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A NONLOCAL REGULARIZATION OF A GENERALIZED
BUSENBERG-TRAVIS CROSS-DIFFUSION SYSTEM

ANSGAR JUNGEL, MARTIN VETTER, AND ANTOINE ZUREK

ABSTRACT. A cross-diffusion system with Lotka—Volterra reaction terms in a bounded
domain with no-flux boundary conditions is analyzed. The system is a nonlocal regular-
ization of a generalized Busenberg—Travis model, which describes segregating population
species with local averaging. The partial velocities are the solutions of an elliptic regu-
larization of Darcy’s law, which can be interpreted as a Brinkman’s law. The following
results are proved: the existence of global weak solutions; localization limit; bounded-
ness and uniqueness of weak solutions (in one space dimension); exponential decay of
the solutions. Moreover, the weak—strong uniqueness property for the limiting system is
shown.

1. INTRODUCTION

Multi-species segregating populations can be modeled by cross-diffusion systems, which
are derived from interacting particle systems in the diffusion limit [7]. Such a model was
suggested and analyzed by Busenberg and Travis [6]. Their system consists of mass balance
equations with velocities that are given by Darcy’s law with density-dependent pressure
functions. Grindrod [16] has replaced Darcy’s law by Brinkman’s law to average the velocity
locally, and he has added Lotka—Volterra reaction terms. This leads to nonlocal reaction-
cross-diffusion systems. While there are some works on the single-species nonlocal problem
(see, e.g., [25]), only spatial pattern and traveling-wave solutions have been studied for the
nonlocal multi-species model [22, 23, 28]. In this paper, we contribute to the mathematical
analysis of the nonlocal multi-species system by proving global existence and uniqueness
results and by investigating the qualitative behavior of the solutions.

1.1. Model setting. The evolution equations for the population densities u; = w;(z,t)
read as

(1) Oyu; — o Au; + div(wv;) = w; fi(u),
(2) —eAv; +v;=—Vp;(u) inQ, t>0,i=1,...,n,
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2 A. JUNGEL, M. VETTER, AND A. ZUREK

where u = (uy, ..., u,), supplemented with the initial, no-flux, and homogeneous Dirichlet
boundary conditions
(3) u;(0) =l in Q, (oVu; +uv;) v =0, v; =0 on 9Q, t >0,
where i = 1,...,n and v is the exterior unit normal vector to 9§2. The source terms in (1)
are of Lotka—Volterra form with

j=1

where by, bj; > 0, and the partial pressure functions p; are given by
(5) pi(u) :Zaijuj, i=1,...,n,
j=1

where the matrix (a;;) is assumed to be positive definite. Besides the nonlocal coupling,
a further difficulty of system (1) is that the diffusion matrix (w;a;;) is generally neither
symmetric nor positive (semi-)definite. This difficulty can be overcome by exploiting the
underlying entropy structure, as detailed below.

Introducing the self-adjoint solution operator L. : H(Q) — H'(Q)' by L.(g) = v, where
v € H}(Q) is the unique solution to

—cAv+v=¢g inQ, v=0 ondf,
we can formulate system (1)—(2) via v; = —L.(Vp;(u)) as
Ou; = oA, + div (uiLa(Vpi(u))) +u;fi(u) inQ, t>0.

We have chosen Dirichlet boundary conditions for v to obtain bounded weak solutions
to (1)—(5) in one space dimension, which is needed to derive L*°(2) regularity for the
solutions to the nonlocal problem (1)—(5); see Theorem 2 and the following commentary.
Other boundary conditions such as Neumann conditions are also possible.

In the case € = 0, we recover a generalized Busenberg—Travis model,
(6) Oyu; — o Au; + div(wv;) = w;fi(u), v; =—Vpi(u) = — Z a;; Vu;.

j=1

Observe that the velocity is defined by Darcy’s law, v; = —Vp;(u). More precisely, system
(6) was proposed by Busenberg and Travis with p;(u) = k; 3_7_, uj, where k; > 0. Since
the matrix with entries a;; = k; is of rank one only, system (6) turns out to be of mixed
hyperbolic-parabolic type [13]. We consider in this paper positive definite matrices (a;;)
and call the corresponding equations a generalized Busenberg—Travis system.

Grindrod suggested to smooth sharp spatial variations in Vp;(u), leading to equation
(2) with € > 0. This equation can be interpreted as Brinkman’s law, originally proposed in
[4] to define the viscous force exerted on porous media flow. This law corresponds to the
incompressible Navier—Stokes equations if the inertial terms are neglected and a relaxation
term is added, where ¢ represents the viscosity of the fluid. With Brinkman’s law, system
(1)=(2) becomes nonlocal.



A NONLOCAL REGULARIZATION 3

Equations (1)—(2) have been investigated in the literature only regarding its linear stabil-
ity [23], spatiotemporal pattern [28], and traveling-wave solutions [22]. In the single-species
case n = 1 and in one space dimension, the limit ¢ — 0 of vanishing self-diffusion was
performed rigorously in [25]. The two-species case was analyzed in [24], with the right-
hand side of (2) replaced by F'(u;, Vu;), where F'is some bounded function. This system is
different from our problem, since the coupling in [24] is weaker than in our case. The work
[12] studies equations (1) for n = 2 with v; = VW, % u;, where W; are smooth interaction
kernels. In [10, 11], the velocity is assumed to be a gradient, v; = Vw;, where w; solves
an elliptic problem. Thus, up to our knowledge, the existence analysis for system (1)—(2)
seems to be new.

1.2. Mathematical tools. Our most important mathematical tool is the entropy method.
Using the Boltzmann—Shannon entropy

Hi(u) = Z/Qui(logui — 1)dx,
i=1

a formal computation, made rigorous on an approximate level in Section 2, shows that

(7) %(u)+402/9|v\/u_i]2dx+ Z/Qal-jKE(Vui)-KE(Vuj)dx

3,j=1

+ Z /Q biu? log u;dr = Z/ﬂuz(fz(u) — byu;) log ude,
i=1 i=1

where K, is the square root operator associated to L., i.e. K. o K, = L.. Assuming that
(a;j) is positive definite, the third term on the left-hand side is nonnegative. If b; > 0, the
fourth term on the left-hand side provides an L'(2) bound for u? log u;, which is needed to
prove the strong convergence of a sequence of approximating solutions in L*(€2). The right-
hand side of (7) is bounded by H;(u), up to a factor, such that we can apply Gronwall’s
lemma to obtain a priori bounds and estimates uniform in e.

Like its local counterpart [21], system (1)—(2) possesses a second entropy, the nonlocal
Rao entropy

Hy(u) =) /Q ay; Ko () Ko (u;)d.

1,j=1

Notice that in the limit € — 0, K. converges formally to the unit operator on H'(2)’ such
that Hy(u) becomes in that limit the (local) Rao entropy » 7., [, aiusujdz. Thus, the
nonlocal Rao entropy does not provide better bounds than in L?(Q2). Unfortunately, the
(formal) entropy identity

dHQ n n )
_ (u)—l—JZ/QKE(Vul) KE(Vu])d$+;/Qul\VLE(uZ)] dz

i,j=1
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:g/gulfz(u)[/ u;)dx

does not provide useful additional estimates. However, we can still use it to show the
uniqueness of bounded weak solutions. In this case, we work with the relative nonlocal
Rao entropy

5) S [ st = .y = ),

2,7=1

where u and @ are two (bounded weak) solutions to (1)—(5). The idea is to show that
(dHy/dt)(ulu) < CHy(u|u) for t > 0 and to apply Gronwall’s inequality as well as the
positive definiteness of (a;;) to conclude that u = a.

