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AN EXAMPLE OF ACCURATE MICROLOCAL TUNNELING
IN ONE DIMENSION

ANTIDE DURAFFOUR AND NICOLAS RAYMOND

ABSTRACT. We investigate the spectral analysis of a class of pseudo-differential opera-
tors in one dimension. Under symmetry assumptions, we prove an asymptotic formula
for the splitting of the first two eigenvalues. This article is a first example of extension
to pseudo-differential operators of the tunneling effect formulas known for the symmetric
electric Schrodinger operator.

1. INTRODUCTION

1.1. Motivation. This article is devoted to the spectral analysis of a microlocal version
of the Schrédinger operator —h?A + V(z). This differential operator has drawn a lot of
attention since the eighties, especially with the mathematical study of quantum tunnelling.
A manifestation of this phenomenon is the effect of symmetries of V' on the spectrum of
the operator in the semiclassical limit A~ — 0 and has generated much interest lately. The
most prominent results in this direction go back to the papers by Simon [23, 24, 25, 26|
and the famous Helffer-Sjostrand series of articles [12, 14, 13, 15] establishing tunneling
formulas. These articles motivated the study of purely magnetic tunneling effects, see for
instance |3, 5|]. These recent works have cast a new light on the semiclassical analysis of
the magnetic Schrédinger operator by revealing the central role of the microlocal approach,
developped for instance in [27] and also in [17, 16, 18, 20, 19|, to tackle spectral problems
(see [1] where this view point has recently been used). Especially, the core of the strategy is
a microlocal dimensional reduction that leads to an effective pseudo-differential operator in
one dimension, even though the original operator is differential. These recent advances lead
us to explore tunneling effect for pseudo-differential operators. In this context, there are no
known tunneling estimates as accurate as those established in the Helffer-Sjostrand papers
(or in the works on the Witten Laplacian, see, for instance, [11, 21]|). The reason for that is
the absence of exponentially sharp estimates for the eigenfunctions in general, even though
there exist a priori bounds, see for instance [18].

In the present article, we tackle the case of a family of pseudo-differential operators in
dimension one, whose form appears in [5| (where the tunneling effect is determined by sub-
principal terms). Namely, we consider the pseudo-differential operator %, given by

2 = (a+ hb)",
where a and b are real valued and belong to the symbol class
S(R*) = {p=p(z,£) € €*(R*) : Va € N*,3C, > 0: |0°p(z,&)| < Cu},

and where p* denotes the semiclassical Weyl quantization defined by

1 )
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2 A. DURAFFOUR AND N. RAYMOND

The operator .7, is selfadjoint and bounded, from L?*(R) into L?*(R), in virtue of the Calder6n-
Vaillancourt theorem.

1.2. Framework, heuristics and main result. In the whole article, one will work under
the following assumption on the principal symbol a.

Assumption 1.1. The real valued function a € S(R?) depends on & only and we simply write
a(z,€) = a(€). It has a unique minimum at § = 0, assumed to be 0, which is non-degenerate
and not attained at infinity. Moreover, the function a has a holomorphic extension to the
strip ¥, = R+ i(—r,r), for some r > 0.

Near ¢ = 0, the symbol a shares the same features as the symbol of the Laplacian £2. One
could also consider a in a slightly more general class containing £2. To avoid the corresponding
technicalities and to keep the proof as transparent as possible, we choose to focus our attention
on the bounded case. Let us now describe the type of analytic perturbation that we want to
deal with.

Assumption 1.2. The function b belongs to S(R?) and it can be extended to R x X, holo-
morphically in the sense that b(x,-) € O(X,) for all x € R and that b € S(R x %,).

We recall that we want to discuss the effect of symmetries on the spectrum of p*. That is
why we make the following assumption.

Assumption 1.3. The functions a and b are even in the sense that they satisfy p(—X) =
p(X) for all X = (z,£) € R?. Moreover, x — b(x,0) is non-negative and attains its minima
at ezxactly two points xy < 0 and x, = —xy > 0, which are non-degenerate minima. We
assume that b(xe, 0) = 0 and we let
boo = liminf b(z,0) > 0.
|z| =400

Note that a(§) = &2 (which doesn’t satisfy Assumption 1.1 though) and b(z, &) = V(x)
satisfy Assumption 1.3 as soon as V' is a non-degenerate symmetric double well, which is
covered by [12].

Let us now discuss the heuristics that will allow us to guess and formulate a tunneling
estimate for .%},. We notice that

%, = Op¥(a(h&) + hb(z, hE)),  with h = h?

which follows from a dilation in the integral defining the Weyl quantization. Naively, we write
the formal expansion

a(hE) + hb(z, hE) = h (a”<0)€2 +b(z, 0)) + Oc(h

Nlw

. )

If we forget the a priori non uniform remainder, we are reduced to a Schrodinger operator
with double well potential. We denote

a//(O)
2
and we can recall the classical tunneling estimate (see, for instance, |9, 10, 22| and the

pedagogical paper [4, Theorem 1.2]). The spectral gap between the lowest two eigenvalues
satisfies

My, = —h?

02 + b(x,0)

No( ) — M (M) = (14 o(1))Ahze 7 (1.1)
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2 o ,
S:’/a"(()) / Vb(s,0)ds, V(s)=b(s,0), k= V) (x).

Moreover, for some ¢ > 0, A\3(A}) — Xo(Ay) > ch.

Surprisingly, even though h.#}, is a rough approximation of our operator %}, the estimate
(1.1) provides us with the one term asymptotics of the spectral gap for .%},. In fact, our ana-
lyticity assumptions will allow us to deal with the remainders and describe the eigenfunctions
and their exponential decay (see Section 1.3 below).

Here is the main theorem.

Theorem 1.4. Under Assumptions 1.1, 1.2 and 1.3, we have
X (Zn) — M (%) o h(Ao(Ay) — N (A))

Moreover, for some ¢ > 0, A\3(.%,) — Xao(Z) = chs.

1.3. Organization and strategy. We follow the same guidelines as in the "differential"
case (see, for instance, the Bourbaki exposé [22] and |7, Chapter 6]). On the one hand, we
will see that a corner stone of the analysis is the celebrated Fefferman-Phong inequality (in
an exponentially weighted space). This allows us to extend the Agmon estimates, which are
of local nature, and yields optimal WKB approximations adapted to the pseudo-differential
context. On the other hand, the stationary phase theorem reveals an effective Schrodinger
operator that makes our heuristics rigorous.

In Section 2, we explain why the bottom of the spectrum of .}, is discrete, see Lemma
2.1. Then, we start discussing the spectral analysis of the one-well operator %}, obtained
after sealing the right well, see (2.1). The main result in Section 2 is Proposition 2.2, where
we describe WKB quasimodes for %, ,. The proof of Proposition 2.2 is given in Section 2.2
and it relies on a classical WKB construction for pseudo-differential operators, which is itself
based on the stationary phase theorem (see Appendices A & B).

