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Denmark, Campusvej 55, 5230 Odense M, Denmark

p2q Institut Recherche Mathématique Avancée, UMR 7501, Université de Strasbourg et
CNRS, 7 rue René Descartes, 67084 Strasbourg cedex, France

Abstract

We consider the estimation of the marginal expected shortfall E pXh|Y0 ą UY p1{pqq at
extreme levels, when ppXt, YtqqtPZ is a strictly stationary β´mixing time series with marginal
distributions of Pareto-type, UY is the tail quantile function associated to Yt, h is a positive
integer and p P p0, 1q is such that p Ñ 0. We propose an estimator for this risk measure based
on a Weissman-type construction. First, in case of a non-negative time series, we establish
the weak convergence of our estimator by using empirical processes arguments combined
with the cluster method of Drees and Rootzén (2010). Then, we extend our result to the
case of real-valued time series by using the decomposition of the original time series into the
positive and negative parts, and we also propose a bootstrap procedure. The performance
of our estimator is illustrated on a simulation experiment. Finally, the method is applied on
river flow data.
Keywords: time series, mixing, extreme value theory, marginal expected shortfall, empirical
process, bootstrap.

1 Introduction

In this paper, we investigate the asymptotic behaviour of tail parameters based on extreme values
in case of dependent observations. These types of results are relevant for real-life time series
where the assumption of independence seems inappropriate, e.g., in finance or on internet traffic
datasets, among others. In particular, we study the well-known Marginal Expected Shortfall
(MES) risk measure defined as

θh,p “ E pXh|Y0 ą UY p1{pqq , p P p0, 1q, h “ 1, 2, ..., (1)

in case where pZtqtPZ :“ ppXt, YtqqtPZ is a strictly stationary time series with marginal distribu-
tions of Pareto-type, i.e., with both survival functions satisfying

F ‚pxq “ x
´ 1

γ‚ ℓ‚pxq, (2)

where ‚ denotes either X or Y , γ‚ ą 0 is the extreme value index, and ℓ‚ is a slowly varying
function at infinity, i.e., a measurable positive function such that

lim
xÑ8

ℓ‚pλxq

ℓ‚pxq
“ 1,@λ ą 0.
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In that case we say that F ‚ is regularly varying at infinity with index ´1{γ‚, denoted RV´1{γ‚
.

This is equivalent to assume that the tail quantile function U‚pxq “ inftz : F‚pzq ě 1´1{xu, x ą

1, is also regularly varying at infinity but this time with index γ‚. Note that in the application
considered in this paper, this assumption of heavy-tailed marginal distributions is credible, and
thus it justifies the above Pareto-type models.

In (1) the parameter p is small, in the sense p ď 1{n, where n is the number of observations
available for the estimation. In that case, we say that we extrapolate outside the data range.

The marginal expected shortfall is an important factor when measuring the systemic risk of
financial institutions. It has been introduced by Acharya et al. (2010) and studied extensively
in the literature but almost only for independent observations, e.g., by Cai et al. (2015), Di
Bernardino and Prieur (2018), or in a regression context, e.g., by Goegebeur et al. (2023). To the
best of our knowledge, the only contribution dealing with MES for a strictly stationary bivariate
time series is given in Davison et al. (2023), but in case of a MES defined without time lags,
i.e., based on X and Y observations obtained at the same time instance. Although X and Y in
the latter paper are dependent processes, our study cannot be trivially considered as the special
case where pX,Y q in Davison et al. (2023) is replaced by pXh, Y0q, unless redoing completely
their paper under this new framework and changing all their assumptions, in particular their
Condition D (iii) and (iv).

The estimation of our risk measure θh,p has natural applications in finance, but not only. Indeed,
we will illustrate our methodology in environmental science, where, for instance, one wants to get
an idea of how the flow of a river changes at two different locations. If at time zero of a location
Y , i.e., Y0, the river flow is extreme (above some high quantile), we might be interested in its
value some time, say h, later at a different location, denoted Xh, along the river. This is helpful
since river flows at two locations (e.g., upstream and downstream of a given site) obviously
show dependence, but they are also different, due to, e.g., gains from tributary streams and/or
groundwater.

Our contribution in this paper consists to estimate the multivariate risk measure θh,p and
to establish its main asymptotic properties by using empirical processes arguments combined
with the cluster method of Drees and Rootzén (2010). Recently, Goegebeur et al. (2025)
studied the estimation of the conditional tail expectation (CTE) with time lags, defined as
E pXh|X0 ą UXp1{pqq, in the framework of a strictly stationary time series. The main dif-
ferences between the present work and Goegebeur et al. (2025) are as follows. Firstly, θh,p
considered here is a bivariate risk measure, which needs to be estimated from a strictly station-
ary bivariate time series ppXt, YtqqtPZ, while the CTE of Goegebeur et al. (2025) is essentially
univariate, and is estimated from a strictly stationary time series pXtqtPZ. Secondly, Goegebeur
et al. (2025) used a multivariate regular variation approach, a method that we do not wish to
use here to avoid the implicit assumption that X and Y have the same extreme value index.
See, e.g., Padoan et al. (2023) where a slightly different version of the MES was considered,
also in case of heavy-tailed distributions, but with the same indices. In the present paper, we
work under a more general, and commonly accepted, assumption on the convergence of the
dependence structure involving the concept of the tail copula function (Assumption pRq below),
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and allowing for different extreme value indices for X and Y . These two differences complicate
our study considerably as we have to deal with the dependence between Xh and Y0.

The remainder of the paper is organized as follows. In Section 2, we consider the case of a
bivariate nonnegative time series and derive a first order approximation for θh,p which motivates
the construction of our estimator based on a Weissman-type idea. Then, under suitable assump-
tions, we establish the weak convergence of the estimator towards a Gaussian process. Finally,
in Section 3, we extend our approach to the case of a bivariate real-valued time series by using
the decomposition of the original time series into the positive and negative parts and we derive
the same type of convergence for the final estimator under additional assumptions. As this
result is difficult to use in practice, due to the complicated covariance structure of the limiting
process, we also adjust the multiplier block bootstrap initially introduced by Drees (2015) to
our context. The finite sample properties of our estimator are evaluated with a simulation study
in Section 4, and the practical applicability is showcased on river flow data in Section 5. All the
proofs are postponed to Section 6.

2 Nonnegative time series

Our aim in this section is to establish the weak convergence of our risk measure (1) in case
where both pXtqtPZ and pYtqtPZ are assumed nonnegative. It is assumed that FX and FY
are continuous on p0,8q. Since our measure involves the two variables, an assumption on
the right-hand upper tail dependence of the pair pXh, Y0q is required. Let Rrpxh, y0q :“
r P

`

FXpXhq ď
xh
r , F Y pY0q ď

y0
r

˘

. This assumption is stated as follows.

Assumption pRq There exists a function R such that for all pxh, y0q P r0,8s2ztp8,8qu, we
have

lim
rÑ8

Rrpxh, y0q “ Rpxh, y0q.

The next lemma provides a theoretical approximation for θh,p.

Lemma 2.1 Assume that pZtqtPZ is a nonnegative strictly stationary time series, with continu-
ous marginal distribution functions FX and FY on p0,8q, FX being of Pareto-type with γX ă 1.
Then, for p Œ 0 we have under Assumption pRq:

θh,p
UXp1{pq

ÝÑ

ż 8

0
R

´

z´1{γX , 1
¯

dz.

Note that this lemma is similar to Lemma 2.1 in Goegebeur et al. (2025), but our parameter
of interest θh,p now involves both variables X and Y . Therefore, Lemma 2.1 above requires
some adjustments of the assumptions imposed in Lemma 2.1 of Goegebeur et al. (2025), among
them, Assumption pRq. Despite these, the proof of the lemma is similar to that of Lemma 2.1
in Goegebeur et al. (2025), and we omit it for brevity from the paper. Assuming that the
integral in the limit is positive, and since this lemma is valid for any p Œ 0, if we consider an
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intermediate sequence k, i.e., a sequence such that k “ kn Ñ 8 and k{n Ñ 0, we have

θh,p{UXp1{pq

θh,k{n{UXpn{kq
ÝÑ 1,

from which we deduce by a Weissman-type construction (see Weissman, 1978)

θh,p »
UXp1{pq

UXpn{kq
θh,k{n »

ˆ

k

np

˙γX

θh,k{n

since the distribution of X is of Pareto-type. If pγX,k and θh,k{n denote estimators for γX and
θh,k{n, respectively, then we obtain our final estimator for θh,p given by

pθh,p “

ˆ

k

np

˙

pγX,k

θh,k{n.

To estimate γX , we will use the Hill estimator (Hill, 1975) defined as

pγX,k “
1

k

k
ÿ

i“1

logXpn´i`1q ´ logXpn´kq, (3)

where Xp1q ď ... ď Xpnq are the order statistics of X1, ..., Xn. Regarding the estimator of the
parameter of interest at an intermediate level, namely θh,k{n, we refer to the following subsection,
where we also establish its weak convergence.

2.1 Estimator in the intermediate case

The natural estimator for θh,k{n is

θh,k{n :“
1

k

n
ÿ

i“1

Xi`h1ltYiąYpn´kqu,

where 1lA denotes the indicator function of the set A.

To handle the randomness of the threshold Ypn´kq, we introduce the statistic

θnpsq :“
1

k

n
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąs

),

where s ą 0. This gives then

θh,k{n “ UX

´n

k

¯

θn

ˆ

Ypn´kq

UY pn{kq

˙

.

In particular, we will study the asymptotic behavior of the process related to θnpsq, with
s P r1 ´ ε, 1 ` εs, ε P p0, 1q, using the theory for weak convergence of empirical processes of
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cluster functionals introduced by Drees and Rootzén (2010).

To this aim, we consider

Zn,i “ pZn,i,1, Zn,i,2q :“

ˆ

Xi`h

UXpn{kq
,

Yi
UY pn{kq

˙

1l! Xi`h
UX pn{kq

ą1´ε or Yi
UY pn{kq

ą1´ε
),

and denote
Φ :“ tϕs, ϕDX ,s, ϕDY ,s, ϕH,s : s P r1 ´ ε, 1 ` εsu ,

where, for z “ pz1, z2q,
$

’

’

&

’

’

%

ϕspzq :“ z11ltz2ąsu

ϕDX ,spzq :“ 1ltz1ąsu

ϕDY ,spzq :“ 1ltz2ąsu

ϕH,spzq :“ log
`

z1
s

˘

1ltz1ąsu “: log`
`

z1
s

˘

.

The weak convergence of all the estimators that we have to handle in order to study pθh,p, namely
Xpn´kq, Ypn´kq, pγX,k and θh,k{n, can be obtained through the weak convergence of statistics of
the form

řn
i“1ΨpZn,iq, for Ψ P Φ. We can then resort to Drees and Rootzén (2010) who provide

conditions according to which

1
?
nvn

n
ÿ

i“1

tΨpZn,iq ´ E pΨpZn,1qqu ,

where vn :“ PpZn,1 ­“ p0, 0qq, converges towards a centered Gaussian process.

For instance, returning to θnpsq, note that θnpsq “ 1
k

řn
i“1 ϕspZn,iq, for s P r1 ´ ε, 1 ` εs.