The boundedness assumption for the uniqueness result cannot be easily dropped. A
possible strategy, due to Fischer [15], is to work with the approximate relative Boltzmann—
Shannon entropy

Hp(ulu) = Z/ﬂ (uilogu; — ¢r(u)u;logu; — (u; — u;))dx,
i=1

where ¢, is a suitable cutoff function. Then Hp(u|u) is bounded from below by the L*(Q)
norm of (u — @)lyy<ry, where U := >"" , u; is the total density, which allows for the
estimate dH, /dt < C'Hp, for some constant C' > 0, and Gronwall’s lemma yields u = .
Unfortunately, this procedure breaks down in the nonlocal case.

1.3. Main results. We impose the following assumptions:

(A1) Domain: © C R? (d > 1) is a bounded Lipschitz domain and T > 0. We set
QT =0 x (0, T)

(A2) Parameters: (a;;) is symmetric and positive definite with smallest eigenvalue o > 0,
bio, bij ZOfOI'Z?éj, b >0fori=1,...,n,0>0,and ¢ > 0.

(A3) Initial data: v € L'(Q2) satisfies u) > 0 in Q and vl logu? € L'(Q) fori =1,...,n.

Our first result is the global existence of weak solutions.

Theorem 1 (Existence of solutions). Let Assumptions (A1)-(A3) hold. Then there exists
a weak solution uw = (uq,...,u,) to (1)=(5) satisfying

u; € LX(Qr) N LY30, T; WH3(Q)),  dwu; € L0, T; H™ (),
fori=1,...,n, where m' > d/2 + 1, the entropy inequality

(9) Z( sup /uz(loguz—l dx+40/ /|Vﬂ| dxdt—l—C’/ /|K Vu,)|?dxdt

i=1 o<t<T

—l—b“/ /u loguldxdt) < C(T),
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where C(T) > 0 also depends on the L'(Q) norm of ug-) log ug-) for j =1,...,n, and the
following reqularity holds:

v; = —L(Vp;(u)) € L*(0,T; Hy(Q)).

The theorem is shown by using the Leray—Schauder fixed-point theorem for an approx-
imate problem, introducing some cutoff in the nonlinearities and regularizing the nonlocal
operator by some operator L! with parameter n > 0. This regularization ensures that
the approximate velocities are bounded. The compactness of the fixed-point operator is
obtained from an approximate entropy inequality similar to (7). The first difficulty of the
existence proof is to show that the cutoff in the nonlinear terms can be removed. For
this, we exploit the fact that the operator L" maps W~11(Q) to L>°(Q2), where we define
W-LHQ) .= {g +divh € D'(Q) : g € LY(Q), h € L}(Q;RY)}. As shown in Theorem 2,
this property allows us to prove that the regularized densities are bounded such that we
can get rid of the cutoff functions. The other technical difficulty comes from the deregular-
ization limit 7 — 0, since the time derivative J,u; is an element of the nonreflexive space
LY0,T; Wh>=(Q)') only such that we cannot extract a converging subsequence. The idea
is to prove a limit in the larger space of functions of bounded variation by using a variant
of Helly’s selection theorem (see Theorem 14 in Appendix A).

As previously explained, the existence proof relies strongly on the fact that the regular-
ization operator L7 maps W~11(Q) to L>() in any space dimension. Thus, it is natural to
study if this property holds when  — 0. We are able to show that L. : W=51(Q) — L>(Q)
but only in one space dimension; see Lemma 15 in Appendix A. Then, our second main
result states that the weak solution constructed in Theorem 1 turns out to be bounded at
least if d = 1.

Theorem 2 (Boundedness of solutions). Let Assumptions (A1)-(A2) hold and let u° €
L>(Q;R™) be nonnegative componentwise. Furthermore, let L. map from W=1YQ) to
L>(Q) (this holds true if d = 1). Then the solution u to (1)—(5) constructed in Theorem
1 satisfies u; € L>*(0,T; L>*(Q)), i =1,...,n.

The proof of Theorem 2 is based on an Alikakos-type iteration procedure. Indeed,
estimating the nonlinearities by the Gagliardo-Nirenberg inequality, the aim is to verify
that

(] < C(UO) + (’}/ + 1)d+2a%,y+1)/2, where Qyt1 = |‘ui‘|’£jol(07T;Lw+1(Q))~

This iteration can be solved explicitly, giving an estimate for w; in L*°(0,T; L7 (Q))
uniformly in +. The limit v — oo then concludes the proof.
In our third result, we prove the uniqueness of bounded weak solutions to (1)—(5).

Theorem 3 (Uniqueness of weak solutions). Let Assumptions (A1)-(A2) hold, u° €
HY(Q)', and let u and u be two nonnegative weak solutions such that u;, u; € L>®(0,T;

L>(Q)). Then u; = u; in Q.

By Theorem 2, the boundedness property holds in one space dimension. Therefore, we
obtain the uniqueness of weak solutions to (1)—(5) if d = 1. The proof of Theorem 3 relies
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on the relative entropy method, using the relative nonlocal Rao entropy (8). Differentiating
this functional with respect to time and estimating L.(V(u —v)) in terms of K (V(u—v))
yields for any 6 > 0,

dH.

d—;(UW) +oal| Ke(V(u = v))l[72) < 0KV (u = v))[[72) + CO) Ke(u = v)l|720
where o > 0 is the smallest eigenvalue of (a;;). We choose 6 < oa and apply Gronwall’s
lemma to infer that Hy(u(t)|u(t)) = 0 and hence u(t) = u(t) for ¢ > 0.

The fourth result is the so-called localization limit € — 0, based on the bounds uniform
in € from the entropy inequality. The main difficulty is the proof that L.(Vu5) — Vu; in
the space of distributions D’(Q2) as € — 0, which is shown by using the self-adjointness of
L. and the uniform bounds from (2).

Theorem 4 (Localization limit ¢ — 0). Let Assumptions (A1)-(A3) hold and let u® be
a weak solution to (1)—(5) constructed in Theorem 1. Then, as ¢ — 0, there exists a
subsequence (not relabeled) such that u® — u strongly in L*(Qr;R™), and u = (uy, ..., uy,)
is a weak solution to (3), (6) satisfying u; > 0 in Qp and, fori=1,...,n,

uilogu; € L®(0,T; L*(Q)), wullogu; € L*(Qr),

Vu; € L3(Qp),  Qwu; € L0, T; WhHe(Q)").
The initial condition holds in the sense of W>°(Q)', since u; € WHH0, T; WhHe(Q)) —
([0, T]; wh(Q)').

Now, let b = (bio, .-, bn0), B = (by;)i;=1, and set u™ = B7'". Then f;(u>®) = 0 and
the relative Boltzmann—Shannon entropy is defined by

(10) Hy(u]u™) Z/ <u,1og——( o ))dm

Our last result states that, under some assumptions, the solution converges exponentially
fast to the constant steady state u>

Theorem 5 (Large-time behavior of the nonlocal system). Let Assumptions (A1)-(A3)
hold. Assume that (b;;) is positive definite with smallest eigenvalue 8 > 0 and that u° >
w>0 foralli=1,...,n for some u > 0. If furthermore u; > p > 0 and f;(u) <0 in Qr
fori=1,....,n, then

Hy(u(t)u™®) < Hy(u®|u™)e 2" fort > 0.

The result follows from the inequality

dH
f— u|u —i—ozZ/]K (Vu,)| dac<2/ulfz log—dm

and an estimate of the Lotka—Volterra terms on the right-hand side, using the assumptions
of the theorem, leading to (dH;/dt)(u|u™®) < —28uH;(u|u>). The exponential decay of
Theorem 5 is originating from the Lotka—Volterra terms, which explains the conditions
B > 0 and g > 0. In particular, the diffusion term oAuwu; is not needed. We present
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in Section 1.4 an example where p = 0 is admissible and the exponential decay is a
consequence of the diffusion with ¢ > 0.