In Section 3, we provide the reader with the one-term asymptotics of the low-lying eigenval-
ues of .}, 4, see Proposition 3.1. In particular, we show that these eigenvalues are simple and
separated by gaps of order h2. The proof relies on Proposition 2.2 and on a microlocalization
lemma, namely Lemma 3.3, which shows that the eigenfunctions of .}, , are microlocalized
near (z,£) = (x,0). The localization in z is more subtle than the localization in £ since
it originates from the behavior of the subprincipal symbol (which requires the use of the
Fefferman-Phong inequality to be analyzed). These microlocalization results can be adapted
to the two-well situation and they allow to prove a first estimate of the tunneling phenom-
enon, see Proposition 3.2. The spectrum of the double well operator is described, modulo
O(h®), as the union of the spectra associated with the one-well operators. The eigenvalues
are distributed by duets, each duet being separated from the others by gaps of order ht.

In Section 4, we improve the localization result near x, by establishing optimal Agmon
estimates, see Proposition 4.1. This proposition is an elliptic estimate for the conjugated

operator .,?h“fg = 6%3}%(67%. Of crucial use is again the Fefferman-Phong inequality, but
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this time in the refined symbol class Ss, s,(R?), see Appendix A. In Section 4.2, we apply
Proposition 4.1 to get optimal exponential decay estimates of the one-well eigenfunctions
(see Proposition 4.4) and, most importantly, to a get a very accurate approximation of the
eigenfunctions by the WKB quasimodes, see Corollary 4.5. This approximation looks quite
similar to that in the Schrodinger case (see [4, Proposition 2.7]). However, we emphasize that
we are here in a pseudo-differential context (which is even rather degenerate) and that such
good approximations are rare.

Section 5 is devoted to the proof of Theorem 1.4. To do so, we follow the method originally
described in the Helffer-Sjostrand papers. We first establish Proposition 5.1 by showing that
the space spanned by the WKB quasimodes is a good approximation of the space spanned
by the eigenfunctions associated with the first two eigenvalues. The key step is Lemma 5.3.

Then, we study the interaction term, see Proposition 5.5. Here, the analysis deviates from
the usual strategy consisting in representing the interaction term by means of an integral
running over an interface between the wells (see [4, Section 4.1] in dimension one). This
strategy cannot be used in our pseudo-differential context since it is based on an integration
by parts. Instead, we directly replace the one-well groundstates appearing in (5.2) by their
WKB expansions and we use the stationary phase theorem. We end up with an integral that
can be computed explicitely thanks to the transport equations determining the amplitude of

the WKB Ansatze.
2. THE ONE-WELL OPERATOR AND WKB CONSTRUCTIONS

This section is devoted to the analysis of the left "one-well" operator % ¢, obtained by
sealing the well on the right. This operator is defined as follows. We consider

ofh,g = ‘iﬂh + k’g(ﬁ) , (2.1)

where k; is a non-negative smooth function with support in D(z,,n) and such that the
function x — by(z,0) = b(x,0) + ke(x) = V(x) + ke(x) has a unique global minimum at z,.

Yy Yy
vV bg(ﬂf, O)

FIGURE 1. Sealing a well

In a similar way, we define the operator on the right:
thm = gh + /{54(—1’) .
Considering the symmetry operator
. v = (=)
v { [XR) — IA(R) (22)

we observe that %}, , = U*.%}, .U. Thus, by unitary equivalence, all the results that we prove
for £, , will hold for %, ,.
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The following lemma, which is proved in Section 2.1, shows that the one-well operators
have necessarily discrete spectrum below the threshold b..h.

Lemma 2.1. Let C € (0,by,). There exists hg > 0 such that, for all h € (0, hg), the spectrum
of L below Ch is discrete.

The non-emptiness of the discrete spectrum follows from WKB contructions. We let

[ v

which is a €>*°(R) function since s — sgn(s — x)1/be(s,0) is smooth.

Proposition 2.2 (WKB quasimodes). Let n € N*. There exist
(i) a smooth function u,(-,h) and a family (u, ;)jen of elements of S(R) satisfying (in the
sense of asymptotic expansions in S(R) as deﬁned in Appendi:): A)

unxh E Up,j(x ,

j>0

Pp:x e R— : (2.3)

a/l(o)

where u, o solves the transport equation

(i@g(x)ﬁfl)g(w, 0) + %(O)q)’é(x) +a"(0)®y(x)0, — (2n — l)co) Uno =0,

(02 b@e0) _ .
%0 )

ii) a real number \WXB(h) and a family of real number (\,.;)ien satisfying
n D70

W) < S A it A= (o e

j=3

with ¢y =

such that the following holds.
Considering a smooth function x with compact support' that equals 1 in a neighbourhood
of xy and letting

sle

WP = B S xup eV (2.4)

we have
H (gh,é _AWKB () wWKBH = O(h™) ‘\I]WKBH
In particular, we have
A(Zho) < (20 = 1)coh? + o(h?).

<
2.1. Proof of Lemma 2.1. For all z < C, we have
Lhe — zh = [a(§) + hbe(z, ) — 2)]"
Thanks to the Taylor formula,

1
0

so that
a(§) + h(be(z,§) — 2) = a(§) + h§R(x, &) + h(be(z,0) — z) .

'From now on, the space of such functions will be denoted €5°(R)
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Let us consider a partition of the unity x;(§) + x2(§) = 1 with x; = 1 near £ = 0. Moreover,
the support of y; si chosen so that

M = ‘ng($af)"L“(suppx1) + C< boo- (25)

Then, we write

a(§) + h(be(x, &) — 2) = [a(§) + hER(z, §) + h(be(x,0) — 2)]x1(£)
+ [a(§) + h&R(x,§) + h(be(z,0) — 2)]x2() -
There exist €, hg > 0 such that for all h € (0, hy), all (z,§) € R?,

[a(€) + h&R(x, &) + h(be(x,0) — 2)[x2(€) = ex2(§)
and
[a(€) + h§R(x, &) 4 h(be(x,0) — 2)[x1(€) = h(be(x,0) — M)xa1(§) -
Thanks to (2.5), there exist ¢g > 0 and W € 65°(R) such that
bg([E, 0) - M + W(,I) 2 €0 -
Therefore,
a(§) + h(be(z, ) — z) + AW (2)x1(§) = min(e, eh) = €oh,
as soon as h is small enough. With the Fefferman-Phong inequality (see Appendix A), we
deduce that, in the sense of quadratic forms and for h small enough,

h
i —hz kW >, = (W()a(©)".

Thus, the selfadjoint operator .}, — hz + h.#), is bijective. Since %}, is compact, it follows
that %, o — hz is Fredholm with index 0. The discreteness of the spectrum below Ch follows
from the analytic Fredholm theory.

Remark 2.3. The proof of Lemma 2.1 can easily be adapted to the double well operator .%,.
Therefore, it indeed makes sense to study the spectral gap.

