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Abstract

We consider the estimation of the marginal expected shortfall E (X,|Yy > Uy (1/p)) at
extreme levels, when ((X3,Y}:))tez is a strictly stationary S—mixing time series with marginal
distributions of Pareto-type, Uy is the tail quantile function associated to Y3, h is a positive
integer and p € (0, 1) is such that p — 0. We propose an estimator for this risk measure based
on a Weissman-type construction. First, in case of a non-negative time series, we establish
the weak convergence of our estimator by using empirical processes arguments combined
with the cluster method of Drees and Rootzén (2010). Then, we extend our result to the
case of real-valued time series by using the decomposition of the original time series into the
positive and negative parts, and we also propose a bootstrap procedure. The performance
of our estimator is illustrated on a simulation experiment. Finally, the method is applied on
river flow data.

Keywords: time series, mixing, extreme value theory, marginal expected shortfall, empirical
process, bootstrap.

1 Introduction

In this paper, we investigate the asymptotic behaviour of tail parameters based on extreme values
in case of dependent observations. These types of results are relevant for real-life time series
where the assumption of independence seems inappropriate, e.g., in finance or on internet traffic
datasets, among others. In particular, we study the well-known Marginal Expected Shortfall
(MES) risk measure defined as

eh‘vp = E(XhD/O > UY(l/p)) P E (07 1)7h = ]-aza [ (1)

in case where (Z;)ez := (X, Y2))tez is a strictly stationary time series with marginal distribu-
tions of Pareto-type, i.e., with both survival functions satisfying

Fu(z) = 2 Lo(2), 2)

where e denotes either X or Y, 7, > 0 is the extreme value index, and /¢, is a slowly varying
function at infinity, i.e., a measurable positive function such that

lim le(Az)
% L @)

=1,VA>0.



In that case we say that F, is regularly varying at infinity with index —1/7,, denoted RV_; e+
This is equivalent to assume that the tail quantile function U, (x) = inf{z : Fo(2) > 1—1/z},x >
1, is also regularly varying at infinity but this time with index .. Note that in the application
considered in this paper, this assumption of heavy-tailed marginal distributions is credible, and
thus it justifies the above Pareto-type models.

In (1) the parameter p is small, in the sense p < 1/n, where n is the number of observations
available for the estimation. In that case, we say that we extrapolate outside the data range.

The marginal expected shortfall is an important factor when measuring the systemic risk of
financial institutions. It has been introduced by Acharya et al. (2010) and studied extensively
in the literature but almost only for independent observations, e.g., by Cai et al. (2015), Di
Bernardino and Prieur (2018), or in a regression context, e.g., by Goegebeur et al. (2023). To the
best of our knowledge, the only contribution dealing with MES for a strictly stationary bivariate
time series is given in Davison et al. (2023), but in case of a MES defined without time lags,
i.e., based on X and Y observations obtained at the same time instance. Although X and Y in
the latter paper are dependent processes, our study cannot be trivially considered as the special
case where (X,Y’) in Davison et al. (2023) is replaced by (X, Yp), unless redoing completely
their paper under this new framework and changing all their assumptions, in particular their
Condition D (iii) and (iv).

The estimation of our risk measure 6y, , has natural applications in finance, but not only. Indeed,
we will illustrate our methodology in environmental science, where, for instance, one wants to get
an idea of how the flow of a river changes at two different locations. If at time zero of a location
Y, ie., Yp, the river flow is extreme (above some high quantile), we might be interested in its
value some time, say h, later at a different location, denoted X}, along the river. This is helpful
since river flows at two locations (e.g., upstream and downstream of a given site) obviously
show dependence, but they are also different, due to, e.g., gains from tributary streams and/or
groundwater.

Our contribution in this paper consists to estimate the multivariate risk measure 60, and
to establish its main asymptotic properties by using empirical processes arguments combined
with the cluster method of Drees and Rootzén (2010). Recently, Goegebeur et al. (2025)
studied the estimation of the conditional tail expectation (CTE) with time lags, defined as
E (Xp|Xo > Ux(1/p)), in the framework of a strictly stationary time series. The main dif-
ferences between the present work and Goegebeur et al. (2025) are as follows. Firstly, 65 )
considered here is a bivariate risk measure, which needs to be estimated from a strictly station-
ary bivariate time series ((X¢, Y:))wez, while the CTE of Goegebeur et al. (2025) is essentially
univariate, and is estimated from a strictly stationary time series (X¢)iez. Secondly, Goegebeur
et al. (2025) used a multivariate regular variation approach, a method that we do not wish to
use here to avoid the implicit assumption that X and Y have the same extreme value index.
See, e.g., Padoan et al. (2023) where a slightly different version of the MES was considered,
also in case of heavy-tailed distributions, but with the same indices. In the present paper, we
work under a more general, and commonly accepted, assumption on the convergence of the
dependence structure involving the concept of the tail copula function (Assumption (R) below),



and allowing for different extreme value indices for X and Y. These two differences complicate
our study considerably as we have to deal with the dependence between X; and Yj.

The remainder of the paper is organized as follows. In Section 2, we consider the case of a
bivariate nonnegative time series and derive a first order approximation for 6}, , which motivates
the construction of our estimator based on a Weissman-type idea. Then, under suitable assump-
tions, we establish the weak convergence of the estimator towards a Gaussian process. Finally,
in Section 3, we extend our approach to the case of a bivariate real-valued time series by using
the decomposition of the original time series into the positive and negative parts and we derive
the same type of convergence for the final estimator under additional assumptions. As this
result is difficult to use in practice, due to the complicated covariance structure of the limiting
process, we also adjust the multiplier block bootstrap initially introduced by Drees (2015) to
our context. The finite sample properties of our estimator are evaluated with a simulation study
in Section 4, and the practical applicability is showcased on river flow data in Section 5. All the
proofs are postponed to Section 6.

2 Nonnegative time series

Our aim in this section is to establish the weak convergence of our risk measure (1) in case
where both (X;)wez and (Yi)iez are assumed nonnegative. It is assumed that Fx and Fy
are continuous on (0,00). Since our measure involves the two variables, an assumption on
the right-hand upper tail dependence of the pair (Xj,Y)) is required. Let R,(zp,y0) :=
rP (Fx(Xp) < 2, Fy(Yp) < 2). This assumption is stated as follows.

Assumption (R) There exists a function R such that for all (xp,y0) € [0,0]*\{(o0, )}, we
have

rh—>Holc R,«(xh, y()) = R(xha yO)'

The next lemma provides a theoretical approximation for 6y, .

Lemma 2.1 Assume that (Z;)ez is a nonnegative strictly stationary time series, with continu-
ous marginal distribution functions Fx and Fy on (0,00), Fx being of Pareto-type with yx < 1.
Then, for p \, 0 we have under Assumption (R):

On.p JOO Y
e | R (27 1) de
Ux(1/p) 0 ( )

Note that this lemma is similar to Lemma 2.1 in Goegebeur et al. (2025), but our parameter
of interest 6}, now involves both variables X and Y. Therefore, Lemma 2.1 above requires
some adjustments of the assumptions imposed in Lemma 2.1 of Goegebeur et al. (2025), among
them, Assumption (R). Despite these, the proof of the lemma is similar to that of Lemma 2.1
in Goegebeur et al. (2025), and we omit it for brevity from the paper. Assuming that the
integral in the limit is positive, and since this lemma is valid for any p \, 0, if we consider an



intermediate sequence k, i.e., a sequence such that k = k,, — o0 and k/n — 0, we have

Onp/Ux (1/p)
Onk/m/Ux (n/k)

from which we deduce by a Weissman-type construction (see Weissman, 1978)

h,p = Ux(n/k) hk/n = np h,k/n

_)]_’

since the distribution of X is of Pareto-type. If 4x ; and @th denote estimators for vy and
On,1k/n> respectively, then we obtain our final estimator for 6y, given by

R O\ Xk
Onp = (np) Onk /-

To estimate yx, we will use the Hill estimator (Hill, 1975) defined as

k

~ 1

Xk = D108 X i1y — 10g X (n_p), (3)
=1

where X (1) < ... < X(;,) are the order statistics of Xj,..., X;,. Regarding the estimator of the
parameter of interest at an intermediate level, namely 6}, 1 /,,, we refer to the following subsection,
where we also establish its weak convergence.

2.1 Estimator in the intermediate case
The natural estimator for 6}, 1/, is
_ 1&
Onk/m = z Z XitnLy>vi, b
i=1

where 14 denotes the indicator function of the set A.

