an S-valued random variable X* such that w-lim;_,, X (t) = X* a.s..

O

Auxiliary results

Deterministic results

Lemma A.1. Leta,b € Rand x,y € H, then

llaz — by|| < max{[al, [b[}|z — yl| + o — b| max{{[z[], ||y }-

Lemma A.2. Lettg > 0and a,b : [tg, +oo[— Ry. Iflim;_, o a(t) exists, b ¢ L([to, +00]) and f;:)c a(s)b(s)ds <
“+00, then lim;_, o, a(t) = 0.

Lemma A.3. Under hypothesis (H.), then

Proof. Let q(t) = [ p‘éz), since ftzo ds_ < 400, then limy_, o q(t) = 0 and ¢ (t) =

[
to ['(s) .

—-L_. On the other hand
p(t)

p(s)

oodsii ooq/(s)szn Cbm o
/m T(s) / o(s) 45 = In(a(to)) = Jim In(g(t)) = +oo.
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Lemma A4. Let q : [to, +oo[— Ry be a non-decreasing differentiable function, if ¢ ¢ L*([to, +0o0), then %, ¢
L' ([to, +00])

Proof. By definition,

L s = i m(a(e) - m(gtta)) = +oc.

q(s) t—o00
O
Lemma A.5. For a,x > 0, let us define the upper incomplete Gamma function as:
Dinc(a;z) = / s te™5(s.
Then, the following holds:
(i) 2% Tine(a;2) < 1for0<a < 1.

(ii) 2% Tipc(a;x) > 1 fora > 1.

(iii) limy o0 217 %% Tipe(a; ) = 1
Proof. See [57, Section 8]. O

Remark A.6. Do not confuse T';,,.(a; z) with T'(¢) defined in (3.2).

Corollary A.7. Let us consider the viscous damping function vy : [to, +-00[— R defined by y(t) = 4 withr €]0,1]
and o« > 1 — r, then:
(i) v satisfies (IL).
(ii) T'(t) = O(t").
(iii) vy satisfies (H).

def

Proof. (i) Letc= {2 > 1, we first notice that after the change of variable u = cs

1—r

, we get

oo 1 (o9} 1
/ exp(—cs'™")ds = / uT7 e du < o0,
0 0

acl:r

since the last integral is the classical Gamma function (see e.g. [57, Section 5]) evaluated at ﬁ, and this function
is well defined for positive arguments, then (H., ) is satisfied.

(i) Besides, by definition I'(t) = exp(ct'™") [,” exp(—cs'~")ds. Using the same change of variable as before, we
obtain that

=T 1
T(t) = explet ") < ,ct“) . (A.1)
ocl-r 1—r
By (iii) of Lemma A.5 with a = ﬁ—r > land x = ct'~", for every € > 0, there exists t; > tq such that for
every t > tq:
1
T(t) <~ 54
acl-r

(iii) Moreover, if we restrict £ €0, %[ there exists t; > t( such that for every t > ¢;:

1+4+¢
FOT'(t) < = <l+e.
C —_T

Defining m as 1 + ¢, we have that m < % and we conclude.

Lemma A.8. Let us define p > 0 and I,(t) = fol et (1 — u)Pdu. Then
(i) I,(t) < t=! for every t > 0.
(ii) I,(t) ~t tast — 4oc.

Proof. The first result comes from bounding the term (1 — u)? by 1 in the integral, then we can notice directly that
I,(t) <t~ for every t > 0. The second result is an application of Watson’s Lemma (see [58]). O
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A.2 Stochastic results
A.2.1 On stochastic processes

‘We refer to the notation and results discussed in [13, Section A.2].

Proposition A.9. Considerv > 2, Xy, Vy € LY (Q;H), f and o satisfying (Ho) and (H,), respectively. Consider also
~y satisfying (H.,), and (3 satisfying (Hp). Then (S — ISIHD) has a unique solution (X, V') € Sy y[to]-

Remark A.10. Hypothesis (Hz) does not allow us to consider the case 5 = 0, nevertheless, this case is well studied
in Section 4.

Proof. We rewrite (S — ISIHD) as in the reformulation (ISTHD — Sg), we recall (3.3)

dZ(t) =-B)VG(Z(t))dt —D(t, Z(t))dt + 6(t, Z(t))dW (¢t), t > to,
Z(to) = (Xo,Xo + B(t0)V0),

Since () < c1, we have that —3(t)VG(Z(t)) is Lipschitz, besides, since W‘ < cg, we have that D

is a Lipschitz operator. Then, using the hypotheses on o we can use [13, Theorem 3.3] and conclude the existence

and uniqueness of a process Z € S}, y[to], this, in turn, implies the existence and uniqueness of a solution (X, V') €
Stsmlto] of (S — ISIHD). O

Theorem A.11. Let H be a separable Hilbert space and (M;)i>o : @ — H be a continuous martingale such that
sup;>o E (||M¢]|?) < +oco. Then there exists a H—valued random variable Mo, € L*(Q; H) such that lim;_,oc M; =
My a.s..