2.2. Proof of Proposition 2.2.

2.2.1. WKB expansions. Proposition 2.2 is essentially a consequence of the following, stronger
one.

Proposition 2.4 (WKB constructions). Letn € N*. There exist a family of smooth functions
(tn,j)j=0 and a family of real numbers (A, ;)3 such that the following holds. Let J > 1 and
X € €5°(R) equal to 1 on a segment I containing x,. Letting

J J+3 '
dly =S kb, M) = hht,

we have

He% (Lot — NI(1)) (Xu;{}he*%) Hmz) — o). (2.6)

Explicitely, \p3 = (2n — 1)co and we can take

up o) = (%/?))M exp (— /z j (cpg(sz) 7 g(“) + a”i 0 0)) ds) . (2.7)
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@ Py
Proof. In the following, we drop the reference to n. Setting f,f ;= 67%3}17@677%, we want
to find functions u; and numbers A; such that

J+4

(Lot = M(R)) (xu!) = O (7). (2.8)

Thanks to Lemma B.2, the action of ff ; on 6;°(R) is that of a series of differential operators:
there exists a family of differential operators (P, (z, D,))o<y<s+3 such that

g,f;(xuﬁ;’] > W2P(x,D 2O + O ooy (h7)

0<Y<J+3

J+4

where the first few operators are explicitely given by
Py(z,D,) = a(0) =0,

Pl(x,D)—z(ID’( Ja (0):(), 59
Py, D) = — 00 ()2 + ey ) =0 (29)
Py(z, D,) = zq>;(x)a£bf(x 0) + CO @7 (x) + o (0)P)(2)d, .

J+4

Therefore (£2, — AV1(h))(xu") = Ope(ry(h”3") if and only if Ag = A\ = Ay = 0 and the
(Aj, u;) satisfy the transport equations

{ <P3(:U7 Dx) - )\3)“0 = 07 (2 10)
(P3(z, Dy) — A3)uj = bj + Ajpsuo, J =1, '
j+2
where b; := —Pj3(x, Dy)ug — Z(Pv(x, D) — Ay tj—nts.
y=4
Let us start by solving the first transport equation, which can be written as
. 1 A3

where

1 ) () — ()
T()‘37‘r) - CL”(O) ( ( )afbf< 0) iA3 (1)2/(x€> ) :
(>\3 z)

It satisfies that © — () is in €°(R). Since @) vanishes linearly at z;, for every A3 € R,

the differential equation (P3(:c, D,) — A3)up = 0 can be solved on |z, +oo[ and on | — oo, z].
In both cases, the space of solutions is spanned by the function

€T — (I)}(.T) o’ (0)@) (zy) 2 exp (—Z/ T((I),Zzsj>d5> ) (212)
Ty Y4

Therefore, there is a smooth solution on R solution if and only if there exists n € N5; such
that

A3 1
a"(0)®y(ze) 2
From now on, we take A3 = A\, 3 = (2n — 1)co. With this choice, (2.12) becomes

r — ®)(z)" exp (a"_—(z())/ 85b(s,0)ds) exp (—(Qn—l)/ %%{st) . (2.14)
Ty Ty l

—n—1. (2.13)



8 A. DURAFFOUR AND N. RAYMOND

The other transport equations in (2.10) become

(ir(Ang, ) — (n — 1)®Y(z) + Py(x)0y) Unj = by j + A j3Uno - (2.15)
Letting t, ; 1= Uy, j €xp ( fé T(gjb(?; 8 ds> and bm = by exp ( fé r(gy(:; +5) ds> (2.16) becomes
(—(n — 1)@} (z) + ®(2)8y) Unj = bnj + Anjssling - (2.16)

Here again, by the theory of ODEs, the solutions in (—oo, ) and (z,,+00) form one
dimensional vector spaces. To prove that there exists global solutions it suffices to prove that
there exists a € solution well defined near x,.

The Taylor formula ensures the existence of () ;)o<k<n—1 € R™ and of r,, ; € > (Neigh(z,))
such that, near x,,

bnj () = (0 ; + 0 ;(P(2)* + -+ + af 31 ()" + 1 (2) (P(2)") @f () -

Setting U, ; = > p_ g - OE’” )(<I>’) and choosing A, j+3 = O‘ny , we get
d\ - ~ ~ -
<—(n - 1)®] + @25) (Up,j — Unj) = (®))"Ty; with 7, ; € € (Neigh(z)). (2.17)

This last equation has smooth solutions of the form (®})"s,, ; in a neighbourhood of z,. This
proves that the equations (2.10) have smooth solutions on R and concludes the proof. O
2.2.2. Proof of Proposition 2.2. For all n € N5, the Borel lemma provides us with

— a smooth function u, (-, h) having the asymptotic expansion ). un (z)h2,

— a number \)V¥B(h) having the asymptotic expansion Y. 5 An b2,

with the u, ; and A, ; given by Proposition 2.4. Let us recall that ¥}V 7 is defined in (2.4).
We first deal with n =1,

2%, (x)

|WWKB 2 = i / ©(@)lunn(@)Pe Vi da

We recall that, on the support of x, we have uy; = uio + O(h%) and we apply the Laplace
method to get

(ST

[0 = g lmat@dl + O = 1+ O(h3),

where we used (2.7) (especially the normalization constant). Thanks to Proposition 2.4, we
obtain
|(Zoe = AP (RY) WIE| L = O()

Then, we have

[(Zhe = M) ‘PXVKBHLz(c =

@ 1
6—7%<sz = B () ()|

L2(CI)

= O(h™),

where we used ming; &, > 0 and Lemma B.2 for the last estimate. By using the spectral
theorem, this establishes Proposition 2.2 when n = 1.

(Ll = AV (R) (3 xun)

LOO(CI L2(Cn)
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For n > 2, the estimate follows in the same way except for the estimate of the L?-norm
where we use Lemma B.3 (to deal with the fact that u, ¢ vanishes at z,), which gives O(h™) =
O(h>) WP .

3. FIRST TUNNELING ESTIMATE
This section is devoted to establishing the following two propositions.
Proposition 3.1 (Microlocal harmonic approximation). We have, for alln > 1,
A(Zoe) = (2n — 1)egh? + o(h?) .
Proposition 3.2 (Rough tunneling estimate). We have
X (L) — M (L) = O(h™),  M(Z) = M (L) + O(h™),
and for all ¢ € (0,cy), letting h small enough, As(Z,) — Xa(Z) = chs.

3.1. Microlocal harmonic approximation.
3.1.1. Microlocalization.

Lemma 3.3 (Localization of eigenfunctions). Let n € N>y and consider the n-th normalized
eigenfunction Yy, of Lhe. Let § € (O, %) and p € €5°(R) such that p =1 in a neighbourhood
of 0. We denote ps : R > s — p(h=%s). Then, we have

Unn = ps(§) Unm + O ) Vnn s Ynn = ps(x — 20)bnm + O(RT)Pp -

Proof. In order to lighten the notations we will write, only in this proof, A\,(h) = A\, (Zhe)

and recall that \,(h) = O(h2). We consider the auxilliary function p € €°(R) equal to 1
near 0 and such that (1 — p)p = 0.

