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Abstract

The aim of this contribution is to address the convergence study of a time and
space approximation scheme for an Allen-Cahn problem with constraint and per-
turbed by a multiplicative noise of It6 type. The problem is set in a bounded
domain of R? (with d = 2 or 3) and homogeneous Neumann boundary conditions
are considered. The employed strategy consists in building a numerical scheme
on a regularized version “a la Moreau-Yosida” of the constrained problem, and
passing to the limit simultaneously with respect to the regularization parameter
and the time and space steps, denoted respectively by €, At and h. Combining a
semi-implicit Euler-Maruyama time discretization with a Two-Point Flux Approx-
imation (TPFA) scheme for the spatial variable, one is able to prove, under the
assumption At = O(e21?) for a positive 6, the convergence of such a “(e, At, h)”
scheme towards the unique weak solution of the initial problem, a priori strongly
in L2(2; L2(0,T; L?(A))) and a posteriori also strongly in LP(0,T; L2(Q x A)) for
any finite p > 1.
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1 Introduction

We consider A a bounded, open, connected, and polygonal set of R? (with d = 2 or 3),
and (2, A,P) a probability space endowed with a right-continuous, complete filtration
(Ft)e0. For T > 0, we are interested in finding a pair (u, ) with ¢ € 0I}y1j(u), satisfying
the following time noise-driven Allen-Cahn equation:
du+ (Y — Au)dt = g(u) dW (t) + (B(u) + f)dt, in Qx (0,T) x A;
u(0, -) = uo, in Q xA; (1.1)
Vu-n=0, on 2 x (0,7) x OA;
where (W (t)):>0 is a standard, one-dimensional Brownian motion with respect to (F;)i>o0
on (2, A,P) and n denotes the unit normal vector to JA outward to A. As mentioned
in [11], the sub-differential 0| ) represents a physical constraint on the solution of (1.1)
forcing it to remain bounded in (0,1) by the presence of the Lagrange multiplier ¢ €

01jo,1)(u). More precisely, our equation in (1.1), can be written as a differential inclusion
in the following manner:

B(u) + f — 0, <u _ / | g(u)dw> 4 Au € 0L (u)

0

where the stochastic integral is understood in the sense of It6 and the sub-differential of
the indicator function Ijg1) : R = R U {400} defined by

0 ifrel0,1
Toq(r) = { 0, 1]

+o00 else
is the set-valued mapping 01y : [0, 1] = P(R) defined by
{0} if r € (0,1)
8][0,1] (7”) = (—OO, O} ifr=20
[0,00) ifr=1
We consider the following assumptions on the data:

i ug € L*(Q; L*(A)) is Fo-measurable and verifies 0 < wg(w,z) < 1, for almost all
(w,z) € 2 xA.

o g: R — Ris a L,-Lipschitz-continuous function (with L, > 0), such that
suppg C [0,1].

3. B R — R is a Lg-Lipschitz-continuous function (with Lz > 0) such that for
convenience 3(0) = 0.

. f € L%T(Q X (0,T);L2(A))T.

tFor a given separable Banach space X, we denote by L%T (Q x (0,T); X) the space of the predictable
X-valued processes ([30] p.94 or [51] p.27). This space is the space L? (Q x (0,7T); X) for the product
measure dPP ® dt on the predictable o-field Py (i.e. the o-field generated by the sets Fy x {0} and the
rectangles A x (s,t], for any s,t € [0,T] with s < ¢ and A € F).
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1.1 Literature review

The equation in (1.1) is known in the literature as an Allen-Cahn type equation with con-
straint. It is applicable in modeling several physical phenomena, like phase transitions.
In [11], a global existence and uniqueness result for this equation has been proposed to
model the evolution of damage in continuum media. More precisely, it has been assumed
that the solution u to (1.1) is a damage parameter, i.e. the local proportion of active co-
hesive bonds in the micro-structure of a material. Then, the function f on the right-hand
side of (1.1) denotes an external source of damage (mechanical or chemical), while the
nonlinear source term [ is associated with the material’s internal cohesion. A constraint
was incorporated within the equation to restrict the values of u to the interval [0, 1]. This
constraint has a physical meaning in the way that u = 1 signifies that the material is
completely undamaged, v = 0 signifies that it is completely damaged while values of u in
(0,1) represent varying degrees of intermediate damage. In [11], the physical constraint
was ensured by the presence of a sub-differential graph, i.e. a multivalued maximal mono-
tone operator. In addition, a stochastic force term given by an It6 integral has been added
on the right-hand side of (1.1). Since its diffusion coefficient g depends on the damage
parameter, the stochastic force is said to be multiplicative. From a physical point of view,
the presence of this random force term reflects the fact that the phenomenon of damage is
related to microscopic changes in the structure and configuration of the material lattice as
a consequence of breaking bonds and the formation of cavities and voids. These changes
are clearly related to stochastic processes occurring at a microscopic level (as introduced
in Ising materials), which we aimed to take into account in the macroscopic description.

The literature on the deterministic Allen-Cahn equation is very rich, also including the
presence of non-smooth (monotone) operators (see, among others, |1, 28, 29, 32, 60]),
and the stochastic case has been addressed by a growing number of surveys. Some recent
results are devoted to questions of existence and uniqueness of solutions for stochastic
Allen-Cahn equation [56], in [19] well posedness for stochastic Allen-Cahn type equa-
tions with p-Laplacian as well as the random separation property are studied. Others
are more interested in questions of existence and regularity of solution for stochastic
Cahn-Hilliard/Allen-Cahn problems [!| and [33]. The study of degenerate Kolmogorov
equations and questions of ergodicity for stochastic Allen-Cahn equations with logarith-
mic potential have been considered in [18, 57]. Other authors have studied a stochastic
Allen-Cahn-Navier-Stokes system with inertial effects and multiplicative noise of jump
type in a bounded domain |34, 16]. Let us mention that, in these last contributions, the
sub-differential operator is replaced by smooth nonlinearities (possibly with prescribed
growth conditions), as double-well potentials.

Furthermore, the study of stochastic partial differential inclusions in a rather general sit-
uation was carried out in [, 16, 53], as well as questions concerning transition semigroup
and invariant measures in [7]|, or even obstacle problems with Lewy-Stampacchia’s in-
equality for a stochastic T-monotone obstacle problem (see [58]). According to [12], the
convergence analysis of numerical schemes for stochastic PDEs of parabolic type has been



a very fashionable subject in recent decades and for this reason, an extensive literature
on this topic is available (see [2], [31] and [19] for a general overview). In the past the
use of finite-element methods was the preferred technique for the spatial discretisation of
parabolic evolution equations (see [10], [24] for a state of the art on this subject), and
this is particularly true for the numerical approximation of stochastic Allen-Cahn type
equations without constraint (in the chronological order let us mention the contributions

[ ? ? ? ? ? ? ])

The numerical analysis of differential inclusions was first carried out on multivalued dif-
ferential equations in [59, 35, 5, 17|, and new studies on the subject have continued to be
published ever since |13, 9, 11, 21, 22,55 18]. In parallel, stochastic differential inclusions
were studied in the early 2000’s from a numerical point of view. Firstly, results of con-
vergence analysis of time-discretization schemes have been derived in [50, 17, 44, (1], and
secondly, convergence rate as long as error estimates have been investigated respectively
in [62] and [38]. More recently, the time-space discretization of deterministic elliptic and
parabolic partial differential inclusions was performed by combining Euler scheme with
finite-element methods in [54, 23, 20].

To the best of our knowledge, the numerical analysis of stochastic partial differential inclu-
sions is still an open topic. Our aim is then to fill the gap in the literature by addressing
the convergence analysis of a time and space discretization scheme for our stochastic
Allen-Cahn problem with constraint (1.1). Let us precise that the main originality of
our approach consists in the use of a finite-volume method for the spatial discretization
instead of a finite-element one.