To handle the randomness of the threshold Y{,_j), we introduce the statistic

— 1 N _ Xivn
On(s) := 7 ; Ux (/) sty =5}

where s > 0. This gives then
- B n\ = [ Yk
Dnin = Ux () n <Uy(n/k:)> '

In particular, we will study the asymptotic behavior of the process related to 6, (s), with
se[l—e1+e¢], e e (0,1), using the theory for weak convergence of empirical processes of



cluster functionals introduced by Drees and Rootzén (2010).

To this aim, we consider

Xith Y; )
Zn P = Zn i1 Zn i = s 1 i
i = (Zniits Zni2) <Ux<n/k> Uy (/) ) M oeets

>1—e OT >1—5}’

Y
Uy (n/k)
and denote

¢ = {¢8)¢Dx,57¢Dy,S7¢H,S S E [1 - &, 1+ 5]}7
where, for z = (21, 22),

¢S(Z) = Zl]l{zz>s}

bpy,s(2) 1= ]l{z1>s}

¢Dy,s(z) = ]1{22>s}

Oh5(2) = log (%) Nz g =2 log™ (3) -
The weak convergence of all the estimators that we have to handle in order to study é\h,pa namely
Xn—t)s Yn—k)> Ax,k and gh,k /n» can be obtained through the weak convergence of statistics of
the form " | U(Z,;), for ¥ e ®. We can then resort to Drees and Rootzén (2010) who provide
conditions according to which

1

/MUy,

DAY (Zni) = E(¥(Za))}
i=1
where vy, := P(Z,1 + (0,0)), converges towards a centered Gaussian process.

For instance, returning to 6,,(s), note that 6, (s) = £ 27 ¢s(Zn;), for se [L —g,1 +¢].

Under our framework and assuming that Fy and Fy are continuous on (0, 0), we have

n n X4 Y
Evn = k]P)(UX(l;Lr/k:) >1—¢cor 7Uy(rlz/k:) > 1 —5)
_ Ix(A=e)Ux(n/k))  Fy((1=e)Uy(n/k))
Fx(Ux(n/k)) Fy (Uy(n/k))
(= k Fx((1 —¢)Ux(n/k)) — k Fy((1-e¢)Uy(n/k))
e (FX(X”’”L) <o T Exxm) YO < ST G ) )

_1 _ 1 1 1 1 _1

— (=) X+ (-2 W —R((1-9) %, (=) W) =L((1-2) ¥, (1-2) 7 ), ()
where L is the stable tail dependence function, see, e.g., Huang (1992) and Drees and Huang
(1998). This ensures in particular that v, — 0.

Let us now use Drees and Rootzén (2010) to establish sufficient conditions for the process Z,
defined as

Z, () \/E{]i Z V(Zn,i) — %E (‘I’(Zm))}
=1

Zvn\/%i:i{\y(zn,i) —E(¥(Zn1))},

5



to converge towards a Gaussian process in the space of bounded functions indexed by ®, denoted
£*(®). This requires some assumptions, listed below. The strength of the temporal dependence
between the random vectors Zy, 1, ..., Zy 5 is evaluated through the S—mixing coefficient

Buji=  sup E{B sup ]P<B|Bﬁ,1>—P<B>\},
€

n
Bn,@+k+l

where Bf” denotes the o—field generated by (Zy, ¢)i<¢<j. We assume that there exist sequences of

integers (7, )nen and (€, )nen, constituting the basic elements of the so-called “big blocks, small
blocks” technique, such that r,, £, — oo and the following conditions hold:

(A) Asn — o, we have £, = o(ry), rn = o(y/nVy), rnv, — 0 and Bn!n% —0;
(B) For all0 <i <y, — 1, there exists

. X Xy,
() = E —=h_q Jlogt ———2 1 1
w0 [maX{Uxm/k) (o1} A=) Ux(n/k)’ { ot =1-¢} {>}}
Xith

X
X max{ thq , log™

Ux (n/k) {ostim>1=2}" 7% (1= e)Ux(n/k)’

Xh YO
1, A s, ’7 lecor—20 _~q1_¢|, 5
{ v >1-¢} {Uﬁ(ﬂk?lf}} Ux(n/k) ~ = Uy (n/k) g 8] )

such that so (1) = limy, o 5,(4) exists, and lim,_,q Z;io_l sp (i) = Z?io Swo(i) < 0. Moreover there

exists & > 0 such that, as n — o

rn—1
% Xn X

E — 21 logh ————%
Z{ [(max{rfx(n/m (ot =1-ep 8 (1—E)UX(H//€)}

=0

Xivn 4 Xith X, Yo e
—1 y; 1 1-— — > 11—
e { Ux (n/k) oyt =1-) %8 (1= )Ux (n/k) }) ‘UX(n/k) T Oy T
—0(1). (6)

Condition (A) imposes some restrictions on the rate of convergence towards infinity of the dif-
ferent sequences involved, i.e., on ¢,,7, and k. If we consider a time series whose S—mixing
coefficient decreases geometrically, i.e., such that 3, 5 = O(n") for some 1 € (0,1), then one may
choose £,, = O(logn) and Condition (A) is fulfilled for a suitably chosen r,, if (logn)? = o(k) and
k = o(n/logn). These two conditions on k are trivially satisfied if the intermediate sequence k
is of the form k = |n?|, as is the case in our main theorem (Theorem 3.1).

Regarding Condition (B), the situation is more complicated since it cannot be shown that this
condition is satisfied in general by assuming only a geometrically f—mixing time series, but it
must be checked on a case-by-case basis, depending on the explicit model of the time series con-
sidered, whether or not this is the case. We refer the reader to Davis et al. (2018) or Drees and
Knezevié¢ (2020) where some techniques are discussed in order to verify similar but simpler ver-
sions of Condition (B) for some suitable heavy tailed linear time series or solutions to stochastic



recurrence equations. Note that, by using the Cauchy-Schwarz inequality, the conditional ex-
pectations in (5) will be finite if yx < 1/2, while for (6) they will be finite if yx < 1/(2(1 + §)).
The latter restriction is an usual condition required for weak convergence of the MES in the
time series context, see Davison et al. (2023, Theorem 4.1).

Additionally, to compute the covariance structure of the limiting process of Z,, we need an
assumption on the right-hand upper tail dependence of the vector (X, Yy, X;1n,Y;) stated as
follows.

Assumption (R) There exists a function R; such that for all (x5, yo, Ti+h, yi) € [0, 0]*\{(00, 00, 0, 00)},
we have

. — Tn — — Tith — ; ~
lim rP (FX(Xh) < 7h,FY(Yo) < %,FX(X’L'-F}Z) < %,FY(YD < %> = Ri(xh, Yo, Tith, Vi),

r—00 T

foralli=1,2,....

Clearly, if Assumption (R) is satisfied this is also the case for Assumption (R) since we have
the link R(Ih, y()) = Ri(:rha Yo, 90O, OO)

The next theorem states the weak convergence, denoted by ~-, of the process Z, indexed by ®.

Theorem 2.1 Let (Z)wez be a nonnegative strictly stationary time series, with continuous
marginal distribution functions Fx and Fy on (0,00), both of Pareto-type with vx < 1. Assume
also that Assumption (R) and Conditions (A) and (B) are fulfilled. Then, for any € € (0,1),
we have, for U e @,

1

Z, (V) \/L (a- &) x, (1 - &) ) 2(W) = Z(W),

in £°(®), where Z. is a centered Gaussian process with covariance function given by

Cov(Z.(01), 2:(T3)) = E[T1(Wo)Ta(Wo)] + Y| [E(T1(Wo)T2(Wi)) + E (T1(Wi)T2(M))]
=1

for Ui, Vs € O, with

Wi = (Wi+h]l{W¢+h>1—€ or V[N/i>1—€}7 Wi]l{Wi+h>1—6 or Wi>1—€}> ?

where (Wi, Wo, Witn, Wi) is a random vector of nonnegative components whose survival distri-
bution function is given by

~ ~ 1
P (Wh > xp, Wo > yo, Wivn > Tign, Wi > yz> — —
(=97, 1-2)7w)
_|_

L
- .~ 1 1 ./ _L 4 -
{R <[max<:ch,1—e>] R e ) 3 (mh"x,[maxwo,l—s)] Ve, )

~—

~ 1 [ W
—R; <[max(a:h, 1—¢)] "x,[max(yp,1 —¢)] ,a:i;hx T ) } . (7)



Before looking at the weak convergence of our estimator gh,k /n, We need first to study the random
threshold Y{;,,_z). To this aim, we need to make precise the slowly varying function ¢, appearing
in model (2). This gives a Hall-type model, similar to the Hall class of distribution functions
(Hall, 1982, Hall and Welsh, 1985), but slightly more general.

Assumption (D,) The survival functions of X and Y satisfy

Fu@) = Ao (14 20@),

Ve
where Aq > 0, 7o > 0, and |0.(.)| € RV_g,, o > 0.