First, let us consider § € (0, %) and prove the microlocalization in £. It suffices to find some
pseudo-differential operator (), solving

Qn(ZLhe — An(h)) =1 = ps(§)” + O(h™)
and evaluate the previous expression at v, ,. By Taylor expanding a near 0 at first order, we
have ¢ > 0 such that
a(€) + hb(w, ) + p5(€) — Aalh) = ch®.
Using then the Fefferman-Phong inequality in S5(R?) this proves that %, — A\,(h) + ps(£)™
is bijective (for h small enough). Thanks to the pseudo-differential calculus, we know that
(Lhe — Ma(h) + ps(&)*)~! is a pseudo-differential operator, of symbol g, € h~% S35 and of
norm O(h~%). We obtain
@ (Lhe — An(h)) =1 — g/ ps(§)". (3.1)
Finally, notice that (1 — ps)ps = 0 and [|g"| = O(h~%). Multiplying pseudo-differential
operators with disjoint supports (1 — ps(€)”)gr ps(£)” = O(h>) thus
(1= ps(©)")ai (Lo —A) = 1= ps(§)” — (1 = ps(§)")ai ps(§)" = 1 — ps(§)” + O(R™). (3.2)
To conclude it suffices to use (1 — ps(£)*) gy’ (Lhe — An(h))Ynn = 0 and the previous equality.
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Let us now turn to the localization in . We solve once again, letting § € |0, Z—i),
Qn(Lhe — M(h)) =1 — ps(x — x0) + O(R™).

Notice that by Taylor expanding b to the first order and using Young’s inequality
a(€) + h(b(x,&) + ps(x — x0)) — Aa(h) Z h'T2.

Using the Fefferman-Phong inequality in Ss(R?), there exists ¢ > 0 such that, in terms of
quadratic forms,

Loow + hps(x —z0) — Mp(h) = W2 — 3740 > cptt®,
This proves that £, + hps(z — x;) — A, (h) is invertible. We then write
1= (o%h’e—l-hﬁ(s(l’—l‘g)) — /\n(h»_l(.ﬁ/ﬂh’g—)\) +h($h’g+hﬁ5(x—$[) —)\n(h))_lﬁg(l‘—l‘g>. (33)

By the pseudo-differential calculus we know that the operator (%, ,+ hps(z — x) — Ao (h)) !
is a pseudo-differential operator, we denote g, its symbol belonging to h~1729S35(R?) and
obtain

@ (ZLhe = An(h)) = 1 = hay'ps(x — ). (3.4)

Finally, since (1 — ps)ps = 0 and ||| = O(h~'=2%), by multiplication of pseudo-differential
operators with disjoint supports (1 — ps(z — x¢))q}’ ps(z — x¢) = O(h*>) thus

(1= ps(x = 20))ay (Zhe = An(h)) = 1 = ps(z — z¢) + O(h). (3.5)

0J

3.1.2. Proof of Proposition 3.1. We only have to prove the lower bound. For that purpose, let
us consider an orthonormal family of eigenfunctions (v;)1<;<, associated with the eigenvalues
(Aj(Zhe))1<j<n and set

E = span ¢ .

1<j<n
We have, for all ) € F,
(L0, V) < M( Lo |[0]1?
Thanks to the Calderéon-Vaillancourt theorem and Lemma 3.3, we find that
(Lo, ) = ((a(€) + hbe(w, €)1, ) = ((a(€) + hbe(x, €))" ps(€) 1, ps(€)“ 1) + O (W) [|9]1*.

Then, by using the composition theorems for pseudo-differential operators in the class S5(R?)
(see, for instance, [28, Theorems 4.17, 4.18 & 4.24]) and support considerations on pj, we get

(L0, 0) = (([a(€) + hbe(, §)]p3 (€)Y, ¥0) + O(h=)|||>.
By the Taylor formula, we have
hby(z,€) = hby(z,0) 4+ hér(z, &), r e S(R?),
and, by using the Young inequality 2h|¢r(z, &) < hO€2 4+ h2~°|r(z, £)|?, we get

a’(0)
2

[a(€) + hby(z, &)]p2 = €2(1 — Ch®) + hby(z,0) — Ch* | p2.

The Fefferman-Phong inequality in Ss5(R) (recalled in Appendix A.2) yields
(Lo, ) = Q5 (p§v) = CRP [l
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where

a//(o)

Vo e H*R), Q5(p) =

Hence, for all ¢ € F,

(1—5h5)|]thcpH2+h/Rb(95,O)|80‘2d5’3-

Qi (p5Y) < (L) + CRZ) o501
Due to Lemma 3.3, we have dim(py ') = n and the min-max theorem implies that
A(@5°) < An( L) + CH>™.
By choosing § € (0, %) and using the harmonic approximation
(2n — 1)coh®? + o(h3?) < X (Q5°) < M\u(Lhu) + o(R*?)
the lower bound follows.

3.2. Proof of Proposition 3.2.

3.2.1. Localization. Let us state a localization result for the eigenfunctions of the double well
operator, which follows from the same arguments as in the proof of Lemma 3.3.

Lemma 3.4 (Localization of .%},). Let M > 0 and p € €5°(R) such that 0 < p < 1 and p is

equal to 1 in a small neighbourhood of 0. Letting 6 € (0, %) we set, for all v € R,

8
ps(x) = p(h™*(x — x0)) + p(h~(x — ,)) .
For alln > 1, we have

&wh,n = ¢h,n + O(hoo) . (36)
Recalling the notation introduced at beginning of Section 2, we consider the tensored
operator
Zped = &, ® %, acting on L*(R) @ L*(R).
Its low-lying spectrum is made of eigenvalues of multiplicity two:
Vn € Noty  Aone1 (47 = Ao (Z07°) = A\ Lhe)- (3.7)
3.2.2. End of the Proof of Proposition 3.2. Let us consider the spaces

Fh,n = Span(?ﬁn,e, wn,r) )
which is of dimension two thanks to Lemma 3.3. Then, for all ¥, € F},, we have
(ZLh = (L)) on = O(h™)|[¥hn]]

where we used the O(h*)-orthogonality of (¢, ¢, ¥n ). From the spectral theorem, we deduce
that there are at least two eigenvalues of .2, that are O(h*°)-close to A, (% ). Thus,

Vn € Nop,  M(Z) < (L0 + O(h™). (3.8)
For all ¢ € L*(R), we let
Q) = (L, V), Qu(¥) := (Lhuth, ) for x =L,
For all (1,7) € LA(R) & L2(R), we let

Qa(1h, V) = Qu(¥) + Qr(1)) .
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Let us then consider an orthonormal family of eigenfunctions (1/;)1<;<n associated with the
eigenvalues (\;(-Z%))1<j<n and set

E = span ;.
1<j<n
We have, for all ¢ € F,
Q) < (L) 1] (3.9)

We consider x, € 65°(R) supported outside (z, — n,x, + 1) and satisfying y, = 1 near x,.
This allows to define by symmetry x, = x¢(—) and x = x¢ + x,- Thanks to Lemma 3.3, we
have, for all ¥ € F,

Q(¥) = QIxv) + O(h™)||v]|*,
and also x¢-Zx = O(h™)||¢]]. We infer that

Q) = Qx) + O(h®)|[Y|1* = Qa(xeth, x,¥) + O(h®)||4|*.

Combining this last estimate with (3.9), we get

Q@(X@zp?XTw) 00

so that, again by Lemma 3.3, we have

i Qo (X, xr1))
vere\{0} (1 4+ O(h>))([[xe|I* + [[xr[1?)

By noticing that £ > ¥ +— (xe), x,%) is injective, we deduce that

/\n(gh> >

+O(h™).

FELXRBLAR) (v h)er\(0} [[9]|2 + [[]|2

By the min-max theorem, it follows that
(L) = (1+ O(hOO»)‘n(gh,mod) +0(h™).

