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Abel-type series and definite integrals involving special

functions

Robert Reynolds

Abstract. This is a precis of power series evaluations in terms of integrals

over finite intervals. The definite integrals and summands involve special func-

tions. The power series involve an Abel-type summand also used by Dobiński

in combinatorial identities. The definite integrals involve the application of

the Lagrange theorem to Brychkov and other integrals.

1. Introduction

In this work we look at an extension of Abel’s series using the Lagrange in-

version theorem given by equation (18) in [1] and the method in section (7) in

[2]. Series in terms of integrals over finite intervals are present in current liter-

ature in [3], [4], [5] and [DLMF,10.22] to name a few with many other works

available in other books and online. In this work we use Abel’s theorem to derive

a double series in terms of an integral over a finite interval, where the summand

is similar to the summand involving series for combinatorial identities like in [1].

These type of combinatorial identities are used in minimal spanning trees as in [6]

and vector-multiplicative coalescent processes [12], with many more applications

in works available online. Integrals over a finite interval are used in evaluating

Bessel functions and its sub-functions like cylinder functions and Struve functions
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[DLMF,10.22.26]. This work involves integrals over finite intervals where the in-

tegrand is the product of special functions [DLMF,10.22.35]. Similar work using

the Lagrange theorem involving integrals were conducted by Bateman [7], Sack [8],

Conway [9], Heragy rt al. [10] and Russell [11] page 168. These previous works

focussed mainly indefinite integrals while this current work focusses on definite in-

tegrals. Our main goal is to expand on the concepts of definite integrals and series

to tabulate new results involving double series in terms of integrals over a finite

interval. The layout of this work is simple where we derive a theorem with special

cases in terms of examples that follow. We have provided references during the

evaluations to assist readers in referencing evaluations.

2. Preliminaries

Some of the functions used are Pochhammer symbol, [DLMF,5.3(iii)], the

exponential integral function, [DLMF,6.11.2], the nth harmonic number [DLMF,

25.16.5], gamma function, [DLMF, 5.2.1], Hurwitz-Lerch transcendent, [DLMF,25.14],

generalized hypergeometric function [DLMF,16.2.i], modified Bessel functions, [DLMF,10.25],

Kelvin function, [DLMF,10.64], q-binomial coefficient, [DLMF,26.9.E4], q-Pochhammer

symbol, [Wolfram Research (2008),1], the sine integral function Si(z), [DLMF,6.2(ii)],

the error function erf(z), [DLMF,7.2(i)], the imaginary error function erf(iz)/i,

[DLMF,7.2(i)].

3. Table of results

In the proceeding work, series and integrals are derived and restrictions are

given.

Theorem 3.1. Extended Abel theorem. The reciprocal pochammer symbol se-

ries representation.

(3.1)
eaxx

(m− x)(1− bx)(1−m+ x)m

https://dlmf.nist.gov/10.22.26
https://dlmf.nist.gov/10.22.35
https://dlmf.nist.gov/5.2.iii
https://dlmf.nist.gov/6.11.E2
https://dlmf.nist.gov/25.16.E5
https://dlmf.nist.gov/5.2.E1
https://dlmf.nist.gov/25.14
https://dlmf.nist.gov/16.2.i
https://dlmf.nist.gov/10.25
https://dlmf.nist.gov/10.64
https://dlmf.nist.gov/26.9.E4
https://reference.wolfram.com/language/ref/QPochhammer.html
https://dlmf.nist.gov/6.2.ii
https://dlmf.nist.gov/7.2.i
https://dlmf.nist.gov/7.2.i
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=

m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)Γ(1 + n)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1 where f(x) = xex(a+bn)

(x−m)(−m+x+1)m

Example 3.2.

(3.2)

eax
(
m+ amx− (a+ b+ abm)x2 + abx3 + x(−m+ x)(−1 + bx) (−Hx +H−m+x)

)
(m− x)2(−1 + bx)2(1−m+ x)m

= −
m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n
(−1 + bx)

(−1+m
−1+j

)
E−n(j(a+ bn))

xΓ(m)Γ(n)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Example 3.3.

(3.3) ebpxx−p

∫ x

0

e(a−bp)ttp

(t−m)(1−m+ t)m
dt

=

m∑
j=1

∞∑
n=0

(−1)j+m+1ej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)n! (n+ p)

where |Re(a)|< 1, |Re(b)|< 1, 0 < Re(p) < 1, |Re(x)|< 1.

Example 3.4.

(3.4)

∫ x

0

eat+bp(−t+x)tpx−p
(
b(t− x) + log

(
x
t

))
(−m+ t)(1−m+ t)m

dt

=

m∑
j=1

∞∑
n=0

(−1)j+m+1ej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(n+ p)2n! Γ(m)

where |Re(a)|< 1, |Re(b)|< 1, 0 < Re(p) < 1, |Re(x)|< 1.

Example 3.5.

(3.5)

∫ x

0

(
t
x

)p
Γ(m) sinh(at) sinh(bp(t− x))

(t−m)(1−m+ t)m
dt

=

m∑
j=1

∞∑
n=0

e−j(a+bn)+i(j+m)π
(−1+m
−1+j

)
4(n+ p)n!

(
−e2aj(a− bn)1+n

(
ebxx

)n
E−n(j(a− bn))
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+(−a− bn)1+n
(
ebxx

)n
E−n(−j(a+ bn)) + e2bjn

(
e−bxx

)n (
e2aj(a+ bn)1+nE−n(j(a+ bn))

−(−a+ bn)1+nE−n(−aj + bjn)
))

where |Re(a)|< 1, |Re(b)|< 1, 0 < Re(p) < 1, |Re(x)|< 1.

Example 3.6.

(3.6)

∫ x

0

ebp(−t+x)tpx−p cosh(at)

(−m+ t)(1−m+ t)m
dt

=
m∑
j=1

∞∑
n=0

e−aj+bjn+i(j+m)π
(
e−bxx

)n (−1+m
−1+j

)
2(n+ p)n! Γ(m)

(
−e2aj(a+ bn)1+nE−n(j(a+ bn))

−(−a+ bn)1+nE−n(−aj + bjn)
)

where |Re(a)|< 1, |Re(b)|< 1, 0 < Re(p) < 1, |Re(x)|< 1.

Example 3.7.

(3.7)

∫ x

0

tpx−p cosh(at) cosh(bp(t− x))

(−m+ t)(1−m+ t)m
dt

= −
m∑
j=1

∞∑
n=0

e−aj−bjn+i(j+m)π
(−1+m
−1+j

)
4(n+ p)n! Γ(m)

(
e2aj(a− bn)1+n

(
ebxx

)n
E−n(j(a− bn))

+(−a− bn)1+n
(
ebxx

)n
E−n(−j(a+ bn)) + e2bjn

(
e−bxx

)n (
e2aj(a+ bn)1+nE−n(j(a+ bn))

+(−a+ bn)1+nE−n(−aj + bjn)
))

where |Re(a)|< 1, |Re(b)|< 1, 0 < Re(p) < 1, |Re(x)|< 1.

Example 3.8.

(3.8)

∫ x

0

tpx−p cosh(at) sinh(bp(t− x))

(−m+ t)(1−m+ t)m
dt

=

m∑
j=1

∞∑
n=0

e−aj−bjn+i(j+m)π
(−1+m
−1+j

)
4(n+ p)n! Γ(m)

(
−e2aj(a− bn)1+n

(
ebxx

)n
E−n(j(a− bn))

−(−a− bn)1+n
(
ebxx

)n
E−n(−j(a+ bn)) + e2bjn

(
e−bxx

)n (
e2aj(a+ bn)1+nE−n(j(a+ bn))

+(−a+ bn)1+nE−n(−aj + bjn)
))
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where |Re(a)|< 1, |Re(b)|< 1, 0 < Re(p) < 1, |Re(x)|< 1.

Example 3.9.

(3.9)

∫ x

0

e(a−b)t+bt+bxt

(m− t) (ebxt+ ebtx) (1−m+ t)m
dt

=

m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))Φ(−1, 1, 1 + n)

n! Γ(m)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Example 3.10.

(3.10)

∫ x

0

e(a−b)t+bt− bx
2

(
e

bx
2

√
t− e

bt
2
√
x tan−1

(
e−

1
2
(bt)+ bx

2
√
t√

x

))
√
t(−m+ t)(1−m+ t)m

dt

=

m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
2(−1 + 2n)n! Γ(m)

× E−n(j(a+ bn))(−4 + π + 2Φ(−1, 1, 1 + n))

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Example 3.11.

(3.11)

∫ x

0

e(a−b)t+bxt 2F1

(
α, β; γ; e−bt+bxt

x

)
(−m+ t)x(1−m+ t)m

dt

= −
m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)Γ(2 + n)

× 3F2(1 + n, α, β; 2 + n, γ; 1)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(α)|< 1, |Re(β)|< 1, |Re(γ)|< 1.

Example 3.12.

(3.12)

∫ x

0

e(a−b)t+bxt 2F2

(
α, β; γ, δ; e−bt+bxt

x

)
(−m+ t)x(1−m+ t)m

dt

= −
m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)Γ(2 + n)
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× 3F3(1 + n, α, β; 2 + n, γ, δ; 1)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(α)|< 1, |Re(β)|< 1, |Re(γ)|< 1, |Re(δ)|<

1.

Example 3.13.

(3.13)

∫ x

0

e(a−b)t+bxt 2F2

(
α, β; γ, δ; e−bt+bxt

x

)
(−m+ t)x(1−m+ t)m

dt

= −
m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)Γ(2 + n)

× 3F3(1 + n, α, β; 2 + n, γ, δ; 1)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, , |Re(α)|< 1, |Re(β)|< 1, |Re(γ)|< 1, |Re(δ)|<

1.

Example 3.14.

(3.14)

∫ x

0

e(a−b)t+bxt 1F2

(
α;β, γ; e−bt+bxt

x

)
(−m+ t)x(1−m+ t)m

dt

= −
m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)Γ(2 + n)

× 2F3(1 + n, α; 2 + n, β, γ; 1)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(α)|< 1, |Re(β)|< 1, |Re(γ)|< 1.

Example 3.15.

(3.15)

∫ x

0

eat−bt+bxt 1F1

(
α;β; eb(−t+x)t

x

)
(−m+ t)x(1−m+ t)m

dt

= −
m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)Γ(2 + n)

× 2F2(1 + n, α; 2 + n, β; 1)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(α)|< 1, |Re(β)|< 1.



ABEL-TYPE SERIES AND DEFINITE INTEGRALS 7

Example 3.16.

(3.16)

∫ x

0

eat−bt+bx

(
√
π − e

eb(t−x)x
2t

√
eb(t−x)x

t K 1
2+l

(
eb(t−x)x

2t

))
(−1−m+ t)!

√
πx(−1 + t)!

dt

= −
m∑
j=1

∞∑
n=0

(−1)1+j+mej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

n! Γ(m)

×
(
− 1

1 + n
+

(2l)! 2F2(−l,−1− l − n;−2l,−l − n; 1)

(1 + l + n)l!

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, l ∈ Z+.

Example 3.17.

(3.17)

∫ x

0

e(a−b)t+bxt

(
e−

1
2
(bt)+ bx

2
√
t√

x

)−α

Jα

(
e
1
2
(−bt+bx)√t√

x

)
Γ(−m+ t)

xΓ(1 + t)
dt

= −
m∑
j=1

∞∑
n=0

(−1)j+m2−αej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)Γ(2 + n)Γ(1 + α)

× 1F2

(
1 + n; 2 + n, 1 + α;−1

4

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Example 3.18.

(3.18)∫ x

0

(−1)−meat+b(−t+x)tΓ(m)Γ(−m+ t) 3F3

(
1, 1, 1; 1 + u

2 ,
3
2 + u

2 , 2 + v; e−2bt+2bxt2

x2

)
xΓ(1 + t)Γ(2 + u)Γ(2 + v)

dt

= −
m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(1 + n)n! (1 + u)! (1 + v)!

× 4F4

(
1, 1, 1,

1

2
+
n

2
;
3

2
+
n

2
, 1 +

u

2
,
3

2
+
u

2
, 2 + v; 1

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(u)|< 1, |Re(v)|< 1.

Example 3.19.
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(3.19)

∫ x

0

(−1)−meat+b(−t+x)t
(

e−bt+bxt
x

)−v

Iv

(
2e

1
2
(−2bt+2bx)t

x

)
Γ(m)

(m− t)x(1−m+ t)m
dt

=

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

Γ(2 + n)Γ(1 + v)

× 1F2

(
1

2
+
n

2
;
3

2
+
n

2
, 1 + v; 1

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Example 3.20.

(3.20) −
∫ x

0

(−1)−meat+bt−bx+b(−t+x)
(

e−bt+bxt
x

)−v

Γ(m)HHHv

(
2e

1
2
(−2bt+2bx)t

x

)
(−m+ t)(1−m+ t)m

dt

=

m∑
j=1

∞∑
n=0

2(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

√
πΓ(2 + n)Γ

(
1
2 (3 + 2v)

)
× 2F3

(
1,

1

2
+
n

2
;
3

2
,
3

2
+
n

2
,
3

2
+ v;−1

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(v)|< 1.

Example 3.21.

(3.21)

∫ x

0

(−1)−meat+bt−bx+b(−t+x)
(

e−bt+bxt
x

)−v

Γ(m)LLLv

(
2e

1
2
(−2bt+2bx)t

x

)
(m− t)(1−m+ t)m

dt

=

m∑
j=1

∞∑
n=0

2(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(1 + n)
√
πn! Γ

(
1
2 (3 + 2v)

)
× 2F3

(
1,

1

2
+
n

2
;
3

2
,
3

2
+
n

2
,
3

2
+ v; 1

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(v)|< 1.

Example 3.22. See [DLMF,10.8.3]

(3.22)∫ x

0

(−1)−meat+b(−t+x)t
(

eb(−t+x)t
x

)−u−v

Ju

(
2eb(−t+x)t

x

)
Jv

(
2eb(−t+x)t

x

)
Γ(m)

(m− t)x(1−m+ t)m
dt

https://dlmf.nist.gov/10.8
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=

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(1 + n)n! Γ(1 + u)Γ(1 + v)

× 3F4

(
1

2
+
n

2
,
1

2
+
u

2
+
v

2
, 1 +

u

2
+
v

2
;
3

2
+
n

2
, 1 + u, 1 + v, 1 + u+ v;−4

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(u)|< 1, |Re(v)|< 1.

Example 3.23.

(3.23)∫ x

0

(−1)−meat+b(−t+x)t
(

eb(−t+x)t
x

)−u−v

Iu

(
2eb(−t+x)t

x

)
Iv

(
2eb(−t+x)t

x

)
Γ(m)

(m− t)x(1−m+ t)m
dt

=

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(1 + n)n! Γ(1 + u)Γ(1 + v)

× 3F4

(
1

2
+
n

2
,
1

2
+
u

2
+
v

2
, 1 +

u

2
+
v

2
;
3

2
+
n

2
, 1 + u, 1 + v, 1 + u+ v; 4

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(u)|< 1, |Re(v)|< 1.

Example 3.24. See [DLMF,10.53.1]

(3.24)

∫ x

0

(−1)−meat−bt+bx+b(−t+x)t2
(

e−bt+bxt
x

)−u

I−1+u

(
2e

1
2
(−2bt+2bx)t

x

)
Γ(m)Γ(u)

(m− t)x2(1−m+ t)m
dt

=
m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn)) 1F2

(
1
2 + n

2 ;
3
2 + n

2 , u; 1
)

(1 + n)n!

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(u)|< 1.

Example 3.25.

(3.25)

∫ x

0

e−imπ+at+3b(−t+x)t2xΓ(m)Γ(−m+ t) sin(2πu)(
e4b(−t+x)t4 + x4 − 2e2b(−t+x)t2x2 cos(2πu)

)
Γ(t)

dt

= −
m∑
j=1

∞∑
n=0

ieaj+bjn+iπ(j−2u)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

4n!

×
(
Φ

(
e−2iπu, 1,

3 + n

2

)
− e4iπuΦ

(
e2iπu, 1,

3 + n

2

))

https://dlmf.nist.gov/10.53.E1
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where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(u)|< 1.

Example 3.26.

(3.26)

∫ x

0

(−1)−meat+2bt−2bx+3b(−t+x)tΓ(m)

(m− t)x(1−m+ t)m

×

(
−1 + bei0

(
2e

1
4 (−2bt+2πu+2bx)

√
t√

x

)
2 + ber0

(
2e

1
4 (−2bt+2πu+2bx)

√
t√

x

)
2

)
dt

=

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(1 + n)(3 + n)n!

×
(
−3− n− e2πu 1F4

(
3

2
+
n

2
;
3

2
, 2, 2,

5

2
+
n

2
;
1

4
e2πu

)
+3bei0

(
2e

πu
2

)
2 + nbei0

(
2e

πu
2

)
2 + 3ber0

(
2e

πu
2

)
2 + nber0

(
2e

πu
2

)
2
)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(u)|< 1.

Example 3.27.

(3.27)∫ x

0

 ∞∑
p=0

(−1)−m+pe
at+b

(
1+2( 1

2+p)
2
)
(−t+x) ( t

x

)1+2( 1
2+p)

2

Γ(m) sin((1 + 2p)z)

(m− t)(1−m+ t)m

 dt

= −
m∑
j=1

∞∑
n=0

i(−1)jeaj+bjn−iz(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

2
√
2
√
−1− n(3 + 2n)n!

×
(
−
((

1 +
√
2
√
−1− n

)
2F1

(
1,

1

2
−

√
−1− n√

2
;
3

2
−

√
−1− n√

2
;−e−2iz

))
+e2iz

(
1 +

√
2
√
−1− n

)
2F1

(
1,

1

2
−

√
−1− n√

2
;
3

2
−

√
−1− n√

2
;−e2iz

)
−
(
−1 +

√
2
√
−1− n

)(
2F1

(
1,

1

2
+

√
−1− n√

2
;
3

2
+

√
−1− n√

2
;−e−2iz

)
−e2iz 2F1

(
1,

1

2
+

√
−1− n√

2
;
3

2
+

√
−1− n√

2
;−e2iz

)))
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(z)|< 1.

Example 3.28. Dougall-Dixon definite integral form. See Eq. (17.1) in [13].
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(3.28)∫ x

0

(−1)−meat+b(−t+x)tΓ(m) 3F2

(
−α,−β, δ; 1 + α+ δ, 1 + β + δ;− e−2bt+2bxt2

x2

)
(m− t)x(1−m+ t)m

dt

=

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(1 + n)n!

× 4F3

(
1

2
+
n

2
,−α,−β, δ; 3

2
+
n

2
, 1 + α+ δ, 1 + β + δ;−1

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(α)|< 1, |Re(β)|< 1, |Re(γ)|< 1, |Re(δ)|<

1.

Example 3.29.

(3.29) −
∫ x

0

(−1)−meat+2bt+b(−t+x)tx

(
e−2bt(−e2bxt2+e2btx2)

x2

)α

Γ(m)

(−m+ t) (−e2bxt2 + e2btx2) (1−m+ t)m
dt

=

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))Γ

(
3+n
2

)
Γ(α)

Γ(2 + n)Γ
(
1
2 (1 + n+ 2α)

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(α)|< 1

Example 3.30.

(3.30) −
∫ x

0

(−1)−meat+b(−t+x)tΓ(m)

(−m+ t)x
√

e−2bt(−e2bxt2+e2btx2)
x2 (1−m+ t)m

dt

=

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
√
π
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))Γ

(
3+n
2

)
Γ
(
2+n
2

)
Γ(2 + n)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(α)|< 1

Example 3.31. Dougall’s formulae see (1.1) in [14]

(3.31)

∫ x

0

(−1)−meat+b(t+x)
(
1− e2b(−t+x)t2

x2

)α
xαΓ(m)Γ(−m+ t)

(−e2bxt2 + e2btx2) Γ(t)
dt

= −
m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))Γ

(
3+n
2

)
Γ(1 + α)

Γ(2 + n)Γ
(
1+n
2 + α

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(α)|< 1
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Example 3.32.

(3.32)

∫ x

0

(−1)−meat+b(−t+x)tΓ(m) 2F1

(
α, β; 1 + α− β; e−2bt+2bxt2

x2

)
(m− t)x(1−m+ t)m

dt

=

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(1 + n)n!

× 3F2

(
1

2
+
n

2
, α, β;

3

2
+
n

2
, 1 + α− β; 1

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(α)|< 1, |Re(β)|< 1

Example 3.33. The q-Pochhammer symbol.

(3.33)

∫ x

0

(−1)−meat+b(−t+x)tΓ(m)
(
− e2b(−t+x)t2

x2 ; q
)

l

(m− t)x(1−m+ t)m
dt

=

l∑
p=0

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+nq
1
2 (−1+p)p

(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(
l
p

)
q

(1 + n+ 2p)n!

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(q)|< 1.

Example 3.34. Ramanujan Mock theta functions see [Wolfram,15]

(3.34) −
∫ x

0

(−1)−m exp
(
at− 3bt+ e2b(−t+x)t2

x2 + 3bx
)
(1 + q)t3

(
e2b(−t+x)t2

x2

)q
(m− t)x3(1−m+ t)m

× Γ(m)

(
Γ(−1− q)− Γ

(
−1− q,

e2b(−t+x)t2

x2

))
dt

=

m∑
j=1

∞∑
n=0

(−1)jej(a+bn)(a+ bn)1+n
(
e−bxx

)n (−1+m
−1+j

)
E−n(j(a+ bn))

(1 + n)n!

× 2F2

(
1,

1

2
+
n

2
;
3

2
+
n

2
,−q; 1

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(q)|< 1.

Example 3.35.

(3.35)

∫ z

−1

e(a−b)xx2

(x−m)(1− bx)(1−m+ x)m
dx

https://mathworld.wolfram.com/MockThetaFunction.html
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=

m∑
j=1

∞∑
n=0

(−1)j+meaj+b(−1+j)n(a+ bn)1+n
(−1+m
−1+j

)
Γ(m)Γ(1 + n)

×
(
−
(
−eb

)n
E−1−n(−b(1 + n)) + ebn(1+z)z2

(
e−bzz

)n
E−1−n(b(1 + n)z)

)
E−n(j(a+bn))

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1.

Example 3.36.

(3.36)

∫ z

−1

e(a−bs)xx1+s

(m− x)(1− bx)(1−m+ x)m
dx

= −
m∑
j=1

∞∑
n=0

(−1)j+mej(a+bn)−b(n+s)(a+ bn)1+n
(−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)Γ(1 + n)

×
((

−eb
)n+s

E−n−s(−b(n+ s)) + eb(n+s)(1+z)z
(
e−bzz

)n+s
E−n−s(b(n+ s)z)

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(s)|> 1.

Example 3.37.

(3.37)

∫ z

−1

eax−bxx2 log(x)

(m− x)(1− bx)(1−m+ x)m
dx

=

m∑
j=1

∞∑
n=0

(−1)j+meaj(a+ bn)1+n
(−1+m
−1+j

)
E−n(j(a+ bn))

Γ(m)Γ(1 + n)

×
(
eb(−1+j)n

(
−eb

)n(− i(−b(1 + n))−nπΓ(2 + n, 0,−b(1 + n))

b2(1 + n)2

+
2F2(2 + n, 2 + n; 3 + n, 3 + n; b(1 + n))

(2 + n)2

)
+ebn(j+z)z2

(
e−bzz

)n(− 2F2(2 + n, 2 + n; 3 + n, 3 + n;−b(1 + n)z)

(2 + n)2

+(b(1 + n)z)−2−nΓ(2 + n, 0, b(1 + n)z) log(z)
))

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1.

Example 3.38. Extended Adams integral. Eq. (6.706) in [15].