Under our framework and assuming that FX and FY are continuous on p0,8q, we have

n

k
vn “

n

k
P

ˆ

X1`h

UXpn{kq
ą 1 ´ ε or

Y1
UY pn{kq

ą 1 ´ ε

˙

“
FXpp1 ´ εqUXpn{kqq

FXpUXpn{kqq
`
F Y pp1 ´ εqUY pn{kqq

F Y pUY pn{kqq

´
n

k
P

ˆ

FXpX1`hq ă
k

n

FXpp1 ´ εqUXpn{kqq

FXpUXpn{kqq
, F Y pY1q ă

k

n

F Y pp1 ´ εqUY pn{kqq

F Y pUY pn{kqq

˙

ÝÑ p1 ´ εq
´ 1

γX ` p1 ´ εq
´ 1

γY ´R
´

p1 ´ εq
´ 1

γX , p1 ´ εq
´ 1

γY

¯

“ L
´

p1 ´ εq
´ 1

γX , p1 ´ εq
´ 1

γY

¯

, (4)

where L is the stable tail dependence function, see, e.g., Huang (1992) and Drees and Huang
(1998). This ensures in particular that vn Ñ 0.
Let us now use Drees and Rootzén (2010) to establish sufficient conditions for the process Zn
defined as

ZnpΨq “
?
k

#

1

k

n
ÿ

i“1

ΨpZn,iq ´
n

k
E pΨpZn,1qq

+

“

c

n

k
vn

1
?
nvn

n
ÿ

i“1

tΨpZn,iq ´ E pΨpZn,1qqu ,
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to converge towards a Gaussian process in the space of bounded functions indexed by Φ, denoted
ℓ8pΦq. This requires some assumptions, listed below. The strength of the temporal dependence
between the random vectors Zn,1, ..., Zn,n is evaluated through the β´mixing coefficient

βn,k :“ sup
1ďℓďn´k´1

E

#

sup
BPBn

n,ℓ`k`1

ˇ

ˇ

ˇ
PpB|Bℓn,1q ´ PpBq

ˇ

ˇ

ˇ

+

,

where Bjn,i denotes the σ´field generated by pZn,ℓqiďℓďj .We assume that there exist sequences of
integers prnqnPN and pℓnqnPN, constituting the basic elements of the so-called “big blocks, small
blocks” technique, such that rn, ℓn Ñ 8 and the following conditions hold:

(A) As n Ñ 8, we have ℓn “ oprnq, rn “ op
?
nvnq, rn vn Ñ 0 and βn,ℓn

n
rn

Ñ 0;

(B) For all 0 ď i ď rn ´ 1, there exists

snpiq ě E
„

max

"

Xh

UXpn{kq
1l! Y0

UY pn{kq
ą1´ε

), log` Xh

p1 ´ εqUXpn{kq
, 1l! Y0

UY pn{kq
ą1´ε

), 1l! Xh
UX pn{kq

ą1´ε
)

*

ˆmax

"

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

), log` Xi`h

p1 ´ εqUXpn{kq
,

1l! Yi
UY pn{kq

ą1´ε
), 1l! Xi`h

UX pn{kq
ą1´ε

)

*

ˇ

ˇ

ˇ

Xh

UXpn{kq
ą 1 ´ ε or

Y0
UY pn{kq

ą 1 ´ ε

ȷ

, (5)

such that s8piq “ limnÑ8 snpiq exists, and limnÑ8

řrn´1
i“0 snpiq “

ř8

i“0 s8piq ă 8. Moreover there
exists δ ą 0 such that, as n Ñ 8

rn´1
ÿ

i“0

"

E
„ˆ

max

"

Xh

UXpn{kq
1l

t
Y0

UY pn{kq
ą1´εu

, log` Xh

p1 ´ εqUXpn{kq

*

ˆmax

"

Xi`h

UXpn{kq
1l

t
Yi

UY pn{kq
ą1´εu

, log` Xi`h

p1 ´ εqUXpn{kq

*˙1`δ
ˇ

ˇ

ˇ

Xh

UXpn{kq
ą 1 ´ ε or

Y0
UY pn{kq

ą 1 ´ ε

ff+
1

1`δ

“ Op1q. (6)

Condition pAq imposes some restrictions on the rate of convergence towards infinity of the dif-
ferent sequences involved, i.e., on ℓn, rn and k. If we consider a time series whose β´mixing
coefficient decreases geometrically, i.e., such that βn,k “ Opηkq for some η P p0, 1q, then one may
choose ℓn “ Oplog nq and Condition pAq is fulfilled for a suitably chosen rn if plognq2 “ opkq and
k “ opn{ log nq. These two conditions on k are trivially satisfied if the intermediate sequence k
is of the form k “ tnau, as is the case in our main theorem (Theorem 3.1).

Regarding Condition (B), the situation is more complicated since it cannot be shown that this
condition is satisfied in general by assuming only a geometrically β´mixing time series, but it
must be checked on a case-by-case basis, depending on the explicit model of the time series con-
sidered, whether or not this is the case. We refer the reader to Davis et al. (2018) or Drees and
Knežević (2020) where some techniques are discussed in order to verify similar but simpler ver-
sions of Condition (B) for some suitable heavy tailed linear time series or solutions to stochastic
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recurrence equations. Note that, by using the Cauchy-Schwarz inequality, the conditional ex-
pectations in (5) will be finite if γX ă 1{2, while for (6) they will be finite if γX ă 1{p2p1 ` δqq.
The latter restriction is an usual condition required for weak convergence of the MES in the
time series context, see Davison et al. (2023, Theorem 4.1).

Additionally, to compute the covariance structure of the limiting process of Zn, we need an
assumption on the right-hand upper tail dependence of the vector pXh, Y0, Xi`h, Yiq stated as
follows.

Assumption p rRq There exists a function rRi such that for all pxh, y0, xi`h, yiq P r0,8s4ztp8,8,8,8qu,
we have

lim
rÑ8

r P
´

FXpXhq ď
xh
r
, F Y pY0q ď

y0
r
, FXpXi`hq ď

xi`h
r

, F Y pYiq ď
yi
r

¯

“ rRipxh, y0, xi`h, yiq,

for all i “ 1, 2, . . ..

Clearly, if Assumption p rRq is satisfied this is also the case for Assumption pRq since we have
the link Rpxh, y0q “ rRipxh, y0,8,8q.

The next theorem states the weak convergence, denoted by ⇝, of the process Zn indexed by Φ.

Theorem 2.1 Let pZtqtPZ be a nonnegative strictly stationary time series, with continuous
marginal distribution functions FX and FY on p0,8q, both of Pareto-type with γX ă 1. Assume
also that Assumption p rRq and Conditions (A) and (B) are fulfilled. Then, for any ε P p0, 1q,
we have, for Ψ P Φ,

ZnpΨq⇝

c

L
´

p1 ´ εq
´ 1

γX , p1 ´ εq
´ 1

γY

¯

ZεpΨq “: ZpΨq,

in ℓ8pΦq, where Zε is a centered Gaussian process with covariance function given by

Cov pZεpΨ1q,ZεpΨ2qq “ E rΨ1pW0qΨ2pW0qs `

8
ÿ

i“1

rE pΨ1pW0qΨ2pWiqq ` E pΨ1pWiqΨ2pW0qqs ,

for Ψ1,Ψ2 P Φ, with

Wi :“
´

Wi`h1ltWi`hą1´ε or ĂWią1´εu
,ĂWi1ltWi`hą1´ε or ĂWią1´εu

¯

,

where pWh,ĂW0,Wi`h,ĂWiq is a random vector of nonnegative components whose survival distri-
bution function is given by

P
´

Wh ą xh,ĂW0 ą y0,Wi`h ą xi`h,ĂWi ą yi

¯

“
1

L
´

p1 ´ εq
´ 1

γX , p1 ´ εq
´ 1

γY

¯

ˆ

"

rRi

ˆ

rmaxpxh, 1 ´ εqs
´ 1

γX , y
´ 1

γY
0 , x

´ 1
γX

i`h , y
´ 1

γY
i

˙

` rRi

ˆ

x
´ 1

γX
h , rmaxpy0, 1 ´ εqs

´ 1
γY , x

´ 1
γX

i`h , y
´ 1

γY
i

˙

´ rRi

ˆ

rmaxpxh, 1 ´ εqs
´ 1

γX , rmaxpy0, 1 ´ εqs
´ 1

γY , x
´ 1

γX
i`h , y

´ 1
γY

i

˙*

. (7)
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Before looking at the weak convergence of our estimator θh,k{n, we need first to study the random
threshold Ypn´kq. To this aim, we need to make precise the slowly varying function ℓ‚ appearing
in model (2). This gives a Hall-type model, similar to the Hall class of distribution functions
(Hall, 1982, Hall and Welsh, 1985), but slightly more general.

Assumption pD‚q The survival functions of X and Y satisfy

F ‚pxq “ A‚ x
´1{γ‚

ˆ

1 `
1

γ‚

δ‚pxq

˙

,

where A‚ ą 0, γ‚ ą 0, and |δ‚p.q| P RV´β‚
, β‚ ą 0.

This assumption is very general, satisfied by almost all the usual Pareto-type distributions:
Fréchet, student t, F , generalized Pareto and Burr distributions. In particular, the distributions
that satisfy this assumption also satisfy the second-order condition in univariate extreme value
statistics (see, e.g., Theorem 2.3.9 in de Haan and Ferreira, 2006). Under Assumption pD‚q, U‚

satisfies
U‚pxq “ Aγ‚

‚ xγ‚ p1 ` a‚pxqq ,

where a‚pxq :“ δ‚pU‚pxqqp1 ` op1qq, and thus |a‚| P RV´β‚γ‚
.

Corollary 2.1 Let pZtqtPZ be a nonnegative strictly stationary time series, with continuous
marginal distribution functions FX and FY on p0,8q, satisfying Assumptions pDXq and pDY q

with γX ă 1. Assume also that Assumption p rRq and Conditions (A) and (B) are fulfilled. Then
if

?
kδXpUXpn{kqq Ñ 0 and

?
kδY pUY pn{kqq Ñ 0, we have

?
k

"

Xpn´kq

UXpn{kq
´ 1

*

⇝ γXZpϕDX ,1q,

and
?
k

"

Ypn´kq

UY pn{kq
´ 1

*

⇝ γY ZpϕDY ,1q.

The proof of this corollary is similar to the proof of Corollary 2.1 in Goegebeur et al. (2025).
Note that if interest is only in obtaining a result for the intermediate quantile of a univariate
time series, then this can be achieved under simpler assumptions.

To obtain the weak convergence of our estimator θh,k{n, we need to strengthen the convergence
of Rr towards its limit R by specifying the uniform rate of convergence.

Assumption pSq There exist κ ą γX and τ ă 0 such that, as r Ñ 8

sup
xhą0
y0Pr 1

2
,2s

|Rrpxh, y0q ´Rpxh, y0q|

xκh ^ 1
“ Oprτ q.

Note that the assumptions in Lemma 2.1 allow the case where pXh, Y0q is asymptotically upper
tail independent, corresponding to the case Rpxh, y0q “ 0 for all xh, y0 ě 0, and thus a null limit
in this lemma. On the contrary, the uniformity requirement in Assumption pSq excludes that
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case.

We have now all the ingredients to state the weak convergence of our estimator in the interme-
diate case.

