N

N

Abel-type series and definite integrals involving special
functions
Robert Reynolds

» To cite this version:

‘ Robert Reynolds. Abel-type series and definite integrals involving special functions. 2024. <hal-04632896v4)

HAL Id: hal-04632896
https://hal.science/hal-04632896v4

Preprint submitted on 30 Oct 2024

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License


https://hal.science/hal-04632896v4
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Abel-type series and definite integrals involving special

functions

Robert Reynolds

ABSTRACT. This is a precis of power series evaluations in terms of integrals
over finite intervals. The definite integrals and summands involve special func-
tions. The power series involve an Abel-type summand also used by Dobiriski
in combinatorial identities. The definite integrals involve the application of

the Lagrange theorem to Brychkov and other integrals.

1. Introduction

In this work we look at an extension of Abel’s series using the Lagrange in-
version theorem given by equation (18) in [I] and the method in section (7) in
[2]. Series in terms of integrals over finite intervals are present in current liter-
ature in [3], [4], [5] and [DLMFJ10.22] to name a few with many other works
available in other books and online. In this work we use Abel’s theorem to derive
a double series in terms of an integral over a finite interval, where the summand
is similar to the summand involving series for combinatorial identities like in [I].
These type of combinatorial identities are used in minimal spanning trees as in [6]
and vector-multiplicative coalescent processes [12], with many more applications
in works available online. Integrals over a finite interval are used in evaluating
Bessel functions and its sub-functions like cylinder functions and Struve functions
2020Tthematics Subject Classification. Primary 30E20, 33-01, 33-03, 33-04.
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[DLMF,10.22.26]. This work involves integrals over finite intervals where the in-
tegrand is the product of special functions [DLMF,10.22.35]. Similar work using
the Lagrange theorem involving integrals were conducted by Bateman [7], Sack [8],
Conway [9], Heragy rt al. [10] and Russell [11] page 168. These previous works
focussed mainly indefinite integrals while this current work focusses on definite in-
tegrals. Our main goal is to expand on the concepts of definite integrals and series
to tabulate new results involving double series in terms of integrals over a finite
interval. The layout of this work is simple where we derive a theorem with special
cases in terms of examples that follow. We have provided references during the

evaluations to assist readers in referencing evaluations.

2. Preliminaries

Some of the functions used are Pochhammer symbol, [DLMF/5.3(ii1)], the
exponential integral function, [DLMF,6.11.2], the n'" harmonic number [DLMF,
25.16.5], gamma function, [DLMF, 5.2.1], Hurwitz-Lerch transcendent, [DLMF [25.14],
generalized hypergeometric function [DLMF/16.2.1], modified Bessel functions, [DLMF,10.25],
Kelvin function, [DLMF,10.64], g-binomial coefficient, [DLMF,26.9.E4], q-Pochhammer
symbol, [Wolfram Research (2008),1], the sine integral function Si(z), [DLMF,6.2(ii)],
the error function erf(z), [DLMF,7.2(i)], the imaginary error function erf(iz)/s,
[DLMF[7.2(3)).

3. Table of results
In the proceeding work, series and integrals are derived and restrictions are

given.

THEOREM 3.1. Extended Abel theorem. The reciprocal pochammer symbol se-

ries representation.

(m—z)(1=bx)(1—m+x),

(3.1)


https://dlmf.nist.gov/10.22.26
https://dlmf.nist.gov/10.22.35
https://dlmf.nist.gov/5.2.iii
https://dlmf.nist.gov/6.11.E2
https://dlmf.nist.gov/25.16.E5
https://dlmf.nist.gov/5.2.E1
https://dlmf.nist.gov/25.14
https://dlmf.nist.gov/16.2.i
https://dlmf.nist.gov/10.25
https://dlmf.nist.gov/10.64
https://dlmf.nist.gov/26.9.E4
https://reference.wolfram.com/language/ref/QPochhammer.html
https://dlmf.nist.gov/6.2.ii
https://dlmf.nist.gov/7.2.i
https://dlmf.nist.gov/7.2.i
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(_1)j+m€j(a+bn)(a + bn)H—n (e—bzx)” (illtT)E_n(j(a +bn))
I'm)I'(1+n)

-y

j=1n=0

ze®(atbn)

where |Re(a)|< 1,|Re(b)|< 1,|Re(x)|< 1 where f(x) = ey

EXAMPLE 3.2.

(3.2)
e (m + amz — (a + b+ abm)a? + aba® + x(—m + ) (=1 + bz) (—Hy + H_1n12))

(
(m—2)2(=14+bx)?(l —m+ )
(=17 Hmelet(a + bn) 4" (e7w)" (—1 4+ ba) (1) E-n(jla + bn))
2'(m)T(n)

where |Re(a)|< 1, |Re(b)|< 1,|Re(z)|< 1.
EXAMPLE 3.3.

z e(afbp)ttp
(3.3) ebp‘”z*p/ dt
o t=m)(1—-—m+t)y,

& (—1)dtmtleilatdn) (g 4 pp)ltn (e_bzx)n (:ﬁt’?)E_n(j(a +bn))
B Z HZ:O I'(m)n! (n+p)

Jj=1

where |Re(a)|< 1,|Re(b)|< 1,0 < Re(p) < 1, |Re(z)|< 1.

EXAMPLE 3.4.

dt

x eat-‘rbp(—t'i‘w)tpx_p (b(t — (E) + log (%))
(3.4) /0 (—m+1)(1—m+1t),

(_1)j+m+lej(a+bn)(a + bn)1+n (e—bmm)n (_,11—:7;)E*n(-7(a + bn))
(n + p)?n!I'(m)

-3y

j=1n=0

where |Re(a)|< 1,|Re(b)|< 1,0 < Re(p) < 1, |Re(z)|< 1.

EXAMPLE 3.5.

z (%)p ['(m) sinh(at) sinh(bp(t — x))
(3.5) /0 (t—m)(1—m+t)y, «
e—J(a+bn)+i(j+m)m (—11+”?) . n
=10 (i(q — bn) 7 (e4%0)" B (j(a — bn)

4(n + p)n!
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+(—a— )" (e"%2)" E_n(—j(a +bn)) + 2™ (e7*"2)" (€2 (a + bn) " E_,(j(a + bn))

—(—a+bn) " E_y(~aj + bjn)))
where |Re(a)|< 1,|Re(b)|< 1,0 < Re(p) < 1, |Re(z)|< 1.

ExaAMPLE 3.6.

(3 6) /m 6bp(*t+m)tpx7p COSh(at) d
. o (Cm+t)(1—m+t)m
00 emajtbintiljrm)m (o=bug)™ (T14m)

—14j
2(n+p)n!T'(m)

(—e*¥(a+bn)"""E_,(j(a+bn))
—(=a+bn)"""E_,(—aj + bjn))
where |Re(a)|< 1,|Re(b)|< 1,0 < Re(p) < 1, |Re(x)|< 1.

ExamMmPLE 3.7.

(3.7) /gE tPx~P cosh(at) cosh(bp(t — x)) &t
0 (—m+t)(1—m+t),
—aj—bjn+i(j+m)w (—1+m

-2 3 i+ p)n! r(mw) (2@ — o)+ (e"2) " B_ (i@ — bn))

j=1n=0

+(—a— )"+ (e"2)" E_p(—j(a +bn)) + 2™ (e7*"2)" (€2 (a + bn) "M E_,(j(a + bn))

+(—a+bn)"""E_,(—aj + bjn)))
where |Re(a)|< 1,|Re(b)|< 1,0 < Re(p) < 1, |Re(z)|< 1.

ExAMPLE 3.8.

(3.8) /I tP2~P cosh(at) sinh(bp(t — z)) gt
0 (—m+t)(1—m+t)m,
efajfbjnJri(jer)ﬂ' (—l—i—m

W) - "o
+Jj 2aj —bn 1+n by - a—bn
oy (@ =ty ()" By i(a - o)

—(—a —bn)"*" (e*%2)" B_p(—j(a +bn)) + 2™ (e72"2)" (€Y (a + bn) T E_,(j(a + bn))

Fa o) (o + b))
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where |Re(a)|< 1, |Re(b)|< 1,0 < Re(p) < 1, |Re(x)|< 1.
EXAMPLE 3.9.

x e(a—b)t+bt+bxt
3.9 dt
(3:9) /0 (m—1t) ("t +ebz) (1 —m+ 1)y,
_1)j+mej(a+bn) (a 4 bn)1+n (eszx)n (_Hm)E,n(j(a + bn))q)(—l, 1,1+ n)

m oo ( 1
=22 n!r(m)+
=0

j=1ln

where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1.

ExXAMPLE 3.10.

o e(aTDHb— (eb;\/f —e%\/ztan”! (W))
dt
0 Vi(—=m+t)(1 —m+t),

1)
== 2(=142n)n!T(m)

(3.10)

X E_,(j(a+bn))(—4 + 7+ 20(—1,1,1+n))

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1.

EXAMPLE 3.11.

o ela=Dt+bry, by (06753 s e_bz:bxt)
(3.11) / dt

0 (—m+t)x(l—m+t)y,
i (_1)j+mej(a+bn)(a =+ bn)1+n (eszx)n (iﬁi?)E*n(j(a + bn))
T(m)T(2 + n)

1 n=0

m
j:

X 3F2(1+n,a,6;2+n,’y; 1)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(a)|< 1, |Re(B)|< 1, |Re(v)|< 1.

EXAMPLE 3.12.

z e(aib)t+bxt 2F2 (057/8;77 5’ E_b::—bmt)
3.12 dt
(312) /0 (—m+t)z(l—m+1t)m

m_ (= 1)itmei(athn) (g 4 bp)itn (e=brg)" (fl’?)EwU(“ +bn))
T(m)T (2 + 1)

j=1n=0
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X 3F3(1+n,a,ﬁ;2+n,’y,5; 1)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(a)|< 1, |Re(B)|< 1, |Re(v)|< 1, |Re(d)|<
1.

ExamMPLE 3.13.

z e(aib)termt 2F2 (0575;77 5’ 67btac+bzt>
3.13 : dt
(3.13) /0 (—m+t)z(l—m+1t)n,

—1)7+mei(attn) (g 4 pn) 17 (e=b22)" (TN E_, (j(a + bn))

m o0 ( ~ -
=22 T(m)I(2 +n) =

j=1n=0

X 3F3(1—|—n,oz,ﬁ;2—|—n,7,5;1)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1,,|Re(a)|< 1, |Re(B)|< 1, |Re(y)|< 1, |Re(d)|<
1.

EXAMPLE 3.14.

v el (a; B, efbt;bwt)
3.14 dt
( ) /0 (—m+t)x(l—m+t)y,

71)j+m€j(a+bn)(a + bn)1+n (eszz)” (_1+m)E_n(j(a =+ bn))

m oo ( e
=22 T'(m)L(2 + n) :

j=1n=0

X 2F3(1+n,04;2+n,5,'y;1)
where |Re(a)|< 1, |Re(b)|< 1,|Re(x)|< 1,|Re(a)|< 1,|Re(B)|< 1, |Re(y)|< 1.

EXAMPLE 3.15.

T eat—bt“'bft 1F1 (OZ’ ﬂ eb(_t+m)t)
3.15 @ dt
(3:19) /0 (—m+t)z(l —m+t)y,

m oo (_1)j+mej(a+bn)(a =+ bn)1+n (e—bm‘r)n (illiT)Efn(J(a + bn))
T(m)T(2 + 1)

j=1n=0

X oF5(1+n,a;2+n,6;1)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(a)|< 1, |Re(B)|< 1.
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EXAMPLE 3.16.

eb(t—z)

_ b(t—x b(t—x)
eat bt+bx <\/7T__e T e(tt )xK%Jrl(e - x)) (_1_m+t)[

1
(3.16) /0 Jrr (=1 1) dt
-y (—1) ! rHmed @) (q 4 ) ()" (T B (ia + b))
v n!T'(m)
W (20! 9 Fy(—1,—1 — 1 — n; =21, —1 —n; 1)
l+n (1+1+n)l!

where |Re(a)|< 1,|Re(b)|< 1, |Re(x)|< 1,1 € Z.

EXAMPLE 3.17.

x —
. ola—b)t+bay (eé(bt)+l’2 ﬁ) 7. <eé(bt+bm)ﬁ> D(=m +t)

VT NE
(3.17) /0 peig dt
B m oo (_1)j+m2—o¢€j(a+bn) ((J, + bn)1+" (e—bxx)n (:11—:7;)-5‘777,(](0/ + b’I’L))
=22 T(m)T(2 +n)T(1+a)

j=1n=0

1
X 1Fy <1+n;2+n,1+a;—4>

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1.

EXAMPLE 3.18.

(3.18)
o (=1)"m et (2D (m)D(—m + t) 3 F (1’ LL14+ %34+ %2+0; e”“”;ﬂ)
dt
/0 aT(1+4)0(2+u)0(2 + )
(_1)jej(a+bn)(a + bn)1+n (efbmx)n (__11':_7;)E7n(j(a +bn))
(1 +n)n! (1 +u)! (1 +v)!

-3y
j=1n=0
-3+”,1+“,3+;‘72+v;1>

1 n
Fy(1,1,1, -+ = =
X44(7772+2a2 D) 279

where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1,|Re(u)|< 1,|Re(v)|< 1.

EXAMPLE 3.19.
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(_1)7meat+b(7t+a:)t (efb;“zt)_v Iv <2@%(_2m‘+2bm)t> F(m)

3.19 dt
(3.19) /0 (m—Oz(l—m+ b
_ i i (—1)7e @t (a 4 bp) ' (e7bra) " (T E_n(j(a + bn))
e T(2+n)T(1+v)
1 n3d3 n
X 1F2 <2+272+271+U,1>

where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1.
EXAMPLE 3.20.

(_1)—meat+bt—bx+b(—t+1’) (efbtﬂmt)iv F(m)HU (26%(2bt+2bw)t>
x T
dt

3.20) -
(3.20) /0 (—m+t) (1 —m+t)m
_ i i (—1)7 el et (@ 4 bt (emboa)" (T By (j(a + b))
o VAL(2+n)L (5(3+ 2v))
1 n33 n3
X oFjy (1,2—1—2,2,2-1-2,2‘“)7—1)

where |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1,|Re(v)|< 1.
EXAMPLE 3.21.

(_1)7meat+bt—bx+b(*t+z) (e_bt+bmt)_v F(m)LU <2e%(2bt+2bz)t>
T
dt

* x

3.21
(321 /o (m—t)1—m+t)n

i g8 AP b ()" () o)

j=1n=0 (1+n)y/mn!T (3(3 + 2v))

1 n33 n3
Foll, =4+ — = -4+ — — 1
X g 3< ,2+2,2,2+2,2+1}, >

where |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1, |Re(v)|< 1.
EXAMPLE 3.22. See [DLMF,10.8.3]

(3.22)

o (—1)-meat+b(—t+a)y (78(,;““)7%@ T (26“’;””) Ty (26”(’;”“) I'(m)
/o (m—t)z(l—=m+1t)m,

dt
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(=1)7 el @+ (g 4 bp)+n (e~b2g)" (’_ﬂi”f)E_n(j(a +bn))

(I+n)n!T(1+u)(1+v)

v u v 3 n
- 14+=-4+—==+-=1 1 1 i —4
3’ 4—2—i-2,2+27 +u,l14+v,1+u-+wv; )

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(u)|< 1, |Re(v)|< 1.

EXAMPLE 3.23.

(3.23)
/z (_1)—meat+b(—t+x)t (@)Hliv I, (28“7;“”“) I, (26b(7;+m)t) T'(m)
0

(m—-—t)z(l—m+t),
(—1)7ei @+ (g + bp) 1+ (e~b2g)" (__11':?) E_.(j(a+bn))
(I4+n)n!T(1+w)I(1+v)

dt

v 1+u+v.3+n
2’ 2 2’2 27

1—|—u,1—|—v,1+u—|—v;4>
where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1,|Re(u)|< 1,|Re(v)|< 1.

EXAMPLE 3.24. See [DLMF,10.53.1]

(3.24)
—bttbr,\ U L _optt2ba)
(et () T ()
dt
/0 (m—t)z2(1—m+1t)m
—1)eilettn) (g 4 pp)ttn (eib“"x)n (__11':_7;)E_n(j(a +0n))1Fy (5 + 23+ 2 u1)

s (1+n)n!
where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(u)|< 1.

EXAMPLE 3.25.

(3.25) /9L e immatt3b(=t+2) 207 ()T (—m + t) sin(27u)
. o (etHoEd 4 pt — 2e20(—142)1252 cos(2mu) ) T'(t)

m oo ,L'eaj+bjn+i7r(j—2u)(a + bn)1+n (e—bxx)n (71+m)E_n(j(a + bn))

B _ZZ 4n! —

j=1n=0
« ((I) (e—2i7ru 1 3+”) _ plinug <e2i7ru 1 3+”)>
b b 2 ) b 2
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where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1,|Re(u)|< 1.

ExXAMPLE 3.26.

T (_1)—m at+2bt72bz+3b(7t+x)tl"
0 (m—t)z(l—m+t),

9 (—2bt+2mut2bz)  fy 91 (—2bt+2mut20z) /7
[ =1 4 beig | 2 VY2 4 e [ 2 Vi) g
N3 N

)i (q 4 bm) 17 (e7a)” () B (il + b))

j=1n=0 ( )(3 + ’I’L)
3 n 3 5 n 1
2 _ g _ p2Tmu _ . e LT 21u
X< don-e 1F4<2+2’2’2’2’ toie )

+3beig (26%) 2 1 nbeig (26%) 2 1 3bery (26%) 2 4+ nbery (26%) 2)
where |Re(a)|< 1, |Re(b)|< 1,|Re(z)|< 1, |Re(u)|< 1.

EXAMPLE 3.27.

(3.27)
@ [ > Cimp at+b(142(34+p) %) (~t+a) ¢y 142(3+p)” .
™22 i(—1)7 e =iz (g 4 bp) 1 (embm2) " (T E_L (j(a + bn
e
< (= ((1+vaveT=R) ams (1 - RS )
+e2 (14 V2V=T=n) 2Fy (1; - %; % _ %; _em>
- (—1 + \/im) <2F1 (1, % + \/?; g + ‘/?;— 4”)

: 1 —1—-n 3 —1—n ;
2iz 2iz
_ F 1. = Yy - . y - .
€ 2 1( ,2 \@ 72 \[2 ; —€ >)>

where |Re(a)|< 1, |Re(b)|< 1,|Re(z)|< 1, |Re(z)|< 1.