Recalling (3.8), (3.7), and Proposition 3.1, this ends the proof.

4. EXPONENTIAL ESTIMATES OF THE EIGENFUNCTIONS

Exponential decay estimates in the context of Schrodinger operators usually follow from
the famous Agmon estimates (|2, 12]). These estimates can be interpreted as elliptic estimates
for a conjugated operator (by a suitable exponential).

Let o € € (R) such that ¢’ = ¢ + hig, where ¢ € S(R), ¢ € S1(R). We will work
with the conjugated operator: !

S

Ly = eVE Lyl (4.1)
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4.1. A functional inequality.
Proposition 4.1. Let Cy, R > 0 and ¢ € €>°(R) such that ¢’ = ¢, —Hﬁgpg where p1 € S(R),
p2 € S1(R) satisfy p1(xe) = @2(xe) = 0 and

Vo € CB(xg, RhMY), by(x,0) — ——2¢'(2)% = Coh? . (4.2)

We also assume that there exists C' > 0 such that

Vo € B(xy, Rhi)  |p(x)] < Ch= . (4.3)
Then, for all M < Cy, there exist ¢, hg > 0 such that, for all h € (0, hy) and A < Mh%, for
all v € L*(R),

h2lo? < fl(Z = A ||Hv||+ch2||v||2

L2(CB(z¢,RhT)) (4.4)

z¢ RhT))

4.1.1. An elliptic estimate. The proof of Proposition 4.1 is mamly a consequence of the
following coercivity estimate, which is based on quadratic form manipulations like in the
Schrédinger case.

Lemma 4.2. There exist hy,e,C > 0 such that, for all h € (0,hg), all v € L*(R) and all
A € R, we have

a// 0 , 3 .
Re (27, — N)o.v) > {(hb(r.0) ~ hAD G (@)? = Mo, v) + ORE o] e

Proof. Thanks to Lemma A.2, we have
Ly =12+ Os, @ (D), pp(,€) = al€ +ih3 ') + hby(x,€ +ih3¢). (4.5)
Since ¢’ is bounded and by the Taylor formula, we find r;, belonging to S(R?) such that

Re(py,) = a(§) + hbe(x, &) — hgp'(x)Q%(g) + RPry(z, €) .

We have

Re(p,) = a(€) + hby(z, 0) — b/ (2 L0

2

(O (@ +6n(@.€) + ri(a,), (46)

1

with 7(§) = a”2(£) -2 0 and r; € S(R?) given by the Taylor Formula. By using that

¢ € L*(R), there ex1sts C' > 0 such that, for all (z,£) € R?, we have |R(x,¢)| < Cy/a
Using Young’s inequality with € € (0, ) we get

Chy/al + K2,

so that

hRy,(z, &) 4 hPry(x, &) + Ch (a({) + h2_26) >0.
The symbol in the left-hand side belongs to SiO(Rg) defined in (A.1). We can factor out h¢
and then apply the Fefferman-Phong inequality in the class Si’O(RQ) (see Theorem A.1 for
details). This gives, in the sense of quadratic forms,

[th(ﬂfyg) + h2rh($’§) + Che ((1(5) + h2_26)]w > —Ch%"'g'
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Combining this with (4.6) and (4.5), we obtain, for all v € L*(R),

Re ((;5,”,;’?K — A)v,v) = <(Re$,f€ — A)v,v)

"
TO (w2~ o) - Cneof”

Since a is non-negative, the result follows. O

> ((1 = Ch%)a"v,v) + ((hbe(z,0) — h

4.1.2. Proof of Proposition 4.1. Applying Lemma 4.2 and using the condition on A, we get

h/R(bg(x 0) — ¢'(x )2%(0) (M + ch)h )|v|2dx Re (&L, — Nv,v),

so that, with (4.3),

2a"(0)

h/ ) <bg(x,0) — ¢ (x)*——= — (M + ch)h é) lv]*dx
|z—z¢|>Rh4 2
< Re <($;fz — A)v,v) + ch? v H;(B( Ry

Then, (4.2) provides us with
% / (Co— (M + ch))[ofde < Re (L5, — No, o) +chi o],
|w—x¢|> R ’ 20, Rh1))

It remains to use the Cauchy-Schwarz inequality and the conclusion follows.

4.2. Consequences. Let us now analyze the exponential decay of the eigenfunctions of .Zj, .
We recall that ®, is given by (2.3)

\/ (s,0)ds| .

The behavior at infinity of ®, will not be important in the analysis. That is why we consider
a bounded version of it, denoted by ®,. We take A > 0 such that, for all x ¢ [—A, A],
Oy(x) > Py(x,) and define the following.

(4.7)

Lemma 4.3. There exists a function ®; € S(R) such that:
- EIV)@ = (I)g on [—A,AL

— &, is constant on 0[—2A, 24],

— By(£24) < By(£2A),

— for allz € R, (z — x0)®)(z) >0,

— || < |®)| thus By < By

Proof. We consider xo € 65°(R) such that xo =1 on [—A, A], xo =0 on R\ [-2A4,2A] and
0 < xo < 1, and define

Ve eR, &yz)= /w Xo(8)®y(s)ds.

Ty

It is then straightforward that ny satisfies the desired requirements. O
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Due to Proposition 3.1, there exist hg, M > 0 such that, for all h € (0, hy),
M (L) < Mh? . (4.8)
In the following, we let u(h) = A\ (L) -

Corollary 4.4 (Agmon estimates). Let € € (0,1) and ¢, a normalized eigenfunction of £, ¢
associated with the eigenvalue p(h). There exist C,hg > 0 such that, for all h € (0, hy),

% Ry < Cllnl -
Proof. We let ¢ = /1 — =d,. It satisfies the assumptions of Proposition 4.1 with Cy > M

and @9 = 0. Indeed, we have

O 5 10,0) — O

and there remains to use the quadratic behavior of by(-,0) near z, and to choose R large
enough to get (4.2).
Then, we consider the eigenvalue equation

(Lo — p(h)) Y =0,

be(x,0) — (@))% = eby(x,0),

which is equivalent to
(L —n)v=0, v=eVity,
where we recall the notation (4.1). Applying Proposition 4.1 to v = e%wl, we find that

||U|| g CHUH[?(B(:Eg,Rh%{)) ‘

Thus, by using that ¢/v/h is bounded on Bz, Rh%), we get some constant C' > 0 such that

e/ bl < Cllainl| -
0

Let us now turn to the WKB approximation of 1. More precisely, we want to have an
exponentially sharp approximation of v, on the interval K = [—A,z, — n], for n > 0 small
enough. This will follow from Proposition 4.1. We consider x, € €5°(R) such that y, > 0,
X, = 1on [-2A,2A4] and x, = 0 on (—o0, —34) U (34, +00).

ol
We recall that our WKB quasimode is W)V EB = h’%&e_\/*%um, see Proposition 2.2.