Theorem 2.2 Let pZtqtPZ be a nonnegative strictly stationary time series, with continuous
marginal distribution functions FX and FY on p0,8q, satisfying Assumptions pDXq and pDY q

with γX ă 1. Assume also that Assumptions p rRq and pSq together with Conditions (A) and
(B) are fulfilled. Then, if k “ tnau with

0 ă a ă min

ˆ

2γ2XpβX ´ εXq

2γ2XpβX ´ εXq ` 1 ` βXγX ` ξγX
,

2γXγY pβY ´ εY q

2γXγY pβY ´ εY q ` 1
,

´2τ

1 ´ 2τ

˙

,

for εX P p0, βXq, εY P p0, βY q and ξ P p0, βX ` p1 ´ γXq{γXq, we have

?
k

˜

θh,k{n

θh,k{n
´ 1

¸

⇝
Zpϕ1q

ş8

0 R
´

z
´ 1

γX , 1
¯

dz
´ p1 ´ γXq ZpϕDY ,1q.

Let us now turn to our main objective, namely the study of pθh,p when p ď 1{n. This requires
extreme value arguments to extrapolate beyond the data range.

2.2 Estimator under extrapolation

To study the asymptotic properties of the estimator pθh,p we need first to show the weak conver-
gence of pγX,k defined in (3).
Resnick and Stărică (1997) showed the asymptotic normality of the Hill estimator for some spe-
cific models, but in our case, we need to establish this weak convergence in terms of the stochastic
process Z appearing in Theorem 2.1 in order to combine this result with Theorem 2.2. This is
the aim of the next corollary whose proof is similar to the one of Theorem 2.3 in Goegebeur et
al. (2025).

Corollary 2.2 Let pZtqtPZ be a nonnegative strictly stationary time series, with continuous
marginal distribution functions FX and FY on p0,8q, satisfying Assumptions pDXq and pDY q

with γX ă 1. Assume also that Assumption p rRq and Conditions (A) and (B) are fulfilled.
Then, if

?
k δXpUXpn{kqq Ñ 0, we have

?
k ppγX,k ´ γXq⇝ ZpϕH,1q ´ γXZpϕDX ,1q.

We can now state the weak convergence of pθh,p properly normalized.

Theorem 2.3 Let pZtqtPZ be a nonnegative strictly stationary time series, with continuous
marginal distribution functions FX and FY on p0,8q, satisfying Assumptions pDXq and pDY q

with γX ă 1. Assume also that Assumptions p rRq and pSq together with Conditions (A) and
(B) are fulfilled. Then, if k “ tnau with

0 ă a ă min

ˆ

2γ2XpβX ´ εXq

2γ2XpβX ´ εXq ` 1 ` βXγX ` ξγX
,

2γXγY pβY ´ εY q

2γXγY pβY ´ εY q ` 1
,

´2τ

1 ´ 2τ

˙

,

9



for εX P p0, βXq, εY P p0, βY q and ξ P p0, βX ` p1 ´ γXq{γXq, we have for p satisfying k
np Ñ 8

and log k{pnpq
?
k

Ñ 0

?
k

log k{pnpq

˜

pθh,p
θh,p

´ 1

¸

⇝ ZpϕH,1q ´ γX ZpϕDX ,1q.

Using the covariance structure from Theorem 2.1, we can show that the limiting distribution in
Theorem 2.3 is N p0, σ2q with

σ2 :“ γ2X ` 2
8
ÿ

i“1

"

γ2X
rRi p1,8, 1,8q `

ż 8

1

ż 8

1

rRi

ˆ

z
´ 1

γX
1 ,8, z

´ 1
γX

2 ,8

˙

dz1
z1

dz2
z2

´γX

ż 8

1

”

rRi

´

z
´ 1

γX ,8, 1,8
¯

` rRi

´

1,8, z
´ 1

γX ,8
¯ı dz

z

*

.

3 Real-valued time series

We come back to our initial aim, i.e., estimation of θh,p on the original time series. The idea is to
decompose pXtqtPZ, respectively pYtqtPZ, into the positive and negative parts: Xt :“ X`

t ´ X´
t

where X`
t :“ maxpXt, 0q and X´

t :“ ´minpXt, 0q, and similar expressions for Y `
t and Y ´

t .
Define

θ`
h,p :“ E

„

X`
h

ˇ

ˇ

ˇ
Y `
0 ą UY `

ˆ

1

p

˙ȷ

and

pθ`
h,p :“

ˆ

k

np

˙

pγX`,k 1

k

n
ÿ

i“1

X`
i`h1ltY `

i ąY `

pn´kq
u
.

The idea is then to proceed into two steps, as follows:
First step: We use pθ`

h,p to estimate θ`
h,p by applying Theorem 2.3 and thus we obtain

?
k

log k{pnpq

˜

pθ`
h,p

θ`
h,p

´ 1

¸

⇝ ZpϕH,1q ´ γX ZpϕDX ,1q.

Second step: We use the decomposition

?
k

log k{pnpq

˜

pθ`
h,p

θh,p
´ 1

¸

“

?
k

log k{pnpq

˜

pθ`
h,p

θ`
h,p

´ 1

¸

θ`
h,p

θh,p
`

?
k

log k{pnpq

˜

θ`
h,p

θh,p
´ 1

¸

,

and we prove that, under suitable assumptions, the second term of the right-hand side in the
above display is negligeable.

To this aim, we need to assume that the lower tail of the marginal distribution function FX is
regularly varying at infinity with an index α larger than 1{γX , i.e., for x ą 0,

P pX0 ă ´xq “ x´αℓpxq with α ą 1{γX , (8)

10



where ℓ is a slowly varying function at infinity.

Our main result is summarized in the next theorem.

Theorem 3.1 Let pZtqtPZ be a strictly stationary time series, with marginal distribution func-
tions FX and FY continuous on p0,8q. Suppose that Assumptions p rRq and pSq are satisfied
on the original time series, together with Assumptions pDY q, pDXq with γX ă 1, and that FX
satisfies (8). Then, if Conditions (A) and (B) are fulfilled for ppX`

t , Y
`
t qqtPZ, and if k “ tnau

with

0 ă a ă min

ˆ

2γ2XpβX ´ εXq

2γ2XpβX ´ εXq ` 1 ` βXγX ` ξγX
,

2γXγY pβY ´ εY q

2γXγY pβY ´ εY q ` 1
,

´2τ

1 ´ 2τ

˙

,

for εX P p0, βXq, εY P p0, βY q and ξ P p0, βX ` p1 ´ γXq{γXq, we have for p satisfying k
np Ñ 8,

log k{pnpq
?
k

Ñ 0 and k “ Opp2τp1´γXqq

?
k

log k{pnpq

˜

pθ`
h,p

θh,p
´ 1

¸

⇝ ZpϕH,1q ´ γX ZpϕDX ,1q.

As mentioned above, assumption (8), implies that the lower tail of the distribution of X is lighter
than the upper tail. In case the lower tail is dominating, i.e., α ă 1{γX , then there is more risk
there, and we can apply Theorem 3.1 to the time series p´pXt, YtqqtPZ, while in case α “ 1{γX ,
we can apply the theory of Section 2 to each tail separately.

The limiting distribution of Theorem 3.1 is difficult to use in practice, e.g., for the construction
of confidence intervals for θh,p, due to the complicated covariance function of the process Z (see
Theorem 2.1). To address this hurdle we will adjust the multiplier block bootstrap method,
introduced in Drees (2015), to our context. The multiplier block bootstrap method consists of
splitting the original sample into mn “

X

n{rn
\

blocks of length rn and multiplying the cluster
functionals of each block by a random variable. More precisely, let pξjqjPN be independent and
identically distributed (i.i.d.) random variables such that Epξ1q “ 0, Varpξ1q “ 1, and which are
independent of pZtqtPZ. Then, denoting Ij :“ tpj´1q rn`1, ..., j rnu, 1 ď j ď mn, the multiplier

block bootstrap version of the estimator pθ`
h,p is defined as

pθ˚
h,p “

ˆ

k

np

˙

pγ˚

X`,k

θ
`,˚
h,k{n,

where

pγ˚
X`,k :“

řmn
j“1p1 ` ξjq

ř

iPIj
log

X`
i

X`

pn´kq

1l
tX`

i ąX`

pn´kq
u

řmn
j“1p1 ` ξjq

ř

iPIj
1l

tX`
i ąX`

pn´kq
u

θ
`,˚
h,k{n :“

řmn
j“1p1 ` ξjq

ř

iPIj
X`
i`h 1ltY `

i ąY `

pn´kq
u

řmn
j“1p1 ` ξjq

ř

iPIj
1l

tY `
i ąY `

pn´kq
u

.

11



The consistency of the multiplier block bootstrap procedure is stated in the following theorem.
Let Pξ denote the probability with respect to ξ :“ pξjqjPN, i.e., the conditional probability given
pZn,iq1ďiďn.

Theorem 3.2 Let pZtqtPZ be a strictly stationary time series, with marginal distribution func-
tions FX and FY continuous on p0,8q. Let pξjqjPN be i.i.d. random variables with Epξ1q “ 0,

Varpξ1q “ 1 and independent of pZtqtPZ. Suppose that Assumptions p rRq and pSq are satisfied
on the original time series, together with Assumptions pDY q, pDXq with γX ă 1, and that FX
satisfies (8). Then, if Conditions (A) and (B) are fulfilled for ppX`

t , Y
`
t qqtPZ and if k “ tnau

with

0 ă a ă min

ˆ

2γ2XpβX ´ εXq

2γ2XpβX ´ εXq ` 1 ` βXγX ` ξγX
,

2γXγY pβY ´ εY q

2γXγY pβY ´ εY q ` 1
,

´2τ

1 ´ 2τ

˙

,

for εX P p0, βXq, εY P p0, βY q and ξ P p0, βX ` p1 ´ γXq{γXq, we have for p satisfying k
np Ñ 8,

log k{pnpq
?
k

Ñ 0 and k “ Opp2τp1´γXqq

sup
tPR

ˇ

ˇ

ˇ

ˇ

ˇ

Pξ

˜ ?
k

log k
np

˜

pθ˚
h,p

pθ`
h,p

´ 1

¸

ď t

¸

´ P

˜ ?
k

log k
np

˜

pθ`
h,p

θh,p
´ 1

¸

ď t

¸ˇ

ˇ

ˇ

ˇ

ˇ

ÝÑ 0,

in probability.

The result of Theorem 3.2 can be used to construct confidence intervals for θh,p. Let ql and qu
denote the lower and upper α{2 empirical quantiles in B bootstrap replicates of pθ˚

h,p. Then the
interval

«

ppθ`
h,pq

2

qu
,

ppθ`
h,pq

2

ql

ff

,

is a confidence interval for θh,p with approximate coverage probability 1 ´ α.

