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Abstract

We consider an electronic bound state of the usual, non-relativistic, molecular
Hamiltonian with Coulomb interactions, fixed nuclei, and N electrons (N > 1).
Near appropriate electronic collisions, we determine the regularity of the (N — 1)-
particle electronic reduced density matrix.
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1 Introduction.

Motivated by the Density Functional Theory (DFT) (cf. [E, LiSe]), we aim, as in [JN],
to study the regulartity of some specific object that is associated by the DFT to an
electronic bound state of a molecular, Coulombic Hamiltonian with fixed nuclei and N
electrons (with N > 1). In the past, many results proved the real analyticity on large
domains of the electronic (reduced) density matrices, that are associated to such a bound
state: see [FTIHSI, FIHS2, HS1, J1, J2]. Are these results optimal? In other words, is
the real analyticity of these matrices valid on a larger domain? We refer to [J2] for a
review on the proofs of the real analyticity of these matrices and to [JN] for a review of
results on their optimality and of strategies to treat it.

In [JN], for the (N — 1)-particle reduced density matrix (defined in (1.3)) (actually, the
conjugate was considered but this does not affect the results), it was proven that the real
analyticity breaks down near some points of the boundary of the domain on which its real
analyticity is known. It was even shown that the (/N — 1)-particle reduced density matrix
cannot be smooth near such points and one has some information on its regularity there.
In the present paper, we improve the results in [JN] in two directions: we enlarge the
set of points where the non-smoothness of the (N — 1)-particle reduced density matrix is
proven and, more importantly, we determine its regularity (in the sense defined below)
near those points. In particular, we address the problem of a “fifth order cusp” for the
(N — 1)-particle reduced density matrix, that appears in the litterature in Chemistry (cf.
[C1, C2]). See also [He].

We point out that the lack of smoothness of density matrices is studied with another point
of view in [[152, Sol, So02].

As in [JN] and for the same reason, our method allows us to treat the (N — 1)-particle
reduced density matrix only. We believe that the extension of the present results to other
reduced density matrices or reduced densities is a quite involved task.

Let us first present our framework. We consider a molecule with N moving electrons, with
N > 1, and L fixed nuclei, with L > 1 (according to Born-Oppenheimer idealization). The

L distinct vectors Ry,---, Ry € R3 represent the positions of the nuclei. The positions
of the electrons are given by z1,--- ,zy € R3. The charges of the nuclei are respectively
given by the positive Z1,--- , Z;, and the electronic charge is set to —1. The Hamiltonian

of the electronic system is

N L
H = Z(‘ij - ZZk|$j—Rk|_1> ) e+ By (L)
j=1 k=1 1<j<j’<N
where Fy = Z ZyZy | Ry, — Rk/|_1
1<k<k'<L

and —A,; stands for the Laplacian in the variable z;. Here we denote by |- | the euclidian

norm on R3. Setting A = Ejvzl Ag;, we define the potential V' of the system as the
multiplication operator satisfying H = —A 4+ V. It is well-known that the Hamiltonian

H is a self-adjoint operator on the Sobolev space W22(IR3Y). Let us now fix an electronic
bound state ¢ € W22(R3V) \ {0} such that, for some real £, Hy = E (there does exist
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such a state, see [F'11, Si, Z]).

Associated to that bound state v, we consider the following notions of electronic density
(see [, Le, LiSe, LSc]). Let k be an integer such that 0 < k < N. Let p : (R*)* — R be
the almost everywhere defined, L!(R3)-function given by, for z = (x1;--- ;25) € R3*,

pe(z) = AS(N_k)\¢(£;y)}2dy- (1.2)

It is called the k-particle reduced density.
Define also v, : (R3)?* — C as the almost everywhere defined, complex-valued function
given by, for z = (z1;--- ;23) € R* and 2/ = (2); -+ ;7)) € R3*,

(') = /R e V(zsy) (s y) dy . (1.3)

It is called the k-particle reduced density matriz.

Thanks to Kato’s important contribution in [K], we know that the bound state 1) is in fact
a continuous function. Therefore, the above densities p, and 7, are actually everywhere
defined and continuous, and satisfy py(x) = vx(z; ), everywhere.

We need to introduce the following subsets of R**. Denoting for a positive integer p by
[1; p] the set of the integers j satisfying 1 < j < p, the closed set

Co = {z= (15 2) € R™; 3(j;5") € [LLK]*; j #j and ;= x5} (1.4)

gathers all possible collisions between the first & electrons. We describe such collisions as
“internal electronic collisions”. The closed set

Ry = {z=(x1;- ;) eR*; Fj e [Lk],30 € [1; L] ; z; = R} (1.5)
groups together all possible collisions of these k electrons with the nuclei. We set
Ul = R*\ (CLURy), (1.6)

which is an open subset of R3*.

The set of all possible collisions between particles is then Cy U Ry and the potential V'
is real analytic precisely on R3Y \ (Cy U Ry). Classical elliptic regularity applied to the
equation Hi = E1) shows that ¢ is also real analytic on R*V \ (Cy URy) (cf. [HO1]). A
better regularity for ¢ is not expected (and false in some cases), therefore such a regularity
for pr and 4 is not clear. It is however granted on some appropriate region.

We also need to consider two sets of positions for the first k£ electrons and introduce the
set of all possible collisions between positions of differents sets, namely

, (z;2)) € (R*)?; &= (wy;-- - ap), 2/ = (a5 ;7))
c? = . (1.7)
A(j; ') € [ K] @y = 2,

A point (z;2) € (R3)? with k > 2 such that 21 = z, = 2 does belong to C\”). Such a
point “contains” an internal electronic collision, namely z; = z5. For any 0 < k < N, we
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say that a point (z;2') € C,f) represents an (several) “external electronic collision(s)” if no
internal electronic collision occur in x nor in 2’. Therefore, the set of so called “external
electronic collisions” is given by (L{,il) X U,gl)) N CliQ).

We introduce the open subset of (R**)? defined by

U = U xuM)\e

The above mentioned, known regularity results may be summed up in the following way:
for any 0 < k < N, the k-particle reduced density p; is real analytic on u,ﬁ” and the
k-particle reduced density matrix ~, is real analytic on u}gz) = (U,il) X U,gl)) \C,(f) (see
[FHHST, FHHS2, HS1, J1, J2]). Note that, for each k, the smoothness of p; implies the
smoothness of the map Z/Ilgl) >z (z;x).

Now, we focus on the matrix v, for £k = N — 1 and want to determine its regularity near
a point

(2;2') € (uz(vl)—l X uj(vl)—l) A CJ(\?)A ;
that represents an (several) external electronic collision(s). What do we precisely mean by
‘regularity’? We use the usual class of (integer) regularity C? with p € N (see Section 2).
We do not consider Holder spaces. For a positive integer d, we define the regularity
of a continuous map f : R — C near a point 2y € R? by the integer p if, on some
neighbourhood U of xg, the function is in the class CP but, for all neighbourhood V' of z
such that V' C U, f does not belong to the class CP*! on V.
Let us take a point

(&;8) = (B1;--38n1; B s dy_y) € UYL, xUY ) ned .

Our study crucially relies on a special decomposition of the bound state 1 near a two-
particle collision that was obtained in [FTIHS3]. We use such a decomposition near a
nucleus-electron collision as well as near an electron-electron collision. This allows us to
split the matrix yy_;, on a vicinity of the point (Z;2’) into an appropriate, finite sum
of integrals on regions ) of R? such that, on a neighbourhood of Z times ) and on a
neighbourhood of ' times ), the bound state 1 may be decomposed as in [FHHS3]. Let
us describe this result, that was obtained in [JN], in more precise terms. Let D be a set
that labels the external electronic collisions in (Z;2'). For j € D, there is a unique integer
k with 0 < k < N such that 2; = 2}, and this & is denoted by ¢(j). The mentioned sum
is indexed by 7 € D, each term is an integral
Walwa) = [ vy oy dy

Vi
over some bounded region Y; of R3, there is an electron-electron collision at y = T
for the first state ¢ on Y;, there is an electron-electron collision at y = &/, G) = z; for
the second state ¥ on Y;. Moreover, on });, each state 1 can be decomposed as in
[FHHS3]. On the mentioned neighbourhood of this point (; 2'), we can write, for (z;2/) =
(T15+ s aN—1; 950 TNg)s

walzz) = > W) + s, (1.8)
Jj€ED
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where s is some smooth function.

Since the special state decomposition is known at two-particle collisions only, one has to
ensure that the two copies of the state ¢ in the integral defining ~; (cf. (1.3)) only “see”
two-particle collisions. This forces k = N — 1 and requires that 2 and 2’ do not contain
internal electronic collision (see Remark 3.7 in [JN] for details).

In [JN], a supplementary information on the state special decomposition was given. This
information is of great importance for the study of the regularity in [JN] and also here. For
the collision between the variable x; (resp. a7, ) and the last variable z, it is described
by some nonnegative integer n; (resp. n., (j)), that we call the relevant valuation of this
collision (see Definition 3.2 for details).

Using the Fourier transform, we shall be able, for each j € D, to determine the regularity
of 7](3,)_1 near (&;2') in terms of n; and n;(j . Then, we obtain the regularity of yy_; from
(1.8). The Fourier transform was already the main tool in the analysis in [JN]. Here we
actually refine this analysis by an appropriate use of the inverse Fourier transform. This
leads to

Theorem 1.1. Consider a bound state ¢ of the N-electron, molecular Hamiltonian (1.1)
(with N > 1) and the associated (N —1)-particle reduced density matriz yn_1. Let (2;2') €
Uy, xuy)nes . Let

p = min{n; +ny;;j€D}. (1.9)

There exist a neighbourhood G of &, a neighbourhood G' of &', a function S : G x G' — C
that belongs to C°*?, and, for j € D, for all o € N* with |a| = n;, for all o/ € N* with

/| = n’c(j), real analytic functions ¢..;, defined near &, real analytic functions go’a,,c(j),
defined near &, ), such that, for (z;2') € G x &,
walza) = Y Ti(wa) + S(), (1.10)
j€D
where, writing x = (zj;2;) and 2’ = (2, Z.;),
Ty(a; ) (1.11)
= o D o)+ 1) 2 25) Doy (25 + 2045)) /2 2z)
= f a;j \\Yj c(j ] a’5e(j J ey =e(g
(6 +2n; + ch(j))! g
la/|=n

()
X (Pul(=02) Pur(y) 21205424 )

!
r=Tr;—XT .
|z=a;—2 ;)

where, for § € N3 the functions Ps are some universal homogeneous polynomials of
degree |B|. Moreover, the regularity of each T; near (&;1') is precisely 4 + n; + Mgy and
the regularity of yy_1 near (z;2) is exactly 4 + p.

