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Abstract

In photonics, resonators are versatile elements
designed with the aim of guiding light. They
encompass various orders of magnitude for their
sizes and the power of their laser sources. Ac-
cordingly some effects can be considered as neg-
ligible, leading to simplified mathematical mod-
els. We will focus on two such models: one
related to Whispering Gallery Mode resonators
and the other to ring/Fabry-Perot resonators.

In the first case the retained model leads
to a two-dimensional linear Helmholtz equation
in the whole space with material laws having
a jump along a bounded interface. The set of
complex resonances is analyzed close to the real
axis, corresponding to modes concentrated close
to the interface.

In the second case a one-dimensional model
with cubic nonlinearity based on the Lugiato-
Lefever equation is considered. Branches of sta-
tionary solutions issued from flat solutions are
highlighted, providing frequency comb solutions.
Keywords: Whispering gallery mode, Frequen-
cy comb, Scattering resonances, Lugiato-Lefever
equation

1 Physical motivations

Whispering gallery mode (WGM) resonators are
miniaturized dielectric or metallic optical de-
vices at micro- or nano-scale that have become
invaluable in integrated photonics. The response
of such resonators is mainly driven by the behav-
ior of their complex resonances (1), in particu-
lar close to the real axis where they partly share
some properties of conservative systems, see [8]
where the notion of quasi-normal mode is intro-
duced and discussed. Such resonances can form
combs or lattices.

An other kind of optical resonator gener-
ating frequency combs are ring or Fabry-Perot
(FP) resonators [4]. They are formed by an op-
tical fiber either closed or bounded at each end

by a multi-layer dielectric mirror. Their opera-
tion relies on third order polarization nonlinear-
ities. Their ease of design combined with their
compactness make them an interesting alterna-
tive to WGM resonators [12]. Ring and FP res-
onators are classically modelized by a Lugiato-
Lefever equation (LLE), see (11), the stationary
solutions of which may display frequency combs.

The modal study of WGM resonators pre-
sented in Section 2 has its root in a collaboration
of the authors with FOTON Institute (http:
//foton.cnrs.fr) whereas the investigation of
ring/FP resonators presented in Section 3 is part
of the ANR project Rollmops led by LAAS lab-
oratory (https://www.laas.fr).

2 Whispering gallery vs plasmonic modes

A bounded domain C ⊂ R2 with smooth bound-
ary is given, accounting for the cavity of the
resonator. The relative electric permittivity ε is
defined on the whole R2 and satisfies

ε(x) = 1, ∀x 6∈ C and ε(x) = εc(x), ∀x ∈ C

where the function εc describes the properties of
the cavity. We address the following two cases:

(i) εc = n2c(r) with the optical index nc > 1
on C (case of dielectric micro-resonator).

(ii) εc is a negative constant (case of metallic
nano-resonators).

Our aim is to find modes u that are locally
in H1 and complex frequencies k such that − div

(1

ε
∇u
)
− k2 u = 0 in R2

outgoing radiation cond. |x| → +∞

(1a)

(1b)

with special emphasis on modes u concentrated
along the interface ∂C and frequencies k close
to the real axis (thus corresponding to large
quality factors). The Helmholtz equation (1a)
is not a classical eigenvalue problem for a self-
adjoint operator with compact resolvent, but

http://foton.cnrs.fr
http://foton.cnrs.fr
https://www.laas.fr
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rather belongs to the category of scattering res-
onance problems for which a radiation condi-
tion (1b) has to be associated. At a more gen-
eral level, the transmission operator P defined
as −div

(
1
ε ∇u

)
can be viewed as a black box

Hamiltonian in the sense of [6, §4.1] because
the support of the function ε − 1 is compact.
At this level, scattering resonances are defined
as k = +

√
z where the complex numbers z are

the poles of the extended resolvent (P − z)−1,
obtained by extension from the complex upper
plane C+ to the complex lower plane C−. More
practically, radiation condition (1b) can be read
on the asymptotics at infinity of solutions u of
equation (1a): For |x| large enough, such u can
be expanded in polar coordinates (r, θ) using
Hankel functions of first and second kind

u =
∑
m∈Z

(
amH(1)

m (kr) + bmH(2)
m (kr)

)
eimθ. (2)

Since H
(1)
m and H

(2)
m are exponentially decreasing

and increasing, respectively, in C+, condition
(1b) consists in stating that bm = 0 for any m.