EXAMPLE 3.28. Dougall-Dixon definite integral form. See Eq. (17.1) in [13].
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(3.28)

o (=1) et T () g Fy (—a, =B, 631+ @ 0,1+ § 4 5 — )
J i
0 (m —t)z(1 —m+t)m

jeg(a+bn)(a + bn)1+” ( 7bzx)" (_1+m)E_n(j(a 4 bn))

ZZ (1+n)n! —

j=1n=0

—Q, 753 57 g

1 n n
><4F3<2+2, +2,1+a+5,1+6+5;1>

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(a)|< 1, |Re(B8)|< 1, |Re(y)|< 1, |Re(d)]|<

1.
EXAMPLE 3.29.
. (_1)—meat+2bt+b(—t+x)tx (ezbt (_82::2"'"‘%%2) ) “ F(m)
3.29 — dt
( ) /0 (—m +t) (—e2bo¢2 4 e2bt3:2) (1 — m + t)
_ g W kit ()" () Eoaliac+ b (45) Do)
== L2 +n)l (5(1+n+2a))

where |Re(a)|< 1,|Re(b)|< 1, |Re(x)|< 1, |Re(a)|< 1
ExampPLE 3.30.

(3 30) _ /$ (—1)_meat+b(—t+w)tr(m)
. 0 (_m+t)x\/e72bt(_e2by_'2t2+ezbtr2)(1

x

o (AP ) (b)) G b (52)
:Zg r (%" )F(‘Z+n)+

j=1n=0

dt

—m+t)m

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(a)|< 1

EXAMPLE 3.31. Dougall’s formulae see (1.1) in [14]

dt

—t+a @
o (—1)"meattbi+e) (1 _ emf#) zal (m)T(—m + t)
3.31
(3:31) /o (—e2bot2 4+ e2bt3:2) (1)

> (—1)7 €30 (q 4 bp) 17 (=0)" (T B (ja+ bn)T (3£2) T(1 + a)
] L2+ n)l (42 +a)

where |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1,|Re(a)|< 1
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EXAMPLE 3.32.

v (=1) 7 ettt (m) o (a, Bil+a— B 76‘2”;22””2)
(3.32) / it
0 (m—t)z(l—=m+1t)m,
(=10 (a+ bn) (e 7a) " (T157) Bon(ia + bn))
(1+n)n!

1 n 3 n
X 3F2 (2+2,a,5,2+2,1+a—6,1>
where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1,|Re(a)|< 1, |Re(B)|< 1

ExAMPLE 3.33. The g-Pochhammer symbol.

z (_1)—meat+b(—t+x)tr(m) (_ e%(;::z)tz : q) l
3.33 dt
(3.33) /0 (m—=t)z(l—m+1t)m,

(—1)dedlatbn) (g 4 bn)ané(flﬂo)p (e*bxg;)n (*1+m)E_n(j(a +bn)) (;)q

1y
(14 n+2p)n!

where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1,|Re(q)|< 1.

ExAMPLE 3.34. Ramanujan Mock theta functions see [Wolfram/15]

2b(—t+a) ;2 e2b(—t+a) 42

o (1)~ exp (at — bt + X 4 3hy) (14 g ()
(3.34) — /0 ( (m—)z3(1 —m + 2)m ( )

eQb(—t-‘rz)tZ
« T(m) (F(—l —g)-T (_1 _q :ﬂ)) dt

L L (1 (a4 b ()" () B (ia o+ bn)
- ; T;) (I1+n)n! .

1 n3 n
B4 22+, —q1
X 2 2<a2+272+27 qa)

where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1,|Re(q)|< 1.

EXAMPLE 3.35.

z e(afb):cl,Z
(3.35) /,1 T =m0 =00 —m+ ),
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(_1)j+meaj+b(71+j)n(a 4 bn)1+" (—1+m)

—1+j
T(m)D(1 + n)

X (— (—eb)n E_1_n(=b(1 +n)) + ebn1+2) ;2 (e_bzz)n E_1_,(b(1+4 n)z)) E_,(j(a+bn))
where |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1.

EXAMPLE 3.36.

336 z e(afbs)wxljts J
(3.36) /_1 (m—2)(1—b2)(l—mt+a)m "

m oo (—1)j+m€j(a+lm)7b(n+s)(a-‘rbn)1+n(71+m)E_n(j(a—|—bn))

SN

o foyr: L(m)I'(1+n)

X ((feb)wrs E_n_s(=b(n+s)) + etnT)1+2), (e*bzz)wrS E_,_s(b(n+ s)z))

where |Re(a)|< 1, |Re(b)|< 1,|Re(z)|< 1, |Re(s)|> 1.

EXAMPLE 3.37.

% e b2 Jog(z)
(3.37) / L m—2)1 —b2) 1 —m+ 2)m du

o (_1)j+meaj(a+bn)1+n(:11++7)E,n(j(a+bn))
_;RZ:O T(m)I'(1+n)
1+5)n n i(—=b(14+n))""n'(24+n,0,—b(1 +n
o (et oy (ML) T 0040 )
2F2(24+n,2+n;34+n,3+n;6(1+n))
’ @+ n) )

24+ n,24+n;3+n,3+n;—b(1+n)z)
(2+n)?

e+ 2 (b7 (_ 2Fy(
+(b(1+n)2) > "T(2 + n,0,b(1 + n)z) log(2)))
where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1.

ExXAMPLE 3.38. Extended Adams integral. Eq. (6.706) in [15].

1 AP _ _
T (a—b)x 1— 146 . —14+a+28
(3.38) / (m)e (1—2)” T d
o (=m+zP)(-1+bxf)(1 —m+2P8),,
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(—1)7 e @) (b(1 4 ) (a + bn) 7 (CH) B (ja + b)) (—1 + 6)!

R @+ A+ 1T BUTA+ )+ a+ 1+ mB) 11s
where |Re(a)|< 1,|Re(b)|< 1/Re(d) < 1/(27), |Re(a)|< 1, |Re(B)|< 1.
ExAMPLE 3.39.

(cosh’(z) — 27"e ) T(=m + 2)
(=1 + bx)I(x)
(_1)j+m2—h€j(—h+2l+bn)(_h o+ bn)“’" (e_bzx)n (;;) (—1+m)

m oo h
=222 T(m)T(1 + n) -

 E_(j(—h + 20 + bn))

where |Re(b)|< 1,|Re(z)|< 1,Im(b) #0

THEOREM 3.40.

4 o (_1)7ncf2fnefc(a+bn) (€7b$x)n

(1 =bx)(—c?+ a?) - Z 2n!

(3.40)

X (m o, —c(a+bn)) + (—1)"e2@ (1 4 n, e(a + bn)))

em(a+bn)

where |Re(a)|< 1,|Re(b)|< 1,|Re(c)|< 1, |Re(x)|< 1 where f(x) =

x2—c2
THEOREM 3.41. The reciprocal Pochhammer symbol.

5o S (L)

n=0 j=1

(3.41)

where |Re(z)|< 1 where f(z) = m

EXAMPLE 3.42.

e i)
(3.42) /0 Z Z = p)+

n=0 j=1

where |Re(s)|< 1.

EXAMPLE 3.43.
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(3.43)

[ S YO ) T O
o (1

1

5

+ ), == 2(—=1+p)!

where |Re(s)|< 1.

EXAMPLE 3.44.

L ea log(bx)
(3.44) /o W dz

722 J)*lf"(‘ii’;) ( 2Fo(1+n,1+n;2 + 1,2 + n;a)

2
n=0 j=1 1+p) (1+n)

+(—a)"' (T (1 4+n) —=T(1 +n, —a)) log(b))

where |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 3.45.

(3.45)

/1 sin(b. B Zi ( )_1—n(:}i§?) 1F5 (1—|— %;%,24’_ %;_
0

INES

)

1+ 22 2+n)(-1+p)

where |Re(b)|< 1.

EXAMPLE 3.46.

(3.46)

1+p
1+j

)

1 1 o P o (H%,S;M%;z) ((_1)j(_j)—l—n,(:
/o 1+a) dr =%

z), (1 — zz%)° = (1+n)(—1+p)!

where |Re(a)|< 1,|Re(2)|< 1, |Re(s)|< 1.

EXAMPLE 3.47.

(3.47) /01 (1—2)’a(1+2)" (1 22%)T(1 + )

d
r(1+p+x) v

o P

1+ (21 +a+n
E:Ejﬂ T(1+ )T (5( )

-
= I'(2B4+a+2b+n))T(1—j+p)
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1 1 ,
X oFy —c,5(1+a+n);§(3+a+2b+n);t
where |Re(a)|< 1, |Re(b)|< 1,|Re(c)|< 1|Re(t)|< 1.

EXAMPLE 3.48.

162(1 — x)
(3.48) d
/ \/ (x+1) (1 —t222?) .

(:(3+2n)) 11 1
471? =, =(3+2n); =(9 + 2n);
7;) T (19 +2n))° 1(24(+”)4(+”)

where |Re(t)|< 1.

EXAMPLE 3.49.

! 16x(1 — )
(3:49) A ¢ﬂ@+&ﬂx+%2ﬂ—t%%dx

B e dil Rl 1Ll P ENETLTND
j=1n=0 L@ =H)A+)T (3 (5 +n))
where |Re(t)|< 1.
EXAMPLE 3.50.
(3.50)
/ do(1—22) i (—D)"T (3 (2+n)) 2P (—3.5 (3 +n);35 (3 +n);t?)
Ai—a e T G+ n)

where |Re(a)|< 1,|Re(b)|< 1, |Re(c)|< 1, |Re(t)|< 1.
EXAMPLE 3.51.

1) d
(3.5 /\/ 1—a)( 1—|—x) (1 —t222) *

—Z DT (5 (3 +n) 251 (5,

where |Re(t)|< 1.
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4. Integrals over finite intervals
In this section we look at definite integrals over finite intervals involving Special

functions and constants. We also table some errata for interested readers.

EXAMPLE 4.1.

¢ g (1 — x2z2)b
(4.1) /0 W dx

e (—l)j(—j)717n¢1+a+n(jﬁ) o) (=b, (1 4+ a+n); (3 + a+n); 2%¢?)
*;Z::O (1+a+n)(—1+p)!

where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1,|Re(p)|< 1.

EXAMPLE 4.2.

T

Y- xQ)_%+'U cosh(z2)
(4.2) /0 A1), d

P ST (BT (G +e) 1B (54 55414 § o)
_ZZ 2F(1+ )01 —j+p)T (1+ 2 +0)

j=1n=0

where Re(v) > 0.

EXAMPLE 4.3.

dx

L1 —z)"tbvgetbtv(2 — g 4 22)T(1 4 )
(43) /0 F(1+p+mx)

- (=120 (=) (=b —)T(1 +a+b+n+v)
_ZZ Fl+/)fl+a+n)T(1—j+p)

1—
X oF) (—v,l—l—a—l—b—l—n—&—v;l—l—a—l—n;;)

where Re(a) > 0,3 < Re(b) < 4,0 < Im(b) < 1,Re(z) < 1,—6 < Re(v) < —4.

EXAMPLE 4.4.

L (1 —uz) (1 —vx) ¢
(4.4) A i+, dx
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>

1 n=0

(=17 (=)' Fu(a+ ;b6 1+ a +nju,0) (2117)
(a+n)(=1+p)!

p
j=

where |Re(a)|< 1,|Re(b)|< 1, |Re(c)|< 1, |Re(u)|< 1, |Re(v)|< 1.
EXAMPLE 4.5.

(4.5)

Lers(1 — g)vg—1-v B 2 (1) (=) " T (n — )T (1 +v) 1 Fi(n —v; 1 +n; 2)
/0 (1+2)p dx_zz 1+ )P0+ ) (1 =7 +p)

7=1n=0

where —1 < Re(v) < 0.

EXAMPLE 4.6. From Eq. (4.1.1.1) in [16].

g5 g — )11 — bx(a —x))?
R et L

(1+2),
v (=) () ) a e B £ 5 1)
B ]; g (=14 p)!

x sk n—l—st—v'ﬁ—l—f—&-zl-i-ﬁ—i—f-i-z'aib
2 T T T2 T2 T2
where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.7. From Eq. (4.1.2.2) in [16].

a bla—zx)z o —1+t,.—1+s
(4.7) / ¢ (az2) Mam ™,
0 (1+2)p

ii (—1)ja_1+"+s+t(—j)_1_"B(n—|—s,t)(ji?)
= — ]
ot (=1+p)!
o« F n tn+5+t1+n+s+ta26
n+sti-+-+o, s+ttt —
272 g Tog g Ty T Ty Ty

where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1.

EXAMPLE 4.8. From Eq. (4.1.3.1) in [16].

dr

s /0 (a — z)~Ftz=1+5 sinh (bm)

(1+2)p
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YA B (s ) (1)

ZZ (=14 p)!

j=1n=0

< F 1+ . 1+t3 1+n+s+ g +s+ta2b2
—+n+s, -+t -+ -+

273\ 9 ’ 222 g T Tyt Ty T Ty

2

where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.9. From Eq. (4.1.3.18) in [16].

a (@ — )" Htr=1%5 cosh (bm>
(4.9) /0 i+a), dz

00 —14n+s \N—1—n -1+
) e ) B(n+s,0)(5117)
j=1n=0 <_1 +p)'
x oF3 | n+s,t 12—&—E—FE1—&-2-1-54—3&2[)2
28 272 7272272 7272 16
where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.
EXAMPLE 4.10. From Eq. (4.1.5.98) in [16].
a x5 log (“J” oz ) sin(bx)
4.10 d
(4.10) /0 (1+2), !
e 1P R ()
peffomr. (n+s)(1+n+s)(— 1+p)F(’+s)
1 n s1 n s 3 n s3 n s 1
F - - D - 2.2 - -z - 2. _ = 2b2
X23<2+2+72+2+22’+2+T2+2+T 4 >

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

ExAMPLE 4.11. Eq. (4.1.5.98) in [16]. Errata. The quoted equation is in error.

a /a2 — 12
(4.11) / 2° " sin(bx) log <W> dx
0 x

(VAT (451)) oFy (41 4S5 1 ()

where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1.
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EXAMPLE 4.12. From Eq. (4.1.5.99) in [16].

a 27179 cos(bx) log (7a+‘/‘ffm2)

(4.12) /0 (i+2),
00 (_1)jan+s( ) 1— n\/>( 11?) (n;rs)

dxr

;n:o 2(n+8)(-1+p)!T (31 +n+s))
n sn s11 n s n s 1
Fi(o+2, o+ 22 o4+ 2 14—+ 23 ——a?
><23<2+2’2+222+2+2’ Tty )

where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1.

EXAMPLE 4.13. From Eq. (4.1.5.140) in [16].

a x5 log (”7 V'f*ﬁ) log (bx + V1 + b2x?)
4.13 /
(4.13) 0 V1+0222(1+2),

(—1yiat b~ )= A (TN (AL 40+ s)

dz

P oo
_;nz:% 2(1+n+s)(—=14+p)!T (1+ 22)
1 n s 1 n s 3 n s 3 n S
B4 242 240 82 R 80 5 2
“als\bLbgtg Tttty itgtggtytgia

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.14. From Eq. (4.1.6.63) in [16].

L g=1+s cos™1 () cosh(ax
(4.14) /0 : +(x; h(az) ;.

L& (=) VAR (T (5(
_Z (n+s)%(— 1+p)'F("

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.15. From Eq. (4.1.6.66) in [16]. pp. 163.

b z=15 cos™ () sin(ax)
(4.15) /0 e dz

)
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( 1)]+12 2—n— sa(
FA+)r(1—j+pl(3+2+3%)

1 n S n S
B+ l242 14005
“2fzlg gt ltgtss

where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1.

EXAMPLE 4.16. From Eq. (4.1.6.90) in [16].

(4.16) /1 a5 cos™! (x) log (ax + \/m) ;
P

Jj=1ln

g+12 2—n— 50

(=
OF1+ﬁH1j+

P%

+2421424 5
2 207 T2 Y

| =

X 4F3 <]. ].,

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.17. From Eq. (4.1.6.126) in [16].

a2 e ) (bl
(4.17) /0 (1+2), ( )d

B X (1)t am st (—5) T (L 4 4s) T (L 4+ 1)
—ZZ P+l —j+pTl4+n+s+1t)

j=1n=0

11 131 s ot 1
P21, A A L L T e
><43(2”2+”+5’2+’2’2+2+2+2’+2+2+2’4“ )

where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.18. From Eq. (4.1.6.144) in [16]

a xS tan~1(bx) log (7%— . (;2_962)
s | dx
0 (1+4+2),
Jat () VAT (345 +
5+

:ZZ_:< (n+s)?T(1+ )T (1 —j+p)T(

1 1 n s 3 n s
F. Z1.Z - 2.2 s 2. 262
X32<T’2+2+T2’+2+2’a >

m\m m\cn
~—
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. (_1)j2—1+n+sa1+n+sb(_j)—nr (%
(n+ s +/)I'(1—j+p)l(2

1 s1 n n s3 n s
F(1 1+ -+, =+ —+-;—a??
x32< 2+2+2 2+2+2 Tyt tatyite )>
where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.19. From Eq. (4.1.6.148) in [16].

a p—1l+s (a2 _ $2)—1+t sin’l(bx)2
4.1
(4.19) /0 SRy dz

7%% J-‘,—l n+9+2tb2( ) ny (1_|_ —+ )F(t)
- 2r1+gF(1—J+p)F(1+3+z+t)

j=1n=0

n s 3 n s
F3(1,1,1,1+=4=:=,2,14+ = + = + t; a®b?
X43<7a7+2+2a277+2+2+7a >

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.20. From Eq. (4.1.6.151) in [16]. Errata. The quoted equation is

in error.