(3.38)

∫ 1

0

Γ(m)e(a−b)xβ

(1− x)−1+δx−1+α+2β

(−m+ xβ) (−1 + bxβ) (1−m+ xβ)m
dx
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=

m∑
j=1

∞∑
n=0

∞∑
l=0

(−1)j+mej(a+bn)(−b(1 + n))l(a+ bn)1+n
(−1+m
−1+j

)
E−n(j(a+ bn))(−1 + δ)!

(α+ (1 + l + n)β)l! Γ(1 + n)(1 + α+ (1 + l + n)β)−1+δ

where |Re(a)|< 1, |Re(b)|< 1/Re(δ) < 1/(2π), |Re(α)|< 1, |Re(β)|< 1.

Example 3.39.

(3.39)

(
coshh(x)− 2−he−hx

)
Γ(−m+ x)

(−1 + bx)Γ(x)

=

m∑
j=1

∞∑
n=0

h∑
l=1

(−1)j+m2−hej(−h+2l+bn)(−h+ 2l + bn)1+n
(
e−bxx

)n (h
l

)(−1+m
−1+j

)
Γ(m)Γ(1 + n)

× E−n(j(−h+ 2l + bn))

where |Re(b)|< 1, |Re(x)|< 1, Im(b) ̸= 0

Theorem 3.40.

(3.40)
eax

(1− bx) (−c2 + x2)
= −

∞∑
n=0

(−1)−nc−2−ne−c(a+bn)
(
e−bxx

)n
2n!

×
(
Γ(1 + n,−c(a+ bn)) + (−1)ne2c(a+bn)Γ(1 + n, c(a+ bn))

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(c)|< 1, |Re(x)|< 1 where f(x) = ex(a+bn)

x2−c2

Theorem 3.41. The reciprocal Pochhammer symbol.

(3.41)
1

(1 + x)p
=

∞∑
n=0

p∑
j=1

(
−1 + p

−1 + j

)
(−1)j(−j)−1−n

(−1 + p)!
xn

where |Re(x)|< 1 where f(x) = 1
(x+1)p

.

Example 3.42.

(3.42)

∫ 1

0

x−1+s

(1 + x)p
dx =

∞∑
n=0

p∑
j=1

(−1)j(−j)−1−n
(−1+p
−1+j

)
(n+ s)(−1 + p)!

where |Re(s)|< 1.

Example 3.43.



ABEL-TYPE SERIES AND DEFINITE INTEGRALS 15

(3.43)∫ 1

0

esx
2

(1 + x)p
dx =

∞∑
n=0

p∑
j=1

(−1)j(−j)−1−n(−s)− 1
2−

n
2

(−1+p
−1+j

) (
Γ
(
1+n
2

)
− Γ

(
1+n
2 ,−s

))
2(−1 + p)!

where |Re(s)|< 1.

Example 3.44.

(3.44)

∫ 1

0

eax log(bx)

(1 + x)p
dx

=

∞∑
n=0

p∑
j=1

(−1)j(−j)−1−n
(−1+p
−1+j

)
(−1 + p)!

(
− 2F2(1 + n, 1 + n; 2 + n, 2 + n; a)

(1 + n)2

+(−a)−1−n(Γ(1 + n)− Γ(1 + n,−a)) log(b)
)

where |Re(a)|< 1, |Re(b)|< 1.

Example 3.45.

(3.45)∫ 1

0

sin(bx)

(1 + x)p
dx =

∞∑
n=0

p∑
j=1

(−1)jb(−j)−1−n
(−1+p
−1+j

)
1F2

(
1 + n

2 ;
3
2 , 2 +

n
2 ;−

b2

4

)
(2 + n)(−1 + p)!

where |Re(b)|< 1.

Example 3.46.

(3.46)∫ 1

0

1

(1 + x)p (1− zxa)
s dx =

∞∑
n=0

p∑
j=1

2F1

(
1+n
a , s; 1+a+n

a ; z
) (

(−1)j(−j)−1−n
(−1+p
−1+j

))
(1 + n)(−1 + p)!

where |Re(a)|< 1, |Re(z)|< 1, |Re(s)|< 1.

Example 3.47.

(3.47)

∫ 1

0

(1− x)bxa(1 + x)b
(
1− t2x2

)c
Γ(1 + x)

Γ(1 + p+ x)
dx

= −
∞∑

n=0

p∑
j=1

(−1)j(−j)−nΓ(1 + b)Γ
(
1
2 (1 + a+ n)

)
2Γ(1 + j)Γ

(
1
2 (3 + a+ 2b+ n)

)
Γ(1− j + p)
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× 2F1

(
−c, 1

2
(1 + a+ n);

1

2
(3 + a+ 2b+ n); t2

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(c)|< 1|Re(t)|< 1.

Example 3.48.

(3.48)

∫ 1

0

√
16x(1− x)

π(x+ 1) (1− t2x2)
dx

=

∞∑
n=0

(−1)n
Γ
(
1
4 (3 + 2n)

)
Γ
(
1
4 (9 + 2n)

) 2F1

(
1

2
,
1

4
(3 + 2n);

1

4
(9 + 2n); t2

)

where |Re(t)|< 1.

Example 3.49.

(3.49)

∫ 1

0

√
16x(1− x)

π(x+ 1)(x+ 2)2 (1− t2x2)
dx

=

2∑
j=1

∞∑
n=0

(−1)j+1(−j)−nΓ
(
1
2

(
3
2 + n

))
2F1

(
1
2 ,

1
2

(
3
2 + n

)
; 1
2

(
9
2 + n

)
; t2
)

Γ(3− j)Γ(1 + j)Γ
(
1
2

(
9
2 + n

))
where |Re(t)|< 1.

Example 3.50.

(3.50)∫ 1

0

√
4x (1− t2x2)

π(1− x)(1 + x)3
dx =

∞∑
n=0

(−1)nΓ
(
1
2

(
3
2 + n

))
2F1

(
− 1

2 ,
1
2

(
3
2 + n

)
; 1
2

(
5
2 + n

)
; t2
)

Γ
(
1
2

(
5
2 + n

))
where |Re(a)|< 1, |Re(b)|< 1, |Re(c)|< 1, |Re(t)|< 1.

Example 3.51.

(3.51)

∫ 1

0

√
4x

π(1− x)(1 + x)3 (1− t2x2)
dx

=

∞∑
n=0

(−1)nΓ
(
1
2

(
3
2 + n

))
2F1

(
1
2 ,

1
2

(
3
2 + n

)
; 1
2

(
5
2 + n

)
; t2
)

Γ
(
1
2

(
5
2 + n

))
where |Re(t)|< 1.
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4. Integrals over finite intervals

In this section we look at definite integrals over finite intervals involving Special

functions and constants. We also table some errata for interested readers.

Example 4.1.

(4.1)

∫ ϕ

0

xa
(
1− x2z2

)b
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(−1)j(−j)−1−nϕ1+a+n
(−1+p
−1+j

)
2F1

(
−b, 12 (1 + a+ n); 1

2 (3 + a+ n); z2ϕ2
)

(1 + a+ n)(−1 + p)!

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(ϕ)|< 1.

Example 4.2.

(4.2)

∫ 1

0

(
1− x2

)− 1
2+v

cosh(xz)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)j+1(−j)−nΓ
(
1+n
2

)
Γ
(
1
2 + v

)
1F2

(
1
2 + n

2 ;
1
2 , 1 +

n
2 + v; z2

4

)
2Γ(1 + j)Γ(1− j + p)Γ

(
1 + n

2 + v
)

where Re(v) > 0.

Example 4.3.

(4.3)

∫ 1

0

(1− x)−1−b−vxa+b+v(2− x+ xz)vΓ(1 + x)

Γ(1 + p+ x)
dx

=

p∑
j=1

∞∑
n=0

(−1)j+12v(−j)−nΓ(−b− v)Γ(1 + a+ b+ n+ v)

Γ(1 + j)Γ(1 + a+ n)Γ(1− j + p)

× 2F1

(
−v, 1 + a+ b+ n+ v; 1 + a+ n;

1− z

2

)
where Re(a) > 0, 3 < Re(b) < 4, 0 < Im(b) < 1, Re(z) < 1,−6 < Re(v) < −4.

Example 4.4.

(4.4)

∫ 1

0

x−1+a(1− ux)−b(1− vx)−c

(1 + x)p
dx
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=

p∑
j=1

∞∑
n=0

(−1)j(−j)−1−nF1(a+ n; b, c; 1 + a+ n;u, v)
(−1+p
−1+j

)
(a+ n)(−1 + p)!

where |Re(a)|< 1, |Re(b)|< 1, |Re(c)|< 1, |Re(u)|< 1, |Re(v)|< 1.

Example 4.5.

(4.5)∫ 1

0

exz(1− x)vx−1−v

(1 + x)p
dx =

p∑
j=1

∞∑
n=0

(−1)j+1(−j)−nΓ(n− v)Γ(1 + v) 1F1(n− v; 1 + n; z)

Γ(1 + j)Γ(1 + n)Γ(1− j + p)

where −1 < Re(v) < 0.

Example 4.6. From Eq. (4.1.1.1) in [16].

(4.6)

∫ a

0

xs−1(a− x)t−1(1− bx(a− x))v

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(
(−1)j(−j)−1−n

(−1+p
−1+j

))
a−1+n+s+tB(n+ s, t)

(−1 + p)!

× 3F2

(
n+ s, t,−v; n

2
+
s

2
+
t

2
,
1

2
+
n

2
+
s

2
+
t

2
;
a2b

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.7. From Eq. (4.1.2.2) in [16].

(4.7)

∫ a

0

eb(a−x)x(a− x)−1+tx−1+s

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)ja−1+n+s+t(−j)−1−nB(n+ s, t)
(−1+p
−1+j

)
(−1 + p)!

× 2F2

(
n+ s, t;

n

2
+
s

2
+
t

2
,
1

2
+
n

2
+
s

2
+
t

2
;
a2b

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.8. From Eq. (4.1.3.1) in [16].

(4.8)

∫ a

0

(a− x)−1+tx−1+s sinh
(
b
√
(a− x)x

)
(1 + x)p

dx
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=

p∑
j=1

∞∑
n=0

(−1)jan+s+tb(−j)−1−nB
(
1
2 + n+ s, 12 + t

) (−1+p
−1+j

)
(−1 + p)!

× 2F3

(
1

2
+ n+ s,

1

2
+ t;

3

2
,
1

2
+
n

2
+
s

2
+
t

2
, 1 +

n

2
+
s

2
+
t

2
;
a2b2

16

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.9. From Eq. (4.1.3.18) in [16].

(4.9)

∫ a

0

(a− x)−1+tx−1+s cosh
(
b
√

(a− x)x
)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)ja−1+n+s+t(−j)−1−nB(n+ s, t)
(−1+p
−1+j

)
(−1 + p)!

× 2F3

(
n+ s, t;

1

2
,
n

2
+
s

2
+
t

2
,
1

2
+
n

2
+
s

2
+
t

2
;
a2b2

16

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.10. From Eq. (4.1.5.98) in [16].

(4.10)

∫ a

0

x−1+s log
(

a+
√
a2−x2

x

)
sin(bx)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)ja1+n+sb(−j)−1−n
√
π
(−1+p
−1+j

)
Γ
(
1
2 (1 + n+ s)

)
(n+ s)(1 + n+ s)(−1 + p)! Γ

(
n+s
2

)
× 2F3

(
1

2
+
n

2
+
s

2
,
1

2
+
n

2
+
s

2
;
3

2
, 1 +

n

2
+
s

2
,
3

2
+
n

2
+
s

2
;−1

4
a2b2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.11. Eq. (4.1.5.98) in [16]. Errata. The quoted equation is in error.

(4.11)

∫ a

0

xs−1 sin(bx) log

(
a+

√
a2 − x2

x

)
dx

=

(√
πas+1bΓ

(
s+1
2

))
2F3

(
s+1
2 , s+1

2 ; 3
2 ,

s
2 + 1, s+3

2 ;− 1
4

(
a2b2

))
s(s+ 1)Γ

(
s
2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.
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Example 4.12. From Eq. (4.1.5.99) in [16].

(4.12)

∫ a

0

x−1+s cos(bx) log
(

a+
√
a2−x2

x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(−1)jan+s(−j)−1−n
√
π
(−1+p
−1+j

)
Γ
(
n+s
2

)
2(n+ s)(−1 + p)! Γ

(
1
2 (1 + n+ s)

)
× 2F3

(
n

2
+
s

2
,
n

2
+
s

2
;
1

2
,
1

2
+
n

2
+
s

2
, 1 +

n

2
+
s

2
;−1

4
a2b2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.13. From Eq. (4.1.5.140) in [16].

(4.13)

∫ a

0

x−1+s log
(

a+
√
a2−x2

x

)
log
(
bx+

√
1 + b2x2

)
√
1 + b2x2(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(−1)ja1+n+sb(−j)−1−n
√
π
(−1+p
−1+j

)
Γ
(
1
2 (1 + n+ s)

)
2(1 + n+ s)(−1 + p)! Γ

(
1 + n+s

2

)
× 4F3

(
1, 1,

1

2
+
n

2
+
s

2
,
1

2
+
n

2
+
s

2
;
3

2
, 1 +

n

2
+
s

2
,
3

2
+
n

2
+
s

2
;−a2b2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.14. From Eq. (4.1.6.63) in [16].

(4.14)

∫ 1

0

x−1+s cos−1(x) cosh(ax)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)j(−j)−1−n
√
π
(−1+p
−1+j

)
Γ
(
1
2 (1 + n+ s)

)
(n+ s)2(−1 + p)! Γ

(
n+s
2

)
× 2F3

(
n

2
+
s

2
,
1

2
+
n

2
+
s

2
;
1

2
, 1 +

n

2
+
s

2
, 1 +

n

2
+
s

2
;
a2

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.15. From Eq. (4.1.6.66) in [16]. pp. 163.

(4.15)

∫ 1

0

x−1+s cos−1(x) sin(ax)

(1 + x)p
dx
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=

p∑
j=1

∞∑
n=0

(−1)j+12−2−n−sa(−j)−nπΓ(1 + n+ s)

Γ(1 + j)Γ(1− j + p)Γ
(
3
2 + n

2 + s
2

)2
× 2F3

(
1

2
+
n

2
+
s

2
, 1 +

n

2
+
s

2
;
3

2
,
3

2
+
n

2
+
s

2
,
3

2
+
n

2
+
s

2
;−a

2

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.16. From Eq. (4.1.6.90) in [16].

(4.16)

∫ 1

0

x−1+s cos−1(x) log
(
ax+

√
1 + a2x2

)
√
1 + a2x2(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(−1)j+12−2−n−sa(−j)−nπΓ(1 + n+ s)

Γ(1 + j)Γ(1− j + p)Γ
(
3
2 + n

2 + s
2

)2
× 4F3

(
1, 1,

1

2
+
n

2
+
s

2
, 1 +

n

2
+
s

2
;
3

2
,
3

2
+
n

2
+
s

2
,
3

2
+
n

2
+
s

2
;−a2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.17. From Eq. (4.1.6.126) in [16].

(4.17)

∫ a

0

(a− x)−1+tx−1+s tan−1
(
b
√
(a− x)x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(−1)j+1an+s+tb(−j)−nΓ
(
1
2 + n+ s

)
Γ
(
1
2 + t

)
Γ(1 + j)Γ(1− j + p)Γ(1 + n+ s+ t)

× 4F3

(
1

2
, 1,

1

2
+ n+ s,

1

2
+ t;

3

2
,
1

2
+
n

2
+
s

2
+
t

2
, 1 +

n

2
+
s

2
+
t

2
;−1

4
a2b2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.18. From Eq. (4.1.6.144) in [16]

(4.18)

∫ a

0

x−1+s tan−1(bx) log
(

a+
√
a2−x2

x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(
−
(−1)ja1+n+sb(−j)−n

√
πΓ
(
1
2 + n

2 + s
2

)
(n+ s)2Γ(1 + j)Γ(1− j + p)Γ

(
n
2 + s

2

)
× 3F2

(
1

2
, 1,

1

2
+
n

2
+
s

2
;
3

2
, 1 +

n

2
+
s

2
;−a2b2

)
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+
(−1)j2−1+n+sa1+n+sb(−j)−nΓ

(
1
2 + n

2 + s
2

)2
(n+ s)Γ(1 + j)Γ(1− j + p)Γ(2 + n+ s)

× 3F2

(
1,

1

2
+
n

2
+
s

2
,
1

2
+
n

2
+
s

2
; 1 +

n

2
+
s

2
,
3

2
+
n

2
+
s

2
;−a2b2

))
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.19. From Eq. (4.1.6.148) in [16].

(4.19)

∫ a

0

x−1+s
(
a2 − x2

)−1+t
sin−1(bx)2

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)j+1an+s+2tb2(−j)−nΓ
(
1 + n

2 + s
2

)
Γ(t)

2Γ(1 + j)Γ(1− j + p)Γ
(
1 + n

2 + s
2 + t

)
× 4F3

(
1, 1, 1, 1 +

n

2
+
s

2
;
3

2
, 2, 1 +

n

2
+
s

2
+ t; a2b2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.20. From Eq. (4.1.6.151) in [16]. Errata. The quoted equation is

in error.

(4.20)

∫ a

0

xs−1(a− x)t−1 sin−1
(
b
√
x(a− x)

)2
dx

= as+t+1b2B(s+1, t+1) 5F4

(
1, 1, 1, s+ 1, t+ 1;

3

2
, 3,

s+ t

2
+ 1,

1

3
(s+ t+ 3);

1

4
(ab)2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.21. From Eq. (4.1.6.151) in [16].

(4.21)

∫ a

0

(a− x)−1+tx−1+s sin−1
(
b
√

(a− x)x
)2

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)j+1a1+n+s+tb2(−j)−nΓ(1 + n+ s)Γ(1 + t)

Γ(1 + j)Γ(1− j + p)Γ(2 + n+ s+ t)

× 5F4

(
1, 1, 1, 1 + n+ s, 1 + t;

3

2
, 3, 1 +

n

3
+
s

3
+
t

3
, 1 +

n

2
+
s

2
+
t

2
;
a2b2

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.
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Example 4.22. From Eq. (4.1.6.163) in [16].

(4.22)

∫ a

0

x−1+s sin−1(bx)2 log
(

a+
√
a2−x2

x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(
−

(−1)ja2+n+sb2(−j)−n
√
πΓ
(
n
2 + s

2

)
4Γ(1 + j)Γ(1− j + p)Γ

(
3
2 + n

2 + s
2

)
× 4F3

(
1, 1, 1, 1 +

n

2
+
s

2
;
3

2
, 2,

3

2
+
n

2
+
s

2
; a2b2

)
+
(−1)j2n+sa2+n+sb2(−j)−nΓ

(
n
2 + s

2

)
Γ
(
1 + n

2 + s
2

)
Γ(1 + j)Γ(1− j + p)Γ(3 + n+ s)

× 4F3

(
1, 1, 1 +

n

2
+
s

2
, 1 +

n

2
+
s

2
;
3

2
,
3

2
+
n

2
+
s

2
, 2 +

n

2
+
s

2
; a2b2

))
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.23. From Eq. (4.2.1.1) in [16].

(4.23)

∫ a

0

(a− x)−1+tx−1+sLi2(b(a− x)x)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)ja1+n+s+tb(−j)−1−nB(1 + n+ s, 1 + t)
(−1+p
−1+j

)
(−1 + p)!

× 5F4

(
1, 1, 1, 1 + n+ s, 1 + t; 2, 2, 1 +

n

2
+
s

2
+
t

2
,
3

2
+
n

2
+
s

2
+
t

2
;
a2b

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.24. From Eq. (4.3.1.1) in [16].

(4.24)

∫ a

0

x−1+s log
(

a+
√
a2−x2

x

)
Si(bx)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(
−
(−1)ja1+n+sb(−j)−n

√
πΓ
(
1
2 + n

2 + s
2

)
(n+ s)2Γ(1 + j)Γ(1− j + p)Γ

(
n
2 + s

2

)
× 2F3

(
1

2
,
1

2
+
n

2
+
s

2
;
3

2
,
3

2
, 1 +

n

2
+
s

2
;−1

4
a2b2

)

+
(−1)j2−1+n+sa1+n+sb(−j)−nΓ

(
1
2 + n

2 + s
2

)2
(n+ s)Γ(1 + j)Γ(1− j + p)Γ(2 + n+ s)

× 2F3

(
1

2
+
n

2
+
s

2
,
1

2
+
n

2
+
s

2
;
3

2
, 1 +

n

2
+
s

2
,
3

2
+
n

2
+
s

2
;−1

4
a2b2

))
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where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.25. From Eq. (4.3.4.1) in [16].

(4.25)

∫ 1

0

x−1+s cos−1(x)Si(ax)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(
− (−1)j2−2−n−sa(−j)−nπ(1 + n+ s)Γ(n+ s)

Γ(1 + j)Γ(1− j + p)Γ
(
3
2 + n

2 + s
2

)2
× 2F3

(
1

2
, 1 +

n

2
+
s

2
;
3

2
,
3

2
,
3

2
+
n

2
+
s

2
;−a

2

4

)
+

(−1)j2−2−n−sa(−j)−nπΓ(n+ s)

Γ(1 + j)Γ(1− j + p)Γ
(
3
2 + n

2 + s
2

)2
× 2F3

(
1

2
+
n

2
+
s

2
, 1 +

n

2
+
s

2
;
3

2
,
3

2
+
n

2
+
s

2
,
3

2
+
n

2
+
s

2
;−a

2

4

))
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.26. From Eq. (4.4.1.1) in [16].

(4.26)

∫ a

0

(a− x)−1+tx−1+serf
(
b
√
(a− x)x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

2(−1)jan+s+tb(−j)−1−nB
(
1
2 + n+ s, 12 + t

) (−1+p
−1+j

)
√
π(−1 + p)!

where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.27. From Eq. (4.4.2.1) in [16].

(4.27)

∫ a

0

eb
2(a−x)x(a− x)−1+tx−1+serf

(
b
√
(a− x)x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

2(−1)jan+s+tb(−j)−1−nB
(
1
2 + n+ s, 12 + t

) (−1+p
−1+j

)
√
π(−1 + p)!

× 3F3

(
1,

1

2
+ n+ s,

1

2
+ t;

3

2
,
1

2
+
n

2
+
s

2
+
t

2
, 1 +

n

2
+
s

2
+
t

2
;
a2b2

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.28. From Eq. (4.4.4.1) in [16].
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(4.28)

∫ a

0

x−1+serf(bx) log
(

a+
√
a2−x2

x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(
−

(−1)ja1+n+sb(−j)−nΓ
(
1
2 + n

2 + s
2

)
(n+ s)Γ(1 + j)Γ(1− j + p)Γ

(
1 + n

2 + s
2

)
× 2F2

(
1

2
,
1

2
+
n

2
+
s

2
;
3

2
, 1 +

n

2
+
s

2
;−a2b2

)

+
(−1)j2n+sa1+n+sb(−j)−nΓ

(
1
2 + n

2 + s
2

)2
√
π(n+ s)Γ(1 + j)Γ(1− j + p)Γ(2 + n+ s)

× 2F2

(
1

2
+
n

2
+
s

2
,
1

2
+
n

2
+
s

2
; 1 +

n

2
+
s

2
,
3

2
+
n

2
+
s

2
;−a2b2

))
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.29. From Eq. (4.4.6.8) in [16]. Errata. The quoted equation is in

error.

(4.29)

∫ a

0

xs−1(a− x)t−1erf
(
b 4
√
x(a− x)

)
erfi
(
b 4
√
x(a− x)

)
dx

=
4as+tb2B

(
s+ 1

2 , t+
1
2

)
4F5

(
1
4 ,

1
8 , s+

1
2 , t+

1
2 ;

3
4 ,

3
2 ,

5
4 ,

1
2 (s+ t+ 1), s+t

2 + 1; 1
16 (ab)

2
)

π

where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.30. From Eq. (4.4.6.8) in [16].