Resorting to blackbox Hamiltonians where
the technique of [13] is valid, we recast prob-
lem (1) in a family of semiclassical problems in
which the small parameter h can be viewed as
the inverse of the angular frequency m present
in (2). This can be clearly seen if the cavity C
is a disc (with center 0 and radius R) and the
function ε is radial. Then the coefficients um
in the expansion

∑
m∈Z um(r) eimθ of u in polar

coordinates satisfy the equation

− 1

r
∂r

(r
ε
∂rum

)
+
m2

ε r2
um = k2 um (3)

Setting h = 1
m , H = 1

r∂r(
r
ε∂r), Eh = k2

m2 , and

V (r) =
1

ε(r) r2
(4)

we find that (3) writes in the form of a Schrödinger
equation with potential V :

− h2Hwh + V wh = Ehwh . (5)

2.1 Dielectric case (i)

When εc is a constant > 1, we see that V has
always a local minimum at the cavity boundary
r = R (configuration a , see Fig. 1 left). In
the more general case of a graded index nc, the
properties of V mainly depend on the limits as

r ↗ R of nc and of its first and second deriva-
tives (denoted by n0, n1, and n2). Introduce in
particular the effective curvature

κ̆ = 1 +R
n1
n0

, (6)

and define configuration b by the condition
κ̆ = 0, see Fig. 1 right.
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Figure 1: V for constant or graded indices with
nc = n0 for a and nc(r) = n0

√
1 + 2(1− r) for b

(here R = 1, n0 = 1.5).

Our analysis relies on the construction of
quasimodes (k(m), u(m)) at any order as m →
∞, i.e. approximate solutions of (3) with resid-
uals m−N for any N ∈ N. The discontinuity of
the derivative of V at the bottom of its well in
r = R implies that u has two different boundary
layer scales as r ↗ R and r ↘ R. Here follows
application of results [1, 2] in the case of a disc
cavity in configurations a and b

Theorem 1 For any integer j ≥ 1, there exists
a quasimode

(
kj(m), uj(m)

)
of the form:

Configuration a . kj(m) has an expansion in
integer powers of m−1/3 starting as

m

Rn0

[
1+

aj
2

( 2

m

) 2
3 − 1

2n0n′0

( 2

m

)
+O(m−

4
3 )
]
(7)

in which 0 < a1 < a2 < . . . are the zeros of the
reverse Airy function and n′0 =

√
n20 − 1.

Configuration b . kj(m) has an expansion in
integer powers of m−1/2 starting as

m

Rn0

[
1 +

(4j − 1)
√
µ

2

( 1

m

)
+O(m−

3
2 )
]

(8)

in which µ = 2−R2n2/n0.

Moreover [2] proves that the quasi-resonances
kj(m) are close to true resonances kj(m) mod-
ulo a super-algebraic error O(m−∞) by showing
that the result of [13] applies to these cases.
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Figure 2: Real part for modes j = 1 for m = 10
(left) and m = 20 (right) in configuration a .

Figure 3: Real part for modes j = 1 for m = 10
(left) and m = 20 (right) in configuration b .

Numerical experiments using Perfectly Mat-
ched Layers suggest that the eigenvectors uj(m)
themselves have the structure predicted by the
quasi-eigenvectors uj(m) with an angular fre-
quency m and boundary layers of each side of
the boundary ∂C of the cavity with asymptotic
profiles at predicted scales, see Fig. 2 and 3.
Such concentration of eigenvectors around ∂C
justify the denomination whispering gallery mode.

The radiating field outside the cavity (r >
R) decreases as e−m(r−R) inside a large layer
around C. For r < R, the modes concentrate
near r = R with the scale m2/3(R − r) in con-
figuration a , and with the scale m1/2(R − r)
in configuration b .