This assumption is very general, satisfied by almost all the usual Pareto-type distributions:
Fréchet, student ¢, F', generalized Pareto and Burr distributions. In particular, the distributions
that satisfy this assumption also satisfy the second-order condition in univariate extreme value
statistics (see, e.g., Theorem 2.3.9 in de Haan and Ferreira, 2006). Under Assumption (D,), U,
satisfies

Us(z) = AL 27 (1 + ae(x)),

where aq(2) := 6 (Us(2))(1 4 0(1)), and thus |a.| € RV_g,,.

Corollary 2.1 Let (Zi)wez be a nonnegative strictly stationary time series, with continuous
marginal distribution functions Fx and Fy on (0,00), satisfying Assumptions (Dx) and (Dy)
with vx < 1. Assume also that Assumption (R) and Conditions (A) and (B) are fulfilled. Then
if VESx(Ux(n/k)) — 0 and vV'kdy (Uy (n/k)) — 0, we have

Xn-k)
Vi {UX 2. 1} o yx Z(6Dx 1)

and

Yin—k
Vi by z .
Oy (n/k) ~ Yy Z(¢Dy 1)
The proof of this corollary is similar to the proof of Corollary 2.1 in Goegebeur et al. (2025).
Note that if interest is only in obtaining a result for the intermediate quantile of a univariate
time series, then this can be achieved under simpler assumptions.

To obtain the weak convergence of our estimator §h7k /n, We need to strengthen the convergence
of R, towards its limit R by specifying the uniform rate of convergence.

Assumption (S) There exist k > yx and T < 0 such that, as r — oo

sup |R7»(.Th,yoi— R($h7y0)| _ O(,,,,T).
2n>0 xp Al

yoe[%,2]

Note that the assumptions in Lemma 2.1 allow the case where (X}, Yy) is asymptotically upper
tail independent, corresponding to the case R(xp,y0) = 0 for all xp,yo = 0, and thus a null limit
in this lemma. On the contrary, the uniformity requirement in Assumption (S) excludes that



case.

We have now all the ingredients to state the weak convergence of our estimator in the interme-
diate case.

Theorem 2.2 Let (Z)wez be a nonnegative strictly stationary time series, with continuous
marginal distribution functions Fx and Fy on (0,0), satisfying Assumptions (Dx) and (Dy)
with vx < 1. Assume also that Assumptions (R) and (S) together with Conditions (A) and
(B) are fulfilled. Then, if k = |n®| with

279% (Bx —ex) 2yxvw (By —ey)  —27 )
29% (Bx —ex) + 1+ Bxyx +&vx 2yxw By —ey) +171-27)
for ex € (0,8x), ey € (0,By) and £ € (0, Bx + (1 — vx)/vx), we have

0
G <9h’k/n - 1) o 2O (1) 2(6my0)
hok/n SSO R (z X 1) dz

Let us now turn to our main objective, namely the study of §h7p when p < 1/n. This requires
extreme value arguments to extrapolate beyond the data range.

0<a<min(

2.2 Estimator under extrapolation

To study the asymptotic properties of the estimator éh,p we need first to show the weak conver-
gence of Yx ;, defined in (3).

Resnick and Starica (1997) showed the asymptotic normality of the Hill estimator for some spe-
cific models, but in our case, we need to establish this weak convergence in terms of the stochastic
process Z appearing in Theorem 2.1 in order to combine this result with Theorem 2.2. This is

the aim of the next corollary whose proof is similar to the one of Theorem 2.3 in Goegebeur et
al. (2025).

Corollary 2.2 Let (Z)wez be a nonnegative strictly stationary time series, with continuous
marginal distribution functions Fx and Fy on (0,00), satisfying Assumptions (Dx) and (Dy)

with vx < 1. Assume also that Assumption (R) and Conditions (A) and (B) are fulfilled.
Then, if VEkdx(Ux(n/k)) — 0, we have

VEAxp —7x) ~ Z(ém1) — 1xZ(dDy 1)

We can now state the weak convergence of gh’p properly normalized.

Theorem 2.3 Let (Z)wez, be a nonnegative strictly stationary time series, with continuous
marginal distribution functions Fx and Fy on (0,00), satisfying Assumptions (Dx) and (Dy)

with vx < 1. Assume also that Assumptions (R) and (S) together with Conditions (A) and
(B) are fulfilled. Then, if k = |n®| with

27% (Bx — ex) 2vxv (By —ey)  —27 )
27%(Bx —ex) + 1+ Bxyx +&vx 2yxw By —ey) + 171 =27 )

O<a<min(

9



forex € (0,8x), ey € (0, By) and § € (0, Bx + (1 —vx)/vx), we have for p satisfying % —

logk/(np) _,
and Tk 0

\/E é\h,p
logk/(np) \ Onp

- 1) ~ Z(ou1) —vx Z(dpx1)-

Using the covariance structure from Theorem 2.1, we can show that the limiting distribution in
Theorem 2.3 is N(0, 0%) with

__1 d d
o? = 7)(4‘22{ i (1,00,1,00) + J J < ,zQVX,oo>le2

21 22
—Yx Jloo[fi (z X 00,1 oo)+R (1 0, 2 ~x oo)] dzz}

3 Real-valued time series

We come back to our initial aim, i.e., estimation of 8y, ;, on the original time series. The idea is to
decompose (Xt)sez, respectively (Y;)ez, into the positive and negative parts: X; := X;” — X,
where X, := max(X;,0) and X; := —min(X¢t,0), and similar expressions for ;" and Y,”.

Define 1
0r = [X+‘Y+ - U ()]
hp n (Yo v

NS
0+
ah,p (np) Z Xz+h >yl o r

The idea is then to proceed into two steps, as follows:
First step: We use 9; p to estimate 07{ » by applying Theorem 2.3 and thus we obtain

and

Wk
log k/(np)

Oy
0, = 1|~ 2(¢m1) — vx Z(dDx 1)-

Second step: We use the decomposition
logk/(np) \ Onp log k/(np) Gftp Onhp logk/(np) Gh P

and we prove that, under suitable assumptions, the second term of the right-hand side in the
above display is negligeable.

To this aim, we need to assume that the lower tail of the marginal distribution function Fx is
regularly varying at infinity with an index « larger than 1/vx, i.e., for z > 0,

P(Xo < —x) = 2~ %(z) with a > 1/7x, (8)

10



where ¢ is a slowly varying function at infinity.

Our main result is summarized in the next theorem.

Theorem 3.1 Let (Z;)ez be a strictly stationary time series, with marginal distribution func-
tions Fx and Fy continuous on (0,00). Suppose that Assumptions (R) and (S) are satisfied
on the original time series, together with Assumptions (Dy), (Dx) with vx < 1, and that Fx
satisfies (8). Then, if Conditions (A) and (B) are fulfilled for (X,;",Y, )z, and if k = |n?|
with

27% (Bx —ex) 2vxvy (By —ey) —27 )

0 < a < min , ,
(273((6)( —ex)+ 14 Bxvx +&vx 2yxw (By —ey) +171—27

forex €(0,8x), ey € (0,B8y) and £ € (0,8x + (1 —vx)/vx), we have for p satisfying n% — 0,
71%%@) — 0 and k = O(p27(1*7X))

o k/(8) \ By 1) - Z(0m1) = 1x Z(0ny)

As mentioned above, assumption (8), implies that the lower tail of the distribution of X is lighter
than the upper tail. In case the lower tail is dominating, i.e., & < 1/vx, then there is more risk
there, and we can apply Theorem 3.1 to the time series (—(X¢, Y;))sez, while in case o = 1/vx,
we can apply the theory of Section 2 to each tail separately.