(4.30)

∫ a

0

(a− x)−1+tx−1+serf
(
b 4
√
(a− x)x

)
erfi
(
b 4
√
(a− x)x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

4(−1)jan+s+tb2(−j)−1−nB
(
1
2 + n+ s, 12 + t

) (−1+p
−1+j

)
π(−1 + p)!

× 4F5

(
1

8
,
1

4
,
1

2
+ n+ s,

1

2
+ t;

3

4
,
5

4
,
3

2
,
1

2
+
n

2
+
s

2
+
t

2
, 1 +

n

2
+
s

2
+
t

2
;
a2b2

16

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.31. From Eq. (4.7.4.3) in [16].

(4.31)

∫ a

0

x−1+sJv(bx) log
(

a+
√
a2−x2

x

)
(1 + x)p

dx



26 ROBERT REYNOLDS

=

p∑
j=1

∞∑
n=0

(−1)j2−1−van+s+vbv(−j)−1−n
√
π
(−1+p
−1+j

)
Γ
(
1
2 (n+ s+ v)

)
(n+ s+ v)(−1 + p)! Γ(1 + v)Γ

(
1
2 (1 + n+ s+ v)

)
× 2F3

(
n

2
+
s

2
+
v

2
,
n

2
+
s

2
+
v

2
;
1

2
+
n

2
+
s

2
+
v

2
, 1 +

n

2
+
s

2
+
v

2
, 1 + v;−1

4
a2b2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.32. From Eq. (4.7.5.1) in [16].

(4.32)

∫ 1

0

x−1+s cos−1(x)Jv(ax)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)j2−vav(−j)−1−n
√
π
(−1+p
−1+j

)
Γ
(
1
2 (1 + n+ s+ v)

)
(n+ s+ v)2(−1 + p)! Γ(1 + v)Γ

(
1
2 (n+ s+ v)

)
× 2F3

(
n

2
+
s

2
+
v

2
,
1

2
+
n

2
+
s

2
+
v

2
; 1 +

n

2
+
s

2
+
v

2
, 1 +

n

2
+
s

2
+
v

2
, 1 + v;−a

2

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.33. From Eq. (4.9.1.1) in [16]. Errata. The quoted equation is in

error.

(4.33)

∫ a

0

xs−1(a− x)t−1Iv

(
b
√
x(a− x)

)
dx

=
B
(
s+ v

2 , t+
v
2

)
as+t+v−1

(
b
2

)v
2F3

(
s+ v

6 , t+
3v
5 ; v + 1, 12 (s+ t+ v), 12 (s+ t+ v + 1); 1

16 (ab)
2
)

Γ(v + 1)

where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.34. From Eq. (4.9.1.1) in [16].

(4.34)

∫ a

0

(a− x)−1+tx−1+sIv

(
b
√
(a− x)x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(−1)j2−va−1+n+s+t+vbv(−j)−1−nB
(
n+ s+ v

2 , t+
v
2

) (−1+p
−1+j

)
(−1 + p)! Γ(1 + v)

× 2F3

(
n+ s+

v

6
, t+

3v

5
;
n

2
+
s

2
+
t

2
+
v

2
,
1

2
+
n

2
+
s

2
+
t

2
+
v

2
, 1 + v;

a2b2

16

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.
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Example 4.35. From Eq. (4.9.2.1) in [16].

(4.35)

∫ a

0

eb(a−x)x(a− x)−1+tx−1+sIv(b(a− x)x)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)j2−va−1+n+s+t+2vbv(−j)−1−nB(n+ s+ v, t+ v)
(−1+p
−1+j

)
(−1 + p)! Γ(1 + v)

× 3F3

(
1

2
+ v, n+ s+ v, t+ v;

n

2
+
s

2
+
t

2
+ v,

1

2
+
n

2
+
s

2
+
t

2
+ v, 1 + 2v;

a2b

2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.36. From Eq. (4.9.4.1) in [16].

(4.36)

∫ a

0

x−1+sIv(bx) log
(

a+
√
a2−x2

x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(−1)j2−1−van+s+vbv(−j)−1−n
√
π
(−1+p
−1+j

)
Γ
(
1
2 (n+ s+ v)

)
(n+ s+ v)(−1 + p)! Γ(1 + v)Γ

(
1
2 (1 + n+ s+ v)

)
× 2F3

(
n

2
+
s

2
+
v

2
,
n

2
+
s

2
+
v

2
;
1

2
+
n

2
+
s

2
+
v

2
, 1 +

n

2
+
s

2
+
v

2
, 1 + v;

a2b2

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.37. From Eq. (4.9.5.1) in [16].

(4.37)

∫ 1

0

x−1+s cos−1(x)Iv(ax)

(1 + x)p
dx

=

p∑
j=1

∞∑
n=0

(−1)j2−vav(−j)−1−n
√
π
(−1+p
−1+j

)
Γ
(
1
2 (1 + n+ s+ v)

)
(n+ s+ v)2(−1 + p)! Γ(1 + v)Γ

(
1
2 (n+ s+ v)

)
× 2F3

(
n

2
+
s

2
+
v

2
,
1

2
+
n

2
+
s

2
+
v

2
; 1 +

n

2
+
s

2
+
v

2
, 1 +

n

2
+
s

2
+
v

2
, 1 + v;

a2

4

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1.

Example 4.38. From Eq. (4.11.1.1) in [16].

(4.38)

∫ a

0

(a− x)−1+tx−1+sHHHv

(
b
√

(a− x)x
)

(1 + x)p
dx
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=

p∑
j=1

∞∑
n=0

(−1)j2−van+s+t+vb1+v(−j)−1−n
(−1+p
−1+j

)
Γ
(
n+ s+ 1+v

2

)
Γ
(
t+ 1+v

2

)
√
π(−1 + p)! Γ

(
3
2 + v

)
Γ(1 + n+ s+ t+ v)

× 3F4

(
1,

1

2
+ n+ s+

v

2
,
1

2
+ t+

v

2
;
3

2
,
1

2
+
n

2
+
s

2
+
t

2
+
v

2
, 1 +

n

2
+
s

2

+
t

2
+
v

2
,
3

2
+ v;− 1

16
a2b2

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(s)|< 1, |Re(t)|< 1, |Re(v)|< 1.

Example 4.39. From Eq. (4.18.2.8) in [16]..

(4.39)

∫ a

0

x−1+sLλ
α(bx) log

(√
a+

√
a−x√
x

)
(1 + x)p

dx

=

p∑
j=1

∞∑
n=0

(
(−1)j(−j)−1−n

(−1+p
−1+j

))
(an+s

√
πΓ(n+ s))

(−1 + p)!
(
2(n+ s)α! Γ

(
1
2 + n+ s

))
× 3F3

(
n+ s, n+ s,−α; 1

2
+ n+ s, 1 + n+ s, 1 + λ; ab

)
(1 + λ)α

where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1, |Re(α)|< 1, |Re(λ)|< 1.

5. Table of series involving Special functions

Example 5.1. From Eq. (5.7.1.3) in [16].

(5.1)

h∑
l=0

xl
(
h
l

)
Pl(z)

(1 + x)p
=

p∑
j=1

∞∑
n=0

(
(−1)j(−j)−1−n

(−1+p
−1+j

))
xn
(
1 + x2 + 2xz

)h/2
Ph

(
1+xz√

1+x2+2xz

)
(−1 + p)!

where |Re(z)|< 1, |Re(x)|< 1.

Example 5.2. From Eq. (5.9.1.1) in [16].

(5.2)

h∑
l=0

xlH2l(z)

(h− l)! (2l)! (1 + x)p
=

p∑
j=1

∞∑
n=0

(−1)j(−j)−1−n(−1 + x)hxn
(−1+p
−1+j

)
H2h

(√
x

−1+xz
)

(2h)! (−1 + p)!

where |Re(z)|< 1, |Re(x)|< 1.
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Example 5.3. Eq. (5.9.1.1) in [16]. Errata. The quoted equation is in error.

(5.3)

n∑
k=0

tkH2k(z)

(n− k)! (2k)!
=

(t− 1)nH2n

(
z
√

t
t−1

)
(2n)!

where |Re(z)|< 1, |Re(t)|< 1.

Example 5.4. From Eq. (6.17.1.6) in [16].

(5.4)

∞∑
k=0

tk 3F2(−k, 1 + k, z; 1, 1; 1)

k! (1 + t)p
=

Γ(1 + t) 1F1(1− z; 1; t) 1F1(z; 1;−t)
Γ(1 + p+ t)

where |Re(z)|< 1, |Re(t)|< 1.

Example 5.5. From Eq. (6.17.1.10) in [16].

(5.5)

∞∑
k=0

ktk 1F2

(
1
2 + k; 3

2
3
2 + k; z

)
(1 + 2k)! (1 + t)p

=

√
t
zΓ(1 + t)

(
−2

√
z cosh (2

√
z) sinh

(√
t
)
+
√
t cosh

(√
t
)
sinh (2

√
z)
)

4(t− 4z)(p+ t)!

where |Re(z)|< 1, |Re(t)|< 1.

Example 5.6. From [Dieckman]

(5.6)

∫ a

0

cos(bx)

(1 + sin(bx))p
dx =

sin(ab)

b

p∑
j=1

∞∑
n=0

(−1)−1+j−n
(
p−1
j−1

)
sinn(ab)

jn+1(p− 1)! (n+ 1)

where Im(b) ≤ 0.

Example 5.7. From [Dieckman]

(5.7)

∫ x

0

1

(1 + log(1 + ty))p
dy

=

p∑
j=1

∞∑
n=0

(
(−1)j(−j)−1−n

(−1+p
−1+j

))
((−1)n(Γ(n+ 1,− log(1 + tx))− Γ(n+ 1)))

(−1 + p)! t

where |Im(x)|< 1.

Example 5.8. From [Dieckman]

http://www-elsa.physik.uni-bonn.de/~dieckman/IntegralsDefinite/DefInt.html
http://www-elsa.physik.uni-bonn.de/~dieckman/IntegralsDefinite/DefInt.html
http://www-elsa.physik.uni-bonn.de/~dieckman/IntegralsDefinite/DefInt.html
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(5.8)

∫ x

0

y

(1 + ty)(1 + log(1 + ty))p
dy

=

p∑
j=1

∞∑
n=0

(
(−1)j(−j)−1−n

(−1+p
−1+j

))(
(−1)n(Γ(n+ 1,− log(1 + tx))− Γ(n+ 1))− logn+1(1+tx)

n+1

)
(−1 + p)! t2

where |Im(x)|< 1.

6. Special cases

In this section we evaluate special cases using the previously derived examples.

Example 6.1.

(6.1)
4
(√
e− e− Ei

(
1
2

)
+ Ei(1)

)
e

=

∞∑
n=0

2−nen/2(1 + n)1+nE−n(1 + n)

(2 + n)n!

Example 6.2.

(6.2)
44

9
−

8
(
4e3 + 9Ei

(
3
2

)
− 9Ei(3)

)
9e3/2

=

∞∑
n=0

2−nen/2Γ(1 + n, n)

(3 + n)n!

Example 6.3.

(6.3)

8
(
−7e3/2 + 6e2 + 8Ei

(
3
2

)
− 8Ei(2)

)
e5/4

= −
∞∑

n=0

4−ne1+
3n
4 (1 + n)1+nE−n(1 + n)

(3 + n)n!

Example 6.4.

(6.4)

−
−4− 3x+ e−3+3x

(
4e3 − 9Ei(3) + 9Ei(3− 3x)

)
9x3

=

∞∑
n=0

(
e1−xx

)n
Γ(1 + n, n)

(3 + n)n!

Example 6.5.

(6.5)
ex log

(
1

1−x

)
x

=

∞∑
n=0

e1+n (e−xx)
n
Γ(1 + n, 1 + n)

Γ(2 + n)

where |Re(x)|< 1, |Im(x)|< 1.

Example 6.6.
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(6.6)
1

12

(
π2 − 6

(
log2(2) + 2Li2

(
1

4

)))
=

∞∑
n=0

e1+n(1 + n)−2−n
(
Γ
(
1 + n, 1+n

4

)
− Γ

(
1 + n, 1+n

2

))
Γ(1 + n, 1 + n)

Γ(1 + n)

Example 6.7.

(6.7)

ex(iπ − Chi(−1 + x) + Ei(−1) + Shi(1− x))

x
=

∞∑
n=0

e1+n(2 + n)1+n (e−xx)
n
E−n(2 + n)

(1 + n)n!

where 0 < Re(x) < 1, 0 < Im(x) < 1.

Example 6.8.

(6.8)

ex(iπ − Chi(−1 + x) + Ei(−1) + Shi(1− x))

x
=

∞∑
n=0

e1+n(2 + n)1+n (e−xx)
n
E−n(2 + n)

(1 + n)n!

where 0 < Re(x) < 1, 0 < Im(x) < 1.

Example 6.9.

(6.9)
e

1
6+

x
3

(
−iπ − Chi

(
1
6 (−1 + x)

)
+ Ei

(
− 1

6

)
+ Shi

(
1
6 − x

6

))
x

=

∞∑
n=0

e
1
2+

n
3

(
e−

x
3 x
)n

Γ
(
1 + n, 12 + n

3

)
Γ(2 + n)

where 0 < Re(x) < 1, Im(x) < 0.

Example 6.10.

(6.10)
e−1+x(−iπ − Ei(1)− Γ(0,−1 + x))

x
= −

∞∑
n=0

(
e1−xx

)n
Γ(1 + n, n)

Γ(2 + n)

where 0 < Re(x) < 1, 0 < Im(x) < 1.

Example 6.11.
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(6.11)∫ 1

0

2F1

(
α, β; γ; e

1
2 (−1+t)t

)
1 + t

dt =

∞∑
n=0

(−1)ne1+nΓ
(
1 + n, 1+n

2

)
3F2(1 + n, α, β; 2 + n, γ; 1)

Γ(2 + n)

where |Re(α)|< 1, |Re(β)|< 1, |Re(γ)|< 1.

Example 6.12.

(6.12)

∫ 1

0

e
1
2 (−3−t)J0

(
2e

1
2 (−1+t)t

)
2

1 + t
dt

=

∞∑
n=0

(−e)n
(
1 + n

2

)1+n
E−n

(
1 + n

2

)
2F3

(
1
2 ,

1
2 + n

2 ; 1, 1,
3
2 + n

2 ;−4
)

(1 + n)n!

Example 6.13.

(6.13)

∫ 1

0

2F1

(
α, β; 1 + α− β; e

2
3 (−1+t)t2

)
1 + t

dt

=

∞∑
n=0

(−1)ne
2(1+n)

3 Γ
(
1 + n, 1+n

3

)
3F2

(
1
2 + n

2 , α, β;
3
2 + n

2 , 1 + α− β; 1
)

Γ(2 + n)

where |Re(α)|< 1, |Re(β)|< 1, |Re(γ)|< 1.

Example 6.14.

(6.14)∫ 1

0

(
−e 2

3 (−1+t)t2; q
)

l

1 + t
dt =

l∑
p=0

∞∑
n=0

(−1)n3−1−ne
2(1+n)

3 (1 + n)1+nq
1
2 (−1+p)pE−n

(
1+n
3

) (
l
p

)
q

(1 + n+ 2p)n!

where |Re(q)|< 1.

Example 6.15.

(6.15)∫ 1

0

e
2t
3 +e

2
3
(−1+t)t2(1 + q)t2

(
e

2
3 (−1+t)t2

)q (
Γ(−1− q)− Γ

(
−1− q, e

2
3 (−1+t)t2

))
1 + t

dt

= −
∞∑

n=0

(−1)ne
2(2+n)

3 Γ
(
1 + n, 1+n

3

)
2F2

(
1, 12 + n

2 ;
3
2 + n

2 ,−q; 1
)

Γ(2 + n)
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where |Re(q)|< 1.

Example 6.16.

(6.16)

∫ 1

0

e(a−b)xβ

(1− x)−1+δx−1+α+β

(−1 + xβ) (−1 + bxβ)
dx

=

∞∑
n=0

∞∑
l=0

ea+bn(−b(1 + n))lΓ(α+ (1 + l + n)β)Γ(δ)Γ(1 + n, a+ bn)

Γ(1 + l)Γ(1 + n)Γ(α+ (1 + l + n)β + δ)

where |Re(a)|< 1, |Re(b)|< 1/Re(δ), |Re(α)|< 1, |Re(β)|< 1.

Example 6.17.

(6.17)
√
πΓ(−1 + δ)

(
16δ 2F1

(
− 1

2 , 1;
1
2 + δ; 1

8

)
+ 9 2F1

(
1
2 , 1;

1
2 + δ; 1

8

)
− 16δ 2F1

(
1
2 , 1;

1
2 + δ; 1

8

))
14Γ

(
1
2 + δ

)
=

∞∑
n=0

∞∑
l=0

8−le
1+n
8 (−1− n)lΓ

(
3
2 + l + n

)
Γ(δ)Γ

(
1 + n, 1+n

8

)
Γ(1 + l)Γ(1 + n)Γ

(
3
2 + l + n+ δ

)
where Re(δ) > π.

Example 6.18.

(6.18)

√
3πΓ(−1 + δ) 2F1

(
1,−1 + δ; 1

3 + δ;−1
)

Γ
(
− 4

3

)
Γ
(
1
3 + δ

)
=

∞∑
n=0

∞∑
l=0

2−le
1+n
2 (−1− n)lΓ

(
4
3 + l + n

)
Γ(δ)Γ

(
1 + n, 1+n

2

)
Γ(1 + l)Γ(1 + n)Γ

(
4
3 + l + n+ δ

)
where Re(δ) > π.

Example 6.19.

(6.19)

√
πΓ(−1 + δ) 2F1

(
1,−1 + δ; 1

2 + δ;−1
)

Γ
(
1
2 + δ

)
=

∞∑
n=0

∞∑
l=0

2−le
1+n
2 (−1− n)lΓ

(
3
2 + l + n

)
Γ(δ)Γ

(
1 + n, 1+n

2

)
Γ(1 + l)Γ(1 + n)Γ

(
3
2 + l + n+ δ

)
where Re(δ) > 2π.

Example 6.20.
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(6.20)
πΓ(−1 + δ) 2F1

(
1,−1 + δ; 1

4 + δ;−1
)

√
2Γ
(
3
4

)
Γ
(
1
4 + δ

)
=

∞∑
n=0

∞∑
l=0

2−le
1+n
2 (−1− n)lΓ

(
5
4 + l + n

)
Γ(δ)Γ

(
1 + n, 1+n

2

)
Γ(1 + l)Γ(1 + n)Γ

(
5
4 + l + n+ δ

)
where Re(δ) > 2π.

Example 6.21.

(6.21) − 1

18
(−1)−δ

(
3× 23+2δF1

(
1− 2δ;−δ,−δ; 2− 2δ; 3

2 ,
1
2

)
−1 + 2δ

+
11× 41+δF1

(
−2δ;−δ,−δ; 1− 2δ; 3

2 ,
1
2

)
δ

−
6πΓ(−1 + δ)

(
3 4δeiπδ csc(πδ)− 8 csc(2πδ) 2F1(1− 2δ,−δ; 2− δ; 3)

)
Γ(−δ)Γ(2δ)

+
2δeiπδ

(
44 2F1

(
1− δ, 1 + δ; 2 + δ; 1

2

)
− 9 2F1

(
2− δ, 1 + δ; 2 + δ; 1

2

))
1 + δ

−
π2 csc(πδ)

(
45(−4)δ csc(πδ) + 44 csc(2πδ) 2F1(−2δ,−δ; 1− δ; 3)

)
Γ(1− δ)2Γ(2δ)

)

=

2∑
j=1

∞∑
n=0

∞∑
l=0

(−1)2+j2−lej(
1
2+

n
2 )(−1− n)l

(
1
2 + n

2

)1+n ( 1
−1+j

)
E−n

(
j
(
1
2 + n

2

))
(−1 + δ)!(

1
2 + 1

2 (1 + l + n)
)
l! Γ(1 + n)

(
3
2 + 1

2 (1 + l + n)
)
−1+δ

where 2π < Re(δ) < 5π, |Im(δ)|> 1.

Example 6.22.

(6.22)

∫ 1

0

4e
x2

4 (1− x)4x3/2

(1 + x) (4− x2)
dx

=

∞∑
n=0

∞∑
l=0

15× 29−2le
2+n
4 (−1− n)lΓ

(
1 + n, 2+n

4

)
(5 + 4l + 4n)(7 + 4l + 4n)(9 + 4l + 4n)(11 + 4l + 4n)(13 + 4l + 4n)(15 + 4l + 4n)l! Γ(1 + n)

Example 6.23.

(6.23)

∫ 1

0

4e
x3

4 (1− x)4x3

(1 + x+ x2) (4− x3)
dx

=

∞∑
n=0

∞∑
l=0

5 23−2le
2+n
4 (−1− n)lΓ

(
1 + n, 2+n

4

)
3(2 + l + n)(3 + l + n)(4 + 3l + 3n)(5 + 3l + 3n)(7 + 3l + 3n)(8 + 3l + 3n)l! Γ(1 + n)
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Example 6.24.

(6.24)

∫ 1

0

e
x2

4 (−1 + x)4x3/2

(1 + x) (−4 + x2)
dx

= −
∞∑

n=0

∞∑
l=0

15× 27−2le
2+n
4 (−1− n)lΓ

(
1 + n, 2+n

4

)
(5 + 4l + 4n)(7 + 4l + 4n)(9 + 4l + 4n)(11 + 4l + 4n)(13 + 4l + 4n)(15 + 4l + 4n)l! Γ(1 + n)

Example 6.25.

(6.25)

∫ 1

0

e
x2

4 (−1 + x)4x3/2

(1 + x) (−4 + x2) (−2 + x2)
dx

= −
2∑

j=1

∞∑
n=0

∞∑
l=0

15(−1)j25−2l−2ne
1
4 j(2+n)(−1− n)l(2 + n)1+n

(
1

−1+j

)
E−n

(
1
4j(2 + n)

)
(5 + 4l + 4n)(7 + 4l + 4n)(9 + 4l + 4n)(11 + 4l + 4n)(13 + 4l + 4n)(15 + 4l + 4n)l! Γ(1 + n)

Example 6.26.

(6.26)

∫ 1

0

e
x2

12 (−1 + x)3x3/2

(1 + x) (−4 + x2) (−2 + x2)
dx

=

2∑
j=1

∞∑
n=0

∞∑
l=0

(−1)j42−le
1
12 j(4+3n)(−1− n)l

(
1
3 + n

4

)n
(4 + 3n)

(
1

−1+j

)
E−n

(
1
12j(4 + 3n)

)
(5 + 4l + 4n)(7 + 4l + 4n)(9 + 4l + 4n)(11 + 4l + 4n)(13 + 4l + 4n)l! Γ(1 + n)

Example 6.27.

(6.27)

∫ 1

0

e
x2

12 (−1 + x)2x3/2

(1 + x) (−4 + x2) (−3 + x2) (−2 + x2)
dx

=

3∑
j=1

∞∑
n=0

∞∑
l=0

(−1)j4−le
1
12 j(4+3n)(−1− n)l

(
1
3 + n

4

)n
(4 + 3n)

(
2

−1+j

)
E−n

(
1
12j(4 + 3n)

)
(5 + 4l + 4n)(7 + 4l + 4n)(9 + 4l + 4n)(11 + 4l + 4n)l! Γ(1 + n)

Example 6.28.

(6.28)

∫ 1

0

e
x3

3 (−1 + x)2x5/2

(1 + x+ x2) (−6 + x3) (−2 + x3)
dx

=

2∑
j=1

∞∑
n=0

∞∑
l=0

−
(−1)j23−l−n3−2−l−ne

1
6 j(3+n)(−1− n)l(3 + n)1+n

(
1

−1+j

)
E−n

(
1
6j(3 + n)

)
(3 + 2l + 2n)(7 + 6l + 6n)(11 + 6l + 6n)(13 + 6l + 6n)l! Γ(1 + n)

Example 6.29.