2.2 Sign-changing case (ii)

When εc is a negative constant, the structure
of the Schrödinger equation (5) is non standard
since H contains a change of sign. Neverthe-
less, when εc < −1, one family of quasimodes(
k(m), u(m)

)
can be constructed [3] in a similar

spirit as in case (i), yielding quasi-resonances
k(m) with an expansion in integer powers of
m−1 starting as

m

Rη0

√
η20 − 1

[
1 +

1− η20
2η0

( 1

m

)
+O(m−2)

]
(9)

in which η20 = −εc.

The application of [13] to obtain that quasi-
resonances k(m) are close to true resonances
k(m) modulo O(m−∞) is still possible, though
more delicate [9]. Again, numerical experiments
using PML exhibit results very close to asymp-
totic structures. In particular, eigenvectors are
more concentrated around the boundary ∂C, na-
mely at scale m(R − r), just like outside C,
Fig. 4. Now such structure is referred at by the
term plasmonic modes.

Figure 4: Real part for modes for m = 10 (left) and
m = 20 (right) for εc = −2.25.

2.3 Contrasting features

In both cases (i) and (ii) the asymptotic for-
mulas account for a small though infinite set of
resonances among a much wider set. In case
(i), none of them correspond to an eigenvalue,
in contrast with case (ii) for which there exists
an infinite sequence of negative eigenvalues zn
corresponding to pure imaginary eigenfrequen-
cies kn = i

√
−zn. When εc < −1 they have

a semiclassical structure and can be organized
in WGM families like (7). When εc ∈ (−1, 0),
we find no resonance close to the real axis, but
one more family of eigenvalues with a structure
reminding (9).

The configuration of non circular cavities C
can be handled by a more delicate technique us-
ing expansions in tubular coordinates around ∂C
and a WKB ansatz in the curvilinear abscissa
along ∂C. The construction shows that positive
effective curvature is necessary to generate WG
modes in case (i) whereas the change of sign is
sufficient to generate plasmonic modes in case
(ii), see the peanut example in [3, Fig. 10, left].

2.4 Imaginary part of resonances

The constructed quasi-resonances kj(m) are real
and positive, tending to infinity with m. Since
they are close to true resonances kj(m) modulo
m−∞, this in particular implies that the cor-
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responding true resonances have a very small
imaginary part. By analogy with the results
of [7] obtained for analytic potentials, we find it
plausible to observe an exponential decay of the
imaginary parts of the resonances kj(m), con-
jecturing asymptotics like

Im kj(m) ∼ e−2S0m, j ≥ 1 (10)

with S0 given by
∫ λ−1/2

0
R

√
V (r)− λ0 dr where

λ0 is the bottom energy 1/(n20R
2) . In order

to check such a behavior through numerical ex-
periments, we used a quadruple precision Julia
program coding a finite difference method with a
6-stage extrapolation to get an enhanced preci-
sion, allowing to reach imaginary parts as small
as 10−30 instead of 10−12 with usual double pre-
cision arithmetics, see Fig. 5 for configuration
a with εc = 2.25 and j = 1, 2, 3.

Figure 5: Left, Im kj(m) vs m. Right, the slope
log
∣∣ Im kj(m+1)

∣∣−log
∣∣ Im kj(m)

∣∣ vs 1/m, expected
to converge to −2S0 (marked with •), cf (10).

3 Frequency combs

After reduction and nondimensionalization, fre-
quency combs can be closely related to complex
solutions ψ = ψ(θ, t) of some Lugiato Lefever
Equations. Here t is the time and θ is the one-
dimensional periodic space variable in the torus
T = R/(2πZ). Depending on the real param-
eters d (dispersion), α (detuning), f (driving
force), and σ (switch between ring and FP res-
onator) the evolution equation writes

∂tψ = id ∂2θψ − (1 + iα)ψ

+ iψ
(
|ψ|2 +

σ

π

∫
T
|ψ(ϑ, ·)|2 dϑ

)
+ f. (11)

More specifically, f is a positive constant, σ is
set to 0 for ring resonators and to 1 for FP res-
onators. Even when σ = 0, the presence of the
detuning parameter α is a distinctive feature

when compared to the nonlinear cubic Schrödin-
ger equation, causing the loss of Hamiltonian
structure.

Here we focus on stationary solutions ψ =
ψ(θ) and present for the case σ = 0 a method
using common features to both cases σ = 0 or
1, making possible the adaptation to the case
σ = 1 by mere calculation.