Remark 1.2. Several comments on this result can be made.

1. The functions @,; (resp. @&,;c(j)) come from the special state decomposition for the

electron-electron collision of the variables x; (resp. SL’/C(j)) and xy at T;.
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2. The family P for 8 € N® is related to the iterated derivatives of the function R3\
{0} > & |€]71. See (4.9) for details.

3. Each term T} 1s actually smooth w.r.t. the variables Z; and g’c(j). The limitation
of its requlartity comes from the last factor and takes place on the collision set
{(z;2') € G x G's2; = 2y} Outside this set, T} is smooth w.r.t. all variables. To
find the regularity of T;, we make use Lemma 3.4 in [JN] (see Lemma 3.4 in the
present text).

4. The term T} describes the behaviour of the above %(\J['L that “contains™ a collision of
the variables x; and xn for the first copy of 1 and a collision of variables SL’/C(j) and
xn for the second copy. While the reqularity of T is 4 +n; + n’c(j), it was shown in
[IN] that the regularity of the first copy (resp. the second copy) near the collision is

n; (resp. ny;).

5. The lack of smoothness of the density matriz yy_1 in G X G' takes place on
{(wis) €G3 37 €D 0y =y} € €2,

6. Lower and upper bounds on the regqularity of the density matrix yy_1 was provided
in [IN], only in the case & = 7'

7. If p =0 then the density matriz yx_1 has a “fifth order cusp” at (2;2'). Indeed, the
lack of smoothness of the density matriz vy_1 there is due to terms containing a
factor |x; — :c’c(j)|5. In the case N = 2, independently of the value of p, our result is
consistent with the result obtained in [Ie] and improves it.

8. If we consider a bosonic (resp. fermionic) bounded state 1, it turns out that all n;
and n;, are even (resp. odd) by Proposition 3.5.

9. In the fermionic case, the density matriz yy_1 belongs to the class C® near (z;2').
This does not fit to the results in [C1, C2] when N = 2. Maybe, the fermionic
antisymmetry was not used appropriately in these papers.

10. We point out that our proof of Theorem 1.1 relies on rather elementary arguments.

As a consequence of Theorem 1.1, we now give a result on the operator I' with kernel
Yn_1, viewed as bounded operator from L2(R3V=1) to L2(R3WV~1). Since Theorem 1.1
provides a local information near a point (z;2') € (U ](\})_1 xU ](\;)_1) ﬂC](\?)_l, our second result
concerns a “localisation” of I'. For appropriate cut-off functions y and y’/, that localise
near 2 and 2’ respectively, we consider 'Y/, that is the composition of the multiplication
by x’/, the action of I', and the multiplication by y. Our second result states that there
exists a unitary transformation U on L?(R3*™~1) such that xI'y'U is a pseudodifferential
operator, the symbol of which belongs to a classical class of smooth symbols (see [[153], p.
65). This was shown in [JN] only in the case Z = 2’ (U being the identity) and the present
result is more precise, as far as the symbol class is concerned. We refer to Section 5 and
Proposition 5.1 for details.
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As already pointed out, our results rest on the special decomposition of the bound state
Y at two-particle collisions, that was derived in [FTTIS3]. If one can extend this decom-
position to other collisions, preserving its “analytic” structure, one can reasonably hope
to use the arguments of the present paper to get a precise information on the regularity
of all the densities p, and all the density matrices 7 at collisions.

The paper is organized as follows: In Section 2, we introduce some notation and recall
well-known facts on electronic bound states. In Section 3, we recall known results on
two-particle collisions, in particular the special decomposition from [FTTHS3], and focus
on two-electron collisions. We also recall the decomposition (1.8) for the matrix yy_1,
that was obtained in [JN]. Section 4 is devoted to the Fourier analysis of appropriate
localisations of vy _; leading to our proof of Theorem 1.1. In Section 5, we extract from
appropriate localisations of I" a smooth pseudodifferential structure. We provide technical
results and proofs in an Appendix at the end of the paper.

Acknowledgments: The first author warmly thanks Sébastien Breteaux, Jérémy Faupin,
and Victor Nistor, for fruitful discussions and advice.

2 Notation and well-known facts.

We start with a general notation. We denote by R the field of real numbers and by C the
field of complex numbers.

Let d be a positive integer. For u € R, we write |u| for the euclidian norm of u and we
denote by “-” the corresponding scalar product. We set (u) := (1 + |u|?)'/2. Given such a
vector u € R? and a nonnegative real number r, we denote by B(u;r| (resp. B(u;7]) the
open (resp. closed) ball of radius  and centre u, for the euclidian norm | - | in R%.

In the one dimensional case, we use the following convention for (possibly empty) in-
tervals: for (a;b) € R? let [a;0] = {t € Rya < t < b}, [a;0[= {t € R;a < t < b},
la;b) ={t € R;a <t < b}, and |a;b[= {t € R;a <t < b}.

We denote by N the set of nonnegative integers and set N* = N\ {0}. If p < ¢ are
non negative integers, we set [p;q] == [p;q] NN, [p;q[ = [p; ¢[NN, [p; q[ =Ip; ¢[NN, and
[p;ql =]p;q] NN.

Given an open subset O of R? and n € N, we denote by W™2(O) the standard Sobolev
space of those L2-functions on O such that, for n’ € [0;n], their distributional partial
derivatives of order n’ belong to L?(0). In particular, W%?(0) = L*(O). Without ref-
erence to O, we denote by || - || (resp. (-,-)) the L>norm (resp. the right linear scalar
product) on L%(O).

On R?, we use a standard notation for partial derivatives. For j € [1;d], we denote by
d;j or Oy, the j’th first partial derivative operator. For a € N? and x € R?, we set DY :=
(—i0x)® 1= (=0, )™ -+ - (—i0y,)*, Dy = —iVy, x* = x7" - -x0%, |a| == a1 + -+ + g,
al = () (ag)), x> =x2 4+ - +x2, and (x) := (1 + [x]))/2. Given (o;3) € (N9)2
we write « < f if, for all 7 € [1;d], a; < f;. In that case, we define the multiindex
B —a:= (B — aj)jepa € N

We choose the same notation for the length || of a multiindex o € N and for the eu-
clidian norm |x| of a vector x € R? but the context should avoid any confusion.
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For k € NU {oo}, we denote by C¥(O) the vector space of functions from O to C which
have continuous derivatives up to order k and by C¥(O) the intersection of C*(O) with
the set of functions with compact support in O. If a function f satisfies f € C*(O) with
k € NU{oo}, we often write for this that the function f belongs to the class C* on O. In
the case k = oo, we also write that f is smooth on O if f € C*(0).

Recall that real analytic functions on O are smooth on O. We refer to [Ca, Ho4] for details
on the analyticity w.r.t. several variables.

We shall frequently use standard “continuity and partial derivation under the integral
sign”. See [D, M] for details.

Integration by parts in integrals will be used and often combined with identities of the
following types:

V(z;€) € RY x (R*\ {0}), SV, et = it (2.1)

P
€[?

and
V(z;€) e R x R, (&)72(1 + (1/i)€-V,) " = 7. (2.2)

We shall make use of the usual Fourier transform on R?. CGiven an integrable function
g : R4 — C, its Fourier transform is the continuous, bounded map F, : R? — C defined
by

VEERY, F () = / e T g(x) da (2.3)
Rd
while its inverse Fourier transform is the continuous, bounded map F_; :R* — C defined
by
d i _ —d i
VEERT, F (§) = (2m) / e'** g(x)dx . (2.4)

R4
If F, is integrable then ¢ is continuous and is given by the inverse Fourier transform of
F,, that is

VeeRY, g(x) = (2m)™¢ /Rd et F (&) dE . (2.5)

We shall use the following elementary lemma, that is a slightly modified version of Lemma
4.4 in [JN]. For completeness, we provide a proof of it.

Lemma 2.1. Let d € N* and k € N. Let g : R? — C be an integrable function. We
denote by Fy its Fourier transform. Given a real r, we denote by E(r) the integer part of
r, that is the biggest integer less or equal to r.

1. If the function g : R — C belongs to the class C* and is compactly supported then
F, is smooth and there exists C > 0 such that, for all £ € R with || > 1,

|F,(6)] < Cle*.