The limiting distribution of Theorem 3.1 is difficult to use in practice, e.g., for the construction
of confidence intervals for 6}, ,,, due to the complicated covariance function of the process Z (see
Theorem 2.1). To address this hurdle we will adjust the multiplier block bootstrap method,
introduced in Drees (2015), to our context. The multiplier block bootstrap method consists of
splitting the original sample into m, = [n/rnJ blocks of length r, and multiplying the cluster
functionals of each block by a random variable. More precisely, let (&;) en be independent and
identically distributed (i.i.d.) random variables such that E({;) = 0, Var(§;) = 1, and which are
independent of (Z;)cz. Then, denoting I; := {(j —1)r,+1,....jrn}, 1 < j < my, the multiplier
block bootstrap version of the estimator é\;;p is defined as

,'};*
i, = () E
P np k/mo

where

n X/
2L+ &) Dlier; 108 Xt ]l{Xj>X+ }

x (n—k)
Tx+ = -
Xtk Z‘gnzl(l + 6]) Zz‘elj H{X:_>X(_tl_k)}
ghE 25 (L4 &) Dier, X', ]1{Yi+>YJL,k)}
hk/n = - .
" 251 (1H &) L, ]1{Yf>Y<Lk>}
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The consistency of the multiplier block bootstrap procedure is stated in the following theorem.
Let P¢ denote the probability with respect to § := (§;)jen, i.e., the conditional probability given

(Zn.i)1<i<n-

Theorem 3.2 Let (Z;)iez be a strictly stationary time series, with marginal distribution func-
tions Fx and Fy continuous on (0,00). Let (&) en be i.i.d. random variables with E(&) = 0,
Var(€)) = 1 and independent of (Z;)ez. Suppose that Assumptions (R) and (S) are satisfied
on the original time series, together with Assumptions (Dy), (Dx) with vx < 1, and that Fx
satisfies (8). Then, if Conditions (A) and (B) are fulfilled for (X,",Y,;"))iez and if k = |n?|
with

2% (Bx — ex) 2vxvy (By —ey) =27 >

0 < a <min , ,
<2’Y§<(5X —ex) + 1+ B8xyx +&vx 2yxw(By —ey) +171 =27

for ex € (0,8x), ey € (0, By) and & € (0, Bx + (1 = vx)/7x), we have for p satisfying 1 — oo,
logli//énp) — 0 and k = O(p*m(1-7x))

0 oF
[Pg \/Ek Ah7p—1 <t|-—-P \/Ek M—1 <t —>O,
log 75 \ 0y, log 75\ Ohyp

The result of Theorem 3.2 can be used to construct confidence intervals for 8y, ,. Let ¢; and g,

sup
teR

in probability.

denote the lower and upper /2 empirical quantiles in B bootstrap replicates of 6} i Then the
interval

)

qu qi

0+ V2 (gt 2
[(ah,p) (Qh,p) ]
is a confidence interval for 6}, with approximate coverage probability 1 — .

4 Simulation results

In this section we evaluate the finite sample behavior of the proposed estimators with a simula-
tion experiment. We consider the following models

Model 1. We generate (X;,Y;), t = 1,2,..., as a Markovian time series, where (X, Y;) has a
joint distribution determined by a Gumbel copula given by

Ce(u1,u2) = exp (— [(—log up)® + (—logu2)<] UC) ,

where ¢ € [1,0), X; follows a Burr(\,n) distribution, with distribution function

Fx(z)=1— (142", x>0,

12



and A, n > 0, and Y; a Fréchet(p) distribution, with distribution function

and ¢ > 0. The dependence between X;,1 and Y; is modelled by a t copula function

Fol(un) pF ! (u2) 1 2 _9 o\ —(v+2)/2
Cyu(ut,uz) = J J ( il p12 v2> dvaduy,

o o 2m/1— 2 v(l—p?)

where v > 0 denotes the degrees of freedom, p € (—1,1), and F), is the ¢ distribution function
with v degrees of freedom. Model 1 satisfies Assumption (Dy) with yx = 1/(An) and Bx = 7,
and (Dy) with vy = 1/¢ and By = . For the marginal distributions we consider the parameter
settings (A\,n) = (0.5,10), (1,5), (2,2.5) and ¢ = 10, which gives vx = 0.2, vy = 0.1 and the
second order parameter px := —Sxvx equal to —2, —1 and —0.5, respectively. For the copula
functions we set (¢, v, 1) = (2,4,0.5) and (10,4, 0.8).

Model 2. The time series is a AR(1) process with regularly varying innovations:
Zt = Athl + Bt, te Z,

where A is a deterministic R>*2-matrix and B; € R?, t € Z, are independent and identically
distributed multivariate regularly varying with positive index; see Janssen and Segers (2014) for
further details. We set

0.2 0.4
A= [ 0.4 0.2 }

and By follows a bivariate t distribution with v = 4, and g = 0.3 and 0.8. According to Meinguet
and Segers (2010), in this case the time series (Z¢)sez is regularly varying with index 1/v, and

moreover it can be shown to satisfy Assumption (R).
From each of the above models we simulate 1000 datasets with size n = 2 000.

In Figures 1 and 2 we show for Model 1 the boxplots of éh,p/eh,p, obtained in the 1000 repli-
cations, with p = 1/n at some values of k, and for h = 1 (left) and h = 3 (right), with
(C,v,u) = (2,4,0.5) and (10,4,0.8), respectively. The rows of these figures correspond with
the values of the second order parameter px, namely px = —2 (top), —1 (middle) and —0.5
(bottom). The theoretical value of 6}, is approximated by Monte-Carlo averaging, using 500
samples of size 108. Overall, we see that the ratios are typically close to the value one at the
smaller values of k, but there are differences according to the distribution parameters. Also, the
estimation becomes more difficult with increasing values for h. For fixed marginal distributions,
increasing the strength of the dependence improves the estimation results, as expected, as is
clear from comparing Figures 1 and 2. For a fixed value of the copula dependence parameter, we
see that the estimation results depend on the marginal distribution that was used. As is clear
from Corollary 2.2 and Theorem 2.3, the limiting distribution of 6y, ,/6}, ,,, properly normalised,
is that of the estimator for yx. As for the latter, the bias is typically determined by the second
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order parameter px, with larger values of |px| leading to smaller bias. This can also be observed
in Figures 1 and 2 where the bias increases from the top to the bottom row.

Figure 3 shows the corresponding results for Model 2 with p = 0.3 (top) and p = 0.8 (bottom).
Note that in Model 2, the assumption (8) is not satisfied, since the distribution of X; has a lower
and upper tail of equal tail heaviness. In that case, we can work separately on ‘the two tails, but
for brevity we only work on the positive part, and hence we consider the ratio H}J;p / G}tp. Overall,
we can draw conclusions similar to those for Model 1: increasing the strength of the dependence
improves the estimation results, and with increasing h the estimation becomes more difficult.

In Figure 4 we show the empirical coverage probabilities of approximate 95% multiplier block
bootstrap confidence intervals for 6, where p = 1/n, h = 1 (black solid line) and h = 3
(blue dashed line) as a function of k. Here we use 7, = 100, (§;)ien i.i.d. t5 (rescaled to unit
variance) and B = 1000. For brevity, we only show the bootstrap results for the most challenging
estimation cases, namely px = —0.5 in Model 1 and p = 0.3 in Model 2. As expected, the k
range where the coverage probabilities are close to 95% corresponds to the k values where the
boxplots of the estimates are centered close to the value one. Remark that the large variabilities
of 8, , in Figure 2, are translated in wide confidence intervals and thus a longer stable range close
to 95% of the coverage probabilities. In the stable parts of the plots of coverage probabilities,
h =1 and h = 3 show similar performance. Here a common value of 7, was chosen for all
models, but a data driven method to determine r,, could possibly improve the results.

5 Illustration on river flow data

In hydrology, the river flow rate is an important parameter when assessing the risk of flooding.
We consider a dataset of river flow rates, measured in m?3/s, at two stations along the river Co-
quet in Northumberland (UK), namely Morwick and Rothbury, where Morwick is downstream
compared to Rothbury, covering the period September 1, 2023 till June 30, 2024, leading to n =
304. The dataset can be freely downloaded from the website https://environment.data.gov.uk/
hydrology/explore. For our analysis we take as the X-variable the flow rate at Morwick and
as Y-variable the flow rate at Rothbury. In this case, X and Y are nonnegative variables, and
hence we can apply the methodology of Section 2. Concerning stationarity of the time series we
note the following. Firstly, we did not include data for the summer months July and August,
since from time series plots of the historical data it was clear that these months had lower flow
rates, possibly due to lower precipitation in mid summer. Secondly, we assessed the stationarity
of the retained data statistically by the augmented Dickey-Fuller test, which lead to p—values
below 0.05 for values of the lag parameter up to 50, indicating stationarity. In Figure 5 we show
the time plot of the flow rates at both locations. These plots clearly indicate the occurrence
of severe peaks in the river flow rates, hinting at heavy-tailed underlying distribution. This is
confirmed by the Pareto-quantile plots, shown in Figure 6, top row, as these plots show a lin-
ear behaviour for the extreme datapoints, supporting the assumption of underlying Pareto-type
distributions. In Figure 6, bottom row, we show the corresponding Hill estimates of vx and vy
as a function of k. These plots show a stable pattern for k in the range 20-30 for Morwick and
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Figure 5: River flow data. Time series plot of the flow rates at Morwick (black solid line) and
Rothbury (blue dashed line).