(4.20) /Oa 25 Ha — ) sin™! (b\/‘m)2 dx

t 1
a2 B(s 41, 141) 5 Fy (171,1,5+1,t+1;2,37S;r -+ 1, 3(s+t+3) (ab) )

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.21. From Eq. (4.1.6.151) in [16].

dzx

azy [ R QUL

(1+z),

_z”:i )7+ glnts 2 (—5)="T(1 4 n + s)I(1 + t)
N —~ FI+j)r1—j+pT2+n+s+t)

j=1n

3 n s s t a®b?
Fy11,1,11 1+¢-=,3,1+—-+— 1 D T
X54<,,,+n+8,+,2,,+3+3+3 +2+2+2 4>

where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1.
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EXAMPLE 4.22. From Eq. (4.1.6.163) in [16].

a 1 sin ™! (bx)? log (‘”7 V‘;Lzz)
(4.22) /
0 (L+2)p

:zp: 00< ) 2+n+sb2( ')777,\/7».(_1-\(

j=1n=0

dx

s 3 3 n s
) 1 no S 29
><4F3<111 +2+2222+2+2,ab

(—1)72" a2 (=) T (5 + 5) T (1+ 5+ 5)
FA+)r(1—j+pTB+n+s)

+

n s n s33 n s n s
P11, 14042 4Dy 808 5y S
X 4 3(,, +2+2, +2+222+2+2, +2+2,a )>
where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.23. From Eq. (4.2.1.1) in [16].

@ (q— )" Hte=1H5Liy(b(a — x)x
aay [l e e,

(=1 al st () T B(L+n+ s, 1+ ) (511F)
(—1+p)!

P o0
j=1n=0

+o+c+

3nst_a2b
2 2 2 24

t
X 5F4(1,1,1,1+n+5 14142,2, 1+2+;+2,
where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.24. From Eq. (4.3.1.1) in [16].

o 715 log (7%@ ) Si(be)
4.24 d
(424) /0 1+2), *

oy (S A (4 5 )
j=1n=0 (n+s)'1+5)T(1—-j+pT (2 + %)
11 n s 3 n s 1
Fs |5 —+ ;= LR X
X 9 3(272 2+272 +2 2 4ab)

3
2’
( 1)]2 14+n+s 1+n+eb( ) ( +n _|_ )
( +8)F(1+J)T(1—J+p)F(2+n+S)

n
1 n s1 n s 3 s 3 mn s
F. - 1 7”21)2
><23(2+2+2 2T Ty +2+2 3Tty )>
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where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1.

EXAMPLE 4.25. From Eq. (4.3.4.1) in [16].

b z=15 cos™ 1 (2)Si(ax)
(4.25) /0 itz dz

P = 122”sa )"
:ZZ<( "a(=j) "

P LA +)T1—j+p) (3

+

5
2 2" T2 T orra T Ty

1 s
F: ,1 -
><23<2+2+ + 5+ 5

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.26. From Eq. (4.4.1.1) in [186].

a (a—az) eI tserf (by/(a — 2)z
(4.26) /0 (1—1—9[: Q% )
—1)am T Hp(—) "B (3 +n+s, 3 +1t) (017F)

_ - —1+47
NI NS

j=1n=0

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.27. From Eq. (4.4.2.1) in [16].

o eb2(a—x)x<a _ IIJ)_1+t$_1+SeI‘f (bM)
(4.27) /0 T, dx
= 21 ) B (e d 4 ) (G4
2 VAT +p)!

p
j:
wabs (1 gmgstendtyny s tyyn, s tdt
BB\ T TSy Ty Ty Ty Tyt Ty Ty Ty Ty
where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1.

EXAMPLE 4.28. From Eq. (4.4.4.1) in [18].
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a 71 serf(bx) log (‘”‘;ﬂ)
(4.28) / dz
0 (1 +o:)
B e e
=1 n=0 n+5 FA+)PA—-j+p)0 (1+5+3)
11 n s 3
F: — 1 b2

><22(22—|—2-i-22 +2+2 )

2

( 1)]2n+‘; 1+n+sb( ) nr( +%+§)
Vin+s) A+ /)T1—j+pT(2+n+s)

s 3 mn s
F =, = -1 e S e AL
X22<2+2+22+2+2 +2+22—|—2+2,a ))

where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.29. From Eq. (4.4.6.8) in [16]. Errata. The quoted equation is in

€rror.

(4.29) /Ox “a—2)lert (b3/a(a — ) ) exfi (b/a(a — 1)) da
t+

40T’ B (s + 5.t + 3) aF5 (5. 5.5 + 3,

****%%®+t+1x%?+1ﬁ%ww%

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.30. From Eq. (4.4.6.8) in [16].

a (a—z) 1= serf (bM) erfi (bM)
(4.30) /0 isa), dx
4(,1) n+s+tb2( ) 1-npB ( +n+s, % + t) (—H—p)

=22 (=14 p) —

R S P

31 n ]
2’2 2 2 2772 2 216

st n s t a2b2>

N =

x aFs (2t it 32

44'5 874’2 n 812 74747
where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1.

EXAMPLE 4.31. From Eq. (4.7.4.3) in [16].

a x7175],(bx) log (7{"Jr : f_mz)
(4.31) / dx
0 (1+z)p
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yy -

j=1n=0

j2 1—v n+s+vbv( ) 1— nf( }i};) ( (n—i—s—l—u))

(n+s+v)(-1+p!T(1+v) (3(1+n+s+0))

n s wvn s v1 n s
XoF3(=4+=-4+=-,—+=-+—=—3=-4+ =+ = 1 , 1 —fzb2
23<2+2+2,2+2+2,2+2+2+2 +2+2+ + v; 4a )

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.32. From Eq. (4.7.5.1) in [16].

Lgp=1+s cos™1(2)J, (ax
(4.32) /U i +:£))J (02) 1

ii 1)27%a" (=)~ (C ﬁf) (3(1+n+s+v))
j=1n=0 TL+S+’U)( 1+p|F1+Ur(%n+S—|—U)

)(F TL+S+’U 1+TL+S+’01+TL+S+U1+’H+S+’U1+ CL2
n s vl n s v, n s v L R
A DD L R R RS LD NS B LD B B g

where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1.

EXAMPLE 4.33. From Eq. (4.9.1.1) in [16]. Errata. The quoted equation is in

€rror.

B(s+%,t+%)a ot (g)v oF5 (s + ettt 3%;er 1,%(5+t+v), %(s+t+v+ 1); %(ab)z)

T(v+1)

where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1.
EXAMPLE 4.34. From Eq. (4.9.1.1) in [16].

o (a—z)"VHg=l+s, (bm)

4.34 da
( ) /0 (1+2x),
P oo )_]2 —1+n+s+t+vbv( ) 1— nB (TL+S+ v t-l— U) (:}i;;))
ZZ T T
x 2By (nts+ ¢ PO L P S L
258 5’222222222 T

where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1.
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EXAMPLE 4.35. From Eq. (4.9.2.1) in [16].

a bla—x)x(, _ ,»\—1+t —l+syT _
(4.35) / e (a —x) x »(b(a — x)x) i
0

(1+2z),
(_1)]‘27 71+n+s+t+2vbv( ) 1— ”B(n+s+v t+1})(_1+p)

_ N —1+y
*ZZ (=14 p)!T(1 +v)

><3F3<

where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1.

2 7 2"'2"72"72" 2" 2""7 2

N

st 1 n s t a’b
T P S 8 I R Rty L R AR (A,

EXAMPLE 4.36. From Eq. (4.9.4.1) in [16].

o 271451, (bx) log (a+7 \/f—ﬁ)

(4.36) / dx
0 (1+x)p
00 jio—1—v n+s+vpv n 14+
:fZ(_m Tmvgnistope(—j)=1=n/x(C 1+§) (3(n+s+0))
o oy (n+s+v)(-1+p!T(1+v) (F(1+n+s+0))
wop (Rytptnys vl n s vy n s vy 98
23\ 2 T2 "9 T Tyrg g g Tyt T Ty Ty Ty

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 4.37. From Eq. (4.9.5.1) in [16].

Lp=1+s cos™ ()1, (ax
[ h,

= (=127 (=) " A (ST (51 +n 4 s+ v)

(n+s+v)2(=14+p)! T+ )L (3(n+s+0v))

VY (PR S DU PR PR S R O O L
2 \gtgtpgtogtgtgitgfgtypltgtgtoltuy

where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1.

EXAMPLE 4.38. From Eq. (4.11.1.1) in [16].

[T,

0 (1+2)p
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_ P i(_1)j27van+s+t+vb1+v(_j)flfn(:11?)1—\ <n+3+1+TU)F(t+#)
i=1n=0 VI(=1+pIT (2 +v)T(1+n+s+t+v)
< oFy(Letntstl tyep 3 lyn ot vy ny s
—4+n+s+ -, = Z. 2 L2 L n._s
344 72 232 2a272 9 9 B 2, D) 5
t v 3 1 5.4
oS v —a®
+2+2,2—|—v, 16a )

where |Re(a)|< 1,|Re(b)|< 1,|Re(s)|< 1,|Re(t)|< 1,|Re(v)|< 1.

EXAMPLE 4.39. From Eq. (4.18.2.8) in [16]..

X

a 7L (bx) log (7\/64—\/\/5@)
(4.39) / d
0 (1+a)p

(- >ﬂ'<—j>*1*”(:11§)) (a"** VAT (0 + 5))
(=14 p)!(2(n+s)UT (3 +n+3s))

>

p
j=1n=0

J
)

1
x 33 <n+s,n+s,a +n+s,1+n+s,1+)\;ab) 1+ Na

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1, |Re(a)|< 1, |Re(N)|< 1.

5. Table of series involving Special functions

EXAMPLE 5.1. From Eq. (5.7.1.3) in [16].

(5.1)

zh: z zp: i (1)) ) am (14 22 + 202) " Py (i)

=0 j=1n=0 (_1_Fpﬂ

where |Re(z)|< 1,|Re(z)|< 1.
EXAMPLE 5.2. From Eq. (5.9.1.1) in [16].

(5.

o

)
SRR o s = Ol

2 (=)} P 2m)! (=1 +p)!

where |Re(z)|< 1,|Re(z)|< 1.
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EXAMPLE 5.3. Eq. (5.9.1.1) in [16]. Errata. The quoted equation is in error.

n tkH P (t — l)ann z ﬁ
(5:3) D (n— kz)];((Z)k)! - (2n)§ )

k=0

where |Re(z)|< 1,|Re(t)|< 1.

EXAMPLE 5.4. From Eq. (6.17.1.6) in [16].

(5.4) it%Fz(—k,l*’k’,Z;Ll;l) P(1+1t)1F1(1—2158) 1 F1(2; 15 1)
’ E'(14+1), F'l+p+t)

k=0

where |Re(z)|< 1, |Re(t)|< 1.
EXAMPLE 5.5. From Eq. (6.17.1.10) in [16].

N KtP Fy (54 ks 35 + ks 2)
(1+2k)(1+1),

\/EF(l +t) (—24/z cosh (2y/z) sinh (V) + v/t cosh (V%) sinh (2y/z))
- 4(t —4z)(p +t)!

where |Re(z)|< 1, |Re(t)|< 1.

EXAMPLE 5.6. From [Dieckman]

@ cos(bx) __sin(ab) = (-1 (?j) sin” (ab)
(56) /0 (1 +sin(bz)), de = b ; nZ:;J JtHp— D! (n+1)

where Im(b) < 0.

EXAMPLE 5.7. From [Dieckman]

* 1
5.7 /0 (1 +log(1+ty))y W
p o (17 (=) () ()P0 + 1, ~ log(1 + t)) = T(n + 1))

=22 Cl+p)lt

j=1n=0

where [Im(z)|< 1.

EXAMPLE 5.8. From [Dieckman]


http://www-elsa.physik.uni-bonn.de/~dieckman/IntegralsDefinite/DefInt.html
http://www-elsa.physik.uni-bonn.de/~dieckman/IntegralsDefinite/DefInt.html
http://www-elsa.physik.uni-bonn.de/~dieckman/IntegralsDefinite/DefInt.html
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@ y
(5-8) /0 (1+ty)(1 +log(1 + ty)), w

-y i (17 C) ((FUP e+ 1, ~ log(1 + t2)) = T(n + 1)) — &)

j=1n=0 (=1+p)!t?

where |Im(z)|< 1.

6. Special cases

In this section we evaluate special cases using the previously derived examples.

EXAMPLE 6.1.

4 (ye—e—Ei(3) +Ei(1) 27" 2(14n)"E_, (1 +n

n=0

EXAMPLE 6.2.

3 i(3) — i o -n_n/2
(6.2) 494_8(46 + 9Ei (2) 9E1(3)):Zz e"/?T (14 n,n)

9e3/2 ~ (3+n)n!
EXAMPLE 6.3.
(6.3)
8 (—7€%? + 6¢ + 8Ei (%) — 8Ei(2)) i 47 (14 n) M E_, (1 + n)
e5/4 - —~ (34 n)n!

EXAMPLE 6.4.

(6.4)
—4 — 3z 4 e 3137 (4€® — 9Fi(3) 4 9Ei(3 — 3x)) i (e'=*z)"T(1 +n,n)
9x3 B 3+ n)n!

n=0

EXAMPLE 6.5.

(6.5) % _ i et (e*a)" T (1 +n,1+n)
. v - n=0 F(2 + n)

where |Re(z)|< 1, |Im(z)|< 1.

EXAMPLE 6.6.
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(6.6) IQ(W —6(log 2) + 2Lis (D))

eI+ n) 2 (D (1+n, H2) =T (1+n, 42))T(1+n,1+n)
-3 (" ( )—T( )

[t

F( +n)
EXAMPLE 6.7.
(6.7)
e®(im — Chi(—1 +z) + Ei(—1) + Shi(1 — 2)) o= e*"(2+n)*" (e%2)" E_,(2 4+ n)
x B 1+ n)n!
n=0 ( )
where 0 < Re(z) < 1,0 < Im(z) < 1.
EXAMPLE 6.8.
(6.8)
e?(im — Chi(—1 + z) + Ei(—1) 4+ Shi(1 — x) i (2 +n)H (e72) E_,(2 +n)
T 1+n)n!
n=0 ( ) !
where 0 < Re(z) < 1,0 < Im(z) < 1.
EXAMPLE 6.9.
(6.9) estE (—im — Chi(g(—1+=)) + Ei (=) +Shi (3 — £))
' x
i et §(e8a)" T (1+n5+%)
n=0 (2 + n)
where 0 < Re(x) < 1,Im(x) < 0.
EXAMPLE 6.10.
e 1 (—ir — Ei(1) — T(0, -1 + x)) > (er*2)" T(1 +n,n)
1 —
(6.10) z Z I'2+n)

n=0

where 0 < Re(z) < 1,0 < Im(z) < 1.

EXAMPLE 6.11.
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(6.11)

1+t T'(2+n)

n=0

1
/1 o (a,ﬁ;7;62( 1+t)t) dt 2L (1)t (14 n, M) sFy(1+n, 0, 852 + 1,73 1)
0

where |Re(a)|< 1, |Re(B)|< 1,|Re(y)|< 1.

EXAMPLE 6.12.

1ed (=370 (231404 ) 2
6.12 dt
612 |

B (143) B E B Y+ 5i4)

(e (1+2
:ZO( )" (1+3)

EXAMPLE 6.13.

(6.13) / it
0

1+¢
B i (D)™ 5T (140, 5) 3By (L + 20,83 + 2,140 - 5;1)
~ I'2+n)
where |Re(a)|< 1,|Re(B)|< 1, |Re(v)|< 1.
EXAMPLE 6.14.
(6.14)
1 (,e%(f1+t)t2;q)l | o (—1)n3-1me i () 4y ltngh(-lte g (L) (Zl))q
dt =
/0 1+t p:m; (1+n+2p)n!
where |Re(q)|< 1.
EXAMPLE 6.15.
(6.15)
1 e%+e%(—1+‘>t2(1 + o)t (e%(—1+t)t2)q (F(—l g -T (_1 _ q,e%(_1+t)t2))
dt
/ T

S 0 ) (L )
n=0 F(Q—i—n)
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where |Re(q)|< 1.

EXAMPLE 6.16.

1 _(a—b)az? 1 — )~ 14+0,p—1+a+8
(6.16) / c (1—2)” Wz da
0 (=1 +2F) (=1 + ba?)

i 2L et (—p(1 4 n)) T(a+ (1 + 1+ n)B)T(SI(1 +n,a + bn)
P o F1+)I(1+n)(a+ (1+1+n)B+0)

where |Re(a)|< 1,|Re(b)|< 1/Re(d), |Re(a)|< 1, |Re(B)|< 1.

EXAMPLE 6.17.

(6.17)

VAL(=1+6) (160 2Fy (=5, 155 +6;:5) +92F1 (5,155 + 05 5) — 166 2F (5,15 5

33

14T (5 +0)

& &8 (<1 =)' T (3 4 1+ n) D) (1 +n, 1£2)
=> > I‘(1+l)I‘(1—in)I‘(%+l+n+5) 8

where Re(d) > .

EXAMPLE 6.18.

V3T (=14 6) 2 (1, —1+6; 2 +6,-1)

L (=3)T(5+9)

X X 27 T (<1 = )T (3 + 1+ n) TO)L (1 47, 1)
LA+ +n)T (5 +1+n+90)

(6.18)

n=0 [=0

where Re(d) > .

EXAMPLE 6.19.
VAL (=14 0) o F1 (1, =1+ 655 + 6; —1)
(%+5)

Z lets ( —n)T (2 +l+n)F(5)F(l+n Lin)

(6.19)

where Re(d) > 2m.

EXAMPLE 6.20.
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\
—
+
5

=
+
Se

\

—
SN—

1

4
B i i 27l 5" (1 — n)'T (3 + 1 +n) D(O)L (1 +n, 147)
B FA+)L(1+n)T (2 +1+n+90)

where Re(0) > 2m.

EXAMPLE 6.21.

1 s [3x 23R (1—-26;—6,-6;2—26; 3, 1)
(6:21) = =(=1) < %

L1 ARy (=205 -6, —0;1 — 2653, 1)

1903
1
6wl (—1+6) (3 4%e™ csc(md) — 8 esc(2m8) o Fy (1 — 26, —6;2 — 63 3))
B ['(—0)T(26)
+25e”6 (442F (1= 0,14+ 0;2+6;4) —92F1 (2—6,1+0;2+6; 1))
1456

72 cse(md) (45(—4)° csc(md) + 44 csc(2m6) o Fy (—26, =051 — 63 3))
a [(1 —6)2I(26)

s Pt B 1) (4 §) T (L) Fa (6 (54 8)) (<1 +9)
:;nz:%; (3 + 30 +1+n)UTL+n) (5 +50+1+n)_ .,

where 2w < Re(d) < 5w, [Im(5)|> 1.

