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GROUP SCHEMES OVER LG-RINGS AND APPLICATIONS
TO CANCELLATION THEOREMS AND AZUMAYA
ALGEBRAS

PHILIPPE GILLE AND ERHARD NEHER

ABSTRACT. We prove several results on reductive group schemes over
LG-rings, e.g., existence of maximal tori and conjugacy of parabolic
subgroups. These were proven in [SGA3] for the special case of semilocal
rings. We apply these results to establish cancellation theorems for
hermitian and quadratic forms over LG-rings and show that the Brauer
classes of Azumaya algebras over connected LG-rings have a unique
representative and allow Brauer decomposition.
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2 P. GILLE AND E. NEHER

INTRODUCTION

In volume IIT of the fundamental treatise [SGA3] on group schemes over
a scheme S, several results are only proven if S = Spec(R) for R a semilocal
ring. In this paper we extend most of these results to the case S = Spec(R)
for R an LG-ring.

LG-rings, an abbreviation of “local-global” rings, axiomatize a basic prop-
erty of a semilocal ring R. By definition, a ring R is an LG-ring if a poly-
nomial f in several variables represents a unit of R as soon as for every
maximal ideal m < R the canonical image fr/, represents a unit over R/m.
Besides semilocal rings, the class of LG-rings include rings that are von Neu-
mann regular modulo their radical and the ring of algebraic integers, see 1.2
for more examples and an historical background.

Among the results we prove for a reductive group scheme G over an LG-
ring R, we highlight the following:

(1) Every parabolic subgroup of G admits a maximal R-torus, in par-
ticular this holds for G itself (2.6, 2.8).

(2) Two parabolic subgroups of the same type are conjugate under an
element of G(R) (3.1).

(3) If R is a connected LG-ring, then G(R) acts transitively on the set
of minimal parabolic subgroups of G, and if G is semisimple, then
G(R) also acts transitively on the set of maximal split subtori of G
(4.7).

An important ingredient in the proofs of (1)—(3) is a geometric characteri-
zation of LG-rings:

(4) If M is a finite locally free module over an LG-ring R and U is
an open quasi-compact subscheme of the scheme W (M) associated
with M, then U(R) # () <= U(R/m) # () for every maximal ideal
m< R, see 1.4(a).

With (4) in place, our proof strategy often is to recast a claim in terms of
an open quasi-compact subscheme of an affine space and then follow the
approach of [SGA3].

Our applications are twofold. First, in §5 we prove several cancellation
theorems, based on the cohomological cancellation principle 5.1 which says
that certain embeddings of reductive group schemes over LG-rings induce
injective maps in cohomology. Specializing the groups involved, we easily
derive cancellation of modules and Azumaya algebras in tensor products 5.2,
cancellation of hermitian forms in 5.4 and Witt cancellation of quadratic
forms in 5.5.

Second, we consider Azumaya R-algebras A in §6 and extend several
results from R connected semilocal to R being connected LG. In particular,
we show:
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(5) Each two indecomposable finite projective A-modules are isomor-
phic. Equivalently, the Brauer class of A contains, up to isomor-
phism, a unique algebra B with idemp(B) = {0, 1}, where idemp(B)
is the set of idempotents of B (6.7).

(6) Every A with idemp(A) = {0,1} has a Brauer decomposition (6.9).

We note that (5) says that connected LG-rings have the Wedderburn prop-
erty in the sense of [AW17] (or see [Fo, §7.6]).

Organization of the paper. We begin with a short introduction to LG-
rings in §1, list examples, recall some immediate consequences and prove the
important characterization (4) of LG-rings, stated above. Our investigation
of group schemes over LG-rings starts in §2, where we prove the crucial
result (1). We finish this section by discussing quasi-split and split reductive
groups over LG-rings.

We study parabolic subgroups of reductive group schemes over LG-rings
in §3. Besides (2) above and some immediate corollaries on three or two
parabolic subgroups (3.2, 3.6), we prove in 3.8(b) that there exists a unique
smallest element t,,;, in the set of types of parabolic subgroups of a reductive
R—group scheme G for R an LG-ring. This allows us to introduce the Tits
index in case G is semisimple and R is connected (no new indices occur,
3.9).

We focus on minimal parabolic subgroups and maximal split tori in §4,
in particular prove (3) above. As a consequence, it makes sense to define
the anisotropic kernel of a reductive R—group scheme G, R connected LG,
as the derived group of a minimal Levi subgroup, (4.9.1).

Finally, §5 and §6 are devoted to the applications mentioned above.

Notation. We use standard notation and terminology, but note here that
R-alg denotes the category of unital associative commutative R—algebras.
An R-scheme is a scheme over Spec(R). A finite locally free R-module
is the same as a finitely generated projective R—module, often abbreviated
as finite projective R-module. If M is such a module, W (M) denotes the
R—scheme representing the R—functor T'+— M ®@gr T, T € R-alg. For any
unital associative algebra S we write S* for the set of invertible elements
of S. Given an Azumaya algebra A, over a scheme or over a ring R, we
follow [CF, 2.4.2.2 and 2.4.2.2] and denote by GL;(A) and PGL(A) the
group schemes of invertible elements and of automorphisms of A. Regarding
cohomology, H'(R, G) = H!(Spec(R), G) is fppf-cohomology.

References to [SGA3]. Our paper has many references to [SGA3]. For
better readability, a reference to [SGA3] will simply be written by specifying
the exposé in Roman numbers and the result in arabic numbers, but leaving
out [SGA3|. For example, [SGA3, XIV, 3.20] = [XIV, 3.20].

Acknowledgements. We thank Skip Garibaldi and Holger Petersson for
having aroused our interest in LG-rings and for comments on an earlier ver-
sion of this paper. We also thank Laurent Moret-Bailly for correspondence
regarding Example 2.13.
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1. LG-RINGS

This section gives an introduction to LG-rings (definition, examples, im-
mediate consequences of the definition, preliminary results). In particular,
we prove the important geometric characterization 1.4 of LG-rings and of
rings satisfying the primitive condition.

1.1. LG-rings (definition and some known facts). For S € R-alg we
say that a polynomial g € S[X3,...,X,]| represents a unit over S if there
exist s1,...,8, € S such that g(s1,...,s,) € S*. We apply this notion for
a polynomial f € R[X1,...,X,] by viewing f as a polynomial over S using
the structure homomorphism R — S. Observe that if f € R[Xq,...,X,,]
represents a unit over R, then it represents a unit over every S € R-alg.
LG-rings are rings for which also the converse holds. Namely, we call R an
LG-ring if for every n € N and every f € R[Xy,...,X,] the polynomial
f represents a unit over R if and only if one of the following obviously
equivalent conditions hold:

(i) f represents a unit over every localization R, m a maximal ideal of
R;
(ii) f represents a unit over every field R/m, m a maximal ideal of R;
(iii) f represents a unit over every field F' € R-alg;
(iv) f represents a unit over every S € R-alg.

An LG-ring is sometimes called a “local-global ring”, hence the short form
LG, or a ring with many units. The following facts will be helpful:

(a) (Direct products) Let Ry,..., R, be rings. Then the direct product
Ry X -+ x Ry is an LG-ring if and only if every R; is an LG-ring.

(b) (Characterization) Recall that Jac(R) denotes the Jacobson radical of
a ring R, i.e., the intersection of all maximal ideals of R. The following are
equivalent for R:
(i) R is an LG-ring;
(ii) R/Jac(R) is an LG-ring.
The equivalence (bi) <= (bii) holds because the maximal ideals of R and
of R/Jac(R) are in obvious bijection.

(¢) (Finite modules) Let M be a finitely presented and let N be a finitely
generated module over an LG-ring R. Then M = N if and only if M, =
Ny, for all maximal ideals m < R [EG, Thm. 2.6]. In particular, any finite
projective R—module of constant rank is free [EG, Thm. 2.10], [MW, II,
Thm.|, and therefore

(1.1.1) Pic(R) = {0}.

We will give a quick proof, different from the published ones, of the last
statement in Corollary 1.6(b).
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1.2. Examples of LG-rings and some history. (a) Clearly, {0} is an
LG-ring and so is every field. It then follows from 1.1(a) and 1.1(b) that
every semilocal ring is an LG-ring.

(b) If R is an LG-ring and R' € R-alg is an integral extension, then R’
is also an LG-ring by [EG, Cor. 2.3]. In particular, every finite R—algebra
of an LG-ring R is itself an LG-ring. (Recall that an R-algebra S is finite
if and only if S is integral and of finite type as R—algebra [St, Tag 00GN].

(¢) Condition 1.1?? implies that every homomorphic image of an LG-ring
is an LG-ring. Similarly, any direct limit of LG-rings is an LG-ring [EG,
§2].

(d) If R/Jac(R) is von Neumann regular, then R is an LG-ring [MW,
I, Prop.]. Recall [B:AC1, I, §2, Exc. 17| that a commutative ring A is von
Neumann regular if and only if A is absolutely flat, i.e., all A-modules are
flat.

(e) A zero-dimensional ring is an LG-ring [MW, I, Cor.]. Indeed, a ring
R is zero-dimensional if all its prime ideals are maximal. For such a ring the
Jacobson radical Jac(R) equals the nil radical, and so R/Jac(R) is absolutely
flat = von Neumann regular by [B:AC1, 11,§4, Exc. 16(d)] or by [St, Tag
092F]. Therefore R is LG by (d).

(f) A polynomial in R[X;,...,X,] is called primitive if its coefficients
generate R as ideal. One says that a ring R satisfies the primitive criterion
[EG, MW] if the following equivalent conditions hold:

(I) for every primitive polynomial P € R[X] there exists r € R such
that P(r) € R*;
(IT) for every primitive @ € R[X1, ..., X,] there exists (r1,...,m,) € R"
such that Q(ry,...,r,) € R*;
(ITI) R is LG and all residue fields are infinite.

An example of a ring satisfying the primitive criterion, is the ring S~'R[X]
where R is arbitrary and S is the multiplicative subset of all primitive poly-
nomials in the polynomial ring R[X], [vdK, 1.13].

Another interesting example is the ring of all algebraic integers or of all
real algebraic integers is an LG-ring. That these rings are LG-rings, is
shown in [Da, EG|. Since they do not have homomorphic images of finite
characteristic, (IIT) proves our claim.

(g) Non-examples: The rings Z and R[X], R an integral domain, are not
LG-rings [GPR2, Exc. 11.42].

(h) Some history of LG-rings. It seems that the concept of an LG-ring
goes back to the paper [MW] by McDonald and Waterhouse, where the
authors refer to such a ring as a “ring in which every polynomial with local
unit values has unit values”. The motivation of [MW] comes from K—theory,
in particular the study of GLa(R) and Aut (GL2(R)). The name “LG-ring”
was introduced in the paper [EG] by Estes and Guralnick, which is the first
in-depth investigation of LG-rings. Later on, LG-rings were used by Dias



6 P. GILLE AND E. NEHER

[Di] in her Ph.D. thesis with the goal of extending some classical theorems
on quadratic forms over fields to quadratic forms over LG-rings (her result
on Witt cancellation of quadratic forms is generalized in 5.5). The subject
seem to have fallen in oblivion until it was recently resurrected by Garibaldi-
Petersson-Racine in their paper [GPR1] and the forthcoming book [GPR2].

Our first goal is to give a more geometric approach to LG-rings, see 1.3
and 1.4.

1.3. Lemma. Let R be an LG-ring and let n > 1 be an integer. We further
assume that U is an open quasi-compact subscheme of A% = X and let I <
R[X1,...,X,] be the radical ideal such that U = X \ Spec(R[X1, ..., X,]/I).
Hence U = ey Xy

(a) Denoting by Iprim the set of primitive polynomials in I, we have

U X:(®) = Xs(R) = U(R).
felprim fGI
(b) Moreover, if U(R/m) # 0 for every mazimal ideal m < R, then also
U(R) # 0.

Proof. (a) The first equality is obvious since X¢(R) = 0 for f € I\ Iprim.
The inclusion (J;c; Xf(R) C U(R) is obvious. For the converse we are
given v € U(R) and need to find f € I such that u € X;(R). Since U is
quasi-compact, the ideal I is finitely generated ([EGA-I, I, (1.1.4)]), say by
fi,--., fq- Let us introduce the auxiliary linear polynomial in the variables
Yi,..., Yy

P(Yi7 7Yd) = fl(u)yi T+ —|—fd(’LL)Yd
We claim:
(1.3.1) for every maximal ideal m < R, P represents a unit in (R/m)*.
Indeed, fix a maximal ideal m < R and put k = R/m. We have U(k) =
Uyerepn Xo(r). Hence u® 1, € Xy(k) for some g € I, ie., g(u® 1) € ™.
We can write g in the form g = f1b1+- - -+ fybg with suitable b; € R and then
have P(by,...,bq) = fi(u)bi + -+ fa(u)bg = g(u) ® 1, € K, establishing
the claim (1.3.1).

The LG-property now applies and says that P represents a unit in R, say
P(ay,...,aq) € R* for suitable a; € R. Putting

(1.3.2) f=aifi+ - +agfa €l C R[Xy,...,X,],

we have f(u) = ayfi(u) + -+ + agfq(u) = P(ay,...,aq) € R*, ie., u €
X¢(R).

(b) We consider the polynomial
Q=f(Xy,... . Xp)Yi+ -+ fa(Xq,..., Xn)Yy
ER[Xl,...,Xn,Yl,...,Yd].

We have seen in (a) that the assumption of (b) implies that @ represents
a unit in R/m for every maximal ideal m < R. Hence, since R is LG, the
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polynomial @) represents a unit in R, i.e., there exist (uq,...,u,) € R™ and
(a,...,aq) € R% such that

Quy, ..., up,ai,...,aq) € R*.
It then follows that u € X;(R) for the polynomial f € I defined in (1.3.2),
in particular U(R) # 0. O

1.4. Proposition. Let R be a LG-ring, let M be a finite locally free R-
module, and let U C W (M) be an open quasi-compact subscheme.

(a) UR) £ 0 < U(R/m) # 0 for every mazimal ideal m < R.

(b) If R satisfies the primitive condition as in 1.2(f) and U is R-dense,
then U(R) # 0.

Proof. (a) Of course, only the implication from right to left is to show. To do
so, we take a presentation M @& N = R", hence W(M) xg W(N) = A, It
then follows from [EGA, IV, 1.1.2] (or [St, Tag 01K5]) that V = UxrW(N)
is an open quasi-compact R-subscheme of A%,. Moreover, V(R/m) # () for
each maximal ideal m of R since W(N)(R/m) = N ®p (R/m) # 0. Now
1.3(b) shows that U(R) x N = V(R) # (), so that also U(R) # 0.

(b) Let m be a maximal ideal of R, and put k¥ = R/m. By R-denseness,
the k—variety Uy, is an open dense subvariety of the affine k—space W (My,),
in particular Uy is a rational non-empty subvariety of A}. Since k is an
infinite field by 1.2(f), it follows that Ug(k) = U(k) # 0. Now (a) implies
that U(R) # 0. O

Remark. Proposition 1.4(a) characterizes LG-rings. More precisely, if R
is any base ring such that for every finite locally free R—module and every
open quasi-compact U C W (M) we have the equivalence (a), then R is an
LG-ring.

Indeed, it suffices to evaluate the condition for a free R-module M of
finite rank and a principal open affine U C U(M).

1.5. Faithfully projective modules. Recall that an R—module M is faith-
ful if the structure map R — Endgr(M), r — rldy, is injective. It is
a standard fact in commutative algebra that the following conditions are
equivalent for a finite projective R—module P:

(i) P is faithful;

(ii) every localization B, p € Spec(R), is non-zero;

(iii) Pg/m # {0} for every maximal ideal m < R;

(iv) P is faithfully flat;

(v) there exists an R—module @ such that PQrQ = R" for some n € N,..
In this case, P is called faithfully projective.

The following corollary is a first application of Proposition 1.4. An el-
ement m of a finite projective R—module M is called unimodular if m Qg
Lpy 7 0 for all p € Spec(R), equivalently, R -m is a free R-module of rank
1 and a direct summand of M ([GPR2, 9.17], [Lol, 0.3]).
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1.6. Corollary. Let R be an LG-ring and let M be a finite locally free R—
module.

(a) If M is faithfully projective, M contains a unimodular element.
(b) If M has constant rank, then M is free.

Proof. (a) We consider the open subset U = W(M) \ Spec(R), that is,
the punctured affine space associated with the R-module M. Thus U(R)
consists of the unimodular elements of W(M)(R) = M. We have W(M) =
Spec(Sym(M™*)) where Sym(M*) is the symmetric algebra of M, and R =
Sym(M*)/I where I is the ideal generated by finitely many linear forms
AL, ..., Ap spanning M*. Hence, by [EGA-I, I, (1.1.4)], U is quasi-compact.
Clearly, U(R/m) # (). Therefore Proposition 1.4(a) shows that U(R) is not
empty.

(b) We prove the statement by induction on the rank d of M, starting
with the obvious case d = 0. In the following we will assume that d > 1.
Then M is faithfully projective and therefore contains a unimodular element
m € M. Thus M = Rm & M’ with M’ being a finite projective R—module
of rank d — 1. By the induction hypothesis, M’ is free of rank d — 1, so M
is free of rank d. O

2. EXISTENCE OF MAXIMAL TORI

In this section our goal is to generalize Grothendieck’s Theorem on the
existence of maximal tori in reductive group schemes [SGA3, XIV, 3.20(*)]
from the semilocal case to the LG case, see Theorem 2.6. Our proof is a
mild modification of the original proof, and is based on the exposés XIII
and XIV of [SGA3].

Throughout this section G is a reductive group scheme defined over an
arbitrary ring R, unless specified otherwise. We abbreviate g = Lie(G)(R),
which is a Lie R-algebra whose underlying module is finite projective.

2.1. The conditions (Cy), (C;), (C}) and (C;) of [XIV, 2.9] hold for
Lie(G). The exposés XIII and XIV of [SGA3] are written in a more general
setting than the reductive case. For example, several results of loc. cit.
assume the conditions (Cp), (C1), (C)) and/or (Cg) of [XIV, 2.9]. We claim:
These conditions are fulfilled in the reductive case. Indeed, the nilpotent
rank equals the reductive rank in this case, which is locally constant by
[XIX, 2.6], i.e., (Cp) holds. Moreover, the proof of [XIV, 3.7] shows that
quasi-regular sections are regular for Lie algebras of reductive groups, which
proves (Cz), and thereby also (C;1) and (C}) in view of [XIV, 2.9].

2.2. Lemma. For A € R-alg and g4 = g ®r A we denote by g'\® the set of
reqular elements of the Lie A—algebra g4, defined in [XIV, 2.5]. Then the R—
functor A — (ga)™8 is representable by an open quasi-compact R—subscheme
U of W(g). Furthermore, U is R-dense in W(g).
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Proof. Since the condition (Cp) holds for g, the representability of the given
R—functor by an open subscheme of W (g) follows from [XIV, 2.10].

Because W(g) is an affine scheme, the structure morphism W(g) —
Spec(R) is quasi-compact in the sense of [St, Tag 01K3]. Hence, if the
immersion ¢: U — W(g) is also a quasi-compact morphism, then so is the
structure morphism U — Spec(R) since quasi-compact morphisms respect
composition [St, Tag 01K6]. It is therefore sufficient to show that ¢ is a
quasi-compact morphism.

To do so, we will apply noetherian reduction, writing R = mie[ R; as
the direct limit of its finitely generated, hence noetherian Z-subalgebras. It
follows from [VIp, 10.1, 10.3] and [Col, 3.1.11] that there exists ¢ € I and a
reductive R;—group scheme G; such that G = G; x g, R. Let g; = Lie(G;)(R;)
and let U; be the open subscheme of W (g;) representing regular elements.
Since the formation of U commutes with base change, we can assume U =
U; xgr, R. Furthermore, the open immersion ¢ is obtained by base change
from the open immersion ¢;: U; — W(g;). Because quasi-morphisms respect
base change [St, 01K5], it is now sufficient to show that ¢; is a quasi-compact
morphism. This is indeed true: Since R; is noetherian, W (g;) is a noetherian
scheme and the open immersion ¢; is q quasi-compact morphism by [St, Tag
010X]. Thus, U is indeed quasi-compact.