10-30 for Rothbury, approximately, indicating a tail index estimate of about 0.4 at both loca-
tions. In order to get an idea about the extreme dependence between X}, and Y, we constructed
scatterplots of (Xy1p,Y:) for h = 1, 2, 3, see the top row of Figure 7, where there is clearly a
dependence in the largest observations, and which seems to decrease with h, which is further
confirmed by the plots of an estimate of R(1,1) (see, e.g., Schmidt and Stadtmiiller, 2006) as a
function of £ given in the bottom row of the figure. Finally, in Figure 8, we plot ¢j, ,, along with
approximate 95% multiplier block bootstrap confidence intervals as a function of k for h = 1
(left) and 3 (right), and with p = 1/n. Overall, the estimates are more or less stable for k in
the range 20-30, and they decrease with h. At k = 30 we have 01, = 249.89 with confidence
interval [110.68, 881.19] while 1/9\3,p = 180.99 with confidence interval [94.96, 737.83].
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Figure 8: River flow data. éh,p along with approximate 95% multiplier block bootstrap confi-
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dence intervals as a function of k£ with h = 1 (left) and 3 (right), and p = 1/n.
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6 Proofs

6.1 Proof of Theorem 2.1

To prove this theorem, it remains to show that

Zo(V) = N (U (Zy) — E(U(Zn1)} ~ Z-(D), (9)

\/MUn

in £%(D).

First we state and verify the assumptions from Drees and Rootzén (2010) for the class
. = {¢s:5€[l—e,1+¢]}. Let [0,00), := U,n[0,0)%", the set of all vectors with non-
negative entries and arbitrary length, and F; := {fs;s € [1 —,1 + €]} with

2) = Y (),
=1

for z = (21,...,2) € [0,00)?" and 7 € N. So F. contains arbitrary long sums with summands
coming from ®..

Assumption (D1): E [{Z:ﬁl ng(Zm-)}z] has to be finite for all se [1 —e,1+¢] and all n > 1,
and the envelope function

F.(z) := sup f(2),
feFe

has to be finite for all z € [0, ).

Proof of Assumption (D1). We have

. 2
(Z ¢s(Zn,i)>
i=1
2
z+h
(Z Tx(/) {})

_ k. it+h ﬂ]} v ]
Z Z {UX n/k: {in(/i/k)>1_€} UX(n/k) {%>1_5}

i=1j5=1
rn—1
(£ X Xith ]
<2r, E|—2"  q 1
gj [Ux(n/k) {Cm=1-¢} Ux(n/k) {orrm>1-¢}
rn—1
e X Xitn Xn Yo ]
< 271,0p El——1 —1 . ——>1l—¢cor ———>1—¢
Z [Ux(n/k) {ovGm=1-<} Ux(n/k) {oytem>1-¢}Ux (n/k) Uy (n/k)
rn—1
<2rvn Y sn(i) (10)
1=0

= O(rpvy) = o(1),

22



X

rp—1

=0

51

by Conditions (A) and (B). Now ¢5(z) < ¢1-2(2), Vz and Vs € [1 — &,1 + ¢]. This ends the
proof of Assumption (D1). D

Assumption (D2'): We have, V&> 0

2
G Xign
’ Uxn/k) " 1 = n Un) -
{i—ZIUX(n/k) {ortim=1- 8}} {Zm ﬂﬂ{ . }>5m} 0 (1 vy)

X A e
Y n

Proof of Assumption (D2'). We have, for £ > 0, using Holder’s and Markov’s inequalities
combined with (10)

2
h
Z U Ny k) {vvim>1-¢} 1 X,
X n/ Uy(n/k) {Z:':Ll le(i:% ]l{ v, >175}>§1/nvn}

Ty (/R

_ TZTLTZ" Xz+h Xj+h . v 1
— = Ux(n/k) UX(n/k) {UYJ,,/;C)>1_57Uy(£z,/k)>1—5} {Zm _Xitn ) }>gm}

: 1
i=1 Ux (n/k Yy
x (n/F) {Uy(n/k)

A E ( Xith Xjtn >1+6 1 5 45
v; ;
i1 i—1 Ux (n/k) Ux (n/k) { Ty (7R ~ L =€ Ty () >1_5}

Tn X ﬁs(s
P _Zith g > -
{ (2 U (/B {}>}

( Xiyn Xp

A
]

1+6 5
1 .
Ux(n/k) Ux (n/k)> { Uy‘(/Z‘L/k') >1-s, Uy}(,(wjl/k) >1—5} }

27\ T3
X Xith .
{ E2nwy [(Z Ux (n/k) %M—E}
5
1 T+
< 2r,un T XO([nv rnvn] >
n

< Xiyn Xn

N
[\
=
3
. R
LT
—
=

1+6 135
) 1 1 i>1—5ori>l—s
Ux (n/k) Ux(n/k) {ovtm>1-<} {ovtom =1} Ux (n/k) Uy (n/k)

5
O (rn U, < I'n ) ’ ) by Condition (B)
nv

n

§ N N &
o () ()
= o(rpv,) by Condition (A).

This achieves the proof of Assumption (D2'). D
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Assumption (D3): There exists a semi-metric p such that

1 Tn X h Tn X L 2
lim limsup  sup —EF e T Yy | . = 0.
3\0 n—0o0 1—a<s,t§l+a T'n Un (; Ux (n/k) {W>S} 1_21 Ux (TL//C) {W>t}
p(s,t)<0

Proof of Assumption (D3). Let s,t € [1 —¢e,1 + €], and, without loss of generality, assume
s <t. Then

| 2
- Xi+h Tn z+h
E .,
G Xign
(; Ux (n/k) {s<ovtom =t} ]
T X 2
_ Xion
o [ T——

ISR Xitn Xjtn
N Z 2 E <UX (n/k‘) ]1{ Uyl(/i,/k)>175} Ux (?’l/k‘) ]1{ val(,i/k)>175} ]1{5< Uyl(/it,/k) <t} ]1{5< ini/k)ét})

1

1+48 5

(X”h]l Y, Kiwn g ) a
Ux (n/k) {ovam>1-<} Ux(n/k) {oyim>1-<}

fp (ve gt <t e g <)} b s o
X §< ——F—= <t,8s< ——— < older’s inequali
Uy (n/k) Uy (n/k) Y e

< 2r 0l [Fy(s Uy (n/k)) — Fy (t Uy (n/k))] ™
Xn

ro—1 1+0
S Xn Xith Yo

x E — =" sl—-cor——>1—¢ )
2 { ( Tx (/) Ty (o) H

146
1 1
Ux(n/k') Ux(’n/k)> {Uy)(/?z/k)>17€} {Uy)(/n/k,)>175}
Denoting by C' a positive constant, independent of s and ¢, that can change from one line to

N
[:
:
—
=
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another, this implies, by Condition (B), that

2
z+h z+h
TnUn (Z Ux ( ”/k {ovtim> Z Ux (n/k) Uy?f;/;;) >t})

5

- C{FY((l—S)UY(n/k))T” [Fy(sUY(n/k)) FY(L‘UY(H/k))}5‘s

N Un Fy((1— &)Uy (n/k))

_ . {FY(S Uy (n/k)) — Fy (1 Uy(n/k))]lié

= Fy (1 —2)Uy (n/k))

. F( (1—5)Uy(n/kz)> _( . )-W; . Fy( ¢ (l—z—:)Uy(n/kz)> _( . >—W;
Fy(l—o)Uy(n/k)  \1-¢ Fy(l—o)Uy(n/k)  \1-¢

+

5
s _% t _# e
1—c¢ 1—c¢

S5
= C {Ql,n + QZ,n + QS,n}m .

Note that, by regular variation, Q1 , and @2, tend to 0 uniformly for s,t € [1 —¢,1 + €], see
Theorem B.1.4 in de Haan and Ferreira (2006), and

1

S U
Qsn <Cls w —t w|=:Cp(s,t).
We deduce then that
1 & X G Xivn ? 5
lim su su —E g : S A | <CoTHs.
nﬂoop 1—5<s<11:€)<~1+5 T'n Un (z—Zl Ux (n/k) {W>S} 1:21 Ux (’I’L/k‘) {W>t}
p(s,t)<d
This achieves the proof of Assumption (D3). o

Assumption (D5): Let Zw = (2 j.i)1<i<r, be independent copies of (Z,;)i<i<r,, for 1 <
j <|n/(2ry)]. The map

[n/(2rn)] rn K
S {z[ )=o) |

l—e<sii<l+e T4
~ j=
p(s,t)<d

is measurable, ¥4 > 0,n € N, (ej)1<i<|n/2r) € 1—1,0, 1}/ @)l and ke {1,2}.
The proof is completely similar to the one in Goegebeur et al. (2025). o

Assumption (D6'): The envelope function F. is measurable with

- 2
{2 ¢1—5(Zn,i)} =0 (Tn Un)
=1
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and

1 1/2
J sup , | log NV (C <JF3 dQ> ,fs,Lz(Q)> d¢ < oo,

0 QeQ

where A/ denotes the covering numbers and @) ranges over the set of discrete probability mea-
sures Q.