EXAMPLE 6.22.

! 46%(1 — x)4a3/?
(6.22) /O Troa—o)

24n

15 x 297 2e™5 (=1 —n)'T (1 +n, 242)
(5+ 41+ 4n)(7T+ 4L+ 4n)(9 + 41 + 4n) (11 + 41 + 4n) (13 + 41 + 4n)(15 + 4 + 4n) ! (1 + n)

=01=0

3

EXAMPLE 6.23.

! 4e§(1 — z)t23
(6:23) /0 (tetra) (Ao ™

- i i 5 282 5 (=1 — n)'T (1 + n, ZE0)
B 324+14+n)B4+1+n)(4+31+3n)(5+3L+3n)(7+3l+3n)(8+ 31+ 3n)lIT(1 +n)
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EXAMPLE 6.24.

! e%(—l + x)ta3/?
(6.24) /O o) (—a+a2) ™

i i 15 x 2725 (=1 — n)'T (1 + n, 242)
— £ (5 + 41 + 4n) (7 + 41+ 4n) (9 + 4l + 4n) (11 + 4l + 4n)(13 + 41 + 4n)(15 + 41 + 4n) ' T(1 + n)

EXAMPLE 6.25.

1 5 (=1 + )tad/?
63 [ tracird e
-~ Yy 1512 BB b (1 (o (LB (524 )

2ot 2 L (54 4l + 4n) (7 + AL+ 4n) (9 + 4L+ 4n) (11 + 41+ dn) (13 + 41 + 4n) (15 + 4l + 4n) ! T (1 + n)

EXAMPLE 6.26.

1 e (=1 + x)32%/2
620 | Gracas e

B 2.2 & (—1)i42lemilsn (1 _p)l (L4 )" (4+3n)(711+j)E,n (&4 + 3n))
*ZZZ(5+4z+4n)(7+4z+4n)(9+4l+4n)(11+4l+4n)(13+4z+4n)ur(1+n)

N

EXAMPLE 6.27.

(6.27) /1 e (-1+a)ah? dx

o (I+x)(=4+2%)(=3+2%)(-2+2?)
0 (—1)i4-leTzd(43n) (1 — p)! (%4—%)"(44—371)( 1+J)E_ (55(4 + 3n))
(5+ 41+ 4n) (7 + 4l + 4n) (9 + 41 + 4n) (11 + 41 + 4n)' T (1 + n)

EXAMPLE 6.28.

eé(—l + x)%20/?

(6.28) /0 (1+2z+a2) (=64 23) (—2 + 23) da

_ i i i - (—1)723-1=n3=2-1=negi(+n) (1 _ p)l(3 + n)1+"(711+j)E,n (1(3+n))
; (3420 +2n)(7+ 61+ 6n)(11 4 61 + 6n)(13 4+ 61 + 6n)I!T(1 + n)

EXAMPLE 6.29.

(6.29) /1 % (14 o)Palt) dx
' o M+z+22+23)(—6+2%) (-2 + %)
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_ 22: i i (—1)76 11 mesiG+m) (—1 — n)l(3 + N)1+"(_11+j)E—n (¢i(3+n))
== (2 +4l+4n) (2 +4l+4n) (3 +40+14+n) (E+41+1+n)) UD(1+n)

EXAMPLE 6.30.

1 6%(—1 + x)229/°
(6.:30) /O T2 (-6+a%) (2122~
o oo (—1)76~1—tnedim) (1 —n)l(3+n)1+n(711+j)E,n (3i(33+n))

o fesr et (Z+20+2n) (2 +20+2n) (2+2(1+1+n) (2+2(14+14n)UT(1+n)

THEOREM 6.31. Stirling numbers of the second kind.

m n >m+pcpp ( )

(6.31) L4 (=14 ce®)™ ZZ

n=0p=1

where |Re(z)|< 1,|Re(c)|< 1 where f(z) = (ce®® —1)™

EXAMPLE 6.32.

(6.32) /Ov s’ (14 (-1+¢€"2)") da

7rL+pp LU1+7L ( GU2>_%

_ZZ 2n!p

n=0p=1

where |Re(a)|< 1, |Re(z)|< 1,|Re(v)|< 1.

EXAMPLE 6.33.

(6.33) /0 e (14 (=1 +e%2)™) dz

N

o (e (o) R () (1 (52) - T (2,

:ZZ 2n!p

where |Re(a)|< 1,|Re(z)|< 1, |Re(v)|< 1.

EXAMPLE 6.34. From Eq. (4.25.5.1) in [16].

(6.34)

/ (@ —z) ™1 (14 (=1 +e%2)™) 1 F1(b; s;wz) 1 Fi(c; tw(a — ) da
0



ABEL-TYPE SERIES AND DEFINITE INTEGRALS 37

L)mapg =ttt tpnab B(n + 5,4) () 1F1(b+ ¢;n + s + taw)

_ZZ n!

n=0p=1

where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1, |Re(c)|< 1, |Re(w)|< 1, |Re(t)|< 1, |Re(z)|<

1.
7. Table involving complete elliptic integrals
7.1. Preliminaries. These formulae are listed on page 672 in [16], where
0 < Re(k) < 1.
sm
(7.1) / ;is the complete elliptic integral
\/1 — k2 sin?
(7.2
/ ;is the complete elliptic integral of the first kind

1-— k2 sin?(t)

(7.3)

3)
/ \/1 — k2sin? t)dt; is the complete elliptic integral of the second kind

EXAMPLE 7.1. From Eq. (4.23.2.1) in [16]. The complete integral and complete

integral of the first kind.

(7.4)
Lo 3 (14 (-1 +€%2)™) K (—152) ((*1 + a’z) E( 1+a2r) +K< 1+“2f)> d
/0 a2y/1 — a2z '

1)mtppny? zp(p)F(n+s)24F3 (%,%,nJrs n+s;2,%+n+s7%+n+s;a2)

-yt

=0 p=1 8n'F( —I—n—l—s)
where |Re(s)|< 1, |Re(a)|< 1,|Re(2)|< 1.

EXAMPLE 7.2. From Eq. (4.23.2.1) in [16]. The complete integral and complete

integral of the second kind.

(7.5)

L2 (L4 (14 )™ B(1— ) (-1 +a%0) B (=i ) + K (=553 ) )
/0 a2V/1— a2z ’

T
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_ ZZ 1)mtrpng zp( J0(n+ s)L'(1+n+s)

oy o Sn'I‘ +n+s)F(2+n+s)

13 3
X 4F3 (2 > ,n+s, 1+n+s,2,2+n+s,2+n+s;a2)

where |Re(s)|< 1,|Re(a)|< 1,|Re(2)|< 1.
7.2. Table involving the complete elliptic integral D(z).

EXAMPLE 7.3. From Eq. (4.23.1.1) in [16].

a (a,*l’)72+tf£72+s v \m
(7.6) /0 2 1_b2(a_x)x(l+(—l+e 2)"™)

x ((—1 + 02 (a—a)z) B (%) +K <m>> dz

co m (_1)m+pa 1+n+s+t n z”B(n—l—s t)( )
o ZZ 4n!

n=0p=1

13
><4F3<22n+st2 + + +5+5+

tlnst_a2b2
2 72722272 "2 974

where |Re(s)|< 1, |Re(b)|< 1,|Re(a)|< 1,|Re(z)|< 1.

EXAMPLE 7.4. From Eq. (4.23.1.14) in [16].

(7.7)
v e (U (<1 em2)") (<14 6%02) B (s ) + K (s ) ) log (25—
/0 T dx

m+pan+5p 7.1.3/22;) (7;)1—1 (n;s)

8(n+s)n!T (3(1+n+s))

D)

n=0p=1

13 n sn n s
F RN LR
><43(222+2 3 tytytytylty g )

where |Re(s)|< 1, |Re(b)|< 1,|Re(a)|< 1,|Re(z)|< 1.

EXAMPLE 7.5. From Eq. (4.23.1.17) in [16].
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(7.8)
127355 (14 (=14 e%2)™) cos™ () ((—1 +a*z?) E (71‘32?;2) +K (%))
d
/0 a1 — a?x? *

o m (—1)m+pp"7r3/22p (m)F (%(1 +n+ s))

=22 A TSPl (2F)

where |Re(s)|< 1,|Re(a)|< 1,|Re(2)|< 1.
7.3. Table involving the product of the complete elliptic integral F(z).

EXAMPLE 7.6. From Eq. (4.22.14.2) in [16].

(7.9) /0 e (14 (=14 €*2)™) E(1 — 2)E (a®z) da

1)mtppnyg? zp( JT(n+s)T(1+n+s)

_ZZ AT (A 4+n+s)T (2 +n+s)

n=0p=1
11 1
X 4F3< 25 ,n+ s, 1+n+s,1, +n+s, §+n+s;a2>
where |Re(s)|< 1, |Re(a)|< 1,|Re(z)|< 1.
EXAMPLE 7.7. From Eq. (4.22.14.7) in [16].
(14 (=14+€e"2)")E(1 — 2)E (a’x
oy [T BB )
0 a
_ ii 1)mtPpna? zp( JT(n+s)T(1+n+s)
3
oy o n'F —|—n+s)f‘(§+n—|—s)

13 1 3
X 4F3 (2 > ,n+s,14+n+s;1, 2+n+s,2+n+s;a2>

where |Re(s)|< 1, |Re(a)|< 1,|Re(z)|< 1.

7.4. Integrals containing products of E(z) and K(z), the complete
elliptic integral of the second kind and complete elliptic integral of the

first kind respectively.
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EXAMPLE 7.8. From Eq. (4.22.13.2) in [16].

- /01 2T (L (<14 e2)™) B(L - 2)K (=52 ) N

V1—alx
oo m (—1)m+pp"7r2(n—|—S)Zp(rg)l—‘(n—i—3)2

=22

n=0p=1 2(1+2(n+s))nlf(%+n+s)2

11 1 3
x 4 F3 (2 3t 1+n+s,1,2+n+s,2+n+s;a2>

where |Re(s)|< 1, |Re(b)|< 1,|Re(a)|< 1,|Re(z)|< 1.

EXAMPLE 7.9. From Eq. (4.22.13.3) in [16].

(7.12) /1 T3 (14 (~1 4 e"2)™) E (a®z) K (— 1= m) dz

0 x
Z i”: 1)mtPpng?ap (T;)F(n +5)?
B n=0 p=1 4’11' F + n—+ 5)2

1 1
X 4F3< 35 ,n+ s, n+s,1,2+n+s,2+n+s;a2>

where |Re(s)|< 1, |Re(b)|< 1,|Re(a)|< 1,|Re(z)|< 1.

EXAMPLE 7.10. From Eq. (4.22.13.9) in [16].

La=3+s (14 (—1+€%2)™) E (a?2) K (152
(7.13) /x Sl ') 2) () K (=75
0 1—a%x

oo m (_1)m+ppnﬂ_22p(7;b)]_"(n + 8)2
=0 p=1 4n!F(% +n+s)2

13 1 1 )
X 4F3 §,§,H+S,n+8;l,§+n+s,§—|—n—|—s;a

where |Re(s)|< 1,|Re(b)|< 1,|Re(a)|< 1, |Re(z)|< 1.

EXAMPLE 7.11. From Eq. (4.22.13.11) in [16].

dx

L (L (e B (1255 K (+159)
7.14
(7.14) /0 V1+a’x
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—ZZ

m+pp 2,p (Z:)F(n + 8)2
2

X uFs (2. 2 ntsntsl s tntsstnts—a
s |5 gntsntslotnts g+ntsi—a
where |Re(s)|< 1,|Re(b)|< 1,|Re(a)|< 1,|Re(z)|< 1.

EXAMPLE 7.12. From Eq. (4.22.13.13) in [16].

x s (1 + —1+eIsz1—xK< o’z >
(1+( " B0 0K (Gt

1
(7.15) /0 — m

1)mtppng? zp(p)F(n +8)'(1+n+s)

_ZZ AnIT (3 +n+s)T (2 +n+s)

n=0 p=1

dxr

1 3
X 4F3 (2 3’ ;N + s, 1+n+57172+n+8,2+n+5;—a2)

where |Re(s)|< 1,|Re(b)|< 1,|Re(a)|< 1,|Re(z)|< 1.

EXAMPLE 7.13. From Eq. (4.22.13.19) in [16].

2

(7.16) /01 2314 a?r (14 (—1+¢"2)™)E (&) K (— - m) d
-yl

m+pp Zp(?;j)r(n_~_ 5)2
01 4n!1"(§+n+s)2

11 1 1 )
X 4F3 Ty 2”+3n+371,2+n+8,§+n+5;—a

where |Re(s)|< 1, |Re(b)|< 1,|Re(a)|< 1,|Re(z)|< 1.
THEOREM 7.14.
(7.17)

e’ > (e*b‘”x)n

(=14 bz) (—c* + %) - nZ:O 4c*n!

((—c)_"e_c(“+b")I‘(1 +n,—c(a+ bn))

+(—ic) eI 4, —ic(a + bn)) 4 (ic) e TIT(1 4 n,ic(a + bn))

+¢ e (1 4, e(a + bn)))

41
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gz (atbn)
A4

where |Re(a)|< 1, |Re(b)|< 1,|Re(c)|> 1, |Re(x)|< 1 where f(z) =

ExAMPLE 7.15. Use the method in section (7) in [2] and eq. (7.17]).

(7.18)

4ctebpT P /w w dt = i (—1)*ni*ncfn€(*lfi)c(a+bn) (Eszx)n
0 -t n=0 (n+ p)n!

X ( "t (1 4 n, —c(a + bn)) + e“@TD(1 + n, —ic(a + bn))

+(=1)"e+20elatd P 4 jc(a + bn)) + (—1)""eFD@TIPA 4, c(a + bn)))

where |Re(a)|< 1,|Re(b)|< 1, |Re(c)|> 1, |Re(p)|< 1,|Re(z)|< 1.

EXAMPLE 7.16. From [Wolfram,07.23.07.0003.01]

oo (a—p)x,.—1+b F ( . e )
e T 1Fi(a;c;zz
1 d
(7.19) /0 (=14 bx) (—c* + 24) *

oo

1
= Z 1 ((bn +p) 0" T(b + n) ((—1)_"0_"6_0(“+b")1"(1 +n,—c(a+bn))
n=0 ’
+(=1)" e eI (1 4, —ic(a + bn)) 4+ i e HIT(1 4 nyic(a + bn))
+¢ e HIP (1 4, e(a + bn))) 2o F1 (a, b+mn;c; bnj—p))

where |Re(a)|< 1, |Re(b)|< 1,|Re(c)|> m,|Re(p)|> =, |Re(z)|> 7.

THEOREM 7.17.

(7.20)

(—d+2)"Ftan~!(u — x2) Z d)bH (=14 (p(—d 4 2)=*)" T(1 + b + an)
(1—a)x—d 21+ uw)T(1+n)T(2+b+ (-1+a)n)

n=0

x (2(14+b+ (-1+a)n) (1 +u?) tan™"(u)
) i—u\" z " dz
+(—d)"dnz ((1—zu) ( 7 ) (—i+u) 3y <1,1,1—n;272—|—b—n—|—an; _Z+U)

+<1—|—1u) (_Z;—ZU) (Zju> 3F2 <1,1,1—n,2,2+b—n+an,z+u>)>
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where |Re(a)|< 1,|Re(b)|< 1,|Re(d)|< 1,|Re(u)|< 1, |Re(2)|< 1, |Re(x)|< 1 where

f(z) =tan™'(u — 22)(x — d)*"+?

EXAMPLE 7.18.

(7.21)

¢ (—d+ )P tan~! (u — x2) dp — > (—d) "1+ OGP (1 + b + an)
/_¢ —d+(1-a)z w__Z2(1+u2)I‘(2+n)I‘(2+b+(—1+a)n)

n=0

x ((—(—d —¢)7¢)" (d+ ¢) 2 Iy <1,2 fn—an2+n _3)

+H(d—¢) (d(=d+¢)™")" 2Py (1’2 - an 24 3))

(21 +b+ (-1 +a)n) (1 +u®) tan™" (u)

sedyans (-0 (20) (S5) am (Lia-mazes—nsan =)

—14u 1+ u

. n n d
+(1+iu)<”“> (Z ) 3F2<1,1,1n;2,2+bn+an;.z>)>
dz i+ u i+ u

where |Re(a)|< 1,|Re(b)|< 1, |Re(d)|< 1, |Re(u)|< 1, |Re(z)|< 1,|Re(d)|< 1.

THEOREM 7.19.

6&1

(1= ba) (1 + cx)?(1 + da)?
= (etra)” X ((—C)”C(c—d)eatbn (a+bn)L" (n, —2£22)

(7.22)

n=0 (C a d)3 F(n)
(—)**me " (c(1 4 n) — d(3+ n))T (1 +n, —2£bn)
+ T(1+n)
n—otbn (c—d)(a+bn)T (n’,M)
+(—d)**"e < T (n) 4

+(—d(l-i-n) +¢(3+n))T (1+n’_a+dbn)>>
I'(1+mn)

where |Re(a)|< 1,|Re(b)|< 1,|Re(c)|< 1,|Re(d)|< 1,|Re(x)|< 1 where f(x) =
v (atbn)
(cz+1)2(dz+1)2



44 ROBERT REYNOLDS

THEOREM 7.20. Series representation for quotient rational functions.

m _\1+a imm
(7.23) (1+amz)'t 3+ +4[5(=1+m)]
1+am(z —bmz) 2m

B o (—z)n/m™ (as 1+ xmz)_b>nF (—a + (—b—|- %) n)
_nz::l 2nI’ (%) I(—a—bn)

X ((—Dn + (=1)™*F" + 2csc (%) sin (W (n +2n L%(_l + m)J)))

where |Re(a)|< 1, |Re(b)|< 1,|Re(z)|< 1, |Re(x)|< 1, |[Im(a)|< 1, [Im(b)|< 1, [Im(z)|<

3

1, |Re(z)|< 1,m € Z. where f(z) = (za™ + 1)*T*"

EXAMPLE 7.21. From eq. (7.23)) and the method in section (7) in [2].

o (—z)n/m ( (14+a2™z)" b>nF (—a+ (=b+ +)n)
(7.24) nz::l 2n(n + u)T (%) I'(—a — bn)

)™t 4+ 2csc (:j) sin (W (n+2n %ﬂffl +m)J))>

34 +4[3(=1+m)| —2m(1 Fama)™ Ry (X,
2mu

.’13m2>

where u € C.