Corollary 4.5 (WKB approximation). Let II,, the projection on the groundstate of L.
Then, we have

2y
Heﬁ (0P — Hh,é‘I’XVKB)’

=0O(h™).
L) (h%)
Proof. The idea to use Proposition 4.1 with a weight ¢ that is a refined version of /1 — effg
close to xy. For that purpose, for R > 0, N € N, we let
= Py (s)

on(x) == Dy(x) — Nh3 /I prn(S) ?{BK(S)dS’
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where the function pgj, is given by

(3—@)
Pr(S) == p I

with p € 5°(R) satisfying p =1 on EB(O 1), p = 0 and suppp € EB( ) We notice that
~ 1 hZ(I)’
@), =Py —hiNprp— £,
¢
_ hi®),
where @) € S(R) and Npgp—=— € S1(R).

¢
Let us establish (4.2) with Cy > M (M being given in (4.8)). Away from a small neigh-
bourhood of z, denoted by Neigh(x,), (independent of h), we have mingyeign(s,) P¢ > 0 and
this implies, for all x € CNeigh(z,),

2
~ 1 N 2b N
(0 (2))2 < 32(a) [ 1 — b3 ) S 2@ O o —rom .
h V4 . "0 .
MINgNeigh(z,) Pe a”(0) MINgNeigh(z,) Pe

(4.9)
Thus (4.2) is satisfied outside Neigh(zy). Then, we choose R = R(N) so that ®,(z, +

LRAY%) > Nhz. Thus Nh?‘j < lon {pr = 1}. Therefore, for all z € CB(x,, Rh'/*)NNeigh(z,),

el 0= %(0)%(93)2 > e (1 (- Nh2>2>

®,
L a”(0) Nhz
> Nh2 2 —
h2 5 c( o,
"
> Nh%a éo)c,

where we used that 2 - ) is continuous near x, and bounded from below by a constant ¢ > 0.
Taking N large enough the condition (4.2) is satisfied with Cy > M.

When getting further from x,, ®, increases, thus we have for A small enough and x €
B(xy, Rh1)
max ®(+Rh1)
min @g(i%Rh%)
This proves that the condition (4.3) is fulfilled.

—~NhzIn4 ~ —NhzIn ( ) < on(®) < By(x) < max y(£RAT) = O(h?).

Let us consider v = e Vi (UVEB — 11, W)VEB) " which satisfies
(Z5h = )y = =N — ()

Recalling that X, =1lon [—2A,2A], by Proposition 2.4, the Borel lemma and using ¢, < @,
n [—24,2A], we get
1(Zp — n(h)vllL2(—2a,24) = O(h™). (4.10)
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Moreover, by using Lemma 4.3, especially because
Vs € B(—24,24), $y(s) — Bi(s) < max (@(igA) . @(izA)) <0,
we obtain

(L5 = n())vll 224,24y = ||6

_1
< |6 ﬁ |Lw(C(—2A,2A))||$hq,)f _:u<h)||£(L2(R))||h S Xeurn|
= O(h*™).

_1
(gf?f — u(h)) (A5 xeurp) 120 (—24,24))

This gives
(L% — (L))l = O(h™).
We apply Proposition 4.1 to get
V]l < Cllvll 2, mrrey + OB (4.11)
Moreover, by the spectral theorem and then Proposition 2.2, we get
U5 — T W P < (Ao (Le) = ML) HI (L = ML) WP
= (Nao(Lhe) = M(Zhe))O(h™) = O(h™).
By using (4.11) and (4.3), we deduce that
ek (U RE — 10 W RB)|| < Clle v (WP — T W) | o e, sy + O(h™)
< CeC |0 5P — T o0 5P| 23wy ey + O(R™)
= O(h™).
Then, we find that
O(h™) = |le ¥k (U 5P — T (U EP) | > [l (WP — 11, 0 5P) | 2

. Pn=%¢  Pg
e eV (P — 0 WP o

There remains to notice that

—N —-N

2t s | 12diruo) 2| P e (x6) ¥,
O (£RAV/4) QY () R?
which is absorbed by the O(h*) in the left-hand-side. This concludes the proof. OJ

5. THE INTERACTION TERM

In this section, we prove Theorem 1.4. We recall that U is given in (2.2). We consider x, €
%s°(R) such that x, >0, xp =1 on [—A,z, — 2n] and x, = 0 on (—o0, —2A) U (z, — 1, +00).
We let x, = Uxy, ¥n, = Uthpe. The function 1y, is a groundstate of %, .. We also set

frhe = XeUne s Jrhe =Ufnys.

Recalling Proposition 2.2 we also denote up, ¢ = u1 5 and up, = Uup . Our WKB Ansétze
are, with y, defined in the previous section (and x = x,(—))

@

1 _%r
\IIWKB \I]WKB U\IJWKB h™s Xre ‘/ﬁuhyr )

<I>
h~ 8X€ fuhé,
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X¢ Vv
,,,,, . P
\ i \ /
\ 7/ \ /
\ 7 \ /
\ 7 4
\ Vi /
| N NI
T T
—A Ty Ly

FIGURE 2. The function y,

Since ||[UVEB|| =1+ O(hz), we can write
I, UVEP = c(R)ipy, with |c(h)] = 1+ O(h?), (5.1)

and, by symmetry, 1T, , UWKB = ¢(h)1y, .. Let us also denote by 95,1, 15,2 an orthonormalized
pair of eigenfunctions of %, associated with its first two eigenvalues. We also consider the
orthogonal projection IIj, : L*(R) — span (v 1, ¥n.2).

5.1. The interaction formula. The aim of this section is to establish the following propo-
sition.
Proposition 5.1. We have

Mo( L) — M(Z) = 2|wn| + Oe Vi), (5.2)
with p(h) = M (Zhe), wn = (Lh — (k) fre, frr) and S = ff; Vb(s,0)ds.

~ s S—
We recall that 7, = O(e v#) means that for every v > 0, we have r, = 0(6777) up to

adjusting 7).

5.1.1. The space span(fue, fnr) s a good approximation of span(iy, 1,1s2). The groundstates
of £ and %, are good quasimodes for the double well operator .%,, with remainder of

order (5(67%).
Lemma 5.2. For x =r,{, we have
~, _5
(L — M( L)) one = O(e VE).
Proof. By symmetry, it suffices to prove for x = /. We recall that

ghwh,f = )\1<gh,€)wh,é - kﬁwh,f )

where k; has support in D(z,,n).
Thanks to Corollary 4.4, we have

_(1=6)(5+0M))

< Ce VR [l

_a-a9srom) || g
[kenell < [ke|pe vh e Vhpy

where we used that || ®.(z) — S|~ (2, e+ = O(n). Up to choosing €, > 0 small enough,
we have the desired estimate. 0J

In fact, the same estimate holds if we insert the cutoff functions y,.
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Lemma 5.3. For x =r,{, we have
~ 8 ~ 5
(Zh = M(Lhe)) fre = Oe Vi), (Id = 10) fr = Ofe VE).
Moreover, we have (fn.¢, frn) = 6(6_%) and \j(Z,) = p(h) + 6(6_%)
Proof. Using again Corollary 4.4,
10 = xenell < Jle 079N = x )TNy, || = O(e ).

Combining this with the boundedness of .%},, we get

(Zh = M(Zhe)) (Wne — fne) = Ole VE).
Using Lemma 5.2, this gives (£, — M (Zhe)) fox = 6(6_%) when x = ¢. The case x = r
follows by symmetry.
~ S ~ ~
Corollary 4.4 shows that (fy. s, fn,) = O(e v#) (mainly because ®, + ®, = S on [z, z,]).
Therefore, the spectral theorem and Proposition 3.2 show that, for j = 1,2,

e

~ 8
() = pu(h) + O(e V7)),
and also

(Id — TIy) o = O(e V) .