The proof is completely similar to the one in Goegebeur et al. (2025). =

We also need to verify the two following conditions of Theorem 2.10 in Drees and Rootzén
(2010), ensuring that all finite-dimensional distributions converge:

Assumption (C1): We have

E [(An(s) —EA,(s))? ﬂ{|An(s)—EAn(s)|<m}] = o(rpvy),

T'n
P(|1An(s) ~EAn(s) > vinwn) = o),
for all se€ [1 —e,1+ €], where
N Xith
Ay (s) = — 1 .
) i—TnZ;nJrl Ux(n/k) ovtim*)
The proof is completely similar to the one in Goegebeur et al. (2025). o
Assumption (C3): We have for all s,t e[l —¢,1+ €]
1 Tn Tn
COV <Z (bs(Zn,i)v Z ¢t(Zn,j)>
"n Un i=1 j=1
a0
— B0 (W0)e(Wo)] + 2, [E (65(Wo)or(W:) + E (65(W:) e (W)
i=1

Proof of Assumption (C3). We have
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TnanOV<ZZI¢s n,t Z¢t n])

7j=1
= 3 S B8 Za)6Zg)] ~ E[0u(Zuo)| E[61(Zuo)]}
N =1 4=1
1 rn—1

T'n Un i1

_ {Z( — ) {E [¢5(Zn,0)t(Zni)] + E [¢5(Zn i)t (Zno)]}

+rnE [¢5(Zn,0)0t(Zn0)] — TELE [05(Zn,0)] E [¢t(Zn0)] }

Tn—

1
= 3 (1 ) B (20020 X > (1= OV (/R) 0x Yo > (1 )0y (/)]

i=1
+E [¢5(Zn,i)0t(Zn,0)| Xn > (1 — €)Ux (n/k) or Yo > (1 —€)Uy (n/k)]}
+E [05(Zn,0)01(Zn0)| X > (1 — €)Ux (n/k) or Yo > (1 — &)Uy (n/k)]
—7nUn B [¢5(Zn,0)| Xn > (1 —)Ux (n/k) or Yo > (1 — e)Uy (n/k)]
XE [¢¢(Z0,0)| Xp > (1 —e)Ux(n/k) or Yo > (1 — &)Uy (n/k)] .

Now, we look at

E[¢s(Zn,0)|Xn > (1 = €)Ux(n/k) or Yo > (1 — &)Uy (n/k)]

1 X5
= —E(———1
Up, (Ux(n/k) {ing/k) >S}>

= 1 o OOE Xh X YO S X

T Lo xa-g5"t [} 5 (G ™ = v =) ¢

_ 1 of Fx(zUx(n/k)) Fy(sUy(n/k)) i
L((1— &), (1 —s)_”;)(1 ' J Rn/k< Fx(Ux(n/k)) " Fy(Uy(n/k)) >

We will use the dominated convergence theorem. First, note that using Assumption (R) com-
bined with the Pareto-type models (2) for X and Y, we have

. Fx(xUx(n/k)) Fy(sUy(n/k))\ =
nlg%oRn/k < FX(UX(TL/]{?)) ’ Fy(Uy(n/k)) > N R( ’ )
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Now, by Proposition B.1.9.5 in de Haan and Ferreira (2006), for C1, Co, €, 6>0andn large
(FX(UU Ux(n/k)) Fy(s UY(n/k))>

Fx(Ux(n/k)) = Fy(Uy(n/k))
min{F}((IL’Ux(n/k)) Fy(SUy(n/k))}

< < D
Fx(Ux(n/k)) = Fy(Uy(n/k))
< Fy(sUy(n/k))
= Fy(Uy(n/k)) {m<UX<1/§§<(;Uky<n/k>>>}
Fx(zUx(n/k))
Fx(Ux(n/k)) f{=> UX(l/fJ?(z%)(n/k)))}
fi+5
< 1+¢)s w— e
(1+9) {x< Ux Oy Gy (o112
e
+(1+8)x x ]l{x Ux /Ty (sUy (n/k)) |
Ux (n/k)
“ay ¥ i+§
< 1+ w1 4 Lt )
e AR
= g(z),
where z¢ = x§]1{z>1} + g:—f]l{zq}. This function ¢ is integrable on [0,00) by selecting 5 e
<0a X 1) since vx < 1.
Consequently

E[¢s(Zno)|Xn > (1 —e)Ux(n/k) or Yy > (1 —e)Uy (n/k)] < 0

from which we deduce that

, 1@ Cov <Z ¢s(Zn,i)s Z ¢t(Zn,j)>

=1

rpn—1
= 3 (1 ) (220 X > (1= DU (/R) 0x Yo > (1 )0y (/)]
=1
FE [64(Z0 )01 Z00)| X > (1 - Ux(n/k) or ¥o > (1~ )0y (/b))

+E [¢5(Zn,0)9t(Zn0)| Xn > (1 — €)Ux(n/k) or Yo > (1 — &)Uy (n/k)]
+0O (rp vp) .

Now, under our Assumption (7%), denoting by L£(V') the distribution of a vector V', we have

Xh Yb Xi+h Y
L ((UX(n/k;)’ Uy (n/k)’ Ux(n/k)’ Uy (n/ ))Xh > (1 —¢e)Ux(n/k) or Yo > (1 — g)Uy(n/k))

~ L ((Wh,WmWiJrh,MN/i)) )
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where (Wh, VIN/O, Wiin, I’/IV/Z> has a survival distribution function given by (7). Thus

c ((Zn,o, Zp )

Xn > (1—¢e)Ux(n/k) or Yo > (1 — E)Uy(n/k)>

~ L (Wh]l{wh>1—a or Wo>1—¢}’ WOH{Wh>1—a or Wo>1-e}’
Wi+h]1{Wi+h>1*€ or W;>1—e}’ Wi]l{wi+h>1*5 or Wi>1*5}>
= LWy, W;).

This implies that
£ ((96(Zn0)6e(Zo))|Xn > (1 = )Ux(n/k) or Yo > (1= )Uy (0/R)) ~ L (6s(Wo)du(W)).

Using now the corollary of Theorem 25.12 in Billingsley (1995, p. 338), since by Condition (B)
for some § > 0

supE [{qss(Zmo)@(zn,,-)}”‘S Xp > (1—e)Ux(n/k) or Yo > (1 — E)Uy(n/k})] < o0,
we have
E [¢S(Zn,0)¢t(zn,i)

Now, remark that

Xp, > (1 - e)Ux(n/k) or Yo > (1 — 5)Uy(n/k)] — E [ (Wo) e (Wi)].

0 < E [qﬁs(zn,o)@(zn,i)

E [¢1—€(Zn,0)¢1—a(zn,i)

< sp(d).

Xp > (1—e)Ux(n/k) or Yo > (1 — E)Uy(n/k)]

N

Xp > (1—&)Ux(n/k) or Yo > (1 — 5)Uy(n/k:)]

Again by Condition (B), we can apply Pratt’s lemma (see Pratt, 1960) in order to deduce the
convergence of Assumption (C3). D

This achieves the weak convergence of (9) in £ (®.).

We now briefly comment on the weak convergence in ¢*°(®). Similarly to the above we need
to verify the assumptions in Drees and Rootzén (2010), but now for & = ®. U ®p f. where
Pp e = {dDx,5»PDy,s:PHs : S €[1 —€,1+¢€]}. Remember that the convergence (9) for the
function class ®p p. was already established in Drees and Knezevié¢ (2020). Assumption (C1)
needs to hold for each individual element of a function class, so it is satisfied for ®. For As-
sumption (C3) we only need to compute the covariances between the functions from ®. and
those from ®p fr ., but this is readily done with arguments similar to the above. Concerning the
asymptotic equicontinuity (the verification of Assumptions (D1), (D2), (D3), (D5) and (D6")),
one can follow the argument on p. 48 in Knezevié¢ (2020), according to which it is sufficient
to verify the asymptotic equicontinuity for the subclasses ®. and ®p f.. As we have this, the
convergence (9) in £ (®P) follows. D
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6.2 Proof of Theorem 2.2

We have the decomposition
i) - GG+ (k)
e (5 (o8 )) -0
Ux(n/k‘)

= {Q4n + Q5 n}

Onk/n

Study of Q4,. By Theorem 2.1 and Corollary 2.1, we have that (Zn,\/E< Y(T(L 714) 1)) >
(Z,7v Z(¢py 1)) Using Skorohod’s theorem there exists also versions for which the convergence
is almost surely. We will apply the Skorohod theorem throughout the proof, though without a
change in notation.