4 Simulation results

In this section we evaluate the finite sample behavior of the proposed estimators with a simula-
tion experiment. We consider the following models

Model 1. We generate pXt, Ytq, t “ 1, 2, . . ., as a Markovian time series, where pXt, Ytq has a
joint distribution determined by a Gumbel copula given by

Cζpu1, u2q “ exp

ˆ

´

”

p´ log u1qζ ` p´ log u2qζ
ı1{ζ

˙

,

where ζ P r1,8q, Xt follows a Burrpλ, ηq distribution, with distribution function

FXpxq “ 1 ´ p1 ` xηq
´λ , x ą 0,
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and λ, η ą 0, and Yt a Fréchetpφq distribution, with distribution function

FY pxq “ e´x´φ
, x ą 0,

and φ ą 0. The dependence between Xt`1 and Yt is modelled by a t copula function

Cν,µpu1, u2q “

ż F´1
ν pu1q

´8

ż F´1
ν pu2q

´8

1

2π
a

1 ´ µ2

ˆ

1 `
v21 ´ 2µv1v2 ` v22

νp1 ´ µ2q

˙´pν`2q{2

dv2dv1,

where ν ą 0 denotes the degrees of freedom, µ P p´1, 1q, and Fν is the t distribution function
with ν degrees of freedom. Model 1 satisfies Assumption pDXq with γX “ 1{pληq and βX “ η,
and pDY q with γY “ 1{φ and βY “ φ. For the marginal distributions we consider the parameter
settings pλ, ηq “ p0.5, 10q, p1, 5q, p2, 2.5q and φ “ 10, which gives γX “ 0.2, γY “ 0.1 and the
second order parameter ρX :“ ´βXγX equal to ´2, ´1 and ´0.5, respectively. For the copula
functions we set pζ, ν, µq “ p2, 4, 0.5q and p10, 4, 0.8q.

Model 2. The time series is a AR(1) process with regularly varying innovations:

Zt “ AZt´1 `Bt, t P Z,

where A is a deterministic R2ˆ2-matrix and Bt P R2, t P Z, are independent and identically
distributed multivariate regularly varying with positive index; see Janssen and Segers (2014) for
further details. We set

A “

„

0.2 0.4
0.4 0.2

ȷ

,

and Bt follows a bivariate t distribution with ν “ 4, and µ “ 0.3 and 0.8. According to Meinguet
and Segers (2010), in this case the time series pZtqtPZ is regularly varying with index 1{ν, and
moreover it can be shown to satisfy Assumption p rRq.

From each of the above models we simulate 1 000 datasets with size n “ 2 000.

In Figures 1 and 2 we show for Model 1 the boxplots of pθh,p{θh,p, obtained in the 1 000 repli-
cations, with p “ 1{n at some values of k, and for h “ 1 (left) and h “ 3 (right), with
pζ, ν, µq “ p2, 4, 0.5q and (10,4,0.8), respectively. The rows of these figures correspond with
the values of the second order parameter ρX , namely ρX “ ´2 (top), ´1 (middle) and ´0.5
(bottom). The theoretical value of θh,p is approximated by Monte-Carlo averaging, using 500
samples of size 108. Overall, we see that the ratios are typically close to the value one at the
smaller values of k, but there are differences according to the distribution parameters. Also, the
estimation becomes more difficult with increasing values for h. For fixed marginal distributions,
increasing the strength of the dependence improves the estimation results, as expected, as is
clear from comparing Figures 1 and 2. For a fixed value of the copula dependence parameter, we
see that the estimation results depend on the marginal distribution that was used. As is clear
from Corollary 2.2 and Theorem 2.3, the limiting distribution of pθh,p{θh,p, properly normalised,
is that of the estimator for γX . As for the latter, the bias is typically determined by the second
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order parameter ρX , with larger values of |ρX | leading to smaller bias. This can also be observed
in Figures 1 and 2 where the bias increases from the top to the bottom row.

Figure 3 shows the corresponding results for Model 2 with µ “ 0.3 (top) and µ “ 0.8 (bottom).
Note that in Model 2, the assumption (8) is not satisfied, since the distribution of Xt has a lower
and upper tail of equal tail heaviness. In that case, we can work separately on the two tails, but
for brevity we only work on the positive part, and hence we consider the ratio pθ`

h,p{θ
`
h,p. Overall,

we can draw conclusions similar to those for Model 1: increasing the strength of the dependence
improves the estimation results, and with increasing h the estimation becomes more difficult.

In Figure 4 we show the empirical coverage probabilities of approximate 95% multiplier block
bootstrap confidence intervals for θh,p where p “ 1{n, h “ 1 (black solid line) and h “ 3
(blue dashed line) as a function of k. Here we use rn “ 100, pξjqiPN i.i.d. t5 (rescaled to unit
variance) and B “ 1000. For brevity, we only show the bootstrap results for the most challenging
estimation cases, namely ρX “ ´0.5 in Model 1 and µ “ 0.3 in Model 2. As expected, the k
range where the coverage probabilities are close to 95% corresponds to the k values where the
boxplots of the estimates are centered close to the value one. Remark that the large variabilities
of pθh,p in Figure 2, are translated in wide confidence intervals and thus a longer stable range close
to 95% of the coverage probabilities. In the stable parts of the plots of coverage probabilities,
h “ 1 and h “ 3 show similar performance. Here a common value of rn was chosen for all
models, but a data driven method to determine rn could possibly improve the results.

5 Illustration on river flow data

In hydrology, the river flow rate is an important parameter when assessing the risk of flooding.
We consider a dataset of river flow rates, measured in m3{s, at two stations along the river Co-
quet in Northumberland (UK), namely Morwick and Rothbury, where Morwick is downstream
compared to Rothbury, covering the period September 1, 2023 till June 30, 2024, leading to n “

304. The dataset can be freely downloaded from the website https://environment.data.gov.uk/
hydrology/explore. For our analysis we take as the X-variable the flow rate at Morwick and
as Y -variable the flow rate at Rothbury. In this case, X and Y are nonnegative variables, and
hence we can apply the methodology of Section 2. Concerning stationarity of the time series we
note the following. Firstly, we did not include data for the summer months July and August,
since from time series plots of the historical data it was clear that these months had lower flow
rates, possibly due to lower precipitation in mid summer. Secondly, we assessed the stationarity
of the retained data statistically by the augmented Dickey-Fuller test, which lead to p´values
below 0.05 for values of the lag parameter up to 50, indicating stationarity. In Figure 5 we show
the time plot of the flow rates at both locations. These plots clearly indicate the occurrence
of severe peaks in the river flow rates, hinting at heavy-tailed underlying distribution. This is
confirmed by the Pareto-quantile plots, shown in Figure 6, top row, as these plots show a lin-
ear behaviour for the extreme datapoints, supporting the assumption of underlying Pareto-type
distributions. In Figure 6, bottom row, we show the corresponding Hill estimates of γX and γY
as a function of k. These plots show a stable pattern for k in the range 20-30 for Morwick and
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Figure 1: Model 1, pζ, ν, µq “ p2, 4, 0.5q. Boxplots of pθh,p{θh,p with p “ 1{n, and for h “ 1 (left)
and h “ 3 (right) as a function of k. Top row ρX “ ´2, middle row ρX “ ´1 and bottom row
ρX “ ´0.5.
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Figure 2: Model 1, pζ, ν, µq “ p10, 4, 0.8q. Boxplots of pθh,p{θh,p with p “ 1{n, for h “ 1 (left)
and h “ 3 (right) as a function of k. Top row ρX “ ´2, middle row ρX “ ´1 and bottom row
ρX “ ´0.5.
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Figure 3: Model 2. Boxplots of pθ`
h,p{θ

`
h,p with p “ 1{n, for h “ 1 (left) and h “ 3 (right) as a

function of k. Top row µ “ 0.3, bottom row µ “ 0.8.
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Figure 4: Empirical coverage probabilities of 95% multiplier block bootstrap confidence intervals
for θh,p with p “ 1{n, n “ 2000, rn “ 100, and h “ 1 (black solid line) and h “ 3 (blue dashed
line), as a function of k for Model 1, pζ, ν, µq “ p2, 4, 0.5q and ρX “ ´0.5 (top left), Model 1,
pζ, ν, µq “ p10, 4, 0.8q and ρX “ ´0.5 (top right), Model 2, µ “ 0.3 (bottom).
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Figure 5: River flow data. Time series plot of the flow rates at Morwick (black solid line) and
Rothbury (blue dashed line).

10-30 for Rothbury, approximately, indicating a tail index estimate of about 0.4 at both loca-
tions. In order to get an idea about the extreme dependence between Xh and Y0, we constructed
scatterplots of pXt`h, Ytq for h “ 1, 2, 3, see the top row of Figure 7, where there is clearly a
dependence in the largest observations, and which seems to decrease with h, which is further
confirmed by the plots of an estimate of Rp1, 1q (see, e.g., Schmidt and Stadtmüller, 2006) as a
function of k given in the bottom row of the figure. Finally, in Figure 8, we plot pθh,p along with
approximate 95% multiplier block bootstrap confidence intervals as a function of k for h “ 1
(left) and 3 (right), and with p “ 1{n. Overall, the estimates are more or less stable for k in
the range 20-30, and they decrease with h. At k “ 30 we have pθ1,p “ 249.89 with confidence

interval r110.68, 881.19s while pθ3,p “ 180.99 with confidence interval r94.96, 737.83s.
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Figure 6: River flow data. Pareto quantile plot of the river flow rate at Morwick (top left) and
Rothbury (top right), and pγX,k (bottom left) and pγY,k (bottom right) as a function of k.
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Figure 7: River flow data. Top row: scatterplots of pXt`h, Ytq for h “ 1, 2, 3, from left to right.
Bottom row: pRp1, 1q as a function of k for h “ 1, 2, 3, from left to right.
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Figure 8: River flow data. pθh,p along with approximate 95% multiplier block bootstrap confi-
dence intervals as a function of k with h “ 1 (left) and 3 (right), and p “ 1{n.
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6 Proofs

6.1 Proof of Theorem 2.1

To prove this theorem, it remains to show that

Zn,εpΨq :“
1

?
nvn

n
ÿ

i“1

tΨpZn,iq ´ E pΨpZn,1qqu⇝ ZεpΨq, (9)

in ℓ8pΦq.
First we state and verify the assumptions from Drees and Rootzén (2010) for the class
Φε :“ tϕs : s P r1 ´ ε, 1 ` εsu . Let r0,8qY :“

Ť

rPNr0,8q2r, the set of all vectors with non-
negative entries and arbitrary length, and Fε :“ tfs; s P r1 ´ ε, 1 ` εsu with

fspzq :“
r

ÿ

i“1

ϕspziq,

for z “ pz1, . . . , zrq P r0,8q2r and r P N. So Fε contains arbitrary long sums with summands
coming from Φε.

Assumption pD1q: E
”

t
řrn
i“1 ϕspZn,iqu

2
ı

has to be finite for all s P r1 ´ ε, 1 ` εs and all n ě 1,

and the envelope function

Fεpzq :“ sup
fPFε

fpzq,

has to be finite for all z P r0,8qY.

Proof of Assumption pD1q. We have

E

»

–

˜

rn
ÿ

i“1

ϕspZn,iq

¸2
fi

fl

ď E

»

–

˜

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

)

¸2
fi

fl

“

rn
ÿ

i“1

rn
ÿ

j“1

E
„

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

)

Xj`h

UXpn{kq
1l! Yj

UY pn{kq
ą1´ε

)

ȷ

ď 2 rn

rn´1
ÿ

i“0

E
„

Xh

UXpn{kq
1l! Y0

UY pn{kq
ą1´ε

)

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

)

ȷ

ď 2 rnvn

rn´1
ÿ

i“0

E
„

Xh

UXpn{kq
1l! Y0

UY pn{kq
ą1´ε

)

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

)

ˇ

ˇ

ˇ

Xh

UXpn{kq
ą 1 ´ ε or

Y0
UY pn{kq

ą 1 ´ ε

ȷ

ď 2 rnvn

rn´1
ÿ

i“0

snpiq (10)

“ Oprnvnq “ op1q,
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by Conditions (A) and (B). Now ϕspzq ď ϕ1´εpzq, @z and @s P r1 ´ ε, 1 ` εs. This ends the
proof of Assumption pD1q. ˝

Assumption pD21q: We have, @ rε ą 0

E

»

—

—

–

#

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

)

+2

1l$
&

%

řrn
i“1

Xi`h
UX pn{kq

1l" Yi
UY pn{kq

ą1´ε

*ąrε
?
n vn

,

.