EXAMPLE 7.22.

(7.25) 2° (22 (—a™2) " " (B_gmo(1+a,1+a) — B_ymo(2+a,1 +a))

23+ 4| 3(-1+m)]) N (=1 +bm)z™2? (3+e™™ +4[1(-1+m)])
(1+a)m (2+a)m
m(—z)"/ Mt (1 4 zm2)"" (a: 1+ xmz)fb)n I(—a+ (-b+1)n)
n(m+am+n)T' (L) T'(—a — bn)

o0
n=1

X (meFl (bn,l +a+ ﬁ;2—|—a—i— ﬁ;—ﬂcmz)

+(1—bm)2F1( 1+ b, 1+a+— 2+a+— —x z))

((—1)”+(—1>"”+n+zcsc(:j)sm( rlnsen|pClam )J)))
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where |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1,|Re(z)|< 1.
EXAMPLE 7.23.
(7.26)

o= () (L (L bm)a 2T (ot (bt ) n)
log (1 + L
og ( x™z) z:: 2nI’ (%) (—a—bn)(1+ xmz)1+a+bn

X (¢<0)(—a —bn) — <—a + (—b + ;) n))

((—m 4 (=1 4 2esc (%) “in (W (n+2n|3(-1+ m)J)))

m

where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1, |Re(x)|< 1.

EXAMPLE 7.24.

where |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1,|Re(z)|< 1.

EXAMPLE 7.25.

e (_ a:mzzFl(l,ll«:_s;2+s;fa:mz) + log (1 + mmz)>
(7.28) -
i mx"(— )n/m s (1 +.’17m2:)_a_bn
o 2n(n+ms)(n+m(l—a—bn+s)L (Z)0(1—a—bn)
(—a + ( > ) (n+ms) (a — 2abm + b>m” + bn — b>mn + b>m’s+

(=1 +bm)*(a+bn)z™z) —m (a® — a(l + 2bms) + b ((—1 4+ bm)n + bm>s(1 + s)))
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(14+2™z) oFy (1,1—a—bn—l—ﬁ—i—s;l—&—ﬁ—&—s;—xmz))
m m

(40 a—tm v (~at (<04 L))
((‘Un + (=1)™"" + 2csc (%) sin (mr (1+2 Lif_l + m)J)>>

where |Re(s)|< 1,|Re(a)|< 1, |Re(b)|< 1,|Re(z)|< 1,|Re(z)|< 1.

8. Table of extended Bierens de Haan definite integrals

In this section we apply the method in [I8] to the stated equation in [I7] to

derive extended definite integrals in terms of the Hurwitz-Lerch zeta function.

THEOREM 8.1. From (35)7 in [17]

™

(8.1) /0Z cot(x) (cos_1+m(2x) log® (a cos(2z)) — log® (asec(2z)) secm(2x)) dx

1 ; ; 1
- _Zim 21+k621m7r<iﬂ_>kq) e2zm7r, —k,1— v Og(a’) + logk(a)
2 2m
where Re(a) < 0,0 < Re(m) < 1.

THEOREM 8.2. From (35)8 in [17]

™

(8.2) /04 (cos*1+m(2x) log® (a cos(2z)) + log® (asec(2x)) secm(2x)> tan(z) dzx

. . — 11
— 7i(2i)kezm7r7r1+kq) (e2zm7r, 7]€, T I;Og(a)>
™

where Re(a) < 0,0 < Re(m) < 1.

THEOREM 8.3. From (35)9 in [17]

™

(8.3) /0Z (cotm(x) log® (a cot(x)) 4 log®(a tan(z)) tanm(ac)) dx

= e%i(k-‘rm)‘ﬂ'ﬂ_l-‘rkq) (_eim,ﬂ" —k 1 - mg(@))

)
™

where Re(a) < 0,0 < Re(m) < 1.
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THEOREM 8.4. From (35)10 in [17)

(8.4)

s

/04 sec(2x) tan(x) (— cot™ (z) log® (a cot(z)) + log" (a tan(x)) tan_2+m(aj)) dx
= _%m (Qeim”(iw)kq) (eim”, —k,1— tlogla) lo7gr(a)) + logk(a)>
where Re(a) < 0,0 < Re(m) < 1,Im(m # 0).

THEOREM 8.5. From (35)15 in [17]

(8.5) /O " tan(z) (f cot™ (z) log" (a cot(z)) + log" (a tan(z)) tanm(x)> dz

_ T (om) T Tk —mlog(a)) | e g (m el z‘log(a))
m ™

where Re(a) < 0,0 < Re(m) < 1,Im(m #0).

THEOREM 8.6. From (35)18 in [17]
(8.6)
/4 cot (% + ac) (cscm(Zx) log® (a csc(2x)) + log" (asin(2x)) sin_1+m(2x)) dx
0
— _i(Qi)keimﬂ'ﬂ_l—i-k(I) <e2im7r —k T ilOg(a)>
’ ) 2’7T

where Re(a) < 0,0 < Re(m) < 1,Im(m # 0).

THEOREM 8.7. From (35)19 in [17]

(8.7)

¥

(a_m(_m)—kr(l -k mm10g(a) | i g1tk (e%m’r’ —k, W_Zlog(a)))

INE)

cot (% + x) (cscm(Zx) log" (a csc(2x)) — log® (asin(2x)) sinm(Zx)) dx

DN | =

m 2m
where Re(a) < 0,0 < Re(m) < 1,Im(m # 0).

THEOREM 8.8. From (35)22 in [17]
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(8.8) /4 (cosm (22) log" (a cos(2z)) — log" (asec(2z)) secm(2x)> tan(z) dzx
0

—m(_ —k . ) ) o
_ % (a ( m) F(l + kv mlog(a)) +ezm7r(21‘ﬂ,)1+k<b <627,m71'71C7 ’/T ZlOg(G)))

m 2

where Re(a) < 0,0 < Re(m) < 1,Im(m # 0).
THEOREM 8.9. From (35)23 in [17]. Errata.

T (tan?(x) — cot?(x)) tan(z) 1 1 pm
(8:9) /0 cos(2x) dr = p - §7TCOt (7)

where 0 < Re(p) <.

THEOREM 8.10. From (35)23 in [17)

(8.10) /O  _sec(22) tan(z) (cotm(x) log" (a cot(z)) flogk(atan(o:))tanm(z)) dz

=a "™ (—m) 170 + k, —mlog(a))

1 ; ; ;1
- iiw (Qem”(iw)k@ (e”"”, —k,1— Wg(a)) + logk(a)>
™

where Re(a) < 0,0 < Re(m) < 1,Im(m # 0).

THEOREM 8.11. From (35)24 in [17)

(8.11) /0Z log® (Cosasin(x)(x)) sec?(z)(cos(x) — sin(x)) " sin™ (z) dx

(z) — sin

Li(k+2m)m ) —il
_ e (_m (=2t 4 (2m)F) (m |k, g<>)

47 2T
—i(2m)* ((—1 + k)k® (é“im”, 2k, ”_Z;Og(a))
Y8

—4(—=1 + m)mn>® (ezim”, —k, 7r—1210g@b)>)>
77

where Re(a) < 0,0 < Re(m) < 1,Im(m # 0).

THEOREM 8.12. From (35)25 in [17)

™

(8.12) /0Z sec(2z) (— cot?™ () log® (acot?(z)) + log® (atan®(z)) tan2m(x)> dx
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, ‘ i 1 1
= ok 2mT (i) 1k g (—62”’”, —k,1— ! o;ia)) — ?W logk(a)

where Re(a) < 0,0 < Re(m) < 1,Im(m #0).

THEOREM 8.13. From (35)26 in [17)

(8.13)

/Z (COS_H_W(ZT) cot(z) log® (a cos(2x)) — cos™™(2z) cot(x) log" (a sec(2x))) dx

0
1 - ) Al
_ _iiﬂ, (21+k621mﬂ(iﬂ.)kq) (e2zm7r, —k‘, 1— 7 02g7r(a)) + logk(a)>

where Re(a) < 0,0 < Re(m) < 1,Im(m # 0).

THEOREM 8.14. From (35)27 in [17]

(8.14) /4 esc(2z) log® (a(—1 + cot(z)))(cos(z) — sin(z))™ sin™™ (z) dx

0
= okeim™ (jr)1+hg (e2im7r g ilog(a))
) ) 271_

where Re(a) < 0,0 < Re(m) < 1,Im(m # 0).

THEOREM 8.15. From (35)31 in [17]. Errata.

™

(8.15) /0Z sin(2x) (cot_p(:n) + tan_p(m)) de = %pﬁ csc (%)

where 0 < Re(p) < 1.

THEOREM 8.16. From (35)31 in [17)].

(8.16) /0Z sin(2x) (cot_m(x) log" (a tan(x)) 4 log®(a cot(z)) tan_m(x)) dx

— _e%i(k-‘rTn)ﬂ'ﬂ_k (k'q) (eimﬂ 1— k‘ 1 _ Zlog(a)) +zm7r<I> (eim‘n' —k 1 _ zlog(a)))
9 ) ) )2

2 T T

where Re(a) < 0,0 < Re(m) < 1.
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THEOREM 8.17. From eq. (24)8 in [IT]. Extended Jirgensen definite integral

with examples.

(8.17) /°° (z — ¢)™ log*(a(z — q)) e

xr—rT

(o m—1 im i(im + log(a) +log(q — 7))
= (2mi)* T (r — q) i) (62 ,—k,— o >

where Re(q) > Re(r), Re(m) > 0, Re(a) < 0.

EXAMPLE 8.18.

Vit et )
[y k 3r—ilog(a)—ilog(g—r) (i +log(a)+log(g—r))
B 91+2k () 1+ (—C (—k, tlog(a)—tlog(g—r )—I—C(—k,—“ og(a) +Hog(q ))
a VoatT

EXAMPLE 8.19.

(24m)] < (1_i)1~(w> )
. im) log 57 —TToa(a) —TToa(a=0)
1 1 _ 2 \/ﬂF srotesla)rosldm )
(8.19) / celloglel 4+ 2) S ———
q

J=a+a(—r+a) NeTE

where Re(q) > Re(r).

EXAMPLE 8.20.

; 1_i\p(2z—tilosla—r)
zimtog (A0

> log(log(g—=) . T
(8:20) V== e L Ve

where Re(q) > Re(r).

EXAMPLE 8.21.

2im log <(5_5)F(hi lff(lr)))
e’} 1 1 1 _ mF 4dm—ilog(l—r)
(821) Og( Og( .13)) dl’ — ( E )

1 V-1+z(-r+x) V-1+r

where Re(r) < 1.
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EXAMPLE 8.22.

(8.22)

*log(log(l—z)) , o — 4
/1 i T 21g<¢§>
EXAMPLE 8.23.
= log(log(1 — x))
B2 ) Frrdire

EXAMPLE 8.24.

N|—
N

(l —
dx = —/2r log 2

[CIES

) r (27r7i10g(2)

)
V2Rl (4=

K3

é'llog(2)>

ot apirta)

‘ . F(3n7ilog(a)filog(qfr)
2 1 81
(1 —¢)mlog(2im) o (Z o8 <2F(
(—g+r)P*

F(— i(i7r+log(a8)+lug(qfr))
™
77r—ilog(a§);—ilog(q77') ) + log or

51

8w
(—q+r)*/*

ExXAMPLE 8.25. Double integral involving the elliptic integral of the first kind,
Catalan’s constant and 7.

o< 1 20F (¢|—
(8.25) —/ / ; —dtdr = CF(¢l=q)
o o VT TR (i ) (o s’ (0)
where g € C, ¢ € C.

Vi

EXAMPLE 8.26.

(8.26)

< g (15 Vg 1o (122))  4nton (- S )
/ q—r q—r dr — 27/12 y/em
. Vit +a)

EXAMPLE 8.27. Apéry’s constant.

N

<low? (5 s (ln (12)) | vaincesy
(8.27) /q N dx =
where Re(q) > Re(r).

Joatr

)
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EXAMPLE 8.28.

T =

oo log (;qftz) log (10g (%)) 4Cr
(8.28) /q J/—q T z(—r+ 1) W=

where Re(q) > Re(r).

EXAMPLE 8.29. Similarity of two definite integrals.

(8.29)

/oo log (_qq_tx> log (log (_qq_t,x)) p 2
I =
q

NS i o ey

q—rT

2
dxr

where Im(r) > 0.

ExXAMPLE 8.30.

r—r

oo (¢ — )™ logh (=% , |
(830) / (‘1 ) dr = 6_2177”(2i7r)1+k(T—q)m_lLi,k (62zm7r)
q
where Re(q) > Re(r).

ExaAMPLE 8.31.

< (Lqta)tm - . 1
(8.31) /q = fx) og (%) dr = e 2™ (1 — q) " Jog <2(Z + Cot(mﬂ))>

where Re(q) > Re(r).

9. Extended Grobner integral in terms of a quadruple series involving

special functions with examples

In 1950, Wolgang Groébner published one of his most famous and highly cited
volume on definite integrals. In this section we use the method in [I8] and apply
it to the cited equation to derive extended forms of this integral. Special cases in

terms of special functions and fundamental constants.

THEOREM 9.1. From Eq. (311)12¢c in [19].
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O / (=1)FPa™ (b+ca™) ™" (=1 + p)tlog" (aa”) dx
o0 J Jfl . m m ima _h+—l . *h+k7q
S Y (1) IRy re R o (9 ) <Z>
: - .

()00
[+

7w —inlog(a) — mlog ((b)l/n>)

(=h+k = @)1+ntq + 2i(m +n — np)w

m —inlog(a) — inlog ((g)l/n)
27

o (1—h+k—@nsq | S9,,

where Re(a) < 0, Re(m) < Re(n).
ExXAMPLE 9.2. The case when p = 1.

0 mx k x
(9.2) / a™log” (aa®) ;.

oo bt can®

b—l ZLC ne n"" (l) 1+k (2 )1+k@< M7_k7ﬂ' ln(log(a)+10g( % 1/n>)>

2
- n?[log(a)|
where Re(a) < 0, Re(m) < Re(n).
EXAMPLE 9.3.
(9.3) / * o"7log" (a0”)
' oo b+ caZme
.\ —1+k —2im (1 1 e
R W ()
VoyemZllog(a)| \m Ir

7 — 2im (log(a) +log (%)
2m

“)

1
—2k¢ —k:,§ 1+

where Re(a) < 0, Re(m) < Re(n).
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EXAMPLE 9.4.

(9.4) /OO a™* log (log (ac™)) da

b+ ca2m=

— 0o

s (7 5) v (e o (2)7))
+21og <_7r — 2im <log(a) + log ((i) 22)))

im (1og(a) + log ((%)ﬁ))

3
—2logl' | - —
og 1

where Re(a) < 0, Re(m) < Re(n).

EXAMPLE 9.5.

(9.5)

7=4kgr(-i)—4bgF(—i)—7ﬁ9)+7i?)—2bg(i;)+bg<FZ:4>

1
4

EXAMPLE 9.6.

mlog(—a) — mlog(a) = 2 (1 (3) = n (§) + 7(y +log(4)))
2c
7 (—4logl' (—2) + 4logl’ (—1) + im + 2log (7))
B 2|«

(9.6)

where Re(a) < 1, Re(m) < 1.

EXAMPLE 9.7.

o™ log (log (aa™))
(97) / 1+ a2me dz

— 00

s

(o) (10% <2nf> — 2log(—=3m — 2imlog(a))

- 2m/log
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2im1 im 1
+2log(—m — 2imlog(a)) + 2logl _ 7+ 2imlog(a) ) _ logl’ 3 imlog(a)
4a 4 m

where Re(a) < 0, Re(m) < Re(n).

EXAMPLE 9.8.

o 1 5 j-=I 1
s _a_ o y _ . g 8im . 1}
—_ E E E (71)2 j+l2 3—2h+j 4q31+2h 2j+2l+2q13 h+j le 5 (’LTF) 1—h—q

h
AN(G=0\ (3. [ o 5
<l ( L ><2‘I> (6 52 )72+h+q,4> (=1 =h—=q)14h+q

1 , 5 ;
_glﬂ'@ (6_5(2“—)7 1+ h + q, 4> (_h’ - q)thq) Sij)

EXAMPLE 9.9.

h
-1 .7 j_l 2. 1 i . 2ix
q ) <l> h ) (316 3Mr(=1 = h = @nsqlizinig (e ’

+e7 5@ (=2 — b — q)1n1qListhtg (622’”» sy

N—

L& 1 ! 1—jtle—htj—iy 2 A
i(—1)~ititpo—1—j+lg—h+j=lpz—p [
2> Jatogiay Y 5 2 (m)

it i (=N [\ (G =1
2—h—q,l h+k—q
()00

1
7 — 2imlog(a) — 2imlog ((g) 2*"’)

om | 271 htRmac 1 14 h— k4 g, I
7I
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: : b\ 7w
1 m — 2imlog(a) — 2imlog ((f) )
—~l-htk—ar Lth—k+aq5 |1+ 5 ‘
i

1
7w — 2imlog(a) — 2im log ((%) Zm)
47

(=h+k — Q14n+tq + 2i(3m — 2mp)m o~htk=ac [ h — k+g,

; ; b 2171
1 7 — 2imlog(a) — 2imlog <(E) )
—o7hthmac by kg~ [ 1+

: o (1—h+k—qhq | SY.,

ExXAMPLE 9.11.

oy [ EW ) o),

—00 log (—Oéx)
co p—1 j j—lI 1 _ _ | |
=22 (—1)J+l+pihqelm”m1q(2+m)hﬂlpl(27r)1hq< )
q:O j:O 1=0 h=0 |10g(0{)| q
()75 ") (204 m= pm(h = Dnraiviney ()
+i(—1 — h — @)14h+qliotntq (e2im7r)) S(_31)+p
EXAMPLE 9.12.
(9.12) /OO (-Dr2 ¥ (427 P (-14p)
. —o0 log (—2—7)
co —l+p j j—I 1 . . -
= Z Z Z i(—l)_j+l+pi—h—QQ_j+l3—1—q7—h+j_lplﬂ__1_h_q — 7 j—
. log(2) . ; L
q=0 j=0 1=0 h=0

(=1 =h—=q)14h+4C(2+h+q))

EXAMPLE 9.13.

o™ log (log (ac®))
1
(9 3) / b+ca4maj dx

— 00
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1
im( log(a)+lo ( % m))
F(é < 2i ( )

—

L

57

im (log(a)+log((

b

c

27

)

| log (27—;) —(1—1) | log + ilog

T
_ i'rrL(log(a)+log<(%)4m,>>
2r (g — T

N

{s

im <log(a)+1°g<(%) am

27

24/203/4{/em|log(a)|

ExXAMPLE 9.14.