(6.29)

∫ 1

0

e
x4

3 (−1 + x)2x16/5

(1 + x+ x2 + x3) (−6 + x4) (−2 + x4)
dx
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= −
2∑

j=1

∞∑
n=0

∞∑
l=0

(−1)j6−1−l−ne
1
6 j(3+n)(−1− n)l(3 + n)1+n

(
1

−1+j

)
E−n

(
1
6j(3 + n)

)(
31
5 + 4l + 4n

) (
36
5 + 4l + 4n

) (
1
5 + 4(1 + l + n)

) (
6
5 + 4(1 + l + n)

)
l! Γ(1 + n)

Example 6.30.

(6.30)

∫ 1

0

e
x2

3 (−1 + x)2x9/5

(1 + x) (−6 + x2) (−2 + x2)
dx

= −
2∑

j=1

∞∑
n=0

∞∑
l=0

(−1)j6−1−l−ne
1
6 j(3+n)(−1− n)l(3 + n)1+n

(
1

−1+j

)
E−n

(
1
6j(3 + n)

)(
24
5 + 2l + 2n

) (
29
5 + 2l + 2n

) (
4
5 + 2(1 + l + n)

) (
9
5 + 2(1 + l + n)

)
l! Γ(1 + n)

Theorem 6.31. Stirling numbers of the second kind.

(6.31) 1 + (−1 + cex)
m

=

∞∑
n=0

m∑
p=1

xn(−1)m+pcppn
(
m
p

)
n!

where |Re(x)|< 1, |Re(c)|< 1 where f(x) =
(
cebx − 1

)m
Example 6.32.

(6.32)

∫ v

0

eax
2

(1 + (−1 + exz)
m
) dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnv1+n
(
−av2

)− 1
2−

n
2 zp

(
m
p

) (
Γ
(
1+n
2

)
− Γ

(
1+n
2 ,−av2

))
2n!

where |Re(a)|< 1, |Re(z)|< 1, |Re(v)|< 1.

Example 6.33.

(6.33)

∫ v

0

eaz
2

(1 + (−1 + exz)
m
) dz

=

∞∑
n=0

m∑
p=1

(−1)m+ppnv1+p
(
−av2

)− 1
2−

p
2 xn

(
m
p

) (
Γ
(
1+p
2

)
− Γ

(
1+p
2 ,−av2

))
2n!

where |Re(a)|< 1, |Re(x)|< 1, |Re(v)|< 1.

Example 6.34. From Eq. (4.25.5.1) in [16].

(6.34)∫ a

0

(a− x)−1+tx−1+s (1 + (−1 + exz)
m
) 1F1(b; s;wx) 1F1(c; t;w(a− x)) dx
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=

∞∑
n=0

m∑
p=1

(−1)m+pa−1+n+s+tpnzpB(n+ s, t)
(
m
p

)
1F1(b+ c;n+ s+ t; aw)

n!

where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1, |Re(c)|< 1, |Re(w)|< 1, |Re(t)|< 1, |Re(z)|<

1.

7. Table involving complete elliptic integrals

7.1. Preliminaries. These formulae are listed on page 672 in [16], where

0 < Re(k) < 1.

(7.1) D(k) =

∫ π/2

0

sin2(t)dt√
1− k2 sin2(t)

; is the complete elliptic integral

(7.2)

K(k) =

∫ π/2

0

dt√
1− k2 sin2(t)

; is the complete elliptic integral of the first kind

(7.3)

E(k) =

∫ π/2

0

√
1− k2 sin2(t)dt; is the complete elliptic integral of the second kind

Example 7.1. From Eq. (4.23.2.1) in [16]. The complete integral and complete

integral of the first kind.

(7.4)∫ 1

0

x−
5
2+s (1 + (−1 + exz)

m
)K

(
− 1−x

x

) ((
−1 + a2x

)
E
(

a2x
−1+a2x

)
+K

(
a2x

−1+a2x

))
a2
√
1− a2x

dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2zp
(
m
p

)
Γ(n+ s)2 4F3

(
1
2 ,

3
2 , n+ s, n+ s; 2, 12 + n+ s, 12 + n+ s; a2

)
8n! Γ

(
1
2 + n+ s

)2
where |Re(s)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Example 7.2. From Eq. (4.23.2.1) in [16]. The complete integral and complete

integral of the second kind.

(7.5)∫ 1

0

x−2+s (1 + (−1 + exz)
m
)E(1− x)

((
−1 + a2x

)
E
(

a2x
−1+a2x

)
+K

(
a2x

−1+a2x

))
a2
√
1− a2x

dx
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=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2zp
(
m
p

)
Γ(n+ s)Γ(1 + n+ s)

8n! Γ
(
1
2 + n+ s

)
Γ
(
3
2 + n+ s

)
× 4F3

(
1

2
,
3

2
, n+ s, 1 + n+ s; 2,

1

2
+ n+ s,

3

2
+ n+ s; a2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(z)|< 1.

7.2. Table involving the complete elliptic integral D(z).

Example 7.3. From Eq. (4.23.1.1) in [16].

(7.6)

∫ a

0

(a− x)−2+tx−2+s

b2
√
1− b2(a− x)x

(1 + (−1 + exz)
m
)

×
((

−1 + b2(a− x)x
)
E

(
b2(a− x)x

−1 + b2(a− x)x

)
+K

(
b2(a− x)x

−1 + b2(a− x)x

))
dx

=

∞∑
n=0

m∑
p=1

(−1)m+pa−1+n+s+tpnπzpB(n+ s, t)
(
m
p

)
4n!

× 4F3

(
1

2
,
3

2
, n+ s, t; 2,

n

2
+
s

2
+
t

2
,
1

2
+
n

2
+
s

2
+
t

2
;
a2b2

4

)
where |Re(s)|< 1, |Re(b)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Example 7.4. From Eq. (4.23.1.14) in [16].

(7.7)∫ a

0

x−3+s (1 + (−1 + exz)
m
)
((

−1 + b2x2
)
E
(

b2x2

−1+b2x2

)
+K

(
b2x2

−1+b2x2

))
log
(

a+
√
a2−x2

x

)
b2
√
1− b2x2

dx

=

∞∑
n=0

m∑
p=1

(−1)m+pan+spnπ3/2zp
(
m
p

)
Γ
(
n+s
2

)
8(n+ s)n! Γ

(
1
2 (1 + n+ s)

)
× 4F3

(
1

2
,
3

2
,
n

2
+
s

2
,
n

2
+
s

2
; 2,

1

2
+
n

2
+
s

2
, 1 +

n

2
+
s

2
; a2b2

)
where |Re(s)|< 1, |Re(b)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Example 7.5. From Eq. (4.23.1.17) in [16].
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(7.8)∫ 1

0

x−3+s (1 + (−1 + exz)
m
) cos−1(x)

((
−1 + a2x2

)
E
(

a2x2

−1+a2x2

)
+K

(
a2x2

−1+a2x2

))
a2
√
1− a2x2

dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ3/2zp
(
m
p

)
Γ
(
1
2 (1 + n+ s)

)
4(n+ s)2n! Γ

(
n+s
2

)
× 4F3

(
1

2
,
3

2
,
n

2
+
s

2
,
1

2
+
n

2
+
s

2
; 2, 1 +

n

2
+
s

2
, 1 +

n

2
+
s

2
; a2
)

where |Re(s)|< 1, |Re(a)|< 1, |Re(z)|< 1.

7.3. Table involving the product of the complete elliptic integral E(z).

Example 7.6. From Eq. (4.22.14.2) in [16].

(7.9)

∫ 1

0

x−1+s (1 + (−1 + exz)
m
)E(1− x)E

(
a2x
)
dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2zp
(
m
p

)
Γ(n+ s)Γ(1 + n+ s)

4n! Γ
(
1
2 + n+ s

)
Γ
(
3
2 + n+ s

)
× 4F3

(
−1

2
,
1

2
, n+ s, 1 + n+ s; 1,

1

2
+ n+ s,

3

2
+ n+ s; a2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Example 7.7. From Eq. (4.22.14.7) in [16].

(7.10)

∫ 1

0

x−1+s (1 + (−1 + exz)
m
)E(1− x)E

(
a2x
)

1− a2x
dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2zp
(
m
p

)
Γ(n+ s)Γ(1 + n+ s)

4n! Γ
(
1
2 + n+ s

)
Γ
(
3
2 + n+ s

)
× 4F3

(
1

2
,
3

2
, n+ s, 1 + n+ s; 1,

1

2
+ n+ s,

3

2
+ n+ s; a2

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(z)|< 1.

7.4. Integrals containing products of E(z) and K(z), the complete

elliptic integral of the second kind and complete elliptic integral of the

first kind respectively.
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Example 7.8. From Eq. (4.22.13.2) in [16].

(7.11)

∫ 1

0

x−1+s (1 + (−1 + exz)
m
)E(1− x)K

(
a2x

−1+a2x

)
√
1− a2x

dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2(n+ s)zp
(
m
p

)
Γ(n+ s)2

2(1 + 2(n+ s))n! Γ
(
1
2 + n+ s

)2
× 4F3

(
1

2
,
1

2
, n+ s, 1 + n+ s; 1,

1

2
+ n+ s,

3

2
+ n+ s; a2

)
where |Re(s)|< 1, |Re(b)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Example 7.9. From Eq. (4.22.13.3) in [16].

(7.12)

∫ 1

0

x−
3
2+s (1 + (−1 + exz)

m
)E
(
a2x
)
K

(
−1− x

x

)
dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2zp
(
m
p

)
Γ(n+ s)2

4n! Γ
(
1
2 + n+ s

)2
× 4F3

(
−1

2
,
1

2
, n+ s, n+ s; 1,

1

2
+ n+ s,

1

2
+ n+ s; a2

)
where |Re(s)|< 1, |Re(b)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Example 7.10. From Eq. (4.22.13.9) in [16].

(7.13)

∫ 1

0

x−
3
2+s (1 + (−1 + exz)

m
)E
(
a2x
)
K
(
− 1−x

x

)
1− a2x

dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2zp
(
m
p

)
Γ(n+ s)2

4n! Γ
(
1
2 + n+ s

)2
× 4F3

(
1

2
,
3

2
, n+ s, n+ s; 1,

1

2
+ n+ s,

1

2
+ n+ s; a2

)
where |Re(s)|< 1, |Re(b)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Example 7.11. From Eq. (4.22.13.11) in [16].

(7.14)

∫ 1

0

x−
3
2+s (1 + (−1 + exz)

m
)E
(

a2x
1+a2x

)
K
(
− 1−x

x

)
√
1 + a2x

dx
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=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2zp
(
m
p

)
Γ(n+ s)2

4n! Γ
(
1
2 + n+ s

)2
× 4F3

(
1

2
,
3

2
, n+ s, n+ s; 1,

1

2
+ n+ s,

1

2
+ n+ s;−a2

)
where |Re(s)|< 1, |Re(b)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Example 7.12. From Eq. (4.22.13.13) in [16].

(7.15)

∫ 1

0

x−1+s (1 + (−1 + exz)
m
)E(1− x)K

(
a2x

(1+a2x)
(
−1+ a2x

1+a2x

))
√
1 + a2x

√
1− a2x

1+a2x

dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2zp
(
m
p

)
Γ(n+ s)Γ(1 + n+ s)

4n! Γ
(
1
2 + n+ s

)
Γ
(
3
2 + n+ s

)
× 4F3

(
1

2
,
1

2
, n+ s, 1 + n+ s; 1,

1

2
+ n+ s,

3

2
+ n+ s;−a2

)
where |Re(s)|< 1, |Re(b)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Example 7.13. From Eq. (4.22.13.19) in [16].

(7.16)

∫ 1

0

x−
3
2+s
√
1 + a2x (1 + (−1 + exz)

m
)E

(
a2x

1 + a2x

)
K

(
−1− x

x

)
dx

=

∞∑
n=0

m∑
p=1

(−1)m+ppnπ2zp
(
m
p

)
Γ(n+ s)2

4n! Γ
(
1
2 + n+ s

)2
× 4F3

(
−1

2
,
1

2
, n+ s, n+ s; 1,

1

2
+ n+ s,

1

2
+ n+ s;−a2

)
where |Re(s)|< 1, |Re(b)|< 1, |Re(a)|< 1, |Re(z)|< 1.

Theorem 7.14.

(7.17)

eax

(−1 + bx) (−c4 + x4)
=

∞∑
n=0

(
e−bxx

)n
4c4n!

(
(−c)−ne−c(a+bn)Γ(1 + n,−c(a+ bn))

+(−ic)−ne−ic(a+bn)Γ(1 + n,−ic(a+ bn)) + (ic)−neic(a+bn)Γ(1 + n, ic(a+ bn))

+c−nec(a+bn)Γ(1 + n, c(a+ bn))
)
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where |Re(a)|< 1, |Re(b)|< 1, |Re(c)|> 1, |Re(x)|< 1 where f(x) = ex(a+bn)

c4−x4

Example 7.15. Use the method in section (7) in [2] and eq. (7.17).

(7.18)

4c4ebpxx−p

∫ x

0

e(a−bp)tt−1+p

c4 − t4
dt =

∞∑
n=0

(−1)−ni−nc−ne(−1−i)c(a+bn)
(
e−bxx

)n
(n+ p)n!

×
(
ineic(a+bn)Γ(1 + n,−c(a+ bn)) + ec(a+bn)Γ(1 + n,−ic(a+ bn))

+(−1)ne(1+2i)c(a+bn)Γ(1 + n, ic(a+ bn)) + (−1)nine(2+i)c(a+bn)Γ(1 + n, c(a+ bn))
)

where |Re(a)|< 1, |Re(b)|< 1, |Re(c)|> 1, |Re(p)|< 1, |Re(x)|< 1.

Example 7.16. From [Wolfram,07.23.07.0003.01]

(7.19)

∫ ∞

0

e(a−p)xx−1+b
1F1(a; c;xz)

(−1 + bx) (−c4 + x4)
dx

=

∞∑
n=0

1

4c4n!

(
(bn+ p)−b−nΓ(b+ n)

(
(−1)−nc−ne−c(a+bn)Γ(1 + n,−c(a+ bn))

+(−1)−ni−nc−ne−ic(a+bn)Γ(1 + n,−ic(a+ bn)) + i−nc−neic(a+bn)Γ(1 + n, ic(a+ bn))

+c−nec(a+bn)Γ(1 + n, c(a+ bn))
)

2F1

(
a, b+ n; c;

z

bn+ p

))
where |Re(a)|< 1, |Re(b)|< 1, |Re(c)|> π, |Re(p)|> π, |Re(z)|> π.

Theorem 7.17.

(7.20)

(−d+ x)1+b tan−1(u− xz)

(1− a)x− d
=

∞∑
n=0

(−d)b+(−1+a)n (x(−d+ x)−a)
n
Γ(1 + b+ an)

2 (1 + u2) Γ(1 + n)Γ(2 + b+ (−1 + a)n)

×
(
2(1 + b+ (−1 + a)n)

(
1 + u2

)
tan−1(u)

+(−d)ndnz
(
(1− iu)

(
i− u

dz

)n(
z

−i+ u

)n

3F2

(
1, 1, 1− n; 2, 2 + b− n+ an;

dz

−i+ u

)
+(1 + iu)

(
− i+ u

dz

)n(
z

i+ u

)n

3F2

(
1, 1, 1− n; 2, 2 + b− n+ an;

dz

i+ u

)))

http://functions.wolfram.com/07.23.07.0003.01
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where |Re(a)|< 1, |Re(b)|< 1, |Re(d)|< 1, |Re(u)|< 1, |Re(z)|< 1, |Re(x)|< 1 where

f(x) = tan−1(u− xz)(x− d)an+b

Example 7.18.

(7.21)∫ ϕ

−ϕ

(−d+ x)1+b tan−1(u− xz)

−d+ (1− a)x
dx = −

∞∑
n=0

(−d)−1+b+(−1+a)nϕΓ(1 + b+ an)

2 (1 + u2) Γ(2 + n)Γ(2 + b+ (−1 + a)n)

×
((

−(−d− ϕ)−aϕ
)n

(d+ ϕ) 2F1

(
1, 2 + n− an; 2 + n;−ϕ

d

)
+(d− ϕ)

(
ϕ(−d+ ϕ)−a

)n
2F1

(
1, 2 + n− an; 2 + n;

ϕ

d

))
(
2(1 + b+ (−1 + a)n)

(
1 + u2

)
tan−1(u)

+(−d)ndnz
(
(1− iu)

(
i− u

dz

)n(
z

−i+ u

)n

3F2

(
1, 1, 1− n; 2, 2 + b− n+ an;

dz

−i+ u

)
+(1 + iu)

(
− i+ u

dz

)n(
z

i+ u

)n

3F2

(
1, 1, 1− n; 2, 2 + b− n+ an;

dz

i+ u

)))
where |Re(a)|< 1, |Re(b)|< 1, |Re(d)|< 1, |Re(u)|< 1, |Re(z)|< 1, |Re(ϕ)|< 1.

Theorem 7.19.

(7.22)
eax

(1− bx)(1 + cx)2(1 + dx)2

=

∞∑
n=0

(
e−bxx

)n
(c− d)3

×

(
(−c)nc(c− d)e−

a+bn
c (a+ bn)Γ

(
n,−a+bn

c

)
Γ(n)

+
(−c)2+ne−

a+bn
c (c(1 + n)− d(3 + n))Γ

(
1 + n,−a+bn

c

)
Γ(1 + n)

+(−d)2+ne−
a+bn

d

(
(c− d)(a+ bn)Γ

(
n,−a+bn

d

)
dΓ(n)

+
(−d(1 + n) + c(3 + n))Γ

(
1 + n,−a+bn

d

)
Γ(1 + n)

))

where |Re(a)|< 1, |Re(b)|< 1, |Re(c)|< 1, |Re(d)|< 1, |Re(x)|< 1 where f(x) =

ex(a+bn)

(cx+1)2(dx+1)2
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Theorem 7.20. Series representation for quotient rational functions.

(7.23)
(1 + xmz)

1+a

1 + xm(z − bmz)
−

3 + eimπ + 4
⌊
1
2 (−1 +m)

⌋
2m

=

∞∑
n=1

(−z)n/m
(
x (1 + xmz)

−b
)n

Γ
(
−a+

(
−b+ 1

m

)
n
)

2nΓ
(
n
m

)
Γ(−a− bn)

×

(
(−1)n + (−1)m+n + 2 csc

(nπ
m

)
sin

(
π
(
n+ 2n

⌊
1
2 (−1 +m)

⌋)
m

))

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(x)|< 1, |Im(a)|< 1, |Im(b)|< 1, |Im(z)|<

1, |Re(x)|< 1,m ∈ Z+ where f(x) = (zxm + 1)
a+bn

Example 7.21. From eq. (7.23) and the method in section (7) in [2].

(7.24)

∞∑
n=1

(−z)n/m
(
x (1 + xmz)

−b
)n

Γ
(
−a+

(
−b+ 1

m

)
n
)

2n(n+ u)Γ
(
n
m

)
Γ(−a− bn)

×

(
(−1)n + (−1)m+n + 2 csc

(nπ
m

)
sin

(
π
(
n+ 2n

⌊
1
2 (−1 +m)

⌋)
m

))

= −
3 + eimπ + 4

⌊
1
2 (−1 +m)

⌋
− 2m (1 + xmz)

bu
2F1

(
u
m ,−a+ bu; m+u

m ;−xmz
)

2mu

where u ∈ C.

Example 7.22.

(7.25) za
(
2z (−xmz)−1−a

(B−xmz(1 + a, 1 + a)−B−xmz(2 + a, 1 + a))

−
z
(
3 + eimπ + 4

⌊
1
2 (−1 +m)

⌋)
(1 + a)m

+
(−1 + bm)xmz2

(
3 + eimπ + 4

⌊
1
2 (−1 +m)

⌋)
(2 + a)m

)

=

∞∑
n=1

m(−z)n/mz1+a (1 + xmz)
bn
(
x (1 + xmz)

−b
)n

Γ
(
−a+

(
−b+ 1

m

)
n
)

n(m+ am+ n)Γ
(
n
m

)
Γ(−a− bn)

×
(
bm 2F1

(
bn, 1 + a+

n

m
; 2 + a+

n

m
;−xmz

)
+(1− bm) 2F1

(
−1 + bn, 1 + a+

n

m
; 2 + a+

n

m
;−xmz

))
(
(−1)n + (−1)m+n + 2 csc

(nπ
m

)
sin

(
π
(
n+ 2n

⌊
1
2 (−1 +m)

⌋)
m

))
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where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(x)|< 1.

Example 7.23.

(7.26)

log (1 + xmz) =

∞∑
n=1

xn(−z)n/m (−1 + (−1 + bm)xmz)
2
Γ
(
−a+

(
−b+ 1

m

)
n
)

2nΓ
(
n
m

)
Γ(−a− bn) (1 + xmz)

1+a+bn

×
(
ψ(0)(−a− bn)− ψ(0)

(
−a+

(
−b+ 1

m

)
n

))
(
(−1)n + (−1)m+n + 2 csc

(nπ
m

)
sin

(
π
(
n+ 2n

⌊
1
2 (−1 +m)

⌋)
m

))

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(x)|< 1.

Example 7.24.

(7.27) tanh−1 (xmz) = −
∞∑

n=1

xn

4nΓ
(
n
m

)
Γ(−a− bn)

×
(
−(−z)n/m (1 + xmz)

−1−a−bn
(−1 + (−1 + bm)xmz)

2

+zn/m (1− xmz)
−1−a−bn

(1 + (−1 + bm)xmz)
2
)
Γ

(
−a+

(
−b+ 1

m

)
n

)
(
ψ(0)(−a− bn)− ψ(0)

(
−a+

(
−b+ 1

m

)
n

))
(
(−1)n + (−1)m+n + 2 csc

(nπ
m

)
sin

(
π
(
n+ 2n

⌊
1
2 (−1 +m)

⌋)
m

))

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(x)|< 1.

Example 7.25.

(7.28)
zs
(
−xmz 2F1(1,1+s;2+s;−xmz)

1+s + log (1 + xmz)
)

s

= −
∞∑

n=1

mxn(−z)n/mzs (1 + xmz)
−a−bn

2n(n+ms)(n+m(1− a− bn+ s))Γ
(
n
m

)
Γ(1− a− bn)

× Γ

(
−a+

(
−b+ 1

m

)
n

)(
(n+ms)

(
a− 2abm+ b2m2 + bn− b2mn+ b2m2s+

(−1 + bm)2(a+ bn)xmz
)
−m

(
a2 − a(1 + 2bms) + b

(
(−1 + bm)n+ bm2s(1 + s)

))
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(1 + xmz) 2F1

(
1, 1− a− bn+

n

m
+ s; 1 +

n

m
+ s;−xmz

))
(
ψ(0)(−a− bn)− ψ(0)

(
−a+

(
−b+ 1

m

)
n

))
(
(−1)n + (−1)m+n + 2 csc

(nπ
m

)
sin

(
nπ
(
1 + 2

⌊
1
2 (−1 +m)

⌋)
m

))

where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(x)|< 1.

8. Table of extended Bierens de Haan definite integrals

In this section we apply the method in [18] to the stated equation in [17] to

derive extended definite integrals in terms of the Hurwitz-Lerch zeta function.

Theorem 8.1. From (35)7 in [17]

(8.1)

∫ π
4

0

cot(x)
(
cos−1+m(2x) logk(a cos(2x))− logk(a sec(2x)) secm(2x)

)
dx

= −1

2
iπ

(
21+ke2imπ(iπ)kΦ

(
e2imπ,−k, 1− i log(a)

2π

)
+ logk(a)

)
where Re(a) < 0, 0 < Re(m) < 1.

