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Optimal structures foramodelof crop
irrigationwithconstraints

Ruben Chenevat, Bruno Cheviron, Alain Rapaport, Sébastien Roux

Irrigation model

(S)


Ṡ(t) = k1

(
−φ(t)KS(S(t))−(1− φ(t))KR(S(t))+k2u(t)

)
Ḃ(t) = φ(t)KS(S(t))

V̇ (t) = u(t)

Initial conditions : S(0) = S0 ∈ (S∗, 1], B(0) = V (0) = 0.

Constraints :

{
Stol ≤ S(t) ≤ 1 (state constraints)

Vtol < Vinit < V ∗ (de�cit irrigation)

S : soil moisture

B : biomass

V : water consumption

Objectives and targets

Maximizing biomass, limited water quota

(B1) : max
u(·)

B(T ) , st : V (T ) ≤ Vinit

Minimizing biomass, wasting water quota

(W1) : min
u(·)

B(T ) , st : V (T ) ≥ Vinit

Structures of optimal solutions

Time-varying feedback controls, parametrized

Ψ+
td,Vc,tc

(t,X) =
0 if (S ≥ Stol ∧ t ≤ td) ∨ V = Vc ∨ t ≥ tc

ũ(t, Stol) if S = Stol ∧ t ≤ td

ũ(t, S∗) if S = S∗ ∧ V < Vc ∧ t < tc

1 otherwise

(td : trigger time)

"best" and "worst" strategy families :

Ψ−
Vd,Vc,tc

(t,X) =
1 if (V < Vd ∧ S < 1) ∨ Vc − V = T − t

ũ(t, 1) if V < Vd ∧ S = 1

ũ(t, Stol) if S = S∗ ∧ V < Vc ∧ t < tc

0 otherwise

(Vd : trigger volume)

Sketch of proof for optimality
� To apply the non-smooth PMP, additional state variables and targets : Ẏ (t) = min(0, S(t)− Stol) , Ż(t) = max(0, S(t)− 1) ; Y (0) = Z(0) = Y (T ) = Z(T ) = 0

� Denoting uP the optimal control for problem (P ), and (SP , BP , VP , YP , ZP ) the corresponding solution, then the target is saturated : VB1(T ) = VW1(T ) = Vinit

� Common Hamiltonian for the problems : HP = λS
P k1

(
k2u−

(
φ(t)KS(S(t)) + (1− φ(t))KR(S(t))

))
+ λB

P φ(t)KS(S(t)) + λV
P u+ λY

P fY (S(t)) + λZ
P fZ(S(t))

� Adjoint equations, with the Clarke generalized gradients :

{
λ̇S
P (t) ∈ φ(t)

(
λS
P (t)k1 − λB

P

)
∂CKS(S(t)) + (1− φ(t))λS

P (t)k1∂CKR(S(t))− λY
P ∂CfY (S(t))− λZ

P ∂CfZ(S(t))

λ̇B
P = λ̇V

P = λ̇Y
P = λ̇Z

P = 0

� Switching function : ϕP (t) = λS
P (t)k1k2 + λV

P . Signs of adjoints : λS
B1(T ) = 0 λS

B1 ≥ 0 λB
B1 = 1 λV

B1 < 0 λS
W1(T ) = 0 λS

W1 ≤ 0 λB
W1 = −1 λV

W1 > 0

� Singular arcs : SP (t) = S̃ where S̃ is a non-di�erentiable point of KS ,KR, fY or fZ . Singular control : ũ(t, S̃) =
φ(t)KS(S̃)+(1−φ(t))KR(S̃)

k2

� The sets χB1 = {t ∈ [t∗, T ], ϕB1(t) ≥ 0} and χW1 = {t ∈ [0, T ], ϕW1(t) ≤ 0} are connected.

Exploration settings
� S0 ∈ [0.7, 1]

� ET0 ∈ [2, 7]

� V ol ∈ [50, 300]

� S∗ ∈ [0.55, S0]

� k2 ∈ [2, 6]

� δ ∈ [0.1, 0.9]

� γ ∈ [2, 8]

Parametrization of φ :

(Rk : k1 = ET0
V ol )

Relative gain best/worst

Gap between best
Ψ+ and worst Ψ−

Gap between best
and worst Ψ+

Distributions and average of relative gain :

Numerical exploration
Sensitivity analysis for the maximal biomass :

Sensitivity analysis for the optimal trigger time :

Sensitivity analysis for the stress of optimal strategy :
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