1.2 Concept of solution and main result

Following our previous work [11], we are interested here in the following concept of solution
for Problem (1.1):

Definition 1.1. Any pair of stochastic processes (u,1) € (L3 (2 x (0,7); LQ(A)))2 with
u belonging additionally to

L(Q;6([0,T); L*(A))) N L, (2 x (0,T); H(A)),
is a solution to Problem (1.1) if almost everywhere in (0,7) x A and P-a.s in €Q,
0<u<1andy e dlpq(u),

and if the pair (u, ) satisfies

u(t) = uo + / (Au(s) — (s) + Blu(s)) + £(5)) ds + / g(u(s)) dW (s),

in L?(A) and P-a.s in Q, where A denotes the Laplace operator on H'(A) associated with
the formal Neumann boundary condition.



Remark 1.2. A priori, we have the predictability of u with values in L?(A). Tt is a direct
consequence of, e.g., [12, Corollary 1.1.8| that we may a posteriori conclude that u belongs
to L, (Q x (0,7); Hl(A)).

Existence and uniqueness of a pair (u,1) solution of Problem (1.1) in the sense of Def-
inition 1.1 has been proved in [11] for a given initial condition ug in H*(A) and under
Assumptions 7, o5 and 7;. To do so, we used a regularization procedure on the maximal
monotone operator dljp ;) by considering the following family of approximating problems
depending on a parameter € > 0:

due + (Ve(ue) — Aue) dt = g(ue) dW (t) + (B(ue) + f)dt, inQx (0,7) x A;

ue(0, ) = uyg, in Q x A; (1.2)
Vu, -n =0, on Q x (0,7) x 0A;
where 9. : R — R denotes the Moreau-Yosida approximation of 0y (see e.g. [0, 20]),
defined for all v € R by
Y if v<0
- -t € .
Ye(v) = _) (=1 = 0 if vel0,1] (1.3)
€ € v—1
if v>1.
€
Firstly, we proved in [11], for fixed € > 0, existence and uniqueness of a solution u, for

Problem (1.2) in the sense of Definition 1.3 below:

Definition 1.3. A stochastic process uc € L}, (2 x (0,T); H'(A)) element of

L= (0,75 L*(; H' (A))) N L* (2 (0, T; L*(A)))

and such that 0y (ue—/. g(ue)dW) and Au, belong to L*(Q; L*(0, T; L2(A))), is a solution
0

to the Problem (1.2) if almost everywhere in (0, T) and P-almost surely in €2, the following
variational formulation holds for any v € H'(A)

/Aat (u6 - /O.g(ug) dW(s)) vdx + /AVUE.VU dx + /Awe(ue)v dr = /A (B(ue) + f)vda,

with P-a.s in Q, ug = Pné uc(.,t) in L*(A).
%

Secondly, the analysis of the sequences (u¢)e=o and (¥(ue))eso allowed us (mainly thanks
to monotonicity tools) to pass the limit with respect to the approximating parameter
€ > 0. We finally proved existence of a solution (u,) of Problem (1.1) in the sense of
Definition 1.1, as a weak limit of a subsequence of the pair (ue,¥(u.))eso. Then, we
finished our study by proving the uniqueness of such a solution (u, ).

The objective of the present paper is to propose a time and space approximation of
the unique solution (u,®) of Problem (1.1) in the sense of Definition 1.1. To do so,
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our idea consists in discretizing, for a given € > 0, Problem (1.2) by the way of finite-
volume methods. Our main goal is to show that the resulting finite-volume approximation,
depending on € and on the time and space parameters (denoted respectively N and h in
the sequel), can be bounded independently of these three parameters, with the idea of
making them tend towards zero simultaneously. The aim of the game is then to find a
relationship between €, N and h that allows us to bound our finite-volume approximation
and to pass to the limit in the numerical scheme, leading us to our main result stated
hereafter:

Theorem 1.4. Assume that hypotheses <f; to <7y hold and let (u,1)) be the unique solution
of Problem (1.1) in the sense of Definition 1.1. Let (Tm)men be a sequence of admissible
finite-volume meshes of A in the sense of Definition 2.1 such that the mesh size hy,
tends to 0, let (Ny)men C N* be a sequence of positive integers which tends to infinity
and let (€m)men C RY be another sequence such that lim, o€, = 0. For a fived
m € N, let up  and uﬁlmNm be respectively the right and left in time finite-volume
approzimations defined by (2.2)-(3.1)-(3.2) with T = Tp, N = N,, and € = €,. If
there exists 6 > 0 such that for any m € N, Nlm = O((em)**?), then the sequences
(up,, N, Jmen and (e, (up  n ))men converge towards u and v, respectively strongly and
weakly in L*(€%; L*(0,T; L*(A))). Moreover, the convergence of (uy, . ))men towards u
also holds strongly in LP(0,T; L*(Q; L2(A))) for any finite p > 1.

1.3 Outline

This contribution is organized as follows. In Section 2, the discretization framework is
introduced: choice of the time step, definition of admissible finite-volume meshes of A,
related notations and employed discrete norms. Then in Section 3, the semi-implicit TPFA
scheme for the discretization of the regularized Problem (1.2) ant its associated discrete
solutions are defined, and the well-posedness of such a scheme is investigated. In Section
4, a clever relation between the regularization and the time and space discretization
parameters (denoted €, At and h, respectively), allows us to derive stability estimates
satisfied by the discrete solutions, independently of these three parameters. Section 5 is
then dedicated to the convergence analysis of our scheme by combining arguments we
developed in [14] for the passage to the limit with respect to At and h, with the ones used
in [11] to pass to the limit with respect to e.

2 Discretization framework

Let us start this section by some general notations, then Subsections 2.2, 2.3, 2.4 contain
all the definitions and notations related to temporal and spatial discretizations. Let us
mention that they are the same as in our previous papers |12, 13, 11], but for a matter of
self-containedness we choose to repeat them identically.



2.1 General notations

e The integral over  with respect to the probability measure P is denoted by E[],
and is called the expectation.

e For any 7,y in RY, the euclidean norm of z is denoted by |z|, and the associated
scalar product of z and y by = - y.

e The d-dimensional Lebesgue measure of A is denoted by |A|, by overusing the eu-
clidean norm notation.

e For g € {1,d}, the L*(R?) norm is denoted by || - ||so-

2.2 Uniform time step and admissible finite-volume meshes

With the aim of proposing a time and space approximation of the variational solution of
Problem (1.2), a choice for the temporal and spatial discretizations must be made. The
temporal one is achieved using a uniform subdivision: setting N € N*, the fixed time step
is defined by At = L and the interval [0,77] is decomposed in 0 =ty < t; < ... <ty =T
equidistantly with t,, = nAt for all n € {0,..., N — 1}. For the spatial one, following |
Definition 9.1], we consider admissible finite-volume meshes as defined hereafter:

Y

Definition 2.1. (Admissible finite-volume mesh) An admissible finite-volume mesh of A,
denoted by T, is given by a family of “control volumes”, which are open polygonal convex
subsets of A, a family of subsets of A contained in hyperplanes of RY, denoted by £ (these
are the edges for d = 2 or sides for d = 3 of the control volumes), with strictly positive
(d—1)-dimensional Lebesque measure, and a family of points of A denoted by P satisfying
the following properties*

« A= Uy, K.

e For any K € T, there exists a subset Ex of € such that 0K = K \ K = Usee, @
and € = Jger Ex- Ex is called the set of edges of K for d =2 and sides for d = 3,
respectively.

o For any K,L € T, with K # L then either the (d — 1) Lebesque measure of K N L
is 0 or KN L =73 for some o € &, which will then be denoted by K|L or L|K.

o The family P = (vx)ger 15 such that v € K for all K € T and, if K,L € T are
two neighbouring control volumes, it is assumed that xy # xr, and that the straight
line between xx and xy, is orthogonal to o = K|L.

e For any o € £ such that o C O\, let K be the control volume such that o € Ek.
If i ¢ o, the straight line going through xx and orthogonal to o has a nonempty
intersection with o.

*In fact, we shall denote, somewhat incorrectly, by 7 the family of control volumes.



Figure 1: Notations of the mesh 7 associated with A C R?

For a given admissible finite-volume mesh 7 of A, the following associated notations will
be used in the rest of the paper.