For n large

‘Q4,n - Z(¢1)| < sup |Zn(¢s) - Z(¢s)| +

s€[l—e,1+¢]

Y

z <¢ Y(n—k) ) - Z(¢1)
Uy (n/k)

and hence |Q4,, — Z(¢1)| — 0 almost surely as n — 0.
Study of (Q)5,. We have

E@a(s) = 7
_ JO‘:
- (o = )

o0 FX {L'Ux(n/k‘ ) Fy(SUy(n/k))
J, o ( Tx(Ux(n/k)  Fy Uy (n/k)) ) o

1 d
<UX (n/k) {Uy(n/k)>s} = x> .

( n/k {Uy<n/k> >5}>
n
k
n
k
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We have on the set { Yn—t)

QS,n

TGty € [1—¢,1+ 6]}2
— Yih—k
B Fx(Ux(n/k)) By (i Ur (n/k)
\/E{L B (FX(UX(n/k)) " Fy(Uy(n/k)) o

), e (R ) )

WJ [ (FX (wUx (/) Y (55555 UY(n/k>)) R (x&ﬂ)} "

FX UX n/k)) FY(UY(n/k))

i j - [Rn/k (waxm/k» Fy (rmUY<"/k>>)
0

Fx(Ux(n/k)) " Fy(Uy(n/k))
_p [ Ex@Ux(u/k) ¥ Py (bl (n/%) dz
Fx(Ux(n/k)) " Fy(Uy(n/k))

k[ (i) -

i [ o () - sy ) o
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Using the homogeneity of the function R on the first term in the right-hand side display, i.e.,

R(ta,tb) =t R(a,b), we have

FY(UY(n/mUY(”/k)) Yin—k) \™
@sn = Fy (Uy (n/k)) (Uy((n;l)f))

Yin—k)

i [” Yow \ 7 Fx(@Ux(n/k) _ Fy(Uy(n/k))
“VL{R(mewJ Fx(Ux(n/k) 7 (UUMWWMD<

w( (o) )}

Fy (gl Ur (n/h)) ( Yin k) >w Vi f

Fy (Uy (n/k)) Uy (n/k)
FY(Uym/k: UY(”/k)) Yinty \ 7 PR (s
- \/E{ Fy Uy (n/k)) (Uy(n/k)) ! Jo R(x X’l) o
Fx(xUx(n/k)) FY( (/ UY(n/k))
" ‘FJ [ ”“(FX Ux(n/k)) " Fy(Uy(n/k))
[ Ex@Ux(n/k) Fy (i Ur (/b)) i
Fx(Ux(n/k))’ Fy (Uy(n/k))
FX IUX n/k)) _i "
B J [ <FXUX”/k)) 1)—R<a: ’1>]d
i Px(eUx (/b)) |\ _ p (PxGUxR) T,
JLMHWWW)%&MWWN”
6
- ; QM.
Term Qs) Under Assumption (Dy ), we have
VR Fy (o Ur (/k) < Vit )V;_l
Fy (Uy(n/k)) Uy (n/k)

o) [ (wEtrem) 1
"~y + 6y (Uy(n/k)) Sy (Uy (n/k)) S

by the uniformity of the convergence in regular variation and the fact that vkdy (Uy (n/k))

as n — 0. Thus Qé‘o’% = op(1).
Terms Qg?)l and QST)L The aim is to show that

sup

€[l—e,1+¢] FX UX(n/k)) FY(SUY(n/k)),

32

Uy (n/k)

\ff [ ( ~L Fx(zUx(n/k)) Fy(Uy(n/k)) 3_7;> —R(x_i,s_ﬁ

)]

(= () ) )

— 0



If this convergence is true, clearly Qg?)l = op(1) and Qéi)l = op(1).

To prove this convergence, we use the Lipschitz property of R, i.e., for T}, = (%)b ,0<b <1,
Ve[ (s Exlalxtost) Felleto) - 3)_p (-3 o) | o
Fx Ux(n/k)) Fy(sUy(n/k))

L o P B ) )

~—

i [ e (o ExETXUx(n/k) Fy(Uy(n/k) —L\ o 2N\
S ﬁfo R( Fx(Ux(n/k)) Ty (s Uy (n/k)’ ) R(zs7 ) de7
e [Pl Fx (N Ux/k) Fy@y(/k)  — 2 o |
vk Tn R< Fx(Ux(n/k))  Fy(sUy(n/k))’ ) R< ’ ) dz="7
- _[J~Tn 1 FX(Z X Ux(n/k)) Fy(Uy(n/k)) _ ‘dz’yx
Fx(Ux(n/k))  Fy(sUy(n/k))
+2VE T, X sup R(x,y).

>0
ye[(1+e) =1, (1—e)~Hy]

From Assumptions (Dx) and (Dy) and Proposition B.1.10 in de Haan and Ferreira (2006), we
obtain for &, z > 0 and n large

— L Fx (2% Ux(n/k)) Fy(Uy(n/k))

P T FxUx(m/k)  Fy(sUy(n/k)) _z'
_ Fy(Uy(n/k)) F)((Zf’yx Ux(n/k‘)) _ ny(s Uy(n/k)) Sl/yy
Fy(sUy(n/k))st/ | Fx(Ux(n/k)) Fy (Uy(n/k))
_ _ Fy(Uyr(n/k) 'FX(MX Ux (n/k)) _Z'+Z Fy(sUy(n/k)s"7
= Fy(sUy(n/k))s'hv Fx(Ux(n/k)) Fy (Uy(n/k))
Fy (Uy (n/k)) n e\ =BXEE | By n
< F o0 s 1 o (Ux (7))] = [ e ooy (ov ()] 4

where C' does not depend on s.
This implies that, for £ € (0, Bx + (1 — vx)/vx) and n large

2 FxlaUxlu/h) Fy@k) 2\ o0 o o]
sel lsuspl+s ff [ < ;X UX)in/k?)) FYY(S Uyy(n/kj))’s > R( ’ )] d
< C[‘&X (UX( >>‘T1—Wx+’)/xﬁx+“/xf+c\/7‘5y< ( ))‘TT}_'YX
+2an7X sup R(z,y)

x>0
yel(1+e)~17Y (1)~ 1/v ]

= 0(1)7
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if and only if

\/ETn—’YX —50
{ \/E ’st (UX (%)) ’ T%"YX“"YXBX""’YX& 50 (12)
Vi oy (Uy ()T ™ — 0.

If we choose k = |n®|, with a € (0,1), then (12) is satisfied by choosing

27x(Bx —ex)(1—a)—a 2W(5Y—€Y)(1—a)—a>
2(1 —a)(1 —yx +vxBx +&rx)’ 2(1 —a)(1 —x)

_*
2vx (1 —a)

with ex € (0, Bx) and ey € (0, By). As the lower bound for b must be below the upper bounds,
we get the following restriction on a:

a < min ( 27%(@)( —£x) 2vxy (By —€y) >
29%(Bx —ex) + 1 +vxBx + &vx 2vx By —ey) +1

<b<min<

Term Qé%)l Using the homogeneity of R, we have
1
o _1 Yo \ v _1
Sl ) - 1
\/EJO R(:U 7X’(Uy(ﬂ/k)> > R (277, )] dz
1 1
Y, Ty Y, Yy 1 1
(n—k) v (n—k) \W L .
—_— 1] — 1
v (@) R((Uy<n/k>> T ) Rz >] “
1/( ) 71;WX 0 1
n—k Y 1
= — -1 1
vk <Uy(n/k)> fo R(l‘ > >d:p

_ 1;{”[(%(%) 1> LOOR(:U‘&J) dz + op(1),

from which we deduce that

0

Qé?i=—<1—vx>2<¢py,1)f R (27,1 da +os(0),

0

by Corollary 2.1.
Terms Qéﬁl and ng. We use Assumption (S) and obtain for n large and with arbitrary large
probability

‘Qéﬂ < V& 5213) |Rn/k(xh,yo/\1 Ths Yo ’J {1; xUU;://:))} N 1de
yoe[3,2]
ny\7T *© (Fx(xUx(n/k)))"
- o(h () (- [ (BT )
- o( ()
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since by Proposition B.1.9.5 in de Haan and Ferreira (2006) the integral is finite. A similar
argument yields Qé?% =0 (x/E (%)T) This condition implies a new restriction on a, that is

27
@< =13

Overall, we have
0

Qs =—(1— VX)Z(¢Dy,1)f

. R (x_%, 1) dx + op(1),

from which Theorem 2.2 follows. o

6.3 Proof of Theorem 2.3

We have the decomposition

é\h,p 1 = <k>;}\/x’k gh,k/n 1
gh,p np eh,p
~ _ X
_ <k)7x,k’¥X Ot/ (%) Onk/n .
np eh,k/n eh,p
~ " H_/ .
QG,n Q7,n Q‘S(,n
" _ e\ X
fo O\ XX 01 1 o) Oni/m
— () 13 QraQsi 4 2 1 Qs+ (p>—1.
np eh,k/n Gh,p
Since 8k/(np) _, 0, this implies that

vk

\/E é\h,p
—1 —
log n% On.p

VE@x e —7x) (1 +0p(1)Q7,0Qsn

Under Assumption (Dx), we have

Ux(n/k)
vh { Ux(1/p)