Remark 6. Let us emphasis the fact that, under similar assumptions, the statement of
Theorem 5 also holds in the local case, i.e. when € = 0. This implies that the steady states
of the nonlocal and local systems are the same. This is quite different from previous works,
see for instance [17, 19], where the steady states observed in the nonlocal and local case
are distinct. However, in these systems the nonlocal terms are given by some convolution
kernels, while here, the nonlocality originates from the inverse of an elliptic operator. [J

1.4. Discussion. The positive definiteness of the matrix (a;;) in Assumption (A2) can be
replaced by the positive stability of (a;;) (all eigenvalues are positive) and the detailed-
balance condition (there exist my,...,m, > 0 such that ma;; = mja;; forall 4,5 =1,...,n;
see [9]). Then, defining the new variables w; = m;u;, equations (1) become

Oyw; — o Aw; + div(ww;) = w; fi(u), —elAv; +v; = — Z %ij.
j=1 "/

The new matrix (a;;/7;) is symmetric and has only positive eigenvalues. It follows that
(a;j/m;) is positive definite. The positivity of o is needed to derive gradient estimates;
see (7). This assumption is not needed in the local system, since the positive definiteness
of (a;;) allow for some gradient estimates. Thus, this condition is due to the nonlocal
character of the equations (and the properties of K.).

Most of our results can be generalized for general operators L., in particular those relying
on estimates from the Boltzmann—Shannon entropy. A simple example is the operator
(—ediv(AV-+1))~! with Dirichlet or Neumann boundary conditions, where A is a constant
positive definite matrix. Similarly, the existence, localization, boundedness, and time asym-
ptotics results hold for higher-order operators, like the regularized operator L! introduced
in Section 2. However, the bound K.(Vu;) € L*(Qr) from the entropy inequality would
provide less regularity for u; in the higher-order case. Notice that the papers [10, 11] use
the lower-order regularization L. = V(—eA + 1)1 in R%

Finally, we discuss the large-time behavior result (Theorem 5). Results in the literature
often concern diffusive Lotka—Volterra systems (without cross-diffusion). For instance,
the work [5, Theorem 3.3| gives conditions under which a critical point with all species
coexisting is globally asymptotically stable. Under the condition ) !, fi(u) > 0, the
authors of [27] derived a further entropy identity for a reaction—diffusion system, namely
Ho(u) = >°1, [o(—logu;)dz. Unfortunately, the cross-diffusion terms prevent Ho(u) to
be a Lyapunov functional.

If the matrix (b;;) is not of full rank, the associated ODE system may admit infinitely
many equilibria, which makes the large-time analysis intricate; see, e.g., [1, 26]. The
positive definiteness condition of (b;;) guarantees the uniqueness of the steady state. If
b = 0, the steady state equals u> = 0 such that the Boltzmann—Shannon entropy cannot
be used to show the asymptotic stability of u>.
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The assumption u; > p > 0 is not necessary. For instance, we can achieve exponential
convergence in the case b;; = 0 for all ¢ # j € {1,...,n} and by, b;; > 0for i =1,...,n,
assuming ¢ > 0. The following argument is generalizing the idea in [8, Sec. 4]. We have
u® = byo/by; and, differentiating the relative entropy H(u|u™) (see Section 5.2 for details),

dH, & ) = u;
o (u|u™) + 4o ;ZI/QIV\/uA do < ;:1 /Qulfl(u) og u;?odx

i=1 79 Ui

= Z/ wibii(u® — u;)(log u; — log ui®)dx < 0.
i=1 79

By the logarithmic Sobolev inequality, the second term on the left-hand side is estimated
from below by 40CsH;(u|u>) for some Cg > 0, and Gronwall’s lemma gives

Hy(u(t)|u™) < Hy(u’|u™)e 47" > 0.

1.5. Outline. The global existence of weak solutions (Theorem 1) is proved in Section 2,
and the boundedness of weak solutions (Theorem 2) is shown in Section 3. In Section 4,
we prove the uniqueness of bounded weak solutions (Theorem 3), while the localization
limit ¢ — 0 (Theorem 4) and the long-time behavior of weak solutions (Theorem 5) are
proved in Section 5. Finally, we show two auxiliary lemmata in Appendix A.

2. GLOBAL EXISTENCE OF SOLUTIONS

2.1. Preparations. We recall the definition of the solution operator L. : H'(Q)" —
HY(Q), L.(g) = v, where v € H'(Q) is the unique solution to

—cAv+v=g in€Q, v=0 in 0.

Then ||v]|m) < C(€)||g|lur @)y for some constant C(e) > 0 and an integration by parts
yields

(9,L:(g)) = /Q(<€|Vv|2 +v?)dz  for g € H'(Q), v= L.(g),

where (-, ) is the dual product in H'(2)' x H'(Q). The operator L. is symmetric, positive,
and bounded linear. By spectral theory for bounded self-adjoint operators, there exists a
unique square root operator K. with the same properties. These statements also hold for
vector-valued functions g € H'(Q; R™)" with m > 1.

Lemma 7. It holds for all g € L*(Q2) that

(11) VL.(9) = L:(Vg),

(12) el L(V9) 72 + 1L 20) = 1 K=(9)lI72(0)-
In particular, ||L:(9)||2@) < | Ke(9)|| 12y for g € H(Q)'.
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Proof. Since L. is a linear solution operator, it commutes with the gradient, which shows
(11). Next, setting v = L.(g), we estimate

ellLe(Va)lliz( + 1 L=(9) 2@ = ellV L9720y + I1L=(9) 1220 Z/Q(SIVUIZHUV)CZ%

= (g, La(g)> = <K5(g)vKa<g)> = ||Ka(g)||%2((2)'

This proves (12). The final statement is a consequence of this inequality and a density
argument. O

We proceed to the proof of Theorem 1, which is split into several steps.

2.2. Definition of the approximate problem. Let n > 0 and m € N with m > d/2. We
need the higher-order regularization L7 : H'(Q; R™) — H™(Q2;R"), defined by L7(g) = v,
where v € H™(; R™) N H}(€; R™) is the unique solution to

n/Q Z Dav-Da¢dx+/Q(€Vv ; V¢dx+v-¢)dx: (g, 0)

|a|=m

for all p € H™(Q; R™)N H} (2;R™), where a € NJJ is a multiindex, D* is a partial derivative
of order |a| = m, (-,-) is the dual product in H*(;R") x H'(2;R"), and “” denotes
the Frobenius matrix product. The choice of m implies that H™(Q) — L>(2). As the
regularized operator L7 is still symmetric, positive, and linear bounded, there exists a
unique square root operator K7 on H'(Q;R")". The following inequality holds:

Lemma 8. [t holds for all g € L*(Q;R™) that
el L2V )iz + IL2(9) 1220y < KX ()12 0)-

Proof. We estimate similarly as in the proof of Lemma 7. Let v = L"(g) € H}(;R").
Then

ellL2(V)llia) + 1L2(9) 112 = ellVLIG)IIL20) + 1 L2(9)]72(0

— e[Vl 2aggy + 0l <7 / S |Doufd + / (EIVoP + [oP)dz = (g, v)
|a|=m

= (9. L2(9)) = I K2(9) 2.
finishing the proof. U

Let p € [0,1], N > €2, and set (2)Y := max{0, min{V, z}} for = € R. We assume that
the initial data satisfies u? € L>(Q), for instance by using an L>(Q) regularization u)" of
the initial data. We wish to solve the approximate nonlinear problem

T T

:p/OT/Q((Ui)fvi-V¢i+(ui)_]¥fi(u)¢i)dl‘dt, i=1,...n,
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for ¢; € H'(Q) and 4;(0) = Y in Q, where v = (v1,...,v,) and v; := —L(Vp;(u)). If
u € L*(Qr;R"™), we have v € L*(0,T; H™(;R")) C L*(0,T; L>(Q; R™)).