Notations.
e The mesh size is denoted by h = size(T) = sup{diam(K) : K € T }.
e The number of control volumes K € T is denoted by dj, € N, where h = size(T).

e The sets of interior and exterior interfaces are respectively denoted by

Emt ={0€&:0Z O} and Ey :={0 € E: 0 COA}
e For any K € T, the d-dimensional Lebesgue measure of K is denoted by my.
e For any K € 7T, the unit normal vector to K outward to K is denoted by ng.

e For any K € 7 and any o € g, the unit vector on ¢ pointing out of K is denoted
by ng .

e For any o € &y, the (d — 1)-dimensional Lebesgue measure of o is denoted by m,,.

e For any neighboring control volumes K, L € T, the euclidean distance between x g
and zy, is denoted by dgjr..

e The maximum of edges incident to any vertex of the mesh is denoted by .

e Forany K € T and any o € &k, the euclidean distance between zx and o is denoted
by d(zk,0).

The regularity of the mesh 7 is measured by the following positive number

reg(7) = max (./\/, max dlL(K)) :

e d(xg,0)
As in the deterministic setting, it is assumed that reg(7) is uniformly bounded by a
constant not depending on the mesh size h, which is one of the key point to prove the
convergence of our finite-volume scheme. Indeed, the introduction of the number reg(7T)
allows us particularly to derive the following inequality:



VK,LecT, N <reg(T), (2.1)
dr|L

and such a uniform control of the ratio in the left-hand side of (2.1) will be essential in
the proof of Lemma 5.11.

2.3 Discrete unknowns and piecewise constant functions

From here to the end of Section 4, let N be a positive integer, At = % and T be an
admissible finite-volume mesh of A in the sense of Definition 2.1 with a mesh size h > 0.
The ideology of a finite-volume method to approximate the variational solution of Prob-
lem (1.2) is to associate to each control volume K € T and time ¢, € {0, ...,tx} a discrete
unknown value denoted by u}. € R, expected to be an approximation of u.(t,,zf).

For a given vector (w})ger € R, we introduce in what follows various associated
functions. Firstly, we define the piecewise constant function in space wy : A — R by

wp (x) == Z wilg(z), Vo € A.

KeT

Using the fact that the mesh 7 is fixed, the continuous mapping defined from R% to
L3(A) by

(wic)ker = Y Tgwi,
KeT

allows us to consider the space R% as a finite-dimensional subspace of L?(A) and to do
the following natural identification between the function and the vector

wp = (Wi )ger € R

Secondly, the knowledge for any n € {0, ..., N} of the function wj’ enables us to define the
following right and left piecewise constant functions in time and space denoted respectively
by wj, v and wj, v, which are defined from [0,T] x A to R by

=

whn(t; ) : Wi (@) L, ) (1) 1 £ € [0,T) and wy (T, ) = wy (),

3
Il
=)

(2.2)

i

wﬁl7N(t,:c) : wp ()L, ,,00)(t) if t € (0,7 and waN(O,:c) = wh (z).

I
=)

n

Since 7 and N are fixed, reasoning as for the piecewise constant function in space above,
the continuity of the mapping defined from R%*¥ to L2(0,T; L*(A)) by
(wi) = Z 1K]l[tn7tn+1)w?(7

KeT
nef0,...N-1}

KeT
ne{0,...,N—1}
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allows us to consider the space R%*" as a finite-dimensional subspace of L?(0,T; L*(A))
and to do naturally the identifications

wﬁlvN = (W) KkeT € Rw*N,

ne{0,...,N—1}
why = W) kep RV,
’ ne{0,...,N—-1}

Remark 2.2. In the following, when a time and space function ¢ : [0,7] x A — R will be
considered for fixed x € A, the space variable will be omitted in the notations and ¢(z)
will be written instead of ¢(-,z). An analogous notation will apply for fixed t € [0, T],
i.e., we will write ¢(t) for ¢(¢,-).

2.4 Discrete norms and weak gradient

For the remainder of this subsection, let us set n € {0,..., N — 1}, consider an arbitrary
vector (wh)xer € R¥* and identify it with the piecewise constant function in space
wp = (wi)ker. Are introduced in what follows for wj the definitions of its discrete
L?(A)-norm, weak gradient and discrete H'(A)-semi-norm.

Definition 2.3 (Discrete L?*(A)-norm). The discrete L?(A)-norm of w € R is defined
by

1
2
lwilL2) = (Z mK’w?(P) -

KeT

Definition 2.4 (Weak gradient). Let e, be the number of elements in £. The weak
gradient operator V" : R — (R%)* maps any scalar fields w € R into vector fields
Vil = (Viwd),ce € (R, where for any o € £, Vil € R? is defined by
dw}j — Wk
Vil = dk|L
0, if 0 € Eoxt-

Ng,, ifo=KI|LEC&nw;

Definition 2.5 (Discrete H'(A)-semi-norm). The discrete H'(A)-semi-norm of wy € R
s defined by

2

m
wplia = > ~|wi —wi*

d
o=K|Le& < KIL

Remark 2.6. We have the following relation between the discrete (L?(A))%-norm of V"w!
and the discrete H'(A)-semi-norm of w?:

n dK|Lma
IV wj; H%LQ(A))d = Z d

o=K|LEE iy

n o __ n |2
ST — a2, (2.3)

d

dgr

We end this subsection by recalling a classical trick of sum reordering, which will be used
several times in the rest of the paper.
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Remark 2.7 (Discrete partial integration). For any @}! = (w%)xer € R%, the following
rule of "discrete partial integration" holds:

S Y P ewpag = S ey wl) (@ @), (24)

d d
KeT o=K|Le€xnEm KIE o=K|Lem; KIE

Now, we have all the necessary definitions and notations to present the finite-volume
scheme studied in this paper. This is the aim of the next section.

3 The semi-implicit TPFA scheme for Problem (1.2)

By the discretization of the initial condition ug of Problem (1.1) over each control volume:

ule = L/ up(z)dx, VK €T, (3.1)
K

mg

we are firstly allowed to define the random vector u) = (u%) ke € R%. Secondly, starting
from this given initial Fy-measurable random vector u) € R%  and fixing a parameter
e > 0, we construct our semi-implicit TPFA scheme as follows:

For any n € {0,...,N — 1}, knowing u? = (u})xer € R%, we search for u)*' =
(u ) ket € R solution of the following equations, P-a.s in §:
Mg n n Mo n n n
E(“KJrl — k) + Z d_<uK+1 —up™h) + mge(uft)
o=K|LeEmnEx I (3.2)
m
= T’; (W) (W — W)+ mg Buft!) + mpc fir, VK €T,

where W™t — W™ denotes the increments of the Brownian motion between ¢,,; and t,:
W — W™ = W (t,1) — W(t,) forn € {0,...,N — 1},

and f7 is defined by

n __ 1 fnt1
fK_Ath /tn /Kf(x,t)dxdt. (3.3)

Remark 3.1. Although for any n € {1,..., N} and any K € T, the discrete unknowns
u} (and then the discrete solution u}) depend on €, we omit this dependency from the
notation for the sake of clarity.

Proposition 3.2 (Well-posedness of the scheme). Let T be an admissible finite-volume
mesh of A in the sense of Definition 2.1 with a mesh size h, let N be a positive integer
and let e € R be a given parameter. Then, under Assumptions oy to <, there exists
a unique solution (uf)i<,<n € (R%)N to Problem (3.2) associated with the initial vector
u) defined by (3.1). Moreover, for any n € {0,..., N}, u} is a F,, -measurable random
vector.

11



Proof. 1t is a direct application of the main result of [13] in the particular case where the
convection term is null and the source’s one is equal to u — B(u) — ¥ (u) + f. O

The right and left finite-volume approximations uj}, 5 and uﬁl ~ defined by (2.2) to ap-
proximate the solution wu. of Problem (1.2) are then built from the discrete solution
(uM)1<n<n € (RN given by Proposition 3.2.