Constant stationary solutions of (11) are well
known: They are complex numbers a satisfying

− (1 + iα) a+ ia|a|2 + f = 0. (12)

Depending on f and α, there exist between 1
and 3 such flat solutions. In order to have a
global parametrization, it is valuable to intro-
duce the parameter ρ accounting for the squared
modulus |a|2 of a flat solution.

Lemma 2 Let α ∈ R be chosen. For any ρ > 0,
there exists a unique positive number f = f(ρ)
and a unique complex number a = a(ρ) such that
|a|2 = ρ and (12) holds.

Although the flat solutions are not the solu-
tions that are relevant from the physical point
of view, they are of utmost importance because
they can be onsets of bifurcation branches among
stationary solutions of (11).

Following the idea of [10], we resort to the
theory of Crandall and Rabinowitz [5]:

Theorem 3 An equation of type F(u, λ) = 0
in which u belongs to a Hilbert space and λ to
an interval, and such that u = 0 is solution for
all λ, possesses one (and only one) branch of
non-trivial solutions starting from (0, λ0) if con-
ditions (H0)-(H2) are satisfied:

(H0) (Non-invertibility) The Fréchet deriva-
tive (∂uF)(0,λ0) at point (0, λ0) is a non-
invertible Fredholm operator with index 0.

(H1) (Simplicity) The kernel of (∂uF)(0,λ0) has
dimension 1, let u0 be a generator.

(H2) (Transversality) The second derivative
(∂u∂λF)(0,λ0) at point (0, λ0) applied to the
kernel generator u0 does not belong to the
range of (∂uF)(0,λ0).

Moreover the branch of non-trivial solutions (u, λ)
can be parametrized as (with η > 0)

u = Φ(τ), λ = µ(τ), τ ∈ (−η, η) (13)

with smooth functions Φ and µ if F is smooth.
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Let α and d be chosen. Our problem can be
written as

G(ψ, f) = 0 (14)

where

G(ψ, f) = idψ′′ − (1 + iα)ψ + iψ|ψ|2 + f. (15)

In order to use this theorem we have to recast
our problem in the form F(u, λ) = 0 in which
u = 0 correspond to flat solutions and λ is a
suitable parameter. For this we combine the
global parametrization by ρ at fixed α (Lemma
2) with the idea in [11] of using a multiplicative
perturbation formula, setting:

F(u, ρ) := a(ρ)−1G
(
a(ρ)(1 + u), f(ρ)

)
. (16)

For any flat solution a of the equation G(a, f) =
0, we calculate the vector B := (b1, b2)

> where
b1 and b2 are the real and imaginary parts of
a−1G

(
a(1 + u), f

)
, as a function of the vector

U = (u1, u2)
> in which u1+iu2 = u. Like in [11],

we find that B is the sum of a linear part Lρ, a
quadratic part L(2)ρ and a cubic part L(3)ρ with
quite simple structures:

Lρ =

(
−1 dD + α− ρ

−dD − α+ 3ρ −1

)
where Dv = −v′′, and

L(2)ρ = ρ

(
−2u1u2

3u21 + u22

)
, L(3)ρ = ρ

(
−u21u2 − u32
u31 + u1u

2
2

)
.

Note in particular that the flat solution a only
appears through its squared norm ρ. Choose
ρ0 > 0. It is easy to see that

∂uF(0,ρ0 )
= Lρ0 , ∂u∂ρF(0,ρ0 )

=

(
0 −1
3 0

)
.

It is also easy to calculate Lρ0 on the natural
functional space of H2-periodic functions on the
torus T by Fourier expansion

U =
∑
n≥0

Û+
n cosnθ +

∑
n≥1

Û−n sinnθ (17)

where Û+
n and Û−n are real 2-component vec-

tors. As D cosnθ = n2 cosnθ and D sinnθ =
n2 sinnθ, we see that the Fourier expansion block
diagonalizes Lρ0 with the blocks (n ∈ N)

L̂n =

(
−1 dn2 + α− ρ0

−dn2 − α+ 3ρ0 −1

)
.