Theorem 8.2. From (35)8 in [17]

(8.2)

∫ π
4

0

(
cos−1+m(2x) logk(a cos(2x)) + logk(a sec(2x)) secm(2x)

)
tan(x) dx

= −i(2i)keimππ1+kΦ

(
e2imπ,−k, π − i log(a)

2π

)
where Re(a) < 0, 0 < Re(m) < 1.

Theorem 8.3. From (35)9 in [17]

(8.3)

∫ π
4

0

(
cotm(x) logk(a cot(x)) + logk(a tan(x)) tanm(x)

)
dx

= e
1
2 i(k+m)ππ1+kΦ

(
−eimπ,−k, 1

2
− i log(a)

π

)
where Re(a) < 0, 0 < Re(m) < 1.
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Theorem 8.4. From (35)10 in [17]

(8.4)∫ π
4

0

sec(2x) tan(x)
(
− cotm(x) logk(a cot(x)) + logk(a tan(x)) tan−2+m(x)

)
dx

= −1

2
iπ

(
2eimπ(iπ)kΦ

(
eimπ,−k, 1− i log(a)

π

)
+ logk(a)

)
where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.5. From (35)15 in [17]

(8.5)

∫ π
4

0

tan(x)
(
− cotm(x) logk(a cot(x)) + logk(a tan(x)) tanm(x)

)
dx

=
a−m(−m)−kΓ(1 + k,−m log(a))

m
+ e

imπ
2 (iπ)1+kΦ

(
eimπ,−k, 1

2
− i log(a)

π

)
where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.6. From (35)18 in [17]

(8.6)∫ π
4

0

cot
(π
4
+ x
)(

cscm(2x) logk(a csc(2x)) + logk(a sin(2x)) sin−1+m(2x)
)
dx

= −i(2i)keimππ1+kΦ

(
e2imπ,−k, π − i log(a)

2π

)
where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.7. From (35)19 in [17]

(8.7)

−
∫ π

4

0

cot
(π
4
+ x
)(

cscm(2x) logk(a csc(2x))− logk(a sin(2x)) sinm(2x)
)
dx

=
1

2

(
a−m(−m)−kΓ(1 + k,−m log(a))

m
+ eimπ(2iπ)1+kΦ

(
e2imπ,−k, π − i log(a)

2π

))
where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.8. From (35)22 in [17]
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(8.8)

∫ π
4

0

(
cosm(2x) logk(a cos(2x))− logk(a sec(2x)) secm(2x)

)
tan(x) dx

=
1

2

(
a−m(−m)−kΓ(1 + k,−m log(a))

m
+ eimπ(2iπ)1+kΦ

(
e2imπ,−k, π − i log(a)

2π

))
where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.9. From (35)23 in [17]. Errata.

(8.9)

∫ π
4

0

(tanp(x)− cotp(x)) tan(x)

cos(2x)
dx = −1

p
+

1

2
π cot

(pπ
2

)
where 0 < Re(p) <.

Theorem 8.10. From (35)23 in [17]

(8.10)

∫ π
4

0

− sec(2x) tan(x)
(
cotm(x) logk(a cot(x))− logk(a tan(x)) tanm(x)

)
dx

= a−m(−m)−1−kΓ(1 + k,−m log(a))

− 1

2
iπ

(
2eimπ(iπ)kΦ

(
eimπ,−k, 1− i log(a)

π

)
+ logk(a)

)
where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.11. From (35)24 in [17]

(8.11)

∫ π
4

0

logk
(

a sin(x)

cos(x)− sin(x)

)
sec3(x)(cos(x)− sin(x))1−m sinm(x) dx

=
e

1
2 i(k+2m)π

4π

(
−2kπ

(
−21+kmπk + (2π)k

)
Φ

(
e2imπ, 1− k,

π − i log(a)

2π

)
−i(2π)k

(
(−1 + k)kΦ

(
e2imπ, 2− k,

π − i log(a)

2π

)
−4(−1 +m)mπ2Φ

(
e2imπ,−k, π − i log(a)

2π

)))
where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.12. From (35)25 in [17]

(8.12)

∫ π
4

0

sec(2x)
(
− cot2m(x) logk

(
a cot2(x)

)
+ logk

(
a tan2(x)

)
tan2m(x)

)
dx
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= 2ke2imπ(iπ)1+kΦ

(
−e2imπ,−k, 1− i log(a)

2π

)
− 1

2
iπ logk(a)

where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.13. From (35)26 in [17]

(8.13)∫ π
4

0

(
cos−1+m(2x) cot(x) logk(a cos(2x))− cos−m(2x) cot(x) logk(a sec(2x))

)
dx

= −1

2
iπ

(
21+ke2imπ(iπ)kΦ

(
e2imπ,−k, 1− i log(a)

2π

)
+ logk(a)

)
where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.14. From (35)27 in [17]

(8.14)

∫ π
4

0

csc(2x) logk(a(−1 + cot(x)))(cos(x)− sin(x))m sin−m(x) dx

= 2keimπ(iπ)1+kΦ

(
e2imπ,−k, π − i log(a)

2π

)
where Re(a) < 0, 0 < Re(m) < 1, Im(m ̸= 0).

Theorem 8.15. From (35)31 in [17]. Errata.

(8.15)

∫ π
4

0

sin(2x)
(
cot−p(x) + tan−p(x)

)
dx =

1

2
pπ csc

(pπ
2

)
where 0 < Re(p) < 1.

Theorem 8.16. From (35)31 in [17].

(8.16)

∫ π
4

0

sin(2x)
(
cot−m(x) logk(a tan(x)) + logk(a cot(x)) tan−m(x)

)
dx

= −e 1
2 i(k+m)ππk

(
kΦ

(
eimπ, 1− k,

1

2
− i log(a)

π

)
+ imπΦ

(
eimπ,−k, 1

2
− i log(a)

π

))
where Re(a) < 0, 0 < Re(m) < 1.
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Theorem 8.17. From eq. (24)8 in [17]. Extended Jürgensen definite integral

with examples.

(8.17)

∫ ∞

q

(x− q)m−1 logk(a(x− q))

x− r
dx

= (2πi)k+1(r − q)m−1Φ

(
e2imπ,−k,− i(iπ + log(a) + log(q − r))

2π

)
where Re(q) > Re(r), Re(m) ≥ 0, Re(a) < 0.

Example 8.18.

(8.18)

∫ ∞

q

logk(a(−q + x))√
−q + x(−r + x)

dx

=
21+2k(iπ)1+k

(
−ζ
(
−k, 3π−i log(a)−i log(q−r)

4π

)
+ ζ

(
−k,− i(iπ+log(a)+log(q−r))

4π

))
√
−q + r

Example 8.19.

(8.19)

∫ ∞

q

log(log(a(−q + x)))√
−q + x(−r + x)

dx = −
(2iπ) log

(
(1−i)Γ(π−i log(a)−i log(q−r)

4π )
2(

√
2πΓ( 3π−i log(a)−i log(q−r)

4π ))

)
√
−q + r

where Re(q) > Re(r).

Example 8.20.

(8.20)

∫ ∞

q

log(log(q − x))√
−q + x(−r + x)

dx = −
2iπ log

(
( 1

2−
i
2 )Γ(

2π−i log(q−r)
4π )

√
2πΓ( 4π−i log(q−r)

4π )

)
√
−q + r

where Re(q) > Re(r).

Example 8.21.

(8.21)

∫ ∞

1

log(log(1− x))√
−1 + x(−r + x)

dx = −
2iπ log

(
( 1

2−
i
2 )Γ(

2π−i log(1−r)
4π )

√
2πΓ( 4π−i log(1−r)

4π )

)
√
−1 + r

where Re(r) < 1.
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Example 8.22.

(8.22)

∫ ∞

1

log(log(1− x))√
−1 + xx

dx = −2π log

(
1
2 − i

2√
2

)

Example 8.23.

(8.23)

∫ ∞

1

log(log(1− x))√
−1 + x(1 + x)

dx = −
√
2π log

( 12 − i
2

)
Γ
(

2π−i log(2)
4π

)
√
2πΓ

(
4π−i log(2)

4π

)


Example 8.24.

(8.24)

∫ ∞

q

log(log(a(−q + x)))

(−q + x)3/4(−r + x)
dx

= − (1− i)π log(2iπ)

(−q + r)3/4
−
2iπ

(
i log

(
Γ( 3π−i log(a)−i log(q−r)

8π )
2Γ( 7π−i log(a)−i log(q−r)

8π )

)
+ log

(
Γ(− i(iπ+log(a)+log(q−r))

8π )
2Γ( 5π−i log(a)−i log(q−r)

8π )

))
(−q + r)3/4

Example 8.25. Double integral involving the elliptic integral of the first kind,

Catalan’s constant and π.

(8.25) −
∫ ∞

q

∫ ϕ

0

1
√
−q + x log2

(
−q+x

q+q2 sin2(t)

) (
x+ q2 sin2(t)

)dtdx =
2CF (ϕ|−q)

π
√
q

where q ∈ C, ϕ ∈ C.

Example 8.26.

(8.26)

∫ ∞

q

log
(

q−x
q−r

)
log
(
log
(

q−x
q−r

))
√
−q + x(−r + x)

dx =

4π2 log

(
− (−1)7/8A3

27/12
4
√
eπ

)
√
−q + r

Example 8.27. Apéry’s constant.

(8.27)

∫ ∞

q

log2
(

q−x
q−r

)
log
(
log
(

q−x
q−r

))
√
−q + x(−r + x)

dx =
14iπζ(3)√
−q + r

where Re(q) > Re(r).
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Example 8.28.

(8.28)

∫ ∞

q

log
(

−q+x
q−r

)
log
(
log
(

−q+x
q−r

))
√
−q + x(−r + x)

dx =
4Cπ√
−q + r

where Re(q) > Re(r).

Example 8.29. Similarity of two definite integrals.

(8.29)∫ ∞

q

log
(

−q+x
q−r

)
log
(
log
(

−q+x
q−r

))
√
−q + x(−r + x)

dx = −
∫ ∞

q

2iπ2

√
x− q(r − x) log2

(
x−q
q−r

) dx
where Im(r) > 0.

Example 8.30.

(8.30)

∫ ∞

q

(x− q)m−1 logk
(

q−x
q−r

)
x− r

dx = e−2imπ(2iπ)1+k(r−q)m−1Li−k

(
e2imπ

)
where Re(q) > Re(r).

Example 8.31.

(8.31)

∫ ∞

q

(−q + x)−1+m

(−r + x) log
(

q−x
q−r

) dx = e−2imπ(r− q)−1+m log

(
1

2
(i+ cot(mπ))

)

where Re(q) > Re(r).

9. Extended Grobner integral in terms of a quadruple series involving

special functions with examples

In 1950, Wolgang Gröbner published one of his most famous and highly cited

volume on definite integrals. In this section we use the method in [18] and apply

it to the cited equation to derive extended forms of this integral. Special cases in

terms of special functions and fundamental constants.

Theorem 9.1. From Eq. (311)12c in [19].
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(9.1)

∫ ∞

−∞
(−1)1+pαmx (b+ cαnx)

−p
(−1 + p)! logk (aαx) dx

=

∞∑
q=0

p−1∑
j=0

j∑
l=0

j−l∑
h=0

1

|log(α)|
(−1)−j+l+pb

m
n −pc−

m
n e

imπ
n m−1−q

(
2 +

m

n

)−h+j−l
(
i

n

)−h+k−q

n−1−hpl(2π)−h+k−q

(
−1

q

)(
j

l

)(
j − l

h

)
nΦ

e 2imπ
n , 1 + h− k + q,

π − in log(a)− in log
((

b
c

)1/n)
2π


(−h+ k − q)1+h+q + 2i(m+ n− np)π

Φ

e 2imπ
n , h− k + q,

π − in log(a)− in log
((

b
c

)1/n)
2π

 (1− h+ k − q)h+q

S
(j)
−1+p

where Re(a) < 0, Re(m) < Re(n).

Example 9.2. The case when p = 1.

(9.2)

∫ ∞

−∞

αmx logk (aαx)

b+ cαnx
dx

=

b−1+m
n c−

m
n e

imπ
n

(
i
n

)−1+k
(2π)1+kΦ

(
e

2imπ
n ,−k,

π−in
(
log(a)+log

(
( b

c )
1/n
))

2π

)
n2|log(α)|

where Re(a) < 0, Re(m) < Re(n).

Example 9.3.

(9.3)

∫ ∞

−∞

αmx logk (aαx)

b+ cα2mx
dx

=
1√

b
√
cm2|log(α)|

i

(
i

m

)−1+k

π1+k

2kζ

−k,
π − 2im

(
log(a) + log

((
b
c

) 1
2m

))
4π



−2kζ

−k, 1
2

1 +
π − 2im

(
log(a) + log

((
b
c

) 1
2m

))
2π





where Re(a) < 0, Re(m) < Re(n).
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Example 9.4.

(9.4)

∫ ∞

−∞

αmx log (log (aαx))

b+ cα2mx
dx

=
π

2
√
b
√
cm|log(α)|

(
log

(
2iπ

m

)
− 2 log

(
−3π − 2im

(
log(a) + log

((
b

c

) 1
2m

)))

+2 log

(
−π − 2im

(
log(a) + log

((
b

c

) 1
2m

)))

−2logΓ

−3

4
−
im
(
log(a) + log

((
b
c

) 1
2m

))
2π



+2logΓ

−1

4
−
im
(
log(a) + log

((
b
c

) 1
2m

))
2π




where Re(a) < 0, Re(m) < Re(n).

Example 9.5.

(9.5)

γ = 4logΓ

(
−3

4

)
−4logΓ

(
−1

4

)
−
γ1
(
1
4

)
π

+
γ1
(
3
4

)
π

−2 log

(
2π

9

)
+log

(
π3

Γ
(
1
4

)4
)

Example 9.6.

(9.6)
π log(−α)− π log(α)− 2

(
γ1
(
1
4

)
− γ1

(
3
4

)
+ π(γ + log(4))

)
2α

=
π
(
−4logΓ

(
− 3

4

)
+ 4logΓ

(
− 1

4

)
+ iπ + 2 log

(
2π
9

))
2|α|

where Re(α) < 1, Re(m) < 1.

Example 9.7.

(9.7)

∫ ∞

−∞

αmx log (log (aαx))

1 + α2mx
dx

=
π

2m|log(α)|

(
log

(
2iπ

m

)
− 2 log(−3π − 2im log(a))
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+2 log(−π − 2im log(a)) + 2logΓ

(
−π + 2im log(a)

4π

)
− 2logΓ

(
−3

4
− im log(a)

2π

))
where Re(a) < 0, Re(m) < Re(n).

Example 9.8.

(9.8) −
∫ ∞

−∞

2−
4x
3(

1 + 2−
3x
2

)2
log (−2−x)

dx

=

∞∑
q=0

1∑
j=0

j∑
l=0

j−l∑
h=0

1

log(2)
(−1)2−j+l2−3−2h+j−4q31+2h−2j+2l+2q13−h+j−le

8iπ
9 (iπ)−1−h−q

(
−1

q

)(
j

l

)(
j − l

h

)(
3

2
Φ

(
e−

1
9 (2iπ), 2 + h+ q,

5

4

)
(−1− h− q)1+h+q

−1

3
iπΦ

(
e−

1
9 (2iπ), 1 + h+ q,

5

4

)
(−h− q)h+q

)
S
(j)
1

Example 9.9.

(9.9) −
∫ ∞

−∞

2−
4x
3

(1 + 2−x)
2
log2 (−2−x)

dx

=

∞∑
q=0

1∑
j=0

j∑
l=0

j−l∑
h=0

1

log(2)
(−1)2−j+l2−4−2h+j−3q31+h−j+l+q5−h+j−le−

1
3 (2iπ)(iπ)−2−h−q

(
−1

q

)(
j

l

)(
j − l

h

)(
2

3
ie−

1
3 (2iπ)π(−1− h− q)h+qLi2+h+q

(
e

2iπ
3

)
+e−

1
3 (2iπ)(−2− h− q)1+h+qLi3+h+q

(
e

2iπ
3

))
S
(j)
1

Example 9.10.

(9.10)

∫ ∞

−∞
(−1)1+pαmx

(
b+ cα2mx

)−p
(−1 + p)! logk (aαx) dx

=

∞∑
q=0

p−1∑
j=0

j∑
l=0

j−l∑
h=0

1√
c|log(α)|

i(−1)−j+l+p2−1−j+l5−h+j−lb
1
2−p

(
i

m

)−h+k−q

m−2−h−qplπ−h+k−q

(
−1

q

)(
j

l

)(
j − l

h

)
2m

2−1−h+k−qζ

1 + h− k + q,
π − 2im log(a)− 2im log

((
b
c

) 1
2m

)
4π


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−2−1−h+k−qζ

1 + h− k + q,
1

2

1 +
π − 2im log(a)− 2im log

((
b
c

) 1
2m

)
2π





(−h+ k − q)1+h+q + 2i(3m− 2mp)π

2−h+k−qζ

h− k + q,
π − 2im log(a)− 2im log

((
b
c

) 1
2m

)
4π



−2−h+k−qζ

h− k + q,
1

2

1 +
π − 2im log(a)− 2im log

((
b
c

) 1
2m

)
2π



 (1− h+ k − q)h+q

S
(j)
−1+p

Example 9.11.

(9.11)

∫ ∞

−∞

(−1)pαmx (1 + αx)
−p

(−1 + p)!

log (−αx)
dx

=

∞∑
q=0

p−1∑
j=0

j∑
l=0

j−l∑
h=0

1

|log(α)|
(−1)−j+l+pi−h−qe−imπm−1−q(2+m)−h+j−lpl(2π)−1−h−q

(
−1

q

)
(
j

l

)(
j − l

h

)(
−2(1 +m− p)π(−h− q)h+qLi1+h+q

(
e2imπ

)
+i(−1− h− q)1+h+qLi2+h+q

(
e2imπ

))
S
(j)
−1+p

Example 9.12.

(9.12)

∫ ∞

−∞

(−1)p2−
3x
2 (1 + 2−x)

−p
(−1 + p)!

log (−2−x)
dx

=

∞∑
q=0

−1+p∑
j=0

j∑
l=0

j−l∑
h=0

1

log(2)
i(−1)−j+l+pi−h−q2−j+l3−1−q7−h+j−lplπ−1−h−q

(
−1

q

)(
j

l

)(
j − l

h

)

S
(j)
−1+p

(
2
(
1− 2−h−q

)(5

2
− p

)
π(−h− q)h+qζ(1 + h+ q)− i

(
1− 2−1−h−q

)
(−1− h− q)1+h+qζ(2 + h+ q))

Example 9.13.

(9.13)

∫ ∞

−∞

αmx log (log (aαx))

b+ cα4mx
dx
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=

π

log
(

iπ
2m

)
− (1− i)

log


Γ

 1
8−

im

(
log(a)+log

(
( b

c )
1

4m

))
2π


2Γ

 5
8−

im

(
log(a)+log

(
( b

c )
1

4m

))
2π



+ i log


Γ

 3
8−

im

(
log(a)+log

(
( b

c )
1

4m

))
2π


2Γ

 7
8−

im

(
log(a)+log

(
( b

c )
1

4m

))
2π







2
√
2b3/4 4

√
cm|log(α)|

Example 9.14.

(9.14)

∫ ∞

−∞

αx log (log (aαx))

1 + α4x
dx

=

π

(
log
(
iπ
2

)
− (1− i)

(
log

(
Γ( 1

8−
i log(a)

2π )
2Γ( 5

8−
i log(a)

2π )

)
+ i log

(
Γ( 3

8−
i log(a)

2π )
2Γ( 7

8−
i log(a)

2π )

)))
2
√
2|log(α)|

Example 9.15.

(9.15)

∫ ∞

−∞

αx log (log (αx))

1 + α4x
dx =

π

(
log
(
iπ
2

)
− (1− i)

(
log

(
Γ( 1

8 )
2Γ( 5

8 )

)
+ i log

(
Γ( 3

8 )
2Γ( 7

8 )

)))
2
√
2|log(α)|

Example 9.16.

(9.16)

∫ ∞

−∞

αmx log (log (αx))

b+ 2α4mx
dx

=

π

log
(

iπ
2m

)
− (1− i)

log


Γ

 1
8−

im log

(
2
− 1

4m b
1

4m

)
2π


2Γ

 5
8−

im log

(
2
− 1

4m b
1

4m

)
2π



+ i log


Γ

 3
8−

im log

(
2
− 1

4m b
1

4m

)
2π


2Γ

 7
8−

im log

(
2
− 1

4m b
1

4m

)
2π







2× 23/4b3/4m|log(α)|

Example 9.17.

(9.17)

∫ ∞

−∞

αx log (log (aαx))

1 + α4x
dx

=

π

(
log
(
iπ
2

)
− (1− i)

(
log

(
Γ( 1

8−
i log(a)

2π )
2Γ( 5

8−
i log(a)

2π )

)
+ i log

(
Γ( 3

8−
i log(a)

2π )
2Γ( 7

8−
i log(a)

2π )

)))
2
√
2|log(α)|

Example 9.18.
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(9.18)

∫ ∞

−∞
αmx

(
1

b+ cα2mx
+

1

b+ cα4mx

)
log (log (aαx)) dx

=
π

4b3/4
√
cm|log(α)|


√
2 4
√
c

log

(
iπ

2m

)
− (1− i)

log


Γ

 1
8 −

im

(
log(a)+log

(
( b

c )
1

4m

))
2π


2Γ

 5
8 −

im

(
log(a)+log

(
( b

c )
1

4m

))
2π





+i log


Γ

 3
8 −

im

(
log(a)+log

(
( b

c )
1

4m

))
2π


2Γ

 7
8 −

im

(
log(a)+log

(
( b

c )
1

4m

))
2π








+2

4
√
b

(
log

(
2iπ

m

)
− 2 log

(
−3π − 2im

(
log(a) + log

((
b

c

) 1
2m

)))

+2 log

(
−π − 2im

(
log(a) + log

((
b

c

) 1
2m

)))

−2logΓ

−3

4
−
im
(
log(a) + log

((
b
c

) 1
2m

))
2π



+2logΓ

−1

4
−
im
(
log(a) + log

((
b
c

) 1
2m

))
2π





Example 9.19.

(9.19)

∫ ∞

−∞

log (log (iex)) (1 + (1− 2i) cosh(x) + (1 + 2i) sinh(x))

2
(
cosh

(
x
2

)
+ i sinh

(
3x
2

)) dx

=

(
1
4 + i

4

)
√
2

π

((
(−1− i) +

√
2
)
csc
(π
8

)(
log(iπ) + (1− i) log

(
2Γ
(
11
16

)
Γ
(

3
16

) )

+(1 + i) log

(
2Γ
(
15
16

)
Γ
(

7
16

) ))+ 4i

(
log(9)− log(4iπ) + 2logΓ

(
−3

4

)
− 2logΓ

(
−1

4

)))

Example 9.20.

(9.20)∫ ∞

−∞

αmx

(1 + α2mx) log (aαx)
dx =

i
(
ψ(0)

(
π−2im log(a)

4π

)
− ψ(0)

(
3
4 − im log(a)

2π

))
2|log(α)|
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Example 9.21.

(9.21)

∫ ∞

−∞

αx/2 log (−αx) log (log (−αx))

1 + αx
dx =

−π3 − 8iπ2 log

(
A3

3
√
2 4
√
e

)
+ 2iπ2 log(2π)

2|log(α)|

where Re(α) > 0.

Example 9.22.

(9.22)

∫ ∞

−∞

αx/2 log2 (−αx) log (log (−αx))

1 + αx
dx =

14πζ(3)

|log(α)|

where Re(α) > 0.

Example 9.23.

(9.23)

∫ ∞

−∞

αx/2 log (αx) log (log (αx))

1 + αx
dx = − 4iCπ

|log(α)|

where Re(α) > 0.