-

fi

ffi

ffi

fl

“ o prn vnq .

Proof of Assumption pD21q. We have, for rε ą 0, using Hölder’s and Markov’s inequalities
combined with (10)

E

»

—

–

#

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

)

+2

1l#
řrn

i“1

Xi`h
UX pn{kq

1l" Yi
UY pn{kq

ą1´ε

*ąrε
?
n vn

+

fi

ffi

fl

“

rn
ÿ

i“1

rn
ÿ

j“1

E

»

—

–

Xi`h

UXpn{kq

Xj`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε,

Yj
UY pn{kq

ą1´ε
) 1l#

řrn
i“1

Xi`h
UX pn{kq

1l" Yi
UY pn{kq

ą1´ε

*ąrε
?
n vn

+

fi

ffi

fl

ď

rn
ÿ

i“1

rn
ÿ

j“1

#

E

«

ˆ

Xi`h

UXpn{kq

Xj`h

UXpn{kq

˙1`δ

1l! Yi
UY pn{kq

ą1´ε,
Yj

UY pn{kq
ą1´ε

)

ff+
1

1`δ

ˆ

#

P

˜

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

) ą rε
?
n vn

¸+
δ

1`δ

ď 2 rn

rn´1
ÿ

i“0

#

E

«

ˆ

Xi`h

UXpn{kq

Xh

UXpn{kq

˙1`δ

1l! Yi
UY pn{kq

ą1´ε,
Y0

UY pn{kq
ą1´ε

)

ff+
1

1`δ

ˆ

$

&

%

1

rε2 n vn
E

»

–

˜

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

)

¸2
fi

fl

,

.

-

δ
1`δ

ď 2 rn v
1

1`δ
n ˆO

˜

„

1

n vn
rn vn

ȷ
δ

1`δ

¸

ˆ

rn´1
ÿ

i“0

#

E

«

ˆ

Xi`h

UXpn{kq

Xh

UXpn{kq

˙1`δ

1l! Y0
UY pn{kq

ą1´ε
) 1l! Yi

UY pn{kq
ą1´ε

)

ˇ

ˇ

ˇ

Xh

UXpn{kq
ą 1 ´ ε or

Y0
UY pn{kq

ą 1 ´ ε

ff+
1

1`δ

“ O

˜

rn vn

ˆ

rn
n vn

˙
δ

1`δ

¸

by Condition (B)

“ O

˜

rn vn

ˆ

rn
?
n vn

˙
δ

1`δ
ˆ

1
?
n vn

˙
δ

1`δ

¸

“ o prn vnq by Condition (A).

This achieves the proof of Assumption pD21q. ˝
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Assumption pD3q: There exists a semi-metric ρ such that

lim
rδŒ0

lim sup
nÑ8

sup
1´εďs,tď1`ε

ρps,tqărδ

1

rn vn
E

»

–

˜

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąs

) ´

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąt

)

¸2
fi

fl “ 0.

Proof of Assumption pD3q. Let s, t P r1 ´ ε, 1 ` εs, and, without loss of generality, assume
s ă t. Then

E

»

–

˜

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąs

) ´

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąt

)

¸2
fi

fl

“ E

»

–

˜

rn
ÿ

i“1

Xi`h

UXpn{kq
1l!

să
Yi

UY pn{kq
ďt

)

¸2
fi

fl

“ E

»

–

˜

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

) 1l!
să

Yi
UY pn{kq

ďt
)

¸2
fi

fl

“

rn
ÿ

i“1

rn
ÿ

j“1

E
ˆ

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

)

Xj`h

UXpn{kq
1l! Yj

UY pn{kq
ą1´ε

) 1l!
să

Yi
UY pn{kq

ďt
) 1l!

să
Yj

UY pn{kq
ďt

)

˙

ď

rn
ÿ

i“1

rn
ÿ

j“1

#

E

«

ˆ

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ą1´ε

)

Xj`h

UXpn{kq
1l! Yj

UY pn{kq
ą1´ε

)

˙1`δ
ff+

1
1`δ

ˆ

"

P
ˆ

s ă
Yi

UY pn{kq
ď t, s ă

Yj
UY pn{kq

ď t

˙*
δ

1`δ

by Hölder’s inequality

ď 2 rn v
1

1`δ
n

“

FY psUY pn{kqq ´ FY pt UY pn{kqq
‰

δ
1`δ

ˆ

rn´1
ÿ

i“0

#

E

«

ˆ

Xh

UXpn{kq

Xi`h

UXpn{kq

˙1`δ

1l! Y0
UY pn{kq

ą1´ε
) 1l! Yi

UY pn{kq
ą1´ε

)

ˇ

ˇ

ˇ

Xh

UXpn{kq
ą 1 ´ ε or

Y0
UY pn{kq

ą 1 ´ ε

ff+
1

1`δ

.

Denoting by C a positive constant, independent of s and t, that can change from one line to
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another, this implies, by Condition (B), that

1

rn vn
E

»

–

˜

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąs

) ´

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąt

)

¸2
fi

fl

ď C

„

F Y pp1 ´ εqUY pn{kqq

vn

ȷ

δ
1`δ

„

F Y psUY pn{kqq ´ F Y pt UY pn{kqq

F Y pp1 ´ εqUY pn{kqq

ȷ

δ
1`δ

ď C

„

F Y psUY pn{kqq ´ F Y pt UY pn{kqq

F Y pp1 ´ εqUY pn{kqq

ȷ

δ
1`δ

ď C

$

&

%

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

F Y

´

s
1´ε p1 ´ εqUY pn{kq

¯

F Y pp1 ´ εqUY pn{kqq
´

ˆ

s

1 ´ ε

˙´ 1
γY

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

F Y

´

t
1´ε p1 ´ εqUY pn{kq

¯

F Y pp1 ´ εqUY pn{kqq
´

ˆ

t

1 ´ ε

˙´ 1
γY

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

s

1 ´ ε

˙´ 1
γY

´

ˆ

t

1 ´ ε

˙´ 1
γY

ˇ

ˇ

ˇ

ˇ

ˇ

+

δ
1`δ

“: C tQ1,n `Q2,n `Q3,nu
δ

1`δ .

Note that, by regular variation, Q1,n and Q2,n tend to 0 uniformly for s, t P r1 ´ ε, 1 ` εs, see
Theorem B.1.4 in de Haan and Ferreira (2006), and

Q3,n ď C
ˇ

ˇ

ˇ
s

´ 1
γY ´ t

´ 1
γY

ˇ

ˇ

ˇ
“: C ρps, tq.

We deduce then that

lim sup
nÑ8

sup
1´εďsďtď1`ε

ρps,tqărδ

1

rn vn
E

»

–

˜

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąs

) ´

rn
ÿ

i“1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąt

)

¸2
fi

fl ď C rδ
δ

1`δ .

This achieves the proof of Assumption pD3q. ˝

Assumption pD5q: Let rZn,j :“ p rZn,j,iq1ďiďrn be independent copies of pZn,iq1ďiďrn , for 1 ď

j ď tn{p2rnqu. The map

sup
1´εďs,tď1`ε

ρps,tqărδ

tn{p2rnqu
ÿ

j“1

ej

#

rn
ÿ

i“1

”

ϕsp rZn,j,iq ´ ϕtp rZn,j,iq
ı

+k

,

is measurable, @ rδ ą 0, n P N, pejq1ďjďtn{p2rnqu P t´1, 0, 1utn{p2rnqu and k P t1, 2u.

The proof is completely similar to the one in Goegebeur et al. (2025). ˝

Assumption pD61q: The envelope function Fε is measurable with

E

»

–

#

rn
ÿ

i“1

ϕ1´εpZn,iq

+2
fi

fl “ O prn vnq
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and
ż 1

0
sup
QPQ

g

f

f

elogN

˜

ζ

ˆ
ż

F 2
ε dQ

˙1{2

,Fε, L2pQq

¸

dζ ă 8,

where N denotes the covering numbers and Q ranges over the set of discrete probability mea-
sures Q.

The proof is completely similar to the one in Goegebeur et al. (2025). ˝

We also need to verify the two following conditions of Theorem 2.10 in Drees and Rootzén
(2010), ensuring that all finite-dimensional distributions converge:

Assumption pC1q: We have

E
”

p∆npsq ´ E∆npsqq
2 1lt|∆npsq´E∆npsq|ď

?
n vnu

ı

“ o prn vnq ,

P p|∆npsq ´ E∆npsq| ą
?
n vnq “ o

´rn
n

¯

,

for all s P r1 ´ ε, 1 ` εs, where

∆npsq :“
rn
ÿ

i“rn´ℓn`1

Xi`h

UXpn{kq
1l! Yi

UY pn{kq
ąs

).

The proof is completely similar to the one in Goegebeur et al. (2025). ˝

Assumption pC3q: We have for all s, t P r1 ´ ε, 1 ` εs

1

rn vn
Cov

˜

rn
ÿ

i“1

ϕspZn,iq,
rn
ÿ

j“1

ϕtpZn,jq

¸

ÝÑ E rϕspW0qϕtpW0qs `

8
ÿ

i“1

rE pϕspW0qϕtpWiqq ` E pϕspWiqϕtpW0qqs .

Proof of Assumption pC3q. We have
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1

rn vn
Cov

˜

rn
ÿ

i“1

ϕspZn,iq,
rn
ÿ

j“1

ϕtpZn,jq

¸

“
1

rn vn

rn
ÿ

i“1

rn
ÿ

j“1

tE rϕspZn,iqϕtpZn,jqs ´ E rϕspZn,0qsE rϕtpZn,0qsu

“
1

rn vn

#

rn´1
ÿ

i“1

prn ´ iq tE rϕspZn,0qϕtpZn,iqs ` E rϕspZn,iqϕtpZn,0qsu

`rnE rϕspZn,0qϕtpZn,0qs ´ r2nE rϕspZn,0qsE rϕtpZn,0qs

+

“

rn´1
ÿ

i“1

ˆ

1 ´
i

rn

˙

tE rϕspZn,0qϕtpZn,iq|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqs

`E rϕspZn,iqϕtpZn,0q|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqsu

`E rϕspZn,0qϕtpZn,0q|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqs

´rn vn E rϕspZn,0q|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqs

ˆE rϕtpZn,0q|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqs .

Now, we look at

E rϕspZn,0q|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqs

“
1

vn
E

ˆ

Xh

UXpn{kq
1l

t
Y0

UY pn{kq
ąsu

˙

“
1

Lpp1 ´ εq
´ 1

γX , p1 ´ εq
´ 1

γY q

p1 ` op1qq

ż 8

0

n

k
P

ˆ

Xh

UXpn{kq
ą x,

Y0
UY pn{kq

ą s

˙

dx

“
1

Lpp1 ´ εq
´ 1

γX , p1 ´ εq
´ 1

γY q

p1 ` op1qq

ż 8

0
Rn{k

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
,
F Y psUY pn{kqq

F Y pUY pn{kqq

˙

dx.