> a®log (log (ac™))
(9.14) / g

— 00

. r(-tse) \ (gt
() -1 o (D) s (2

27

)
)

)

2v/2log(a)|

EXAMPLE 9.15.

(9.15)
[ ehmtontany 7 (s 5) ~ 19 1o (s ) + s (3 )
o ita® 2/Allog(er)

EXAMPLE 9.16.

o™ log (log (a®))
1
(9 6) / bt 2aime dz

— 00

im log

1 1
2 4dmbdm
27

7 | log (ﬁ

1 1
F(é_imlug<22:mb4m>) F(g_
) — (1—14) | log - ) -

2 x 23/4p3/4m|log(c)|

EXAMPLE 9.17.

* a®log (log (ac™))
1
(9.17) / alosfoc)) g

— 00

( 3 _ ilog(a)

3 (1og ((RG2ED) Y o p(a e
i log(i)—(l—z) log W +ZlOg W

)
)

)

2v/2[log(a)|

ExXAMPLE 9.18.
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> mx 1
(9.18) [m o (b T came b ca‘”’“ log (log (aa®
_1
(1 B im <log(a)+log((%) am )) )
8 2
™
= V2y/e log log
4b3/4\/5m|10g(a)| . im (log(a)+log<(g)ﬁ)>
g - 2
log(a )+lo g Q 7
+ilog
. 1 g(a)+l g
2| g —
21 b T
+2vb <log (::) — 2log (—37r — 2im (1og(a) + log ((c )))

+2log <—7r — 2im <log(a) + log ((i) m>>>

. ( Z i (log(a) + log ((g);n)))

2T

+2logD (i im (log(a) +21:g ((%) —)) ) ) )

*° log (log (ie™)) (1 4 (1 — 2¢) cosh(x) + (1 + 2¢) sinh(x))
9.19 dz
( ) /,OO 2 (Cosh ( ) + 7 sinh (7””))

_ (if@i)w <<(1 ~ i)+ V2) ese () <log(m) e <2FF((§))>

or (2))) Y (bg(g) — log(4im) + 2logD’ (—Z) — 2logT’ (—i)))

+(1+1i)log < A

16

EXAMPLE 9.19.

ExXAMPLE 9.20.

(9.20)

/oo o ; i (¢(O) (Tr—21',ZL7rlog(a)) - ¢(0) (% _im 1207%(a)))
X
oo (

oo (1+a?m7)log (aa®) 2[log(e)|
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EXAMPLE 9.21.

(9.21)
—73 — 8in?log | A= | + 2in?log(2
/°° a®/?log (—a®) log (log (—a®)) dp — s Og<€/§%/é> - 2im” log(2m)
o 1+ a® B 2[log(a)

where Re(a)) > 0.

EXAMPLE 9.22.

(9.22)

/oo a®/2 10g2 (—a®)log (log (—a™)) de — 147((3)
. 1+a 7 Tog(a)]

where Re(a)) > 0.

EXAMPLE 9.23.

(9.23) dx =

/°° a®/?log (a®) log (log (a®)) ~ 4iCm
oo 1+a [log(c)]

where Re(a)) > 0.

THEOREM 9.24. From Eq. (431)25a in [19].

T

oo (=0 + 2%) " log" ( t=s
(9.24) / ( v )d
b s

b*maeimﬂ'(Qi,/T)lJrkq) <€2im71—7 *k, . i(i?r+10g(a2)+log(b°‘))>

(0%

where 0 < Re(m) < 1,0 < Im(m) < 1,—1 < Im(b) < 0.

THEOREM 9.25. From Eq. (151)12 in [19].

-1+

i (2R 8T (£) 7k (M5, <k 1 - 250 4 1ogt(a)

n

where 0 < Re(m) < 1.



60 ROBERT REYNOLDS

EXAMPLE 9.26.

(9.26)
Lp=1-m (pn _ (_1Vkp2m) ook i\ P 2imm
/ T (z™ — (=1)*z*™) log" () dr = (—1)F! (27”) Li_, (eT>
0 zr—1 "

where Re(k) > 0,0 < Re(m) < 1.

EXAMPLE 9.27.
(9.27)
! 2™ log(x) 1 © ©
/0 (me _ 1) (a2772 + logQ(:L')) du = 4am71w ( ) ¥ < (1 + am))

where 0 < Re(m) < 1.

EXAMPLE 9.28.

1
— d
332’" -1 < (ami — log Nt (ami+ log(:n))"“) v

C2i- na—l m(im) " (27 (— 1)(”)+a m (=™ (14 90) 4 (L(1+am))))

(9.28)

mn/!

where 0 < Re(m) < 1,n € Z,.

10. Table of series and definite logarithmic integrals

In this section the Lagrange theorem is used to derive a series representation
for the logarithm function. Algebraic and calculus techniques are then applied to

evaluate the series and integrals in terms of special functions that follow.

THEOREM 10.1.

(10.1)

(=1)~"an (1 F(—1)™ = 2(~1)" esc () sin <27”T}L’"J)>

log (1 +z™ g o

where |Re(z)|< 1,m € Zy where f(z) = log(1l + ™).
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ExAMPLE 10.2.

(10.2) / 7" log (14 a®e™*"" — 2ae” "™ cos(t)) dx
0

OO — nt
n/mn—l—s cos | =
m

( 14 (=1)™ — 2(—1)"esc (%) sin (W))

where 0 < Re(s) < 1,Im(a) <0,m € Z,.

ExAMPLE 10.3. From Eq. (6.5.28) in [20]. A note on an Erdeyli integral.

(Errata)
(10.3) /OO 7" log (14 a”e™*" — 2ae” " cos(t)) dz = —2I(s) i a”%i(lnt)
0 ——
where 0 < Re(s) < 1,Im(a) < 0.
EXAMPLE 10.4. From (4.223.3) in [5]. Errata
(10.4) /000 log (1 +e72" —2e" " cos(t)) do = —Lis (e~") — Lis (e™)

where |Re(z)|< 7.

EXAMPLE 10.5. From Eq. (6.4.23) in [20]

1
(10.5) /x_1+5(1+bx)_“10g(1+axm) iz
0

B i (=1)""a™™ yFy(n + s,v;1 +n + s;—b)
N 2n(n + s)

(—1 + (=)™ —=2(=1)"csc (%) sin (Wﬂ))

where |Re(a)|< 1,|Re(b)|< 1, |Re(x)|< 1, |Re(v)|> 0,m € Z.

n=1

EXAMPLE 10.6. From Eq. (2.6.9.2) in [3]
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W (—ab™moFy (1, ™22+ 22 —qb™) + (m + p) log (1 + ab™))

(10.6) e p——
s (—=1)7ma™/mpmHtP ((—1 4 (—1)™ — 2(—1)" csc (2F) sin LZE%J
- Z ( - 2n(n + p) ( )>

n=1

where |Re(a)|< 1, Re(p) > 0,m € Z..

EXAMPLE 10.7. From Eq. (3.387.1) in [5].

(10.7) / e "zblog (1 + az™) dx
0

2n7r|_%

(=1)""a™™T(1 + b+ n) <—1 + (=)™ — 2(=1)" csc (ZX) sin ( — J ))

- Z 2n
n=1
where |Re(a)|< 1, Re(p) > 0,m € Z.

EXAMPLE 10.8. From Eq. (3.387.2) in [5].

1
(10.8) / (1- xz)v_l log (1 + a’e™ ™" — 2ae™ "™ cos(t)) da
-1

n

> "™ t
= Z 9—5+v <> efzmrn71+%(1*2v)\/EJ%(_H_%)(n) cos <:1> I'(v)

. ) 2 g
<—1 + "™ — 2" csc (E> sin (nﬂ L 2 J ))
m m

where |Re(a)|< 1,|Re(v)|< 1.

EXAMPLE 10.9. From Eq. (3.387.3) in [5].

Il
[]¢
~
[
+
S
\
SEE
N———
|
3

—inmy, —1+5(1-2v "
o—inmy —1+3(1-2 )\/EJ%(_H%)(TL) o8 <m> o

) . 2 m
<—1 + "™ — 2e"™7 csc (@) sin (mr L 2 J ))
m m

where |Re(a)|< 1, Re(p) > 0,m € Z..
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ExXAMPLE 10.10. From Eq. (4.293.14) in [5].

1
(10.10) / (1—2) "2 og (1 + az™) dz
0

o (1)@ 4 () {—1 4 (1) — 2(-1)7 ese (22) sim ( 2L
;< =T+ () ( :r(mliuj) 1" ese () sin (2711 ) )

where |Re(a)|< 1,m € Z.

ExAmMPLE 10.11.

! 1
(10.11) / log" () log (14 az™) dx
0 X

_ g:l (=1)7"a™™ (L +n) T (1 + ) (1 +2;1)m —2(—1)" esc (25) sin <2mrngmj)>

where |Re(a)|< 1,m € Zj.

EXAMPLE 10.12. From (4.293.13(6)) in [5].

Lol 2 - A+ (=0T
(10.12) /Olog (m)log(l—x)dx = -TQ +u Z 1—|—n“+1

n=1

where Re(u) > 7, |[Im(u)|> 7.

ExamMmpPLE 10.13.

o (~1) 7/ (1 g e ) (1 (1) (1) ese (%) sin ( 2712
:nz::l 1 F; 1 ng(::u)l 2(—1 ( ))

where |Re(a)|< 1,m € Zy.

ExamMpPLE 10.14.

(10.14)

1
12 (4a — 27 4 a®m + 2V 1 — a?m —ia®m? — 4v/1 — a?sin" ' (a) + a®mlog(4)
a
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_1 ; 1_ 2
—2a*m log (1 + M) — 4a*sin"!(a) log (— +ewat \/7a>

1+ia++v1—a?
—4ia?Li, (—ia —1- a2) T 4iaLiy (m 11— a2))

where |Re(a)|< 1,m € Zy.

EXAMPLE 10.15. From (4.295.30(6)) in [5]. Generalized form.

(10.15)
o (1= (@) S5 () (L ()P (b 52
[ e 2 w2

where |Re(a)|< 1,m € Z.

ExAMPLE 10.16. From Eq. (4.314.1(11)) in [5]. Extended Bierens de haan

form.

1 —1+p _ ,.—1+q 1 1+ m
(10.16) / (z v ) log(1+az™)
0

log()

_ nil (=1)""a™™log (%) (—1 + (—1)2”; —2(—1)"csc () sin (W))

where Re(a) < 1, Re(p) > 0, Re(q) >0,m € Z..

ExamMpPLE 10.17.

U log (14 az™)
(10.17) /ox(q2—|—log2(x)) da

(—=1)~"man/m (—1 + (—1)™ — 2(=1)" csc (2X) sin (2”“}1“ ))
ing

n=1

(2Ci(ng) sin(nq) + cos(ng)(m — 2Si(ngq)))

where Re(a) < 1,Re(q) > 0,m € Z.

EXAMPLE 10.18. Table (4.316.1) in [5]. Derivation of generalized forms.
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log? (1) log (1 + az™
(10.18) / o8 (z)log (1 +az™) |-
0 X

= 7F(1 +7) i(—l)’”a"/mn*%p (1 + (=)™ —=2(—1)"csc (%) sin <2nﬂ- L%J ))

m

where Re(a) < 1, Re(p) >0,m € Z.

EXAMPLE 10.19. Table (4.316.2) in [5]. Derivation of generalized forms.

(1019) /1 ]ng (%) IOg (1 + a2x2m — 2qx™ COS(t)) .
0

X

= N\ t
= (‘) e~ cos <n> I(1+p)
n=1 a m
, o | m
(-1 + cos(mm) + isin(mm) — 27 csc (ni) sin (M))
m

m

where |Re(a)|< 1, |Re(p)|< 1.

EXAMPLE 10.20. From Eq. (1.5.13) and (1.5.14) in [20]

(10.20) / 7% log (1 +a (e*bw)m) dx
0

=S eyt (—1 (1™ = 21" ese (") sin <W>>
n=1

m
where |Re(a)|< 1,m € Z.

N | =

EXAMPLE 10.21. Mellin transform. Generalized Brychkov form Eq. (2.5.7.7)

and (2.5.7.8) in [16].
(10.21) /000 z* log (14 aefb‘””) dx = —b"°T(s)Lij4s(—a)
where |Re(a)|< 1,|Re(b)|< 1.

EXAMPLE 10.22.

(10.22)
[0 (1 a0 o = - 57 L) () 2T (o)
0
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where |Re(a)|< 1, |Re(b)|< 1.
THEOREM 10.23.

(10.23)
0T (71)71+j*ne*j(a+bn)jfn (efbxx)n (T)F(l +n,—j(a+bn))

(1 =bzx)(1 4+ z)m ZZ m!n!

n=0 j=1

ez (atbn)

where |Re(a)|< 1,|Re(b)|< 1,|Re(x)|< 1,m € Z, where f(x) = Sy

ExXAMPLE 10.24.

xD(x)? _ (m—2)1—m+2z)n
P(—m+z)I'1+m+zx) (14 2)m

e} m (—1)71+j7n€7j(a+bn>jin( 7bwm) ( )I‘(l—i—n —j(a+bn))
_ Zn 0 Z j min!
J+m e}(a+bn)(a+bn)1+n(e—bzw) ( 1+",L)E,n(j(a+bn))

Zn OZ] 1 T'(m)T'(1+n) =

(10.24) —

where |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1,m € Z.

ExAMPLE 10.25.

> ela=z | By (a; B; 22)
(10.25) /0 T

1) e o (e g ) 1= (T)T(L 4 )DL+ n, —j(a + bn)

7227 m!n!

n=0 j=1

o <1+n a; B; —|—bn>

where |Re(a)|< 1,|Re(b)|< 1, |Re(x)|< 1, |Re(c)|> 2m,m € Z,..

ExAMPLE 10.26.

1 p—ztaz (1 _ xQ)_%J"U
(10.26) [1 (1_bx)(1+w) dz

Yi—re (a+bn)j’”f( )T (2 +0)T(A+n,—jla+bn))

—ZZ— 4m!n!

n=0 j=1

n 14+n =~ (1+n 1 n 1 9
(2(1+(1))F( 5 )le( 5 ,2,1+2+v,4(1+bn)>
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- (2 33 1
+(-1+(-1)") (1 +b)T (1+ g) 1 (;n;Q,Zn +U;4(1+bn)2)>

where |Re(a)|< 1,|Re(b)|< 1, |Re(x)|< 1, |Re(v)|> 3m,m € Z.

ExXAMPLE 10.27. From Eq. (4.21.2.1) in [16] pp.267. The complete elliptic

integral of the first kind.

1 eawx—%—i-sK (_1—732)
(10.27) /O q _bx)(l e

g e () T+l )
7m0 j=1 2m!n!F(%+n+s)2

1 1
X oFy <n+s,n+s;2+n+s,2+n+s;bn>

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1,m € Z4.

ExXAMPLE 10.28. From Eq. (4.22.2.1) in [16] pp. 283. The complete elliptic

integral.

1 eanx—l-i-sE(l _ $)
(10.28) /0 it
M (—1)TiHimneilatbn) jong )F(n+s)F(1+n+s)F(1—|—n,—j(a—|—bn))

:ZZ 2m!n!F(J% ) ( +n+s)

n=0 j=1

1 3
X oFy <n+s,1+n+s;2—|—n+5,2—|—n+s;a—bn>

where Re(s) > 0, |Re(a)|< 1,|Re(b)|< 1,m € Z.

ExAMPLE 10.29.

(10.29)
ZZ —14j-ng —j(a+bn)— bnx]—nxn( )1’\(1_’_n _](a+bn)) ebT /z eat—bt "
= m!(n+ 1)! o Jo (I+B)m

where |Re(a)|< 1,|Re(b)|< 1,m € Z..

EXAMPLE 10.30. From Eq. (2.2.1.6) in [21]. The parabolic cylinder function.
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[e%e) eam—xzax—l-‘rs
10.30 / dz
1030 | T s om

b2n2

—14+j—ng5(—n=s)g—ilatbn)+ 5= j—nyz(—n—s) (T)F(n +8) (1 +n, —j(a+ bn))

= o (1)
:ZZ m!n!

n=0 j=1

o)

where |Re(a)|< 1,|Re(b)|< 1,|Re(s)|< 1, Re(a) > 2.

ExaMPLE 10.31. From Eq. (2.2.2.7) in [2I]. The confluent hypergeometric

function.

00 eamx71+s(x+a)fp
(10.31) /0 (R s dx

_1+j—ne—j(a+bn)j—nan+s—p (m)I‘(n + S)F(l +n, _j(a + bn))

- (-1 .
:ZZ mln!

n=0j=1

Un+s,1+n+s—pbna)

where |Re(a)|< 1,|Re(b)|< 1,|Re(s)|< 1, Re(p) > 2.

ExaMPLE 10.32. From Eq. Eq. (3.2.23) in [20]. Exponential Fourier trans-

form.

00 iaz—x2a? ;.\
(10.32) / c (iz)

oo (L= ibx)(1 + i),

b2n2

(—1) I mnea ()Tt T GE e fra = 1=n = (MYD(1 4 n, —j(a + b))

Yy o
e ()

where Re(a) > .