4 Stability estimates

In this section will be derived several stability estimates satisfied by the discrete solution
(u)1<n<ny € (R™)N given by Proposition 3.2, and also by the associated left and right
finite-volume approximations (uj, y)nn and (uj y)nn defined by (2.2). Let us start by
bounding the discrete initial data:

Lemma 4.1. Under Assumption o, the discrete initial data ul), € R% associated to ug
and defined by (3.1) satisfies the following inequality:

E lufle)| < E [fluolfzquy]
Proof. Tt is a direct consequence of the definition of u) and Cauchy-Schwarz inequality. [

This first lemma allows us to obtain the following first bounds on the discrete solutions:

Proposition 4.2 (Bounds on the discrete solutions). There exists a constant Ky > 0,
depending only on ug, Ly, Lg, f and T such that for any € > 0, any N € N* large enough
(depending on Lg) and any h € R*.

E | lleg22a ]+ZE[||uk+1—u2||iQ(A)}+AtZE [[uf*12,] < Ko, Vn € {1,..., N},

Proof. Set € >0, N € N*, h € R} and fix n € {1,...,N}. For any k € {0,...,n — 1},
we multiply the numerical scheme (3.2) with ukJrl take the expectation, and sum over
K € T to obtain thanks to (2.4)

Z %E [(ul?l _ ul[c(>ul[c(+1] 4 Z dmo— E [ ukH — ulz+1|2]

KeT o=K|L€EEiy KL
N Z miE [, (ullc(+1)ul[€(+1] (4.1)
KeT
B %E [g(uf)uitt (WH = W)+ Y maE [(B(ul™) + fr)uil] .
= KeT

We consider the terms of (4.1) separately. Firstly note that
1

Z %E [(u’;(+1 _ u];()u’;(Jfl] _ - Z X E [ k+1|2 . | K|2 4 ’uk+1 . u};(|2} . (4.2)
KeT KeT

12



Secondly, since 1), is monotone with 1.(0) = 0, one gets that

> miE [ge(uiuit'] > 0. (4.3)
KeT

Thirdly, since u% and (V[/k+1 — Wk) are independent one obtains
Z MK @ [ (k. )k (Wk+1 _ Wk)] —0
At gk Uk =Y

and so by applying Young’s inequality and using the It6 isometry one arrives at

S IR [l (W - )]

At
KeT
m
= 5 R gl — ) (W W)
KeT
< S° KR () (WE - WHY ] 4 E [Jujt' — uf|? o
<D A Ellatulo) ( VP4 20 Ay B [l — kel
KeT KET
1
<At2Y %E (2] + 3 %E [kt — k2]
KeT KeT

Fourthly, using the Lipschitz property of 5 with 3(0) = 0, the following holds

> mgE Bl < Le Y mgE [Juf ] (4.5)
KeT KeT
Fifthly,
> miE [frui!] < ZmKE |fxl] ZmKE [z 7]
KeT KET KeT
<L Yg /tk“/ (2,02 da dt | + ZmK]E i) (4.6)
—2At . K ’
KeT k KeT

Combining (4.2)-(4.3)-(4.4)-(4.5) and (4.6) and multiplying the obtained inequality with
2At, one gets

> mucE [l 2 =k + Ul — k] 280 Y0 R [fuf - uft

KeT o=K|Le&m, ~KIL
< 2AtL2 Z miE [[|uf]?] Z miE [[uf" — uf]?]
KeT KGT
tr41
+AH2Ls +1) Y mgE [Juf ]+ ) E U / |f(w,t)|2dxdt] .
KeT KeT b K
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Z miE [[uf™ — uf]?]

Then,
(1= At2Ls +1)) > mgE [Jufd? = |uf|’]
KeT 2 e
+ 2At Z Mo g [ uht — u'£+1|2}
o=K|Legn, I
tet1
<SAH2L," +2Ls +1) Y miE [(uf)’] + > E U / |f(x, 1) d dt} :
KeT KeT b K
For At small enough so that 1 — At(2Lz+1) > 1, after summing over k € {0,...,n—1},
one arrives at
1 1 n—1 n—1
ZE [y — 2] +5 DO E (k™ = ublagy)| + 2043 E [ ]
F=0 (4.7)
k+1
< AHRL 4205+ 1) Z]E [k 2200 + Z Y E U / ) d dt} |
k=0 KeT b K
Then, it follows that
E | l[ug 3200
n—1
<E | l[uflaqny| + 484212 +2L5 +1) 3B by | + 4111 Bz
k=0
Applying the discrete Gronwall lemma yields
et : (4.8)

2
g3y | < (B [HablBagn) | + 41 Bz ) €7@ 2+

From (4.8) and Lemma 4.1 we may conclude that there exists a constant T > 0 such that

sup E |:“UhHL2 ] <T. (4.9)
ne{l,...,.N}
Thanks to (4.9) one gets that for all n € {1,... N}
n—1
AtZE [Hg ub)|12 A)} < L?AtZE {uuhup ] < L2TT. (4.10)

N}

k=0
From (4.7), Lemma 4.1 and (4.9) it now follows that for all n € {1
n—1

E |ll6g 220 | +2ZE (k™ = b ey | + 8> E [luf 12,
k=0

<E [HUOHB } + 4TT(2L3 +2L5 4+ 1) + 4| f1172 0220202 (0))
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We are now interested in the bounds on the right and left finite-volume approximations
defined by (2.2).

Lemma 4.3. The sequences (uj, y)enn and (uh y)enn are bounded in L=(0,T; L*(; L*(A))),
independently of the regularization and discretization parameters e € R%, N € N* and
h € RY.. Additionally, (u}, n)enn is bounded in L3, (Q x (0,T); L*(A)).

Proof. We note that by (4.9)
[ ll oo o522 @:n2 ) + Nt well oo 0,722 (@200 < 2 Sup N}E [HuZH%Q(A)}
ne0,1,...,

<2T+E |:HUOH%2(A):|

The predictability of (uj, y)enny with values in L?(A) is a consequence of the F, -
measurability of u for all n € {0,...,N} and all K € 7. Indeed, by construction,
(uﬁL,N)Q;L ~ is then an elementary process adapted to the filtration (F;);>0 and so it is
predictable. O

Remark 4.4. Note that by Proposition 4.2, one gets the following useful estimate

E [ll6y — th w320z | = ALE < KAt (411)

N-1
Z ||UZJrl - UZH%Q(A)
n=0

Thanks to Proposition 4.2 we can also obtain a L*(€; L?(0, T; L?(A)))-bound on the weak
gradients of the finite-volume approximation (uj, y)en,n:

Lemma 4.5. There exists a constant K > 0 depending only on uy, Ly, Lg, f and T
such that

T
/O E [Ju]v(0)]2,] dt < K. (4.12)
Proof. 1t is a direct consequence of Proposition 4.2. O

Lemma 4.6. The sequences (g(u};’N))eyh,N, (g(uﬁl’N))E,h,N, (ﬁ(u};’N))E,h,N, and (ﬁ(uﬁhN))e,h’N
are bounded in L*(Q; L*(0,T; L*(A))) independently of the regularization and discretiza-

tion parameters e € R, N € N* and h € R%. Moreover, (g(uj, x))enn and (B(uj, x))enn
are predictable processes with values in L*(\).

Proof. Tt is a direct consequence of the boundedness of the sequences (uj y)enn and
(uh n)enn in L*(Q; L2(0, T; L*(A))) given by Lemma 4.3 and of the Lipschitz nature of g
and . O

Lemma 4.7. There exists a constant Ky > 0 depending only on uy, Ly, Lg, f and T
such that

/0 E [lg(uf,y (1) 2] dt < Ko, (4.13)
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Proof. After noticing that:

T T
/0 E [lg( y()2,] dt < L2 / E [[u] ()[2,] dt.

the result is immediate thanks to Lemma 4.5. O

Proposition 4.8. If we assume that there exists 6 > 0 such that At = O(e*™%) and that
0 < e <1, then the sequences (Ye(uj, x))enn and (Ve(uj, y))enn are bounded respectively
in L*(Q; L2(0,T; L*(A))) and L3, (2 x (0,T); L*(A)), independently of the reqularization
and discretization parameters e € R%, N € N* and h € R?..