We will use the dominated convergence theorem. First, note that using Assumption pRq com-
bined with the Pareto-type models (2) for X and Y , we have

lim
nÑ8

Rn{k

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
,
F Y psUY pn{kqq

F Y pUY pn{kqq

˙

“ R
´

x
´ 1

γX , s
´ 1

γY

¯

.
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Now, by Proposition B.1.9.5 in de Haan and Ferreira (2006), for C1, C2, rε, rδ ą 0 and n large

Rn{k

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
,
F Y psUY pn{kqq

F Y pUY pn{kqq

˙

ď min

"

FXpxUXpn{kqq

FXpUXpn{kqq
,
F Y psUY pn{kqq

F Y pUY pn{kqq

*

ď
F Y psUY pn{kqq

F Y pUY pn{kqq
1l

txď
UX p1{FY psUY pn{kqqq

UX pn{kq
u

`
FXpxUXpn{kqq

FXpUXpn{kqq
1l

txą
UX p1{FY psUY pn{kqqq

UX pn{kq
u

ď p1 ` rεq s
´ 1

γY
˘rδ

1l
txď

UX p1{FY psUY pn{kqqq

UX pn{kq
u

`p1 ` rεqx
´ 1

γX
˘rδ

1l
txą

UX p1{FY psUY pn{kqqq

UX pn{kq
u

ď p1 ` rεq s
´ 1

γY
˘rδ

1l
txďC1 s

γX
γY

˘rδ
u

` p1 ` rεqx
´ 1

γX
˘rδ

1l
txąC2 s

γX
γY

˘rδ
u

“: gpxq,

where x˘ξ “ xξ1ltxě1u ` x´ξ1ltxă1u. This function g is integrable on r0,8q by selecting rδ P
´

0, 1
γX

´ 1
¯

, since γX ă 1.

Consequently

E rϕspZn,0q|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqs ă 8,

from which we deduce that

1

rn vn
Cov

˜

rn
ÿ

i“1

ϕspZn,iq,
rn
ÿ

j“1

ϕtpZn,jq

¸

“

rn´1
ÿ

i“1

ˆ

1 ´
i

rn

˙

tE rϕspZn,0qϕtpZn,iq|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqs

`E rϕspZn,iqϕtpZn,0q|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqsu

`E rϕspZn,0qϕtpZn,0q|Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kqs

`O prn vnq .

Now, under our Assumption p rRq, denoting by LpV q the distribution of a vector V , we have

L
ˆˆ

Xh

UXpn{kq
,

Y0
UY pn{kq

,
Xi`h

UXpn{kq
,

Yi
UY pn{kq

˙

ˇ

ˇ

ˇ
Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kq

˙

⇝ L
´´

Wh,ĂW0,Wi`h,ĂWi

¯¯

,
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where
´

Wh,ĂW0,Wi`h,ĂWi

¯

has a survival distribution function given by (7). Thus

L
´

pZn,0, Zn,iq
ˇ

ˇ

ˇ
Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kq

¯

⇝ L
´

Wh1ltWhą1´ε or ĂW0ą1´εu
,ĂW01ltWhą1´ε or ĂW0ą1´εu

,

Wi`h1ltWi`hą1´ε or ĂWią1´εu
,ĂWi1ltWi`hą1´ε or ĂWią1´εu

¯

“ L pW0,Wiq .

This implies that

L
´

pϕspZn,0qϕtpZn,iqq

ˇ

ˇ

ˇ
Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kq

¯

⇝ L pϕspW0qϕtpWiqq .

Using now the corollary of Theorem 25.12 in Billingsley (1995, p. 338), since by Condition (B)
for some δ ą 0

sup
n

E
”

tϕspZn,0qϕtpZn,iqu
1`δ

ˇ

ˇ

ˇ
Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kq

ı

ă 8,

we have

E
”

ϕspZn,0qϕtpZn,iq
ˇ

ˇ

ˇ
Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kq

ı

ÝÑ E rϕspW0qϕtpWiqs .

Now, remark that

0 ď E
”

ϕspZn,0qϕtpZn,iq
ˇ

ˇ

ˇ
Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kq

ı

ď E
”

ϕ1´εpZn,0qϕ1´εpZn,iq
ˇ

ˇ

ˇ
Xh ą p1 ´ εqUXpn{kq or Y0 ą p1 ´ εqUY pn{kq

ı

ď snpiq.

Again by Condition (B), we can apply Pratt’s lemma (see Pratt, 1960) in order to deduce the
convergence of Assumption pC3q. ˝

This achieves the weak convergence of (9) in ℓ8pΦεq.

We now briefly comment on the weak convergence in ℓ8pΦq. Similarly to the above we need
to verify the assumptions in Drees and Rootzén (2010), but now for Φ “ Φε Y ΦD,H,ε where
ΦD,H,ε :“ tϕDX ,s, ϕDY ,s, ϕH,s : s P r1 ´ ε, 1 ` εsu. Remember that the convergence (9) for the
function class ΦD,H,ε was already established in Drees and Knežević (2020). Assumption pC1q

needs to hold for each individual element of a function class, so it is satisfied for Φ. For As-
sumption pC3q we only need to compute the covariances between the functions from Φε and
those from ΦD,H,ε, but this is readily done with arguments similar to the above. Concerning the
asymptotic equicontinuity (the verification of Assumptions pD1q, pD21q, pD3q, pD5q and pD61q),
one can follow the argument on p. 48 in Knežević (2020), according to which it is sufficient
to verify the asymptotic equicontinuity for the subclasses Φε and ΦD,H,ε. As we have this, the
convergence (9) in ℓ8pΦq follows. ˝
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6.2 Proof of Theorem 2.2

We have the decomposition

?
k

˜

θh,k{n

θh,k{n
´ 1

¸

“
UXpn{kq

θh,k{n

"

?
k

„

θn

ˆ

Ypn´kq

UY pn{kq

˙

´ E
ˆ

θn

ˆ

Ypn´kq

UY pn{kq

˙˙ȷ

`
?
k

„

E
ˆ

θn

ˆ

Ypn´kq

UY pn{kq

˙˙

´ E
`

θn p1q
˘

ȷ*

“:
UXpn{kq

θh,k{n
tQ4,n `Q5,nu .

Study of Q4,n. By Theorem 2.1 and Corollary 2.1, we have that
´

Zn,
?
k

´

Ypn´kq

UY pn{kq
´ 1

¯¯

⇝

pZ, γY ZpϕDY ,1qq. Using Skorohod’s theorem there exists also versions for which the convergence
is almost surely. We will apply the Skorohod theorem throughout the proof, though without a
change in notation.
For n large

|Q4,n ´ Zpϕ1q| ď sup
sPr1´ε,1`εs

|Znpϕsq ´ Zpϕsq| `

ˇ

ˇ

ˇ

ˇ

ˇ

Z

˜

ϕ Ypn´kq

UY pn{kq

¸

´ Zpϕ1q

ˇ

ˇ

ˇ

ˇ

ˇ

,

and hence |Q4,n ´ Zpϕ1q| Ñ 0 almost surely as n Ñ 8.
Study of Q5,n. We have

Epθnpsqq “
n

k
E

ˆ

Xh

UXpn{kq
1l

t
Y0

UY pn{kq
ąsu

˙

“

ż 8

0

n

k
P

ˆ

Xh

UXpn{kq
1l

t
Y0

UY pn{kq
ąsu

ą x

˙

dx

“

ż 8

0

n

k
P

ˆ

Xh

UXpn{kq
ą x,

Y0
UY pn{kq

ą s

˙

dx

“

ż 8

0
Rn{k

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
,
F Y psUY pn{kqq

F Y pUY pn{kqq

˙

dx.
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We have on the set
!

Ypn´kq

UY pn{kq
P r1 ´ ε, 1 ` εs

)

:

Q5,n “
?
k

$

&

%

ż 8

0
Rn{k

¨

˝

FXpxUXpn{kqq

FXpUXpn{kqq
,
F Y

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

F Y pUY pn{kqq

˛

‚dx

´

ż 8

0
Rn{k

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
, 1

˙

dx

*

“
?
k

ż 8

0

»

–R

¨

˝

FXpxUXpn{kqq

FXpUXpn{kqq
,
F Y

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

F Y pUY pn{kqq

˛

‚´R
´

x
´ 1

γX , 1
¯

fi

fl dx

`
?
k

ż 8

0

»

–Rn{k

¨

˝

FXpxUXpn{kqq

FXpUXpn{kqq
,
F Y

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

F Y pUY pn{kqq

˛

‚

´R

¨

˝

FXpxUXpn{kqq

FXpUXpn{kqq
,
F Y

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

F Y pUY pn{kqq

˛

‚

fi

fl dx

´
?
k

ż 8

0

„

R

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
, 1

˙

´R
´

x
´ 1

γX , 1
¯

ȷ

dx

´
?
k

ż 8

0

„

Rn{k

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
, 1

˙

´R

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
, 1

˙ȷ

dx.
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Using the homogeneity of the function R on the first term in the right-hand side display, i.e.,
Rpt a, t bq “ tRpa, bq, we have

Q5,n “

FY

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

FY pUY pn{kqq

ˆ

Ypn´kq

UY pn{kq

˙
1

γY

ˆ
?
k

ż 8

0

$

&

%

R

¨

˝

ˆ

Ypn´kq

UY pn{kq

˙´ 1
γY FXpxUXpn{kqq

FXpUXpn{kqq

FY pUY pn{kqq

FY

´

Ypn´kq

UY pn{kq
UY pn{kq

¯ ,

ˆ

Ypn´kq

UY pn{kq

˙´ 1
γY

˛

‚

´R

˜

x
´ 1

γX ,

ˆ

Ypn´kq

UY pn{kq

˙´ 1
γY

¸+

dx

`
FY

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

FY pUY pn{kqq

ˆ

Ypn´kq

UY pn{kq

˙
1

γY ?
k

ż 8

0

«

R

˜

x
´ 1

γX ,

ˆ

Ypn´kq

UY pn{kq

˙´ 1
γY

¸

´R
´

x
´ 1

γX , 1
¯

ff

dx

`
?
k

»

–

FY

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

FY pUY pn{kqq

ˆ

Ypn´kq

UY pn{kq

˙
1

γY

´ 1

fi

fl

ż 8

0

R
´

x
´ 1

γX , 1
¯

dx

`
?
k

ż 8

0

»

–Rn{k

¨

˝

FXpxUXpn{kqq

FXpUXpn{kqq
,
FY

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

FY pUY pn{kqq

˛

‚

´R

¨

˝

FXpxUXpn{kqq

FXpUXpn{kqq
,
FY

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

FY pUY pn{kqq

˛

‚

fi

fl dx

´
?
k

ż 8

0

„

R

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
, 1

˙

´R
´

x
´ 1

γX , 1
¯

ȷ

dx

´
?
k

ż 8

0

„

Rn{k

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
, 1

˙

´R

ˆ

FXpxUXpn{kqq

FXpUXpn{kqq
, 1

˙ȷ

dx

*

“:
6

ÿ

i“1

Q
piq
5,n.