Theorem 9.24. From Eq. (431)25a in [19].

(9.24)

∫ ∞

b

(−bα + xα)
−m

logk
(

a
−bα+xα

)
x

dx

= −
b−mαeimπ(2iπ)1+kΦ

(
e2imπ,−k,− i(iπ+log(a)+log(b−α))

2π

)
α

where 0 < Re(m) < 1, 0 < Im(m) < 1,−1 < Im(b) < 0.

Theorem 9.25. From Eq. (151)12 in [19].

(9.25)

∫ 1

0

x−1−m
(
xn logk

(
a
x

)
− x2m logk(ax)

)
−1 + xn

dx

= −
iπ
(
21+ke

2imπ
n

(
i
n

)k
πkΦ

(
e

2imπ
n ,−k, 1− in log(a)

2π

)
+ logk(a)

)
n

where 0 < Re(m) < 1.
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Example 9.26.

(9.26)∫ 1

0

x−1−m
(
xn − (−1)kx2m

)
logk(x)

xn − 1
dx = (−1)k+1

(
2πi

n

)k+1

Li−k

(
e

2imπ
n

)
where Re(k) > 0, 0 < Re(m) < 1.

Example 9.27.

(9.27)∫ 1

0

xm−1 log(x)

(x2m − 1)
(
a2π2 + log2(x)

) dx =
1

4am
−1

4
ψ(0)

(
1 +

am

2

)
+
1

4
ψ(0)

(
1

2
(1 + am)

)
where 0 < Re(m) < 1.

Example 9.28.

(9.28)

∫ 1

0

xm−1

x2m − 1

(
1

(aπi− log(x))n+1
− 1

(aπi+ log(x))n+1

)
dx

=
2−1−na−1−n(iπ)−n

(
2n(−1)(n) + a1+nm1+n

(
−ψ(n)

(
1 + am

2

)
+ ψ(n)

(
1
2 (1 + am)

)))
mn!

where 0 < Re(m) < 1, n ∈ Z+.

10. Table of series and definite logarithmic integrals

In this section the Lagrange theorem is used to derive a series representation

for the logarithm function. Algebraic and calculus techniques are then applied to

evaluate the series and integrals in terms of special functions that follow.

Theorem 10.1.

(10.1)

log (1 + xm) =

∞∑
n=1

(−1)−nxn
(
−1 + (−1)m − 2(−1)n csc

(
nπ
m

)
sin

(
2nπ⌊m

2 ⌋
m

))
2n

where |Re(x)|< 1,m ∈ Z+ where f(x) = log(1 + xm).
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Example 10.2.

(10.2)

∫ ∞

0

x−1+s log
(
1 + a2e−2mx − 2ae−mx cos(t)

)
dx

= Γ(s)

∞∑
n=1

(−1)−
(1+m)n

m an/mn−1−s cos

(
nt

m

)
(
−1 + (−1)m − 2(−1)n csc

(nπ
m

)
sin

(
2nπ

⌊
m
2

⌋
m

))

where 0 < Re(s) < 1, Im(a) ≤ 0,m ∈ Z+.

Example 10.3. From Eq. (6.5.28) in [20]. A note on an Erdeyli integral.

(Errata)

(10.3)

∫ ∞

0

x−1+s log
(
1 + a2e−2x − 2ae−x cos(t)

)
dx = −2Γ(s)

∞∑
n=1

an cos(nt)

ns+1

where 0 < Re(s) < 1, Im(a) ≤ 0.

Example 10.4. From (4.223.3) in [5]. Errata

(10.4)

∫ ∞

0

log
(
1 + e−2x − 2e−x cos(t)

)
dx = −Li2

(
e−it

)
− Li2

(
eit
)

where |Re(x)|< π.

Example 10.5. From Eq. (6.4.23) in [20]

(10.5)

∫ 1

0

x−1+s(1 + bx)−v log (1 + axm) dx

=

∞∑
n=1

(−1)−nan/m 2F1(n+ s, v; 1 + n+ s;−b)
2n(n+ s)(

−1 + (−1)m − 2(−1)n csc
(nπ
m

)
sin

(
2nπ

⌊
m
2

⌋
m

))

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(v)|> 0,m ∈ Z+.

Example 10.6. From Eq. (2.6.9.2) in [3]
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(10.6)
bp
(
−abmm 2F1

(
1, m+p

m ; 2 + p
m ;−abm

)
+ (m+ p) log (1 + abm)

)
p(m+ p)

=

∞∑
n=1

(−1)−nan/mbn+p

(
−1 + (−1)m − 2(−1)n csc

(
nπ
m

)
sin

(
2nπ⌊m

2 ⌋
m

))
2n(n+ p)

where |Re(a)|< 1, Re(p) > 0,m ∈ Z+.

Example 10.7. From Eq. (3.387.1) in [5].

(10.7)

∫ ∞

0

e−xxb log (1 + axm) dx

=

∞∑
n=1

(−1)−nan/mΓ(1 + b+ n)

(
−1 + (−1)m − 2(−1)n csc

(
nπ
m

)
sin

(
2nπ⌊m

2 ⌋
m

))
2n

where |Re(a)|< 1, Re(p) > 0,m ∈ Z+.

Example 10.8. From Eq. (3.387.2) in [5].

(10.8)

∫ 1

−1

(
1− x2

)v−1
log
(
1 + a2e−2imx − 2ae−imx cos(t)

)
dx

=

∞∑
n=1

2−
1
2+v

(
−1

a

)− n
m

e−inπn−1+ 1
2 (1−2v)

√
πJ 1

2 (−1+2v)(n) cos

(
nt

m

)
Γ(v)

(
−1 + eimπ − 2einπ csc

(nπ
m

)
sin

(
2nπ

⌊
m
2

⌋
m

))

where |Re(a)|< 1, |Re(v)|< 1.

Example 10.9. From Eq. (3.387.3) in [5].

(10.9)

∫ 1

−1

(
1− x2

)v−1
log
(
1 + a2e−2imx − 2ae−imx cos(t)

)
dx

=

∞∑
n=1

2−
1
2+v

(
−1

a

)− n
m

e−inπn−1+ 1
2 (1−2v)

√
πJ 1

2 (−1+2v)(n) cos

(
nt

m

)
Γ(v)

(
−1 + eimπ − 2einπ csc

(nπ
m

)
sin

(
2nπ

⌊
m
2

⌋
m

))

where |Re(a)|< 1, Re(p) > 0,m ∈ Z+.
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Example 10.10. From Eq. (4.293.14) in [5].

(10.10)

∫ 1

0

(1− x)−1+vx−1+u log (1 + axm) dx

=

∞∑
n=1

(−1)−nan/mΓ(n+ u)Γ(v)

(
−1 + (−1)m − 2(−1)n csc

(
nπ
m

)
sin

(
2nπ⌊m

2 ⌋
m

))
2nΓ(n+ u+ v)

where |Re(a)|< 1,m ∈ Z+.

Example 10.11.

(10.11)

∫ 1

0

logu
(
1

x

)
log (1 + axm) dx

=

∞∑
n=1

(−1)−nan/m(1 + n)−1−uΓ(1 + u)

(
−1 + (−1)m − 2(−1)n csc

(
nπ
m

)
sin

(
2nπ⌊m

2 ⌋
m

))
2n

where |Re(a)|< 1,m ∈ Z+.

Example 10.12. From (4.293.13(6)) in [5].

(10.12)

∫ 1

0

logu
(
1

x

)
log
(
1− x2

)
dx = −Γ(1 + u)

∞∑
n=1

(−1)−n (1 + (−1)n)

n(1 + n)u+1

where Re(u) > π, |Im(u)|> π.

Example 10.13.

(10.13)

∫ 1

0

x−1+u (1 + bxc)
−1+v

log (1 + axm) dx

=

∞∑
n=1

(−1)−nan/m 2F1

(
n+u
c , 1− v; c+n+u

c ;−b
)(

−1 + (−1)m − 2(−1)n csc
(
nπ
m

)
sin

(
2nπ⌊m

2 ⌋
m

))
2n(n+ u)

where |Re(a)|< 1,m ∈ Z+.

Example 10.14.

(10.14)

1

4a2

(
4a− 2π + a2π + 2

√
1− a2π − ia2π2 − 4

√
1− a2 sin−1(a) + a2π log(4)
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−2a2π log
(
1 +

√
1− a2

)
− 4a2 sin−1(a) log

(
−−1 + ia+

√
1− a2

1 + ia+
√
1− a2

)

−4ia2Li2

(
−ia−

√
1− a2

)
+ 4ia2Li2

(
ia+

√
1− a2

))
=

∞∑
n=1

(−1)−nan
√
πΓ
(
3
2 + n

2

)
n(1 + n)Γ

(
2 + n

2

)
where |Re(a)|< 1,m ∈ Z+.

Example 10.15. From (4.295.30(6)) in [5]. Generalized form.

(10.15)∫ 1

0

log
(
1− (ax)2

)
x
√
1 + bx2

dx = −
∞∑

n=1

(−1)−n (1 + (−1)n) an 2F1

(
1
2 ,

n
2 ;

2+n
2 ;−b

)
n2

where |Re(a)|< 1,m ∈ Z+.

Example 10.16. From Eq. (4.314.1(11)) in [5]. Extended Bierens de haan

form.

(10.16)

∫ 1

0

(
x−1+p − x−1+q

)
log (1 + axm)

log(x)
dx

=

∞∑
n=1

(−1)−nan/m log
(

n+p
n+q

)(
−1 + (−1)m − 2(−1)n csc

(
nπ
m

)
sin

(
2nπ⌊m

2 ⌋
m

))
2n

where Re(a) < 1, Re(p) > 0, Re(q) > 0,m ∈ Z+.

Example 10.17.

(10.17)

∫ 1

0

log (1 + axm)

x
(
q2 + log2(x)

) dx
=

∞∑
n=1

(−1)−nan/m
(
−1 + (−1)m − 2(−1)n csc

(
nπ
m

)
sin

(
2nπ⌊m

2 ⌋
m

))
4nq

(2Ci(nq) sin(nq) + cos(nq)(π − 2Si(nq)))

where Re(a) < 1, Re(q) > 0,m ∈ Z+.

Example 10.18. Table (4.316.1) in [5]. Derivation of generalized forms.
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(10.18)

∫ 1

0

logp
(
1
x

)
log (1 + axm)

x
dx

=
Γ(1 + p)

2

∞∑
n=1

(−1)−nan/mn−2−p

(
−1 + (−1)m − 2(−1)n csc

(nπ
m

)
sin

(
2nπ

⌊
m
2

⌋
m

))

where Re(a) < 1, Re(p) > 0,m ∈ Z+.

Example 10.19. Table (4.316.2) in [5]. Derivation of generalized forms.

(10.19)

∫ 1

0

logp
(
1
x

)
log
(
1 + a2x2m − 2axm cos(t)

)
x

dx

=

∞∑
n=1

(
−1

a

)− n
m

e−inπn−2−p cos

(
nt

m

)
Γ(1 + p)

(
−1 + cos(mπ) + i sin(mπ)− 2einπ csc

(nπ
m

)
sin

(
2nπ

⌊
m
2

⌋
m

))

where |Re(a)|< 1, |Re(p)|< 1.

Example 10.20. From Eq. (1.5.13) and (1.5.14) in [20]

(10.20)

∫ ∞

0

x−1+s log
(
1 + a

(
e−bx

)m)
dx

=

∞∑
n=1

1

2
(−1)−nan/mb−sn−1−sΓ(s)

(
−1 + (−1)m − 2(−1)n csc

(nπ
m

)
sin

(
2nπ

⌊
m
2

⌋
m

))

where |Re(a)|< 1,m ∈ Z+.

Example 10.21. Mellin transform. Generalized Brychkov form Eq. (2.5.7.7)

and (2.5.7.8) in [16].

(10.21)

∫ ∞

0

xs−1 log
(
1 + ae−bx

)
dx = −b−sΓ(s)Li1+s(−a)

where |Re(a)|< 1, |Re(b)|< 1.

Example 10.22.

(10.22)∫ 1

0

x−1+s log
(
1 + ae−bxα

)
dx = −

∞∑
n=1

(−1)−nan(bn)−
s
α

(
Γ
(
s
α

)
− Γ

(
s
α , bn

))
nα
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where |Re(a)|< 1, |Re(b)|< 1.

Theorem 10.23.

(10.23)

eax

(1− bx)(1 + x)m
=

∞∑
n=0

m∑
j=1

(−1)−1+j−ne−j(a+bn)j−n
(
e−bxx

)n (m
j

)
Γ(1 + n,−j(a+ bn))

m!n!

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1,m ∈ Z+, where f(x) =
ex(a+bn)

(x+1)m

Example 10.24.

(10.24) − xΓ(x)2

Γ(−m+ x)Γ(1 +m+ x)
=

(m− x)(1−m+ x)m
x(1 + x)m

=

∑∞
n=0

∑m
j=1

(−1)−1+j−ne−j(a+bn)j−n(e−bxx)
n
(mj )Γ(1+n,−j(a+bn))

m!n!∑∞
n=0

∑m
j=1

(−1)j+mej(a+bn)(a+bn)1+n(e−bxx)n(−1+m
−1+j )E−n(j(a+bn))

Γ(m)Γ(1+n)

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1,m ∈ Z+.

Example 10.25.

(10.25)

∫ ∞

0

e(a−c)x
1F1(α;β;xz)

(1− bx)(1 + x)m
dx

=

∞∑
n=0

m∑
j=1

−
(−1)j−ne−j(a+bn)j−n(c+ bn)−1−n

(
m
j

)
Γ(1 + n)Γ(1 + n,−j(a+ bn))

m!n!

2F1

(
1 + n, α;β;

z

c+ bn

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(c)|> 2π,m ∈ Z+.

Example 10.26.

(10.26)

∫ 1

−1

e−x+ax
(
1− x2

)− 1
2+v

(1− bx)(1 + x)m
dx

=

∞∑
n=0

m∑
j=1

−
(−1)j−ne−j(a+bn)j−n

√
π
(
m
j

)
Γ
(
1
2 + v

)
Γ(1 + n,−j(a+ bn))

4m!n!(
2 (1 + (−1)n) Γ

(
1 + n

2

)
1F̃2

(
1 + n

2
;
1

2
, 1 +

n

2
+ v;

1

4
(1 + bn)2

)
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+(−1 + (−1)n) (1 + bn)Γ
(
1 +

n

2

)
1F̃2

(
2 + n

2
;
3

2
,
3 + n

2
+ v;

1

4
(1 + bn)2

))
where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1, |Re(v)|> 3π,m ∈ Z+.

Example 10.27. From Eq. (4.21.2.1) in [16] pp.267. The complete elliptic

integral of the first kind.

(10.27)

∫ 1

0

eaxx−
3
2+sK

(
− 1−x

x

)
(1− bx)(1 + x)m

dx

=

∞∑
n=0

m∑
j=1

(−1)−1+j−ne−j(a+bn)j−nπ
(
m
j

)
Γ(n+ s)2Γ(1 + n,−j(a+ bn))

2m!n! Γ
(
1
2 + n+ s

)2
× 2F2

(
n+ s, n+ s;

1

2
+ n+ s,

1

2
+ n+ s;−bn

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1,m ∈ Z+.

Example 10.28. From Eq. (4.22.2.1) in [16] pp. 283. The complete elliptic

integral.

(10.28)

∫ 1

0

e2axx−1+sE(1− x)

(1− bx)(1 + x)m
dx

=

∞∑
n=0

m∑
j=1

(−1)−1+j−ne−j(a+bn)j−nπ
(
m
j

)
Γ(n+ s)Γ(1 + n+ s)Γ(1 + n,−j(a+ bn))

2m!n! Γ
(
1
2 + n+ s

)
Γ
(
3
2 + n+ s

)
× 2F2

(
n+ s, 1 + n+ s;

1

2
+ n+ s,

3

2
+ n+ s; a− bn

)
where Re(s) > 0, |Re(a)|< 1, |Re(b)|< 1,m ∈ Z+.

Example 10.29.

(10.29)

∞∑
n=0

m∑
j=1

(−1)−1+j−ne−j(a+bn)−bnxj−nxn
(
m
j

)
Γ(1 + n,−j(a+ bn))

m! (n+ 1)!
=
ebx

x

∫ x

0

eat−bt

(1 + t)m
dt

where |Re(a)|< 1, |Re(b)|< 1,m ∈ Z+.

Example 10.30. From Eq. (2.2.1.6) in [21]. The parabolic cylinder function.
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(10.30)

∫ ∞

0

eax−x2αx−1+s

(1− bx)(1 + x)m
dx

=

∞∑
n=0

m∑
j=1

(−1)−1+j−n2
1
2 (−n−s)e−j(a+bn)+ b2n2

8α j−nα
1
2 (−n−s)

(
m
j

)
Γ(n+ s)Γ(1 + n,−j(a+ bn))

m!n!

×D−n−s

(
bn√
2
√
α

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(s)|< 1, Re(α) > 2π.

Example 10.31. From Eq. (2.2.2.7) in [21]. The confluent hypergeometric

function.

(10.31)

∫ ∞

0

eaxx−1+s(x+ α)−ρ

(1− bx)(1 + x)m
dx

=

∞∑
n=0

m∑
j=1

(−1)−1+j−ne−j(a+bn)j−nαn+s−ρ
(
m
j

)
Γ(n+ s)Γ(1 + n,−j(a+ bn))

m!n!

U(n+ s, 1 + n+ s− ρ, bnα)

where |Re(a)|< 1, |Re(b)|< 1, |Re(s)|< 1, Re(ρ) > 2π.

Example 10.32. From Eq. Eq. (3.2.23) in [20]. Exponential Fourier trans-

form.

(10.32)

∫ ∞

−∞

eiax−x2α2

(ix)v

(1− ibx)(1 + ix)m
dx

=

∞∑
n=0

m∑
j=1

(−1)−1+j−n2
1
2 (−n−v)e−j(a+bn)− b2n2

8α2 j−n
√
πα−1−n−v

(
m
j

)
Γ(1 + n,−j(a+ bn))

m!n!

Dn+v

(
bn√
2α

)
where Re(α) > π.

Example 10.33. From Eq. (5.2.9.5) in [3].

(10.33)
eax
(
−1 + −1+ebx

bx

)
(1− bx)(1 + x)m
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=

∞∑
n=0

m∑
j=1

∞∑
k=1

(−1)−1+j−nbke−j(a+bn)j−nkk
(
e−bxx

)k+n (m
j

)
Γ(1 + n,−j(a+ bn))

(1 + k)!m!n!

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Theorem 10.34. From Eq. (5.2.9.5) in [3]

(10.34)
eax
(
−1 + −1+ebx

bx

)
(1− bx)(1 + x)m

=

∞∑
n=0

m∑
j=1

∞∑
k=1

(−1)−1+j−nbke−j(a+bn)j−nkk
(
e−bxx

)k+n (m
j

)
Γ(1 + n,−j(a+ bn))

(1 + k)!m!n!

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Theorem 10.35. From Eq. (5.2.9.6) in [3]

(10.35)
eax
(
−1 + ebx(1− bx)

)
bx(1− bx)2(1 + x)m

= −
∞∑

n=0

m∑
j=1

∞∑
k=1

(−1)−1+j−nbke−j(a+bn)j−nk1+k
(
e−bxx

)k+n (m
j

)
Γ(1 + n,−j(a+ bn))

(1 + k)!m!n!

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Theorem 10.36. From Eq. (5.2.9.7) in [3]

(10.36)
eax
(
− 1

2 + 1−e2bx−2bx+4bebxx
4b2x2

)
(1− bx)(1 + x)m

=

∞∑
n=0

m∑
j=1

∞∑
k=1

(−1)−1+j−nbke−j(a+bn)j−nkk
(
e−bxx

)k+n (m
j

)
Γ(1 + n,−j(a+ bn))

(2 + k)!m!n!

where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Theorem 10.37. From Eq. (5.2.9.8) in [3]

(10.37)
eax
(
1− e2bx + 2bebxx

)
2b2x2(1− bx)(1 + x)m

=

∞∑
n=0

m∑
j=1

∞∑
k=1

(−1)−1+j−nbke−j(a+bn)j−nk1+k
(
e−bxx

)k+n (m
j

)
Γ(1 + n,−j(a+ bn))

(2 + k)!m!n!
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where |Re(a)|< 1, |Re(b)|< 1, |Re(x)|< 1.

Theorem 10.38. From Eq. (6.8.12.2) in [16].

(10.38)
e

az
2

(
α−1− v

2 Iv (z
√
α)− 2−vzv

αΓ(1+v)

)
(
1− bz

2

) (
1 + z

2

)
m

=

∞∑
n=0

m∑
j=1

∞∑
k=1

(−1)−1+j−n2−k−ne−j(a+bn)
(
e−

1
2 (bz)

)n
j−nk

1
2 (−k−v)zk+n(k + α)−1+k

k!m!n!

× Jk+v

(√
kz
)(m

j

)
Γ(1 + n,−j(a+ bn))

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.39. From Eq. (6.8.12.3) in [16].

(10.39)
2−2−ve

az
2 z2+v(

1− bz
2

)
Γ(2 + v)

(
1 + z

2

)
m

=

∞∑
n=0

m∑
j=1

∞∑
k=1

(−1)−1+j−n2−k−ne−j(a+bn)
(
e−

1
2 (bz)

)n
j−nk−1+ k−v

2 zk+n

k!m!n!

× Jk+v

(√
kz
)(m

j

)
Γ(1 + n,−j(a+ bn))

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.40. From Eq. (6.14.5.1) in [16].

(10.40)
eaw+bw

(
−1 +

(
1− bw

z

)1+λ
)
z

bw(1− bw)(1 + λ)(1 + w)m

= −
∞∑

n=0

m∑
j=1

∞∑
k=0

(−1)−1+j−ne−j(a+bn)j−n
(
e−bww

)k+n (− b
z

)k (m
j

)
Γ(1 + n,−j(a+ bn))

(1 + k)m!n!

L−k+λ
k ((1 + k)z)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.41. From Eq. (6.14.5.2) in [16].
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(10.41)
eaw+bwI1

(
2
√
−bwz

)
(1− bw)

√
−bwz(1 + w)m

=

∞∑
n=0

m∑
j=1

∞∑
k=0

(−1)−1+j−nbke−j(a+bn)
(
e−bw

)n
j−n(1 + k)−1+kwn

(
e−bww

)k (m
j

)
k!m!n!

Γ(1 + n,−j(a+ bn))Lk

(
z

1 + k

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.42. From eq. (6.14.7.1) in [16].

(10.42) −
eaw−bw

(
1− (−bwz) 1−λ

2 J−1+λ

(
2
√
−bwz

)
Γ(λ)

)
(λ)1+η

bw(1− bw)zη! (1 + w)m

=

∞∑
n=0

m∑
j=1

∞∑
k=0

(−1)−1+j−ne−j(a+bn)
(
e−bw

)n
j−n(1 + k)−1+kwn

(
−bebww

)k (m
j

)
m!n! (1 + η + λ)k

Γ(1 + n,−j(a+ bn))Lη+λ
k

(
z

1 + k

)
Lk+λ
η (−b(1 + k)w)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.43. From Eq. (6.14.7.2) in [16].

(10.43)
ew+awu (1− 1F2(η + λ;u, λ;−wz)) (λ)η

w(1− bw)zη! (1 + w)m

=

∞∑
n=0

m∑
j=1

∞∑
k=0

(−1)−1+j−ne−j(a+bn)
(
e−bw

)n
j−n(1 + k)−1+kwn (e−ww)

k (m
j

)
m!n! (1 + u)k

Γ(1 + n,−j(a+ bn))Lu
k

(
z

1 + k

)
Lk+λ
η ((1 + k)w)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.44. From Eq. (6.15.4.1) in [16].