2.3. Linearized system. Given 4; € L*(Q7), we consider first the linearized system

(14) /OT@tui,gbi}dt—ka/oT/QVui-ngidxdt

- p/oT/Q (@)Y v - Vo + (@)Y fi(w)gi)dadt, i=1,...,n,
0)

for ¢; € H'Y(Q) and u;(0) = puf in Q, where v; := —L"(Vp;(u)) €
The right-hand side defines a linear form which is an element of L*(
29, Theorem 23.A], there exists a unique solution u; € L*(0,T; H'()
L*(0,T; HY(Q)').

2(0,T; H™(S; R™)).
0,75 H'(Q)'). By
) such that dyu,; €

L
L2

2.4. Leray—Schauder fixed-point argument. We define the fixed-point operator @ :
L*(Qr) x [0,1] — L*(Q7) by Q(4,p) = u as the unique solution to (14) for given (a, p).
It holds that Q(u,0) = 0. The continuity of @ follows from standard arguments and
its compactness is a consequence of the Aubin-Lions lemma, since L?(0,T;H'(Q)) N
H'Y(0,T; H'(Q)') embeddes compactly into L?*(Qr). It remains to establish uniform a
priori bounds for all fixed points of ().

Let (u, p) be such a fixed point. We first notice, using min{0, u;} as a test function in
the weak formulation of (13), that u; > 0in Qp fori = 1,...,n. Besides, the constant test
function ¢; = 1 in (13) yields

(15) %/uzdx:p/(ul)ffl(u)da: < bio/(ui)fdx < C’/uidx,
Q Q Q Q

which gives a uniform bound for u; in L>(0,T; L'(Q2)). Now, in order to derive more
uniform bounds, we intend to use logu; as a test function. Since this function is not
admissible, we need to regularize. For this, we introduce the auxiliary functions

=1 1 f0<z<N
S?V(z)::/ ds:{OgZ B 1 ===
1

(s)¥ logN + =X if 2> N,
1/2 .: z 1 ds — 2\/2 lfOSZSN,
Sy (2): /0 BN {2\/N+z¢—g if 2> N.
These functions satisfy the chain rules
Vf 1/2 Vf
VSN(f) = —nx: VSy(f) =
ooy DY

for differentiable functions f. Furthermore, we introduce

/S z(logz — 1) if0 <z <N,
N N(log N —1) + (2 = N)log N + &M2if 2 > N,
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which satisfies the chain rule 9; Ry (f) = S%(f)0.f (again for differentiable functions f).
Let § > 0. Since u; > 0, the test function S% (u; + ) € L*(0,T; H'(Q)) is admissible in
(13), yielding

d 1 |V, |?
i /QRN(UZ +0)dx + g/Q o 5)16&
= p/ﬂ (vi - Vg + (w;) Y fi(w) SY (w; + 0))dz
— —pZ/ aij K!(Vu;) - KI(Vu;)dx + p/(u,;)ffi(u)sjov(ui + 6)da,
i=1 7@ 0

where the last step follows from v; = L2(Vp;(u)) = 377 a;;(K?)*(Vu;). By dominated

convergence, we can pass to the limit 6 — 0 in the last integral on the right-hand side and
in the first integral on the left-hand side (in the time-integrated version). By monotone
convergence, we can pass to the limit § — 0 in the second term on the left-hand side.
Thus, together with the positive definiteness of (a;;) (with smallest eigenvalue o > 0) and
definition (4) of f;(u), we find, after integration over time, that

t t
(16) / Ry (ui(t))da + o / IVSY2(03) |2 ds + ap / KT |2 ds
t n t
§/R}V(ug) dx+bi0/ /(ui)fS?V(ui)dxds—Zbij/ /(ui)fujS?V(ui)dxds
Q 0 Ja | 0o Jo

t
S/R}V(ug) da:+big/ /(ui)fs%(ui)dxds.
Q 0o Jo

Here, we use the nonnegativity conditions b;o, b;; > 0 from Assumption (A2). Straightfor-
ward computations show that for any z € R and N > e,

(2)¥Sn(2) < Ry(2) + (2)F

This yields the following estimate on the second term in the right-hand side of (16):

t t
bio/ /(ui)fSR,(ui)dx < bz‘o/ /Riv(ui)dl’ds+bz‘oTHUiHLw(o,T;Ll(ﬂ))v
0 Q 0 Q

which allows us to estimate the right-hand side of (16), and it follows from Gronwall’s
inequality, estimate (15) and the fact that R (u?) can be controlled by the L?(£2) norm of
u? that

1/2
IR (wi)|| Lo omsn () + a|VSy (ui) ||l 2y < C(T).

Together with the uniform bound for Vu; = [(u;)¥]/2V.SN(u;) in L2(Qg) (for fixed N),
we infer that

(17) [will Lo 0,01 ()) + |will 20,751 () < C(N).
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These bounds are sufficient to apply the Leray—Schauder fixed-point theorem, which yields
the existence of a solution u = (uy,...,u,) to (13) with initial condition u(0) = u° in Q
satisfying (17) and ||u;|| g1 0,01 )y < C(N).

2.5. Limit N — oco. For fixed n > 0, the operator L7 maps H*(Q2)' to H™(Q) — L>(Q).
Then we can prove L*>°(€2) bounds uniform in N for u,.
Lemma 9 (L>(Q) bounds). Letn >0, N > €2, and u° € L*(Q;R"). Then
[l L= 27y < C(n),
where C(n) > 0 depends on n but not N.

The lemma is proved in Section 3. We deduce from (16) with p = 1 that
d

G | R )de + o1VSY2 ) sy + ol K2(Tu) e

< by / (WY S8z < Clu |zmary) < Cn),

where the last step is a consequence of Lemma 9. This estimate for VS}V/Q(UZN ) together with
Lemma 9 provide an N-independent bound for Vu = [(uM)NV2VSY?(ul) in L2(Qr).

)

Moreover, we obtain a bound for K7(Vu!) in L?(Q7) uniformly in N. Then (12) yields
an L*(Qr) estimate for L7(VulY) and consequently for vY¥ = L7(Vp;(u”)) in L?(Q7). It
follows that d;ul’ is uniformly bounded in L*(0,T; H*(Q)").

These bounds allow us to perform the limit N — co. By the Aubin—Lions compactness

lemma, there exists a subsequence of (u) (not relabeled) such that u? — u; strongly in
L?(Q7) as N — oo. Then the uniform L*°(Q27) bound for u)¥ shows that

u — u; strongly in LP(Qr) for all p < oo,
N —~*u;  weakly* in L®(Qr).

%

u
Moreover, we have
Vul' — Vu; weakly in L*(Qr),
ol — Qu; weakly in L*(0,T; H'(Q)),
vl — v weakly in L*(Qr).
The limit v; can be identified with —L"(Vp;(u)) since, for ¢ € C§°(Qr),
(v, 0) = —(L2(Vpi(u™)), ¢) = —(Vpi(u"), L2(9))
= —(Vpi(u), L(#)) = —(LU(Vpi(u)), 0).

The dominated convergence theorem allows us to treat the cutoff functions. We conclude
that u; with v; = —L7(Vp;(u)) solves

T T T
(18) /U (&w;@dt—ka/o /gzvui.ngSidxdt:/o /Q(uivi'v¢i+uifi(u)¢i)d$dt
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for ¢ € L?(0,T; H'(Q2)) with initial data u;(0) = u) in Q. We remark that v; still depends
on n via v; = —L1(Vp;(u)).