Finally, since Lie algebras of reductive groups over infinite fields admit
regular elements [XIV, 2.11(b)], U is R—dense in W(g). O

2.3. Cartan subalgebras and regular elements. Let S = SpecR. A
Cartan subalgebra of the Lie algebra Lie(G) over S is a Lie subalgebra D
of Lie(G) which is locally a direct summand and whose geometric fibres Dg
are Cartan subalgebras of Lie(G5) for all s € S [XIV, 2.4]. The concept of a
Cartan subalgebra of a finite-dimensional Lie algebra over an infinite field,
is defined in [XIII, after 4.5]. In this special case, they are the nil spaces of
regular elements, and therefore always exist since regular elements exist.

One can use the equivalence of quasi-coherent &'s—modules and R—modules
to translate the definition of a Cartan subalgebra of Lie(G) to that of a Car-
tan subalgebra of the R-Lie algebra g = Lie(G)(R). In particular, a Cartan
subalgebra of g is always a direct summand of the finite projective Lie alge-
bra g.

The R—functor, associating with A € R-alg the set of Cartan algebras
of g4, is representable by a quasi-projective finitely presented R-scheme &
[XIV, 2.16]. Also, the R—subfunctor X of Z xr W(g), defined by

X(A) ={(h,y) € Z(A) x ga :y € b}

for each R-algebra A, is representable by a quasi-projective R—scheme 2.
Furthermore, the first projection p1 : Z° — 2 is a vector bundle.

We denote by 9 : 2~ — W(g) the second projection, and recall that the
restriction ¢ ~!(U) — U is an isomorphism, where U C W(g) is the open
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scheme of 2.2. In particular, this implies that a regular element of g4 is
contained in a unique Cartan subalgebra of g4.

2.4. Theorem. We assume that R is an LG-ring and that one of the fol-
lowing conditions hold:

(i) R satisfies the primitive criterion;

(ii) G is adjoint.
Then g admits a reqular element and hence a Cartan R-subalgebra.

Proof. By 2.3, a regular element is contained in a (unique) Cartan subalge-
bra of g. It is therefore enough to prove that g contains regular elements.

Case (i): Regular elements always exist in finite-dimensional Lie algebras
over infinite fields [XIII, 4.2], i.e., U(R/m) # () for all infinite residue fields
of R. Since U C W(g) is open and quasi-compact by 2.2, Proposition 1.4(b)
shows that U(R) # 0.

Case (ii): Applying again Proposition 1.4(b) and Lemma 2.2, it suffices
to show that U(R/m) # () for every maximal ideal m < R. As mentioned in
(1), this is always true if R/m is infinite. But it is also true if R/m is finite
and (i) holds, according to a result of Chevalley-Serre [XIV, App.]. O

2.5. Groups of type (C) and Cartan subalgebras. Let S = Spec(R).
We recall that a smooth R—subgroup H C G with connected geometric fibers
is a subgroup of type (C) if Lie(H) is a Cartan Og—Lie subalgebra of Lie(G).
The map H +— Lie(H)(R) is a bijection between subgroups of type (C) of G
and the R-Cartan subalgebras of Lie(G)(R), [XIV, 3.9]. The inverse map
is given by b + Normg(h)°?. We shall use that R-subgroups of type (C) are
precisely the maximal tori of G when G is adjoint, [XIV, 3.18].

2.6. Theorem. Let R be an LG-ring and let G be a reductive R—group
scheme. Then G admits a mazimal R—torus.

Proof. Let Z(G) be the (schematic) centre of G. The flat quotient G/Z(G) is
represented by a semisimple adjoint R-group scheme G 24, [XXII, 4.3.5(ii)]
or [Col, 3.3.5]. Moreover, T'+— T/Z(G) defines a bijective correspondence
between the set of maximal tori of G and the set of maximal tori of G2,
Thus, without loss of generality we can assume that G is adjoint. Then
Theorem 2.4(ii) provides a Cartan R—-algebra of g, which by 2.5 “integrates”
to a maximal torus of G. O

2.7. Lemma (Tori in subgroups of type (RC)). Let G be a reductive group
scheme over a ring R, let H C G be a subgroup scheme of G of type (RC)
in the sense of [XXII, 5.11.1] and let rad“(H) be the unipotent radical of H,
[XXII, 5.11.4]. Suppose:

(i) every reductive R—group scheme admits a maximal torus, e.g., as-
sume that R is an LG-ring, and

(i) HY(R,rad“(H)) = 0, e.g., assume that there exists a parabolic sub-
group scheme P C G such that rad“(H) = rad“(P) N H.
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Then G admits a maximal torus contained in H.

Proof. (Modelled after the proof of [XXVI, 4.2.7(ii)]) The unipotent radical
U =rad“(H) is a smooth, finitely presented, and normal subgroup scheme
of H, whose geometric fibres are connected and unipotent. Furthermore, by
[XXII, 5.11.4], we have an exact sequence of R—group schemes

1—U—HLsm—1

where M is reductive. The subgroup H is in particular of type (R), so that
H and G have the same rank by [XXII, 5.2.2(b)]. By the properties of U,
this is then also the rank of M.

The assumption (i) provides us with a maximal R-torus T' of M. Let
N = f~1(T) be its pre-image. We thus have an induced exact sequence

1—U N1

of R—group schemes. The properties of U and T, together with [VIp,
9.2(viii)], imply that N is a smooth and finitely presented subgroup scheme
of G. Moreover, by [XVII, 5.1.1(i)(a)], its geometric fibres N3, s € Spec(R),
are connected, solvable and contain a maximal torus of Gz. Thus, N is a
subgroup scheme of G of type (R). We have rank N = rank M = rank G,
and by [XXII, 5.6.9(ii)] also rad“(N) =rad“(H) = U.

By [XXII, 5.6.13], the functor of maximal tori of N is representable by
an R-scheme .7, which is a U-torsor. It then follows from assumption (ii)
that 7 (R) # 0, i.e., N admits a maximal torus 7', which is a maximal torus
of G because rank N = rank G. Hence T' C N C H fulfills our claim.

That H'(R,rad“(H)) = 0 in case there exists a parabolic subgroup
scheme P C G such that rad“(H) = rad“(P) N H, is shown in [XXVI,
2.11] (use [XXVI, 2.5]). O

2.8. Corollary (Tori in parabolic subgroups). Let R be an arbitrary ring
satisfying the condition 2.7(1), e.g., suppose that R is an LG-ring, and let G
be a reductive R—group scheme. Then every parabolic subgroup of G contains
a maximal torus of G.

Proof. A parabolic subgroup P of G is a group of type (RC) by [XXVI, 1.5].
The condition 2.7(ii) holds by [XXVI, 2.2]. Hence Lemma 2.7 with H = P
proves the claim. O

Corollary 2.8 is the special case P = @ of Proposition 3.4, whose proof
requires however much more work. We will present an immediate application
of Corollary 2.8 to quasi-split groups.

2.9. Quasi-split reductive groups. We refer the reader to [XXIV, 3.9]
for the definition of a quasi-split reductive group over an arbitrary scheme
S. Tt simplifies greatly if S is an LG-scheme, i.e., S = Spec(R) for R an
LG-ring:
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(a) If S is an LG-scheme, a reductive S—group G is quasi-split if and
only if G admits a Borel subgroup.

Indeed, it is explained in [XXIV, 3.9] that a reductive group G over a scheme
S with Pic(S) = 0 is quasi-split if and only if it contains a Killing couple, i.e.,
a pair (B,T) consisting of a Borel subgroup B of G and a maximal torus T’
of G contained in T'. But, by Corollary 2.8, every Borel subgroup contains
a maximal torus of G. We note that (a) is the definition of a quasi-split
reductive S—group in [Col, 5.2.10].

Recall ([Col, §7.2] or [CF, 2.2.4.9]) that an inner form of a reductive
S—group scheme G is a twisted form of G under a torsor in the image of
H'(S,G/Z(Q)) in H'(S, Aut(Q)).

(b) For an LG-scheme S, up to isomorphism every reductive S—group
admits a unique quasi-split inner form.

This is proven in [Col, 7.2.12] for semilocal S, but as [Col, 7.2.13] states,
(b) holds whenever Pic(S") = 0 for any finite étale cover S” of S. By 1.2(b),
such a cover is again an LG-scheme, so that (1.1.1) establishes the condition

Pic(S’) = 0.

2.10. Split reductive groups ([XXIV, 2.14]). Let S be a scheme for
which Pic(S) = 0, and let G be a reductive S—group scheme of constant
type. Then G is split if and only if G contains a split maximal torus.

The result applies to S = Spec(R) for R an LG-ring since by (1.1.1) we
know that Pic(R) = 0. Moreover, by Theorem 2.6 we know that a reductive
group scheme G over an LG-ring R contains a maximal torus 7'

2.11. Isotrivial reductive groups. A reductive group scheme G over S is
isotrivial if there exists a finite étale cover (= finite étale surjective) S” — S
such that Gg is split [Gil, 4.4.1]. By [Gil, 2.3|, an isotrivial reductive
S—group scheme G is necessarily of constant type. If G is of constant type
with underlying Chevalley group scheme G (over Z), then G is isotrivial if
and only if the Aut(Gp)-torsor Isom(Go s, G) is isotrivial.

2.12. Corollary. Let R be an LG-ring and let G be a reductive R—group
scheme of constant type which is linear, e.g., G is semisimple [Gi2, Cor. 4.3].
Then G is isotrivial. In particular, if R is connected and simply connected
(= does not admit non-trivial finite étale covers), then G is split.

Proof. Theorem 2.6 provides a maximal R—torus T of GG. Since T is linear
(and of constant rank), T is isotrivial according to a result of Grothendieck,
see [Gi2, Th. 3.3]. In other words, there exists a finite étale cover R’ of R
such that T is split. Since R’ is an LG-ring as well, we conclude that G is
split in view of 2.10. Assume now that R connected and simply connected.
Then R = R x --- x R, so that T is already split. O

2.13. Example. The ring Z;of algebraic integers is an LG-ring by 1.2(f).
It is also well-known that Z is simply-connected. Hence, Corollary 2.12
shows that any semisimple group scheme over Z is split. In particular, this
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holds for the semisimple Z-group G of type Ga, which is known to be the
automorphism group scheme of an octonion algebra O over Z ([Co2, B.15]
or [GPR2, 55.4]). As a consequence, O is split.

Moret-Bailly told us that this is a direct consequence of a theorem of
Rumely on the existence of points for “reasonable” schemes over Z [Ru, Th.
1] (see also [MB, Th. 1.3]). For H a flat affine group scheme of finite type
over Z whose generic fiber is (smooth) connected, Rumely’s Theorem implies
that any H-torsor has a Z-point, so is trivial. Since Z is simply connected a
semisimple Z-group G is an inner form of its Chevalley form Gy, that is, is
the twist of G by a G 44-torsor E where G 44 is the adjoint group of Gy.
Since F is trivial, it follows that G is split.

Coming back to the example of octonions, Rumely’s theorem directly
does the job, since the automorphism group Gs of the split octonions is
connected. Of course, one could also appeal to the strong approximation
theorem to show that H'(Z,Gs) vanishes. Indeed, a class in H*(Z,G2)
arises from v € H'(R, Go) where R is the ring of integers of a number field
F. Furthermore we can assume that yp = 1 since H1(Q, G) = 1. But then
[Ha, Satz 3.3] proves v = 1.

Yet another way to see that any octonion algebra over the LG-ring Z is
split, has been communicated to us by Skip Garibaldi and works for any
simply connected LG-ring R: By [GPR2, 19.16(b)], any octonion algebra
over R contains a quadratic étale subalgebra. It is split, since R is simply
connected. By [GPR2, 22.9], the algebra O is therefore reduced. But then
it is split by [GPR2, 22.16] and 1.6(b).

3. PARABOLIC SUBGROUPS (CONJUGACY, RELATIVE POSITIONS)

A fundamental result of Borel-Tits proves conjugacy of parabolic sub-
groups of the same type in reductive groups over a field [BT, Th. 4.13(a)].
This was extended by Demazure to reductive group schemes over a semilo-
cal ring [SGA3, XXVI, 5.2, 5.10]. In Theorem 3.1 we prove this result for
reductive groups over an LG-ring. In 3.2 and 3.6 we apply this to conjugate
parabolic subgroups to a transversal or osculating position.

We use the notion of an opposite parabolic subgroup of a reductive group
scheme as defined in [XXVI, 4.3.1]. Over an affine base, every parabolic
subgroup admits an opposite parabolic subgroup [XXVI, 4.3.5(i)]. We will
also employ the concept of the type(P) € Of (Dyn(G))(R) of a parabolic
subgroup P of G, defined in [XXVI, 3.2].

3.1. Theorem. Let R be an LG-ring, and let G be a reductive R-group
scheme with a pair (P,P") of opposite parabolic subgroup schemes of G.
We abbreviate the unipotent radicals of P and P’ by U = rad“(P) and
U’ =rad"(P") respectively.
(a) Any parabolic subgroup Q of G of the same type as P has the form
Q = ""P for suitable uw € U(R) and v' € U'(R). In particular, the
group G(R) acts transitively on (G/P)(R).
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(b) The map H'(R,P) — H'(R,G), induced by the inclusion P C G, is
mjective.
(¢) We have a decomposition G(R) = U(R)U’'(R) P(R).

Proof. (a) By [XXVI, 3.6], we have an isomorphism G/P — Parg.p)(G)
where Par . p)(G) stands for the smooth projective R-scheme of parabolic
subgroups of type type(P). Hence it suffices to prove the first part of (a).
We consider the R-subfunctor Opp(/P) of Parype(py(G) of parabolic sub-
groups which are opposite to P. By [XXVI, 2.5] (or [Col, 5.4.3]), we have
U =2 W(E) for a locally free R—module of finite type. (That E has fi-
nite type, is not explicitly stated in [XXVI, 2.5], but follows for example
from the representability of W(E).) Hence U is an affine smooth R-scheme.
Furthermore, according to [XXVI, 4.3.6], we have a commutative diagram

U« G/P'

z I

@(/P) e Partype(P’)(G)7

This implies that Opp(/P) is representable by an affine smooth R-scheme,
since this is so for U.

We consider the R-subfunctor Opp(/P) N Opp(/Q) of Pary,epry; it is
representable by an open R-subscheme V of U. We claim that it is also
quasi-compact. Indeed, we have a commutative diagram

1% Opp(/Q)
al lb
Opp(/P) Parye(pry (G)
Spec(R)

in which the top rectangle is cartesian and ¢ and d o b are quasi-compact
morphisms since Opp(/P) and Opp(/Q) are affine schemes. As d is a pro-
jective, hence separated morphism, cancellation ([EGA, IVy, 1.1.2] or [St,
Tag 03GI]) says that b is quasi-compact morphism. By base change, a is
quasi-compact and so c o a is quasi-compact too, i.e., V is a quasi-compact
scheme.

For every R-ring A, the set V(A) is the set of A-parabolic subgroups of
G 4 which are opposite to P and to ). For a residue field R/m of R, two
parabolic subgroups of G'r/y of the same type are conjugate by [BT, 4.3],
so that [BT, 6.27] says that V(R/m) is non-empty for each maximal ideal
m of R. Since R is a LG-ring, Proposition 1.4 implies that V(R) # (). In
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other words, P and () admit a common opposite R—parabolic subgroup Q’.
We now use the isomorphism of R-functors [XXVI, 4.3.5.(i)]

Opp(/P) =5 Lev(/P), H s HNP

between parabolic subgroups of G opposite to P and Levi subgroups of
P, and note that it is P—equivariant. We consider the two Levi subgroups
L =P'NPand M = Q'NP of P. Since P is a subgroup of type (RC), [XX VT,
1.8] says that M = "L for an unique u € U(R), so that Q" = “P’ by using
the above bijection. It follows that P’ = “ ()’ is opposite to P and to * Q.
Similarly, there exists a unique v’ € U’(R) such that * PN P’ = “(P N P)
and ¥ 'Q = “P. Thus Q = “ *P.

(b) According to [Gir, III, 3.3.1], transitivity in (a) implies that the map
HY(R,P) — HY(R,G) has trivial kernel. The classical twisting argument
applies and yields the injectivity of the map H'(R, P) — H'(R,G), see for
example the proof of [XXVI, 5.10].

(c) Let g € G(R) and apply (a) to @ := 9P. Thus, there exists u € U(R),
and v/ € U'(R) such that Q = ““P. Tt follows that (uu/)"'g € Ng(P)(R) =
P(R). Thus g € P(R)U'(R)U(R). By applying this to g~!, we obtain the
desired decomposition G(R) = U(R)U'(R) P(R). O

We can also extend [XXVI, 5.3] to LG-rings.

3.2. Proposition. Let R be an LG-ring, and let G be a reductive R-group
scheme. Let P, P', QQ be three parabolic R-subgroups of G. Then there
exists g € G(R) such that 9Q and P as well as 9Q and P are in transversal
position.

Proof. We denote by Gen(Q/P) the open subscheme of G representing the
subfunctor which assigns to an S—scheme S’ the set of elements g € G(5’)
such that 9Q g and Pg are in transversal position [XXVI, 4.2.4(iii)]. We
have to show that X = Gen(Q/P) N Gen(Q/P’') C G has an R-point.

We claim that Gen(Q/P) — G is quasi-compact. Indeed, since quasi-
compact morphisms allow (fpqc) descent (see for example [GW, 14.51]) and
since (G, P) is splitable étale-locally [XXVI, 1.14], we can assume that G
is split and that P = P; is a standard parabolic subgroup. In this case,
Gen(Q/P) — G arises by base change from the analogous morphism over Z.
But the latter is quasi-compact since Spec(Z) is noetherian [St, Tag 010X].
Since quasi-compact morphism allow base change [St, Tag 01K5], we are
done. (Alternatively, one can use noetherian reduction as in the proof of
2.2, to prove that Gen(Q/P) — G is quasi-compact.) In any case, since
Gen(Q/P) and Gen(Q/P’) are quasi-compact, so is their fibre product X.

We pick a parabolic subgroup @’ of G which is opposite to @, ([XXVI,
4.3.5(1)]), put U = rad*(Q) and U’' = rad"(Q’), and let ¢« : U xp U' — G,
(u,u') — wu', be the immersion obtained by restricting the open immersion
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Uxp@Q — G ([XXVI, 4.3.2.b(vi)]). We then consider the fibre product

UxgpU’ - G
\Jf X = Gen(Q/P) N Gen(Q/P’)

The right immersion is open and quasi-compact, hence so is V < U x g U'.
Moreover, by [XXVI, 2.5], U = W(M) for some locally free R—module M
of finite rank. The analogous fact then holds for U xp U’.

With the aim of applying Proposition 1.4(a) to V C U xgU’' = W(M), let
m< R be a maximal ideal of R, and put k¥ = R/m. By [XXVI, 5.3] we know
that there exists g € G(k) such that g fulfills the claim of the proposition
for R = k. By 3.1(c) we can write g in the form g = uu/q with u € U(k),
u' € U'(k) and ¢ € Q(k). But then wu’ € V (k). Hence, by 1.4(a), we get
V(R) # (. Thus X(R) # (), as desired. O

Corollary 2.8 is the special case P = @) of the following Proposition 3.4.

3.3. Parabolic subgroups in standard position [XXVI, 4.5.1]. Let
S be a scheme and let G be a reductive S—group scheme. Two parabolic
subgroups P and @Q of G are said to be in standard position, if they satisfy
the following equivalent conditions (i)—(iv):

(i) PNQ is smooth.

(i) PN @ is a subgroup of type (R).

(i) P NQ is a subgroup of type (RC).

(iii) P N @ contains (fpqc)-locally a maximal torus of G.

(iv) PN @ contains Zariski-locally a maximal torus of G.
Moreover, if S = Spec(R) for a semilocal ring, then (i)—(iv) is equivalent to

(v) PN Q contains a maximal torus.

If S'is the spectrum of a field, every pair of parabolic subgroups is in standard
position by [XXVI, 4.1.1] or [BT, 4.5].

Our goal is to generalize condition (v) to S = Spec(R) for R an LG-ring,
see 3.4(c). In order to do so, we need to retake part of the proof of [XXVI,
4.5.1]; at the same time we will add more details.