Proof. For the proof, we refer to [13, Theorem A.4]. O

Theorem A.12. [59, Theorem 1.3.9] Let { A, }1>0 and {U,}>0 be two continuous adapted increasing processes with
Ay = Uy = 0 a.s.. Let {M;}>0 be a real-valued continuous local martingale with My = 0 a.s.. Let £ be a non-
negative Jo-measurable random variable. Define

:£+At—Ut+Mt fortZ()

If X is non-negative and lim;_, oo Ay < 00, then lim;_, o, X; exists and is finite, and lim;_, ., Uy < o0.

A.3 Abstract integral bounds, almost sure and in expectation properties of (S — [SIHD)

In the following proposition, we state different abstract integral bounds and almost sure properties for (S — ISTHD),
finally concluding with the almost sure convergence of the gradient towards zero.

Proposition A.13. Consider that f,o satisfy (Hy) and (H,), respectively. Let v > 2, and consider the dynamic
(S — ISIHD) with initial data Xo,Vy € LY(Q;H). Consider also vy, B from (S — ISIHD) satisfying (H.) and (Hp),
respectively, and a, b, c, d satisfying (S p.c,q). Finally, we consider £ the energy function defined in (3.5).

Then, there exists a unique solution (X, V') € S4. ulto] of (S — ISIHD). Moreover, ift — m(t)o2 (t) € L ([to, +o0[),
where m(t) = max{1,a(t), c*(t)}, then the following properties are satisfied:

i

v lim E(t, X(t),V(t)) exists a.s..

t—+oo

B(s)V(s)) — min f)ds < +0o0, a.s..
)+ B(s)V(s)||?ds < 400, as..
|

)+
(

X (s) — x*[|?ds < +0o0, a.s..
—b(s))||[V(s)|*ds < +00, as..

X(s

—
—~
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(vi) b)) — a'(F) = Oe(t) (A (B)elt) — (1) — b(1))), then
/too(b(s)c(s) () (f(X(s)) — min f)ds < 400 a.5.

(vii) If there exists n > 0, t > to such that
0 < d(®)((Belt) = (B —bE), n<aBE), A1) <n V>i,
then limy_, oo ||V (t)|| = 0 a.s., limy_o0 [V (X (¢) + BV (£))]| = 0 a.s., and limy_, o ||V f(X(t))|| = 0 a.s.

Proof. The existence and uniqueness of a solution is a direct consequence of Corollary A.9. Moreover, applying
Proposition 2.3 with £, we can obtain

E(t, X (1), V(1)) < E(to, Xo, Vo) — /t (b(s)e(s) — d/(s))(f(X(s) + B(s)V(s)) — min f)ds

- [t sCes + sevEIPas - [ (s + S ) 1x) - oas

to

—/t c(s)(b(s) + ¢'(s) —6(8)7(8))IIV(8)||2d8+/t (La(s)B%(s) + *(s)) ol (s)ds + M,
' ' (A2)
where M; = [, (o (8)+B(s)V(5))(a(s)B(s)V (X (s)+5(s)V (5))+c(5)[b(8) (X (5)=2%)+c(s)V (5)], dW (5))-

Since sup;e(, 7] (HX( )I?) < 400, 5upse sy 7 EUIV (#)[1?) < 400 for every T > to, and a, b, ¢, 3 are continuous
functions, we have that M, is a continuous martingale, on the other hand, we have that

/tOO(La(s)BQ(s) +c%(s))o? (s)ds < +oo.

Then, we can apply Theorem A.12 and conclude that lim;_, o, (¢, X (¢), V(¢)) exists a.s. and

ﬂ —a'(8))(f(X(s)+ B(5)V(s)) — min f)ds < +o0 as..
o ||Vf( (s)) + B(s)V(s)[IPds < +-o0 as..
e ( )+ L) X (5) — a7 |2ds < +o0as.

y ftzo C(S)(’Y(S)C(S) d(s) = b(s)||[V(s)|*ds < +oo as..