2. Assume that the function F, : R — C belongs to the class C° and satisfies, for
some real r > E(r) >0 and some C > 0, for all £ € R with €] > 1,

F(&)] < Cle .
Then the function g : R* — C belongs to the class CP).
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Proof: See the Appendix. O

We shall also exploit another elementary, but important lemma, namely

Lemma 2.2. [JN]. Let ¢ € N and f : R® 3 x> [2]*"™ - 7(|z]) where 7 € C°(R) such that
7 =1 near 0. Then, its Fourier transform Fy is a real analytic, bounded function on R3,
which is given, for & # 0, by

A [T

—lel Jo
It has the following behaviour at infinity:

F(€) 7(r) r?72 sin(r||) dr . (2.6)

VaeN?, 3C, >0; VE€ R\ {0}, |0°F(&)] < C, [+ 20710 (2.7)
Furthermore, there exists a smooth function G : R*\ {0} — R such that, for £ # 0,
Fy(€) = m(=1)™((2q + 2)1) [€] 20 + G(e)
and such that, for all k € [4 +2q + 1; +oo[ and a € N3,
ACha > 0; VEE R\ {0}, |0°G(&)| < Cha €71 (2.8)

Proof: The case ¢ = 0 was stated and proved in [JN]. The proof there actually extends
to the general case. By Theorem 7.1.14 in [H062], FY is real analytic. O

Thanks to Hardy’s inequality

Je>0; Ve WRRY) / 2 (f ()2 dt < / VPt
R3 R3

one can show that V' is A-bounded with relative bound 0. Therefore the Hamiltonian H
is self-adjoint on the domain of the Laplacian A, namely W%?(R3Y) (see Kato’s theorem
in [RS2], p. 166-167). We point out (cf. [Si, Z]) that a bound state ¢ exists at least for
appropriate £ < Ey (cf. [FH]) and for N < 1+23.F | Z,. A priori, it belongs to the
Sobolev space W22(R3Y) | a space that contains non-continuous functions. But, as shown
in [K], ¢ is actually continuous. Since the integrand in (1.2) (resp. in (1.3)) is integrable
and continuous, a standard result on the continuity of integrals depending on parameters
shows that py (resp. 7) is everywhere defined and continuous.

Finally we recall further, well-know properties of a bound state of H (see [JN] for details).

Proposition 2.3. Recall that Cx (resp. Ry) is defined in (1.4) (resp. (1.5)). The bound
state 1 is a continuous function that also belongs to the Sobolev space W22(R3N). On the
open set R3N\ (CyURN), v is a real analytic function. Take a subset & of R3V\ (CyURN)
such that its distance to the collisions set Cy URy is positive. Then any partial derivative
of 1 belongs to L2(E). For any non-empty open set O of R3N | the bound state 1) does not
vanish identically on O.
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3 Two-electron collisions.

In this section, we recall several results, that were obtained in [JN] and are based on the
special state decomposition at a two-particle collision from [FTTS3]. We first focus on
two-particle collisions of electrons and introduce the notion of relevant valuation associated
to the collision. Then we present the decomposition (1.8) of yy_; in details. We use basic
notions of real analytic functions of several variables (see [[164]).

Proposition 3.1. [JN].

The set Ry being defined in (1.5), we consider a point 2 = (%15 -+ ; 2y) € RN\ Ry such
that there exists an unique (j: k) € [1; N]* such that Z; = %, and j # k. According to
(1.4), z € Cy and a two-electron collision occurs at z. Then there exists a neighbourhood

Q of 2 in R*N and two sums of power series @, and @y on 0 such that, setting z =
(215 2n) € RV,

vze, P(2) = ¢u2) + (1/2) ]z — 2l ¢2(2) - (3.1)

Furthermore, the function Py is not zero identically. Both functions @1 and py are uniquely
determined by 1 and the two-electron collision Z.

In this situation, the nonzero function ¢, may vanish on the collision set {z € ; z; = 2}
If it does, it will be important to describe how it vanishes. For instance, is it like |z; — 2]
or like |z; — z;,|*? To this end, we use the notion of relevant valuation at the two-electron
collision Z, that was introduced in [JN].

Given a nonzero, real analytic function ¢ in several variables z = (zq; -+ ; 2y) € R3V it
may be written, near any point Z = (Z1; - -+ ; Zy) of its domain of analyticity, as the sum
of a power series in the variables ((z; — 21); -+ ; (2x — 2n)). For j € [1; NJ, this sum

may be rearranged in the following form

p(2) = D eal(@rs) (1 — 2)*, (3.2)

a€eN3

for sums (¢, of appropriate power series in the variables z; with k # j. Since the function
¢ is nonzero, so is at least one function ¢,. This means that the set {|a|; a € N3 ¢, # 0}
is a non empty subset of N. By definition, the valuation of ¢ in the variable z; at 2 is
the minimum of this set. When ¢ is identically zero, we decide to set its valuation in the
variable z; at z to —oo.

Definition 3.2. Let 2 = (21; -+ ; Znv) € Cy \ Ry as in Proposition 3.1. We introduce new
variables by setting, on Q, 30 = 2o, if (. € {j; k}, 35, = (25 — 26)/2, and 3 = (2 + 2,) /2.
Replacing each z; by 2;, we similarly define the 3, from z, and set 3 = (315 --- ; jn). The

sum of a power series Gy on ) may be rewritten as 3 — v2(3), fo_ré = (3,5 77 53,) 0
some neighbourhood of 3 and for some sum of a power series gy near 3. In that case, we
define the relevant valuation of the two-electron collision at z as the valuation of ps in
the variable 3; at j.
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Remark 3.3. Under the assumptions of Proposition 3.1, we can use the new variables,
introduced in Definition 3.2, to rewrite (3.1) as

VzeQ, ¥(2) = ¢i(3) + 3] ¥2(3) (3:3)
where, if 7 < k,

P(2) = V(G 530 3k F 35385005 3k-1 Bk — 353 3k41; 7 13N)

and where @1 and @y are sums of a power series. We observe that, when z runs in €2, the
variables (3i)eg(j;ey Tuns in some neighbourhood of (Zi)eg(j.ky, while the variable 3; runs
in some neighbourhood of 0 and the variable 3;, runs in some neighbourhood of Z; = Zj.
For simplicity, we set, for z € Q and 5 < k,

(25205 Zi) = (2150 521213 2 2501577+ 5 Zhm1s 2k 2hats 3 AN
where Zjy, = (2¢)eg(jn)-

In the framework of Proposition 3.1, it was proved in [JN] that, if n denotes the relevant
valuation of the two-electron collision, then the regularity (in the above sense) of the
bound state v near this collision is exactly n. This was derived from the following result,
that we shall use here also.

Lemma 3.4. [IN]. Let W be a bounded neighbourhood of 0 in R® and ¢ : W — C be a
nonzero real analytic function with valuation ¢ € N (w.r.t. its 3-dimensional variable in
the above sense). Then the function N, : W 3 x +— |z| ¢(z) € C belongs to the class C?
but does not belong to the class C1*tL. Furthermore, any partial derivative of order q + 1
of Ny is well-defined away from zero and bounded.

It was claimed without proof in [JN] that, if the state ¢ is bosonic (resp. fermionic) then
so are the functions ¢, and @9 appearing in Proposition 3.1 and therefore the relevant
valuation of the two-electron collision is even (resp. odd). We now prove this.

Recall that the bound state 1 is bosonic if it is invariant under any exchange of two
electronic coordinates, that is, for the exchange of z; and z,

1/1(21; T3 RZG—1y Rk Rj41y T S Rk—15 Rj 3 Rk ;ZN)
= (215 2 2 A Zhet) R 2Rl AN (3.4)
for all (21;---;2x) € (R®)N. It is fermionic if any exchange of two electronic coordinates

changes its sign, that is, for the exchange of z; and z,

Y213 221 25 21 Bhe 1S 255 2k AN
= — (213 1 2 B 2k 2kl DAN) (3.5)
for all (z1;---;2n) € (RN (cf. [RS1] p. 53-54 or [LiSe] p. 35).
Proposition 3.5. In the framework of Proposition 3.1, we consider a bound state v that
is bosonic (resp. fermionic). Then, on an appropriate vicinity of z, that is included in

2, (3.4) (resp. (3.5)) holds true with v replaced by @1 and also with ¢ replaced by ¢o. In
particular, the relevant valuation of the two-electron collision at % is even (resp. odd).
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Proof: Let r > 0 and, for ¢ € [1; N], let V; be the ball of radius r and centre Z,, such
that the cartesian product C' := V; x --- x Vy is included in . The set C' is invariant
under the exchange of the coordinates z; and z;. Assume that, for e € {—1;1}, for all
z € C, we have

(2 255 Zig) = (25525 Zi) - (3.6)
If e =1, v is bosonic and, if € = —1, 9 is fermionic. By (3.1), we get, for z € C,

_ Al (@2 (s 253 Zj) — € 2255 205 Zjn)) -

P1(203 253 Zjw) — € @1 (255 25 Zin) 5

While the 1.h.s. is a real analytic, therefore smooth function, the r.h.s. does not belong to
the class C"!, if n is the relevant valuation, by Lemma 3.4. Thus, both functions must
be zero identically. This shows that ¢; and @y are bosonic (resp. fermionic) if so is ¥
since € = 1 (resp. € = —1).

For 3 in an appropriate neighbourhood of (0; Z; Zj;k),

(=353 35 Zi) = €02(35: 3% Zjsk) -
Using the expansion (3.2) for ¢ = 9, we obtain

0 = Z ((—1)@ - 6) @a((ék)k;ﬁj) 3?-

a€eN3

Thus all the ¢, for odd |a| are zero identically if e = 1 and all the ¢, for even |a| are
zero identically if e = —1. Therefore the relevant valuation, that is the valuation of ¢, is
even if e =1 and odd if e = —1. O

Making use of the special state decompositions in [FHITS3] at a nucleus-electron collision
and at an electron-electron collision, the decomposition (1.8) was derived in [JN]. We
need some notation.