At this stage, Th. 3 cannot be applied since
condition (H1) of simplicity is never satisfied
(if L̂k has a nonzero kernel, the dimension of
kerLρ0 is at least 2). As in [10], we choose to
restrict to synchronized functions u, i.e. those
satisfying Û−n = 0 for all n. In other words, the
corresponding function space can be viewed as
the domain of the Neumann realization of D on
the half-interval (0, π), for which an eigenvec-
tor basis is {cosnθ}n∈N. Synchronized solutions
generate by symmetry and translations in space
a whole bunch of periodic solutions, but it is
still not known whether all periodic solutions
are covered like this.

We find that (H0) is satisfied at ρ0 if there
exists k ∈ N∗ and ε ∈ {±1} with

dk2 + α = 2ρ0 + ε
√
ρ20 − 1 , (18)

that the transversality (H2) holds if

ε = 1 or ρ0 6=
2√
3

(' 1.155). (19)

Let us choose ρ0 ≥ 1, k ∈ N∗ and ε ∈ {±1}
so that (18) and (19) hold. This leaves options
for the application of Th. 3, namely the choice
of the functional space U in which u is searched:
U can be the space H2 generated by cosnθ func-
tions for all n ∈ N, but indeed, we can restrict
n to integer multiples of k, and obtain a space
Uk in which the stationary part of (11) still op-
erates. The simplicity (H1) in Uk requires that
for all N ∈ N, dN2k2 + α 6= 2ρ0 − ε

√
ρ20 − 1.

Then, following (13), we can look for succes-
sive terms Φ(j) and µ(j) in the Taylor expansion
at τ = 0 of the nontrivial branch (Φ(τ), µ(τ)):{

u(ρ(τ)) = τΦ(1) + τ2Φ(2) + · · ·
ρ(τ) = ρ0 + τµ(1) + τ2µ(2) + · · ·

(20)

This can be done by inserting these expansions
into the equation F(u, ρ) = 0. We obtain a
sequence of equations, starting by Lρ0 [Φ(1)] = 0,
and continuing by equations of the type

Lρ0 [Φ(j)] + µ(j−1)∂u∂ρF(0,ρ0 )
[Φ(1)] = f (j)

where f (j) involves previous terms only. Re-
markably, the transversality condition is the right
one to ensure the solvability of these equations.

We can compute the first terms to get

Φ(1) =

(
ρ0 + ε

√
ρ20 − 1

1

)
cos kθ, µ(1) = 0,
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and an explicit formula for µ(2) as a function of
(ρ0, ε, α). The sign of µ(2) determines whether
the bifurcation is super- or sub-critical Fig. 6.

Figure 6: Sign of µ(2) (+ (clear) or − (dark)) as
function of ρ ∈ [1, 2], α ∈ [1, 4], with ε = 1 left and
ε = −1 right. Note the change of sign across the line
ρ = 2/

√
3 where the transversality is not satisfied.

The lowest change of sign on the axis ρ = 1 occurs
at α = 41/30

The value 1 is the least value of ρ0 for which
bifurcations may appear. When ρ0 = 1, the
coefficient µ(2) depends only on α according to
the formula

µ(2) =
41− 30α

9(2− α)2

from which stems the famous value α = 41
30 where

µ(2) cancels when ρ0 = 1, cf [11, sec. 3].
Using expansion (20), by setting

ψ(ρ) = a(ρ)(1 + u(ρ)) for ρ = ρ(τ),

we can know the behavior of stationary solutions
(ψ(ρ), f(ρ)) locally on the branch bifurcating
from the trivial one at the point (a(ρ0), f(ρ0)).
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Figure 7: Norm (left) and Fourier coefficients
(right) of solution at final time for α = 1, ρ0 = 1.1,
ε = 1, k = 5, (d = 0.06633), τ = 0.1.

Due to unstable dynamics, computation by
an evolution code of non-trivial branches near
their onsets is difficult. We were nevertheless
able to cross-check asymptotic expressions (20)
with a split-step code in restricted regions of pa-
rameters, see Fig. 7 where the relative difference
between computed solutions and formulas given
by (20) is ∼ 0.4%. The frequency comb struc-
ture is visible on non-zero Fourier coefficients.
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