Regarding the equivalence of the conditions above, we note that the im-
plications (ii)) = (ii) = (i) and (iv) = (iii) are trivial. The
implication (i) = (ii)’ is easy: because of [XXVI, 4.1.1] and [BT, 4.5],
every geometric fibre Kz of K = PN(Q is connected and contains a maximal
torus 75 of Gz such that the roots of K3z with respect to 15 are a closed
subset of the roots of (Gz, T5). Thus, if K is smooth, it is a subgroup of
type (RC) by definition. We will show the remaining implications (iii) —-
(i) and (iii) == (iv) in the proof of 3.4, since they easily follow from the
arguments in the proof of 3.4. The statements 3.4(a) and 3.4(b) below are
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used in the proof of (iii) = (iv) in [XXVI, 4.5.1], which is the main point
of the proof the equivalences in [XXVI, 4.5.1]

Regarding (3.4.1) we note that P N Q is a subgroup of type (RC) by (ii)’
and hence has a unipotent radical rad"(P N @), defined in [XXII, 5.11.4].

3.4. Proposition. Let P and Q) be two parabolic subgroups of a reductive
S—group scheme G such that PN Q contains a maximal torus of G (fpqc)-
locally, cf. 3.3. Then the following hold.

(a) The (fpqc)—image sheaf of the multiplication morphism
f:rad“(P)x (PNQ)— G, (u,h)—uh
is representable by a parabolic subgroup P’ of G, satisfying
P' = (PNQ).rad"(P).
(b) The induced map f': rad“(P) x (PN Q) — P’ is smooth and

(3.4.1) rad“ (PN Q) =rad“(P) N (PNQ).
(¢) If S = Spec(R) with R an LG-ring, then PNQ contains a mazimal
S-torus of G.

Proof. We put K = PNQ and prove (a) and (b) together. These statements
are local with respect to the (fpqc)-topology. Hence, after passing to a
suitable cover, we can assume that K contains a split maximal torus 7" and
that P and @ have constant type.

We let R be the root system of (G, T'), choose an order on R and denote by
U,, r € R, the associated root subgroups. First some general reminders. For
each closed subset Ry of R, we have an S—subgroup Hp, of type (R), which
is characterized by its Lie algebra: Lie(Hpg,) = Lie(T) © D, g, Lie(U;),
[XXII, 5.4.2, 5.4.7]. The multiplication map

HreRomm Ur xsT xs HTEROO—R+ U — Hg,

is an open immersion, [XXII, 5.4.4], whose image we denote by Qg, r,,
the so-called big cell of Hg,. We claim that Qg g, is schematically dense
in Hg,. Indeed, each fibre Hg,,, s € 5, is an integral scheme in which
QR, Ry N HR,,s is open and nonempty, hence dense, so that the reference
[EGA, IV3, 11.10.10] proves our claim .

Coming back to the situation at hand, in view of [XXVI, 1.14] we can
assume that P = Hp, and Q = Hp, for parabolic subsets R; and Ry of R.
Since according to [BT, Cor. 4.5], the group K has geometrically connected
fibers, it is shown in [XXII, 5.4.5] that

(342) K = HR1ﬂR27
and that K is S—smooth and of type (R). Since R; N Ry is a closed subset
of R, it follows from the definition of groups of type (RC) that K is such a

(D This argument is taken from the web version of [XXII, 5.6.7, N.D.E. (38)]
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group. Note that our arguments so far show the implication (iii) = (i) of
3.3 (as well as (iii) = (ii)’, which is however not needed).

We denote by Rf = R; N —R; the symmetric part of R; and let R{ =
Ry \ Rf so that Ugs = rad"(P), [XXVI, 1.12]. Thus, using the notation
established so far, the map f of (a) is defined on

(3.4.3) rad“(P) X K = UR‘{ X HRlﬂRg-

We put
R = (RiNRy) URY = (R; N Ry) URY.
One easily shows, see [BT, 4.4], that R’ is a closed subset of R satisfying
R'U(—R') = R, i.e., R is a parabolic subset of R. Therefore P’ = Hp is
a parabolic subgroup of G, [XXVI, 1.4]. Keeping in mind (3.4.3), we now
claim that
f factorizes through an S-homomorphism

f’:URtlz NHR10R2—>P,, (u,h)n—>uh

In other words, we contend that the induced map f;: Uge X Hr,nr, = G /P’
is the trivial map. Since R{ C R/, this is equivalent to f,: Hg,nr, — G/P’
being the trivial map. This is the case when we restrict f, to the big open
cell Qr, r,nRr, of Hg,nR, which is a schematically dense in Hr,nr,. Hence,
by [St, Tag 01RH], it follows that f, and therefore also fj is trivial, finishing
the proof of (3.4.4). Note that (3.4.4) is part of the claim (a) (surjectivity
will be established later). Next we show the first part of (b), namely

(3.4.5) f' is smooth.

It follows from (3.3) and the definition of Ugs, Hg,nr, and P’ that Lie(f’) :
Lie(URflz X HR1ﬂR2) — Lie(P’) admits a section (as Og—module map), so is
in particular surjective. The reference [EGA, IVy, 17.11.1(d)] then shows
that f’ is smooth along the unit section, so is smooth everywhere. We have
thus proven the first part of (b).

It follows, see e.g. [EGA, 1V, 17.5.1], that Ker(f’) is smooth and hence
in particular flat, so that the quotient (U Rre X H Rng)/ Ker(f') is repre-
sentable by an S—group scheme H'’ which is locally of finite presentation
and equipped with a monomorphism h': H' — P’ [XVI, 2.3]. We consider
the commutative diagram

/
UR‘ll NHleRZ H

P/
The quotient map Uge X Hr,nr, — H " is smooth surjective and f’ is smooth,
hence h': H' — P’ is smooth in view of [EGA, IV, 17.7.7] (or see [St, Tag
02K5]). According to [EGA, IVy, 17.9.1], the smooth monomorphism A’ is
an open immersion. Since P’ has smooth connected fibers, A’ is surjective
and we conclude that A’ is an isomorphism. This then proves (a) in full.

(3.4.4)
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To finish the proof of (b), it remains to show (3.4.1), i.e., rad“(K) =
rad“(P") N K. In view of (3.4.2) and the definition of P’, this boils down to
the equality

(Rl N RQ)a = RN Ri N R,

which is a special case of Lemma 3.5.

Once (b) established, the implication (iii) == (iv) of 3.3 follows: we
apply [XXVI, 2.11] to the parabolic subgroup P’ and its subgroup K of type
(RC) (recall 3.3(ili) = 3.3(ii)’), and get that K admits a Levi subgroup,
hence contains Zariski-locally a maximal torus of G by [XIV, 3.20].

(c) By (b), the parabolic subgroup scheme P’ and its subgroup K of type
(RC) satisty the assumptions of Lemma 2.7, so that (c) follows by applying
that lemma. O

The notation of the following Lemma 3.5 is the same as that in the proof
of 3.4, except that we consider subsets of an arbitrary free Z—module M:
For a subset N C M we put N* = NN(—N) and N* = N\N® = N\ (—N).

3.5. Lemma. Let A and B be subsets of a free Z—module M. We consider
C=(ANB)UA*=(A*NB)UA*. Then

C*NANB=(ANnB)".
Proof. We will first establish several auxiliary statements, starting with
(3.5.1) (AN B)* = A°n B

Indeed, since A®* = —A°® we have x € (A°N B)* <= x € A°N B and
—x ¢ (A°NB) <= ze€A*NBand —z ¢ B <= x € AN B Next, we
claim

(3.5.2) 0% = (A* N B)* U A® = (A* N B) U A“.

Because of (3.5.1) we only need to prove the first equality. By definition of
C?, we have

reC < zec(A°NB)UA”

(3:5:3) and —z ¢ A°NBand —z ¢ A%

This easily implies the inclusion A* C C% if z € A% then z € A and
—x ¢ A= A%U A% in particular —x ¢ A°* N B and —x ¢ A®. We also see
that (AN B)* = AN B* C C%since ¢ € AN B* < xz € A°N B and
—z ¢ B. Moreover —x € A® so that —z ¢ A% also holds. We have now
proved (A° N B)*U A% C C®. For the proof of the other inclusion, consider
x€ A°NB,but —x ¢ A°N B and —z ¢ A%, cf. (3.5.3). Since A® = £ A% we
get x ¢ B, thus x € A° N B% = A° N B® by (3.5.1). This finishes the proof
of (3.5.2). Next we observe

(3.5.4) (ANB)* = (AN B) U (AN BY)
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sincexz € (ANB)* < z € ANB,but —x ¢ Aor —x ¢ B < x € A*NB
or x € AN B Finally, by (3.5.2) and (3.5.4),

C'NANB=((A"NB*")UA")N(ANB)
= ((A°NBYYUA")NB = (A*NB") U (AN B)
=(ANBYU(A“NB)=(ANB)*. O

With Propositions 3.2 and 3.4 in place, we can now also extend [XXVI,
5.4] to LG-rings.

3.6. Corollary. Let R be an LG-ring, let G be a reductive R-group scheme,
and let P, @ be two parabolic subgroups of G. Then there exists g € G(R)
such that IP N Q is a parabolic subgroup of G.

Proof. Our proof follows the proof of [XXVI, 5.4]. We include it for the
convenience of the reader.

Let P’ be an opposite parabolic R—subgroup of G. Proposition 3.2, ap-
plied to the triple (P’, P,@Q) provides an R-parabolic R—subgroup P; of G
of same type as P’ such that P and P (resp. P{ and @) are in transversal
position, hence in particular in standard position. By Proposition 3.4(c),
there exists a maximal torus 7' of G such that T C P{ N Q. Let P; be the
opposite parabolic R—subgroup of Pj related to T', [XXVI, 4.3.3]. It follows
that P; N @ is an R-—parabolic subgroup [XXVI, 4.4.5]. Since P and P;
are both opposite to P/, they have same type, so that P, = 9P for some
g € G(R), according to Theorem 3.1(a). Thus 9P N Q is an R-parabolic
subgroup of G as desired. (]

Having established Corollary 3.6 for LG-rings, we also get [XXVI, 5.5 and
5.7] for LG-rings replacing semilocal rings in loc. cit..

3.7. Corollary ([XXVI, 5.5(i)] for semilocal rings). Let G be a reductive
group scheme over an LG-ring, and let P and @Q be two parabolic subgroups
of G such that t(P) C t(Q). Then there exists g € G(S) such that IP C Q.

3.8. Corollary ([XXVI, 5.7(i)] for semilocal rings). Let G be a reductive
group scheme over an LG-ring.

(a) Let t,t' € Of(Dyn(G))(S). If there exist parabolic subgroups of type t
and t', then there also exists a parabolic subgroup of type t Nt'.

(b) There exists a smallest element tyin in the set of types t(P), P any
parabolic subgroup of G.

3.9. The Tits index. Let G be a semisimple group scheme over a con-
nected LG-ring. In view of 3.8(b), we can define the Tits index of G as
(Dyn(G), tmin), following [Ti] for fields and the generalization to the semilo-
cal case [PS, p. 202-203]. Moreover, as the diligent reader will verify, all the
facts used in [PS] for semilocal rings hold in fact for LG-rings. In particular,
[PS, Thm. 3] extends to connected LG-rings: The Tits index of G is one of
those listed in Tits’ original table [Ti, Table II], reproduced in [PS, App.|.
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4. MINIMAL PARABOLIC SUBGROUPS, MAXIMAL SPLIT SUBTORI

The topic of this section is minimal parabolic subgroups, their Levi sub-
groups and maximal split tori in reductive group schemes over a connected
scheme S. We investigate the relations between these subjects in Proposi-
tion 4.3 and in Lemma 4.6 for arbitrary connected S. In case S = Spec(R)
for R a connected LG-ring and G a reductive R—group scheme, we show in
Theorem 4.7 that the group G(R) acts transitively on the minimal parabolic
subgroups and on the maximal split tori of G. This allows us to define the
anisotropic kernel of G in 4.9.

For perspective we note here that Appendix B contains results on para-
bolic and Levi subgroups based on the dynamic method.

We start by reviewing the concepts used in Proposition 4.3.

4.1. Isotropic and irreducible reductive groups. Let G be a reductive
group scheme over an arbitrary scheme S.

Generalizing the well-known concept of an (an)isotropic reductive group
over a field [BT, 4.23] or over a connected semilocal scheme [XXVI, 6.13], we
call G isotropic if it admits a subgroup isomorphic to G,, g ; otherwise, G is
said to be anisotropic, [Gil, 7.1.1]. Because of B.3, these concepts coincides
with those defined in [PS, §5] for semisimple group schemes over a connected
semilocal scheme.

Following [Gil, 3.5.1], we say that G is reducible (as reductive group
scheme) if G admits an everywhere proper parabolic subgroup P, i.e., Ps C
G5 for all s € S, and P admits a Levi subgroup; otherwise, GG is said to be
irreducible. The two notions are related by [Gil, Thm. 7.3.1(2)]:

(a) A reductive S—group scheme G is isotropic if and only if G is re-
ducible or the central torus rad(G) is isotropic. In particular, a
semisimple S—group scheme is isotropic if and only if it is reducible.

If S is affine, the notion of reducibility of G is equivalent to the existence
of an everywhere proper parabolic subgroup [XXVI, 2.3], so the definition
here agrees with the terminology of [GP, 3.2].

We will generalize the concepts of (an)isotropic and (ir)reducible reductive
group schemes in B.2, and the criterion (a) in B.3.

4.2. Maximal split subtori, minimal parabolics, and faithful repre-
sentations. A mazximal split subtorus of G is a split subtorus of G which
is maximal among all split subtori of G. By [XXIV, 2.11], such a torus
always exists if S is a scheme with trivial Picard group, e.g., S is an LG-
scheme, and G has constant type. Existence is also assured in the setting of
Proposition 4.3.

A parabolic subgroup of a reductive S—group G is a minimal parabolic
subgroup if for all parabolic subgroups @ of G with Q C P we have Q = P,
[XXVI, 5.6].
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We use the term faithful linear representation of an S—group scheme G
in the sense of [Gi2], i.e., it is a group monomorphism G' — GL(E) where
FE is a locally free Og—module of finite rank.

Now that we have explained all the concepts used in the following Propo-
sition 4.3, we can finally state it. In fact, Proposition 4.3 is a refinement of
[Gil, Prop. 7.4.1], which proves the implications (4.3.1).

4.3. Proposition. Let S be a connected scheme, G a reductive S-group
scheme, and Ty a split subtorus of G. Moreover, let P be a parabolic subgroup
of G for which Cq(Tpy) := Centg (1) is a Levi subgroup of P; such a parabolic
subgroup exists by [XXVI, 6.2]. We consider the following assertions:

(i) Ty is a mazximal split S-subtorus of G;

(ii) Ty is a mazimal split S-subtorus of Cq(Ty);

(i) The reductive S-group Cq(Ty)/Ty is anisotropic;

(iv) The reductive S-group Cq(To)/To is irreducible;

(v)

(vi) P is a minimal parabolic subgroup of G.

The reductive S-group Cq(Tp) is irreducible;

We then have the implications
(4.3.1) (i) <= (ii) <= (ili) = (iv) <= (v) <= (vi)
Furthermore, if G admits a faithful linear representation, then (ii) <= (iii).

Proof. Tt suffices to prove the implication (ii) == (iii) under the assumption
that G admits a faithful linear representation. Let Tj be a maximal split
S-subtorus of Cg(Tp). We argue by contradiction and therefore assume
that Cq(Ty)/To contains a subtorus G,, s. Denoting by E C Cg(Tp) the
preimage of this subtorus G,, s under the quotient map, we get an exact
sequence of S—group schemes

(4.3.2) 1 —Ty — EF— Gp s — 1.

By [XVII, 7.1.1], E is of multiplicative type. Clearly, it is also of finite
type and it has a faithful linear representation. Therefore, by [Gi2, 3.3], the
group scheme F is isotrivial, i.e., it is split by a finite étale cover, which we
can assume to be a (connected) Galois cover S” — S, whose Galois group we
denote by I ?). According to the dictionary [X, 1.1], the extension (4.3.2)
corresponds to an extension

0—Z— E(S') — Z"° — 0

(2) We use here: Given a finite étale cover T — S of a connected scheme S, there exists
a connected Galois cover 8" — S dominating T — S. Proof: Since finite étale covers form
a Galois category with respect to the base change functor induced by any geometric point
of S [St, Tag OBNB], the axioms of a Galois category [St, Tag 0BMZ] imply that 7' — S
is a product of finite étale connected covers. The existence of a Galois cover as claimed
then follows from [St, Tag 0BN2], see the discussion in [St, Tag 03SF].
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of I''modules, where Z™ = Homg/_g(E, Gy, s/). The I''module Z is the
trivial module. Hence H(T',Z) = Homgyoups(I'; Z) = 0 because T is finite.
Thus, this extension splits, so that E is a split S—subtorus of Cg(Tp). This
contradicts the maximality of Tj. O

4.4. Remarks. (a) The implication (ii) = (iii) is false without an ad-
ditional assumption. Indeed, according to [X, 1.6], there exists a non-
split rank 2 torus 71" over a singular projective connected complex curve
S such that T admits a split subtorus 7Ty = G,, and an S—exact sequence
1 -1y - T — G,, — 1. Thus, Ty is a maximal split subtorus of the
reductive S—group 7' = Cp(Tp), yet Cp(Tp)/Tp is isotropic. We note that T
is locally split in the sense of A.1.

(b) The implication (iv) = (iii) is already false for G = G,, = T and
the obvious split subtorus 7y = {1}. One may then be tempted to conjec-
ture that (iv) = (iii) holds at least in the semisimple case. But this is
false too: indeed, let G = SL3 and let Tj be the image of G,, ¢ under the
diagonal homomorphism ¢ + diag(t,t?,¢=3). The centralizer Cg(Tp) is the
standard diagonal maximal torus of G of rank 2. Hence Cq(Tp)/Th = G,
is irreducible, but also isotropic.

(c) The reader may have noticed that our proof of (ii) = (iii) in 4.3
only uses that Cg(7p) has a faithful linear representation. This is however
equivalent to our assumption on G: if Cg(Tp) has a faithful linear represen-
tation, then so does rad(G), the unique maximal torus of the centre Z(G)
of G, and therefore also G by [Gi2, Thm. 4.1].

4.5. The dynamic description of parabolic and Levi subgroups. Let
S be a scheme and let H be a reductive S—group scheme. We recall the
“dynamic method” in the sense of [Col, 4.1, 5.2].

We will refer to a homomorphism A: G, s — H of S-groups as a cochar-
acter (or a 1-parameter subgroup [Col, Def. 4.1.6]). Any cocharacter gives
rise to a conjugation action of G,, on H, and so for a fixed h € H(S) to an
orbit map orby: G, — H, which assigns to an S—scheme T and t € G,,(T)
the element \(t)h|pA(t)~! € H(T). If orby extends to a morphism G, — H,
i.e., an element of H(G,), such a morphism is unique (since H is separated)
and we will abbreviate this by “A(t)hA(t)™' € H(G,)” (the abbreviation
“limy o A(t)hA(t) ™! exists” is used in [Col, §4.1]). One then defines an
S—functor Py (\) which assigns to an S—scheme T the group

Py (A\)(T) = {h € H(T) : \(t) he,, » At) ™" € HGor)}

It is known that Py () is represented by a parabolic subgroup scheme of H,
denoted Py (\). The centralizer Centg(A) = Cg(\) of X is a Levi subgroup
of Py (A); its unipotent radical is given by those elements for which the limit
is 1 [Col, 4.1.7].

If S is a connected scheme, and (P, L) is a pair consisting of a parabolic
subgroup of GG and a Levi subgroup L of P, then there exists a cocharacter A
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such that (P, L) = (Pg()), Ce(N)), [Gil, Thm. 7.3.1(1)]. We will refine this
result in B.1. We point out that even over a connected S there may exist
parabolic subgroups which do not contain Levi subgroups and hence are not
amenable to a dynamic description, [Col, Ex. 5.4.9]. However, this cannot
happen if S is affine [XXVI, 2.3] (or [Col, 5.4.8]). Thus, over an affine
base every parabolic subgroup P has the form P = Py ()) for a suitable
cocharacter A ([Gil, 7.3.2]).

In 4.6, we will use the dynamic method to describe minimal parabolic
subgroups and their Levi subgroups over a connected base.

4.6. Lemma (Minimal parabolic subgroups and their Levi subgroups). Let
G be a reductive group scheme over a connected scheme S.

(a) G admits a minimal parabolic subgroup.

(b) Let L be a Levi subgroup of a minimal parabolic R-subgroup P of G,
and let Ty be a maximal split S-subtorus of the torus rad(L); it is
unique by Lemma A.6(b). Then L = Centg(Tp).