This let us conclude with items (i) to (v).
Let b(t) = b(t)c(t) — a/(t), and

I = [ b(s)(f(X(s)) — min f)ds

to

< /too b(s)(f(X(5)) = F(X () + B(s)V(5)))ds + /too b(s)(f(X(s) + B(s)V (s)) — min f)ds

Using Descent Lemma, Cauchy Schwarz Inequality and Corollary 2.2:

Ifs@5o</°°6<s><f<x<s>+/3<s>< ~ min f)d ) (/ b(s) [V (5) 2ds)

+ I /t IV )IPds + [ :O b(s)(f(X(5) + B(5)V(5)) — min )ds.
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If b(t) = b(t)e(t) — o’ (t) = O(c(t)(y(t)e(t) — ' (t) — b(t))), we have that
/too B(s) |V (s)|Pds < 400 a.s..

And we conclude with item (vi).

To prove (vii), in particular that lim; . ||V (¢)|| = 0, we consider that if there exists n > 0, > t; such that
n < c()(y(t)e(t) — ¢/ (t) — b(t)),Vt > t, then there exists §2,, € F such that P(2,) = 1 and

/ |V (w,s)|]?ds < 400, Vw € Q.
to

Then, we have liminf; o ||V (w,t)|| = 0,Vw € €,. Let us suppose that limsup,_, . [|V(w,t)|| > 0,Vw € Q,,.
Then, by [13, Lemma A.3], there exists § > 0 satisfying

0 = liminf [|V(w,¢)|| < 6 <limsup ||V (w,t)||, Yw € Q.
t—o0 t—o00

And there exists (tx)ren C [to, +00[ such that limy_, o tx = +00,
HV(UJ,tk)” >0, YweQ, and ter1 —tp > 1, VkeN.

Let N, = ftto o(s,X(s) + B(s)V(s))dW (s). This is a continuous martingale (w.r.t. the filtration F;), which verifies

(N7 = E / oo X(6) + AV (s ) <2 ([T o(ohds) <-soev >

According to Theorem A.11, we deduce that there exists a H—valued random variable N, w.r.t. F, and which
verifies: E(||Nuo||?) < 400, and there exists Q € F such that P(Qy) = 1 and

75_lgrmOO Ni(w) = Noo(w) for every w € Q.
Letwy € Qo = Oy N D, (P(Q,) = 1) and the notation V' (t) = V(wo,t), € € (0, min{1, % ) arbitrary and recall
that < a(t)B(t),y(t) < nforevery t > t. Let k' € N be such that ¢t > £, k > k" and ¢ € [ty t5 + €], then

V() =Vt §3(t_tk)/ 72(8)\|V(8)H2d8+3(t—tk)/t IV£(X(s) + B(s)V (s))*ds

ty

+ 3| Ny — Ny, |I?

<3Pt —tr) | V()]s + %(t - tk)/ a(s)B(s)IIVF(X(s) + B(s)V (5))|*ds

tr tr
+ 3| N — Ne, |12

< 3P / ||v<s>||2ds+%s / a()8() [V F(X(s) + B(s)V (s))|ds

tr

+ 3| Ny — Ny, |12

Now let & € N be such that for every k > k"',

oo

[T W6 < g [T aBOITIKG) + VP < o 1N - N <

3
tr 9?72 7 tr 9 .

9
Then, we have that

52
V()= V()] <e < o € [trot + el B > max{k', K7}
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For such ¢, we bound using the triangular inequality and obtain

VOl = Ve~ 1V -Vl > 5.

Now we consider

fe’e] ) tr+e ) 5(52
[wveras= S [T vepaz Y -
to k>max{k’ k" } tk k>max{k’ k' }
Which is a contradiction, then we conclude that lim inf;_, ||V (¢)|| = limsup,_, . ||V (¢)|| = 0, as..

To prove the second part of (vii), i.e. that lim;, [|[Vf(X () + S(t)V(t))|| = 0, we recall that there exists n >
0,t > to such that n < a(¢)3(t), then there exists €2, € F such that P(Q2,) = 1 and

| IVHX @9 + BV s)lds < +20 €9,

So we have that
litrginf V(X (w,t)+ B1E)V(w,t))| =0, VweQ,.

Moreover, if we suppose that

limsup [[Vf(X(w,t) + B()V (w, 1)) > 0,Vw € Qy,
t—o00

by [13, Lemma A.3], there exists § > 0, (tx)ren C [to, +00[ such that limy,_, o ¢t = 400,

IV f(X(w,tr) + ﬁ(tk)V(w,tk)) | >6 YweQ, and tpy —tp, >1, VEeN.