Recall that we introduced the set Z/{](\}ZI in (1.6) and the set Cﬁll in (1.7). Let us take

(@) € UL, xUP,) 1 C2,. As vectors in RIND, we write & = (ix; -+ 5 dv_1) and
' = (#}; -+ ; 2%y_,). Consider the set

G = {(;j) els N—1*; &; = &}

Since (2;2') € C](\?)_l, G is not empty. Since Z € LIJ(\})_l and 2’ € U](\})_l, G is the graph of an
injective map ¢: D — [1; N — 1] with the domain of definition

D= {je[; N-1]; 3j e[, N-1]; (j;j) G} # 0.
Using ['HHS3] and Proposition 2.3, we have

Proposition 3.6. [IN]. Let (2:2) € U, x U ) N €Y . Then there exist an open
neighbourhood V of &, an open neighbourhood V' of &', a smooth function s : V x V' — C,
and, for j € D, an open neighbourhood W; of &;, a function x; € C(R3*R), and two
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sums of power series p; : V xW; — C and gé’c(j) V' xW; — C, such that x; = 1 near
z; = :i”c(j) and the support of X; is included in W;, and such that, for all (z;z2') € (V x V'),

(1.8) holds true, namely

o) = s(@a) + Y AW (za),
jED
where
Walwa) = [ o = sl @@ ey - ol Fep@in) G0y, 67
for j € D. For such j, the function ¢; is precisely the function @ in formula (3.1) near
(@;2;) and the function ¢, is precisely the function @, in formula (3.1) near (@5 25).
Furthermore, one may require that, for (j;0) € D? with j # ¢, W; "W, = 0, and that,

for j € D, W; is included in the range of the map V > x +— x; and also included in the
range of the map V' 3 2’ — ;.

4 Fourier transform of localisations of the density matrix.

In order to find the regularity of yy_; near a point (&;2') € Uy, x U ,) nc?,,
it suffices to consider yy_; multiplied by a cut-off function that is 1 near (Z;2). We
shall require that the support of this cut-off function is so small that we can exploit

Proposition 3.6. Now we want to study the Fourier transform (2.3) of the localised version
of yny_1 and, by (1.8), it suffices to do so for each fy](\],)fl, that is defined in (3.7). Using

inverse Fourier transform (2.4), we shall get an expansion of each 7](\{)_1, from which we
shall be able to derive our main result Theorem 1.1.

Let (2:2') € U, x U ) N ¢ ,. Recall that, for z € (R*)¥! and ¢ € [I; N — 1],
we sometimes write x = (z4;2,). We use the objects introduced in Proposition 3.6. For
j € [1;N —1], let xo,; € C°(R?; R) satisfying the following requirements:

o If 1 €D, xo,; = 1 near ;;

° Ifj €D, X0 = 1 near i’j and X0 = XO;j)Zj;

e For (j;0) € [1; N — 1]* with j # £, X0, X0 = 0.

Let xo be the tensor product ®;c[1;n-1] Xo;5, that is the map

BN sz = T xosle).

JE[L;N-1]

Note that xo € C((R*)V 1 R). Recall that, for j € D, the support of ¥; is included in
W;. Now, we can choose the support of the functions yo.;, for j € [1; N —1], so small such
that, for j € D, there exists an open neighbourhood Vx; of Z; such that W; x V; C V
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and the support of ®e[1;y—1)\{j} X0 is included in V;. This ensures, in particular, that
the support of xq is included in V.
For k € [1; N — 1], let x{,, € C°(R% R) satisfying the following requirements:

o If k & c(D), Xp, = 1 near ay;
o If k=c(j) for j € D, xg, = 1 near &, = &; and Xgy, = XoyXj-
o For (k;() € [1; N — 1]* with k # €, XX, = 0.
Let xg be the tensor product ®pei;n—1) Xo., that is the map
R sz = [ xbulah)
ke[1;N—1]

As above, we may assume that, for k& € ¢(D), there is an open neighbourhood V’ "y of
2 such that W; x V’ C V' and the support of ®g€[1 N—1]\{k} on is included in V#k In
particular, x; € COO((R3)N I:R) and the support of Y} is included in V'.

The considered localised version of yy_; is yny—1(Xx0 ® i), that is the map

(RHY)? 5 (z52) = xola) -z z) xo(a) -

As explained above, it suffices to consider the localised version fy](v) 1(xo ® xp) of ny) 1

that is the map

(RN 3 (2) = xo(@) 19 (z52)) X)) ,

1=

for j € D.
Let us now fix j € D. To simplify notation, we denote

vy by Ao, L. o = F(xo @ xb)s X by X, c(f) by k, Vg by Vi, Vi by V., and W; by
W. Therefore (3.7) reads

ad) = [ o=l Blo) - W B S s @)

According to (2.3) and to the Fubini theorem, the Fourier transform F' of 7 is the map
F o (R3)PN=D 5 (6, — F(&E) where

F(&¢€) (4.2)

- /QWN . e MET L) v (@) [z — y] Gixiy) Xo(@) |h — vl Fil@sy) X(y) dada’ dy.

) . by 7, the localised version of

It is convenient to write the variable z € (R*)¥ ™! as (x;;2;) with z; := (/). We also
simply the notation for the tensor product xq by setting

xi(z;) = H Xoze(e)

LE[1;N—
LF#j

if N> 2, else x; = 1. Thus xo(z) = xoy(z;) x;j(x;). We perform the same simplifications
for 2" and g, replacing j by k.

To analyse the function F', we first rewrite it in the following form, using the function ¢
that is associated to ¢ in Definition 3.2.
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Lemma 4.1. Let x € C(R;R) be such that, for all x € R* and y € Sy, the support of X,

x(|z]) = 1 if xo,(z +y) # 0 and also x(|x|) = 1 if xo.(z +y) # 0. Then x(|-[) =1 near
0 in R3. For all (&;¢) € (R¥)?N-1

F(&E) = / et (€ HETh) it ey o7& TG (4.3)
(R3)2N-1

|| 0 (25/2; 25/2 +y5 ;) x(l25]) |ok| @5 (2/25 23 /2 +y 5 25) x(|2])
Xoii (T +y) Xow (@) +y) x5 (2;) xe(2h) X(y) da; daf, dz; daj dy

where § = (fj;ﬁj) and & = ( ;,ﬁ;) with §j = (&)ez; and §;€ = (&) ezk-

Proof: First of all, it is convenient to write (x;y) as (z;;y;2;) and (2';y) as (2} y; 2},)
in (4.2). For y € Sy, xoj(z +y) # 0 if x is close to zero. Thus x(|z|) = 1 for such z.
Similarly, for y € Sg, xg.(* +y) # 0 if @ is close to zero. Thus x(|z|) = 1 for such z, as
well.

For fixed y, we make the change of variables # = z; —y and &' = 2}, — y in the (z;; z})-
integral in (4.2) and rename the new variables (Z;2') as (z;;2},), to arrive at

F(&€) = / =i 6wy + ) omilETE) Y o1 (€ +E )
- (R3)2N -1
‘xj| Saj ('Tj + Y5 Y; @j) ‘SL’H ak‘ (x;C + Y y; @2)
X0 (25 + ) Xow @k + ) x5 (2;) ¥4 (2h) X() da; da), da; da), dy -

By Definition 3.2, we can write ¢;(z; + y;y;2;) = wj(7;/2;7;/2 + y; 2;), for y € Sy
and (z; +y) € Sy, and Gz} + y;y;23) = @i (2,/2;23,/2 + y;23.), for y € Sy and
(z, +y) € Sy, - By the properties of the cut-off function x, we may insert x(|z;|) and
X(|z}]) into the integral without changing it, yielding (4.3). O

Recall that &; = #),. Let Rg be the range of the map W? 3 (x;y) — ((x—y)/2; (x+y)/2).
It is an open neighbourhood of (0;2;) = (0; &},). Let
S = {(s;t) € (R®)?; (s/2;5/2+1) € Ro} -

On the support of the integrand in (4.3), we have (z;/2; x,;/2+y) € Ry, thatis (z;;y) € S,
and (z},/2; 2. /2+vy) € Ry, that is (2};y) € S. Let us denote by n; (resp. n},) the relevant
valuation at the two-electron collision (Z; #;) (resp. (2';2})). The sums of a power series
¢; and ), both satisfy a formula like (3.2). It was shown in [JN] that, for almost all
y € Sy, n; is the valuation of the map

Sx Ve (wyizy) = ¢i(;/2 /2 +ys )

at 0 in the variable z; and that nj, is the valuation of the map

Sx V.3 (xsya) = @p(ah/2 2/2+y; )
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at 0 in the variable z.
Let m be an integer larger than max(n;;ny,). Then, for (z;/2;2;/2 4+ y;2;) € Ro X Vg,

oi(r;/2 /24y z) = Y walyiz)2f + > @alzsysa) g, (44
aeN3 aenN3
n;<|a|<m |a|=m

where the functions ¢, are the sum of a power series on S x V. and the functions ¢, are
the sum of a power series on W x V.. By definition of n;, the functions ¢, for |a| = n;,
are not all identically zero.

Similarly, we can write, for (z}; 2} + 2y;2) € Ro X V.,

PelT/2 224y ) = Y Ghlyia) (@) + Y dules v o) (23), (45)
aeN3 ‘a‘ENS
n;ﬁg\a\<m al=m

where the functions ;, are the sum of a power series near on & x V., and the functions
¢, are the sum of a power series on W x V... By definition of nj, the functions ¢j, for
|a| = n}, are not all identically zero.

Now we want to insert the formulae (4.4) and (4.5) into (4.3). To control the remainders,
we shall use Lemma 2.1 and Lemma 2.2.

For all @ € N3, we denote by F, the Fourier transform of the continuous, compactly
supported function R® > z — |z| 2% x(|z|). We observe that F, = (—i0)*Fy, where Fj is
the Fourier transform of the continuous, compactly supported function R? 3 x +— |z| x(|z])
and to which one can apply Lemma 2.2. This yields

Lemma 4.2. Let a € N3. There exists a smooth function G, : R3\ {0} — C satisfying
the following properties.

VEERN\ {0}, Fo(§) = =8 (=) (0*|- ") (&) + Gal&) and  (4.6)

VyeN®, VkeN,3CY) >0; VE€ R\ {0},

In particular, we have

VyeN, 30 >0; VEe R\ {0},

DG ()] < )l (@)

DFL(E)] < L jg|mlemhl, (4.8)

We can check by induction that, for all o € N?, there exists a polynomial P, on R3, that
has real coefficients and is homogeneous of degree ||, such that

vne R\ (O}, (1 1)) = TR (1.9

For further purpose, we state the following

Lemma 4.3. Let n € N. The functions F,, for |a| = n are linearly independent. So are
the functions P, for |a| = n.