Proof. Setting 0 < e <1, K € T, N € Ny and n € {0,..., N — 1}, multiplying (3.2) by
At (ur), taking the expectation, summing over K € T and over n € {0,..., N — 1}
lead to

N-1
> maB [ O] + 3 3 miAE )
"0 KeT n=0 KeT
N-1 m
+S At E T (it — ) (u!
IR UKlLEZ;m T )
ik (4.14)
_ Z Z TTLKE [g(uyiy,()(wn+1 Wn)¢€< n+1)}
n—?V_IET
n AtmgE [(Bui) + f)e(uit™)]
n=0 KeT

Let us study separately each term of (4.14).
e For the study of the first term, we introduce the convex antiderivative of 1. defined for
any v € R by

’U2

€
be(v) = 0 if velo] (4.15)
(“;1) it ou> 1.
€

Note that thanks to the convexity of ¢., the following holds

(™ — ui e (ufd™) = (uf™ — wf) L (uit™h) > de(uic™) — de(uy),
and so
N-—1
> miE [(u = whoe(u)] > 0, (4.16)
n=0 KeT

16



owing to the facts that Z miE [¢e(uy)] > 0 and Z miE [¢(u})] = 0 since from
KeT KeT
Assumption &, P-a.s in Q and for any K € 7, 0 < u% < 1.

e Using (2.4) and the monotonicity of 1., one proves that

N-1
mU n n n

ZA ZE Z d_<uK+1_UL+1)1/’e(“K+1>

n=0  KeT |o=K|Letmner KL

N—1 m (417)
SN AR Y Tt -t () )

n=0 0=K|LEEnt K|L
>0

e Firstly, by using the mean values theorem and the fact that for any v € R, ¥ (v)g(v) = 0,
we can prove that there exist several elements between u} and u?(“, all written in the
form it = (1 — Nt 4+ Nty (for some N2 € [0, 1]), and such that the following

inequality holds true
1
9ui) (V™) = wlui)| < <lolui) = oGl =kl (418)

Indeed, this can be shown by separating the cases according to the position of u} and

u?;rl relative to 0 and 1 (by noting that u}, and u”Jrl play a symmetrical role):

If u% ¢ (0,1), by setting (i = ul we get

0 = Joloai) (elui™) = velui) | = <louk) — g(GiH) i = w|.

If u% € (0,1) and v € [0, 1], by setting again (i = u%,

0= o) (veluse™) — wilwi))| = ~lotui) — g™ luse — i

If u € (0,1) and v < 0, there exists (i € (uxt?,0) such that

g(ufe) (e(uf) — ve(ul)) = g(uf) (G up!
= (g(uf) — g(CF )P it
1

n+1 “un—l-l

and |g(uf) (vl !) = velwi)| < = g(ui) = 9(¢i .

If u% € (0,1) and v > 1, there exists (it € (1, us!) such that

g(uie) (Ve(ui™) = ve(ul)) = g(uf )Pl (CE) (g™ — 1)
= (g(u) — g(C™)) VUK ™) (™ = 1)

and [g(uje) (i) — i) | < lateri) — o(G e — il
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Using the assumption that there exists # > 0 such that At = O(€2*?), then for any natural
2
number p such that p > 1+ i one has that (since 0 < e < 1)

Atpil Atpil O(p—1)—2 < ( At )p—l

c2+0

e2r 2+0)(-1) (4.19)

Choosing p € N according to (4.19), using successively the fact that g(u% ) (ul) = 0,
Inequality (4.18), Young’s inequality (with p and its conjugate ~P-), the constant K given
by Proposition 4.2, the fact that

E (W - w)¥] = (p@i AP = (2p — 1)IAP

and Inequality (4.19), one gets the existence of a constant C, > 0 only depending on p
such that

N-1
SN mkE [gluf) (W = W ()]
n=0 KeT
N-1
=30 i [gug) (W = W) (@it = e(ufe)]
n=0 KeT
N-1 2 N-1
1 Wt pyn . . 1 . 2
<3 > mkE ( ; ) (g(uk) —g(CE™)7| + 3 miE [(uKJrl — ul) }
n=0 KeT n=0 KeT
-1 2 N-1
1 Wn+1 —Wwnr P -1 2
<552 2 mikE ( ) + 52303 muE | (glui) = 9(Gi) ™| + Ko
L KeT ¢ P50 KeT
(2p — 1! N-1 1, N-1 o
= 2 2 ma 4+ P L ) i [ (e — G| + Ko
n=0 KeT n=0 KeT
A1 1 o N7l
<Cy—; > miAt+ L2 (2llglle) 7 miE [(uf — ui)?] + K
€ n=0 KeT n=0 KeT
At \p—1 9 2
<Cp( ) AT+ Ko(Z2(2llglle) ™ +1). (4.20)

e The second right-hand side term of (4.14) can be handled in the following manner thanks
to Young’s inequality and the constant K given by Proposition 4.2:

Z_ Z AtmyE [(B(ug™) + fi) Ye(up™)]

n=0 KeT
1 1 N-1
<5 5 >tk [(0)] + 3 30 3 Atmik [ )+ £’
n=0 K n=0 KeT
1 N-1 1y 2 ) )
§§ Z Ath]E |:(1/}€( )) i| + LﬁTK(] + |’fHLz(Q;Lz(O,T;LQ(A)))' (421)
n=0 K¢e
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Finally, combining (4.16),(4.17),(4.20) and (4.21), we obtain that

N-1

% Z Z AtmgE |:(1/J€(UHK+1))2]

n=0 KeT
At \p-1 2 oot 2 2
<Cy(5) AT+ Ko (L2(2glle) 77 +1) + LETKo + 112020220
and the announced result holds since At = O(e*9). O
Remark 4.9. Note that using the constant Ky > 0 given by Proposition 4.2, the following
inequality holds directly
l r 2 At

||1/Je(uh,N) - ¢€(uh,N)‘|L2(Q;L2(O,T;L2(A))) < G—QKO- (4.22)

Lemma 4.10. If we assume that there exists 0 > 0 such that At = O(¢**?) and that
w’ — ul —1\*+
0 < e <1, then the sequences (%) and (M> are bounded in
57h7N 67h,N

€

L2(; L2(0,T; L*(A))), independently of the regularization and discretization parameters
e€R*, N € N* and h € R"..

(UZ,N)_ n (UZN - 1*

€ €

Proof. Since 9 (uj, y) = —
that

H_(u;;,N)—

€

and (uj, y)~ X (up y —1)* =0, one gets

2 2

(upy —1)"

€

‘

L2(:L2(0.T5L2(4))) L2(:L2(0,T5L2(4)))

and the result holds directly since the right-hand side is bounded by Proposition 4.8. [

Using the same technique, one proves the following:

Lemma 4.11. If we assume that there exists 0 > 0 such that At = O(e**?) and that
ul — Ul _1\+
0 < e <1, then the sequences (%) and (M> are bounded in
e,h,N e,h,N

€

L%T (Q x (0,7); LQ(A)), independently of the reqularization and discretization parameters
ec Ry, Ne N and h € RY.

Remark 4.12. Note that using Lemma 4.10, Lemma 4.11 and by expanding the square
term of (4.22), one can prove that

r — l -
U U At
‘ (W) () Ay
€ €
L2(Q;L%(0,T5L2%(A)))
2
u” —1 + l -1 +
and (uf, n ) _ (uy, ) < gKo;
€ € - €2
L2(;L2(0,T5L2(A)))

ul )T ul - . ul y—1)7T
which assures us that if the sequences (%) and (%) (respectively (M)

€

(uf y—DF .. . .
and <% ) converge, it is necessarily towards a common limit.
€
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5 Convergence of the “(¢, At, h)” scheme

We have now all the necessary tools to pass to the limit in our “(e, At, h)” scheme. In
what follows, let (7,,)men be a sequence of admissible meshes of A in the sense of Defini-
tion 2.1 such that the mesh size h,, tends to 0 when m tends to +o00, let (N,;)men C N*
be a sequence with lim,, , . N,, = 400, set At,, = Nlm, and let (€;,)men CJO,1[ be
another sequence such that lim,, ., €, = 0, and assume that there exists 6 > 0 such
that At,, = O(e3H?) for any m € N.

For the sake of simplicity, for m € N, we shall use the notations 7 = T,,, h = size(T,,),
At = At,,, N = N,, and € = ¢,, when the m-dependency is not useful for the understand-

ing of the reader.