(¢c) We assume furthermore that G admits a faithful linear representa-
tion, and let Ty be a maximal split subtorus of G. Then Centg(Tp)
18 a Levi subgroup of a minimal parabolic subgroup of G.

Proof. Since S is connected, the type of G is constant [XXII, 2.8], and so is
the type of any parabolic subgroup of G.

(a) The length of a strictly increasing chain of parabolic subgroups of G
is bounded by the relative dimension of G. So it is obvious that a minimal
S—parabolic subgroup of G exists.

(b) According to [Gil, Thm. 7.3.1], there exists an S—group homomor-
phism A: G, s — G such that P = Pg(\) and L = Cg(\) (notation of 4.5).
We can suppose that A is non-trivial. Hence, by A.3, G, s/ Ker(\) = Gy, 5.
Without loss of generality, we can then assume that A is a monomorphism.
In particular, A\ factors through the unique maximal split S-subtorus T of

rad(L). We have L C Cg(Ty) C Cg(A) = L so that L = Cg(Tp) as desired.
(c) This follows from Proposition 4.3, (i) = (vi). O

4.7. Theorem (Transitivity of G(R) on minimal parabolic subgroups and
maximal split tori). Let R be a connected LG-ring, and let G be a reductive
R-group scheme.

(a) The group G(R) acts transitively on the minimal R—parabolic sub-
groups of G.

(b) We assume furthermore that G admits a faithful linear representa-
tion (e.g. G is semisimple). Then the group G(R) acts transitively
on the mazximal split R—subtori of G.

Proof. (a) Let P and @ be minimal parabolic subgroups of G. Corollary
3.6 shows that there exists g € G(R) such that 9P N @ is an R—parabolic
subgroup of G. By minimality, we have 9P N Q = @ = 9P.
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(b) Let T} and T be maximal split R-subtori of G. We want to show that
T} and Ty are G(R)—conjugate. According to Lemma 4.6(c), the centralizers
L; = Cq(T;), i = 1,2, are Levi subgroups of minimal parabolic subgroups
P; of G. Applying (a), reduces to the case P = P,. Since Levi subgroups
of a fixed parabolic subgroup are G(R)-conjugate by [XXVI, 1.8], we can
further assume that L; = Ly. According to Proposition 4.3, (i) = (ii),
T7 and T, are maximal R-split tori of L1 = Lo and a fortiori a maximal
split tori of the torus rad(Ly). Since we have uniqueness for maximal split
subtori of a given subtorus (Lemma A.6(b)), we conclude that 77 = Ty. O

Theorem 4.7(b) is proven in [XXVI, 6.16] for a reductive R-group scheme
over a connected semilocal R.

4.8. Remarks (Witt-Tits decomposition). Let R be a connected LG-ring,
and let G be a reductive R—group scheme. Then the conclusions of [Gil,
4.3.1, 4.4.3, 5.2.1] regarding the Witt-Tits decomposition of H'(Spec(R),G)
hold.

Indeed, the reader will easily check that the proofs of the quoted refer-
ences, stated in [Gil] for semilocal rings, only require that R is a connected
ring for which G(R) acts transitively on the set of minimal parabolic sub-
groups of G. But this is 4.7(a).

4.9. The anisotropic kernel. Let R be a connected LG-ring and let G be
a reductive R-group scheme.

By 4.6(a), G admits minimal parabolic subgroups and by 4.7(a), they are
all conjugate. Let us fix one of them, say Pyi,. Levi subgroups of Py, exist
by [XXVI, 2.3], and they are all conjugate by [XXVI, 1.8]. Let us fix one
of them, say Lyy. The derived subgroup Z(Lmyin) of Ly is a semisimple
R—group scheme. It follows from [XXVI, 1.20] and [Gil, Lem. 3.2.1(2)] that
P (Lmin) is irreducible, hence anisotropic by 4.1(a). Summarizing, up to iso-
morphism, there exists up to isomorphism a unique semisimple anisotropic
R—subgroup of G, defined as

(4.9.1) Gan = Z(Lmin)

and called the anisotropic kernel of G. The terminology follows Tits [Ti] for
the case of a field and Petrov-Stavrova [PS] for the case of semilocal rings.

4.10. Example. Let G be a reductive group scheme over a connected LG-
ring, and suppose Tj is a split subtorus of G for which Centg(Ty)/Tp is
anisotropic. Then

(i) Tp is a maximal split subtorus of G;
(ii) there exist parabolic subgroups of G admitting Centg(7p) as Levi
subgroup, and any such parabolic subgroup is minimal;
(iii) Z(Cent(Tp)) is an anisotropic kernel of G.
Indeed, Proposition 4.3 implies (i) and (ii), while (iii) follows from the defini-
tion (4.9.1) of an anisotropic kernel. We will specialize this example in 6.13
to determine the anisotropic kernel of GL;(A), A an Azumaya R-algebra.
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In the remainder of this section we investigate the interplay between ar-
bitrary parabolic subgroups of a reductive group over a connected LG-ring,
Levi subgroups and split subtori.

4.11. Proposition ([XXVI, 6.8] for R semilocal connected). Let R be a
connected LG-ring, let G be a reductive R—group scheme, let P C G be a
parabolic subgroup scheme and let L be a Levi subgroup of P, which exists
by [XXVI, 2.3]. We put Q = rad(L) and let Qo the maximal split subtorus
of Q, which exists by A.6(d). Then

(4.11.1) L = Centg(Qo).

The proof of 4.11 for a connected LG-scheme is the same as the proof of
[XXVI, 6.8], up to replacing the reference [XXVI, 3.20] by 2.6. We leave the
details to the reader.

Recall [XXVI, 6.2]: If S is any scheme, and Q a split subtorus of a
reductive S—group scheme, then there exists a parabolic subgroup of G for
which Centg(Q) is a Levi subgroup.

Combining this result with 4.11, we get the following corollary, which is
[XXVI, 6.9] in the semilocal case.

4.12. Corollary. Let S be a connected LG-scheme, G a reductive S—group,
and T a critical subtorus in the sense that T' = rad (Cent(;(T)). We denote
the mazximal split subtorus of T by Ty. Then the following are equivalent:

(i) Centg(T') is a Levi subgroup of a parabolic subgroup of G;
(ii) Centg(T) = Centg(To);
(iii) Lie(G)T = Lie(G)™0.

More corollaries of Proposition 4.11 are established in [XXVI, 6.10-6.12]
for reductive groups over a connected semilocal scheme. Their proofs carry
over without change to groups over a connected LG-scheme. We state these
corollaries below for the reader’s convenience.

4.13. Corollary ([XXVI, 6.10] for R semilocal connected). Let S be a con-
nected LG-scheme, and let G be a reductive S—group. Then the following
conditions are equivalent for a subgroup scheme L of G:

(i) There exists a parabolic subgroup with Levi subgroup L.

(ii) There exists a split subtorus of G whose centralizer is L.
(ili) There exists a cocharacter G, s — G whose centralizer is L.

4.14. Corollary ([XXVI, 6.11] for R semilocal connected). Let S be a con-
nected LG-scheme, and let G be a reductive S—group. Given a torus T, we

denote by Ty its unique mazimal split subtorus, whose existence is guaranteed
by A.6(d). Then the maps

L — rad(L)o, Q — Centg(Q)
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are order-reversing inverse bijections between the set of Levi subgroups of
parabolic subgroups of G and the set of split subtori Q of G satisfying QQ =

rad(Centg(Q))o-
5. CANCELLATION THEOREMS

In this section we prove several cancellation theorems that are classically
known over fields, in some cases even over semilocal rings, but that we
establish here over LG-rings: cancellation of modules and Azumaya algebras
in tensor products 5.2, cancellation of hermitian forms in 5.4 and cancellation
of quadratic forms in 5.5. All of these cancellation results are applications
of the cohomological injectivity result of Theorem 3.1(b). We start with
presenting the principle 5.1 that describes the basis of cancellation.

5.1. Cancellation Principle. Let R be an LG-ring. We consider the dia-
gram (5.1.1) of R—group schemes and R—group homomorphisms

(5.1.1) G251 Pl g

where G and H are reductive R—group schemes, P is a parabolic subgroup
of H with Levi subgroup L, the map A is split as group homomorphism, and
where incy, and incp are the natural inclusions. Then the canonical map

(5.1.2) a: HY(R,G) — HY(R, H),

induced by the composition of the maps in (5.1.1), is injective.

incy,

Proof. The sequence 5.1.1 of group homomorphisms induces maps in coho-
mology:

HY(R,G) —=—~ H'(R, L)
(5.1.3) %lincz

H! (1:‘1, H) HY(R, P)

inch
In the diagram (5.1.3) the map A* is injective since A is a split group
homomorphism, the map incj is a bijection by [XXVI, 2.3] and the map
incp is injective by Theorem 3.1(b). O

As a first application of the Cancellation Principle 5.1, we prove a can-
cellation result for finite projective modules and for Azumaya algebras over
LG-rings. Cancellation of Azumaya algebras was proven for semilocal rings
by Knus [Knl, Thm. 3.3] and again by Ojanguren-Sridharan in [OS, Cor. 1],
see also [Kn2, III, 5.2.3(b)].

5.2. Application (Cancellation of modules and Azumaya algebras). Let R
be an LG-ring.

(a) Let My and My be finite projective R—modules, and let N be a faithfully
projective R—module. Then

(5.2.1) My ®r N 2 My®@r N = M; = M,
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(isomorphism of R—modules). In particular, for any n € N,
(5.2.2) M = MY — My = M,
(b) Let A, B and C be Azumaya R—-algebras. Then
(5.2.3) A®RrC~2B®rC = AXB.
In particular, for n € Ny,
(5.2.4) M,(A) 2 M,(B) = A~B.
Proof. (a) We apply the Principle 5.1 with the following choices:

(i) G = GLg is the R—group scheme representing the R—functor which
associates with 7' € R-alg the group GLg4(T') of invertible matrices
in My(T);

(i) H = GLyg;

(iii) L the subgroup scheme of GL, 4, representing the R—functor which
associates with 1" € R-alg the subgroup

L(T) = {diag(z1,...,xy) : & € GL4(T)}
of GLnd(T);
(iv) P is the product of L and upper triangular matrices in GLjg;
(v) A is the diagonal group homomorphism
A: GL; — L, =z diag(z,...,2)
which is split by the projection onto the first factor
pr;: L — GLy, diag(zy,...,z,) — x1.

We first prove (5.2.2). In view of the rank decomposition of finite pro-
jective modules and of 1.1(a), it is no harm to assume that M; and hence
also M have constant rank, say they are both of rank d. Thus, they repre-
sent cohomology classes [M;] and [Ms] in H' (R, GLy). The assumption in
(5.2.2) is that a([M;]) = a([Ms]) € H'(R,GL,q). Therefore [M;] = [M>]
by injectivity of a.

We now prove (5.2.1) as a consequence of (5.2.2). Let @ be an R—module
such that N ®p Q is free of finite rank, say N ®r Q = R™, see 1.5. Observe

that My @gp N ®r Q = M, @ R = Ml("). Therefore, the assumption in
(5.2.1) implies Mln) = MQ("), which forces My = Mj by (5.2.2).

(b) The proof of (b) is a straightforward modification of the proof of (a).
Quotioning the sequence

A incy,

GL, L P GL,g

of (a) by the central G,,, we obtain the sequence of R—group schemes

incp

PGL, 25T =1L/Gp X5 P = P/G, 73 PGLyy
which satisfies the assumptions of the Principle 5.1, cf. [Gil, 3.2.1]. Thus
the canonical map a: H'(R,PGLy) — H'(R,PGL,,) is injective. The co-
homology set H' (R, PGLy) represents the isomorphism classes of Azumaya



GROUP SCHEMES OVER LG-RINGS 29

algebras of constant degree d. The map & sends the class of an Azumaya
R-algebra D of degree d to the class [M,(D)] € H'(R, PGL,;4).

For the proof of (5.2.4) we can assume that A and B have constant rank,
say rank d. Then (5.2.4) follows from injectivity of the map & above. To
prove (5.2.3), we can suppose that C has constant rank n. Then C®rCP =
Endg(C), where on the right hand side we view C as projective R—module
of rank n. Since C' = R" by 1.6(b), we get C @ C°? = M,,(R). Now (5.2.3)
follows:

ARrCE2BRrC — AQrCrCPEZBRrCQrCP
= M,(A) =M, (B) = A=B. O

Based on 5.2(b), we will be able to say more about Azumaya algebras
over LG-rings in §6.

5.3. Remark (Additive Cancellation of modules). The additive version of
(5.2.1) is known to be true too, even in a more general setting than modules
over LG-rings [EG, Thm. 2.5]: Let R be an LG-ring, let S € R-alg be a
direct limit of finite R—algebras, and let My, My and N be S—modules. If
N is finitely generated, then

The proof of loc. cit. establishes that Endg(N) has 1 in the stable range of
Endg(N) and then applies a result of Evans [Ev, Thm. 2| to show (5.3.1).
Additive cancellation goes back to the classical results of Bass [Bas, 6.6,
9.3]; in the semilocal case it is proven in [Kn2, VI; (1.3.3)].

The point of this remark is that the special case S = R and My, M,
and N finite projective R—modules of (5.3.1) can easily be proven using the
Cancellation Principle 5.1. Indeed, there exists a finite projective R—module
N’ such that M & N’ = R" for some n € N,.. Therefore M;® R" = My® R".
By induction on n, it suffices to prove the case n =1,

(5.3.2) Mi®REMy& R = My @ Ms.

It follows that rankp My = rankgr Ms. Applying the standard rank decom-
position of finite projective modules and 1.1(a), we can assume that M; and
M have constant rank 7.

Let L be the Levi subgroup of the parabolic subgroup P of the reductive
R-group scheme H = GL,, 1, given with obvious meaning by

GL, 0 _(GL,  x
L—<o Gm>’ P‘(o Gm>'
We can apply the Cancellation Principle 5.1 with A: G = GL, — L the

obvious embedding and L. C P C GL,;; = H as above. Hence, we get an
injective map

(5.3.3) HY(R,GL,) — HYR,GL,,),
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which sends the isomorphism class of a finite projective R—module @) of rank
r to the isomorphism class of @ @ R. Thus, injectivity of (5.3.3) yields a
proof of (5.3.2).

The final two results of this section concern cancellation of hermitian and
quadratic forms. For the convenience of the reader, Appendix C reviews the
concepts needed for 5.4 and 5.5 and their proofs.

5.4. Application (Cancellation of hermitian forms). Let R be an LG-ring,
and let S/R be a quadratic étale extension with standard involution o. Then
cancellation holds for (S,o)—hermitian spaces: if hy, ha and hs are hermitian
spaces such that hy L hg and hy L hs are isometric, then already hy and hs
are 1sometric:

(541) h1 1 h3 = h2 1 h3 — h1 = hg.

Proof. The form hs L (—hg) is hyperbolic [Kn2, I; 3.7.3]. Since the as-
sumption implies that hy L (hs L —hg) = he L (hs L —hs), it is no harm
to assume that hg is hyperbolic, say hy = H(Us). We can then apply the
Cancellation Principle 5.1 with the following choices:
(i) G =U(hy) and H = U(h; L hs) are the unitary R—group schemes
of the regular hermitian forms h; and h; L hs respectively, which
are reductive R—group schemes by C.6(d).
(ii) L= U(hl) XR mS/R(GL(Ug));
(iii) P is the stabilizer of Us in H, which by C.7 is a parabolic subgroup
of H with Levi subgroup L.
(iv) A: U(hy) — U(hy) xg U(hg) is the canonical embedding.
Thus the natural map H*(R,U(h1)) — H'(R,U(hy L hg)) is injective.
Taking the bijection of C.6(e) as identification, it sends the isometry class

of a hermitian space h’ to the isometry class of A’ L hs, which implies
(5.4.1). O

Remark. For a semilocal ring R, a more general result than 5.4 is proven
in [Kn2, VI; (5.7.5)] — it concerns cancellation of unitary (= hermitian)
spaces over unitary rings.

5.5. Application (Cancellation of quadratic forms). Let R be an LG-ring,
let g1 and qo be nonsingular quadratic forms and let g3 be a regular quadratic
form. Then

(5.5.1) nla=2elag = a=qe

Proof. Applying the rank decomposition C.8(g) of the quadratic forms ¢;,
i = 1,2,3, together with 1.1(a), we can assume that the ¢; have constant
rank. We can further suppose that all three ranks are positive, since other-
wise the claim is obvious. Moreover, because the quadratic form g3 1 —q3
is hyperbolic by [Bae, I, (4.7)], we can assume that g3 is hyperbolic. In
particular, g3 is regular, so that ¢ :== ¢; L ¢3 is nonsingular by (C.8.3).
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At this point, the reader might be inclined to apply the principle 5.1 to
O(q1) and O(q), which by C.15 describe the isometry classes of nonsingular
quadratic forms. This is however not possible because O(-) is not reductive
in general. A way out of this problem is to use SO(q;) and SO(q) instead,
which are indeed reductive group schemes by C.16, and then investigate the
relation between H'(R,SO(+)) and H' (R, O(-)).

Following this approach, we apply 5.1 with G = SO(¢q;) and H = SO(q),
using the parabolic and Levi subgroups of H exhibited in C.17. Hence

o HI(R, SO(q1)) — HI(R’ SO(q))

is injective. To link H'(R,SO(-)) and H'(R, O(-)), we use that there exist
an R—group scheme A, an R—group homomorphism D and an exact sequence
of R—group schemes

(5.5.2) 1—8S0(q) 5 0(q) 24— 1

where 7 is the canonical inclusion and where

A PR if ¢ has odd rank,
| Z/2Zg, if q has even rank.

Indeed, this follows from C.16(c) in the odd rank case and from (C.16.5) in
the even rank case.

Part of the long exact cohomology sequence associated with (5.5.2) is the
sequence of pointed sets

D(R) 5 i*

O(q) — A(R) — H'(R,SO(q)) — H'(R, O(q)),
in which D(R) is surjective by C.13(b), implying that ¢* has trivial kernel.
Since the parities of the ranks of ¢; and ¢ agree, we have the analogous exact
sequence (5.5.2) for ¢ replacing ¢, with the same A. Moreover, we get a
commutative diagram of pointed sets

H'(R,S0(q1)) —~ H'(R, O(q1)) 2~ H'(R, A)

Lo b |

H'(R,SO(g)) —— H'(R,O(q)) 2~ H'(R, A)

where ¢} is associated to the inclusion i;: SO(¢q1) — O(¢1) and where
maps the isometry class of g2 to that of g2 L g3 (recall C.15). Our claim
then is that 8 has trivial kernel. But this follows from a simple diagram
chase, using that « is injective and that ¢* has trivial kernel. O

Remarks. For regular quadratic forms over fields of characteristic not
2, the result 5.5 goes back to Witt, and is therefore referred to as Witt
cancellation, even in more general settings.

Witt cancellation is proven in [EKM, Thm. 8.4] for quadratic forms over
arbitrary fields, in [Bae, ITI, Cor. 4.3] for regular quadratic forms ¢;, g2 and
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g3 over semilocal rings, and in [Di, II, 6.4] for LG-rings, again for regular
forms, following Baeza’s approach which in turn goes back to Knebusch.

Witt cancellation is not true if all ¢; are merely nonsingular, see [EKM,
p. 49] for a counterexample.

6. AZUMAYA ALGEBRAS OVER LG-RINGS

In this section we consider Azumaya algebras over rings. One of its goals
is Corollary 6.9 on the Brauer decomposition of Azumaya algebras over con-
nected LG-rings. This is a consequence of Theorem 6.7 which says that
indecomposable finite projective modules of Azumaya algebras over a con-
nected LG-ring are isomorphic. Another highlight of this section is Propo-
sition 6.2 proving that an Azumaya algebra A of constant degree over an
LG-ring admits a splitting ring which is a maximal étale subalgebra of A.

We start this section with Corollary 6.1, which is an application of cancel-
lation of tensor products of Azumaya algebras and establishes “Hilbert 90”.
In this corollary, Br(R) denotes the Brauer group of a ring R as defined in
[Fo, §7.3], which is the Brauer-Azumaya group of [C-TS, 3.1.3].