Term Q
p3q

5,n. Under Assumption pDY q, we have

?
k

»

–

F Y

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

F Y pUY pn{kqq

ˆ

Ypn´kq

UY pn{kq

˙
1

γY

´ 1

fi

fl

“

?
k δY pUY pn{kqq

γY ` δY pUY pn{kqq

»

–

δY

´

Ypn´kq

UY pn{kq
UY pn{kq

¯

δY pUY pn{kqq
´ 1

fi

fl “ oPp1q,

by the uniformity of the convergence in regular variation and the fact that
?
kδY pUY pn{kqq Ñ 0

as n Ñ 0. Thus Q
p3q

5,n “ oPp1q.

Terms Q
p1q

5,n and Q
p5q

5,n. The aim is to show that

sup
sPr1´ε,1`εs

ˇ

ˇ

ˇ

ˇ

?
k

ż 8

0

„

R

ˆ

s
´ 1

γY
FXpxUXpn{kqq

FXpUXpn{kqq

F Y pUY pn{kqq

F Y psUY pn{kqq
, s

´ 1
γY

˙

´R
´

x
´ 1

γX , s
´ 1

γY

¯

ȷ

dx

ˇ

ˇ

ˇ

ˇ

“ op1q.(11)
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If this convergence is true, clearly Q
p1q

5,n “ oPp1q and Q
p5q

5,n “ oPp1q.

To prove this convergence, we use the Lipschitz property of R, i.e., for Tn “
`

n
k

˘b
, 0 ă b ă 1,

ˇ

ˇ

ˇ

ˇ

?
k

ż 8

0

„

R

ˆ

s
´ 1

γY
FXpxUXpn{kqq

FXpUXpn{kqq

F Y pUY pn{kqq

F Y psUY pn{kqq
, s

´ 1
γY

˙

´R
´

x
´ 1

γX , s
´ 1

γY

¯

ȷ

dx

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

?
k

ż 8

0

„

R

ˆ

s
´ 1

γY
FXpz´γX UXpn{kqq

FXpUXpn{kqq

F Y pUY pn{kqq

F Y psUY pn{kqq
, s

´ 1
γY

˙

´R
´

z, s
´ 1

γY

¯

ȷ

dz´γX

ˇ

ˇ

ˇ

ˇ

ď ´
?
k

ż Tn

0

ˇ

ˇ

ˇ

ˇ

R

ˆ

s
´ 1

γY
FXpz´γX UXpn{kqq

FXpUXpn{kqq

F Y pUY pn{kqq

F Y psUY pn{kqq
, s

´ 1
γY

˙

´R
´

z, s
´ 1

γY

¯

ˇ

ˇ

ˇ

ˇ

dz´γX

´
?
k

ż 8

Tn

ˇ

ˇ

ˇ

ˇ

R

ˆ

s
´ 1

γY
FXpz´γX UXpn{kqq

FXpUXpn{kqq

F Y pUY pn{kqq

F Y psUY pn{kqq
, s

´ 1
γY

˙

´R
´

z, s
´ 1

γY

¯

ˇ

ˇ

ˇ

ˇ

dz´γX

ď ´
?
k

ż Tn

0

ˇ

ˇ

ˇ

ˇ

s
´ 1

γY
FXpz´γX UXpn{kqq

FXpUXpn{kqq

F Y pUY pn{kqq

F Y psUY pn{kqq
´ z

ˇ

ˇ

ˇ

ˇ

dz´γX

`2
?
k T´γX

n sup
xą0

yPrp1`εq´1{γY ,p1´εq´1{γY s

Rpx, yq.

From Assumptions pDXq and pDY q and Proposition B.1.10 in de Haan and Ferreira (2006), we
obtain for ξ, z ą 0 and n large

ˇ

ˇ

ˇ

ˇ

s
´ 1

γY
FXpz´γX UXpn{kqq

FXpUXpn{kqq

F Y pUY pn{kqq

F Y psUY pn{kqq
´ z

ˇ

ˇ

ˇ

ˇ

“
F Y pUY pn{kqq

F Y psUY pn{kqqs1{γY

ˇ

ˇ

ˇ

ˇ

ˇ

FXpz´γX UXpn{kqq

FXpUXpn{kqq
´ z

F Y psUY pn{kqq s1{γY

F Y pUY pn{kqq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
F Y pUY pn{kqq

F Y psUY pn{kqqs1{γY

#

ˇ

ˇ

ˇ

ˇ

FXpz´γX UXpn{kqq

FXpUXpn{kqq
´ z

ˇ

ˇ

ˇ

ˇ

` z

ˇ

ˇ

ˇ

ˇ

ˇ

F Y psUY pn{kqq s1{γY

F Y pUY pn{kqq
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

+

ď
F Y pUY pn{kqq

F Y psUY pn{kqqs1{γY

!

C
ˇ

ˇ

ˇ
δX

´

UX

´n

k

¯¯
ˇ

ˇ

ˇ
z

”

`

z´γX
˘´βX˘ξ

` zγXβX ` 1
ı

` C
ˇ

ˇ

ˇ
δY

´

UY

´n

k

¯¯
ˇ

ˇ

ˇ
z

)

,

where C does not depend on s.
This implies that, for ξ P p0, βX ` p1 ´ γXq{γXq and n large

sup
sPr1´ε,1`εs

ˇ

ˇ

ˇ

ˇ

?
k

ż 8

0

„

R

ˆ

s
´ 1

γY
FXpxUXpn{kqq

FXpUXpn{kqq

F Y pUY pn{kqq

F Y psUY pn{kqq
, s

´ 1
γY

˙

´R
´

x
´ 1

γX , s
´ 1

γY

¯

ȷ

dx

ˇ

ˇ

ˇ

ˇ

ď C
?
k

ˇ

ˇ

ˇ
δX

´

UX

´n

k

¯¯ˇ

ˇ

ˇ
T 1´γX`γXβX`γXξ
n ` C

?
k

ˇ

ˇ

ˇ
δY

´

UY

´n

k

¯¯ˇ

ˇ

ˇ
T 1´γX
n

`2
?
k T´γX

n sup
xą0

yPrp1`εq´1{γY ,p1´εq´1{γY s

Rpx, yq

“ op1q,
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if and only if

$

&

%

?
k T´γX

n ÝÑ 0
?
k

ˇ

ˇδX
`

UX
`

n
k

˘˘
ˇ

ˇT 1´γX`γXβX`γXξ
n ÝÑ 0

?
k

ˇ

ˇδY
`

UY
`

n
k

˘˘ˇ

ˇT 1´γX
n ÝÑ 0.

(12)

If we choose k “ tnau , with a P p0, 1q, then (12) is satisfied by choosing

a

2γXp1 ´ aq
ă b ă min

ˆ

2γXpβX ´ εXqp1 ´ aq ´ a

2p1 ´ aqp1 ´ γX ` γXβX ` ξγXq
,
2γY pβY ´ εY qp1 ´ aq ´ a

2p1 ´ aqp1 ´ γXq

˙

,

with εX P p0, βXq and εY P p0, βY q. As the lower bound for b must be below the upper bounds,
we get the following restriction on a:

a ă min

ˆ

2γ2XpβX ´ εXq

2γ2XpβX ´ εXq ` 1 ` γXβX ` ξγX
,

2γXγY pβY ´ εY q

2γXγY pβY ´ εY q ` 1

˙

.

Term Q
p2q

5,n. Using the homogeneity of R, we have

?
k

ż 8

0

«

R

˜

x
´ 1

γX ,

ˆ

Ypn´kq

UY pn{kq

˙´ 1
γY

¸

´R
´

x
´ 1

γX , 1
¯

ff

dx

“
?
k

ż 8

0

«

ˆ

Ypn´kq

UY pn{kq

˙´ 1
γY

R

˜

ˆ

Ypn´kq

UY pn{kq

˙
1

γY

x
´ 1

γX , 1

¸

´R
´

x
´ 1

γX , 1
¯

ff

dx

“
?
k

¨

˝

ˆ

Ypn´kq

UY pn{kq

˙´
1´γX
γY

´ 1

˛

‚

ż 8

0
R

´

x
´ 1

γX , 1
¯

dx

“ ´
1 ´ γX
γY

?
k

ˆ

Ypn´kq

UY pn{kq
´ 1

˙
ż 8

0
R

´

x
´ 1

γX , 1
¯

dx` oPp1q,

from which we deduce that

Q
p2q

5,n “ ´p1 ´ γXqZpϕDY ,1q

ż 8

0
R

´

x
´ 1

γX , 1
¯

dx` oPp1q,

by Corollary 2.1.

Terms Q
p4q

5,n and Q
p6q

5,n. We use Assumption pSq and obtain for n large and with arbitrary large
probability

ˇ

ˇ

ˇ
Q

p4q

5,n

ˇ

ˇ

ˇ
ď

?
k sup

xhą0
y0Pr 1

2
,2s

|Rn{kpxh, y0q ´Rpxh, y0q|

xκh ^ 1

ż 8

0

"

FXpxUXpn{kqq

FXpUXpn{kqq

*κ

^ 1 dx

“ O
´?

k
´n

k

¯τ¯

˜

1 `

ż 8

1

"

FXpxUXpn{kqq

FXpUXpn{kqq

*κ

dx

¸

“ O
´?

k
´n

k

¯τ¯

,
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since by Proposition B.1.9.5 in de Haan and Ferreira (2006) the integral is finite. A similar

argument yields Q
p6q

5,n “ O
´?

k
`

n
k

˘τ
¯

. This condition implies a new restriction on a, that is

a ă ´ 2τ
1´2τ . Overall, we have

Q5,n “ ´p1 ´ γXqZpϕDY ,1q

ż 8

0
R

´

x
´ 1

γX , 1
¯

dx` oPp1q,

from which Theorem 2.2 follows. ˝

6.3 Proof of Theorem 2.3

We have the decomposition

pθh,p
θh,p

´ 1 “

ˆ

k

np

˙

pγX,k θh,k{n

θh,p
´ 1

“

#

ˆ

k

np

˙

pγX,k´γX
+

loooooooooomoooooooooon

Q6,n

#

θh,k{n

θh,k{n

+

loooomoooon

Q7,n

$

&

%

´

k
np

¯γX
θh,k{n

θh,p

,

.

-

loooooooooomoooooooooon

Q8,n

´1

“

#

ˆ

k

np

˙

pγX,k´γX

´ 1

+

Q7,nQ8,n `

#

θh,k{n

θh,k{n
´ 1

+

Q8,n `

$

&

%

´

k
np

¯γX
θh,k{n

θh,p
´ 1

,

.

-

.

Since log k{pnpq
?
k

Ñ 0, this implies that

?
k

log k
np

˜

pθh,p
θh,p

´ 1

¸

“
?
k ppγX,k ´ γXq p1 ` oPp1qqQ7,nQ8,n

`
?
k

#

θh,k{n

θh,k{n
´ 1

+

Q8,n

log k
np

`
?
k

"

θh,k{n{UXpn{kq

θh,p{UXp1{pq
´ 1

*

1

log k
np

UXpn{kq

UXp1{pq

ˆ

k

np

˙γX

`
?
k

"

UXpn{kq

UXp1{pq

ˆ

k

np

˙γX

´ 1

*

1

log k
np

.