5.1 Weak convergences of finite-volume approximations

First of all, owing to the bounds on the discrete solutions obtained in the previous section,
we are able to derive the following weak convergences:

Proposition 5.1. There exists a process u € L%T (Q X (O,T);Hl(A)) such that, up to
subsequences of (uh n)m and (uj, x)m denoted in the same way,

UZ,N —u and uy, y — u, both weakly in L*(Q; L*(0,T; L*(A))) as m — +oo.
Proof. We refer to |11, Proposition 4.1|, since the proof is exactly the same. n
Lemma 5.2. There exists a process ¢ in L3, | (Q x (0,7T); L2(A)) such that, up to subse-
quences of (Ve(uj, x))m and (Ve(uf, 5))m denoted in the same way,

Ve(up, ) = ¥ and pe(uy, ) — ¥, both weakly in L*(Q; L*(0,T; L*(A))) as m — +oo.

Proof. This is a direct consequence of Proposition 4.8 and Remark 4.9. Let us mention
that the predictability property of 1 with values in L?(A) is inherited from (we(uﬁu N))m
at the limit. ]

ul )" ur o —1)F
Lemma 5.3. There exist not relabeled subsequences of <—%> and (%) ,
and 1,1y in L3, (2 x (0,T); L*(A)) such that

(upn)~ (upy — 1T

— 1bg, both weakly in L*(Q; L*(0,T; L*(A))) as m — +oo.

— Yy and
Proof. This is a direct consequence of Lemma 4.10, Lemma 4.11 and Remark 4.12. [
Lemma 5.4. Both strongly in L*(Q; L*(0,T; L*(A))), the following convergences hold:
(up )~ = 0 and (uj y —1)" = 0 as m — +o0.

Proof. By Lemma 4.10, we have the existence of a constant M > 0 independent of the
regularization and discretization parameters € € R%, N € N* and i € R’ such that

H(UZ,N>_||%2(Q;L2(0,T;L2(A))) + ||(UZN - 1)+H%Q(Q;L2(O,T;L2(A))) < Mé,

and the announced result holds. ]
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Remark 5.5. [Additional informations about ; and ]
u” — ul _ 1)+
Firstly, note that since —% < 0 and M > 0, then ¢; <0 and ¥y > 0.

ur — ur —_1\+
Secondly, using the fact that o (uj, 5) = - h’év) 4 Wiy , one gets owing to Lemmas
5.2 and 5.3 that ¥ = 1y + 1s.
Thirdly, since
r r (uf, n) ™ rooN— (up, N — *
Ve(up UL N = e X (upn)” + f x ((up v — 1" +1),

one obtains thanks to Lemmas 5.3 and 5.4 that

E {/OT/A¢€(u27N(t,x))u27N(t,x) dx dt} —E |:/O\T/A77Z)2(t,x) dx dt} ;

as m — +o0o.

Lemma 5.6. There exists a process g, in L%T (Q x (0,7T); Hl(A)) such that, up to subse-
quences of (g(uj, x))m and (g(u}, 5))m denoted in the same way,

g(up N) = gu and g(ulh’N) — Gu, both weakly in L*(2; L*(0,T; L*(A))) as m — +oo.

Proof. This is mainly due to Lemma 4.6, Lemma 4.7 and (4.11). A detailed proof can be
found in [14]. O

Lemma 5.7. There exists a process 3, in L%T (Q x (0,7); L2(A)) such that, up to subse-
quences of (B(uj, x))m and (B(uj, x))m denoted in the same way,

B(up ) — Bu and 6(u2N) — By, both weakly in L*(2; L*(0,T; L*(A))) as m — +o0.
Proof. This is a direct consequence of Lemma 4.6 and (4.11). O]

Lemma 5.8. The sequence (f} y)m defined by (2.2) and (3.3) converges strongly towards
fin L*(Q; L*(0,T; L*(A))) as m — +oo.

Proof. There exists Q C F with P(Q) = 1 such that, for all w € Q, by a standard
argument of Steklov average, it is well-known that lim f} y(w) = f(w) in L?((0,T) x A).
m—oo

Moreover, since f € L*(Q; L*((0,T) x A)), the mapping w +— || f(w)||r2(0m)xa) is an
element of L*(Q), and using the fact that P-a.s in

/i w20 xa) < 11 E2om)xa)s

one can conclude thanks to Lebesgue’s dominated convergence theorem (|36, Theorem
1.3.3]) that (f} y)m converges strongly towards f in L*(Q; L*((0,T) x A)), hence, by
isometry, also in L?(Q; L*(0,T; L*(A))). O
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Proposition 5.9. The weak limit u of our finite-volume scheme (3.1)-(3.2) introduced
in Proposition 5.1 has P-a.s. continuous paths with values in L?*(A) and satisfies for all
t €[0,7],

u(t) = g —i—/o (Au(s) — 1+ Bu(s) + f(s)) ds —i—/o gu(s) dW (s),

in L*(A) and P-a.s. in Q, where A denotes the Laplace operator on H'(D) associated
with the formal Neumann boundary conditions, ¥, g, and (3, respectively are given by
Lemmas 5.2, 5.6 and 5.7.

Proof. Let A € A, £ € 2(R) with £(T) = 0 and ¢ € Z2(R?) with Vo -n = 0 on A,
where we denote (D) := €>°(D) for any open subset D C Rd d € N. We introduce the

discrete function ¢y, : A — R defined by ¢, (x Z 1x(z)p(xk) for any = € A.

KeT
For K€ T,ne{0,...,N —1} and t € [t,, 1) we multiply (3.2) with 1,£(¢)p(zk) to

obtain

Lag(0) 55 (i = e = gl (W™ = W) ) plare)

Mg un+1 un—i—l TK
+ 1 4&(t )J_KLEZ;IMMK dK\L( K 1 )e(rr) (5.1)
+ La&(t)mupe(up (k)
=1a8(t)mx (Bup™) + fi) e(zk).

Firstly, we sum (5.1) over each control volume K € T, we integrate over each time interval

[tn, tni1], then we sum over n = 0,..., N —1, and finally we take the expectation to obtain
Stim + Som + S3.m + Sam = Ss.m + Sem (5.2)
where
N-1 tn+1 u'fl+1 —u"
Sim = E / Z ]lAf(t)mKKTKSO<xK) dt]
¢ t
n=0 v n KeT
N-1 tnt+1 WnJrl - Wn
Som = —E ) / > Lag(t)mcg(ufe)——r——(2x) dt]
n=0 Ytn KeT
[N-1 0 -
Sm = E / DLty > T = () di
| n=0tn  KeT o=K|Le€mnex  KIE
[N—1 b1
Sim = E / > has(tmute(ui ) p(zk) dt]
| n=0 “tn KeT
[N—1 b1
Ssm = E / > LadtymrBui)e(ax) dt]
| n=0 “tn KeT
[N—1 b1
Sem = E / > Lag(tymi fro(ax) dt] :
| n=0 “tn KeT
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Let us study separately the limit as m goes to +00 of Si ., S2.m; S3.ms Sam, S5.m and

S6,m.-

e Study of Sy ,,,: Following |1, Proposition 4.5], one proves thanks to Proposition 5.1 and
a discrete integration by parts formula, that up to a subsequence denoted in the same
way

Stm ——— E[ﬂA// (t,2)¢ )d:vdt] {]IA/AUO(x)f(O)gO(x)da:}

e Study of S3,,: Thanks to Lemma 5.6 and the properties of the stochastic integral, one
shows that, up to a subsequence denoted in the same way (see |14, Proposition 4.5])

Sy — E l]lA /T/A/Otgu(s,x) AW (5)€' (o (x) dxdt}.

m——+00

e Study of S5,,: Following the arguments we developed in [12, Proposition 4.16|, one
shows that

ng—+> E{]IA/ /{ VAp(x tm)dxdt]
m——+00
e Study of S4,,: Using Lemma 5.2, one proves that
S4vm—>E[]lA/ /wtx )dxdt}
m——+00
To do so, we use the following decomposition for Sy, = Sy m — 5”47m + 5’47m, where