5.1.2. Proof of Proposition 5.1. We let

gx = thh,* )

G ({9090 {9090\ _ (9¢) . ) >0,
(<9mge> (9rs 9r) r o )
We consider the matrix of the quadratic form associated with %, in the basis (gy, g,),

:(<«$hge,ge> <ghgg,gr>)
(Z09r,90) (Zngr 9r))

The following proposition is a classical consequence of Lemma 5.3, cf. the concise presentation
in [8, Section 4.1]

and

Proposition 5.4. The family (ge, g.) is asymptotically an orthonormal basis of F, in the
sense that

G=I1d+T+ 0 VM, T= (<fh Ofm <f’“6fh“>> — O V). (5.3)

In addition, we have

b= (“é? ﬂ)) BT+ O(e IV | wy, = (L = (1)) s fg) = Ol ). (5.4)
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Let us consider the new family

which is orthonormal since
(36) (9 9,)=G2 (;CJM) (9 9) G2 =1d.

The matrix of %, in the orthonormal basis (g, g,.) is G~3 LG~ and we have

GG = (1 - ;) ((Mm(z) M?Z)) + u(h)T) (1 - g) + O(e 25V

= () uihy) + 0t

The splitting of (N @(i) MU()Z>

this proves Proposition 5.1.

) is 2|wy| thus by the min-max theorem for hermitian matrix

5.2. Estimate of the interaction. Theorem 1.4 is a consequence of Proposition 5.1 and
the following proposition.

Proposition 5.5. We have

e G NI O N O R UORC N

‘ V(s)

Proof. From Proposition 5.1 it suffices to compute w;,. We have
_ (®p+2r)

2y Pr
wh = (L — WXUhes XoUne) = (7 7 (Lt = 1)eVmXeWUne, €¥n Xop )

s s @ .
=e Vi((Z, ] — meViXene, eVEXrn).

Support considerations and Corollary 4.5 give
Dy
Ixee Vi (c(R) e — TIEP)|| = O(R™)
where ¢(h) is defined in (5.1). Hence,

_S5 2y Lr _5
(Lo = ()Xt s X} = [e(R) [ 726 V(Lo = u(R))xee Vi WP, Vi x, WIVEB) 4 O (R Vr)
S

= (14 o(1)h~5e” V(L% — p(h))Xeton, Xothr ) + O(h“’e_(fﬁ)).
5.5

>

Thanks to Lemma B.2 (or recalling the proof of Proposition 2.4),

(Lt = (W) xettens Xotinn) = B3 ((P3(, D) = o) (xewe), xotr) + o(h

Since, by construction, (Ps(z, D,) — c¢o)ugs = 0 (see (2.10)), we get

(Lt = p(h))Xeuen, Xrtirp) = h (a" (0) @)\ pug, Xrur) + o(h

[SII9Y
S

).

o

S
e Vr).

(Sl
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Noticing that xyx, = Lz, —25.2,—y - Xy We get

s _s [T / / — 3
(Lt = (B))Xeuen, Xptirn) = a"(0)hze” Vi Xo(2) Py (x)ue(x ), (x)dz + o(h2)e

Tr—27

sk

By definition of y,, we have f;ﬁf; Xy(x)dx = 1. In fact, the function ®ju,u, is constant and
equal to ®(0)|u,(0)|?. Indeed, by (2.10) be(z, &) = b(x, &) + ke(x) we obtain d¢by = J¢b and

(iw + 1(1)2’(;13) + @y(2)0, — )\3) u =0,

a”(0) 2 (5.6)
D! (2)0eb(x,0) 1 '
(Za”—(O) + 5@;{(33) + (I)’r(a:)(‘)x — A3 Ju, =0.
Using then the fact that ®,+®, is constant on (x,+n, x,.—n) gives, denoting v(z) = Mﬁﬁa—fg)(m,

1 1
Q) (2)0pup = (—iv(z) — 5@2’@) + A3)u, and @y (x)0,w, = (iv(x) — 5@2’@) — A\3)Ty

which implies that 0, (®jus,) = 0. There remains to use the explicit formula (2.7) and to

recall (5.5) to end the proof.
[
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APPENDIX A. PSEUDO-DIFFERENTIAL TOOLS

A.1. Notation. Let us recall some usual notation (see, for instance, |28, Chapter 4]|).
For 01,05 € (0, 1), we consider

5’51752 (RQ) = {qh S %OO(RQ) ; V(’Yl,’)@) € NQ, 307 > 0, |8318g2qh| < th—51’y1h—52’y2}‘ (Al)
We let 55(R2) = Sg}g(RQ) and S(R2) = S()(R2)
— We say that a symbol ¢, € Ss(R?) has asymptotic expansion gy + h%ql + hgs + - -+ with
qj € S5(R?) for each j € N, if

vy e N’ vm €N, 3C,,, € Ry, < Cyph T h™1, (A.2)

m—1
0 <Qh -y héq])
=0

— We say that (up)neo,n,) @ family of elements of®> S5(R), has asymptotic expansion ug +
hzuy + hus + h%u;», + .-+ with each u; € S5(R) if

m—1
a7 (uh — Z héuj)

J=0

VyeN, Vm €N, 3C,,, € Ry, <O mh2h™ . (A.3)

285(R) = {up € €*(R) | Vy €N, 3C, > 0 |0"up| < C,h~07}
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— We say that (An)neo,n) € R(0h0) has asymptotic expansion \g + R\ + hg + h3 g if

m—1

M= Y hia

J=0

m
2

Vm €N, 3C,, € R,, < Coh (A.4)

A.2. Fefferman-Phong inequality and Kuranishi trick. We recall some results of [6]
concerning the Fefferman-Phong inequality. The first estimate concerns the class of symbols
S(R?). Letting g, € S(R?), there exists C' > 0 such that

Vue LA(R).  (Opy(an)u,u) > —Ch2|ull”. (A5)

Theorem A.1 (Fefferman-Phong inequality). Let 01,09 € (0,1) such that §; + 9o < 1. If
qn € Ss, 5,(R) is non-negative, then

Vu € LA(R) (¢ u,u) > —Ch?~201H02) |y (A.6)
Proof. Let a € R and consider the isometric scaling:

. L? (R) — L? (R)
V. { ! heuhoe) (A7)
Notice that V! = V* = V_, thus

V_5,0p; (an(, €)) Vs, = Opy (an(h* 2, h™"€) = Oppi-csy4s0) (an (', hE)), (A8)
with g (h%'-, h%2.) € S(R?) = Spo(R?). The Fefferman-Phong inequality in S(R?) (with the

new semiclassical parameter h'=%7%) yields the result. O

In the following Lemma, the function ¢ satisfies the assumptions made at the beginning of
Section 4. Its proof is an adaptation of [20, Section 3].