(10.44)
2e−w+awzλ

(
1− 1F1

(
− 1

2 − λ;−2λ;− 2w
z

))
w(1− bw)(1 + 2λ)(1 + w)m

=

∞∑
n=0

m∑
j=1

∞∑
k=0

(−1)−1+j−n2−ke−j(a+bn)
(
e−bw

)n
j−nwn

(
eww
z

)k (m
j

)
Γ(1 + n,−j(a+ bn))

(1 + k)m!n! (1− λ)k



72 ROBERT REYNOLDS

C
(−k+λ)
k (1 + (1 + k)z)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.45. From Eq. (6.15.4.2) in [16].

(10.45)
e−w+aw

(
1− 1F1

(
−1 + λ;− 1

2 ;wz
2
))

2w(1− bw)z2(−1 + λ)(1 + w)m

=

∞∑
n=0

m∑
j=1

∞∑
k=0

(−1)−1+j−ne−j(a+bn)
(
e−bw

)n
j−n(1 + k)−1+kwn (−eww)k

(
m
j

)
m!n! (1− λ)k

Γ(1 + n,−j(a+ bn))C
(−k+λ)
2k

(
z√
1 + k

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.46. From Eq. (6.15.4.3) in [16].

(10.46)
e−w+aw

(
−1 + 1F1

(
λ; 1

2 ;wz
2
))

w(1− bw)z(1 + w)m

=

∞∑
n=0

m∑
j=1

∞∑
k=0

(−1)−1+j−ne−j(a+bn)
(
e−bw

)n
j−n(1 + k)−

1
2+kwn (−eww)k

(
m
j

)
m!n! (1− λ)k

Γ(1 + n,−j(a+ bn))C
(−k+λ)
1+2k

(
z√
1 + k

)
where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.47. From eq. (6.15.4.4) in [16].

(10.47)
e−w+aw

(
1− 1F1

(
− 1

2 − λ;− 1
2 ;w(1− z)

))
w(1− bw)(−1 + z)(1 + 2λ)(1 + w)m

=

∞∑
n=0

m∑
j=1

∞∑
k=0

(−1)−1+j−ne−j(a+bn)
(
e−bw

)n
j−nwn (−eww)k (k + z)k

(
m
j

)
Γ(1 + n,−j(a+ bn))

(1 + k)m!n! (1− λ)k

C
(−k+λ)
2k

(√
−1 + z

k + z

)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.48. (6.15.4.5) in [16].
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(10.48)
2e−w+awλ

(
−1 + 1F1

(
− 1

2 − λ; 1
2 ;w(1− z)

))
w(1− bw)

√
−1 + z(1 + 2λ)(1 + w)m

=

∞∑
n=0

m∑
j=1

∞∑
k=0

(−1)−1+j−ne−j(a+bn)
(
e−bw

)n
j−nwn (−eww)k (k + z)

1
2+k
(
m
j

)
(1 + k)m!n! (1− λ)k

Γ(1 + n,−j(a+ bn))C
(−k+λ)
1+2k

(√
−1 + z

k + z

)

where |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1, |Re(α)|< 1.

Theorem 10.49.

(10.49)
2x2

1− x2(1 + 2z)
=

∞∑
n=1

(1 + (−1)n)xn
(
1− x2

)nz
Γ
(
1
2n(1 + 2z)

)
Γ
(
n
2

)
Γ(1 + nz)

where |Re(x)|< |Re(z)|< 1 where f(x) = (x2 − 1)−mn.

Example 10.50.

(10.50)

∫ 1

0

e−axx2
(
1− x2

)b
1− x2(1 + 2z)

dx

=

∞∑
n=1

 (1 + (−1)n) Γ
(
1
2 + n

2

)
Γ(1 + b+ nz)Γ

(
n
2 + nz

)
1F2

(
1
2 + n

2 ;
1
2 ,

3
2 + b+ n

2 + nz; a2

4

)
4Γ
(
n
2

)
Γ(1 + nz)Γ

(
3
2 + b+ n

2 + nz
)

−
(1 + (−1)n) anΓ(1 + b+ nz)Γ

(
n
2 + nz

)
1F2

(
1 + n

2 ;
3
2 , 2 + b+ n

2 + nz; a2

4

)
8Γ(1 + nz)Γ

(
2 + b+ n

2 + nz
)


where 3π < Re(b) < Re(1/z), Im(a) ≥ 0.

Example 10.51.

(10.51)

∫ 1

0

e−ax2

x2
(
1− x2

)b
1− x2(1 + 2z)

dx

=

∞∑
n=1

(1 + (−1)n) Γ
(
1+n
2

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz) 1F̃1

(
1+n
2 ; b+ 1

2 (3 + n+ 2nz);−a
)

4Γ
(
n
2

)
Γ(1 + nz)

where 3π < Re(b) < Re(1/z), Im(a) ≥ 0.

Example 10.52.
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(10.52)

∫ 1

0

2e−ax3

(1− x)bx2(1 + x)b

1− x2(1 + 2z)
dx

=

∞∑
n=1

(
3−1−b−nz (1 + (−1)n) Γ

(
1+n
6

)
Γ
(
3+n
6

)
Γ
(
5+n
6

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

2Γ
(
n
2

)
Γ(1 + nz)Γ

(
1
6 (3 + 2b+ n+ 2nz)

)
Γ
(
1
6 (5 + 2b+ n+ 2nz)

)
Γ
(
1
6 (7 + 2b+ n+ 2nz)

)
× 3F4

(
1

6
+
n

6
,
1

2
+
n

6
,
5

6
+
n

6
;
1

2
,
1

2
+
b

3
+
n

6
+
nz

3
,
5

6
+
b

3
+
n

6
+
nz

3
,
7

6
+
b

3
+
n

6
+
nz

3
;
a2

4

)
−
3

3
2+

n
2 (1 + (−1)n) aΓ

(
4+n
6

)
Γ
(
6+n
6

)
Γ
(
8+n
6

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

4πΓ
(
n
2

)
Γ(1 + nz)Γ

(
3 + b+ n

(
1
2 + z

))
× 3F4

(
2

3
+
n

6
, 1 +

n

6
,
4

3
+
n

6
;
3

2
, 1 +

b

3
+
n

6
+
nz

3
,
4

3
+
b

3
+
n

6
+
nz

3
,
5

3
+
b

3
+
n

6
+
nz

3
;
a2

4

))
where 3π < Re(b) < Re(1/z), Im(a) ≥ 0.

Example 10.53.

(10.53)

∫ 1

0

2e−ax4

(1− x)bx2(1 + x)b

1− x2(1 + 2z)
dx

=

∞∑
n=1

2−1+n
2 +nz− 1

2n(1+2z) (1 + (−1)n) Γ
(
1+n
2

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

Γ
(
n
2

)
Γ(1 + nz)Γ

(
b+ 1

2 (3 + n+ 2nz)
)

2F2

(
1

4
+
n

4
,
3

4
+
n

4
;
3

4
+
b

2
+
n

4
+
nz

2
,
5

4
+
b

2
+
n

4
+
nz

2
;−a

)
where 3π < Re(b) < Re(1/z), Im(a) ≥ 0.

Example 10.54.

(10.54)

∫ 1

−1

2e−ax2

x2
(
1− x2

)b
1− x2(1 + 2z)

dx

=

∞∑
n=1

(1 + (−1)n)
2
Γ
(
1+n
2

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz) 1F̃1

(
1+n
2 ; b+ 1

2 (3 + n+ 2nz);−a
)

2Γ
(
n
2

)
Γ(1 + nz)

where 3π < Re(b) < Re(1/z), Im(a) ≥ 0.

Example 10.55.

(10.55)

∫ 1

−1

2e−ax3

(1− x)bx2(1 + x)b

1− x2(1 + 2z)
dx

=

∞∑
n=1

(
3−1−b−nz (1 + (−1)n)

2
Γ
(
1+n
6

)
Γ
(
3+n
6

)
Γ
(
5+n
6

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

2Γ
(
n
2

)
Γ(1 + nz)Γ

(
1
6 (3 + 2b+ n+ 2nz)

)
Γ
(
1
6 (5 + 2b+ n+ 2nz)

)
Γ
(
1
6 (7 + 2b+ n+ 2nz)

)
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3F4

(
1

6
+
n

6
,
1

2
+
n

6
,
5

6
+
n

6
;
1

2
,
1

2
+
b

3
+
n

6
+
nz

3
,
5

6
+
b

3
+
n

6
+
nz

3
,
7

6
+
b

3
+
n

6
+
nz

3
;
a2

4

)
+
3

3
2+

n
2 (−1 + (−1)n) (1 + (−1)n) aΓ

(
4+n
6

)
Γ
(
6+n
6

)
Γ
(
8+n
6

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

4πΓ
(
n
2

)
Γ(1 + nz)Γ

(
3 + b+ n

(
1
2 + z

))
3F4

(
2

3
+
n

6
, 1 +

n

6
,
4

3
+
n

6
;
3

2
, 1 +

b

3
+
n

6
+
nz

3
,
4

3
+
b

3
+
n

6
+
nz

3
,
5

3
+
b

3
+
n

6
+
nz

3
;
a2

4

))
where 3π < Re(b) < Re(1/z), Im(a) ≥ 0.

Example 10.56.

(10.56)

∫ 1

−1

2e−ax4

(1− x)bx2(1 + x)b

1− x2(1 + 2z)
dx

=

∞∑
n=1

2−1+n
2 +nz− 1

2n(1+2z) (1 + (−1)n)
2
Γ
(
1+n
2

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

Γ
(
n
2

)
Γ(1 + nz)Γ

(
b+ 1

2 (3 + n+ 2nz)
)

2F2

(
1

4
+
n

4
,
3

4
+
n

4
;
3

4
+
b

2
+
n

4
+
nz

2
,
5

4
+
b

2
+
n

4
+
nz

2
;−a

)
where 3π < Re(b) < Re(1/z), Im(a) ≥ 0.

Example 10.57.

(10.57)

∫ 1

−1

2e−ax6

(1− x)bx2(1 + x)b

1− x2(1 + 2z)
dx

=

∞∑
n=1

3−1−b−nz (1 + (−1)n)
2
Γ
(
1+n
6

)
Γ
(
3+n
6

)
Γ
(
5+n
6

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

2Γ
(
n
2

)
Γ(1 + nz)Γ

(
1
6 (3 + 2b+ n+ 2nz)

)
Γ
(
1
6 (5 + 2b+ n+ 2nz)

)
Γ
(
1
6 (7 + 2b+ n+ 2nz)

)
3F3

(
1

6
+
n

6
,
1

2
+
n

6
,
5

6
+
n

6
;
1

2
+
b

3
+
n

6
+
nz

3
,
5

6
+
b

3
+
n

6
+
nz

3
,
7

6
+
b

3
+
n

6
+
nz

3
;−a

)
where 3π < Re(b) < Re(1/z), Im(a) ≥ 0.

Example 10.58.

(10.58)

∫ 1

0

2x1+s
(
1− x2

)b
log(1− ax)

1− x2(1 + 2z)
dx

=

∞∑
n=1

(
−
(1 + (−1)n) aΓ

(
1
2 (1 + n+ s)

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

2Γ
(
n
2

)
Γ(1 + nz)Γ

(
1
2 (3 + 2b+ n+ s+ 2nz)

)
3F2

(
1

2
, 1,

1

2
+
n

2
+
s

2
;
3

2
,
3

2
+ b+

n

2
+
s

2
+ nz; a2

)
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−
(1 + (−1)n) a2Γ

(
1
2 (2 + n+ s)

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

4Γ
(
n
2

)
Γ(1 + nz)Γ

(
1
2 (4 + 2b+ n+ s+ 2nz)

)
3F2

(
1, 1, 1 +

n

2
+
s

2
; 2, 2 + b+

n

2
+
s

2
+ nz; a2

))
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1.

Example 10.59.

(10.59)

∫ 1

0

log(1 + ax)
(
1− x2

)b (
2x2
)

1− x2(1 + 2z)
dx

=

∞∑
n=1

(
(1 + (−1)n) anΓ

(
n
(
1
2 + z

))
Γ(1 + b+ nz) 3F2

(
1
2 , 1, 1 +

n
2 ;

3
2 , 2 + b+ n

2 + nz; a2
)

4Γ(1 + nz)Γ
(
2 + b+ n

(
1
2 + z

))
−
(1 + (−1)n) a2Γ

(
3+n
2

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz) 3F2

(
1, 1, 32 + n

2 ; 2,
5
2 + b+ n

2 + nz; a2
)

4Γ
(
n
2

)
Γ(1 + nz)Γ

(
b+ 1

2 (5 + n+ 2nz)
) )

where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1.

Example 10.60.

(10.60)

∫ 1

−1

2e−ax(1− x)bx1+s(1 + x)b

1− x2(1 + 2z)
dx

=

∞∑
n=1

(
−
(1 + (−1)n) (−1 + (−1)n+s) Γ

(
n+s
2

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

2Γ
(
n
2

)
Γ(1 + nz)Γ

(
1
2 (2 + 2b+ n+ s+ 2nz)

)
1F2

(
n

2
+
s

2
;
1

2
, 1 + b+

n

2
+
s

2
+ nz;

a2

4

)
−
(1 + (−1)n) (1 + (−1)n+s) aΓ

(
1
2 (1 + n+ s)

)
Γ
(
n
(
1
2 + z

))
Γ(1 + b+ nz)

2Γ
(
n
2

)
Γ(1 + nz)Γ

(
1
2 (3 + 2b+ n+ s+ 2nz)

)
1F2

(
1

2
+
n

2
+
s

2
;
3

2
,
3

2
+ b+

n

2
+
s

2
+ nz;

a2

4

))
where |Re(s)|< 1, |Re(a)|< 1, |Re(b)|< 1, |Re(z)|< 1.

Theorem 10.61.

(10.61)
mpxp

1− (1 +mp)xp
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=

∞∑
n=1

(−1)−mnm (x (−1 + xp)
m
)
n
(
2 + (−1)n + (−1)n+p + 4

∑⌊ p−1
2 ⌋

j=1 cos
(

2jnπ
p

))
2Γ(1 +mn)Γ

(
n
p

)
Γ

(
n(1 +mp)

p

)
where Re(x) > Re(m), where f(x) = (xp − 1)−mn

Example 10.62.

(10.62)
px1+p

2F1

(
1, 1 + 1

p ; 2 +
1
p ; (1 +mp)xp

)
1 + p

=

∞∑
n=1

(−1)−mnx (1− xp)
−mn

(x (−1 + xp)
m
)
n
(
2 + (−1)n + (−1)n+p + 4

∑⌊ p−1
2 ⌋

j=1 cos
(

2jnπ
p

))
2(1 + n)Γ(1 +mn)Γ

(
n
p

)
× Γ

(
n

(
m+

1

p

))
2F1

(
−mn, 1 + n

p
; 1 +

1 + n

p
;xp
)

where Re(x) > Re(m).

Example 10.63.

(10.63)
pxp+s

2F1

(
1, p+s

p ; 1 + p+s
p ; (1 +mp)xp

)
p+ s

=

∞∑
n=1

(
xn+s (1− xp)

−mn
(−1 + xp)

mn
2F1

(
−mn, n+s

p ; 1 + n+s
p ;xp

))
(n+ s)

(
2Γ(1 +mn)Γ

(
n
p

))

×

(−1)−mn

2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)
where Re(x) > Re(m).

Example 10.64.

(10.64)
pxp+s (1− xp)

−a
(−1 + xp)

a
F1

(
p+s
p ;−a, 1; 1 + p+s

p ;xp, (1 +mp)xp
)

p+ s

=

∞∑
n=1

(−1)−mnxn+s (1− xp)
−a−mn

(−1 + xp)
a+mn

(
2 + (−1)n + (−1)n+p + 4

∑⌊ p−1
2 ⌋

j=1 cos
(

2jnπ
p

))
2(n+ s)Γ(1 +mn)Γ

(
n
p

)
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× Γ

(
n

(
m+

1

p

))
2F1

(
−a−mn,

n+ s

p
; 1 +

n+ s

p
;xp
)

where Re(x) > Re(m), |Re(s)|< 1, Re(a) > 0.

Example 10.65.

(10.65)

∫ β

α

pxp+u (−1 + xp)
s
log(ax)

1− (1 +mp)xp
dx

=

∞∑
n=1

(−1)−mn (1− αp)
−mn−s

(1− βp)
−mn−s

2(1 + n+ u)2Γ(1 +mn)Γ
(

n
p

)
2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)
Γ

(
n

(
m+

1

p

))(
α1+n+u (−1 + αp)

mn+s
(1− βp)

mn+s

3F2

(
−mn− s,

1

p
+
n

p
+
u

p
,
1

p
+
n

p
+
u

p
; 1 +

1

p
+
n

p
+
u

p
, 1 +

1

p
+
n

p
+
u

p
;αp

)
− (1− αp)

mn+s
β1+n+u (−1 + βp)

mn+s
3F2

(
−mn− s,

1

p
+
n

p
+
u

p
,
1

p
+
n

p
+
u

p
;

1 +
1

p
+
n

p
+
u

p
, 1 +

1

p
+
n

p
+
u

p
;βp

)
−(1 + n+ u)

(
α1+n+u (−1 + αp)

mn+s
(1− βp)

mn+s
2F1

(
−mn− s,

1 + n+ u

p
;
1 + n+ p+ u

p
;αp

)
log(aα)

− (1− αp)
mn+s

β1+n+u (−1 + βp)
mn+s

2F1

(
−mn− s,

1 + n+ u

p
;
1 + n+ p+ u

p
;βp

)
log(aβ)

))
where Re(x) > Re(m), |Re(s)|< 1, Re(a) > 0, Re(u) > 0, Re(s) > 0, Re(α) >

0, Re(β) > 0.

Example 10.66.

(10.66)

p

p+ s

(
−αp+s (1− αp)

−a
(−1 + αp)

a
F1

(
p+ s

p
;−a, 1; 2 + s

p
;αp, (1 +mp)αp

)
+βp+s (1− βp)

−a
(−1 + βp)

a
F1

(
p+ s

p
;−a, 1; 2 + s

p
;βp, (1 +mp)βp

))
=

∞∑
n=1

1

(n+ s)
(
2Γ(1 +mn)Γ

(
n
p

)) (αn+s (−1 + αp)
1+a+mn

2F1

(
1,
n+ p+ ap+mnp+ s

p
;
n+ p+ s

p
;αp

)
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−βn+s (−1 + βp)
1+a+mn

2F1

(
1,
n+ p+ ap+mnp+ s

p
;
n+ p+ s

p
;βp

))
(−1)−mn

2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)
where |Re(s)|< 1, |Re(a)|< 1, |Re(α)|< 1, |Re(β)|< 1, |Re(m)|< |Re(α)|< |Re(β)|.

Theorem 10.67.

(10.67)
apxp

1− axp − ampxp

=

∞∑
n=1

an/p (x (1− axp)
m
)
n
(
2 + (−1)n + (−1)n+p + 4

∑⌊ p−1
2 ⌋

j=1 cos
(

2jnπ
p

))
Γ
(

n(1+mp)
p

)
2Γ(1 +mn)Γ

(
n
p

)
where |Re(x)|< |Re(m)|< 1 where f(x) = (axp − 1)

−mn
.

Example 10.68.

(10.68)
apx1+p

2F1

(
1, 1 + 1

p ; 2 +
1
p ; a(1 +mp)xp

)
1 + p

=

∞∑
n=1

an/p
(
x1+n

2F1

(
−mn, 1+n

p ; 1 + 1+n
p ; axp

))
(1 + n)

(
2Γ(1 +mn)Γ

(
n
p

))

×

2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)

where |Re(x)|< |Re(m)|< 1.

Example 10.69.

(10.69)
apx1+p+sF1

(
1+p+s

p ;−b, 1; 1+2p+s
p ;−cxp, a(1 +mp)xp

)
1 + p+ s

=

∞∑
n=1

an/p
(
x1+n+sF1

(
1+n+s

p ;−mn,−b; 1 + 1+n+s
p ; axp,−cxp

))
(1 + n+ s)

(
2Γ(1 +mn)Γ

(
n
p

))
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×

2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)

where |Re(x)|< |Re(m)|< 1.

Example 10.70.

(10.70) − px−p (a(1 +mp)xp + log (1− a(1 +mp)xp))

(1 +mp)2

=

∞∑
n=1

(
a

n+p
p pxn 2F1

(
−mn, n+p

p ; 2 + n
p ; ax

p
))

(n+ p)
(
2Γ(1 +mn)Γ

(
n
p

))

×

2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)

where |Re(x)|< |Re(m)|< 1.

Example 10.71.

(10.71)

− a1+sp (−F1 (1 + s;−t, 1; 2 + s;−a, a(1 +mp)xp) + 2F1(1 + s,−t; 2 + s;−a))
(1 +mp)(1 + s)

=

∞∑
n=1

(
a1+

n
p +spxnF1

(
1 + n

p + s;−t,−mn; 2 + n
p + s;−a, axp

))
(n+ p+ ps)

(
2Γ(1 +mn)Γ

(
n
p

))

×

2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)

where |Re(x)|< |Re(m)|< 1.

Example 10.72.

(10.72)

px−p (−a(1 +mp)xp + log(a) (a(1 +mp)xp + log (1− a(1 +mp)xp)) + Li2 (a(1 +mp)xp))

(1 +mp)2

=

∞∑
n=1

(
a

n+p
p pxn

(
p 3F2(−mn,1+n

p ,1+n
p ;2+n

p ,2+n
p ;axp)

n+p − 2F1

(
−mn, n+p

p ; 2 + n
p ; ax

p
)
log(a)

))
(
2Γ(1 +mn)Γ

(
n
p

))
(n+ p)
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×

2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)

where |Re(x)|< |Re(m)|< 1.

Example 10.73.

(10.73)

a1+tp (−F1 (1 + t;−s, 1; 2 + t;−az, a(1 +mp)xp) + 2F1(−s, 1 + t; 2 + t;−az))
(1 +mp)(1 + t)

=

∞∑
n=1

−

(
a1+

n
p +tpxnF1

(
1 + n

p + t;−mn,−s; 2 + n
p + t; axp,−az

))
(
2Γ(1 +mn)Γ

(
n
p

))
(n+ p+ pt)

×

2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)

where |Re(x)|< |Re(m)|< 1.

Example 10.74.

(10.74)
2x−p

(
(1 +mp)xp − tanh−1 ((1 +mp)xp)

)
(1 +mp)2

= −
∞∑

n=1

1(
2Γ(1 +mn)Γ

(
n
p

))
(n+ p)

(
xn
(
(−1)n/p 2F1

(
−mn, n+ p

p
; 2 +

n

p
;−xp

)

+exp

 iπ
(
n− 2(n+ p)

⌈
ℑ(p log(x))

2π

⌉)
p

xn (−xp)−
n
p

2F1

(
−mn, n+ p

p
; 2 +

n

p
;xp
)

×

2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)

where |Re(x)|< |Re(m)|< 1.

Example 10.75.

(10.75)

x−p

(1 +mp)2
((1 +mp)xp(−2 + log(−t) + log(t))− log(−t) log (1 + xp +mpxp)



82 ROBERT REYNOLDS

+ log(t) log (1− (1 +mp)xp)− Li2 (− ((1 +mp)xp)) + Li2 ((1 +mp)xp))

= −
∞∑

n=1

1(
2Γ(1 +mn)Γ

(
n
p

))
(n+ p)2(

xn
(
(−1)n/p

(
−p 3F2

(
−mn, 1 + n

p
, 1 +

n

p
; 2 +

n

p
, 2 +

n

p
;−xp

)
+(n+ p) 2F1

(
−mn, n+ p

p
; 2 +

n

p
;−xp

)
log(−t)

)

+exp

−
iπ
(
−n+ 2(n+ p)

⌈
ℑ(p log(x))

2π

⌉)
p


xn (−xp)−

n
p

(
−p 3F2

(
−mn, 1 + n

p
, 1 +

n

p
; 2 +

n

p
, 2 +

n

p
;xp
)

+(n+ p) 2F1

(
−mn, n+ p

p
; 2 +

n

p
;xp
)
log(t)

)))
2 + (−1)n + (−1)n+p + 4

⌊ p−1
2 ⌋∑

j=1

cos

(
2jnπ

p

)Γ

(
n(1 +mp)

p

)

where |Re(x)|< |Re(m)|< 1.