2.6. Estimates uniform in 7. Let u] := u; and v} := v;. We prove some estimates

uniform in 7.

Lemma 10. There exists a constant C' > 0, which is independent of n, such that for
1=1,...,n

[ Jog ] || oo om0y + 1)) log || L1 ary + VU] | Lass gy < C,

()2 | 220,501 ) + I EZ(VU)) | 207y + 100wl 20, mm(y) < C.

Proof. We use the admissible test function log(u, + 0) with 6 > 0 in (18) and integrate
over (0,t) for 0 <t < T:

L(ui(t)+5>(log(u?(t)+5) - 1)dx+4a/t/ IV (! + 0)"/2dxds
/(u 1+ 5)(log(u? + 8) — 1 dm+/ /u sl Vulduds

/ / ul fi(u") log(u] + &)dxds.

We infer from dominated convergence (applied to the first integral on the left-hand side
and the integrals on the right-hand side) and monotone convergence (applied to the second
integral on the left-hand side) that, in the limit § — 0 and after summation over i =
1,...,n,

(19) Z/ logu —1 dx+402/ /]V 1/2’ deds
:Z/u?(logu?—l)da:+2/ /Ug-Vu?d:z:ds
i=1 7 — Jo Ja
n t
+Z/ /U?fi(un)loguydxds.
i=1 Y0 JQ

The second term on the right-hand side can be rewritten as

Z / / ! Vuldeds = — Zam / / LY(Val) - Vuldads

3,0=1

:—Zaw/ /K77 (Vul) - K (Vuy)drds < aZ/ /|K’7 (Vu])|*dxds.

2,7=1
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The last term on the right-hand side of (19) becomes

/ / 7 £ (u") log uldxds = — Zbu / / )2 log uldxds
+> b / /u?lo uldrds — bi‘/ (/ +/ )u?u”lo w]dxds.
; “Jo Ja g ; "o \Jp<w<ty  Juosy 17%

The first term on the right-hand side is bounded from above. The second term can be
estimated by the elementary inequality zlogz < 2z(log z — 1) + e for z > 0 and Gronwall’s
inequality. Taking into account that ] logw! > 0 if ] > 1 and —1/e < u]logw] < 0 if
0 <w] <1, we find for the third term on the right-hand side that

- b / (/ +/ ) 10gu”d:vds< //
Z g {0<u]<1} {ul>1} Z 0<u"<1}

1#] Z?é]

NG
< - uwldrds < — u}(logu] — 1)dzds + C,
6;0 o’ 6;0 Q ( )

and the last step follows from the inequality z < z(log z—1)+e for z > 0, where C' = n|Q|T".
Inserting these estimates into (19) and applying Gronwall’s inequality leads to

(20) Z/ )(log u!(t) — 1) dx+402/ /\V )22 dxds
+0z2/ /|K” (Vu) qu:ds—i—Zb“/ / ) logu!drds < C(u’,T).

It remains to derive the bound for the time derivative of w]. The uniform bound for
K7(Vu]) in L*(Qr) and estimate (12) show that L7(Vw]) is uniformly bounded in L*(Qr).
Thus, (u]v]) is bounded in L'(Qr). (Note that the L>(7) bound for «; in Lemma 9 is
not uniform in n.) This shows that div(uv)]) € LI(O,T; Wheo(Q)). It follows from the
previous estimates that (u))?logu. € L'(Q7r), so that v is uniformly bounded in L*(Qr).
Thus, thanks to the equality V! = 2(u})Y/2V (u])'/? € R 3(Qr) and the Holder inequality
(with exponents 3 and 3/2), we have

T
2/3 4/3
/0 / V| dadt < 2P g [V

We deduce from Lemma 10 that Vu] € L*¥3(Qg) (uniformly in 7) and hence Au] €
LA3(0, T; WH4(Q)') as well as u)! f;(u”) € L*(0,T; L(£2)) uniformly in 7. We conclude that
(Opu)) is bounded in L'(0, T; W>°(Q)’), which finishes the proof. O

2.7. Limit n — 0. We infer from the gradient bound of Lemma 10 in L*/3(Q7) that, up
to a subsequence, as 7 — 0,

Vu! — Vu; weakly in L*3(Qp).



A NONLOCAL REGULARIZATION 15

By the estimates from Lemma 10, the Aubin—Lions compactness lemma shows the existence
of a subsequence (not relabeled) such that u) — u; strongly in L*/3(Q7) and a.e. We deduce
from the L'(Qr) bound for (u))?logu. and the de la Vallée-Poussin theorem that

u! — u; strongly in L*(Qg),

which is sufficient to conclude that u f;(u”) — u; fi(u) strongly in L'(Qr).

Since L*(0,T; W1>°(Q2)) is not reflexive, we cannot extract a converging subsequence of
Oyu; in that space. However, a limit in the larger space of functions of bounded variation in
time can be proved. For this, let m’ € N be such that the embedding H™ (Q) — W1 ()
is continuous and dense (choose m’ > d/2 +1). Then W'>(Q)" < H™ ()’ is continuous.
It follows from a variant of Helly’s selection theorem (see Theorem 14 in Appendix A) that
u! — u; weakly in BV([0,T]; H™ (2)"), in particular,

O] — Oyu;  weakly in M([0,T); Hm,(Q)/%

where M denotes the space of Radon measures with the total variation norm (we refer
the reader to Appendix A for details). Note that the embedding Wh*(Q) — H™ (Q)’ is
needed to ensure measurability (H™ (Q2)" should be separable) and to characterize exactly
the dual spaces for weak convergence (H m'(Q)’ should have the Radon—-Nikodym property,
e.g., being reflexive).

By Lemma 8, the uniform bound for K”(Vw]) in L?*(Qr) implies the same bound for
L7(Vw]) and consequently for L7(Vp;(u")). Then, up to a subsequence, —L"(Vp;(u")) — v
weakly in L?(Q7) for some v € L*(Qr). We want to identify v with —L.(Vp;(u)). This
follows as in the proof of Lemma 9 from p;(u”) — p;(u) strongly in L?(7) and

(LI(Vpi(u")), ¢) = = (pi(u"), div LI($)) = —(pi(u), div Le(9)) = (Le(Vpi(u)), ¢),
if L7(¢) — L.(¢) weakly in L*(0,T; H'(Q)) holds for any fixed test function ¢; see the
following lemma.

Lemma 11. Let ¢ € L*(0,T; H(QY)'). Then L"(¢) — L.(¢) weakly in L*(0,T; H*(Q)).

Proof. We set w" := L(¢). It is sufficient to show that w” — L.(¢) weakly in L*(Qr). We
use ¢ = w" in the weak formulation of L!(¢) = w",

(21) n/ > Daw"-Do‘wdx+/ (eVw" : Vip +w" - p)dx = ($,1)).
Q Q
|a]=m
Then an application of Young’s inequality yields
N 1 1
n Z |1D wnHQL?(Q) +5‘|an|’%2(9) + ||wnH%2(Q) = [{¢,w")| < _||¢H%2(Q) + 5““17]”%2(9)-
|ae]=m

Absorbing the last term by the left-hand side, it follows that (w") is bounded in L*(0,T;
H'(Q)) and (\/nD*w") is bounded in L?(Qr) for any |a| = m. Thus, for some w; €
L*(0,T; H'(Q2)) and up to subsequences,

w] — w; weakly in L*(0,T; H*(Q)),
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nD*w] — 0 strongly in L*(Qr), o] =m, i=1,...,n.
The limit n — 0 in (21) shows that w solves

/ (eVw : Vidz +w - ) dz = (¢, ¢).
Q

By density, this equation holds for all ¢ € L*(0,T; H'(Q2)). Hence, w = L.(¢). Since the
limit is unique, we infer that the entire sequence converges, w” — L.(¢) in L*(0,T; H'(2)).
This proves the lemma. [l

We have assumed in Lemma 9 that the initial datum satisfies u® € L>(2; R"). We may
reduce this regularity to u?logu? € L'(Q) by approximating u by a function u)"” € L>(Q)
(using for instance a cutoff at level 1/57). Then the above proof still works, since the uniform
bounds depend on u{ only via the L*(Q2) norm of u{ log u?, and the initial datum converges
to uy.