Lemma A.2 (First Kuranishi trick). The operator £, defined in (4.1) is a pseudo-differential
operator of symbol

0o (2, €) = a(€ + ih2 ') + hby(x, € +ihi¢)) + O, @ (h?). (A.9)
Proof. For all u € L (R),

Lru = e‘P/hl/th,ge_“D/hl/Q = // Hy FH@—y)e+r 2 (p(@)—o(y))] u(y)dyd¢
’ 27h
Tty 1/2 Lg—y)E
E+ih/°0(x 2 dyd¢ ,
=11 oo p (52, £+ ih/26(z, ) hC¥¥u(y)dyde

e(z)
with 0 : (z,y) { S0/(9;;);; llfiiz’ . Note that 6(z,y) fo (y + t(z — y))dt,

which proves that ¢ € S (R?) and is bounded by ||¢'||z~. Thanks to Cauchy’s theorem and
Riemann-Lebesgue’s lemma, we have, for all u € % (R),

/ / p (554 € + i 0(x, ) e u(y)dedy
R J[-R,R]

— // p (52, &+ ih'?0(x,y)) er Ve (y)dedy — 0.
R,R]—ih1/260(z,y) R—+o00
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This eventually proves that, in the sense of oscillatory integrals, we have

1 i
P — 9C+y 5 ﬁ(w y)€
L 5 //R2 €+ ih26(x, )) e u(y)dydE . (A.10)

This equality extends to L*(R) by continuity (by the standard theory). Let us now use this
formula to prove that %" e s a pseudo-differential operator. To do so, let us use the so-called
Kuranishi trick. The Taylor formula gives

e\ 2
[z +y r—y\ ,[(r+y (3¢) @ [Tty
3 .1 2
r—y (1-0)7° g (z+ty  x—y
t dt
+( 2 )/0 T > T ’

and a similar expression for ¢(y). Hence, for all n € N, there is a smooth function I(x,y)
such that

b = (T3 ) + - 0P 1), (A1)

where I(z,y) is expressed in terms of ¢ only. Since the map R? 3 (z,y) — %j(y) is

bounded and ¢’ as well, we obtain that the map R? 3 (z,y) — (z — y)*I(z,y) is bounded.
Therefore by the Taylor expansion at order 1 in h,

Pt e nton) =p (Tl ety (1Y) h - 0P

where rp,(z,y,£) € S11,(R?) (this space being the natural adaptation to R? of Definition

A.1). Explicitely,

1
[y

e

a9 = 1(0) [ O € i (L) it (- ) )

For all u € .(R), by integration by parts,

Rh“_ﬁ//ﬂ@”x V@ = y)Prale, y, )uly)dedy
~ 27h //R eh VS (—hDe) ra(w, . E)uly)dédy

where we used that (z — y)en @ ¥E = hDgeh(x v¢, Thanks to the transformation formula
[28, Theorems 4.20 & 4.21], there exists 7 € S1(R?) such that R, = h*Opy (75,). This yields

Gp € 51 (R?) such that
¢, = Opp(gy(x, ) with qp(2,€) = p(, € +ih2 ) + OS%(RQ)(}LZ), (A.12)
]

Lemma A.3 (Second Kuranishi trick). The operator ,?hq?f defined in (4.1) is a pseudo-
differential operator of symbol

Go,(2,€) = a(€ + ih3®)) + hby(x, € + ih2®)) + h2r), (A.13)
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where r, € S(R2) has a full asymptotic expansion in S(R2), r, = ro 4+ h2ry + hry + - -+ with
To, 71, -+ independent of h.

The proof of this lemma is an adaptation of the proof of the previous lemma and left to
the reader.

APPENDIX B. STATIONARY PHASE AND WKDB CONSTRUCTIONS

Lemma B.1. Let p;, € S(R?) having asymptotic expansion py + hip;+--- and uy € %5 (R)
(independent of h) having asymptotic expansion ug + hiuy + - -+ with each uy, € ¢5°(R). The
function Opy, (pp)up belongs to €°(R) and has an asymptotic expansion in powers of h in
S(R) given by:

Opj, (pn)u (@ +y/2,0)un(y)) ly=o (B.1)

keN

Proof. Tt suffices to prove the lemma when py,(z,&) = p(z,€) and u;, = u are independent of

h. Note that
i(z—y)&/h T+ Y
Ot = 5o [ (T2 ) ulyan

_iye/h 2v +y
m//w iy (2526 ) ute + e

Thanks to the stationary phase results |28, Theorems 3.17 & 4.17|, we get

w (hD,)"
Opj/(p)u~ Y == (OFp(x +y/2,0)u(y)) (B.2)
keN y=0
|
Lemma B.2. There exist differential operators (Py(x, D,))o<y<s such that,
J+4
Lty = 37 WP DoY) + Opqay ().
0<y<J+3
The first differential operators are
P()(I, D ) ( )
Py(z, Dy )—Z‘I’( Ja ( ) =
// B.3
Py, D,) = — "0 ) (2)? —i—bg(x 0) = 0, (B-3)

Py(e, Du) = i) (1)05h(,0) + DD (2) + ' (0)(2)0

Proof. Thanks to the holomorphy assumptions on a and b, we can use Lemma A.3. Then,
applying Lemma B.1, we get

J+4

J+3
22 (el ZOph( q¢<x,o>) Ceetl?) + Qg (B5)

J+3
J+4
=Y WP (2, Do)uy + Opeoiey(hF).

v=0
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The operators P,(x,D,) are differential operators of degree lower than /2 obtained using
the expansion of ¢¢(x,0) in powers of hz. Explicitely, for the first few terms (J = 0), we can
write the Taylor expansion of the symbol in £ + ih%qD’g and we get

" O 1 3
f,ff(xuh) = (a é >(hDa¢ + ih2®)(x))* + hby(z,0) +ih2eby(x, O)@Z(x)) Xtp + Opeor (hz)

OJ

The following last lemma proves that the norm of our normalized WKB quasimodes is
not O(h*). We consider a symbol u;, with asymptotic expansion ug + hiuj + ---, a cutoff
X € €5°(R) such that x = 1 near z,.

Lemma B.3 (WKB and Laplace Integral) Let us suppose that there exists m € N such that

ué (x¢) # 0 then || xune™ q>g/f||L2 > chs™t

Proof. Near x, the application ¢, := sgn(x — x4)/P, is a € diffeomorphism satisfying
Py (0)

¢7 = ®; and we have the approximation ¢¢(z) = \/—5—=(x — ) + o(x — x;). Therefore,

modulo a term of order O(e” v#) for some € > 0 we can write

22 -~ -~ _ e
e = [ o 7 )6 )y + O
eig

hi
V2 Jh- 1 Neigh(0)

A Taylor expansion gives for some r € [0, m],

where each P; is a polynomial of degree at most j + r and P is non-zero because of the

e un 0 9 Wy V)67 (hhy/VR)dy + O(e ™)
(B.4)

=z

assumption u(()m) (x¢) # 0. Therefore, we find other polynomials (); such that:
[un 0 6" (hiy/V2) (6 (hiy/V2) = h3 (Z hiQ; + O(h Z)) (B.6)

_1
with Q = (#) ? P2, This yields

),

which concludes the proof. (]

cune /YR = hih? (9 (r)) é/ ) eV Py(y)*dy + O(h™>
h™ 4 Neigh(0)
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