Proof: See the Appendix. O

Coming back to (4.3), this leads to the
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Proposition 4.4. Let m be any integer larger than max(n;;n;3). Then there exist a
family (aa)n,;<|aj<m of smooth functions, defined near I in R3N=1 "¢ family (ag) s <|aj<m

of smooth functions, defined near @' in R3N=Y and a smooth function R, on (R3)20V-1),

such that, for all (&¢') € (R?)2(V=1),

F(&E) = > Fal§) Fu(6) Aaw (6€) + Ru(§:€), (4.10)
Do
where
A (£:€) = /R Y B (6 6) W) dy (4.11)
and Bua (€:€,5y) is the integral
/R ey €IS an(ysa) Gty 1) X (25) X () da da (4.12)

The functions Aa.or and By, are smooth.

For a € N* with |a| = n;, we have aq(y;z;) = @aly; ;)Xo (y), where the function @,
appears in the formula (4.4), and, for o/ € N* with |o/| = n}, we have d,,(y;z}) =
o (Y5 ) X0 (y), where the function ), appears in the formula (4.5).

Moreover, we have the following estimates.

VgeN, sup )™ (€ () | Bm(& )| < +oo. (4.13)
(§§§/)€(R3)2(N—1)

For a € N* with m > |a| > n; and o/ € N* with m > |o/| > n},, for all ¢ € N,

sup <§j>4+\a| 4+\a'| <£> <£> }F fj (£k> aa/(é;ﬁl)‘ - too. (4.14>
(& €)e(R3)2(N-1)

Proof: Let y € S; be fixed. We write a Taylor formula for xo.; at fixed y with exact
remainder as an integral:

0 Xo;
Xoij(z; +y) = E 5,] S+ E Xs(zj; v) 25,
6] <m—n; |8|=m—n;

where the functions xs are smooth near (0;z;). Using this formula together with (4.4),
we get the following expansion on & X V.,

0i(i/2 2 /24y ) xog (e +y) = > aalyiz) 2l + > sy af,

n;<la|<m m<|0|<2m—n;

for some smooth functions a, and r5. For |a| = n;, aa(y;2;) = ¢a(y; 2;)x0,5(y). In the
last formula, denote by p(z;; y;x;) the first sum and by T(ZL‘j, y; z;) the second one.
Similarly, using (4.5), we can write on & x V.,

(@2 w24y ) Xoa(oh +y) = P (@syia) + 7' (wsva) -
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Inserting these expansions into (4.3), we obtain

Flge) = [ eiOmrah ooy g 6 (4.15)
(R3)2N -1

‘SL’]" X(‘ZL’]D |.T;€| X(|.’L‘;€|) ( (xjvyv ) + T('rjaya ])) X(y)
D@y 2h) + 7 (g 20) xi ;) X (@h) day daly d, day dy
and set R, (&; §) as

(&€) - / . o (€ +ETl) i€y mHE T T E T
(R?)

;| x(1251) |2l x(|2%]) plajiyiz;) X(y)
P (@ s ) X5 (25) Xk (2h) dej day dz; da) dy .

T

By Fubini theorem, we have
PEGE) = Rul6€)
= Y[ e g o () ()" J] (k) da da

<\a\<m
’ <\a’\<m

Z(£]+£k yB d
<[ (€5€) R(y) dy.

where By (§j;§;€; y) is given by (4.12), yielding (4.10).
For such (a;a’), we can use (2.2) in (4.12) to get, for all ¢ € N,

Vg En) € (B xS, [BawlEi€an)| < Cole) (E)

for some (é},;é;;y)—independent constant C,. Combining this estimate with (4.11) and

(4.8), we derive (4.14).
The rest Ry, (&) is given by

3 / o (Ews T Eah) —iEtE) Y o (6 €t
(R3)2N-1

se{pir};s’e{p;r'};
(s38")#(psp")

23] x(l51) 12%] x(J]) s(zj5y:25) X(y)

(@ ys ) x5 (25) X (2h) da; do dz; da, dy -
Let ¢ € N. Take a term in the above sum that contains the function r. By Lemma 3.4,
we know that the map x; — |z;|x(|7;])r(z;; y; 2;) belongs to the class C™. Thus we can
apply precisely m times the identity (2.2) with (z; &) replaced by (z;;¢;) and integrations
by parts in the x;-integral, we use ¢ times (2.2) with (z;¢) replaced by @j;gj) and
integrations by parts in the z-integral, and we use ¢ times (2.2) with (z;§) replaced by
(x}; §;€) and integrations by parts in the z}-integral, to get

(€)™ (6™ (€)1 (€,

>j

[Rn(&:8)] < C, (4.16)
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for some (&;¢')-independent constant C'. The remaining term contains the function r’.
By Lemma 3.4, the map ) — |23 x (|23, ])7 (255 y; 2;) belongs to the class C™. We use
m times the identity (2.2) with (z;¢) replaced by (z};&).) and integrations by parts in
the z}-integral, we use ¢ times (2.2) with (x;&) replaced by (gj;ﬁj) and integrations by
parts in the z;-integral, and we use ¢ times (2.2) with (z;¢) replaced by (z};¢]) and
integrations by parts in the z)-integral, to get the estimate (4.16), for a possibly different,

(&;€)-independent constant C'. This yields (4.13). O

The estimates (4.13) and (4.14) ensure, by the Fubini theorem, that each term in (4.10) is
integrable over (R*)2V=Y_ This allows us to apply (2.5), with F, replaced by these terms.
In particular, 7 is the inverse Fourier transform of F. It is convenient to introduce the
map o : R3V=Y — C that is defined by

fyO(X;X'; z; @2) = %(X/Q + X5z X = X2 gﬁg) . (4.17)
Of course, we can recover 7, from g by
Folwss 255 o 2h) = (g — wis (a5 + 2h) /25 255 1) - (4.18)

In particular, 79 and vy have the same regularity. Let us denote by R the range of the
map W? 2 (z;y) = (z — y; (x + y)/2). It is a neighbourhood of (0; #;) = (0; &},).

Proposition 4.5. Let m be any integer larger than 4 + n; + nj. Then there exists a
function R, @ R x Vy x V, — C, that belongs to the class C™, such that, for all
(X5 X5 5 2p) € R X Ve X V.,

Yo(X; X' 25 7)) — R (X5 X5 255 2 (4.19)

= x(z) (=) D) > 5!154

nj<lal, nj <lo/| 4d+|al+| B+ |+] 8| <m
A4|al+ o’ |[<m
Oy —

y (_>5+5/ <>~<(y) ao(y; 2;) a’a/(y;gk))yx,

2

X (27T)3/3 e Eoyp(n) Foryp(—n) dn .
R

Moreover, the term indexed by (c; 5; 5 5') in the previous double sum belongs to the class
Catlal+H Bl [+

Proof: We start with formula (4.10) with m replaced by m + 4. Denote by F4(&;¢) the
sum on the r.h.s. of this formula. Thanks to the estimate (4.13) and Lemma 2.1, the
inverse Fourier transform of R,, 4 belongs to the class C™. For two functions f and g, we
write f ~ g if f — g belongs to the class C™.
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Now, we apply the inverse Fourier transform (2.4) to F4. For (x;z') € (R?)?N-1),
my oD [ e pg ) dedg (1.20)
(R3)2(N-1) - = - =

= 2m) O x(z) xa(z) ) /R ST By () Far(6) /R e GV 3 (y)

3
nj <|a|<m+4
/ <\a’\<m+4

X an(y; z;) d o (y; z3,) dy d€; dE;, .

Actually, this is zero unless (z;;7;2;;2,) € W2 x V. x V.. In the latter case, let us

denote by Co (53 xy; 255 2;) the terms appearing in the sum in (4.20) and set
Coz;o/ (X7 X/7£]7£;{;) = éa;oz’ (X, + X/27 X' — X/27£J7£;{;) .

where (X; X525 27) € R x V4 x V.. Making the change of variables n := (§; —&})/2 and
"= (& + &) /2, we obtain

Cor (3 s 2,5 12) = /R e O ) F (4 o) B (of 1)

< IR auliz) Tl ) dy
and, setting X = x; — 2}, and X' := (x; + 2},)/2, we get
O (X X'z ri ) = /RG (X0 +2X" 1) Fa(ﬁ+77/) F., (77/—77)

x /RS e YY) aaly; 2;) o (y; a3,) dy dn iy
Using the identity (2.2) with (z;¢) replaced by (2y;7'), we see by integration by parts

that, for all ¢ € N, there exists C; > 0 such that, for z; in the support of x; and zj, in
the support of x,

Gl [ aulyi) Tl ) ] < € (421

Using the boundedness of the functions F, (cf. (4.8)) and the estimate (4.21), we see that
contribution to the integral of the region {n; |n| < 1} is a smooth function (by standard
derivation under the integral sign). This holds also true for the contribution to the integral
of the region {(n;n'); [n| > 1,|n| < 2|/[}. Thus Cyper ~ CZ,, where

Conar (X3 X 23my) = / - glXmt2X’) Fa(n+n')Fa/(n’—n)/ e Y Y (y)

> R3
2[n[<|n|

X ao(y; z;) d o (y; 23,) dy dndn’ .
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Now we use the following Taylor formula with exact remainder as an integral. For e €
{~11}, Q e N*, and @ € N*, (1) + en) = FM(en;n') + Ff (en; 1) with
Q-1 1
Fl(ensn) = o (('rz' - V)"Fa) (en)
q=0 *’

and

1 _ \Q-1
Fl(en;n') = /0 ((n’-V)QFa>(tn’+6n)%dt.