EXAMPLE 10.33. From Eq. (5.2.9.5) in [3].

ea® (_1 + —ll—:-zebz)

(1033) a7 o,




ABEL-TYPE SERIES AND DEFINITE INTEGRALS 69

(—1)"1Hi—npkeilatbn) j—npk (e*b‘”x) htn (m)F(l +n,—j(a+bn))

:Z%ZZ (1+ k)'mln! :

=0j=1 k=1

where |Re(a)|< 1,|Re(b)|< 1, |Re(z)|< 1.
THEOREM 10.34. From Eq. (5.2.9.5) in [3]

eaz (71 + 71;;8@17:6)
1I—=bz)(14+2)m
(—1)~tHimnpkemilatbn) jonpk (¢=bry) wn (")T(1 +n, —j(a+bn))

:ZZZ (1+k)l'min

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

(10.34)

THEOREM 10.35. From Eq. (5.2.9.6) in [3]

e (=1 + e*(1 — bx))
bx(1 —bx)?(1 4 2)m

o0 I 29 (1)~ Ltimnpkemilatbn) jonpltk (o=brg) MY (YD (g 4 bn)

(10.35)

=222 A+ k)lminl ’

n=0j=1 k=1

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

THEOREM 10.36. From Eq. (5.2.9.7) in [3]

ar [ _1 1—e3%% _2phrt4be’®
€ ( s+ 1247

(1=bz)(142)m
(—1)~tHimnpkemilatbn) jmnpk (¢=bry) o ("MT(1+ n,—j(a+ bn))

:ZZZ (24 k)!'m!n! ;

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

(10.36)

THEOREM 10.37. From Eq. (5.2.9.8) in [3]

e (1 — e2br 4 Qbebzx)
20222 (1 — bx)(1 4 ),

(—1)~ i =nphei(atbn) jmn itk (o=be )TN (YD 4 (a4 bn))

:ZZZ (24 k)!'m!n! ’

(10.37)
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where |Re(a)|< 1, |Re(b)|< 1,|Re(x)|< 1.
THEOREM 10.38. From Eq. (6.8.12.2) in [16].

¥ (a7 (V) - iy )
(1-%)(1+3),

(_1)—1+j—n2—k—ne—j(a+bn) (e—%(bz)>nj—nk/,%(—k—v)zk-i-n(k + a)—l-‘rk

:ZZZ k!'m!n!

X Tt (\/Ez) (”?)m o, —j(a+ bn))

J

(10.38)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1,|Re(a)|< 1.

THEOREM 10.39. From Eq. (6.8.12.3) in [16].

2727V T L2t
1-%5)r2+o (1+3),

3 (71)*1+j*n27k7n67j(a+bn) (e*%(bz))n j*nk71+k;1’ ZkJrn

-3y i

n=0j=1 k=1

(10.39)

X o (Vi) (Z‘)F(l +n,—j(a+bn))
where |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1, |Re(a)|< 1.
THEOREM 10.40. From Eq. (6.14.5.1) in [16].

eaw+bw (_1 + ( - bjw)lJr)‘) -
bw(l —bw)(1+ A)(1+w)m
c© m oo (_1)—1+j—ne—j(a+bn)j—n (e—bww)k-l-n (_Q)k (T)F(l tn, —j(a n bn))

(10.40)

:_;;g (1+k)m!n!z
L2 (14 k)2)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1,|Re(a)|< 1.

THEOREM 10.41. From Eq. (6.14.5.2) in [16].
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e (2¢/—bwz)
1 —bw)v—bwz(l + w)y,

(1)1 eI (40 (b o] g )R (e bea)t (7

>3y T J

L(1+n,—j(a+bn))Ly <1ik>

(10.41)

—~

where |Re(a)|< 1, |Re(b)|< 1,|Re(z)|< 1,|Re(a)|< 1.
THEOREM 10.42. From eq. (6.14.7.1) in [16].

gaw—bw (1 — (—bwz) T T 14a (2 Dw?) F()\)) (N)14n
bw(l —bdbw)zn! (1 + w)m,
71+jfnefj(a+bn) (efbw)”jfn(l + k)71+kwn (_bebww)k (m)

RN i
=222 Il (L 7+ W

n=0 j=1 k=0

(10.42) —

z

T(14n, —j(a+bn)) L) <1+k

) LEFA(=b(1 + k)w)
where |Re(a)|< 1,|Re(b)|< 1,|Re(2)|< 1, |Re(a)|< 1.

THEOREM 10.43. From Eq. (6.14.7.2) in [16].

ewraw,, (1= 1F2(n+ A u, A; —wz)) (A)n
w(l —bw)zn! (14 w)m
(_1)71+j7n6*j(a+b”) (efbw)"jfn(l + k)71+ku)’ﬂ (efww)k (m)

:ZZZ mIn! (14 u)g ’

z
1+k

(10.43)

T(1 +n,—j(a+ bn))LY ( ) LEFA (14 k)w)

where |Re(a)|< 1,|Re(b)|< 1,|Re(2)|< 1, |Re(a)|< 1.

THEOREM 10.44. From Eq. (6.15.4.1) in [16].

Qe wWtaw 4\ (1 — 1R (—% -\ =2X; —27“’))
w(l —bw)(1 +2X)(1 + W),

(—1)Himngkemalasim) (obu)” jnagn (£22)* (M1 4+, —j(a +bn)

z

(10.44)

I+ Kk)ym!In! (1 =Ny
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V(14 (14 k)z)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1,|Re(a)|< 1.
THEOREM 10.45. From Eq. (6.15.4.2) in [16).

e~ wtaw (1 — 11 (—1 + X\ —%; wzQ))
2w(1 — bw)z2(—=1+ N (1 + w)m,

(71)71+j7n67j(a+bn) (efbw)”jfn(l + k.)flqtkwn (7eww)k (m)

:ZZZ mln! (1 — X ’

n=0j=1 k=0

(10.45)

. —k+X) z
where |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1, |Re(a)|< 1.
THEOREM 10.46. From Eq. (6.15.4.3) in [16].

e~ wtaw (71 + 15 ()\; %;wzQ))

10.4
(10.46) w(l —bw)z(1 + w)m,
ii 0o (_1)—1+j—ne—j(a+bn) (e—b’w)n]’—n<1 + k)—%-{-kwn (_eww)k (7;7«)
B v e m!n! (1 — g

) (—k+X\) z
N(1+n,—jla+ bn))CHQ,C ( T k)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1,|Re(a)|< 1.

THEOREM 10.47. From eq. (6.15.4.4) in [16].

e wtaw (1 - 1R (—% -\ —%;w(l - z)))
w(l = bw)(—1 + 2)(1+ 20 (1 + w)m
(71)71+j7n67j(a+bn) (eibw)njfnwn (7eww)k (k+ Z)k(;ﬂ)r(l +n, —j(aern))
(I4+k)mIn! (1=

—k+A [—1+z
Cék )< k+z>

(10.47)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1,|Re(a)|< 1.

THEOREM 10.48. (6.15.4.5) in [16].
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2ewtaw) (14 1 F (-1 — X\ Lw(l—2)))

w(l —bw)yv/—14 z(1 +2\)(1 + w)p,
(_1)—1+j—ne—j(a+bn) (e—bw)”j—nwn (—eww)k (k + Z)%Jrk (T)

:ZZZ (I+EkE)ym!In! (1 — X

. -1+
I'(1+mn, —](a+bn))C§+g,j’\) ( Z)

(10.48)

k+z

where |Re(a)|< 1,|Re(b)|< 1,|Re(2)|< 1, |Re(a)|< 1.

THEOREM 10.49.

(1-22)""T (3n(1 +22))
(2)T(1+ nz2)

)")

= (1+( "

(10-49) 1- ac2 1 + 2z2) zz: r

where |Re(x)|< |Re(2)|< 1 where f(z) = (2? —1)~™",
ExXAMPLE 10.50.

1 efazm2 7562 b
(10.50) /0 8 2 do

I+ )T (B +2)TA+b+n2) (2 +n2) 1 Fy (%—F%;%,%—Fb—i—%—!—nz;‘%ﬁ)

AL ()T +n2)l (3 +b+ 2 +n2)

(14 (=1)")anl'(1 + b+ n2)T (% + nz) 1F; (1 +2:324b+ % +nz; %)
8(1+nz)l' (2+b+ 2 +nz)

where 37 < Re(b) < Re(1/z),Im(a) > 0.

ExAMPLE 10.51.

10.51) /1 el
(10. o 1-z2(1122) &

&+ ()T ()T (n (5 +2)) T +b+nz) 1 Fy (552504 23+ n+ 2n2); —a)
- z:: 40 (2) (1 + nz)

where 37 < Re(b) < Re(1/z),Im(a) > 0.

ExXAMPLE 10.52.
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1 —az® b,.2 b

2e (1—2)°2*(1+42x)
10.52 d
(10-52) /0 1—22(1+22) v

BS ( 3710 (L (<)) T (2 T (352) T (32T (0 (3 +2)) (1 + b+ n2)

n=1

X o F) 14'_@ }_;’_E?_ﬁ_ﬁ.l14_9_’_@_’_%?4_94_@4_%34_94_@_’_%.@

37416 76’2 76’6 6’272 '3 "6 3’6 '3'6 3’6 ' 3'6 34
325 (14 (—1)") al (2£2) T (S£2) D (32) T (n (3 +2)) T(1 + b+ n2)

where 37 < Re(b) < Re(1/z),Im(a) > 0.

ExAMPLE 10.53.

n=1

where 37 < Re(b) < Re(1/z),Im(a) > 0.

ExXAMPLE 10.54.

1 26_‘”2x2 (1 — x2)b
10.54 d
(10-54) /_1 1-221+22)

O (14 (1)’ ()T (n (3 +2)) DL+ b+n2) 1 Fi (520 + 2(3 +n + 2n2); —a)
*; oT (%) T(1 + nz)

where 31 < Re(b) < Re(1/z),Im(a) > 0.

ExaMPLE 10.55.

1 9,—az® b2 b

2e (1—2z)°z*(1+x)
10. d
(10.55) /,1 1— 221+ 22) v

-y 310 (L4 (1)) L (M) D (32) T (32) T (n (3 +2)) DA+ b+ n2)
B 2T (2)T(1 +n2)T (L(3+2b+n+2n2)) T (3(5+2b+n+2n2)) T (1(7 + 2b+n + 2nz))

n=1
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F l_i_ﬁ1_’_2?_’_2-11_’_9.’_2_’_%§+Q+E+%Z+é+ﬁ+%-ﬁ
486 76’276'6 6’272 36 3’6 3 6 36 3 6 3 4
325 (—14 (1)) (1 + (=1)™) al (Z2) D (S2) T (3£2) T (n (3 +2)) (1 + b+ nz)
AT () T(1+n2)L B3+b+n (3 +2))
3T 6 6’36’2 "3"6 3’336 3’3 36 34
where 37 < Re(b) < Re(1/z),Im(a) > 0.
ExXAMPLE 10.56.
1 —az? b2 b
2e (1—z)’z*(1+x)
10.56 d
(10.56) /; 1— 22(1+ 22) v
92— 1+4 +nz7— (1+2z)( )2r(1+n) ( ( )) 1—|—b+nz)
— (%) 1—|—nz)F(b %3+n—|—2nz)
PR\ Ty Ty Ty Ty Ty Ty Ty T

where 37 < Re(b) < Re(1/z),Im(a) > 0.

ExaMPLE 10.57.

1 —azb b,.2 b

2e (1—xz)°z*(1+x)
10. d
(10.57) ‘/1 1—22(1 + 22) *

S ) (ST (BRI T (4 )T b
D ()DL +n2)T (33 +2b+n+2n2)) T (L(542b+n+2n2)) T (3(7+ 20+ n + 2nz))

+o+ -+

+b+n+nz7 b n nz.
376736376 3"

where 37 < Re(b) < Re(1/z),Im(a) > 0.

ExaAMPLE 10.58.

L2glts (1—2? ) log(1 — ax)
10.58 d
(10:58) A 1—x%1+2@ v

(=DM al (5(1+n+5)T(n(5+2))T1+b+n2)
ﬂ%g) (14+n2)T (5(3+2b+n+ s+ 2nz))

1 1 n s 33
Fl=1,=+= b 2
32( ,2+2+222+ +2+2+n2a>
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(1+(-1)™")a’l (324 n+s)T(n(3+2))T(1+b+nz)
AT (2)T(1+n2)L (3(442b+n+ s+ 2nz))

n. s, n,s 2))
3F2(1,1,1+2+2,2,2+b+2+2+n2,a

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1.

ExAMPLE 10.59.

'og(1 + ax) (1 — acQ)b (222)
(10.59) /0 T da

(A4 (=) anT (n (2 +2))TA+b+n2)3Fp (3,1,1+ 2224 b+ 2 + nz;a?
:Z 2 2 2532 2

AP(1+nz)L (24+b+n(5+2))

AL (2)T(1+n2)L (b+ 5(5+ n+ 2nz2))

where |Re(s)|< 1,|Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1.

ExAMPLE 10.60.

1 2e9(1 — 2)ba!+5(1 + x)°
10.
(10.60) /,1 1—22(1+22) de

5 (L0 CUICLE COMIE ()T (0 (b + ) D+ 402
oT (2)T(1+nz)T (3(2+20+n + 5 + 2n2))

22 4
(14 (=)™ (1 + (=)"™*)al (3(1+n+3)T (n(3+2)) T(1L+b+n2)
2T (5)T(14n2)T (5(3+2b+n+ s+ 2nz))

(e 33y n s
2l "9 9979 2 "2 4

s 1 n s a?
F: - = b+ — + = 3 —
12(2+22 +o0+ -+ - +nz; )
)all

where |Re(s)|< 1, |Re(a)|< 1,|Re(b)|< 1,|Re(z)|< 1.

THEOREM 10.61.

mpax?

(10.61) TR

(14 (-1)")a’l (342)T (n (3 +2)) TA +b+nz)sF (1, ,2+g,2,§+b+g+nz;a2)>
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(=17 mm (e (=1 +a7)™)" <2 (=1 + ()4 a5 T cos (T))

-3

n=1 20(1 + mn)T (g)
r <n<1+mp>>
p
where Re(x) > Re(m), where f(x) = (aP — 1)~™"
EXAMPLE 10.62.
pr'tP o F (1, 1+ 52+ 51+ mp)mp>
(10.62)
14+p
(=17 (1= a) ™™ (@ (<1 +27)™)" (2 0 () a i eos (wgw))

) nz::l 2(1 + n)I(1 + mn)T (ﬂ)

p

1 1 1
oo ) e 52
p p p

where Re(x) > Re(m).

ExXAMPLE 10.63.

pxp+s o Fy (17 p;S; 1+ pp#; (1 —|—mp)3;‘p)

(10.63) S
I e e e B e Y et )
- nz::l (n+s) (2F(1+mn)F (g))

x| (=)™ 2+(—1)"+(—1)“+P+4L§Jc05<2j””) r(”(HmP)>

p P
where Re(x) > Re(m).

ExaAMPLE 10.64.

pxp+s (1 - :L'p)ia (71 + mp)a Fl (%v —a, ]-7 1+ p—;s;xp, (1 + mp)l’p)

p+s

(=1)—mngnts (1 — gP) =47 (] 4 o) (2 + (=) 4+ (=1)"*P + 42:}:??IJ cos (23;”))

(10.64)

-3

n=1 2(n+ )01 +mn)l (2)
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1
et o)) o (om0
p p p

where Re(x) > Re(m), |Re(s)|< 1, Re(a) > 0.

ExAMPLE 10.65.

B ppptu (1 D)5 ],
togs) [ B CLE logtan

d
1— (14 mp)zxp o

& () (L —ar) T (L ) . 2
_nz::l 2(1+n+u)2r(1+mn)r(g) 2D T Z ( )

I (TL (m —+ ;)) <a1+n+u (_1 + ap)mn+s (1 . Bp)anrs

1 n uwul n 1 U
sFy (—mn—s, -+ 4= 424 Dy -y o +—1+ + +—
p p
’LL
p’

p pp p p p P

mn+s ndu mn-+s 1 u 1
— (1 — )" plantu (1 4 Py +3F2<—mn—s,+ —1—77—1—7—1—
p p'p D
nou n oou
1 1 »
I+-4 =+ 1+-+—+—35
p p P p p P

1 1
—(1+n+u) <a1+"+“ (=14a?)™" (1= 7)™+ R <—mn — s, tntu, —|—n+p+u;ap) log(ac)
p
—(1-aP) ts glindt (=147 R (—mn—s, » ; pp ;Bp) log(aﬁ)>>

where Re(z) > Re(m
0, Re(B) > 0.

), |Re(s)|< 1,Re(a) > 0,Re(u) > 0,Re(s) > 0,Re(a) >

ExAMPLE 10.66.
(10.66)
» f_ . (—ap+s (1—a?) " (=1+a”)" F (p—; ;—a, 1;2 —1— —;af (1 +mp)a )
+Bpts (1—B7) " (14 B")* Ry (p;s a,1:24 2 ’ﬂp7 (1 erp)ﬁp))
= i 1 (an+s (_1 + ap)lJraern
n=1 (n+s) <2F(1 + mn)l (%))

JF, (17n+p+ap+mnp+s.n+p+s;ap>

)

p p
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) ?

n+s a+mn n+p+ap+mnp+s n+p+s
_5+ (_1+5p)1++ o F) (1’ p pp p . ;7 .517))

L5 :
_1\—mn _1\n _1\ntp cos M ’I’L(]. + mp)
(-1) 2+ (—1)" + (-1 +4g; ( ;. ) r(p)
where |Re(s)|< 1, |Re(a)|< 1,|Re(a)|< 1,|Re(B)|< 1, |Re(m)|< |Re(a)|< |Re(B)].
THEOREM 10.67.

P
(10.67) ape

1 — ax? — ampx?

a7 (z (1 - az?)™)" (2 (1 + () a3 T o (W)> I (nOme))

p p

n=1 2F(1 —|—mn)F (%)

where |Re(x)|< |Re(m)|< 1 where f(z) = (az? —1)"™".

ExaAMPLE 10.68.

aprt? o Fy (1, 1+ %; 2+ %; a(l+ mp)xp)
1+p
oo qn/P (x“‘" o F (—mn Ln.q 4 1Jrf”'aa:]"))
) 14 ) D )

= (14—n)(2r(1+7nnﬂ?(g))

(10.68)

b p

L2 :
x| 24 (1" + (1) 4 S cos (23””) p(n<1+mp>>
where |Re(x)|< [Re(m)|< 1.