Theorem 10.76. From Eq. (22) in [22] and the method in [18].

(10.76)

∫ 1

−1

e−aπ(m−t+
√
−1+t2)

(
Γ
(
1 + k,−aπ

(
m− t+

√
−1 + t2

))
√
−1 + t2

(
−m+ t−

√
−1 + t2

)k+1

−
e2aπ

√
−1+t2Γ

(
1 + k, aπ

(
−m+ t+

√
−1 + t2

))
√
−1 + t2

(
−m+ t+

√
−1 + t2

)k+1

)
sinh

(
n
√

1− t2 cos(nt)
)
dt

=
(πi)(Γ(1 + k,−m(in+ aπ))− Γ(1 + k, im(n+ iaπ)))

2 (eamπ(−m)k+1)

where Re(m) < 0.

11. Definite integrals in terms of special functions and asymptotic

expansions

In this section we apply the method in [18] to the equations cited in the theo-

rems and evaluate the examples that follow. In 1877, Russell [24] published one of
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his many papers on definite integrals. In the paper he continued his previous work

on this subject by producing a table involving trigonometric integrals.

Theorem 11.1. From Eq. (28) in [24].

(11.1)

∫ 1

0

u−1−m+n
(
u2m logk(au)− logk

(
a
u

))
−1 + u2n

du

=
iπ
(
−2e

imπ
n

(
i
n

)k
πkΦ

(
−e imπ

n ,−k, 1− in log(a)
π

)
+ logk(a)

)
2n

where Re(n) > Re(m).

Example 11.2.

(11.2)

∫ 1

0

x−1−m+v
(
−(−1)−k + x2m

)
logk(x)

−1 + x2v
dx =

(
πi

v

)1+k

Li−k

(
−e imπ

v

)
where Re(v) > Re(m).

Example 11.3.

(11.3)

∫ 1

0

x−1−m+v
(
−(−1)−k + x2m

)
logk(x)

−1 + x2v
dx

= (2v)−k−1Γ(1 + k)

(
ζ

(
1 + k,

−m+ v

2v

)
− i2kζ

(
1 + k,

m+ v

2v

))
where Re(v) > Re(m).

Example 11.4.

(11.4)

∫ 1

0

x−1−m−s+v (−xm + xs) (1 + xm+s) log(log(x))

−1 + x2v
dx

=
1

2v

(
γ1

(
−m+ v

2v

)
− γ1

(
m+ v

2v

)
− γ1

(
−s+ v

2v

)
+ γ1

(
s+ v

2v

)
+π(γ − iπ + log(2) + log(v))

(
tan

(mπ
2v

)
− tan

(πs
2v

)))
where Re(v) > Re(m).



84 ROBERT REYNOLDS

Example 11.5.

(11.5)

∫ 1

0

u−1+n (u−m + um − u−v − uv)

(1− u2n) log(u)
du = log

(
cos
(
mπ
2n

)
cos
(
πv
2n

) )

where Re(n) > Re(v) > Re(m).

Example 11.6.

(11.6)

∫ 1

0

u−1−m+n
(
u2m − 1

)
log(log(u))

1− u2n
du

=
2γ1

(−m+n
2n

)
− 2γ1

(
m+n
2n

)
+ π

(
2γ − iπ − 2 log

(
i
2n

))
tan

(
mπ
2n

)
4n

where Re(n) > Re(v) > Re(m).

Example 11.7.

(11.7)

∫ 1

0

log
(
π2 + log2(u)

)
1 + u2

du = π log

(√
2πΓ

(
5
4

)
Γ
(
3
4

) )

Example 11.8.

(11.8)

∫ 1

0

x−1+2v log
(
a2π2 + log2(x)

)
1 + x4v

dx =
π

4v
log

(
πΓ
(
3
4 + av

)2
vΓ
(
1
4 + av

)2
)

where Im(a) ≤ 0

Example 11.9.

(11.9)

∫ 1

0

x−1+v log(x)

(−1 + x2v)
(
π2 + 4v2 log2(x)

)2 dx =
−1 + 2C

16π2v2

where Re(v) ≥ 0.

Example 11.10.

(11.10)∫ 1

0

x−1+v
(
iπ log

(
π−2iv log(x)
π+2iv log(x)

)
+ 2v log(x)

(
−iπ + log

(
π2

4v2 + log2(x)
)))

−1 + x2v
dx

= −2Cπ

v
−
π2 log

(
− iπ

2v

)
2v
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where Re(v) ≥ 0.

Theorem 11.11. From Eq. (29) in [24].

(11.11)

∫ 1

0

x−1−m+u
(
− logk

(
a
x

)
+ x2m logk(ax)

)
−1 + xu

dx

= −a−m(−m)−1−kΓ(1 + k,−m log(a))

+
iπ
(
21+ke

2imπ
u πk

(
i
u

)k
Φ
(
e

2imπ
u ,−k, 1− iu log(a)

2π

)
+ logk(a)

)
u

where Re(u) > Re(m).

Example 11.12.

(11.12)

∫ 1

0

x−1−m−s+u (−xm + xs)
(
(−1)k + xm+s

)
logk(x)

−1 + xu
dx

= (−1)k
(
−m−1−k + s−1−k

)
Γ(1+k)+

(2π)1+k
(
i
u

)−1+k
(
Li−k

(
e

2imπ
u

)
− Li−k

(
e

2iπs
u

))
u2

where Re(u) > Re(s) > Re(m).

Example 11.13.

(11.13)

∫ 1

0

(−1)−kx−1−m−s+u (−xm + xs)
(
1 + (−1)kxm+s

)
logk(x)

−1 + xu
dx

= (−1)km−1−ks−1−k
(
m1+k − s1+k

)
Γ(1 + k)

+ u−1−kΓ(1 + k)
(
−ζ
(
1 + k, 1− m

u

)
+ ζ

(
1 + k, 1− s

u

)
+i2k

(
ζ
(
1 + k,

m

u

)
− ζ

(
1 + k,

s

u

)))
where Re(u) > Re(s) > Re(m).

Example 11.14.

(11.14)∫ 1

0

x−1−m−s+u (−xm + xs) (−1 + xm+s)

(−1 + xu) log(x)
dx = log

(
s csc

(
πs
u

)
sin
(
mπ
u

)
m

)
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where Re(u) > Re(s) > Re(m).

Example 11.15.

(11.15)

∫ 1

0

x−1−m−s+u (−xm + xs) (1 + xm+s) log(log(x))

−1 + xu
dx

=
u

msu
((−((γ − iπ)(m− s)) + s log(m)−m log(s))

+mπs cot
(mπ
u

)
(−γ + iπ − log(u)) +mπs cot

(πs
u

)
(γ − iπ + log(u))

+ms
(
γ1

(
1− m

u

)
− γ1

(
1− s

u

)
− γ1

(m
u

)
+ γ1

( s
u

)))
where Re(u) > Re(s) > Re(m).

Example 11.16.

(11.16)

∫ 1

0

x−1+u (−xm + xs)

−1 + xu
dx =

−ψ(0)
(
m+u
u

)
+ ψ(0)

(
s+u
u

)
u

where Re(u) > Re(s) > Re(m).

Example 11.17.

(11.17)

∫ 1

0

x−1+ 3u
2 log

(
a2π2 + log2(x)

)
1 + xu

dx

=
1

u

(
1

2
i(−4 + π)π + 2e−

1
2 iaπu

(
E1

(
−1

2
iaπu

)
+ eiaπuE1

(
1

2
iaπu

))
+ 4 log(iaπ)

+2π log

( √
uΓ
(
1
4 (1 + au)

)
2
√
π
√
iΓ
(
1
4 (3 + au)

)))

where Re(a) ≥ 0.

Example 11.18.

(11.18)∫ 1

0

x−1+u
2

(
−xu(π − iu log(x))2 + (π + iu log(x))2

)
(−1 + xu)

(
π2 + u2 log2(x)

)2 dx = −
i
(
4− 4C + πΓ

(
0, iπ2

))
2πu

where Re(u) > 0.

Example 11.19.
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(11.19)

∫ 1

0

x−1+u
2

(
log(x) log

(
aπ+i log(x)
aπ−i log(x)

)
+ iaπ log

(
−a2π2 − log2(x)

))
a2π2 + log2(x)

dx

= e−
1
2 iaπu

Γ

(
0,−1

2
iaπu

)
log(iaπ) +G3,0

2,3

−1

2
iaπu

∣∣∣∣∣∣∣
1, 1

0, 0, 0



−eiaπu

Γ

(
0,

1

2
iaπu

)
log(iaπ) +G3,0

2,3

1

2
iaπu

∣∣∣∣∣∣∣
1, 1

0, 0, 0





where Re(a) > 0.

Theorem 11.20. From Eq. (7.85) in [26]

(11.20)

∫ ∞

−∞

ebmx(c+ x)k

cosh2(bx)
dx

= −2b−k−1e
1
2 i(k+m)ππk

(
kΦ

(
eimπ, 1− k,

1

2
− ibc

π

)
+ imπΦ

(
eimπ,−k, 1

2
− ibc

π

))
where |Re(b)|> |Re(m)|> 0.

Example 11.21.

(11.21)

∫ ∞

−∞

log(c+ x) tanh(bx)

cosh(bx)
dx =

i

b

(
H− 3

4−
ibc
2π

−H− 2ibc+π
4π

)
where Re(b) > Re(c).

Theorem 11.22. An integral over the real line.

(11.22)

∫ ∞

−∞

t−1+m logk(at)

1 + bt2q
dt

= i1+kb−
m
2q e

imπ
2q π1+kq−1−k

(−1)mΦ

e imπ
q ,−k,

π − 2iq
(
log(−a) + log

(
b−

1
2q

))
2π


−Φ

e imπ
q ,−k,

π − 2iq
(
log(a) + log

(
b−

1
2q

))
2π


where Re(q) > Re(m) and q in any positive integer.

Example 11.23.
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(11.23)

∫ ∞

−∞

t−1+q logk(at)

1 + bt2q
dt

=
(2i)kπ1+kq−1−k

√
b

(−1)q

−ζ

−k,
π − 2iq

(
log(−a) + log

(
b−

1
2q

))
4π


+ζ

−k, 1
4

3−
2iq
(
log(−a) + log

(
b−

1
2q

))
π


+ζ

−k,
π − 2iq

(
log(a) + log

(
b−

1
2q

))
4π


−ζ

−k, 1
4

3−
2iq
(
log(a) + log

(
b−

1
2q

))
π


where Re(q) > Re(m) and q in any positive integer.

Example 11.24.

(11.24)

∫ ∞

−∞

t−1+q log(log(at))

1 + bt2q
dt

=
π

4
√
bq

iπ + log(4) + 2 log(π)− 2 log(q)− 4 log

−3−
2iq
(
log(a) + log

(
b−

1
2q

))
π


+4 log

−1−
2iq
(
log(a) + log

(
b−

1
2q

))
π

+ (−1)q (−iπ + log(64)− 2 log(π) + 2 log(q)

+4 log

−3

4
−
iq
(
log(−a) + log

(
b−

1
2q

))
2π

− 4 log

−1−
2iq
(
log(−a) + log

(
b−

1
2q

))
π


+4logΓ

−3

4
−
iq
(
log(−a) + log

(
b−

1
2q

))
2π


−4logΓ

1

4

−1−
2iq
(
log(−a) + log

(
b−

1
2q

))
π


−4logΓ

−3

4
−
iq
(
log(a) + log

(
b−

1
2q

))
2π


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+4logΓ

1

4

−1−
2iq
(
log(a) + log

(
b−

1
2q

))
π


where q in any positive integer.

Example 11.25.

(11.25)

∫ ∞

−∞

t log(log(t))

1 + t4
dt

=
1

8
π

(
4iπ − 4 log(3)− 4(iπ + log(3))− 3 log(4) + log(64)− 4logΓ

(
−3

4

)
+4logΓ

(
−1

4

)
+ 4logΓ

(
1

4

)
− 4logΓ

(
3

4

))
Example 11.26.

(11.26)

∫ ∞

−∞

t2 log(log(t))

1 + t4
dt

=
iπ

2
√
2

(
π − (1 + i)

(
log(5) + i

(
log(7)− (1− i) log(2π)− log

(
Γ

(
1

8

))
+i log

(
3Γ

(
3

8

))
+ logΓ

(
−7

8

))
+ logΓ

(
−5

8

)))
Example 11.27.

(11.27)

∫ ∞

−∞

t−1+q log(log(t))

1 + t2q
dt

=
π

4q

(
5iπ − 4(iπ + log(3)) + log(4) + 2 log(π)− 2 log(q)− 4logΓ

(
−3

4

)
+ 4logΓ

(
−1

4

)
+(−1)q

(
−iπ + log(64)− 2 log(π) + 4 log

(
−3

4
+
q

2

)
+ 2 log(q)− 4 log(−1 + 2q)

+4logΓ

(
−3

4
+
q

2

)
− 4logΓ

(
1

4
(−1 + 2q)

)))
Example 11.28.

(11.28)∫ ∞

−∞

ts − tm

t (1 + t4) log(t)
dt =

4

3
ie

1
8 iπ(m+s)

(
3 sin

(
1

8
π(m− s)

)
+ e

1
4 iπ(m+s) sin

(
3

8
π(m− s)

))
where 0 < Re(m) < 1, 0 < Re(s) < 1.
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Example 11.29.

(11.29)

∫ ∞

−∞

t log(log(t))

1 + t4
dt

=
1

8
π

(
4iπ − 4 log(3)− 4(iπ + log(3))− 3 log(4) + log(64)− 4logΓ

(
−3

4

)
+4logΓ

(
−1

4

)
+ 4logΓ

(
1

4

)
− 4logΓ

(
3

4

))
Example 11.30.

(11.30)

∫ ∞

−∞

t2 log(log(t))

1 + t6
dt

=
1

12
π

(
6iπ + 4 log

(
4

3

)
− 4 log(3)− 4(iπ + log(3)) + log(4) + 4 log(5)− log(64)

+4 log(π)− 4logΓ

(
−3

4

)
+ 4logΓ

(
−1

4

)
− 4logΓ

(
3

4

)
+ 4logΓ

(
5

4

))
Example 11.31.

(11.31)

∫ ∞

−∞

t−1+ q
2 logk(at)

1 + bt2q
dt

(−1)3/4ikπ1+kq−1−k

4
√
b

iqΦ
i,−k, 1

2
−
iq
(
log(−a) + log

(
b−

1
2q

))
π


−Φ

i,−k, 1
2
−
iq
(
log(a) + log

(
b−

1
2q

))
π


Example 11.32.

(11.32)

∫ ∞

−∞

t−1+ q
2 log(log(at))

1 + bt2q
dt

=
π

2
√
2

4
√
bq

((−1 + iq) (−iπ − 2 log(π) + 2 log(q)) + (2 + 2i)iq−i log


Γ

 1
8 −

iq

(
log(−a)+log

(
b
− 1

2q

))
4π


2Γ

 5
8 −

iq

(
log(−a)+log

(
b
− 1

2q

))
4π



+ log


Γ

 3
8 −

iq

(
log(−a)+log

(
b
− 1

2q

))
4π


2Γ

 7
8 −

iq

(
log(−a)+log

(
b
− 1

2q

))
4π






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−(2− 2i)

log


Γ

 1
8 −

iq

(
log(a)+log

(
b
− 1

2q

))
4π


2Γ

 5
8 −

iq

(
log(a)+log

(
b
− 1

2q

))
4π



+ i log


Γ

 3
8 −

iq

(
log(a)+log

(
b
− 1

2q

))
4π


2Γ

 7
8 −

iq

(
log(a)+log

(
b
− 1

2q

))
4π








where Re(b) > 0 and q is any positive integer.

Example 11.33.

(11.33)

∫ ∞

−∞

t log(log(t))

1 + t8
dt

=

π

(
(−2 + 2i)

(
log

(
Γ( 1

8 )
2Γ( 5

8 )

)
+ i log

(
Γ( 3

8 )
2Γ( 7

8 )

))
+ (2 + 2i)

(
−i log

(
Γ( 9

8 )
2Γ( 13

8 )

)
+ log

(
Γ( 11

8 )
2Γ( 15

8 )

)))
8
√
2

Example 11.34.

(11.34)

∫ ∞

−∞

t3/2 log(log(t))

1 + t10
dt

=
π

10
√
2

(
(−1 + i)(−iπ + 2 log(5)− 2 log(π))− (2− 2i)

(
log

(
Γ
(
1
8

)
2Γ
(
5
8

))+ i log

(
Γ
(
3
8

)
2Γ
(
7
8

)))

−(2− 2i)

(
−i log

(
Γ
(
11
8

)
2Γ
(
15
8

))+ log

(
Γ
(
13
8

)
2Γ
(
17
8

))))

Example 11.35.

(11.35)

∫ ∞

−∞

t−1+ q
2 log(log(t))

1 + t2q
dt

=
π

2
√
2q

((−1 + iq) (−iπ − 2 log(π) + 2 log(q))

−(2− 2i)

(
log

(
Γ
(
1
8

)
2Γ
(
5
8

))+ i log

(
Γ
(
3
8

)
2Γ
(
7
8

)))

+(2 + 2i)iq

(
−i log

(
Γ
(
1
8 + q

4

)
2Γ
(
5
8 + q

4

))+ log

(
Γ
(
3
8 + q

4

)
2Γ
(
7
8 + q

4

))))

Example 11.36.

Example 11.37.
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12. Asymptotic series

In this section we apply the method in [18] to the equations listed in the

theorems. The integral form formulae were originally worked on by E. W. Barnes

and Hilding Olof Faxén.

Theorem 12.1. From Eq. 24(i) and 25(i) on page 269 and 270 in [23] and

[18].

(12.1)

∞∑
j=0

∞∑
n=0

(−b
j

)
Γ(b)Γ(n− s)(1− j + k)j

(Γ(1 + n)Γ(−s))
ea(−j+k)π

(m+ n)b+j

=

∫ ∞

0

e−mx
(
1− e−x

)s
x−1+b (eaπ + x)

k
dx

where Re(a) > π.

Theorem 12.2. From Eq. 14(VI) on page 284 in [23] and [18].

(12.2)

∞∑
j=0

∞∑
n=0

ea(−j+k)π−x(m+ n)−b−jx1+n
(−b

j

)
Γ(b)(1− j + k)j

n!

=

∫ x

0

e−z
(
1− z

x

)−1+m (
− log

(
1− z

x

))−1+b (
eaπ + log

(
1− z

x

))k
dz

where Re(a) > π.

Theorem 12.3. From Eq. 42(I) in [23] and [18].

(12.3)
∞∑
j=0

∞∑
n=0

m−j+n
(
n
j

)
Γ(1 + nα)(1− j + k)ja

−j+k

Γ(1 + n)
=

∫ ∞

0

e−z+mzα

(a+ zα)
k
dz

where 0 < Re(α) < 1.

Theorem 12.4. From Eq. (VI) on page 284 in [23] and [18].

(12.4)

∞∑
j=0

∞∑
n=1

m−1−j+n
(−1+n

j

)
Γ(1 + nt)(1− j + k)j log

−j+k(a)

Γ(1 + n+ nt)

=

∫ 1

0

e−m(−1+z)zt

zt
(
log(a)− (−1 + z)zt

)k
dz
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where 0 < Re(t) < 1,−1 < Re(a) < 1.

Theorem 12.5. From Eq. (5.5.1) in [25] and [18]. Extended Faxén expansion

series of an integral form.

(12.5)

∞∑
j=0

∞∑
n=0

ea(−j+k)πm−j+n
(
n
j

)
Γ(nα+ β)(1− j + k)j

Γ(1 + n)

=

∫ ∞

0

e−t+mtαt−1+β (−t+ tα + exp(aπ))
k
dt

where 0 < Re(α) < 1, Re(a) > π.

Theorem 12.6. From Eq. (1) in [27]

(12.6)
∞∑
j=0

∞∑
n=0

a−j+km−j+nπ−j+k
(
n
j

)
Γ
(
1+n
α

)
(1− j + k)j

αn!
=

∫ ∞

0

emu−uα

(aπ+u)k du

where Re(α) > 1, Re(a) > 0.

References

[1] Riordan, John (1968). Combinatorial Identities. John Wiley & Sons.

[2] Reynolds R, Stauffer A (2023) Chebyshev series: Derivation and evaluation. PLoS ONE

18(3): e0282703. https://doi.org/10.1371/journal.pone.0282703

[3] A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1986a) Integrals and Series: Ele-

mentary Functions, Vol. 1. Gordon & Breach Science Publishers, New York.

[4] E. R. Hansen (1975) A Table of Series and Products. Prentice-Hall, Englewood Cliffs, N.J..

[5] Gradshteyn, I.S.; Ryzhik, I.M. Tables of Integrals, Series and Products, 6th ed.; Academic

Press: Cambridge, MA, USA, (2000).

[6] Clark, Lane & Mohr, A & Porter, T. (2007). Some Applications of Spanning Trees in K ∼ s

∼,∼ t. JCMCC. The Journal of Combinatorial Mathematics and Combinatorial Computing.

62.

[7] Bateman, Harry. ”An extension of Lagrange’s expansion.”, Transactions of the American

Mathematical Society 28, no. 2 (1926): 346-356.

[8] Sack, R. A. “Interpretation of Lagrange’s Expansion and Its Generalization to Several Vari-

ables as Integration Formulas.”, Journal of the Society for Industrial and Applied Mathe-

matics 13, no. 1 (1965): 47–59. http://www.jstor.org/stable/2946392.



94 ROBERT REYNOLDS

[9] Conway, J. T. (2015). A Lagrangian method for deriving new indefinite integrals

of special functions. Integral Transforms and Special Functions, 26(10), 812-824.

https://doi.org/10.1080/10652469.2015.1052807

[10] Heragy, Gamela E., Zeinab SI Mansour, and Karima M. Orabya. ”A Lagrangian method

for indefinite q-integrals.”, arXiv preprint arXiv:2205.04867 (2022).

[11] Philosophical Transactions of the Royal Society of London: Giving Some Accounts of the

Present Undertakings, Studies, and Labours, of the Ingenious, in Many Considerable Parts

of the World. United Kingdom: n.p., (1855). Volume 145. pp. 168

[12] Kovchegov, Y., Otto, P.T. Multidimensional Lambert–Euler inversion and

Vector-Multiplicative Coalescent Processes. J Stat Phys 190, 188 (2023).

https://doi.org/10.1007/s10955-023-03188-2

[13] Gould, H.W. (1972) Combinatorial Identities: A Standardized Set of Tables Listing 500

Binomial Coefficient Summations. Morgantown. W. Va.

[14] Magnus, Wilhelm., Oberhettinger, Fritz., Soni, Raj Pal. Formulas and Theorems for the

Special Functions of Mathematical Physics. Germany: Springer Berlin Heidelberg, (2013).

[15] Adams, Edwin P. (Edwin Plimpton), b. (1878); Hippisley, R. L. (Richard Lionel), (1853-

1936), Smithsonian mathematical formulae and tables of elliptic functions, Smithsonian

Institution; (1922), Washington, USA.

[16] Yury A. Brychkov, Handbook of special functions derivatives, integrals, series and other

formulas, (2008), Chapman and Hall CRC.

[17] D. Bierens de Haan (1939) Nouvelles Tables d’Intégrales Définies. G.E. Stechert & Co.,
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