For e € {—1;1}, |n| > 1, |n| > 2|7/, and t € [0;1], |tn' + en| > |n|/2 and, thanks to (4.8),
there exist C’, Cq, Cq > 0 such that

|EXemn)| < Clnpl™ |9, |ERenn)| < Cqln|~* =9 n/|<,

and

|[Faln +mES(=mn)| < Cgln| > 1712 22
Set Q =m — |a] — || —4if ||+ |o/| +4 < m, else @ = 1. Using (4.21) and Lemma 2.1,
we have CZ, ~ CZ., where

;o

CHL (X X zyimy) = Xt B () F (=) / e ()

[n[=>1 R3

2[n’|<|n|

X aq(y; ;) @ o (y; 23,) dy dndn' .

Similarly, we can find some C¢ > 0 such that, for |n| > 1 and |n| > 2|7|,
[E ) Fg (=mi)| < CG |l =577 29

: A Az
and obtain C’a;a, ~ C’a;a, where

(X X, =
( A k) /nzl

2[n’[<|n]

eI F ) S (=) / e M X(y)

R3
X ao(y; z;) d o (y; 23,) dy dndn’ .
As above, adding to this integral the contribution of the regions {(n;7); |n| > 1, |n| <

2|7'|} and {n; [n| < 1} amounts to add to the function C“2, a smooth function. Therefore
C’;‘;a, ~ CF ., where

Coa(X; Xs2552,) = /RG TR FA () (=) /RS eV ¥ (y)

X aq(y; ;) a0 (y; 23,) dy dndn' .
By the multinomial theorem, we have

GO = ST S R = 3 ) Fasa

|1Bl=4 | |1Bl=4
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since F,, = (—i0)“Fy. This yields

1 .
ChAXiXizin) = 3 iz [ e Furslo) Fursr(—n)d
18]<Q

18'1<Q

x / 62iX/-77/ (ln/)ﬁ—i_ﬁ/ / G—Qin’-y X(y) aa(y; QJ) aa’ (ya g;c) dy dT// .

R3 R3

Since
/ 2X" (i )B+E’ / e~ 3 (y) aa(y; ;) @' o (y; 23,) dy dif
R3 R3

0y /2) / 3 Q2iX / 3 e Y (y) aaly: z;) dor (y; 23) dy df

R R

= (21)* (9,/2)"7 (X () aalys ;) Ao (g3 21))

by (2.5), we get

1 .
Cl(X; X z5m,) = (27)° ; i /RS XN Fyy5(1) Farsr (—n) dn (4.22)
<

18"1<Q
X (8,/2)77 (X(y) aalys ;) s (y321)) s -

Recall that we worked for n; < |a| < m+4 and nj < |o/| < m+4 with m > 44 n; +nj.
By the properties of the functions F, (cf. (4.8)) and Lemma 2.1, a term in the sum in
(4.22) belongs to the class CHHeHBH I+ Iy particular, it belongs to the class C™ if
44+ |a|+ 6]+ || + 18| > m.
Coming back to the inverse Fourier transform Fi, of F in (4.20), we can write

(X' 4+ X/2 X' — X/2:255,) ~ G(X;X'52;52,) where

G(X; X'z, 1)

= (271‘)_3 X (ﬁj) Xk (Q;c) Z Z B!lﬁ/!

nj<lal,ny <lo/| d+|al+|B|+]a’|[+[8'|<m
d+(al+|al|<m

< [ Fasali) P (=)

X (0,027 (%) any: 1) Tor (4:23) -

We showed at the beginning of the proof that 5o ~ Fj.,. Thus
Yo (X; X z52,,) ~ F}A(X’A—X/Q;X’—X/Q;@j;gk) .

) =g

Defining R,, by 70 — G, we obtain (4.19). O

We now focus on the integrals remaining in (4.19), using Lemma 4.2 and (4.9).
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Lemma 4.6. Let (o;a’) € (N®)2. There exists a smooth function S : R®> — C such that,
for all X € R3,

/RS XM E () Fy(—n)dn = G +;|i(|2j:)2|a,|)! (Pa(—ﬁx) Por(0y) |$|5+2la+2o/|)|$x
4 5(X). (4.23)

Proof: For two functions f and g, we write here f ~ ¢ if f — g is a smooth function. We
shall frequently use the following fact: if f € C°(R) and g € C*°(R?) then the map

R*>X /RS e f(Inl) g(n) dn (4.24)

is smooth. This indeed follows from Lemma 2.1. Denote by N(X) the Lh.s. of (4.23).
Consider a cut-off function 7 € C*(R*; R) such that 7 = 0 on [0; 1] and 7 = 1 on [2; +0o0].
Since (1 —7) € CX(R), we can write, by (4.24), that N ~ N; where

M) = [ (al) Fulo) Fulm

We use the decomposition (4.6) for F,, the estimate (4.7), and Lemma 2.1, to see that
N ~ Ny where

Ny (X) =(87r)2/ X7 (Jnl) ((=i0)| - [74) () ((=i0*)] - [*) (=) dn

R3

= (8)?gloltle] /RS X (|n]) Pa(n) Par(—n) In| 521072y | (4.25)

Since the function R®* > n — 7(|n|)|n|™® is integrable, standard derivation under the
integral shows that

No(X) = (87)? Po(—0x) Py (0x) N3(X).
where
Na(X) = [ (gl byl ey,
R3
Using spherical coordinates (see [JN]), we get, for X # 0,

(r|X])

+00 ;
Ny(X) = dn / )Tl SRS
1

since the support of 7 is included in [1; 4+00[. By integration by parts,

4mr sin(7| X)) g oalatert ]
Naf X)) = 2V Y laf=2[a/]
i —6—%&—2@%(%“) X -

+oo 1
_ 47 / T7672\a|72|a’\ 87’ (7_(7,) SIH(T‘XD) dr ’
| | X|

6 + 2|a| + 2|/
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since 7 is flat at 1. The contribution of the derivative of 7 in the previous integral is a
smooth function by (4.24). Thus

47T +oo ’
N3(X) ~ ~6-2Jal-2/e’ N d
3(X) 65 20 £ 20 r 7(r) cos(r|X|) dr

Repeating the integration by parts, we get, by a finite induction, that

A7 ‘X|4+2\a|+2|o/|

+00
N3(X) ~ =2 7(r) cos(r|X
(X) ~ ey 1) eostr|X ) ar
Now, using again an integration by parts, we write
+00 R
/ =2 7(r) cos(r|X|)dr = lim 72 7(r) cos(r|X|) dr
1 R—+o00

~ — lim \X|/ r) sin(r| X|) dr

R—+o00

~ — |X| lim r_l sin(r| X|) dr
0

R—+4-o00
R|X]|
~ — |X| lim s~! sin(s) ds
R—+o00 [
7
~ = 51Xl
since the semi-convergent Dirichlet integral equals 7/2. Thus
—8 (27)*jled+ll ,
No(X) ~ Po(=0x) Po(0x) | X|>F2lel+2le]
2( ) (6+2|OZ|+2|O/|)' ( X) ( X)| | )
yielding (4.23). O

In the expansion (4.19), we hope that the regularity of , is the one of the sum of the
terms indexed by (a; ;s f') with || =n;, =0, |&/| =n}, and 5" = 0.

Lemma 4.7. Let T : (R3)20V=Y — C be the function defined by
T(X; X' zj; 23,)

—167r R _
= G an, + 2y @) Xe(z) X(X) D aa(X'zy) o (X' )

lal=mn;

X (Pal=02) Pa(@0) a2 )
Then, for (X; X'; x;; x),) € € (R3)2(N-1),
T(X;X'; 2 zk) (4.26)
(6+2;16I2nk)' x0(Xiz) Wo(X52h) D ealXszy) P (X5 2)
ot =

X (Pa(—ax) P (8,) |x|5+2"f+2"2)

Y
|z=X



Regularity, 04-07-2024 25

where the functions ¢, appear in the formula (4.4) and the functions ¢, appear in the
formula (4.5). Moreover, the reqularity of the function T near (0; Z;; ij;i;c) is 44+n;+nj,.

Proof: The equality (4.26) immediately follows from Proposition 4.4 and the properties
of the cut-off functions xo, X, Xo.j, X0 and X. By Proposition 4.5 and Lemma 4.6, the
function T belongs to the class C*+mi+7%

Assume that T belongs to the class C®*"#". By the properties of o and xj, there exist
some non empty open sets U of R? O of (R*)™~Y and O of (R*)™~Y such that, for
all (X'; 25 27) €U x O x O, the product xo(X';z;)xo(X';25,) = 1.

Let (X'; z;; 23) € U x O x O". We know from the properties of the functions F, and
(4.26) that, on R*\ {0}, any partial derivative of the map X — T'(X; X';z;; ;) of order
5 4+ n; + nj, is homogeneous of degre zero and therefore a function of X/|X| only. We
assume that such a derivative exists at 0 and is continuous there. Thus this derivative
must be constant. In particular, this map is smooth on R3. Since T is smooth w.r.t. the
other variables, T" is smooth.

Let 7 € C°(R) such that 7 = 1 near 0. Since 7 is flat at zero and the map z + |z|>T2m+2%
is smooth away from zero, the map T} : R x U x O x O — C given by

Ty (X; X' aj; 2)
= Y alXm) P (X) (Pal=02) Por(02) 7 (Ja]) laf 20424

\a\:nj

lz=X

o | =nt,
is smooth as well. Let K be a compact subset of U x O x O'. By the proof of Lemma 2.1,
there exists some ¢ > 0 such that, for all (X'; z;; 2;3) €U x O x O, for all € R3 with

|n| Z 1’ / / (9+ 4 /)
(X5 zg )| < U :
| By (1 X5 s )| < efnf 7O (4.27)

Let us denote by f the Fourier transform of the map x ~ 7(|z|)|2[>T?% 2%, Let U, :=
{n € R%|n| > 1}. For (n; X'; z;; ;) € Uy x U x O x O, we have

Fr(m; X'z ap) = f0) D @alX32;) @ (X5 2y) Pal(—in) Pu(in) .