ExaMPLE 10.69.

apr' PSR (1+5+S; -b,1; 1+21f’+s; —cxP a(l+ mp)xp)
1+p+s
o gn/p ($1+n+sF1 (M . —b 1 4 s gap —ca:p))
P 3 ) ) D ) 9

-5

el (L+n+s)@Fﬂ4ﬂnMF(%))

(10.69)
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where |Re(x)|< |Re(m)|< 1.

ExAMPLE 10.70.
pz P (a(l + mp)aP +log (1 — a(l + mp)zP))
(1+mp)?
a%px" o (—mn, "Tfp; 2+ %; axp>>

= (n+p) (2F(1 +mn)T (g))

(10.70)

25 .
|2 o a3 cos (20T | (M)
where |Re(r)|< |Re(m)|< 1.

ExAMPLE 10.71.
(10.71)

attop (—Fy (1+ 8;—t,1;2 4 s;—a,a(l +mp)aP) + o F1 (1 + s, —t;2 + 5;—a))
(I+mp)(1+ )

<a1+%+spx”F1 (1 + 54 s—t,—mn2+ 3+ s —a, a:cp>)

vt (n+p+ ps) <2F(1+mn)F (;))
e 2jnm n(l + mp)
X | 24 (=1)"+ (1) 44 > cos ( ) r (>
= p p
where |Re(z)|< |Re(m)|< 1.
ExamMPLE 10.72.
(10.72)
px~P (—a(l + mp)aP + log(a) (a(1 + mp)aP + log (1 — a(1 + mp)aP)) + Lis (a(1 + mp)aP))
(1+mp)?
. (an:ppxn <P3F2(mn,1+gii§;2+g,2+g;awp) LR (_mn, nTTp;Q i %;axp> log(a)))

ot (2F(1 + mn)T (%)) (n+p)
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=] 2jnm n(l + mp)
e coms i o () | )
p p
where |Re(x)|< |Re(m)|< 1.

ExAMPLE 10.73.

(10.73)
atlp (=Fy (1 +t;—5,1;2 + t; —az,a(l + mp)aP) + o F1(—s, 1+ ;2 + t; —az))
(I+mp)(1+1¢)

(a1+%+tpx”F1 (1 + 5+t —mn, —s;2+ 2 + tyaz?, —az))

71
2 1
<2414 (- n+p+4zco<1n7r) P(n(—i—m@)
p
where |Re(z)|< |Re(m)|< 1.
ExAMPLE 10.74.
227" ((1 4+ mp)a? — tanh™" ((1+ mp)aP))
mp)
o0
_ Z ( n ((—1)71/1} o Fy (—mn, L_Fpﬂ + Eé _xp)
n:1( 14+ mn)l (% ) n+p) b P
. S( plog
17
+ exp ( [ D " (=a?)" " 211 (—mn, e n;a:”)
p p
=) 2jnm (1+mp)
< |24 (=1 + 1n+P_|_4 COS<> ( >
(=)™ + (-1) g » P

where |Re(z)|< |Re(m)|< 1.
EXAMPLE 10.75.

(10.75)
P

T mp)? ((1 + mp)aP (=2 + log(—t) + log(t)) — log(—t) log (1 + x¥ + mpx?)
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+1log(t) log (1 — (1 + mp)a”) — Lia (= (1 + mp)a?)) + Liz (1 + mp)z”))

o0

-3 !

n=1 <2F(1 + mn)T (%)) (n+ p)?

(m" <(—1)”/p (—ngg (—mn, 1+ %, 1+ %;24— g,Q + g; —ajp>

Lﬂ?; 242 —:E”) 10g(—t)>
p

i (b 2(n 4 p) [0

+(n+p)oF1 (—mn,

+ exp

24 (1) + ( 1)”*?+4L:§2‘;J cos (T) r(nﬂzmp))

where |Re(z)|< |Re(m)|< 1.

THEOREM 10.76. From Eq. (22) in [22] and the method in [18].

(10.76) /1 o am(m—t+v/=TFE%) <F (14 k&, —ar (m -t +V-1+ %))
L VIR (cmt -1 2)
ZaW\/TthzF 1 k — t —1 12
_6 ( + Kk,am ( m+t+ T))) sinh (nmcos(nt)) dt
VT E(-mtt+VIT )

_ (mi)(T(1 + &k, —m(in + am)) — T(1 + k,im(n + iar)))
2 (e (—m)FT)

where Re(m) < 0.

11. Definite integrals in terms of special functions and asymptotic

expansions

In this section we apply the method in [18] to the equations cited in the theo-

rems and evaluate the examples that follow. In 1877, Russell [24] published one of
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his many papers on definite integrals. In the paper he continued his previous work

on this subject by producing a table involving trigonometric integrals.

THEOREM 11.1. From Eq. (28) in [24].

du

1y~ lmmtn (u2m log" (au) — log" (%))
(11.1) /
0 —1 4 u?r

i (_261.7:77 (%)k e (_ei"%, —k,1— %) + logk(a))
2n

where Re(n) > Re(m).

ExXAMPLE 11.2.

(11.2) /1 p ! (—(=1)7F + 2%7) log" () dx = <m> o Li_g (—eJ)

0 —1 4 g2 v

where Re(v) > Re(m).

ExXAMPLE 11.3.

—1 4 g2 dx

= (20)7F1D(1 + k) (g (1 +E, _”;J “) — i2k¢ (1 +E, mzt “))

1,.—1-m+v — m k
(11.3) /0 x T (=(=1)7F + 2?™) log" ()

where Re(v) > Re(m).

EXAMPLE 11.4.

1 . —1-m—s+v (_.,.m s) (1 m+sl 1
iy [ (o 42) (L4 27 lflon(a) 5,
0 (I;

_ 1 —-m+v m—+ v —s+wv n s+wv
T w m 2v m 2v m 2v m 2v

+7(y — im +log(2) + log(v)) (tan (@) — tan (Ws)))

2v 20

where Re(v) > Re(m).
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EXAMPLE 11.5.

1 u_1+n (u—m + U™ — Y — ’U,U) _ COS ( 7T)
(11.5) / (1= u2")log(u) = log (())

3

2 1¥]

()

where Re(n) > Re(v) > Re(m).

EXAMPLE 11.6.

1, —1-m+n 2m __ 1)1 1
(11.6) / “ (u . ) logllog(w)) ;.
0 1—wu=n

_ 2 (F5) = 2 () £ (20 — im — 2log (3;)) tam (57)

4n

where Re(n) > Re(v) > Re(m).

EXAMPLE 11.7.

1] 2 4 log? Vorl (2
(11.7) / o8 ( 02g () du = mlog Vo) 3(4)
0 1+u I(3)
EXAMPLE 11.8.
1 =142 272 4 Jog? r(3+ 2
(11.8) / x og (a 7741) og*(x)) s llog NE av)2
0 L+ 4v ol (3 4 av
where I'm(a) <0
EXAMPLE 11.9.
! ~ltv) —1+2C
(11.9) / w7 log(z) ydo = — =
0 (=14 a2) (72 + 402 10g2(x)) 167w
where Re(v) > 0.
ExXAMPLE 11.10.
(11.10)
/1 -1+ (m log (%) + 2vlog(x) (—iﬂ + log (% + log2(x))>> ;
0 -1 +$2’U v

2Cn_ 7*log (—357)

o v 2v
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where Re(v) > 0.

THEOREM 11.11. From Eq. (29) in [24].

1 gt (ogh L) + g2m log® (ax)
(11.11) / ( ) ) dx
0

_1+xu

= —a~"(=m)"' "1 + k, —mlog(a))

i (2R b (£)" @ (227 1 — ) 4 10g¥(o))

u

+

where Re(u) > Re(m).

ExXAMPLE 11.12.

1 ,.—1-m—s+u (_,.m s _1\k m+s k
(11.12) / - Ce ) (C P g @)
0 —14xv
@2m) i+ ()T (L, (57 ) —Lisy (5
— (_1)k (_m—l—k+8—1—k) F(1+k)+ ( u(2 ) ( ))

where Re(u) > Re(s) > Re(m).

ExXAMPLE 11.13.

(11.13) /1 (—1)~kgmlmmestu (g™ 4 2%) (14 (—1)F2™**) log"(z) e
0

(71)km717k5717k (m1+k o Sl+k) F(l + k)

R 4 ) (—g (1+k71— %) +C(1+k,1— %)
o e{ren ) (s 2)
where Re(u) > Re(s) > Re(m).
ExAMPLE 11.14.

(11.14)
/1 prlmmestu (_gm 4opS) (=1 + 2™ ) d = log <SCSC (%) sin (J))
0 m

(=14 2v)log(x)
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where Re(u) > Re(s) > Re(m).

ExamMPLE 11.15.

1 —1-m—s+u/_,.m s) (1 m-+s 1 1
0 X

u

= (=((7 — im)(m — 5)) + slog(m) — mlog()

+mms cot (%) (= +im — log(u)) + mms cot (%) (v —im + log(u))
i (1-2) (1= 2) - (2) 40 (2)
where Re(u) > Re(s) > Re(m).

EXAMPLE 11.16.

1 —14u(_,.m s _oh(0) (m4tu (0) (stu
(11.16) / ’ 7(1 fxu” ) gp = 20 (5 );w (%)
0

where Re(u) > Re(s) > Re(m).

ExAMPLE 11.17.

1 =143 272 4 log?
(11.17) / v T ¥ log (aPn” +log (1))
0 14

1
U

(;i(—él + )T+ ¢~ ziamu <E1 (—;imru> + el By (;iawu>) + 4log(iam)
Vil (51 + au)) ))

2mlog <2\/7r\/ir (1(3+au))

where Re(a) > 0.

ExamMpPLE 11.18.

(11.18)

/1 2172 (=2 (r — dulog(z))? + (7 + iulog(x))?) i — K (4—4C + =T (0,7))
0 (=1 +av) (72 + u? logQ(x))z 2mu

where Re(u) > 0.

ExAMPLE 11.19.
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1 g7 +E (log(x) log (%) + iarlog (—a?m? — log2(x))>
(11.19) /

5 dx
0 a?m? + log”(x)
. 1 1 1,1
— o—diamu | <O, —2iaﬂ'u> log(iam) + Gg:g ——iamu

0,0,0

, 1 1 1,1
—eam | T (0, Ziaru | log(iar) + G39 | Ziaru
2 " 2 0,0,0

where Re(a) > 0.

THEOREM 11.20. From Eq. (7.85) in [26]

oo _bmazx k
(11.20) / et a)

_ oo cosh?(bz)

. , 1 b - 1 b
= —2pk-lezilktm)m  k <k‘1) (e”'m, 1—-k, 3~ ZC) + imnr® <em”r, -k, - — ZC>>

s 2 7r
where |Re(b)|> |Re(m)|> 0.

ExXAMPLE 11.21.

(11.21) / > log(c + ) tanh(bx)

oo cosh(bx)

where Re(b) > Re(c).

THEOREM 11.22. An integral over the real line.

o g=1tmogk (at)
11.22 ———C dt
(11.22) /_ o 1+bt

1
m  immw imm ™ — 2Zq (log(—a) —+ log (biﬂ))
:i1+kb*E@ 2q 7T1+kq—1—k (_1)m® ek, 5
m

o[ T (1os(@) + log (671
2m

where Re(q) > Re(m) and q in any positive integer.

ExXAMPLE 11.23.
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00 4—14q|yoF
(11.23) / M os (at)
o 1+ bt2

ICIRRS (<—1>q (_C (k r ~ 2ia(log( ) + g (b*)))

Vb 47

[ =t

" (k’ T — 2iq (log(a) + log (b_ﬁ)) )

47

(i 2=

where Re(q) > Re(m) and ¢ in any positive integer.

EXAMPLE 11.24.

¢~ ]og(log(at))
11.24
(11.24) [m Troe

B 4%61 (” +log(4) + 2log(r) — 2log(g) — 4log (—3 S (o) :log ) )

+4log (—1 i (bg(a) 4;10g (b))) + (=1)7 (—im + log(64) — 2log(r) + 2log(q)

P )
s 3 (1)

i)

a3l 4)

2
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2iq (log(a) + log (bfﬁ»

™

1
4logl' | = | -1 —
+4log 1

where ¢ in any positive integer.

EXAMPLE 11.25.

(11.25) /OO mﬁ# dt

— 00

= %w <4i7r —4log(3) — 4(im + log(3)) — 3log(4) + log(64) — 4logI’ (i)

1 1 3
Alogl ( —= ) + 4logD ( =~ | — 4logD' ( =

EXAMPLE 11.26.

— 00

= % (ﬂ —(1+4) (log(5) +i (10g(7) ~ (1= )log(2m) —log (F (513>>

s 2)) o (1)) 0 (£))

ExaAMPLE 11.27.

S 0)
(11.27) / —

— 00

1
= 4% (5z'7r — 4(im + log(3)) + log(4) + 2log(m) — 21log(g) — 4logl’ (—i) + 4logT <—4>
+(—-1)4 <—i7r + log(64) — 2log(m) + 4log (—i + CQI) + 2log(q) — 4log(—1 + 2q)
3 q 1
dogl' ( —= 4+ = | —4logl' [ = (—1+2
et (-3 +3) —eer (31 ) ) )
EXAMPLE 11.28.
(11.28)

*° P —tm 4. 1, 1 ; 3
/ L S . gie%m(m%@) (3 sin (87r(m _ 8)) + e%m(m+s) sin (87T(m — 5)))

Coo t(14t*) log(t)

where 0 < Re(m) < 1,0 < Re(s) < 1.
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EXAMPLE 11.29.

(11.29) /°° tlog(log(t))

oo 1A4tH dt

=37 <4i7r —4log(3) — 4(im + log(3)) — 3log(4) + log(64) — 4logI’ (—3)

1 1 3
dlogl ( —~ ) + 4logl' ( — | — 4logl' ( =

ExamMmpPLE 11.30.

(11.30) /OO *log(log(t)) ,

oo 1416
4
=137 (62'71' +4log (3) — 41og(3) — 4(im + 1log(3)) + log(4) + 41og(5) — log(64)

+4log(m) — 4logT (i) + 4logl’ <i> — 4logl’ (i) + 4logl’ <i)>

ExAMPLE 11.31.

oo 4—14+4 k
(11.31) / £ 7* log (at)

o igwm
. 1
(_1)3/4ik\;r;+kq1k (iqcb (i, —k,% - iq (log(—a) —17—Tlog (b 2q)))
. 1
. (i, 71{}7% i <log(a) +ﬁlog (b 2@)) ))

EXAMPLE 11.32.

(11.32) /OO t~1+% log(log(at))

o 1+ bt2e dt

= ﬁ ((=14i%) (—im — 2log(m) 4+ 21og(q)) + (2 + 27)3?
r (é B iq(log(-a)ifg(b_;q)>) o (g B iq <10g(—a)+10g<b_21q>>>

4
or ( iq(log(_“)“‘)g(b_;q))) o or (

ia(tos(~a)+10g (4737 ) ) )
ar

—ilog

ool

7
8 4r
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r ( B iq <log(a)+zrg (bQIC!))) r (g B iq <log(a)+zrg <b21q>>)
op (g B iq<log(a)+41;g<b21¢z)>) +tlog N (g - ¢q<1og(a)+log(b2lq>>)

ool

—(2—2i) | log

A7

where Re(b) > 0 and ¢ is any positive integer.

ExamMPLE 11.33.

(11.33) ‘/fn §}9§§$?§§523(ﬁ

(v o 38) e (58) 0+ e ) on (4
- 8v/2

EXAMPLE 11.34.

> ¢3/210g(log(t
(11.34) t°/" log(log(t)) .,
oo 1 _|_t10

= 03 ((—1 + ) (—im + 2log(5) — 2log(m)) — (2 — 2i) <1og (
—(2 - 2i) (z log < r (%)

2r (4

S—
~_—

+

5}

o
—
M| =
/\/: ~—
m‘:m‘u
\_/\_/
~__—
~_
~_

ExamMpPLE 11.35.

% =144 log(log(t))
11. dt
(11.35) / 1+ t24

—0o0

™

2v/2q

((—=1 +19) (—im — 2log(m) + 21og(q))

EXAMPLE 11.36.

ExamMmpPLE 11.37.
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12. Asymptotic series

In this section we apply the method in [I8] to the equations listed in the
theorems. The integral form formulae were originally worked on by E. W. Barnes

and Hilding Olof Faxén.

THEOREM 12.1. From Eq. 24(i) and 25(i) on page 269 and 270 in [23] and
[18].

FO)T(n—s)(1—j+k); exl-itk)m
(12.1) ZZ (T( 1+n)r( s)) (m 4+ mn)b+i

7=0n=0

= / e ™M (1 —e ””)S x Tl (e x)k dx
0
where Re(a) > 7.
THEOREM 12.2. From Eq. 14(VI) on page 284 in [23] and [18].
i e (—IHR)T=T (1 4 n)*b*jxm(—jb)r(b)(l —j+k),
n!
n=0

=[O ) e (1)

where Re(a) > .

(12.2)

'M8

<
Il
o

THEOREM 12.3. From Eq. 42(1) in [23] and [18].

(12.3)
© 2 m J*”(”)I‘(l—l—na)(l —j+k)jaItk

2.2 T(1+n) = /0 et (a4 27)" dz

7=0n=0

where 0 < Re(a) < 1.

THEOREM 12.4. From Eq. (VI) on page 284 in [23] and [18].

& m I (T 4 nt) (1 - j + k) log T (a)
(12.4) ZZ I'(1+n+nt)

1
- / emm(=142)2" ot (log(a) — (-1 + z)zt)k dz
0
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where 0 < Re(t) < 1,—1 < Re(a) < 1.

THEOREM 12.5. From Eq. (5.5.1) in [25] and [18]. Extended Faxén expansion

series of an integral form.

00 00 a(—jHk)Ty,—jtn ("MT(na+ B)(1 —j+k);

my 33 P

§=0n=0

o0
= / et IHB (L 44 4 exp(am))” dt
0

where 0 < Re(a) < 1, Re(a) > 7.

THEOREM 12.6. From Eq. (1) in [27]

(12.6)

00 0 =itk —itno—jtk (T_l)l" (HJ) (1—j+ k)j

2.2, anl N /OOO e (amtu)* du

j=0n=0

where Re(a) > 1, Re(a) > 0.
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