() )

gh,k/n Qsn
+ﬂ{%w4}m$
On,1on/Ux (n/k) 1 Ux(n/k) [ k\™*
+\/E{ Onp/Ux(1/p) 1} lognﬁp Ux(1/p) (np>
Ux(n/k) (EN™ | 1
g Gs) log =
1 1

lognﬁp 1+ ax(1/p)

{Viax (3) - viax (5)} o = o)

np

since ay is regularly varying with index —fBx vx, Vk dx(Ux(n/k)) — 0 and n% — 0.
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Now, we have
On k/m * n—
— = —F k)),1)d
ots = | R (PP (2Uxtagi) 1)
fooR (zil/vx,l) dz
0

+ f: [Rn/k (%FX (2 Ux(n/k)), 1) "R (%FX (Ux (n/k)), 1)] dz

. Joo [R <%FX (2 Ux(n/k)), 1) — R(z_l/'YX, 1)] dz

0

Q0
=: f R (2’71/“, 1) dz + Qg.n + Q10,n-
0

Similarly as for Qg’?z, we have

-0 ((2)).

and, using (11), Q10., = o(1/vk). Thus, under our assumptions

On ke /n foo 1 ( 1 >
— = R(z7VX 1) dz+o( — ),
which can also be shown to hold for 6}, ,/Ux (1/p). This yields

Opgen/Ux (n/k) .,
VE{ G U (L/D) 1}‘ -

Finally, Theorem 2.2 and Corollary 2.2 achieve the proof of Theorem 2.3. =

6.4 Proof of Theorem 3.1

For the first step, we need to check the assumptions of Theorem 2.3. First we need to show that
Assumption (R) is satisfied for (X;7, Y™, X;7,,Y;7). This is the case since for r large

rP (Fx () < 22 Fye (1) < 2, Fa (x0,) < 2 Fr(vh) < 2)

oo (2ot (5] o ()20 ()
Zh Yo Li+h Yi

- rIP(Xh>UX (T>,Yb>Uy <T> Xisn > UX( - >,1@>Uy(r>)
Th Yo Li+h Yi

X f— — X; _ i
Fx(Xn) < 7h Fy(Y) < %aFX(XHh) < Py (Y;) < <4

,
— Ri(zn, Y0, Titn: Ui)

Now, we have to show that Assumption (S) is also satisfied for (X,",Y;"). Again this is the

case since for 0 < zj, < r{l — Fx(0)}, we have {1 — Fx+(X;) < %} = {1 - Fx(X;/) < &2} =
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{1 — Fx(Xj) < %2}, and otherwise, if zj, = r{1 — Fx(0)}, clearly 1 — Fy+(X; ) < %&.
All the assumptions of Theorem 2.3 are satisfied, thus step 1 is established.
For the second step, remark that for p small

Ohp  E[Xn[Yo > Uy(1/p)]
O,  EIX;Y > Uy (1/p)]
E[ XY > Uy (1/p)]
E[X; Yo > Uy (1/p)]
~ E[X}, [Yo > Uy (1/p)]
E[X; Yo > Uy (1/p)]

Now, remark that, using Holder’s inequality

_ 1 _
E[X, [Yo > Uy(1/p)] = EE[Xh Lyo >ty (1/p)}]
1
= LB i <ovos vy /m)]
1 _ X _
< > {E [(Xh )1/wx]} [P (X}, <0,Yy > Uy (1/p))]' 7%
< O [P < 0.3 > ()] Y,
by (8).
Also, we have, for p small,
1 1
EP(X;Z <0,Yo>Uy(l/p)) = 1- EP(Xh >0,Yp > Uy (1/p))
1 _
= 1- EP (Fx(Xn) < Fx(0),Fy(Yo) <p)
F
= 1-Ry, < X(O),1>

= O ),

by Assumption (S) since Ry ©0)/p (F’; © 1) = 1. This yields

P(X, <0,Yy>Uy(1/p) =0 (p'7),
and hence

ELX; Y0 > Uy (1/p)] = O (p~ 1+ 07707,
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Finally, using Lemma 2.1, we have for p small

On.p s 0] (p*1+(177)(17w))
0, U (1/p)

from which we deduce that
vE (O,
k = o(1).
log np eh,p

Combining the two steps, Theorem 3.1 follows. 0

=1+0 (p‘T(l‘WXO =1+0 (;E) :

6.5 Proof of Theorem 3.2

For simplicity of the arguments, we assume that n = m,r,.

First we consider the multiplier block bootstrap version of the process Z,, ., defined as

neg ’\/nvn Z@Z{\P nz (Zn,i)}-

1€l
Let E¢ denote the expectation with respect to & := (§;)jen, i.e., the conditional expectation
given (Zy,i)1<i<n- Under the assumptions of Theorem 3.2 we have that, for any € € (0,1)
mee(¥) ~ Z:(V) (13)

in £*°(®) and

sup  |Eeg(Z. ) —Eg(Z.)| — 0, (14)
gEBL1(£(* (D))
in probability, where
BL(£7(2)) = {g (@) > R gl = pra l9(2)] <1,
2€l®©

l9(21) — g(22)| < sup [21(¢) — 22(¥)| for all 21,27 € EOO(CI’)} :

The first statement can be obtained in similar way as the proof of Proposition 2.5 in Drees
(2015), and the second one from the proof of Theorem 2.3 in Drees (2015).

Now let
4
Sren rﬁ(?)’
Epy, n(s) = E[H{YO+>SU ()} ‘XJF (1—¢e)Ux+ (%) or ;" > (1—¢)Uy+ (%)],
Eo(s) = E{U;iz Ty M=o () ‘X+ (1—e) Uy (%) or Yt > (1—¢) Uy~ (Z)]
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We start to study the bootstrap version of our estimator of the parameter of interest at an inter-
mediate level, namely 9;; k/n» Where the latter notation is used for 6}, 1/, applied to (X", Y))iez-
Note that

\/%<+ -1 = =—Ek -

O s/ O e/ Ux+(%)  Ux+(%)
1 m X-:—h g:k/ m
Uy (2) VE {Zj:l & 2iel; Uy (1) ll{Yi*>Y<jhk)} U () 221 & 2ier; Lyt >Y k)}}
9h,k/n % Zj:l(l + fj) Zz‘elj ]1{1/i+>y(jl_k)}
o Ux+(B) N
= T=F
eh,k/n
Using Theorem 2.2 and Lemma 2.1, we have
§+ ®o _ 1
h’k/z i»f R(z VX,l) dz.
Ux+(%) 0
Also, since my, 1/2 Z;”:”l & = Op(1), we have, from the convergences
Syin o 1
P 1
Dy 40 (SY+ ) - _ 1 1
L((l—e) x, (1—¢) WY)
1 @ _L
E.(Sy+ ) L — - f R (z X 1) dz,
L ((1 —e) x, (1 —6)_W> 0
and (13)
. nUp XH-h Hh k/n
No= k N Z gjzezll x+ ( H{Y >Yi b ) A/ Un, Z & Z; H{Y >Y () g}

= L= N = W) 2 0s,. )~ Zieeony s, ) [ R(R) dsb o)
0

w~ Z(¢1) — Z(ép,, 1) LOOR (z*i, 1) dz,

and
D - ";)” Ep,, n(Sy+ ) {1 + Wlbn %15,} +op(1) 51
j=
Consequently
vk (9’}“/” - 1) o Zf‘@ — Z(¢p., 1)- (15)
Onke/m o R (z VX,l) dz v
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As already shown in the proof of Theorem 4.2 in Goegebeur et al. (2025), we have

VE (T s = T k) 2(0m1) = 1xE(9D,, 1) (16)

Finally, using (15) and (16), we deduce that

~

" logk/(np) é}jp log k/(np) np gler,k/n

_ \/% <k>¢y;+’k_a)(+’k 1 g;,};k/n I \/E g}—;}:/n 1
log k/(np) | \np Op g logk/(mp) \Gy, .

= \/E (a;(ﬂk — aX*,k) + O]p(l)
~ Z(omn) —vx Z(ép 1) = V.

By (14) we get then also

P

sup  [E¢(g(V;)) —E(g(V))] =0,
geBL1(R)
where BL1(R) := {g:R > R:sup,lg9(z)] <1,|9(z1) — g(22)| < |21 — 22| for all 21, 25 € R},
from which Theorem 3.2 follows. o
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