Similarly as in the proof of L7(Vu]) — L.(Vu;) weakly in L*(Qr), we show the weak
limit K7(Vu]) = K.(Vu;) in L*(Qr). In particular, because of the weak lower semiconti-
nuity of the norm,

T
/ /\Kg(Vul |*dxdt < hmlnf/ /|K77 (Vu])|dxdt.
0 Q n—0

The a.e. convergence of (u) and the bounds from (20) allow us to apply Fatou’s lemma
to conclude that u;(logu; — 1) € L>(0,T; L'(Q)) and uf logu; € L?(Qr), which proves the
entropy inequality (9) and concludes the proof of Theorem 1.

3. BOUNDEDNESS

To complete the proof of Theorem 1, it remains to show Lemma 9. It is shown by using
the Alikakos method as in [18]. Since the proof is rather technical, we sketch the proof
first before presenting the rigorous proof.

3.1. Formal argument. The idea is to use u] for v > 1 as a test function in the approx-
imate problem (13), which leads to

1 d 4
(229 — 2 / w e + —1 / (VuO D224y
v+ 1dt Jg (v +1)* Ja
2
- / u§7+1)/2vi : Vuz(-wlwdx + / w) T fi(u)dx
v+1 Q

L 1 T P e P g P e
v+1 Q

where v; = —L.(Vp;(u)) and we have applied Holder’s inequality in the last step. By
assumption on the solution operator L., the norm ||v;[|z~(q) is bounded uniformly in e if
u; is uniformly bounded in L*(0,T’; L'(Q2)), and this bound is obtained by using ¢ = 1 as
a test function in (13). A naive application of Young’s and Gronwall’s inequalities would
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lead to bounds that tend to infinity as v — oo. Thus, we need a more careful treatment
based on the Gagliardo-Nirenberg inequality and an iteration argument.
We use the Gagliardo-Nirenberg inequality with § = d/(d +2) < 1 to find that

2 2y < CUVUT 2] 0 [l 2N 2l + Cllul™ D721

Inserting this expression into (22), applying the Young inequality ab < §a? + 57 /Pb"" with
p=2/(1+6),p =2/(1—0),and § = o/ (which yields 6 7/? = (v/o)**'), and absorbing
the gradient term by the left-hand side of (22) gives, after some computations detailed
below,

’7 _I_ 1 dt“uZ”A[/,—"y—Jrl(Q) S C(’}/ + 1)d+1||ui||z—(:+1)/2(g)'
It follows after an integration in time and taking the supremum that

1 1 +1)/2 2
HUZHZL 0TL"/+1(Q) < ”“?HZJ;H(Q) +C(T)(y + 1)d+2<”u1H(L’Yoo o/TL(vH)/z( ))) .

Then ay, == |Ju;||2" + Hu?“zl;(g) gives the recursion ay < o*a?_, for some constant

L2 (0,T;L2% (Q))
a > 0 independent of k. Solving the recursion yields
2~k 0
will e izt < 0k < C(lill oz + Ui =)

and the limit k& — oo gives the result, since the right-hand side is independent of k.

3.2. Derivation of the recursion. Since the test function u7 may be not admissible
we need to use a suitable cutoff to make the above argument rigorous. Let N > 2. We
introduce

) = [N s 77 = [ siios,
0 0
recalling that (z)% = max{0, min{N, z}}. Then the chain rules VS} (u;) = [(u;)Y]" ™'V,
and VR (u;) = S (u;)Vu; hold.
Lemma 12. The functions SY and R}, satisfy the following inequalities:
1 1\? 1
@) L) < (T ) PN [N < TS fory > o,

0% 1 ¥ 2 7(7_1)2 Y 2
(24) Ry(z) = ﬁs N(z), Ry(z )_W)RN(Z) for vy >1.

Proof. The inequalities are verified by elementary computations similar to the proof of [20,
Lemma 6]. Notice that inequalities (23)—(24) reflect the fact that 7S} (2) and y(y—1) R} (2)
are two different approximations of z7. [l

For any v > 1, the test function S (u;) is admissible in (13), and we find that

d
- / Ry (ug)dx + o / VST ()P de
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B / ()Y [(us) Y1000 - VSTV () dae + / (us) Y S (wi) fi(w)dx
Q Q

< [ )220 VS e+ C [ ()Y ()
Q Q

recalling that v; = —L.(Vp;(u)). We know already that u; is bounded in L°°(0,T’; L*(£2))
uniformly in NV (use the test function ¢; = 1 in (13)). Then, by assumption, v; is uniformly
bounded in L*(€) and

d

7 m“mmm+a/ﬁw$”Wme

< [lvill o) / () ¥RV e+ € / ()Y 83 (i),
Properties (23) and Young’s inequality yield
/ R (u; da:~|—<7/ VSO () Pd
< Cl[(us) F]0H D72 2 HVﬁ“ﬂm@+Owa%WMx

1 2 1)/2
< Cly+ VISV 2w | 2@ IVSS T2 200 + C(y + D2ISY T (wa) 220
1 2 1)/2
< vas;* 22,0+ C@)(r + 12ISY V2 (w) 22y

The first term on the right-hand side is absorbed by the left-hand side, while the remaining
term on the right-hand side is estimated by the Gagliardo—Nirenberg inequality with 6 =
d/(d+2):

ISV (i) 20y < CIVST 2 (W) 19200 IS8 72 (i) 126y + CISN 2 (i) 2 o)
Consequently, by Young’s inequality,
Cly+ D2IST 2 ()32
< Cly+ DAIVSY 2 @) |3 IS5 2 () gy + C (v + D2IST 2 ()3 o
< ZIVS 2 w) 220 + Clo)(y + 1)) 55 “(unum

We insert this estimate into (25):

d
dt

An integratlon in time yields

[ B e+ 5 [ 955 w)ds < €0 DA2IST 0l

t
1)/2
IR (i) 1) < |1 RE (@)l paay + Oy + 1) / 1SSV () |12 0y ds

1)/2
< CIIRE (W) [l 2=() + CT(y + 1) SG V2 () |2 e 0 111 ()
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Finally, we take the supremum over time:
(26) IRY™ (ui) | o (0,731 () < CIBA ()] 1o2(00)
+ CT(y + )™)Y () [ 1000
We obtain in the particular case v = 1:
(27) [ill T oo 72200 = 21BN (i) | oo (21 ()
< 2C|| R ()| oo 0y + 20T24 2| Sy (i) | Foe 0711 )
= Clluf |7 () + 2CT2"||til| F oo 0 711 (2)) < C-
For v > 1, we use the first property in (24) to infer from (26) that
(28) 1S3 ()l e s 2y) < CYIBRR™ ()| oo
+ CTy(y + DS ™ (@) 0120100
Setting 28 = v+ 1 for k € N with £ > 1 and
ar = HR?\?(U?)HLOO(Q) + “sz\f(ui)HLw(O,T;Ll(Q));
we obtain thanks to (28):
ar < | Ry ()]l + C(2% = DI RY (u) | 1=
+ CT(2 — )22 S (i)l 0,111
Using the second property in (24), this inequality becomes
a < (1+C(2° = 1) [RY () |0y + CT(2" = 2" 1S3 (wi) 7w 0.7, 0

2k—1(2k—1 _ 1)2 b1

+ CT(2 = DM () 7o 0,101 a0
2k (2k — 2)?
16(2F — 1)
where o = C(T)2%+3 and C(T') does not depend on k.