Sym =E {]1,4 /OT/A@DE(UQN)gp(x)f(t) d:):dt} ——E [nA/ /¢ (t,z) )dxdt}

Note that

. N-1 tns1
[Sam = Seml = [E|1ad> ) / be(uig™) (k) — p(2))&(t) do dt]
n=0 KeT Y1n
< Il ool IV @llo|[90e (g, 3| (@22 01521 (1)) ——— 0

m——+00

e Study of S5 ,,: Thanks to Lemma 5.7, one shows as for the study of S, that

557m—>E{]lA/ /Butm )dxdt}
m—+00

e Study of Sg,,: using Lemma 5.8 and the fact that f also belongs to L'(Q; L'(0,T; L'(A))),
one proves that

567m—+>E[]lA/ /ftx )dxdt}
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Indeed,

sl [

=E Z/tnn+l Z ]lAf meK(p(xK dt

> [nA/ /fta: )dxdt}

=|E MZZ[”/& ) i) — 11, 2)p(@)) d:cdt]

=0 KeT
i —1 tn+1
10 = eof ~ £(t.2)) + F(t.0) (plaw) — pla) da e
n= t7l
<Hf\|oo\|90||oo||fh1v vzt o.ryx<ay) + PlE ool IVOllso | fI| L1 @inr 0,752 (A))) — 0

Gathering all the previous convergence results, we can pass to the limit in (5.2), and,
by using the density of the set {¥ € Z(R?*) | V¥ -n = 0 on JA} in H'(A) (given by
[37, Theorem 1.1]), we get that P-a.s. in €2, for all £ € {gb € Z2(R):o(T) = O} and all
p € H'(A)

[ (st [ outsmraws >)5<>so<x>d:cdt— [ uat)sta) de
—/ /Vu(t,x)-Vgo d:cdt—/ /1/11& x £(t) dedt (5.3)
//mm dxdt+/ /ftx £(t) da dt.

By identically repeating the arguments developed in the proof of |14, Proposition 4.5, we
first obtain that u € L?(Q;%4([0,T]; L*(A))), and then that for any ¢ in [0, T

)= 0) [ o))+ [ vids— [ s [ s = [ sutsyas

in H'(A)* and P-a.s. in Q. To conclude, let us mention that since the left-hand side of
the above equality is in L?(A), it also holds in L?(A). O

Lemma 5.10. (Stochastic energy equality) For any ¢ > 0, the stochastic process u intro-
duced in Proposition 5.1 satisfies the following stochastic energy equality:

t
e 'R [Hu(t)H%z(A)] +2 /0 e K [||Vu(s)llizm>] ds
t

~E [Iuolzen) — < | e [lu(s) g ds+ | B la@n] s Ga)
+ 2/0t e “RE [/A (5u(s,:ﬁ) + f(s,x) — @Z)(s,x))u(s,az) d:r} ds, Vtel0,T].

Proof. 1t is a direct application of Itd6 formula to the stochastic process u and the func-
tional .# : (t,v) — e*Ct||v||i2(A) defined on [0,T] x L*(A). O
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5.2 Identification of weak limits coming from the non-linear terms

We state here a result proved in |14, Lemma 4.7|, which gives a lower bound for the
inferior limit of the following quantity

T t
L[ el @, ds,
0 0

for any ¢ > 0. This boundedness result will be one of the key points in identifying the weak
limits v, g, B, coming from the discretization of the non linear terms . (uj, y), g(uj, x)
and B(uj, ), see Lemmas 5.2, 5.6, 5.7.

Lemma 5.11. For any ¢ > 0, the stochastic process u introduced in Proposition 5.1
satisfies the following inequality:

P Tt
/ / P {/ |Vu(z, s)|? dx} ds dt < lim inf/ / e “Elluj, v (5)|1,, ]dsdt. (5.5)
0 0 A m—+oo J 0 ’ ’

Now, we have all the necessary tools on the one hand for the identification of v, 1, 1o,
gy and (,, and on the other hand for completing the proof of Theorem 1.4.

Proposition 5.12. The sequences (uj yx)m and (“Z,N)m converge strongly in

L3(Q; L*(0,T; L*(A))) to the unique variational solution of Problem (1.1) in the sense
of Definition 1.1.

Proof. Let us fixn € {0,..., N—1}, K € T, and multiply (3.2) by Atu/;!, use the formula
ala —b) = 3(a®> = b* + (a — b)?) with @ = w}" and b = u}, take the expectation, and
proceed as for the obtention of (4.4) to arrive at

%]E [(u?(-i-l)2 _ (u?(>2} + @E [(u?{-l-l _ u?{)ﬂ

2 2
Mg n n n n n
+At Z y E [(up! —uf ™ uit ] + Atmgerpe (upupt!
o=K|LemnEr KL
mKAt

< EE (0! — )] + TEE [0 (uR)] + AtmicE [(B(uit) + f)uid ]

2

Now, we multiply the last inequality by e~ for arbitrary ¢ > 0. Then, summing over

K €T and n € {0, ...,k} for k € {0,..., N — 1}, using (2.4) and reasoning as in the proof
of (4.3) one gets

DO | —

k k
D3 mwe B () - ("] + A3 e 30 SR [l — up
n=0

n=0 KeT 0‘=K|L€gint K‘L

z
+Atz Z mge” "B [ (ui M ui ]

n=0 KeT
At & k
< 50D mee ME[Pi)] + ALY D muce T E[(B(ud") + fi)uit!] .
n=0 KeT n=0 KeT
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Let us focus on each sum of this last inequality separately, by using the computations we

developed in [14].

e Note that the general term of the first sum can be decomposed in the following way:

_Ct”E [( n+1)2 (U?()Q]

— 7ctn]E |:< n+1) :| - eict"_lE [(U%)Q} - ]E [(U?()Z] (G*Ctn - e*Ctn—l) 7

where t_; := —At. Firstly, we have

303 (e B ) — e [(0?))
n=0 KeT
_1 Z mce *E [(u?l)z} 1 Z miE [(u%)?] cAt
KeT KeT

Then, using properties of the exponential function,

- %Z Z miE [(uf)?] (e — e~n1)

n=0 KeT

1 c t’“
>—5 > miE [(ug)?] (1) + §€CN/O e “E [||uZ,N(5)\|%2(A>] ds

KeT
c o [* 2
> Lo / e [, () 3| s

e The second sum can be handled similarly in the following manner

k

At Z e—ctn Z dma |:|un+1 n+1 — At Z ctnE |un+1 |1 h]

n=0 U:KlLegin; K‘L

tet1 B )
> / B[ x(5)[2,] ds.

(5.6)

(5.7)

(5.8)

e Since 9. is non-decreasing and satisfies 1(0) = 0, the third sum can be handled as

follows:

/tk+1 ¢k [/ Ve(up v (5, 2))up n (s, ) dx] ds

"L ] e o]

n= OKET

<Atz Z mye ctnE we( n+1) n+1} )

n=0 KeT
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e We have also the following majoration of the fourth sum:

% Z Z mre "E [¢°(u})]

n=0 KeT . (5]_0)
At 27,0 g —cs r 2
5 2 e [P )] + 5 [ B g ) ()l sy ds

e Using the properties of the exponential function again, the last sum can be handled in
the following manner:

k
Ay Y7 mie B [(Bud) + SR )uid]

n=0 KeT
S/k+1 e SR {/ (B(UZ,N(SaJJ)) + f]lL’N(s,aj))uz,N(S,x) dzr| ds
0 A

+ A |uh nll2@srzom20)) (Lalluh allzz@srzomczay) + 11 r2@rzom2a))) -
(5.11)