6.1. Corollary. Let R be an LG-ring, and let A be an Azumaya R—algebra.

(a) If B is another Azumaya R—-algebra with deg A = deg B, then A and
B are isomorphic as R—algebras if and only if their Brauer classes agree,

(6.1.1) A~ B < [A]=[B] € Br(R).
(b) (“Hilbert 90”) H' (R, GL1(A)) = {1}.

Proof. (a) It suffices to prove that [A] = [B] = A = B. The equality
[A] = [B] means that there exist faithfully projective R-modules P and @
such that A ®g Endr(P) = B ®r Endg(Q) as R-algebras. Using the rank
decomposition of P and (), we can easily reduce to the case that both P and
@ have constant rank. Hence, by 1.6(b), there exist m,n € N, such that
M,,(A) = M, (B) (isomorphism of R-algebras). Comparing degrees, we get
m = n, hence A = B by (5.2.4).

(b) Let PGL(A) be the automorphism group scheme of A, [CF, 2.4.4.2].
The standard exact sequence of Spec(R)-group schemes,

1— Gy — GL1(A) - PGL(A4) — 1

gives rise to a long exact sequence of pointed cohomology sets, part of which
is

H'(R,G.) — HY(R, GL(A)) % HY(R,PGL(A)) > H2(R, G,).

On the left end, H'(R,G,,) = Pic(R) = 0 by (1.1.1), which implies that a
has trivial kernel. The set H! (R, PGL(A)) classifies twisted forms of A. If B
is such a twisted form, it has the same degree as A. By [Gir, 4.2.12.(iii)], the
map J sends the isomorphism class of B to [A] — [B] € Br(R) C H*(R,G,,).
Hence, part (a) implies that § has trivial kernel, i.e., a has trivial image.
The standard torsion argument then proves (b). O
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6.2. Proposition. Assume that R is LG-ring. Let A be an Azumaya R-—
algebra of constant degree d.

(i) A admits a mazximal étale R—subalgebra S of finite degree d and
A®prS = My(S).

(ii) If R is connected, then A admits a connected finite étale R—subalgebra
S" such that A®@p S" = M4(S").

Proof. (i) According to Theorem 2.6, the reductive R—group scheme GL1(A)
admits a maximal torus T'. By [Gi2, Prop. 3.2], T occurs from an embedding
S — A of a maximal finite étale algebra S of degree d and T' = GL;(95).
The canonical S—module A is finite projective of constant rank d and A ®p
S = Endg(A) as Azumaya S-algebras ([Fo, 7.4.2], [KO, III, Prop. 6.1]).
In particular, A ® S is a neutral Azumaya S—algebras of degree d. Next,
S is an LG-ring by Example 1.2(b). Since A ®p S and M,4(S) are both
neutral Azumaya S—algebras of the same degree, Corollary 6.1(a) enables
us to conclude that A ®@p S = My(5).

(ii) Because R is connected, we have a decomposition S = S; x -+ x S,
with S; finite étale connected. Since A ®r S = My(S), we obtain that
A®R S”i’Md(S/) for S/:Sl. O

6.3. Indecomposable finite projective modules. Let R be an arbitrary
ring and let A be an Azumaya R-algebra. Recall that an A-module M is
called decomposable if there exists a family (M;);cr of submodules M; of M
such that M = @,.; M; and every M; # 0. Otherwise, it is called indecom-
posable. Hence M = {0} is decomposable by taking I = (), and an A-module
M is indecomposable if and only if M # 0 and idemp (Enda(M)) = {0,1}.
Here idemp(B) = {b € B : b*> = b} is the set of idempotents of an R-algebra
B.

Following [DI, V, p. 131], we define an equivalence relation ~ on the set
of indecomposable finite projective left A—modules by P ~ () <= there
exists an invertible R—module F such that P = Q®pg E as (left) A-modules.
Obviously, if Pic(R) = {0}, then “equivalence” reduces to “isomorphism”.
We will use the following result.

6.4. Theorem ([DI, V; Thm. 1.1]). Let A be an Azumaya algebra over a
connected ring R. Then

P — End(P)®

induces a bijection between the set of equivalence classes of indecomposable
finite projective A—modules and the set of isomorphism classes of Azumaya
R—algebras B satisfying

(6.4.1) A~py B and idemp(B) = {0,1},

where ~g; indicates Brauer equivalence.
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The inverse map assigns to B satisfying (6.4.1) the module P constructed
as follows: By definition of A ~p, B there exists a faithfully projective
R-module P satisfying

(6.4.2) A®p B° = Endg(P).

We use the canonical R-algebra homomorphism A — A ®p B°P and (6.4.2)
to endow P with an A—module structure. It is finite projective as A—module
by [Fo, 4.4.1]. Viewing B as a subalgebra of Endr(P) the double centralizer
theorem inmplies

(6.4.3) B~ Endy(P).

Hence idemp (EndA(P)) = {0, 1} which says that P is an indecomposable
A-module by the characterization of indecomposability mentioned in 6.3.

6.5. Corollary. Let R be a connected ring. Then every Brauer class o €
Br(R) has a representative B satisfying idemp(B) = {0, 1}.

Proof. By Theorem 6.4, it suffices to show that for every Azumaya R—algebra
A there exists an indecomposable finite projective A—module. This can be
seen by decomposing the finite “projective” left A—module 4 A. O

6.6. Lemma. Let R be a connected ring and let A be an Azumaya R-algebra.
Then the following conditions are equivalent:

(i) Any two indecomposable finite projective A—modules are equivalent.

(ii) Up to isomorphism, the Brauer class of A contains a unique B sat-
isfying idemp(B) = {0, 1}.

If these conditions hold, then we have for B as in (ii) that

(iii) deg(B) = ind([A]), in particular deg(B)| deg(A).

(iv) Up to equivalence, the left B-module gB is the unique indecompos-
able finitely generated projective left B—module.

(v) In addition to (i) and (ii), suppose Pic(R) = {0}, and let M and N
be finite projective R—modules satisfying rankg M > rankr N. Then
N is a homomorphic image of M.

Proof. The equivalence (i) <= (ii) is a special case of Theorem 6.4.

(iii) We can write A as a finite sum of indecomposable finitely generated
projective A—modules, say A = P, @ --- @ P,. By (i) we can assume that
there exists an indecomposable finite projective A—module P such that P, =
P ®p E; for some invertible R—module F;. Thus, rankyr P; = rankg P and
we get

(6.6.1) rankg A =nrankg P and rankg A-rankp B = (rankp P)?

where the second equation in (6.6.1) follows from (6.4.2). The two equations
in (6.6.1) imply

(6.6.2) rankg P = nrankg B, rankp A = n?rankp B.
The second equation then forces deg B| deg(A).
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Let [A] = a € Br(R). By definition ind(a) = ged{deg A’ : A" ~p, A}.
The equivalence (i) <= (ii) shows that the condition (i) also holds for A’.
Since A ~p; A = B ~p; A, it then follows that deg(B)|deg(A’), and
therefore deg(B) = ind(«).

(iv) As observed in (iii), the condition (i) holds for B replacing A. Hence
we get (6.6.2) for A = B, which forces n = 1 and therefore (iv).

(v) Since Pic(R) = 0, “equivalence” in (i) becomes “isomorphism”. We
fix an indecomposable finite projective A-—module K, and then get M = K¢
and N =2 K’ for positive integers a and b. The rank assumption on M and
N implies that @ > b. The claim then follows. U

6.7. Theorem ([DeM, Thm. 1] for R semilocal). Let R be a connected LG-
ring. Then the condition 6.6(1) holds with “equivalence” replaced by “iso-
morphism”. Hence the conditions (ii)—(v) of 6.6 are satisfied too.

Proof. Let P and @) be indecomposable finite projective A—modules. Since
R is connected, rankp P and rankp () are constant, so that Corollary 1.6
says that P and @ are free as R—modules. Without loss of generality we can
therefore suppose that rankz P > rankg Q. We claim:

(6.7.1) @ is a homomorphic image of P.

Assuming (6.7.1) for a moment, we can quickly finish the proof. Indeed,
because @ is projective, any epimorphism P — @ splits. But P is indecom-
posable. Therefore P = Q).

It remains to prove (6.7.1). This can be done by observing that 6.6(i) and
hence 6.6(v) holds for the localization Ry, in a maximal ideal m<R, thanks to
[DeM, Thm. 1]. Applying then [EG, Thm. 2.6(i)], proves the claim. A more
direct proof of (6.7.1) goes as follows. Since P and @ are free of finite rank
as R-modules, Hompg(P, @) is an affine space; it contains the open quasi-
compact subscheme U’ = {¢ € Hompg(P, Q) : ¢ is surjective } (note that the
complement of U’ is given by the vanishing of finitely many minors). The
A-linear maps Hom (P, Q) is a subspace of Hompg(P,Q), hence is again
an affine space. It contains U = {¢ € Homyu(P,Q) : ¢ is surjective} =
Hom4(P,Q) N U’ as an open quasi-compact subscheme. If m < R is any
maximal ideal of R, it is well-known that 6.6(i) and hence 6.6(v) hold for R
replaced by the field R/m, i.e., U(R/m) # (). But then Proposition 1.4(a)
shows that U(R) # 0, which is (6.7.1). O

6.8. The Wedderburn property. Condition (ii) of 6.6 and Theorem 6.7
say that a connected LG-ring R has the Wedderburn property in the sense of
[AW17] or [Fo, §7.6], i.e., for every Azumaya R-algebra A over a connected
ring R there is up to isomorphism a unique representative B in the Brauer
class of A such that idemp(B) = {0,1} and B°? = Ends(M) for some A-
progenerator module M. As far as we know, this was previously only known
for connected semilocal rings [DeM, Cor. 1].
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Examples of rings that do not have the Wedderburn property are given
in [AW14, Ex. 1.5], [Bas, page 46] and [Ch].

6.9. Corollary (Brauer Decomposition for LG-rings). Let R be a connected
LG-ring, let A be an Azumaya R—-algebra with idemp(A) = {0,1}, and let
ind([A]) = pi"™* ... pl*e be the prime factor decomposition of ind([A]). Then
there exist Azumaya R—algebras B, ..., B. satisfying

(6.9.1) deg(B;) =p;" and idemp(B;) = {1,0}
fori=1,...,¢, as well as
(6.9.2) A= B ®pr- - QR Be.

The conditions (6.9.1) and (6.9.2) determine the family (Bi,...,B.) up to
isomorphism.

Proof. Because Br(R) is an abelian torsion group, we can write a = [4] €
Br(R) as & = a1+ - -+, where a; € Br(R) has order p;" for 1 <i < c. We
now use Gabber’s Theorem [Ga, II, Thm. 1] for each class «;. It says that
there exist Azumaya R-algebras A; satisfying «; = [A;] and deg(4;) = pfi
for some ¢; € N. Next, by 6.7, we can apply 6.6. Thus, there exist Azumaya
algebras B; satisfying [B;] = [4;] and idemp(B;) = {0,1} for i = 1,...,c.
Observe that deg(A) = ind(A) and deg(B;) = ind(«a;) by 6.6(iii). We then
get

deg(B1 ®r -+ ®r Be) = [[i=, deg(B;)
=1I;; ind(v) © ind(a) = deg(A)
where (%) holds by [AW17, Thm. 3]. Similarly,
Al=a=a1+ - +ac.=[A]+ - +[A4]
=[Bi] + -+ [Bc] = [B1®r - - ®r Bcl,

so that Corollary 6.1(a) yields the isomorphism (6.9.2).

Unicity: Let (Bf,...,B.) be a family of Azumaya R-algebras satisfying
(6.9.1) and (6.9.2). By 6.6(iii) we then get ind([B]]) = deg(B}) = p;",
thus per([B;]) = pfi for some ¢; < m,;. It follows that [A] = [B}] + -+ +
[B!] is the decomposition of [A] into primary components. Hence [B!] =

[B;] for i = 1,...,c. As deg(Bj) = p;"" = deg(B;), another application of
Corollary 6.1(a) yields B, = B;. O

The results in 6.4-6.9 show the importance of Azumaya algebras A sat-
isfying idemp(A) = {0,1}. While this is a purely algebraic condition, it is
perhaps not surprising that these algebras also have a natural group the-
oretic characterization, which in fact holds beyond the case of connected
LG-rings. We will prove this in 6.12, using the following Lemmas 6.10 and
6.11 which (in our view) are of independent interest.

For an Azumaya algebra A over a scheme S, the S—group scheme GL;(A)
is for example defined in [CF, 2.4.2.2].
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6.10. Lemma. Let A be an Azumaya algebra over a connected scheme S,
and let e be an idempotent of A = A(S).

(a) Then
Ae: G — GLi(A) =: G,
t(€ Gps(T)) = ter +t ' (1a) — er)
(I'" an S-scheme) is a cocharacter such that
Ae is central <— e € {0,1}
< G =Pg(A\) =Ca(N).

(b) e=0 <= er =0 for some S—scheme T'; analogously for e = 1.

(6.10.1)

(6.10.2)

Proof. (a) It is immediate that A, is a cocharacter, which is central if e €
{0,1}. In general, let A;j;, 7,7 € {1,0} be the Peirce spaces of A with respect
to the orthogonal idempotents e; = e and eg = 1 —e. Thus A;; = e; Ae;.
The centralizer of A\, in A is C4(Ae) = A11 D Ago-

Assume now that A, is central. Then A = C4(A) = Ayy x Ago. It follows
that Aj; and Agg are ideals of A. They induce ideals Z; and Zy of Og by
Z; = A; NOg, i = 1,0, which satisfy A;; = Z; A. Since A = Aq1 X Agy we
have Og = 71 X Z. Because S is connected, either Z; = Og, i.e., e = 1, or
Z:1=0,ie.,e=0.

Clearly, A, is central <= G = Cg(A). Since Cg(A) € Pg(A) € G in
general, this proves the second equivalence.

(b) The parabolic subgroup P (\¢) has constant type since S is connected
[XXVI, 3.3]. Hence, if er = 0, then Pg(\)(T) = G(T'). Because Pg(Ae)
has constant type, we get Pg(\) = G and therefore e € {0,1} by (6.10.2).
The assumption e = 1 contradicts ey = 0. Thus e = 0. The other direction
is obvious. O

6.11. Lemma. Let A be an Azumaya algebra over a connected scheme S,
and suppose A: Gy, s — GL1(A) is a non-central cocharacter. Then {0,1} C
idemp (A(S)).

Proof. Let B = A* be the subalgebra of A centralizing the image of A, and
let C be the centre of B. By [Gi2, Prop. 3.2] we know that C is a finite étale
Og-algebra of positive rank. We will eventually show that C(S) contains
a nontrivial idempotent e defined by using the decomposition of C into its
connected components. But first we need to eliminate the case that C is
connected.

By construction of C, the image of A lies in C, and this also holds for the
central cocharacter A. Thus A\, A € Homg_4(Gyy,,5, GL1(C)). To compare
the two cocharacters, let C' be the scheme associated with the finite étale
Og-algebra C and let R g(-) be the Weil restriction. Then GL1(C) =
Re/s(Gm, C), (Gm,s)c = Gp,c and the fundamental identity of the Weil
restriction R/ g becomes (after a canonical identification)

HomS—gr (Gm,57 9{C‘/S(Gm,C)) = HomC—gr(Gm,Cy Gm,C)-
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Suppose that C' is connected. Then Homec_g (G, G,c) = Z with basis
A. Therefore A = A™ for some n € Z, in particular A is central, contradic-
tion. Therefore C, equivalently C, is not connected.

Let C1 x - - -xC,;, be the decomposition of C corresponding to the decompo-

sition of C' into its connected components, and let eq, ..., e, be the identity
elements of the algebras C;(S). Then the e; are non-zero idempotents of A
since C;(S) # 0, and e # 1 because m > 2. O

We use the concepts of (ir)reducible and (an)isotropic group schemes as
defined in 4.1. For an Azumaya algebra A over a scheme S the S—group
scheme SL;(A) is for example defined in [CF, 3.5.0.91]; it is semisimple
by [CF, 3.5.0.92]. The S—group scheme PGL(A) is a semisimple S—group
scheme by [CF, 3.0.5.82].

6.12. Proposition. Let A be an Azumaya algebra over a connected scheme
S. The following are equivalent:

(i) SL1(A) is isotropic,

Proof. By 4.1(a), the equivalences (i) <= (ii) and (iv) <= (v) hold since
SL;(A) and PGL(A) are semisimple S—group schemes. The equivalences
(i) <= (iii) <= (iv) are special cases of [Gil, 3.5.3(b)®®) and 3.2.1(2)].
If e is an idempotent as in (vi), then A, is not central by (6.10.1). Hence
G = GL;1(Xe) # Ca(Ae) and a fortiori G # Pg(Ae), which proves (iii).
Conversely, if (iii) holds, then G contains a proper parabolic subgroup P
with a Levi subgroup L. By [Gil, 7.3.1(1)] we have (P,L) = (Pg()), Ca(N)
for a non-central cocharacter X\. Thus (vi) follows from Lemma 6.11. g

6.13. Corollary (Anisotropic kernel of GL1(A)). Let R be a connected LG-
ring and let A be an Azumaya R—algebra. By 6.4 and 6.7 there exist unique
n € N and an Azumaya algebra B with idemp(B) = {0,1} such that A =
M,,(B). Then a minimal parabolic subgroup Pyin of G = GL1(A) and a
minimal Levi subgroup Ly, are

GL/(B) =+ . GL(B) 0 0
Pmin: 0 * ) Lmin: 0 0
0 0 GLy(B) 0 0 GLy(B)

(3)The reference refers to the web version of the article: https://hal.science/hal-
01063601v2/document. The published version does not distinguish between H and
H* = H/rad(H).
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A maximal split torus Ty of G and an anisotropic kernel Gu of G are

Gn 0 0 SLi(B) 0 0
TO = 0 T 0 ) Gan = 0 - 0
0 0 Gn 0 0 SLi(B)

Proof. 1t is clear that Tj as displayed above is a split torus whose centralizer
in G has the form of the matrix group Lmyi,. The quotient Ly, /Ty can be
identified with

PGL(B) 0 0
0 0
0 0 PGL(B)

which is anisotropic by 6.12. Example 4.10 can therefore be applied and
yields that the matrix groups displayed above are a minimal parabolic sub-
group, a minimal Levi subgroup, a maximal split torus and an anisotropic
kernel respectively. O

APPENDIX A. MAXIMAL SPLIT SUBTORI OF GROUPS OF MULTIPLICATIVE
TYPE

In this appendix, we study maximal split and maximal locally split S-
subtori of groups of finite multiplicative type. We prove their existence in
A.6, and show in the Example A.9(b) that the two notions are different in
general.

A.1. Basic notions, review. We mainly use the terminology and notation
of [SGA3, VIII, IX], as before abbreviated by [VIII] and [IX], see also [Col,
App. B] and [Oe]. Throughout this appendix, S is an arbitrary scheme.

Given an abelian group M, one denotes by Dg(M) = Spec(Os[M]))
the abealin S—group scheme representing the functor of characters of the
constant S—group Mg. An S—group scheme G is called split, equivalently
diagonalizable, if G is isomorphic to an S—group Dg(M) for some abelian
group M. A possible confusion with the notion of a split reductive S—group
cannot occur, if the reader takes the context into account. A split S—torus is
an S—group 7T isomorphic to Dg(Z") for some r € N,. We call an S—group
scheme G locally split if there exists a family (S;);e; of open subschemes S;
of S such that S = (J;c; Si and every G|s, = G x5 S; is diagonalizable. If
in this case all G|g; are split tori, we call T" a locally split torus.

An S—group G has multiplicative type if G is locally diagonalizable for the
fpqc topology, i.e., for every s € S there exists an open affine neighbourhood
U of s in G and a finite family (X;);c; of affine schemes together with
flat morphisms f;: X; — U such that U = |J; fi(X;) and every G|x, is
diagonalizable. In this case, we call G a torus, if all Gx, are split tori. A
group of finite multiplicative type is a group of multiplicative type which is
also of finite type.
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Let G be a group of multiplicative type. For s € S let G4 be the fibre of
s. There exists an extension k of the residue field of s such that (Gy) is
diagonalizable, say = Dg(M;) for some abelian group M. The isomorphism
class of M, is independent of the choice of k, and called the type of G at
s, [IX; 1.4]. The function on the underlying topological space Siop of S,
associating with s € S the type of GG in s, is locally constant. Assume now
that G has finite multiplicative type. For every s € S the type of G is a
finitely generated abelian group M. Hence we get a well-defined, locally
constant function rank(G): Siop — N, associating with s € S the rank of the
finitely generated abelian group M. It follows that we obtain a partition
S =|l,>oSr such that every S, is an open and closed subscheme of S and
G|s, is of constant rank 7. If G = T is a torus, this is the so-called partition
by type, [Oe, 5.4].