<(1+C(2F-1))

< max {(1 +C(2F - 1)) ,OT (2% — 1)2’f<d+2>}a2_1 <aal |,

3.3. Solution of the recursion. The recursion can be solved explicitly by setting by =

" 2ay, leading to by < b7 | and eventually to aj < a3 2T k225 o

(29) 1S3 ()| o o,17:200)) <

e 2k71
< (R () o= oariar o + 1B (4) 1= (@)

Since S% (u;) is controlled uniformly by u?, the first norm on the right-hand side is bounded
uniformly in N because of (27). The second norm is bounded by assumption, noting that
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R% (u?) = (u?)?/2. Furthermore, the left-hand side is estimated from below according to

u) N7 _
||SX,(U¢)||L1(Q) = / {711{%<N} + (_’Y + N7 l(ui — N)) 1{ui>N}}d5E
Q

1

2— U71u1<NdZL'
! e

By monotone convergence, we infer from (29) that

- k .. k P -
2 kHuiHiw(O,T;L?’“(Q)) < thaloréf 1% (ui) || zeorriy < @®* ~F2C* .
Taking the 2*th root gives a uniform bound for the L>(0,T; LQ’“(Q)) norm of u;, which

allows us to pass to the limit £ — oo and to conclude the proof.

4. UNIQUENESS OF BOUNDED WEAK SOLUTIONS

We prove the uniqueness of bounded weak solutions. According to Theorem 2, such
solutions exist in one space dimension. Recalling definition (8) of the relative nonlocal Rao
entropy and setting v; = —L.(Vp;(w)), v; = —L.(Vp;(u)) for two bounded weak solutions
u; and u;, we compute

1d =
(30) §EH2(U|E) = Z /QainE(ui — ﬂi>atK6<Uj — ﬂj)dl'
i,5=1
= > a0y — wy), Le(ui — )
2,7=1
=1 + 1, + I,
where

L =-o Z aij / V(ui — ;) - VLe(uj — uj)d,
Q

i,j=1

I, = Z aij /(uivi — u;0;) - VLe(u; — uy)d,
0

ij=1
I3 = Z Q5 /(szz(u) — U fi (1)) Le(u; — u;)d.
ij=1 Q
The first and last terms are estimated according to

L=-0Ya / KL(V(u; — 1)) - Ko(V (4 — 1))z < —ao] Ko(V(u — )|,

i,j=1

13 = Z a,ijbig /Q(U,l — ﬂi)LE(U]’ — ﬂ])dﬂf — Z aijbik /Q(uluk — ﬂiﬂk)La(Uj — ﬂ])d.fl?

ij=1 i k=1
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< R = Dy~ D s [ (oo = 50) + s = 1) el — )

i,j,k=1

< ClK:(u = )|l q) + Cmax{|[ull ). |ll Lo @ Hlu — il 2@ | Le (u = @)]| 2oy

where we used the notation ||g||12(q) = maxi—1,..» |9l r2(q) for functions g = (g1, ..

21

7gn) €

L2(Q; R"). Next, we use || L. (u—a)l|20) < | Ko(u—1)| 20 (see (12)) and (for w € L3(Q)

with L.(w) = v)
(31)  lwllfao) = (w,w) = (—eALe(w) + Le(w), w)

= e(VLe(w), Vw) + (Le(w), w) = e Ke(Vw)l[72(0) + | Ke(w)][72 )

Thus, we infer that
lu—al[ L2 (@) | Le(u — )| 120
< (el KoV (u =) [|720) + 1Ke(u = @) 720)) " 1K (u = @) 220
< TV (=) [0y + Ce,0) | Kol = D)

1/2

and the first term on the right-hand side can be absorbed by I;.
For the term I, we have

i=1 Y
=— Z/ uilv; — if* — Z/(Uz = U;)V; - (v; — U;)dw
i=1 7/ i=1 78

< lu = all2@[0]l L@ llo = 2@
We deduce from equality (12) and the linearity of p that
[0 = llz2@) = [|1Le(Vpi(u) — Vpi(u)) | 220
< e P Ko(pi(u) = pi(@) |2 < O3 Ko(u — )| 12(0).

Now, we use estimates (12) and (31) as well as Young’s inequality:

_ _ 1/2 _ _
I < C (el KL (Y (u — @) By + 1Kol — ) [2agy) e 1Kot = ) 20y

ao _ _
< T IE(V (=) [fa@) + Cle o) Ke(u = @720

where we have used the fact that by assumption L. : W5 — L>(Q) and that v; =
—L.(Vp;(u)) for i = 1,...,n. Inserting the estimates for I, I, and I3 into (30), we infer

from ||K.(u — @), < oL Hy(u|t) that

dH.
d—j<u|a> + KAV (1) [ < Clas 2, 0) Ha(ul).
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Since Hy(u(0)|u(0)) = 0, Gronwall’s inequality shows that Ha(u(t
K (u(t) — ﬂ(t))—Ofort>0 This implies that L.(u(t) — u(t)) =
Le, u(t) = u(t) for t > 0, concluding the proof.

|u(t)) = 0 and hence
and, by definition of

0
5. ASYMPTOTIC REGIMES

In this section we study the behavior of the weak solutions to (1)-(5) when ¢ — 0
(Theorem 4) as well as when 7" — oo (Theorem 5).

5.1. The localization limit ¢ — 0. We prove Theorem 4. The bounds provided by the
entropy inequality (9) can be used to perform the limit ¢ — 0. Indeed, let u® be a weak
solution to (1)—(5) satisfying (9) and set v; = L.(Vp;(u®)) for i = 1,...,n which is bounded
in L?(Q7). We have, similarly as in Section 2.7, up to a subsequence, as € — 0,

Vui — Vu;  weakly in LY3(Qg),
uf — u; strongly in L*(Q7) and a.e.,
dyus — dyu;  weakly in M([0,T]; H™ (Q)"),
v —w; weakly in L*(Qr), i=1,...,n,

for some functions w; € L*(Qr). We want to identify w; = —Vp;(u). If div L.(¢) — div ¢
weakly in L?(Q7) for test functions ¢, we have

—(Le(Vpi(u7)), ¢) = (pi(u), div Le(9)) — (pi(u), div ¢) = —(Vpi(u), ¢),

which implies that w; = —Vp;(u). The claimed convergence holds as shown in the following
lemma.

Lemma 13. Let ¢ € L*(Qr). Then div L.(¢) — div ¢ weakly in L*(Qr).
Proof. We infer from the weak formulation of y. = L.(¢),

/@v%wwwWWszww>ﬂnweﬂmjwrm»
Q

that (v/eVy.) and (y.) are bounded in L?*(Qr) (choose ¥ = y. and use Young’s inequality).
Hence, for a subsequence, eVy. — 0 strongly in L?(Qr) and y. — y weakly in L*(Q7) as
e — 0 for some y € L?(Qr); and the limit € — 0 in the previous weak formulation gives

wasz-

It follows that y = ¢. This proves that L.(¢) = y. — ¢ weakly in L?(27) for a subsequence,
and, because of the uniqueness of the limit, also for the whole sequence. U
We have shown that v§ — —Vp;(u) weakly in L*(Qr) and consequently
uiv — —u; Vp;(u)  weakly in L'(Qp),
eAv; — 0 in the sense of distributions.
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These convergences allow us to perform the limit € — 0 in equations (1)—(2), proving
that u; solves (6) with initial and boundary conditions (3). This concludes the proof of
Theorem 4.