\a\:nj
o/ =n,
By Lemma 2.2 applied to f,
/ / A / — 1o . .
Fr, (m; X's 2y 23,) = PR " al X5 2) @ (X5 2}) Pal—in) Pa(in) + g(n)
\cx\:nj
lo/| =n,

and [g(n)| < c|n|~@+F) | for some A # 0 and some ¢ > 0. By (4.27) and homogeneity,
the last double sum must be zero identically on U; x U x O x O'. Thus, the product

(|Z palX'sz,) Pal-in)) <||Z Pl X') Pt

is zero identically on Uy x U x O x O'. Since it is a product of real analytic functions,
one factor must be zero on Uy x U x O x O’ (cf. [Ca]). By Lemma 4.3, this implies that
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either all the functions ¢, with |a| = n; are zero identically on U x O or all the functions
¢!, with |o/| = n}, are zero identically on ¢ x O'. This contradicts the properties of these
functions stated just after (4.4) and (4.5), respectively.

The regularity of 7' near (0;Z;;1;; &}) is therefore 4 +n; + nj. O

By Proposition 4.5, Lemma 4.6, and Lemma 4.7, we have vy = T'+ .5, for some function S
that belongs to the class C°*"+™ This shows that the regularity of v, near (0; T2y )
is precisely the one of T', that is 4 + n; + nj. We have proven

Proposition 4.8. The regularity of vy near (0; :f:j;ij;@;) is 4+n; +nj. So is also the one
of Yo mear (&j;3;; & 2).

Now, we are able to prove our main result.

Proof of Theorem 1.1: Let us take a neighbourhood G of & and a neighbourhood G’
of 2’ such that yo =1 on G and x{, = 1 on G’. Thanks to the Propositions 3.6 and 4.5
and to the Lemmata 4.6 and 4.7, we get (1.10) and (1.11). Proposition 4.8 provides the
regularity of each 7; and (1.11) shows that the less regular term in 7} cannot be com-
pensated by a term coming from some T, with ¢ # j. Therefore, the regularity of yy_;
is the minimum of the set {44n; —l—n’c(j); j € D} of regularities, that is 4+p. O

5 Pseudodifferential structure of operators associated to lo-
calisations of the density matrix.

In this section, we consider the integral operator I', the kernel of which is the density
matrix yy_;. It naturally acts on squared integrable functions f on R3W~1 ag

(Tf)(z) = / oz ) (@) de’

R3(N-1)

and is actually a bounded, self-adjoint operator on L2(R3™~1). We focus on localisations
of this operator of the form I'’ = y,I'x} for cut-off functions y, € C®(R3**™~1:R) and
Xy € CX(R¥W=D:R). Precisely, I'” is the composition of the multiplication operator by
Xo, of I', and of the multiplication operator by xo, in this order.

If the tensor product y,® X} localises on a region where yy_ is smooth then I'? transforms
L2(R3*W=1)_functions to a smooth function. Here we are more interested in the case where
this tensor product localises near a point

L 1 1 2
(z;2") € (uz(\le X uj(\le) N C](Vll

as in Section 4. If & = 2’, it was shown in [JN] that 'Y can be viewed as a pseudodifferential
operator, the symbol of which belongs to a well-known class of smooth symbols. This
property was detected after a study of the wave front set of vy_1. In the same spirit, we
now use Theorem 1.1 and the notion of singular support (cf. [H02], p. 42) to detect a
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regular pseudodifferential structure in I'°. First of all, we introduce the notion of global,
smooth symbols that is studied in [H63], Chapter 18.1.

For positive intergers n and p, for m € R, let S"(R"™ x R?) be the set of smooth functions
a on R™ x RP such that, for all («; 8) € (N" x NP),

sup (&)~ HAl ‘(8?8?@) (; f)‘ < +o0.
(z€)ER™xXRP - h

We denote by ST the intersection of all such space S™.

It is well-known (see Theorem 18.1.6. in [Ho3]) that, if K is the kernel of a pseudodifferen-
tial operator on R*™=1 the symbol of which belongs to the class S™(R3V =1 x R3WV-1)),
for some m € R, then its singular support must be contained in the diagonal of (R3V=1)2,

namely

D = {(g;z) e (R*WV-D)2: g e R3W-D } .

According to [[H©3], Chapter 18.1, T can always be considered as a pseudodifferential
operator. But, from Theorem 1.1, we see that the singular support of yy_; inside G x G’
contains points (z; ') such that, for all j € D, z; = a:’c(j). These points do not belong to
D unless the map c is the identity on D.

These considerations suggest, in the general case, that an appropriate permutation of some
variables should reveal a regular pseudodifferential structure in I'’. That is precisely what
we are going to show. Let us take a point

L 1 1 2
(2;2)) € (U](V),l X Z/{](V),l) N C](V),l

and consider the map ¢ : D — [1; N — 1], that is associated to it. Since ¢ is injective,
the sets ¢(D) \ D and D \ ¢(D) have the same, finite cardinal (possibly 0). We choose an
arbitrary bijection b : ¢(D)\D — D\ ¢(D). Now, we define a permutation o of [1; N —1]
in the following way: for £ € [1; N — 1], we set

ol)=10,iflg(DUcD); ol)=0b),iflecc(D)\D; ol)=c)ifleD.
We let o act on R3W-1 a5

0z = (To@)en-1] = (To(); *** 5 Tov-1)) -

1

It is a linear map and the modulus of its Jacobian is 1. Its inverse ¢~ - acts on z as
—1

ot x = (:E(,A(g))ge[l;N,l], where o~! is the inverse of the permutation o. We observe
that the maps o- and o~ !- both preserve the set Z/{(l . Let us define an unitary map
U: L2(R3WV-D) — L2(R3V-D) by for f € L2(R3WV— 1)) (Uf)(z) := f(oc™! - z). Now, let
us take cut-off functions xo and xj as in Section 4. One can check that the kernel of T'°U
is given by

Klzi) = xolo) | 0las) T a0 dy (e, (1)
R
if we deﬁne the cut-off function x{ by xo(z") = xi(o - 2”). It localises near the point
2" := 071 2. By the choice of o, the map c associated to (2;2") is the identity on D.

As we shall see, the composition I'°U is a pseudodifferential operator, the symbol of



Regularity, 04-07-2024 28

which belongs to some S™. According to Theorem 18.5.10 in [[163], we may choose the
quantisation to see this property. It will be convenient to take the Weyl quantisation. If
L € CH(R*W=1)2,C), its Weyl symbol s;, is given by, for (z;§) € (R*V=1)2,

sp(z; &)

:/ et L(z —t/2; z+t/2)dt :/ CLL(z+t/2;z—t/2)dt, (5.2)
R3(N-1) R3(N-1)

by the change of variables t' = —t

Proposition 5.1. Let p be defined in (1.9). Then the Weyl symbol of the kernel K belongs
to the symbol class ST8P(R3 V=D x R¥W=1) " Moreover, if a real ¢ > 8 + p, this symbol
does mot belong to STIUR3N=D x R3N-1)),

Remark 5.2. Our proof of Proposition 5.1 below provides a sequence of symbols such that
the Weyl symbol of K is the asymtotic sum of this sequence, in the sense of Proposition
18.1.8 in [Ho3).

Proof of Proposition 5.1: First of all, we check that the treatment of vy_; that was
performed in Proposition 3.6, Lemma 4.1, Proposition 4.4, Proposition 4.5, Lemma 4.6,
and Lemma 4.7, can be applied to the kernel K.

In [FHHS3] (see also Theorem 3.1 in [JN]), a decomposition of ¢ near a two-particle
collision is provided. Using the change of variables 2’ = o - 2", such decomposition holds
true for the map (2”;y) — 1 (o-2";y). This allows us to follow the proof of Proposition 3.6
in [JN] to get the statement of Proposition 3.6 with yy_; replaced by K, 2’ replaced by
2", V' replaced by some neighbourhood V" of ", and, for j € D, ¢(j) replaced by j, and
@, (j) replaced by the sum of a power series ¢7 in the variables (2";y). For j € D, we have

@l (@"y) = Guplo-2"y).

In particular, the valuation of ¢} w.r.t. the variable z7 is exactly the one of @) w.r.t.
the variable ;. We thus have on V x V", for some smooth function s,

K(z;2") = s(z;2") + Z Kj(z;2"), where (5.3)

i(z;2") = xo(z) /Ra 25 — yl @(zsy) 2] — yl ;2" y) X;(y) dy xo(z”) . (5.4)

for j € D. Recall that xjj(z) = xy(o - z). Let j € D. Set

X;‘,@j) = H Xlo;e(xo(é)) = H XG;J—I(q)(fcq)
]

Le[1;N—1] ge[l;N—1
L#c(3) q9F#]

if N> 2, else xj = 1. In particular, xp(z) = XIO;'c(j)("L‘j) X ().
Since K has the same structure as (xo ® XE))’V](\];),D the results of Proposition 4.4, Propo-
sition 4.5, Lemma 4.6, and Lemma 4.7, hold true for K; in place of 4 with the following
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changes: k = ¢(j) is replaced by k = j, n} replaced by n'c(j), Xo by X0, X& bY X7 X0 bY
X();c(j)u V;,ék by V;]W 90/04 by @g and a/a by a/o,m where @Z:K&) = @;(U'Q% and a’a(—) _ aa(a £>
We denote by R; the range of the map W? 3 (z;y) — (z — y; (x +)/2). It is a neigh-
bourhood of (0; fcj) (0;27). Then, for any integer m larger than 4 + n; + n;;, there
exists a function RY) D Ry x Vg x VI, — C, that belongs to the class C™, such that,
for (X; X" 2527) € Rj V;,,g] x Vi,

V=g =g

Ki(X/2+ X X' = X/2; ;5 2)) — RY(X; X5 255 7)) (5.5)

=xlz) @) > 5!15'!

nj<lal, ol <o’ dt|al+|Bl+[e/ |+ 8/ |<m
4+|al+|a/|<m

() (B antys) T :2)))

=27
X
(6 + 2|l + 2|8 + 2|a’'| +2|8])!
% (Pa+5(_8x) Py (0:) Ix\5+2'“‘+2‘5|+2la’l+2|ﬁ'\)

ly=X'

lz=X .