A subtorus of a group G of multiplicative type is a monomorphism 7" — G
where T is torus. By [IX; 2.5] or [Col, B.1.3] in the finite type case, T — G
is a closed immersion. Obviously, T is called a split subtorus or a locally
split subtorus, if T' is a split torus or a locally split torus. We say T is a
mazimal split subtorus or maximal locally split subtorus, if the image of T
in G is maximal with respect to inclusion among all split subtori or locally
split subtori respectively.

A.2. Lemma. Let T be a torus and let QQ be the quotient of T by a subgroup
of multiplicative type. Then Q) is a torus. Moreover,
(i) of T is locally split, then @Q is a locally split torus.
(ii) If S is connected and T is a split torus, then @Q is a split torus with
rank @ <rankT'.

Proof. We first prove (i). By definition of “locally split”, it suffices to show:
(A.2.1) If T is a split torus, then Q is a locally split torus.

For the proof of (A.2.1) we write T in the form 7' = Dg(M) with M = Z"
and observe that any torus is a group of finite multiplicative type, so that we
can apply [IX; 2.11(i)]: the group @ is a locally split group of multiplicative
type. Hence, Zariski-locally @ = Dg(NV) for some abelian group N. Cartier
duality [VIII; §3] provides a monomorphism Ng — Mg of constant group
schemes, so that N is torsion free and finitely generated. Therefore, N = Z"
with 7/ < r, in particular @ is a split S—torus, proving (A.2.1) and thus also
(i)

We next show (ii) by modifying the proof of (A.2.1). Indeed, the reference
[IX; 2.11(i)] also says that @ is a split group of multiplicative type if S is
connected. Hence, as the proof of (i) shows, @ is a split torus.

Finally, we can prove the general case: If T is a torus, then Q) is a torus.
Being a torus is local for the fpqc topology. We can therefore assume that
T is a split torus. Then @ is locally split by (i), which is all we needed to
show. O
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A.3. Example. By [Col, B.3.3|, any fppf-closed subgroup of a group G of
multiplicative type is a group of multiplicative type. Hence, Lemma A.2
holds for fppf-closed subgroups of tori.

For example, by A.2(ii), if S is a connected scheme and if A\: G, 5 — H
is a non-trivial group homomorphism, then Gy, s/ Ker(A) = Gy, 5.

The following lemma is the first step towards the existence of a maximal
locally split subtorus.

A.4. Lemma. Let G be an S—group of finite multiplicative type.

(a) Then the family of locally split S—subtori of G is a directed poset with
respect to inclusion.

(b) If S is connected, the family of split S—subtori of G is a directed poset
with respect to inclusion.

Proof. (a) It suffices to show:

(i) If E1 and Ey are locally split subtori of G, then there exists a locally
split subtorus of G containing E1 and Es.

To prove this, we consider the S—group scheme E; xg Fo and claim that
Fy xg Es is a locally split torus. Indeed, Zariski-locally £ and E5 have the
form Dg(M;) and Dg(Ms) for free abelian groups of finite type. Since for
arbitrary abelian groups N; and Ny we have

(A.4.1) Ds(Nl) Xg DS(NQ) = Ds(Nl X Ng),

see e.g. [Oe, 5.1], it follows that E; xg Es is a locally split torus.

Let h: Fy xg Fo — G be the group homomorphism given by multiplica-
tion. By [IX; 2.7], its kernel Ker(h) is a subgroup of multiplicative type, so
that E3 := (Ey X Ey)/Ker(h) is a locally split torus by A.2(i). Moreover,
again by [IX; 2.7], the canonical map F3 — G is a monomorphism. Clearly,
EyNnKer(h) = {0}. Therefore, E; — E3 is a closed immersion, and the same
holds for Ey — E3. Thus, (i) holds.

The proof of (b) is a straightforward modification of the proof of (a), see
[XXVI, 6.5]: If Ey and E9 are split tori, then so is Ey x g Eo by (A.4.1). The
quotient Fj3 is then a split torus by A.2(ii). O

A.5. Lemma. (a) A monomorphism T < T between S—tori with the same
rank functions is an isomorphism.

(b) Assume that S is connected and that G is an S—group of finite mul-
tiplicative type. Then every family of S—subtori of G, which is a directed
poset with respect to inclusion, admits a unique maximal element.

Proof. We can assume that S is non-empty. All statements are local for the
fpqc topology, allowing us to deal with split S-tori.

(a) We are given a monomorphism f: 7T = Dg(M) — Dg(M') = T,
where M and M’ are free Z—modules of rank r. Cartier duality provides an
epimorphism f: M¢ — Mg of constant S-schemes. For each point s of S,
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we obtain a surjective map fg: M. — M5 between free Z-modules of same
finite rank. The map f5 is then an isomorphism, and hence so are f and f.

(b) Let (T;);er be a family as in the statement of (b). Since S is connected,
G has of constant rank, say rank r. By the same reason, each 7T; has constant
rank, say rank T; = r;. Note r; < r. Let r; be maximal among all r;, ¢ € I.
We claim that 7} is a maximal element of the given family. Indeed, fix
it € I and let T}, be a member of the family such that T; C T}, and T C Tj,.
We have r; = r;, by maximality of r;. Applying (a) yields 7; = T}, hence
T; C T;. Thus T; is a maximal element; unicity is obvious. O

We can now prove the existence of maximal (locally) split subtori.

A.6. Proposition. Let G be an S—group of finite multiplicative type.

(a) If E is a mazimal locally split S—subtorus of G, then E is unique.
(b) If S is connected, G admits a unique mazximal locally split S—subtorus.
(¢c) G admits a mazimal split S—subtorus.

(d) If S is connected, G admits a unique maximal split S—subtorus.

Proof. Lemma A.4(a) tells us that the family of locally split S—subtori of G
is a directed poset, implying (a), while Lemma A.5(b) shows the existence
of a maximal element in case S is connected. Hence (b) holds.

(c) We use the partition S = | |~ S, by rank, see A.1. Up to localizing
at some S, we can then assume that G has constant rank 7 and that S # 0.
Since an ascending chain of split tori of bounded rank is stationary, it follows
from Lemma A.5(a) that 7" admits a maximal split S-subtorus.

(d) The reasoning is the same as for (b), using this time Lemma A.4(b).
O

Proposition A.6 implies that a torus T over a connected S admits both a
maximal split subtorus Ty and a maximal locally split subtorus Tjg. Clearly,
Ty C Tjp. The following Proposition A.7 gives a sufficient criterion for the
two subtori to coincide, while the Examples A.9 show that in general the
two tori do not coincide.

In Proposition A.7 we denote by X, (7') = Homg_g (G, T') the commu-
tative S—group of cocharacters of a torus 7T; it is a locally constant S—group
scheme. We also recall [St, Tag 033N]: a connected, normal locally noether-
ian scheme is integral and hence has a field of fractions.

A.7. Proposition. Assume that S is connected, normal and locally noether-
ian with field of fractions K. By Lemma A.6(d), the S—torus T has a unique
maximal split S—subtorus, denoted Tj.

(a) We have X (Tp)(K) = X (Tp)(S) = Xu(T)(S) = Xu(T)(K).
(b) Ty is the unique mazimal locally split S—subtorus of T'.

(¢) The formation of Ty commutes with Zariski localization.
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Proof. We shall use that T is isotrivial [X, 5.16], that is, there exists a finite
étale cover S’ of S which splits T. Grothendieck’s Galois theory [SGA1, V,
§8] (or see footnote (2)) allows us to assume that the cover S’ is a connected
Galois cover over S. We denote the Galois group of S’/S by T'; this is also
the Galois group of K'/K, where K’ is the fraction field of S’

(a) We have X,.(T)(S") = X.(T)(K'); by taking I'-invariants, we obtain
X (T)(S) = Xu(T)(K) and, similarly, X, (7p)(S) = Xu(Tp)(K). We have
the obvious inclusion X, (75)(S) C X.(T')(S); so it remains to establish the
other inclusion. To do so, we are given X\ : G, ¢ — 1. Its image F is a
split S-torus, so that Lemma A.4(b) implies that E C Ty. It follows that A
factorizes through Tp, so that A comes from X, (7p)(S).

(b) Let Tj9 be the maximal locally S—split subtorus of T'. Clearly T} is
the maximal S-split subtorus of Tjg. Since Tjg i is split, applying (a) to T,
shows that X,(Tp)(K) = X, (Tj0)(K). It follows that Ty and Ty have the
same rank, so that Ty = T}y in view of Lemma A.5(a).

(c) This follows immediately from (a). O

A.8. Remarks. (a) That X, (7)(S) = X.(T)(K) can be also proven by
applying [X, 8.4].

(b) The argument of Proposition A.7(b) can be generalized as follows.
Suppose that S is an integral scheme with field of fractions K and that T'
is an S—torus. Let Ty and Tjy be the maximal split and locally maximal

split subtorus of T". If Ty g = Tjp k (this is the crucial assumption), then
To = Typ.

A.9. Examples. Example (a) below shows that A.7(c) is wrong without
the normality assumption, while Example (b) shows that A.7(b) is wrong
without the normality assumption. These examples are taken from [Col,
Exc. 2.4.12].

Let k be an algebraically closed field of characteristic zero. For each n > 1,
let X,, = Spec(A,,) be the k-scheme obtained by gluing 2" affine lines in a
loop, with 0 on the i-th line glued to 1 on the (i 4+ 1)-th line (i € Z/2"Z).
This means that

A, ye I Kkl | Pi(0) = Pipa(1) ¥ i € Z/2"Z}.
i€Z/2" T

We have then a canonical k—map f, : )Z'n = |—|i€Z ey A,l€ — X, obtained
by inclusion Ayp C ;7907 kl2il.

(a) The group Z/2Z acts on X7 by permuting xg and x1. Since Z/2Z acts
freely on X;(k) = kU k/ ~, where the equivalence relation ~ identifies 0 of
each summand with 1 of the following summand, the action of Z/27Z on X is
free [DG, Cor. I1I, 2.2.5]. The algebraic group Z/27 = us is diagonalizable,
so that the fppf quotient X = X;/(Z/27Z) is representable by the affine
scheme X = Spec(A) where A = (A)%/?2 = {P € k[z] | P(0) = P(1)},
[VIIL.5.1]. Furthermore, the quotient map ¢ : X; — X is a Z/2Z-torsor.
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We observe that X is a nodal affine curve. We denote by a its nodal point
and note that X \ {a} = G,,. Summarizing, we have a cartesian diagram of
Z/2Z-torsors

q

AlUA! Al
s |
X, a X

Clearly the Z/2Z-torsor ¢ : X; — X is trivial once restricted to X \ {a}.
We claim:

(A.9.1) The Z/2Z-torsor q: X1 — X s not trivial at the local ring Ox 4.

Assume to the contrary that there exists a splitting s,: Spec(Ox,q) — X
of ¢q. It extends to a splitting s: U — X; of ¢ defined on an affine open
neighborhood U of a in X. Let V be the inverse image of U in A,lf; this
is an affine open neighborhood of 0 and 1. Then s induces a section § of
VuVvV — V. Since A,l€ is irreducible, V' is connected, hence s is the first (or
the second) component map. It follows that s(V') contains the two nodal
points ag, a; of X1, so that s(a) = ap = ay. This is a contradiction, proving
the claim (A.9.1).

We consider the isotrivial X-torus T = Ry, /x(G,)/Gp, that is, the
quotient of the Weil restriction Ry, /x(Gy,) by the diagonal G,. Its iso-
morphism class is determined by [X;] € H'(X,Z/2Z). Then T)| X\{a} is split,
but T' x g Spec(Ox q) is not split according to (A.9.1).

(b) We now assume n > 2. The map Z/2"1Z — Z/2"Z, [i] — [i] induces

a morphism
wme ] A= [ AL
1€Z/2n 1T I€ELZ/2™T
which is a Z/2Ztorsor, where Z/27Z is the kernel of Z/2"*\Z — 7 /2"7Z

and acts by permuting the factors. This map induces a Z/2Z—torsor g, :
Xpt1 — X, fitting in the cartesian diagram

~ In

Xn—l—l )?n
P
an
Xn+1 Xn
We claim
The Z/27Z—torsor g, : X — X, 18 locally trivial
(A92) / gn n+1 n Yy

for the Zariski topology, but is not trivial.

Since a section of g, must come from a section of g,, the argument of (a)
shows that such a section does not exist. For each i € [0,2" — 2], we denote
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by U, (resp. XN/Z) the open subset of X, (resp. )Z'nﬂ) which is A,lgl_IAllC located
at ¢ and ¢ 4+ 1. Also, we denote by U; (resp. V;) the fiber product

A T Hlay]
jez/2nz

klUj| = k[x;] X k[zi1]

(resp. with k[V,] C A,41). We then get a cartesian of isomorphisms

V; ” Ui
zlfn zlfn .
v, —2 U

Since the U;’s cover X,,, we obtain that g, : X,,41 — X,, admits sections for
the Zariski topology, establishing the claim (A.9.2).

We consider the X,~torus T, = Ry, /x, (Gm) /Gy, of rank one, whose
isomorphism class is determined by [Xs,] € H'(X,,Z/2Z). Then T, is
isotrivial and (A.9.2) shows that T, is locally split of rank 1, but is not
split.

APPENDIX B. PARABOLIC SUBGROUPS OF REDUCTIVE GROUPS VIA THE
DYNAMIC METHOD

In this appendix we consider parabolic and Levi subgroups of a reductive
group H over a connected scheme S that can be described by the dynamic
method, reviewed in 4.5. The appendix complements §4 on minimal para-
bolic subgroups and their Levi subgroups.

We start with an improvement of [Gil, Thm. 7.3.1]. According to part
(2) of that theorem, a reductive S—group scheme H over a connected S is
isotropic in the sense of 4.1 if and only if its radical torus rad(H) is isotropic
or H is reducible, also defined in 4.1. This characterization is a conse-
quence of part (1) of [Gil, Thm. 7.3.1] which proves Theorem B.1 without
the important invariance of A under the S—group scheme Aut(H, P, L), the
automorphisms of H normalizing P and L.

B.1. Theorem. Let S be a connected scheme and let P be a parabolic sub-
group of the reductive S—group H, equipped with a Levi subgroup L C P.
Then there exists a cocharacter X : G, — H which is fized by Aut(H, P, L)
and which allows a dynamic description of P and L as P = Pg(\) and
L=Cg(N).

Proof. Our proof is a refinement of the proof of [Gil, Thm. 7.3.1].

Because S is connected, the reductive group H has constant type [XXII,
2.8], so it is a form of a Chevalley S-group G equipped with a Killing couple
(B,T) and defined over Z. This gives rise to a root datum and a Dynkin
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diagram A. For I C A we let Py and L be the standard parabolic and Levi
subgroup associated with I. Since triples of type (H, P, L) allow descent,
there exists I C A such that (H, P, L) is the twist of (G, Pr, L) under the
sheaf torsor F = @((G, P, Lp),(H,P, L))

We now move to the adjoint quotients H* = H/Zy and G*! = G/ Z¢
where Zy and Zg are the centres of H and G respectively. By [Gil,
Lem. 3.2.1], the pairs (P24, L2) = (P/Zy,L/Zy) and the analogously
defined (Pf‘d, L Iad) are pairs of parabolic subgroups and Levi subgroups of
H2 and G2 respectively. Using the last line of [Gil, Ex. 7.2], the original
proof of B.1 shows that (PIad, L Iad) has a dynamic description with respect to
a cocharacter A ?d: Gy — G, which is fixed by Aut(G 29, Plad, L Iad). Since
(H2d pad [ad) is a twisted form of (G234, P4, L2d)] the pair (P24, L2d)
has a dynamic description with respect to the twist A2d: G,,, — H 1 of \ Iad.
By construction, A2d is fixed by

Aut(H* P2 Lady = Aut(G™, PP, L)E.

Next, we consider the derived groups 2(H) and 2(G) and recall that H
and G* are quotients of Z(H) and 2(G) respectively. Let n be an integer
annihilating the finite diagonalizable S—group scheme Zy ). Then n also
annihilates the centre Z g ) of 2(H ). Hence the cocharacter A G,y —
H 2 uniquely lifts to a cocharacter A: G,, — Z(H). The original proof of
B.1 shows that (P, L) has a dynamic description with respect to A. It remains
to be shown that A is fixed by Aut(H, P, L). This follows from the unicity of
the lifting of (A®1)", since the action of Aut(H, P, L) on Homg_g,(G,, H )
factorizes through the map Aut(H 24, pad, 2d), O

B.2. Irreducible and anisotropic actions. We extend the notion of a
reducible or isotropic reductive group scheme (4.1) to the setting where an
S-group scheme M acts on a reductive S—group scheme H by automorphisms
of H. In this situation we say that the action is reducible if it normalizes a
pair (P, L) consisting of an everywhere proper parabolic subgroup P of H
in the sense of 4.1 and a Levi subgroup L of P. Otherwise, the action is
called irreducible. If S is connected, as in B.3 and B.4, then P is everywhere
proper if and only if P is proper because the type of a parabolic subgroup
is locally constant [XXVI, 3.2].

Similarly, we say that the action of M on H is isotropic, if it centralizes
an S-subgroup of H isomorphic to G, s. Otherwise, the action is called
anisotropic.

For S the spectrum of a field and M = G, g, Corollary B.3 is [BT, 4.23].

B.3. Corollary. Assume that S is connected and that an S—group scheme
M acts on the reductive S—group H. Then the following are equivalent:

(i) The action of M on H is isotropic.

(ii) The action of M on rad(H) is isotropic or the action of M on H is
reducible.
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Proof. (i) = (ii): Suppose the image of the non-trivial map A: G, s —
H is centralized by the action of M, and consider the parabolic subgroup
P =Ppg()\) together with its Levi subgroup L = Cg()), see 4.5. If P = H,
then X is central and takes values in rad(H), so that the action of M on
rad(H) is isotropic. Otherwise, P is a proper parabolic subgroup. Since M
normalizes (P, L), its action on H is reducible.

(ii) = (i): If the action of M on rad(H) is isotropic, so is its action on
H. Assume now that the action of M on H is reducible, that is, there exists
a pair (P, L) consisting of a proper parabolic subgroup P of H and a Levi
subgroup C P, such that (P, L) is normalized by M. Theorem B.1 provides
a group homomorphism \: G, s — H such that (P,L) = (Py(X),Cg(N))
and such that A is fixed by Aut(H, P, L). In particular, A is non-central.
After quotioning by Ker(\), we can assume that A is a monomorphism, A.3.
Since M acts on H through Aut(H, P, L), the image of \ is fixed by M.
Thus, the action of M on H is isotropic. O

The following Proposition B.4 is a complement to Theorem B.1.

B.4. Proposition. Assume that S = Spec(R) is affine and connected, that
M is a flat affine R—group scheme whose geometric fibers are linearly re-
ductive, e.g., M is of multiplicative type, and that M acts on the reductive
group H. If M normalizes a parabolic subgroup P of H, there exists an
M ~invariant group homomorphism \: Gy, s — H such that P = Py(\) and
such that Cg(X) is a Levi subgroup of P which is normalized by M.

Proof. Let U be the unipotent radical of P which, according to [XXVI, 2.1],
is Aut(P)-linearizable, that is, U admits a composition series 1 = U, C
Up—1 C -+ C Uy = U which is Aut(P)-stable and such that U;/U;y; =
W (E;) where each Ej is a locally free R-module of finite type on which the
action of Aut(H, P) is linear. A fortiori, the action of M on U is linearizable.