5.2. Large-time behavior. Next, we prove Theorem 5. For this, we compute the time
derivative of the relative entropy 1, defined in (10), using the definition p;(u) = > °7_, a;;ju;
and the fact that u° is constant:

dHl 00 - U;
) SRl =3 (uios )

1=1 ?

)
7 ui

- Z/Q (_ (oVui + i Le(Vpi(u))) -Vlogs—; + i fi(u) log — )dx

o
U;

n n Ui
=—40) /Q IVuilPdr = L.(Vpi(u) - Vg + g f;(u) log >da:
=1 =1

=—40) /Q VVuildr =) /Q ay; K.(Vu;) - K.(Vu,)dx
i=1 i,j=1

n u;
+ Z/Qu,fz(u) log u?dx.
i=1 i

The first two terms on the right-hand side are nonpositive, while we rewrite the last term
by using f;(u>) = bjo — Z?zl bijus® = 0, which follows from the definition Bu*> = b:

Z/Qulfz(u) log %dm = Z/Q (ul log % — (u; — uf))fl(u)dx
i=1 i i=1 i

The first integral is nonpositive, since ylog(y/z) — (y — z) > 0 for all y > 0 and z > 0 and
since fi(u) < 0 by assumption. Then, by the positive definiteness of (b;;) with smallest
eigenvalue § > 0,

> [ wihitu)tog o < -
i=1 79 Ui

We infer from a Taylor expansion, applied to the convex function x — zlog(x/u®), that

;i (u; — u®)?
oo Y (s — ) < T W)
Ui 08 u® (i — ) < 2 min{u;, u®}’

Z /sz‘j(uz' —ui®)(uy — u5%)dr < —Bllu — u||Tx )

ij=1

7

yielding

Z/ w; fi(u)log u—;dx < —262/ min{u;, u°} (ul log u—olo — (u; — uf))dx
i—1 70 U i=1 /@ Ui
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< —20pH (ufu™),
recalling that min{u;, u$°} > p > 0 by assumption. We conclude from (32) that
dH,

dt
and Gronwall’s inequality ends the proof of Theorem 5.

—(u|u™) < =2BuH;(ulu™), t>0,

APPENDIX A. AUXILIARY RESULTS

Theorem 14 (Variant of Helly’s selection theorem). Let H be a separable Hilbert space
and let (wp)neny C€ WHY(0,T; H) be a sequence such that it holds for some C' > 0 that
|wn||wiormy < C for all n € N. Then there exists a subsequence of (wy) (not relabeled)
and a function w € BV ([0, T]; H) such that for all t € [0,T],

wy(t) = w(t) weakly in H.

Additionally, up to a subsequence, Oyw, — Oyw weakly as vector-valued measures, i.e., for

all € C°([0,TY), it holds that'

T T
/ odw,, — / odw  weakly in H.
0 0

Proof. The proof follows from Helly’s selection theorem for Hilbert space-valued functions
[2, Theorem 1.126] if (w,) C BV([0,T]; H) has the properties
(i) ||wa(t)||g < C uniformly in t € [0,7] and n € N,
N-1

(i)  Var(wy;[0,7]) :=sup Y [lwn(tis1) — wa(ti)||z < C uniformly in n € N,
P =0

where P is the set of partitions 0 = ¢t < t; < --- < ty = T. Indeed, we conclude
from w,, € WH(0,T; H) and [14, Sec. 5.9.2, Theorem 2] that w,, € C°([0,T]; H) (possibly
after redefining w,, on a set of measure zero) with continuous embedding. This proves (i).
Property (ii) is a consequence of
tit1
/ 8twn( dr
b

2

N-1

Var(w,;|0,T]) = su
(i 0.7 =sup 3

i+1
<supZ/ 18y0n(7) sl

T
= [ 10wl < [l oz < €.
0
This finishes the proof. U

It is well known that elliptic problems with W~=1P(Q) source have a unique solution in
WhP(Q) with p > 1 [3, Lemma 3.5]. In one space dimension, this result can be extended
to p = 1. Since we have not found a proof in the literature, we present it here.

!Note that since [0, 7] is compact, the space of continuous functions on [0, T] coincides both with the
spaces of continuous functions with compact support and of continuous functions which vanish at infinity;
see the Riesz—Markov-Kakutani representation theorem.
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Lemma 15 (Elliptic problem with W~11(Q) source). Let Q = (—
Then the elliptic problem

—ev" +v=u mQ, v(-1)=0v(1)=0,
has a unique distributional solution satisfyingv € Wy (=1,1) < C°([—
Proof. The result follows from the explicit formula

1
oU.
v(x) :/ u(s)—=—(z,s)ds, ze€(—1,1),
-1 0s
where
1 — sinh(2) sinh (12
Ue(,8) = s - R
vesinh(Z) | - smh(?) sinh (2
such that
oU. 1

e, 5) = . sinh(%)c (1—\}3)
ds _esinh(\/%) — sinh(

The function U, is the fundamental solution of v —

—ev” +v. Indeed, let ¢ € D(—

25

1,1) and u € L'(Q).

1,1]) < L=(—1,1).

) for r <'s,
) for z > s,

for x <'s,

"’“") cosh( \[) for x > s.

1,1) be

a test function. We integrate by parts twice and use an addition formula for the hyperbolic

sine to find that

() - <8U5’¢”>
e

_ _m / sinh ( ﬁx> cosh (1\;;)925(96)6%

sy | o () 0 ()

() i (1

_ —<aa£¢> — ()

This gives

%lw

sinh(

B

N

ﬂw
_l’_

1 3 1
(—ev" 4+ v, ¢0) = /_ u(s)< — 588552[]863 + %, ¢>d$ = —/_ u(s)¢'(s)ds = (u', ¢).

1
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Furthermore, v satisfies the boundary conditions since (0U./0s)(£1,s) = 0.
Next, we compute, setting € = 1 to simplify the presentation,

oo =~ | u<s><%, ¢>’>ds

_ _smlm /11 u(s) </ sinh(1 + ) cosh(1 — 5)¢ (z)dx

1

- / sinh(1 — x) cosh(1 + S)gb'(:v)dx)
_Sinth /_1 u(s){¢>(s)(sinh(1 + s) cosh(1 — s) + sinh(1 — s) cosh(1 + s))

a Sin1h2 /s cosh(1 + ) cosh(l — s)¢(z)dx
L n
-5 / cosh(1 — z) cosh(1 + s)qﬁ(gy)dx}ds_

Introducing the continuous function

Fla,s) = 1 cosh(1 + x) cosh(1 — s) for z <s,
"7 sinh2 | cosh(1 — &) cosh(1 + s) for x > s,

it follows from an addition formula for the hyperbolic functions and Fubini’s theorem that

wo=-[ (v6s10) - uto) [ R ote)ds ) s

-1

= —{u, ®) + /_11 /_11 u(s)F(z,s)p(x)dsdr = < —u+ /_1 u(s)F (-, s)ds, ¢>

1

and consequently, v/ = —u + f_ll u(s)F(-,s)ds. The boundedness of F' is sufficient to
conclude the W1(Q) regularity of v:

1
[0y < IIUIILl(—1,1>+/ [ll L (25 ) | oo (-1,0y de
-1

1 1
= |JullLr (-1 (1 +—— [ cosh(1l+ x)cosh(1 — x)d:v)
(=LD) sinh2 J_;

3
= H’U,”Ll(,l’l) <§ —+ COth 2) .

Finally, if v; and v, are two solutions in the sense of distributions, the difference satisfies
the classical differential equation —e(v; —vq)"” 4+ (v1 —v2) = 0 in (—1, 1) with homogeneous
boundary conditions. The unique solution even in the space of distributions is v;{ — vy = 0,

which proves the uniqueness of solutions to the original elliptic problem. [l
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