Combining (5.6), (5.7), (5.8), (5.9), (5.10) and (5.11), one gets

tet1
> mie B[] 42 [ e Bl (o)) ds
KeT 0

trt1
—|—2/ e “E {/ ¢6(uz’N(s,:p))uz’N(s,x) dx} ds
0 A

ti
S o [ 7] + 8¢ mc [P ()] + [ e B [lowi,n)(6) o)
KeT KeT 0

w2 [ [ [ (B2 + Sl 20} 5.2) dw} ds

IN

tg
—ee s [ i v (5) )
0

+2cAt|[ug, wl|L2@srz0mizzayy) (Lsllun vl 2@z 2oy + I 1 e2@szzomezayy) -
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Moreover, for ¢t € [ty, ;1) since e” < e % and (¢t — At)T < t;, one obtains that

t
B [ () o) +2 | € Bluf (o)) ds
0

+2/0 e “E {/Aqbe(uzw(s,x))uzw(s,x) da:] ds

IN

oAt Z miE [(u})*] + At Z mgE [g°(uk)] +/0 e “E [HQ(UZ,N)(S)H%?(A)] ds

KeT KeT

=3 e [ (00 + fon (o0 () | s
+2 /ttk+1 e “E {/A (Blup n(s,2)) + fr 5 (s, 2))up v (s, 2) dx] ds

A (t—-Aan)t
—c —cs r 2
ce [T B [ (9| ds
0
+2eAt||up w220 r20)) (Lalluh vl czsrzomczoy) + 1l rz@srzomez o)) -

Using the constant Ky > 0 given by Proposition 4.2, one gets the estimate

t
A (AT

t—Ab)+

—I—Z/t o e “E {/A (B(UZN(S,I)) + f}L’N(s,x))uz’N(s,x) dx| ds

<AL+ 2Lp) Ko + 2V AL f] 220,322 (1)) V Ko,
and Chasles’ relation — fo(tht)jL = — fot + f(ﬁf—Atﬁ yields
t
B [l Ol ] +2 [ Bl a0
t
w2 [ [ (o0 s 0) da] ds
0 A
t
< eME[|uol|72n)) + ALLIE|uo|[72(0)] +/0 e “E [HQ(UZ,N)(S)H%?(A)] ds (5.12)
¢
+2/ e “E [/ (B(upn(s,2)) + f,in(s,x))u};’N(s,x) dx} ds
0 A

t
=S [ e ([ (9) g
0

+ CAt(l + 2L5)K0 + 2¢vV At"fHLQ(Q;LQ(O,T;LQ(A))) KO

+ 2cAt|[uj, || 2srz0miezay) (Lallub vl 2@z o2y + 1 L2@srzomcz ) ) -
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Furthermore,
t
| e [lotwi ) s
t
= [ B [l = @] ds (1)
t t
w2 [ [ st s ade] as— B [lo@e) ) ds
0 0
In the same manner,
t
= e [ a0 ) s
A t
== e [ [ (s) = (s ] (5.1
t t
— QCe_CAt/O e “E [/A uy, N (8, 7)u(s, ) d:z:] ds + ce_CAt/O e “E [HU(S)H%z(A)] ds.
And at last
t
[ | [ st ot ts. 0] as
0 A
t
:/ e “E {/ Blup (s, 2))u(s, ) dx} ds
0 A
t
b [ | [ (B0 - s o)) x(o00) — uls, ) de| s (5.15)
0 A
t
+/ e “E {/ B(u(s,x))(uz’N(s,x) —u(s, r)) dm} ds.
0 A
Finally, by considering from now on a parameter ¢ > 0 depending only on L, and Lg such

that for any N big enough

t

[ ot 60) = gl ds = e [ B [ (5) — (o) s
+ 2/{: e “E {/A (B(UZN(s,x)) — ﬁ(u(s,x)))(u};N(s,x) —u(s,x)) dx} ds <0,

we are able to prove that, after injecting (5.13), (5.14) and (5.15) in (5.12), and integrating
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from 0 to T":

[ @] 2 [ g (o as

+2/ / e OE Uz/; (5, ) (5. x)dx] ds dt
< / o2 i + 2 / / 8 | [ gt ). a)gt)s0)da | dsat
- /0 ' /0 e [Hg(u(s))uigw} ds dt — 2ce*M /0 ' /0 R [ /A (s, 2)u(s, x) do| dsdt
b [0 [ B o] dsdt £ T (¢ = 1) Elol)]
+2/0T /Ot D :/Aﬁ(ugw(s,x))u(s,x) dx] ds dt
+2/T /t R _/Aﬁ(u(s,x))(uz’N(s,x) (s, ) dx} ds dt
+2 / / e “E / frn(s,2)up v (s, ) dx} ds dt

+ cAtT (1 + 2Lg) Ko + 2TV AL f| 20200, :02(0)) V Ko

+ 2eAtT |Juj, || r20sr200m020))) (Lallub vl 220,20y + |11 2@izz20m020)))) -

Firstly, by passing to the superior limit in this last inequality, Remark 5.5 and Lemma
5.8 allow us to state that:

T
limsup/ e “E [HuhN( )HL2 } dt—i—thmf/ / “ElJup, v (s)[7 4] ds dt

m——+00 m——+00

+2/ / -CSEUwzsx dx} ds dt
< [ Btz [ [ r [ [ st ae] dsa
[ [ (ot n] st e [ [ B [Juto) ] dsa
+2/0T /Ot D Mﬁu(s,x)u(s,x) dx} dsdt+2/0T /Ot D UA £(s,2)u(s, ) dm] ds dt.
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Secondly, the stochastic energy equality (5.4) yields

T Tt
limsup/ e “E [HuhN( )HL2 ] dt+2hm1nf/ / e “El|up, n(s)[ 4] ds dt
0

m——4o00 m—+-00

+2/ / R [/ (s, 7) ,)u(s, ) dx} ds dt
/ R [Hu()HmA dt+2/ / CSE ||w( )HB(A} ds dt

B oo - o] dse

Thirdly, thanks to the key Inequality (5.5) given by Lemma 5.11, we arrive at

IN

T T t
timsup [ B [l Ol ] dt+ [ [ e lotu) — au(s) ] s

m—+o00
+2 /OT /Ot e “E {/A Pa(s,x) — (s, x)u(s,x) dac} ds dt
< / e E [[[u(t) [32(uy| d (5.16)

Owing to the weak convergence of (uj, y)m towards uw in L*(€2; L*(0,T; L*(A))), we can
affirm that the following inequality holds true

T

T
[ e [l lw] de < mint [ [ O]

so that

/OT /Ot o [/A Pa(s,x) — (s, x)u(s,x) + (g(u(s,x)) — gu(s,x))2 dm} dsdt <0. (5.17)

By Lemma 5.4 and Remark 5.5, we can affirm that P-almost surely in €2 and almost
everywhere in (0,7) x A, 0 < u < 1 and ¢ = 91 + 19 with ¢; < 0 and 1) > 0. Then
o — hu = (1 — u)hg — pyu > 0 and (5.17) allows us to say that g, = g(u) and that
1y — 1u = 0. In particular, we have since 1y — Ypu = (1 — u)hs — Yyu:

e In the set {u = 0}, then ¢y — tpu = 0 implies that ) = 0 and so ¢ = ¢»; < 0.

e In the set {u = 1}, then ¢y — vpu = 0 implies that ¢); = 0 and so ¢ = by > 0.

e In the set {0 < u < 1}, then ¥y — 1u = 0 implies that ¢, = 19 = 0 and so ¥ = 0.
In this manner, ¢ € 0lj(u). Going back to (5.16), we have

T T
lim sup / e E [|luf () oy | df < / e E [|Ju(t) 2] . (5.18)

m——+00
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and one can thus conclude from (5.18) and Proposition 5.1 that (uj, ), converges strongly
to w in L*(Q; L*(0,T; L*(A))), that 8, = B(u) and that (u,) is the unique variational
solution of Problem (1.1) in the sense of Definition 1.1. As a consequence of [12; Corol-
lary 1.2.23, p.25] with (S, A, p) = (Q, F,P), (T, B,v) = ((0,7),B(0,T),\), X = L*(A),
p =2, L*(Q; L*(0,T; L?*(A))) is isometrically isomorphic to L?(0,T; L*(€2; L*(A))), hence
(uj n) also converges strongly towards u in L*(0,T; L*(€; L*(A))). Combining this last
information with the boundedness of (uj, y)m in L>(0,T; L*(€; L*(A))) (see Lemma 4.3)
allows us to conclude that (uj, y)m converges strongly towards w in L?(0, T; L*(€; L*(A)))
for any finite p > 1 thanks to Vitali’s theorem |30, Corollaire 1.3.3]. O
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