Recall that by (Hp), there exists Sy such that 8(t) < §y. Lete € (O, min{1, %}) arbitrary and consider Y (t) =

X(t)+ B(t)V(t), letalso k € N arbitrary and ¢ € [ty, tx + £]. Then, using Lemma A.1 and Jensen’s inequality we can
bound as follows:

1Y () = Y (t)lI* < 201X(1) = X ()1 + 2BV () = BtV (1)

<2 / V(S>d8H2 + 2 (BollV (1) = V()| + 18() — Bt [ max{ |V ()], |V (t)1})?

<2(—t0) | V(s |Pds

ty

2BV () — V()] + 18() — B(ta) max{ [V )L IV (1) [})?
<9t~ ty) / IV (s)|%ds

+HABFIV () = V()P + 418(t) — B(tw) > max{ [V ()], |V (t) 1}

By the previous point, we have that there exists 2, € F such that P(£2,) = 1 such that

o0
/ IV (w, 8)|%ds < +00 Vu € O,

to

and k' € N such that for every k > &/, for all ¢ € [¢x, t;, + €]

0o 1 9
/ IV (w,s)l?ds < =, max{[[V(w, ), [V(w,te)[} <1, [[V(w,t) = V(0 t)]* < 5
te 6 1255
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We consider an arbitrary wg € Q, N Q, (P(Q, N Q,) = 1), and we let us use the abuse of notation
X(t) = X(wo,t), V(t) = V(wg,t),and Y () = Y(wo, t) for the rest of this proof.

On the other hand, £ is continuous, so there exists & > 0 such that, if |t — ¢;,| < 0, then |3(t) — B(t1)] < 2‘/\/%.

Therefore, letting ¢’ = min{e, 5 }, we have that

IVFY () = VIY (t)II* < LY () = Y (8)[* < L% < %Vk > KVt € [t te +€7].

Then, we obtain

0
IV O = IV @D = IV @) = VIV @) = 5, Yk > K VEE [t b+ €.
This implies that
ty+e 52 6/52

[ ds>z/t'“+e e Y [ 2 oo

k>k' k>k' >Ic’

Which is a contradiction, then we conclude that
liminf |V f(X(¢) + B(O)V ()| = liin sup [[Vf(X(t) + BV () =0, a.s.
o — 00
To prove the last part of (vii), we consider that 5(¢) < Sy, then

VX @) < IVFAXE) + B8OV + VX)) = VAXE) + BV
< [IVAX@) + 8OV + L[V ()]

With this bound, we can conclude that lim;_,~ ||V f(X(?))|| = 0 a.s.. O

The following proposition states abstract bounds in expectation of (S — ISIHD).

Proposition A.14. Consider the setting of Proposition A.13, then we have that:
. . 1
@ B0 + 50V (0) ~minf) = 0 ().
Moreover, if there exists D > 0,1 > t such that d(t) > D fort > t, then :
(i) $uppsy E(IX (1) — 2°7) < +ox.

i BV O =0 (i)

iv —min f) = max 1 B(t)\/m B(1) (1+b2(t))
R f)_0< {a@)’ alfe(t) T W) }>

Proof. To prove this proposition we are going to take expectation in (A.2). First, we are going to bound the negative
terms by 0, denoting Fy = &(to) + max{1, L} fto (5)B%(s) + c*(s))o2,(s)ds, we obtain that

E(E(t, X (t),V(t)) < Ep.

This implies that
« E(f(X(8) + BV (1) — min f) < ;7.
» E([b(t) (X () — 2*) + )V ()[2) < 2Eq.

If there exists D > 0,¢ > to such that d(t) > D for ¢ > t, then for ¢t > ¢:
« B(||X(t) — 2*[|?) < 2Ee.
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¢ And also,

E([V(1)]?) < CQQ(t) [E(lb(#)(X (£) — &™) + c(t)V (1)]1%) + b* (OB X (¢) — 2™ )]
2 2Eb2(t)\  4E, b2 (t)
=20 <2E°+ D ) ~ 2 (“ D )

* We bound the following term using the Descent Lemma

E(F(X () ~ J(X() + BOV(©) < B VEVX®) + BOVO)P)EV @)
+ 2BV O])

Using Corollary 2.2, we have

E(f(X() - F(X(0) + BOV (1)) < B(t)v2LEGX ) + BOV D) — min ) EVO)
+ ZPORIVE)P)

b2(t) 21 (1 v (1)
,%2) 1c+<t>D +2LE05()( “%)

— 0 e ] PO VIHPE) 52 (1+0(2)
a(t)y ot) - ()

< 2E,V2L

Then, we notice that
E(f(X(£)) — min f) = E[f(X (1)) — F(X() + BOV ()] +E[f(X(2) + BE)V (1)) — min f]
o <max { Bl VITPD B0 (4 R0) 1 }) |

alty oty c2(t) “a(t)
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