By [XXVI, 2.3 and 1.9], the set of sections of P — X := P/U is non-empty
and is a principal homogeneous space under U(R). For each R-ring A, the
group M (A) acts on the A-sections of P — X. Let s : X — P be such a
section. For each m € M (A), there exists a unique u4(m) € U(A) such that
Mg, = uwalm ™l For my,mg € M(A), we apply mq to ™2s4 —ua(ma)™! g,
and get

1

mims ml(uA(mz))*l(m{SA) _ " (ua(m2))” (uA(ml)flsA)

SA =
1

_"(ua(m2)) "t ua(mi)” (s4),

so that ua(mima) = ua(my) - ™(ua(msz)). The map ug : M(A) — U(A),
m +— ua(m), is therefore a 1-cocycle for the action on M (A) on U(A), so that
the data of the ua’s for A running over all R—rings define an Hochschild 1-
cocycle (or crossed homomorphism) u € ZL (M, U), as defined by Demarche
[Dem, §3.2]. Thus, we obtain a cohomology class [u] € H! .(M,U). We now

coc
claim

(B.4.1) H.

coc

(M,U) = 1.
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We postpone the proof of (B.4.1) for the moment. Assuming (B.4.1), we
get an element v € U(R) such that ua(m) = v, ™4 for all m € U(A). Tt

follows that "s4 —"uy v g A, so that s/ = Ys is an M-invariant section of
P — X. In particular, s(X) is a Levi subgroup of P which is M—invariant.
Theorem B.1 then shows that there exists an M—invariant homomorphism
A: G, — H such that (P, s(X)) = (Pg(A\),Cr()\)) as desired.

We now come to the proof of (B.4.1). According to [Dem, Prop. 3.2.8],
we have an exact sequence of pointed sets

1 —H (M,U) - H,(M,U) - H{(R,U)

coc
where H{(M,U) is the set of isomorphism classes of M-U-torsors over R
[Dem, 3.2.6]. We know from [XXVI, 2.2] that H!(R,U) = 1, so that it is
enough to show that H}(M,U) = 1.

According to Grothendieck for M of multiplicative type [IX, 3.1] and
Margaux in general [Ma, Th. 1.2], we have H! .(M,U;/U; 1) = 0 for i =
1,...,n—1so that H{(M,U;/U;+1) = 0 by the exact sequence above applied
to U;/Ui+1. On the other hand, by [Dem, Prop. 3.5.1] for i =1,...,n —1

we have an exact sequence of pointed sets
H(l)(M7 Ui-i-l) — H(l)(Ma UZ) — H(l](Mv Ui/Ui+1)7

so that we conclude by “dévissage” that Hj(M,U) = 1, finishing the proof
of (B.4.1). O

B.5. Remarks. (a) The proof of Proposition B.4 is clearly inspired by De-
marche’s paper [Dem] and by McNinch’s approach [Mc].

(b) Let k be a field, let H be a reductive k-group and let M C H be a
subgroup of H. Following Serre [Sel, Se2], see also [BMR], the subgroup M
is called H —completely reducible, if whenever M C P, where P is a parabolic
subgroup of H, then M C L for some Levi subgroup of P.

Provisionally, we will use the completely analogous terminology for reduc-
tive groups over a scheme S. Specializing Proposition B.4 to the case of M
being a subgroup of H acting on H by inner automorphisms, the proposi-
tion implies that M is H—completely reducible. This generalizes [Ja, 11.24],
proven there for algebraically closed fields and restated in [BMR, Lem 2.6].
In characteristic 0, the result is due to Mostow.

APPENDIX C. HERMITIAN AND QUADRATIC FORMS OVER RINGS

In this appendix we review the concepts needed for Propositions 5.4 and
5.5, but not more. This appendix is not an introduction to the topics of the
section heading, like for example the book [Kn2|, nor did the authors strive
for the most general setting, i.e., considering forms over schemes instead of
base rings. Despite this limitation, the appendix will hopefully still serve as
a useful quick introduction to regular hermitian and nonsingular quadratic
forms over rings, their associated isometry groups and the link to their flat
cohomology sets.
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Throughout this appendix, R is an arbitrary base ring, S is an algebra in
R-alg, equipped with an R-linear involution o. This will later be specialized
to the hermitian case, where S is a quadratic étale extension with standard
involution o, and to the quadratic case, where S = R and o0 = Idg. The
general setting avoids a duplication of definitions.

C.1. Sesquilinear forms. (a) (Modules) Unless specified otherwise, all
modules considered will be finite projective S—modules. Given such a mod-
ule M, we denote by ,M its o—conjugate, i.e., the S—module with the same
additive group as M, but with the S—action given by s % (,m) = o(s)m for
s € S and m € M, using the S—action of M on the right-hand side.
Instead of the usual dual space Homg (M, S) we will use its twisted version

M* := ,Homg (M, S).

One has an isomorphism of S-modules M* —— Homg(,M,S), given by
o> (em > (0 0p)(m)) (Kn2, I; Lem. (2.1.1)]).

(b) (Sesquilinear forms) A sesquilinear form, also called an (S, o)-sesqui-
linear form is a bi-additive map h: M x M — S, which is defined on a finite
projective S—module M and which satisfies

h(mlsl, 777,282) = 0'(81) h(ml, mg) S92

for all m; € M and s; € S. We will denote such a sesquilinear form by
(M, h) or simply by h.

Given two sesquilinear forms (M, hi) and (Ma,hs), an S-linear map
f: My — M, is an isometry if [ is bijective and if ho (f(ml), f(m’l)) =
hi(my,m}) holds for all my,m} € M. In this case, we say that (My,hq)
and (Mo, hy) are isometric, abbreviated by (My,hi) = (Ma, hg) or simply
by hy & hs.

(¢) (Hermitian and symmetric forms) A sesquilinear form (M, h) is called
(S,0)-hermitian or simply hermitian, if h(m,m’) = o(h(m’,m)) holds for
all m,m’ € M. In the quadratic case, i.e., (S,0) = (R,Id), we say h is
symmetric instead of hermitian.

(d) (Adjoints, regularity) A sesquilinear form (M, h) gives rise to the S—
linear map h*: M — M*, m + h(m, —), called the adjoint of (M, h). Map-
ping h to h* gives rise to a bijection between the S-module of sesquilinear
forms on M and Homg (M, M*). We call h regular if h* is a bijection, hence
an isomorphism of S—modules.

(e) (Orthogonality) Given two sesquilinear forms (M, hy) and (Ma, he),
their orthogonal sum is the sesquilinear form hy L ho defined on M =
M1 & My by

(hl 1L hg) (m1 + ma, m'l + m’2) == hl(ml,mll) + h(TTLQ,TTLIQ)

for my,m} € My and ma, m, € M. The sesquilinear form hy L hg is regular
if and only if hy and ho are regular ([Kn2, I, (3.6.2.2)]). The analogous
statement holds for the property “hermitian”.
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(f) (Base change) Let T € R-alg. Then Sp = S ®r T is an object
in R-alg with a T-linear involution op = o ® 1y, and Sp/T satisfy the
assumptions of this appendix. Given a finite projective S—module M we
put Mr = M ®r T = M ®g St, which is canonically a finite projective
Sr—module. The twisted dual respects this base change: the canonical map
w: M* ®@p T -~ (M7)* is an isomorphism because M is finite projective.

Let now (M,h) be an (S,0)-sesquilinear form. Then (M,h) uniquely
extends to an (S7, or)-sesquilinear form hp on Mr by requiring

hr(m®t, m' @t') = him,m') @ tt

for m,m’ € M and t,t' € T. The adjoint maps (h7)* and the base change
h* ® 1R are related by the commutative diagram

h*®Id
M&pT Hldr M*®pT

(C.1.1) w
(hT)*

1%

(Mr)*

Hence, if (M, h) is regular, then so is (M, hy).

(g) (Hyperbolic forms [Kn2, I, (3.5)]) Let U be a finitely generated pro-
jective S-module. One defines a hermitian module H(U) = (U @ U™, hg 7))
by by (u1 + @1, ug + @2) = @1(u2) + o(p2(u1)) for u; € U and ¢; € U*.
One calls (M, h) hyperbolic if it is isometric to H(U) for some U.

A hyperbolic space (M,h) = H(U) is equipped with a natural action of
the R-group scheme Rg/g(GLg(M)), R(-) = Weil restriction, as follows.
For each R-ring T', each g € Rg/p(GLs(M))(T) = GLsgrr(M @ T) and
each pair (u, f) € (URrT)® (M*®xT), we have g.(u, f) = (g.u, fog™!).
It follows that we have a closed embedding
(C.1.2) Re/r(GLs(U)) — U(M,h)
of R—group schemes.

(h) (Totally isotropic submodules) Let (M, h) be a hermitian module. A
submodule U C M is called totally isotropic if U is complemented and
U C Ut, where, in general,

Ut ={me M :h(m,U)=0}.
A vector m € M is isotropic if m is unimodular and h(m,m) = 0. In case
(S,0) = (R,1d) we also require g(m) = 0.

(i) A sesquilinear form (M, h) is diagonalizable if there exists a basis
(é1,...,ey) of the S—module M such that h(e;, e;) = 0 whenever i # j.

(j) The free S—module M = S™, n € Ny, carries the split hermitian form
ho,n, defined by

(C.1.3) hOm(Z?ﬂ €iSi, Z;L:I ejs;») =2 i1 0(si)s;.
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The term “split” will be justified in Lemma C.5 where we consider regular
hermitian forms.
We characterize regularity of sesquilinear forms in the following lemma.

C.2. Lemma. Assume S € R-alg is finite projective as R—module. Then

the following are equivalent for a sesquilinear form h.

(i) h is regular;

ii) hp is reqular for all T € R-alg;

i) hg is regular for all algebraically closed fields K € R-alg;

v) hg,, is regular for all maximal m € Spec(R);

V) there exists a Zariski cover (fi,..., fn) of R such that hr,. is regular
for all i;

(Vi) hgm is regular for all maximal m € Spec(R);

(vil) hp is regular for some faithfully flat T € R-alg.

Proof. Let h = (M,h). We will use that the adjoint map h*: M — M~*
is bijective as S—linear map if and only if the underlying R-linear map is
bijective. Moreover, by transitivity of “finite projective” ([Fo, 1.1.8]), M and
M* are finite projective as R—modules. We will use the following scheme to
prove C.2.

(
(i
(i
(

(vii) (i) (i) (iii)

(v) (iv) (vi)

The implications (i) = (ii) and (i) == (iv) follow from the commuta-
tive diagram (C.1.1), while (ii) = (iii) and (ii) == (vi) are trivial. The
implication (iii) == (ii) follows again from (C.1.1), for (R, S,T') replaced
by the triple (F,S ®@g F,K). For (iv) <= (vi) we need hj  bijective
— h}/m bijective, which is [B:AC1, II, §3.2, Cor. de la Prop. 6].

(iv) = (v): By [B:AC1, II, §5.1, Prop. 2(ii)] there exists for every m €
Spec(R) a gm € R such that hy  is bijective. The existence of a Zariski cover
with the stated property then follows as usual: {gm : m € Spec(R) maximal}
generates R as an ideal; one takes a generating set {fi1,..., f,,} of this ideal.
(v) = (vii): By [B:AC1, 1II, §5.1, Prop. 3] the algebra S = Ry, x---x Ry,
is faithfully flat and hg = [], h%, is bijective. Finally, the implication (vii)
= (i) follows from [B:AC1, I, §3.1, Prop. 2|. O

C.3. Hermitian spaces. In C.3 — C.7 we consider the “hermitian case”,
ie.,

(C.3.1) S is a quadratic étale R—algebra with standard involution o.

A hermitian sesquilinear form will be hermitian with respect to (S,0). A
hermitian space (M, h) is a hermitian module (M, h) with h a regular her-

mitian form; a hermitian space of rank r is a hermitian space (M, h) for
which M is a locally free S—module of constant rank r.
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C.4. Lemma (LG diagonalizability, hermitian case). Let R be an LG-ring,
let (S,0) be a quadratic étale R—algebra with standard involution o, and let
(M, h) be a hermitian space with M having constant positive rank. Then
(M, h) is diagonalizable, in particular

(C.4.1) {h(m,m):m e M}NR* #.

Proof. This is [GPR2, Exc. 21.21(a)]; its proof is given in [GPR3]: one can
assume that M has constant rank; one then shows (C.4.1) and finally proves
diagonalizability by induction on the rank of M (recall [Kn2, I, (3.6.2.1)]
and 1.6(b)). O

C.5. Lemma. Let R be arbitrary and let (S, o) be a quadratic étale R—algebra
with standard involution o.

(a) (Zariski-diagonalizability) Let (M,h) be a hermitian space with M
being faithfully projective. Then (M,h) is Zariski-locally diagonalizable,
i.e., there exists a Zariski cover (f1,...,fm) of R such that for every g =
J1,- s fm the base change (M,h)r, = (Mg,,hr,) is the split hermitian
form (C.1.3) for appropriate n € N, possibly varying with g.

(b) The following are equivalent for a hermitian form (M, h).

(i) M is locally free of rank n and h is regular.
(ii) There exists a flat cover T € R-alg such that (M,h)r is isometric
to the split form (C.1.3).

Proof. (a) Let m < R be a maximal ideal of R. By Lemma C.4, (M,h)
is diagonalizable over the local ring R,,. Therefore, since Ry, = m rem Ry,

there exists f ¢ m such that hp ; is diagonalizable. Hence the ideal generated
by {f € R : h|r, is diagonalizable} is all of R, from which (a) easily follows.

(b) Assume (i). Let (f1,...,fm) be a Zariski cover as in (a), and put
T'= Ry, x---x Ry,. Then T" is a flat cover of R and (M, h)r = (S™, ')
with a diagonalizable h/. Since a flat cover T” of T" is a flat cover of R,
it suffices to prove (ii) under the assumption that M = S™ and that h is
diagonalizable with respect to the standard basis (eq,...,e,) of S™. Note
h(e;,e;) = r; € R* since h is supposed to be hermitian and regular. Let
R[X;y,...,X,] be the polynomial ring in n variables. Then

T=R[X1,. ..., X,]/(X} =711, , X2 — 1)

is a flat cover of R such that hr = hg .
Conversely, if (ii) holds, then M is locally free of rank n ([B:AC1, 11, §5.3,
Prop. 4]) and h is regular by Lemma C.2. O

C.6. Proposition (Unitary groups). Let (S,0) be quadratic étale with stan-
dard involution o, and let (M,h) be a hermitian space. Then the following
hold.

(a) A:=Endg(M) is an Azumaya S-algebra.
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(b) There exists a unique involution 1, on A, the adjoint involution sat-
18fying
(C.6.1) h(ma, f(m2)) = h(7a(f)(m1), m2)

for allm; € M and f € A. The triple (S, A, 11,) is an Azumaya algebra with
involution of second kind in the sense of [CF, 2.7.0.33].

(¢) We define U(M, h) := U(A, 1) where U(A, 13,) is the unitary R—group
scheme of [CF, 3.5.0.84]. Then, for every R-ring T,

UM, h)(T) ={f € GLsgyr(M @rT) : f is an isometry of hr}

where hr is the base change of h in the sense of C.1(f).

(d) The group U(M, h) is a reductive R—group scheme. If M has constant
rank n, then U(M,h) has type A, 1.

(e) Fiz n € Ny. The map [(M,h)] ~ [Isom((S™, hoy), (M,h))] is a
bijection between the set of isometry classes of hermitian spaces over (S, o)
of rank n and H! (R,U(S", ho,n))- Equivalently, for every hermitian space
(M, h) of rank n, the set of twisted forms of (M,h) is in bijection with
H'(R,U(M,h)).

Proof. For (a) see for example [Fo, 7.1.10]. In case S is a field, (b) is proven
in [KMRT, 4.1]; the same proof works in our setting. (c) Since h((7(f) o
F)(mi),ma) = h(f(m1), f(m2) by (C.6.1), the equation 74(f) o f = Idas,
defining U(M, h)(T), is equivalent to ho (f x f) = h, i.e., f is an isometry.
(d) follows from [CF, 3.5.0.87].

(e) Using C.5(b), it is straightforward (but somewhat technical) to de-
fine the gerbe of hermitian spaces of rank n over the big affine fppf site of
Spec(R). The claim then becomes a special case of [CF, 2.2.4.5]. Alterna-
tively (and more down-to-earth), one can easily adjust the notion of a tensor
system of [GPR2, 54.7] to apply to hermitian spaces, cf. C.1(d). The claim
then becomes a consequence of the Descent Theorem [GPR2, 54.15]. g

Remark. Since U(M, h) is smooth, it is known ([Mill, ITI, Remark 4.8] or
[CF, 2.2.5.15]) that the canonical map H! (R, U(M, h)) — H'(R, U(M, h))
is a bijection. Thus, one can replace twisted forms with respect to the flat
topology in C.6(e) by twisted forms in the étale topology. The analogous
remark applies to C.5(b).

C.7. Proposition (Parabolic and Levi subgroups of U(M,h)). Assume
(C.3.1), and let (M,h) be a hermitian space over (S,o) containing a to-
tally isotropic submodule U C M.

(a) Then there exists a totally isotropic submodule V' and a submodule M’
such that

(C.7.1) M=UaV)LM, (Ua&V,hlvey)=H{),

in particular (M', h|pp) is a hermitian space.
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(b) The subgroup scheme P of G = U(M,h) which stabilizes U is a
parabolic subgroup of the reductive R—group scheme G.

(c) Consider a decomposition (M,h) = (U @ V) L M as in (C.7.1), and
the embedding R r(GL(U)) < G defined in (C.1.2). Then the R-group
scheme L = Rg/p(GL(U)) xgr U(M', h|py) is a Levi subgroup of P.

Proof. (a) Since the trace map S — R, s+ s+ o(s) is surjective [Kn2, III,
(4.2.1)], it follows from [Kn2, I, (3.1.1)] that A is an even hermitian module
in the sense of [Kn2, I, (3.1)]. The lemma is therefore a consequence of [Kn2,
I, (3.7.1)]. That V can be chosen totally isotropic follows from the proof of
[Kn2, I, (3.7.1)].

(b) We will use the dynamic method of 4.5. It is easily verified that
\: Gy, = UM, h), t—tldy+t"11dy +1p

defines a cocharacter. Writing a g € U(M,h)(T), T € R-alg, as a matrix
g = (9ij)1<i,j<3 with respect to the submodules (U, V, M'), one finds

Ly g1 g tos
At (gi) )= [t72921 g2 tlgos
t7lgs1  tgso 933

Hence, g € Po(A\)(T) <= 0 = go1 = g31 = go3, i.e., g stabilizes U and
Ut = U@ M. Since g is an isometry, the latter conditions are equivalent
to g stabilizing U.

(¢) The centralizer of the cocharacter \ above consists of those g that
are diagonal with respect to (U,V,M’). These are easily seen to be the
isometries in L(T'). The claim then follows from the dynamic method. [

Remarks. (1) That P in C.7(b) is parabolic with Levi subgroup L as
in (c), is not surprising and likely folklore. It is in the spirit of Appendix
T of Conrad’s course [Co3], which identifies the parabolic subgroups for
symplectic and special orthogonal groups over fields.

(2) Suppose that M is free of rank n > 2 and that U has rank ¢ for some
1 <i<n/2. Then P is of type A,_1 \ {i}, while the derived group Z(L)
has absolute type A;_1 x A,,_1_; for i > 2 and type A,,_o for i = 1.

C.8. Quadratic forms. From now on until the end of this appendix we
consider quadratic forms. Thus, we specialize C.1 to (S,0) = (R,Id). Unless
stated otherwise, R is arbitrary and, we recall, M is a finite projective R—
module. Below is a quick reminder of the basics of quadratic forms over
rings; proofs and more can be found in [Bae] and [Kn2, I, II].

(a) A quadratic form (over R) is a pair (M, q) consisting of a finite pro-
jective R-module M and a map ¢: M — R satisfying ¢(rm) = r2q(m)
for all » € R and m € M and for which the polar form b,, defined by
bg(m,m') = qg(m +m') — g(m) — g(m') for m,m' € M, is a (symmetric)
bilinear form on M. We often abbreviate (M,q) = g and refer to (M, q)
as a quadratic module. We call (M, q) a faithful quadratic R—module if M
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is a faithfully projective R—module, 1.5. We say that (M, q) is a quadratic
module of rank n € N, if M has constant rank n.

An isometry f: (Mi,q1) — (Mas, g2) is an R-linear isomorphism f: M; —
My satisfying qa o f = ¢1. If (My,q1) = (Ma,q2) = (M, q), the isometries of
(M, q) form a group O(M, q) = O(q), the orthogonal group of q.

(b) (Regularity) By definition, a quadratic form ¢ is regular, if b, is regular
in the sense of C.1(d).