According to (5.2), the Weyl symbol S; of the operator with kernel K is given by, for
(z;€) € (R¥V-V)?,

Si(z;§) = /RWU K (x4 /25 — /25 5+ 1,/2; 1, — t5/2) dt

Using (5.4) and a change of variables in the y-integral, we can show that S; is smooth
(see the proof of Proposition 4.10 in [JN] for details). By the localisation properties of xq
and g, S; vanishes outside a compact set in the variable x.

Let us COHSldGI‘ the term with indices («; 5;/; 8') and without the numerical factors in
the double sum in (5.5). Its Weyl symbol is given by

Sg;)ﬁ;a’;ﬁ’ (E §)

X (%)ﬁw (X] (y) aa(yiz; +1;/2) "o (y; 2, — tj/2)>

X (Pa-l—ﬁ(_aar) Pa’-l—ﬁ'(ax) |:L,|5+2\a|+2|5\+2\a/\+2\6/|) dt .

|lz=t;

ly=2;

Let Xo; € C(R?*R) such that Xo; = 1 on the support of xo; and Yo,;X; = Xo;- Let
Xo. ) € C>(R3; R) such that )26 o(j) = lon the support of Xoc i and Xoc j)X] XIO;c(j)' By

Fubini’s Theorem, the previous symbol splits into a product S Jﬁa) 5 (z; €. )Sa]ga 5,(55]»; &)

where
Sepp(@E) = / e (25 +1/2) X5 (g~ 15/2)
R3(N-2)

O N\B+B" 1 a’
< (3) (S aalyiz +14/2) T (gsay ~45/2))  dt

ly==;
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and
S (X5:65) = /RS €™ Yoy (25 + 43/2) Xoe(yy (27 — 15/2)
< (Paw(—&p) Pa’+5’<a:r) |x‘5+2|a+26|+2|o/|+2|5/>| dtj ’
r=t;

In both integrals, the integrand vanishes out51de a compact set. By standart derivation

under the integral sign, we see that S(] 5 ,5/ (resp. Sc(j 5] )a .3) 18 a smooth function of

(52 §j) (resp. (z;;¢;)). By (5.5), the Weyl symbol (see (5.2)) of the map

(z;2") = xo(@)RY) (2 — afs (x5 + 2) /2 253 2) x5 (") (5.6)

is also a smooth function. Since the function RY) belongs to the class C™, we can show,
using m times the identity (2.1) with (z;&) replaced by (¢; &), for nonzero &, and integra-

tions by parts, that the Weyl symbol of (5 6) belongs to S™™(R3NV-1 x R3WNV-1)),

We further observe that the function SY: ﬁ o 5/ vanishes outside a compact set in the vari-

able x and so does S(] 9 w5 Outside a compact set in the variable z;.

Using repetitively the 1dent1ty (2.1), with (x; &) replaced by (§j, t;) with nonzero §j, and
integrations by parts, we see that Saﬁ o € S™(R3W-D x R3NV=2)),
We now claim that SY4), € S~ (S+lalHBIHHFD (R3 x R3). This property will imply that

«; B o
the symbol S(]ﬁ o belongs to the class S™EFlalHIBHI/HFN (RIN-1) » RIWV-1)),
We first use (4. 23) in Lemma 4.6 to write, for some («; §; ; 5’)-dependent constant c,

S(J,J, ,5/(177 g]) = C/R3 eiti X0;j (xj + tj/Q) XO C(J)( — b /2)
X /3 " Foyg(n) Forpg (—n) dn dt;
R

+ C/R3 i€j JXOJ(.T] +1; /2)X0c(])( t/2) S(t )dtj.

Since the function S is smooth, we can check, using the identity (2.1), with (z; ) replaced
by (&;;t;) and integrations by parts, that the last integral belongs to S™°(R* x R?). By
Fubini’s theorem, we rewrite the previous double integral as

C/ Foirs(n) Forsp(—n)
R3
» /3 T 0 (2 + 15/2) Xy (27 — 5/2) dt; dny
R
= [ Fusaltl = &) Farsal§y — ) () (5.7
R

where si(n') = / et XOJ(ZL‘j +t; /2) XOC])( —t; /2)
R3
Using again (2.1), with (x; &) replaced by (1/;t;) and integrations by parts, s; satisfies
VEkeN, 3¢, >0; Vo e R\ {0}, [7/)"[s;(n)] < cx . (5.8)
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Take &; € R? with |[§;] > 1. By (5.8) and the boundedness of the functions F, (cf. (4.8)),
the contribution to the integral (5.7) of the region {n’ € R? |n'| > |§|/2} is bounded
above, for all k € N, by 2%¢;|¢;| 7% times the L*-norm of F, s times the one of F, s
For the contribution of the complement, we use the Taylor expansions with exact integral
remainder

1
Forp(n—&5) = Fayp(=&5) +/0 VEup(rn—¢&;)-ndr

and .
Foip(&G—n) = Farp(&) — /0 VEyip(& —mn)-ndr

to get

/ Foss (1 — &) Faror (& — ) 55(n) i
Inl<[&;1/2

= Fois(—6) Fuss (&) / s dn + R

In'|<I€51/2

such that |R(&;)| < d|&| 0 UalHBHHID " for some ¢j-independent constant d > 0,
thanks to (4.8). Thus

/ Foes(1—65) Faror (65—1) 85(n) dny = Foys(—E;) Fuvan(€;) / 5;(n) dn + R(E,)
Inl<[€1/2 -

where R’ satisfies the same estimate as R, thanks to (5.8). Using (4.8) again, we obtain
that, uniformly w.r.t. z;,

SUD  a(x53&5) = clg eI+ /}R3 s5(n) dn + O([g;| 70~ (aHPHHIDY

Now, we observe that we may apply the above argument to any partial derivative of the
function Sy Us J w3~ This proves the claim.

Coming back to S}, we use (5.5) and the previous results for an integer m > 8 +n; + nc(])
to get S; = SJQ + R where R € S99~ nc(ﬂ)(R?’(N D x R3WV-1D) and S]Q is given, up to a
multiplicative nonzero constant, by

S8 = D X)) o (1) N (@) Fa(—&) For (&)

\a\:nj,
(ll :n/ .
lol c(4)

S /) X (e - 1/2)
X ao iz +t5/2) o (2525 — t/2) di;

= X0 () Xo.e() (%) / ¢S x; (2, +,/2) X (a; —t,/2)

R3(N-2)
X Z (—=&5) aq IL‘j,ZL‘ +t/2)
la=n;

X Z (5]) (:Ej, L t/2)

lo/|=ny, )
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In particular, S; € § 8T (R3NV=D xR3V=1) " Assume that, for some g > 8+m;+ng ),
S; € STURMNTY 5 R¥N=V) then S? must vanish identically. This means that, on a small
neighbourhood of (2;2"), the above Fourier transform is zero. Since the Fourier transform
is injective, the product of the two sums must vanish identically as well. Each sum being
real analytic, one of them must vanish identically. By Lemma 4.3, this implies that either
all the functions a,, with || = n;, vanish near Z or all the functions ag,, with [a/| = n;,
vanish near 2”. As in the end of the proof of Lemma 4.7, this contradicts the definition
of n; or the one of n .
By (5.3), we see that the Weyl symbol of K belongs to S8 P(R3 V=1 x R3V=1) " Let
¢ € D\ {j}. We saw that the nonzero S} and S} have different asymptotics as [£] — oo.
Therefore any term in the sum in (5.3) cannot be compensated. Since these terms do not

belong to STI(R3 V=D x R3V=1) 50 does the Weyl symbol of K. O

Appendix.

For completeness, we prove in this appendix Lemma 2.1 and Lemma 4.3.

Proof of Lemma 2.1: Recall that, for the integrable function g : R? — C, its Fourier
transform F) is given, for £ € RY, by (2.3), namely

R©) = [ e glayde. (A9)

1. Since g is continuous and compactly supported, we can derivate indefinitely many
times w.r.t. to £ through the integral in (A.9). This shows that F} is smooth.
Since g belongs to the class C*, we can integrate by parts k times in (A.9), thanks
to the identity (2.1). This leads to

R = It [ et o) do
Rd
for some compactly supported, continuous function g;. Since the latter integral is
bounded w.r.t. £, we get the desired result.

2. By assumption, F is integrable on R?. Thus, we can recover g from F, by the Fourier
inverse formula (2.5): for z € RY,

oa) = (2 [ o e (A.10)

Rd

By assumption, the partial derivatives of (z;&) + €'¢® F,(§) w.r.t. x up to order
E(r) are &-integrable thus, by Lebesgue’s derivation theorem, we can continuously
differentiate £(r) times under the integral sign in (2.5) yielding the C*") regularity
for g. O
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Proof of Lemma 4.3: Let n € N. Assume that the map

RS ¢ = Y caFalf),

|a)=n

for complex coefficients c,, is zero identically. Since the Fourier transform is injective, the
map
R*> 1 Z Co |zl 2% (|2]) (A.11)
|a|=n

is also zero identically. Thus the real analytic map

R*>z — Z Co, 2%

|a)=n

is zero identically on the non-empty open set {z € R3\ {0}; x(|z]) = 1} and therefore
everywhere. Since the homogeneous polynomials x +— 2%, for |a| = n, are lineary inde-
pendent, all the ¢, are zero. Thus, the functions F,, are lineary independent.
Assume that the map

RS ¢ = ) caPulf),

|laj=n

for complex coefficients c¢,, is zero identically. By Lemma 4.2, we thus have, for |{| > 1,

Z Ca Fa(§) = O(|€|_5_n)-

|lal=n

By Lemma 2.1, the function (A.11) belongs to C"™!. By Lemma 3.4, this function must
be zero identically near 0. By a previous argument, this shows that all the c, are zero,
yielding the linear independence of the P,, for |a| = n. O
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