(c) (Base change) Let T € R-alg and let (M, q) be a quadratic form.
Analogous to C.1(f) we consider the T-module M7y = M ®rT. There exists
a quadratic form (M, g7) uniquely determined by the condition gr(m®t) =
q(m)t? for all m € M and t € T ([GPR2, 11.5], [Sa, Thm. 1]). The polar of
gr is the base change of the polar b, of ¢, i.e., by, = (bg)7. In particular, if
q is regular, then so is qr.

(d) (Radical) The radical of a quadratic module (M, q) is the submodule
rad(q) = {m € M : g(m) =0 =by(m, M)} of M. Given T € R-alg, clearly
rad(q) ®g T' C rad(gr). This inclusion is in general not an equality, cf. (e).

(e) (Nonsingularity) A quadratic form (M,q) is called nonsingular if
rad(¢gr) = 0 for all fields F' € R-alg. In this case, we call (M,q) a qua-
dratic space. We point out that a “quadratic space” in the sense of [Bae| or
[GPR2] is a quadratic module (M, ¢) with a regular g.

If ¢ is regular, then rad(q) = 0 and hence C.2(ii) implies

(C.8.1) g regular = ¢ nonsingular.

The converse of (C.8.1) is not true. For example, any u € R* gives rise to
a nonsingular quadratic form (u): R — R, given by (u)(r) = ur? for r € R.
Its polar form is the symmetric bilinear form b<u> (ri,7m2) = 2urire. Hence,
(u) is regular if and only if 2 € R*.

However, if 2 € R*, then rad(q) = {m € M : by(m,M) = 0} for any
quadratic form ¢ and so rad(q) is stable under base change. Hence,

(C.8.2) if 2 € R, then ¢ is nonsingular <= ¢ is regular.

(f) (Orthogonality) Given two quadratic forms (M, ¢1) and (Ma, g2), their
orthogonal sum is the quadratic form ¢; L qo, defined on M = M; & Ms by
(1 L g2)(my,m2) = q1(m1) + q2(mg) for my € M; and my € Ms. The polar
form of ¢; L ¢ is the orthogonal sum by, |4, = by, L by, defined in C.1(e).

By C.1(e), the quadratic form ¢ = ¢; L ¢ is regular if and only if ¢; and
g2 are regular. Regarding nonsingularity, one easily sees:

q1 L g2 nonsingular = ¢; and ¢9 nonsingular,

C.8.3 . .
( ) q1 regular and g9 nonsingular = ¢; L ¢o nonsingular.

(g) (Direct products) Let R = Ry x --- X Ry, be a direct product. Every
R-module M uniquely decomposes M = Mgy X -+ x M, as a direct product
of R;-modules M; = R;M. The R—module M is finite projective if and only
if every R;—module M; is finite projective.
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Let (M, q) be a quadratic R-module. Then by(M;, M;) = 0 for i # j and
(M;, q;) with ¢; = q|n, is a quadratic R,—module. Thus

The quadratic R—module (M, q) is regular (nonsingular respectively) if and
only if every (M;,q;) is a regular (nonsingular respectively) quadratic R;—
module.

A standard way to obtain the situation considered here occurs by letting
M = My x --- x M, be the rank decomposition of a finite projective R—
module M for which M;, 0 < i < n, is a finite projective R;—module of
constant rank 7.

(h) (Hyperbolic spaces) Let U be a finite projective R—module. The as-
sociated hyperbolic space H(U) is the quadratic module (U* @ U, hyp) with
quadratic form hyp (¢ @ u) = ¢(u), where ¢ € U* and u € U. The qua-
dratic form hyp;; is regular, hence nonsingular by (C.8.1). The polar form
of hyp is the hyperbolic symmetric bilinear form of C.1(g). In general, a
hyperbolic space is a quadratic module (M, q) isometric to some H(U).

(i) (Split quadratic forms) Let m € N. The quadratic form g 2y, is the

hyperbolic form associated with the free R—module R™. After identifying
R™* = R™, it is given on R*™ by

(C.8.4) Q0. 2m (s o s P10, Ty ooy Tin) = D oiey 5T,

It is regular, hence also nonsingular by (C.8.1). The quadratic form gp 2,41 =
(1) L go2m on R*™*1 defined by

(085) QO,2m+1(7"—m, ey T—1,70,7T1 - - - 7rm) — 7"8 + 27;1 Tir—i,
is nonsingular, e.g. by the even rank case, by (C.8.3) and by nonsingularity

of (1), see (e). We will refer to qg,, for n even or odd as the split quadratic
forms, see Proposition C.9 for a justification for this terminology.

C.9. Proposition. For a faithful quadratic module (M, q) the following are
equivalent:
(i) q is nonsingular;
(ii) gr is nonsingular for all T € R-alg;
(iii) qgr /m s nonsingular for all mazimal ideals m < R;
(iv) there exists a flat cover (Ry,...,Ry) such that each M ®p R; is a
free Ri-module of finite rank r; and qg, s the split quadratic form
qo,r, over R; defined in C.8(i);
(v) qs is nonsingular for some faithfully flat S € R-alg;
If M has constant rank n € Ny, then (1)—(v) are equivalent to

(vi) q is regular if n is even and q is semiregqular in the sense of [Kn2,
IV, (3.1)] if n is odd;
If R is a field, then q is nonsingular if and only if
(vil) ¢ is nondegenerate in the sense of [EKM, (7.17)], i.e., one of the
following two conditions hold:
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(a) q is regular, or
(b) char(R) = 2, rad(q) = 0, dimp{m € M : by(m, M) = 0} =1,
and dimg M is odd.

Proof. (i) <= (ii) is easy. It is shown in [Sw, Prop. 1.1, Cor. 1.3] that (i)
<= (iii) <= (iv)¢, defined as
(iv)gt there exists an étale cover (Ry,..., R,) of R such that each M ®r R;

is a free R;-module of finite rank r; and g, is hyperbolic as in (C.8.4)
if r; is even, while gg, is the orthogonal sum of a hyperbolic form
and a 1-dimensional form (a;) with a; € R in case r; is odd.

One shows (iv)ey == (iv) as in the proof of C.5(b)(i) = (ii). If (iv)

holds, then (v) is satisfied with S = Ry x --- X R,,. For (v) <= (i) see

[Lo2, Lem. 6.2]. Thus, we proved that (i) — (v) are all equivalent using the

diagram

(ii) (i) (iv) ¢y == (iii)

| |

(v) == (iv)

If R is a field, then (i) <= (vii) by [EKM, 7.16]. Again over a field,
(vii) implies that ¢ is semiregular in the odd rank case by [Kn2, IV, (3.1.7)].
Finally, if M has constant rank over an arbitrary R, then ¢ is regular respec-
tively semiregular if and only if it is so over all residue fields R/m ([Kn2,
IV; (3.1.5)] for odd rank, C.2 for even rank). Thus, to prove that (vi) is
equivalent to ¢ being nonsingular, we can assume that R is a field, in which
case the equivalence (vi) <= (vii) is easily established using [Kn2, IV,
(3.1.7)] for a semiregular q. O

C.10. Quadratic algebras. We recall ([Kn2, I, (1.3.6), and III, §4]) that
a quadratic R—algebra is an algebra S in R-alg whose underlying R—module
is projective of rank 2. Properties:

(a) A quadratic R—algebra S has a standard involution og. If S is free with
basis {1, 2z} and hence 22 = az +b with a,b € R, it is given by og(2) = a— 2.
In general, og is defined by Zariski-descent.

(b) (Automorphisms) We denote by Z/2Zp the constant group scheme
of locally constant functions with values in Z/2Z = {0,1}. By [Kn2, III,
(4.1.2)], there exists a natural R—group homomorphism
(C.lO.l) 1/1: Z/QZR — AutR(S),
which is an isomorphism if S is étale ([Kn2, III, (4.1.2)].

(c) (Example) Let S = Sp®S; € R-alg be a Z/2Z-graded R-algebra. We
denote by Aut(S, S1) the group of R-linear automorphisms of the R—algebra
S, i.e., the automorphisms « of S satisfying «(S7) = S1, and by

(C.10.2) Aut(S, 51)
the R—group scheme representing the R—functor T +— Aut(Sp, (S1)7).
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Suppose now that S = Sy & S; satisfies
(i) R — Sp, 7+ rlg, and
(ii) 6: S; ®r S1 — Sp, 51 ® s} > 518 (isomorphism of R-modules).
Thus S is a quadratic R-algebra, (S, 0) is a discriminant module in the sense
of [Kn2, ITI, §3], and its standard involution og is the grading automorphism,
(C.10.3) os(si) = (—1)'s;, s;€8;, (i=0,1,

which follows from the free case by localization. We have isomorphisms of
R-group schemes

(C.10.4) Aut(S,51) — Aut(S1,0) «— py g,

where the first (obvious) isomorphism is obtained by restriction and where
the second isomorphism is = — = Idg, [Kn2, III, (3.2.1)].

C.11. Discriminant algebras. Let (M, q) be a faithful quadratic R—space
and let C{(M, q) = Cl(q) be its Clifford algebra, [Kn2, IV, §1]. Itis a (Z/27Z)-
graded R-algebra: Cl(q) = Cly(q)®Cl1(q). The discriminant algebra Dis(q)
of (M, q) is the subalgebra of C¢(q) centralizing Cly(q):

Dis(q) = Cl(q)°"?.
Some facts that we will use (see [Kn2, IV, §4]).

(a) Discriminant algebras respect base change and direct products of base
rings.

(b) D := Dis(q) inherits the Z/2Z-grading of C{(q),
D =Dy Dy, ’Dj:’DﬂCEj(q), 7 =0,1.

It is a quadratic R—algebra in the sense of C.10.

(¢) (The group homomorphism Dis) By the universal property of the
Clifford algebra Cl(q), every g € O(q) induces an automorphism C¢(g) of
the algebra Cl(q) stabilizing C¢y(q) and C¢1(q), and hence an automorphism
of the Z/27Z-graded algebra D = Dy @ D;y. Thus, we get a homomorphism
of groups,

(C.11.1) Dis: O(q) — Aut(D,D1), g+~ Cl(g)|p =: Dis(g).

(d) (Even rank) Assume M has constant even rank. Thus ¢ is regular by
C.9(vi). In this case D is the centre of Cly(q), in particular D; = 0, and D
a quadratic étale R-algebra. Hence, by (C.10.1),

(C.11.2) Aut(D, D) = Aut(D) «+— (Z/27Z)g.
The standard involution op of the quadratic R-algebra D is (of course) the
standard involution of the quadratic étale R—algebra D.

(e) (Odd rank) Assume M has constant odd rank. Then the discriminant
algebra D is the centre of C4(q): D = Z(Cl(q)). Moreover, D = Dy & D is
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a Z/2Z-graded R-algebra satisfying the conditions (i) and (ii) of C.10(c).
Thus

C.12. Lemma (Realizing the standard involution of Dis(q)). Let (M,q) be
a faithful quadratic space, let v € M with q(x) € R*, and let p, be the
associated reflection, given by py(m) = m — by(m,z)q(x) ‘. for m € M.
Then the automorphism Dis(p;) € Aut(D,Dy), D = Dis(q), is the standard
involution of D:

(C.12.1) Dis(py) = op.

Proof. The element x € M C Cli(q) is invertible in Cl(q) with inverse
r71 = q(x)~'z. We will use the well-known formula relating p,(m), m € M,
with the inner automorphism of C¢(q) induced by z:

(C.12.2) pz(m) = —zmaz ™!

which follows from xma =1 = (zm)(zq(x)™1) = (—=ma+b,(m, z))(zq(z)~1) =
—m + by(m, z)g(x) 'z = —o,(m). It implies

Dis(ps)(c;) = (—1) weja™, (¢i €Cli(q), 7=0,1).

For the proof of (C.12.1), we can without loss of generality assume that M
has constant rank.
Suppose M has constant even rank. By [Kn2, IV, (4.3.1.4)], op(d)x = zd
holds for d € D. Since D C Cly(q) we get Dis(p,)(d) = zdx™ = op(d).
Suppose M has constant odd rank. Since then D = Z(C¢(q)), we obtain
for d; € Dj, j = 0,1, that Dis(ps)(d;) = (-1 adjz™t = (—1)djza" =
(=1)'d; = op(d;) by C.10(c). O

C.13. Lemma. Let (M,q) be a quadratic space over an LG-ring R.
(a) The following are equivalent:
(i) q(M) N R* # 0;
(ii) M s faithfully projective.
(b) If M s faithfully projective, the group homomorphism
Dis: O(q) — Aut(D,Dy)
of (C.11.1) is surjective.

Proof. (a) The equivalence (ai) <= (aii) is proven in [GPR2, Lem. 11.26]
for a regular q. The proof in the nonsingular case is essentially the same.
We reproduce it here for the convenience of the reader.

Assuming (ai), it follows that ¢(M) ¢ m for every maximal ideal m < R.
In particular, Mg, # 0, which, by (1.5), implies (aii).

Conversely, suppose that M is faithfully projective. We can view ¢ as a
quadratic polynomial on the affine scheme W (M) and define U = W (M),
the principal open subscheme determined by ¢. Let m be a maximal ideal
of R, put k = R/m and observe that M # 0 by 1.5, while rad(gx) = 0 by
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nonsingularity of ¢, in particular g # 0. Hence U(k) = {m € My, : qp(m) #
0} # 0, and so U(R) # () by 1.4(a), i.e., (ai) holds.

(b) Applying the rank decomposition of quadratic modules C.8(g) and
C.11(a), we see that we can assume that M has constant rank 7.

Assume that r is odd. By C.11(e) and (C.10.4), an automorphism g €
Aut(D, Dy) has the form g|p, = Id and g|p, = x Idp, for some det(g) = = €
u2(R). Observe z1dy; € O(q). By construction of C¢(q), the orthogonal map
x Idys acts on Cly(q) as identity, and on C¢1(q) as x 1d. Thus Dis(zIdys) = g.

Assume that r is even. By C.11(d) and the proof of [Kn2, III, (4.1.2)], to
every g € Aut(D, D1) = Aut(D) one can associate a unique complete system
(0,61 = 1 — €g) of orthogonal idempotents ;, such that g stabilizes &; D
and satisfies g|c,p = Id, g|e, p is the standard involution of the quadratic
étale £1 R—algebra 1 D. By 1.1(a), e1 R is an LG-ring. Hence, by C.8(g),
we can assume that R = €1 R, and have to show that there exists f € O(q)
such that Dis(f) = op. Since q(M) N R* # () by (a), this follows from
(C.12.1). 0

C.14. Orthogonal group schemes. Let (M, q) be a quadratic form over
R. The R-group functor O(g), assigning to T' € R-alg the group O(q)(T") =

O(gqr) is represented by an affine finitely presented R—group scheme O(q),
[CF, Def. 4.1.0.2] or [Col, page 364]. Properties that we will use:

(a) (Direct products) Let R = Ry X --- X R,, be a direct product. Orthog-
onal groups respect the decomposition of C.8(g) as follows:
O(q) = O(qo) X -+ x O(gn),
O(M, Q) = Pox (O(Mo, QO)) Koo X P (O(Mm Qn))
(isomorphism of R—group schemes)

where p;: Spec(R;) — Spec(R) is the morphism associated with the canon-
ical projection R — R;.

(b) O(q) is in general not reductive. For example ([Col, Thm. C.1.5]),
if (M, q) has constant positive rank n, then O(q) is smooth if and only if
either n is even or n is odd and 2 € R*.

(c) The homomorphism Dis of (C.11.1) respects base change and thus
defines a homomorphism of R—group schemes

(C.14.1) Dis: O(q) — Aut(D,D;), D = Dis(q),
assigning to T € R-alg the map Dis(T): O(qr) — Aut (DT, Dir).
C.15. Lemma (Cohomology). Fiz n € N.. The map

[(M, @)] = [Isom ((R", qo.n), (M, q))]

18 a bijection between the set of isometry classes of quadratic spaces over R of
rank n and H' (R, O(qo,n)). Equivalently, for every quadratic space (M, q) of
rank n, the set of twisted forms of (M, q) is in bijection with H* (R, o(M, q))
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Proof. This can be proven in the same way as C.6(e), replacing the reference
C.5(b) used there by C.9. O

It may be appropriate to remind the reader that we are using fppf-
cohomology which does in general not coincide with étale cohomology, see
C.14(b). In this respect, the description of the Galois cohomology set
H{,,(R,O(q)) in characteristic 2 ([KMRT, p. 408]) is instructive.

C.16. Special orthogonal group scheme SO(q). Let (M, q) be a faith-
ful quadratic R-space, and let D = Dis(q) be its discriminant algebra.
We define the R—group scheme as the kernel of the homomorphism Dis of
(C.14.1):

(C.16.1) SO(q) = Ker(Dis).

Thus, for T' € R-alg we have SO(q)(T) = {g € O(qr) : Dis(g9) = ldpjs(gy) }-
Since the inclusion inc: Aut(D,D;) — Aut(D) is a monomorphism, this
definition coincides with the one of [Kn2, IV, (5.1)], where SO(q) is defined
as the kernel of inc o Dis. The discussion below shows that it also agrees
with the definition used in [Col, App. C]. However, it coincides with the
definition of SO(g) in [CF, §4.3] only in the even rank case. Following is a
list of properties of SO(q) that we will use.

(a) (Direct products) Let R = Ry X --- X Ry, be a direct product of rings,
and let (M, q) = (Mo, qo) X -+ X (My, qy) be the corresponding decomposi-
tion into a direct product of quadratic R;—modules, C.8(g). Analogously to
C.14(a), we have

(C.16.2) SO(M, q) 2 p1.(SO(Mi,q1)) X - X Pps (SO(Mi, ¢r))

into a direct product of R—group schemes. It will follow from this and the
discussion below that, in general, SO(q) is a reductive R—group scheme
which is semisimple if rank M > 3.

(b) (SO and determinants) By [Kn2, IV, (5.1.1)] we have a group homo-
morphism

(C.16.3) det: O(q) — pgp, g+ det(g).

We always have SO(q) C Ker(det); equality holds if M has constant odd
rank or if 2 € R*. This is proven in [Kn2, IV, (5.1.1)], but note the misprint
in (3) of loc. cit., where “C” should be “=", as one can see from the proof.

(c) (Odd rank) Let (M,q) be a quadratic space of odd rank. Then the
morphism zp: pg p —> O(q), x — xIdyy, is a section of det. Hence, by

(b),
(C.16.4) O(q) = py xgr SO(q).
If M has constant rank 1, then SO(q) = {x}, and if M has constant odd

rank 2n 4+ 1 > 3, then SO(q) is an adjoint semisimple R—group scheme of
type B,, (B1 = A; for n = 1) [Col, Prop. C.3.10].
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(d) (Even rank) Let (M,q) be a quadratic space of even rank 2n > 2.
Then q is regular by C.9, and the following hold.

(i) Since the map ) of (C.10.1) is an isomorphism, the Dickson map
Dick := ¢! 0 Dis: O(q) — Z/27Zr
is a group homomorphism satisfying SO(q) = Ker(Dick). Moreover,
by [Col, C.2.8] or [Kn2, IV, (5.2.2)], the sequence

(C.16.5) 1 —S0(q) — O(q) 2% 7/2Z, — 1

is exact.

(ii) If M has constant rank 2, then SO(q) is a rank one torus. Indeed,
by descent, we are reduced to the hyperbolic case ¢ = zy where
SO(q) = Gy, [Kn2, IV, 5.1.3 and V, (2.6.3)].

(iii) If M has constant rank 2n > 4, then SO(g) is a semisimple R—group
scheme of type D,,.

(e) Suppose M = U @V such that q(U) =0 = ¢(V) and (M, q) — H(U)

under an isometry identifying V' with U*. Then, associating with g € GL(U)

the map M — M, (u,v) + (gu, g~ 'v), gives rise to a closed embedding of

R-group schemes
(C.16.6) GL(U) — SO(q).

C.17. Proposition (Parabolic and Levi subgroups of SO(q)). Let (M, q) be
a quadratic space, let U and V' be faithfully projective submodules and let
M' C M be a submodule such that
M=UeV)LM, qU)=0=qV), (UaV,qvev)=HJ).

(a) The subgroup scheme P of SO(q), which stabilizes U, is a parabolic
subgroup of SO(q).

(b) Moreover, GL(U) x SO(q|p) is a Levi subgroup of P, where the first
factor embeds into P using the embedding GL(U) — SO(q|yav) — SO(q)
of (C.16.6).

Proof. This can be shown in the same way as parts (b) and (c) of C.7, using
the same cocharacter. (]
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