Under Assumption pDXq, we have

?
k

"

UXpn{kq

UXp1{pq

ˆ

k

np

˙γX

´ 1

*

1

log k
np

“
1

1 ` aXp1{pq

"

?
k aX

´n

k

¯

´
?
k aX

ˆ

1

p

˙*

1

log k
np

“ op1q,

since aX is regularly varying with index ´βX γX ,
?
k δXpUXpn{kqq Ñ 0 and k

np Ñ 8.
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Now, we have

θh,k{n

UXpn{kq
“

ż 8

0
Rn{k

´n

k
FX pz UXpn{kqq , 1

¯

dz

“

ż 8

0
R

´

z´1{γX , 1
¯

dz

`

ż 8

0

”

Rn{k

´n

k
FX pz UXpn{kqq , 1

¯

´R
´n

k
FX pz UXpn{kqq , 1

¯ı

dz

`

ż 8

0

”

R
´n

k
FX pz UXpn{kqq , 1

¯

´Rpz´1{γX , 1q

ı

dz

“:

ż 8

0
R

´

z´1{γX , 1
¯

dz `Q9,n `Q10,n.

Similarly as for Q
p6q

5,n, we have

|Q9,n| “ O
´´n

k

¯τ¯

,

and, using (11), Q10,n “ op1{
?
kq. Thus, under our assumptions

θh,k{n

UXpn{kq
“

ż 8

0
R

´

z´1{γX , 1
¯

dz ` o

ˆ

1
?
k

˙

,

which can also be shown to hold for θh,p{UXp1{pq. This yields

?
k

"

θh,k{n{UXpn{kq

θh,p{UXp1{pq
´ 1

*

“ op1q.

Finally, Theorem 2.2 and Corollary 2.2 achieve the proof of Theorem 2.3. ˝

6.4 Proof of Theorem 3.1

For the first step, we need to check the assumptions of Theorem 2.3. First we need to show that
Assumption p rRq is satisfied for pX`

h , Y
`
0 , X

`
i`h, Y

`
i q. This is the case since for r large

r P
´

FX`pX`
h q ď

xh
r
, F Y `pY `

0 q ď
y0
r
, FX`pX`

i`hq ď
xi`h
r

, F Y `pY `
i q ď

yi
r

¯

“ r P
ˆ

X`
h ě UX`

ˆ

r

xh

˙

, Y `
0 ě UY `

ˆ

r

y0

˙

, X`
i`h ě UX`

ˆ

r

xi`h

˙

, Y `
i ě UY `

ˆ

r

yi

˙˙

“ r P
ˆ

Xh ě UX

ˆ

r

xh

˙

, Y0 ě UY

ˆ

r

y0

˙

, Xi`h ě UX

ˆ

r

xi`h

˙

, Yi ě UY

ˆ

r

yi

˙˙

“ r P
´

FXpXhq ď
xh
r
, F Y pY0q ď

y0
r
, FXpXi`hq ď

xi`h
r

, F Y pYiq ď
yi
r

¯

ÝÑ rRi pxh, y0, xi`h, yiq .

Now, we have to show that Assumption pSq is also satisfied for pX`
h , Y

`
0 q. Again this is the

case since for 0 ă xh ă rt1 ´ FXp0qu, we have t1 ´ FX`pX`
h q ď

xh
r u “ t1 ´ FXpX`

h q ď
xh
r u “
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t1 ´ FXpXhq ď
xh
r u, and otherwise, if xh ě rt1 ´ FXp0qu, clearly 1 ´ FX`pX`

h q ď
xh
r .

All the assumptions of Theorem 2.3 are satisfied, thus step 1 is established.
For the second step, remark that for p small

θh,p

θ`
h,p

“
ErXh|Y0 ą UY p1{pqs

ErX`
h |Y `

0 ą UY `p1{pqs

“
ErXh|Y0 ą UY p1{pqs

ErX`
h |Y0 ą UY p1{pqs

“ 1 ´
ErX´

h |Y0 ą UY p1{pqs

ErX`
h |Y0 ą UY p1{pqs

.

Now, remark that, using Hölder’s inequality

ErX´
h |Y0 ą UY p1{pqs “

1

p
ErX´

h 1ltY0ąUY p1{pqus

“
1

p
ErX´

h 1ltXhă0,Y0ąUY p1{pqus

ď
1

p

!

E
”

pX´
h q1{γX

ı)γX
rP pXh ă 0, Y0 ą UY p1{pqqs

1´γX

ď C
1

p
rP pXh ă 0, Y0 ą UY p1{pqqs

1´γX ,

by (8).
Also, we have, for p small,

1

p
P pXh ă 0, Y0 ą UY p1{pqq “ 1 ´

1

p
P pXh ě 0, Y0 ą UY p1{pqq

“ 1 ´
1

p
P

`

FXpXhq ď FXp0q, F Y pY0q ă p
˘

“ 1 ´R1{p

ˆ

FXp0q

p
, 1

˙

ď

ˇ

ˇ

ˇ

ˇ

1 ´R

ˆ

FXp0q

p
, 1

˙ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

R1{p

ˆ

FXp0q

p
, 1

˙

´R

ˆ

FXp0q

p
, 1

˙ˇ

ˇ

ˇ

ˇ

“ Opp´τ q,

by Assumption pSq since RFXp0q{p

´

FXp0q

p , 1
¯

“ 1. This yields

P pXh ă 0, Y0 ą UY p1{pqq “ O
`

p1´τ
˘

,

and hence

ErX´
h |Y0 ą UY p1{pqs “ O

´

p´1`p1´τqp1´γXq
¯

.
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Finally, using Lemma 2.1, we have for p small

θh,p

θ`
h,p

“ 1 `
O

`

p´1`p1´τqp1´γXq
˘

UX`p1{pq
“ 1 `O

´

p´τp1´γXq
¯

“ 1 `O

ˆ

1
?
k

˙

,

from which we deduce that
?
k

log k
np

˜

θ`
h,p

θh,p
´ 1

¸

“ op1q.

Combining the two steps, Theorem 3.1 follows. ˝

6.5 Proof of Theorem 3.2

For simplicity of the arguments, we assume that n “ mnrn.

First we consider the multiplier block bootstrap version of the process Zn,ε, defined as

Z˚
n,ε,ξpΨq “

c

1

n vn

mn
ÿ

j“1

ξj
ÿ

iPIj

tΨpZn,iq ´ EΨpZn,iqu .

Let Eξ denote the expectation with respect to ξ :“ pξjqjPN, i.e., the conditional expectation
given pZn,iq1ďiďn. Under the assumptions of Theorem 3.2 we have that, for any ε P p0, 1q

Z˚
n,ε,ξpΨq⇝ ZεpΨq (13)

in ℓ8pΦq and

sup
gPBL1pℓ8pΦqq

ˇ

ˇEξgpZ˚
n,ε,ξq ´ EgpZεq

ˇ

ˇ ÝÑ 0, (14)

in probability, where

BL1pℓ8pΦqq :“

#

g : ℓ8pΦq Ñ R : }g}8 :“ sup
zPℓ8pΦq

|gpzq| ď 1,

|gpz1q ´ gpz2q| ď sup
ψPΦ

|z1pψq ´ z2pψq| for all z1, z2 P ℓ8pΦq

+

.

The first statement can be obtained in similar way as the proof of Proposition 2.5 in Drees
(2015), and the second one from the proof of Theorem 2.3 in Drees (2015).

Now let

SY `,n :“
Y `

pn´kq

UY `pnk q
,

EDY ` ,npsq :“ E
”

1l
tY `

0 ąsUY ` pn
k

qu

ˇ

ˇ

ˇ
X`
h ą p1 ´ εqUX`

´n

k

¯

or Y `
0 ą p1 ´ εqUY `

´n

k

¯ı

,

Enpsq :“ E
„

X`
h

UX`pnk q
1l

tY `
0 ąsUY ` pn

k
qu

ˇ

ˇ

ˇ
X`
h ą p1 ´ εqUX`

´n

k

¯

or Y `
0 ą p1 ´ εqUY `

´n

k

¯

ȷ

.
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We start to study the bootstrap version of our estimator of the parameter of interest at an inter-
mediate level, namely θ

`

h,k{n, where the latter notation is used for θh,k{n applied to ppX`
t , Y

`
t qqtPZ.

Note that

?
k

˜

θ
`,˚
h,k{n

θ
`

h,k{n

´ 1

¸

“
UX`pnk q

θ
`

h,k{n

?
k

˜

θ
`,˚
h,k{n

UX`pnk q
´

θ
`

h,k{n

UX`pnk q

¸

“
UX`pnk q

θ
`

h,k{n

1?
k

"

řmn
j“1 ξj

ř

iPIj

X`
i`h

UX` pn
k

q
1l

tY `
i ąY `

pn´kq
u

´
θ

`

h,k{n

UX` pn
k

q

řmn
j“1 ξj

ř

iPIj
1l

tY `
i ąY `

pn´kq
u

*

1
k

řmn
j“1p1 ` ξjq

ř

iPIj
1l

tY `
i ąY `

pn´kq
u

“:
UX`pnk q

θ
`

h,k{n

N

D
.

Using Theorem 2.2 and Lemma 2.1, we have

θ
`

h,k{n

UX`pnk q

P
ÝÑ

ż 8

0
R

´

z
´ 1

γX , 1
¯

dz.

Also, since m
´1{2
n

řmn
j“1 ξj “ OPp1q, we have, from the convergences

SY `,n
P
ÝÑ 1

EDY ` ,npSY `,nq
P
ÝÑ

1

L
´

p1 ´ εq
´ 1

γX , p1 ´ εq
´ 1

γY

¯

EnpSY `,nq
P
ÝÑ

1

L
´

p1 ´ εq
´ 1

γX , p1 ´ εq
´ 1

γY

¯

ż 8

0
R

´

z
´ 1

γX , 1
¯

dz,

and (13)

N “

c

n vn
k

$

&

%

1
?
n vn

mn
ÿ

j“1

ξj
ÿ

iPIj

X`
i`h

UX`pnk q
1l

tY `
i ąY `

pn´kq
u

´
θ

`

h,k{n

UX`pnk q

1
?
n vn

mn
ÿ

j“1

ξj
ÿ

iPIj

1l
tY `

i ąY `

pn´kq
u

,

.

-

“

c

L
´

p1 ´ εq
´ 1

γX , p1 ´ εq
´ 1

γY

¯

"

Z˚
n,ε,ξpϕSY `,n

q ´ Z˚
n,ε,ξpϕDY ` ,SY `,n

q

ż 8

0
R

´

z
´ 1

γX , 1
¯

dz

*

` oPp1q

⇝ Zpϕ1q ´ ZpϕDY ` ,1q

ż 8

0
R

´

z
´ 1

γX , 1
¯

dz,

and

D “
n vn
k

EDY ` ,npSY `,nq

#

1 `
1

mn

mn
ÿ

j“1

ξj

+

` oPp1q
P
ÝÑ 1.

Consequently

?
k

˜

θ
`,˚
h,k{n

θ
`

h,k{n

´ 1

¸

⇝
Zpϕ1q

ş8

0 R
´

z
´ 1

γX , 1
¯

dz
´ ZpϕDY ` ,1q. (15)
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As already shown in the proof of Theorem 4.2 in Goegebeur et al. (2025), we have

?
k

´

pγ˚
X`,k ´ pγX`,k

¯

⇝ ZpϕH,1q ´ γXZpϕDX` ,1q. (16)

Finally, using (15) and (16), we deduce that

V ˚
n :“

?
k

log k{pnpq

˜

pθ˚
h,p

pθ`
h,p

´ 1

¸

“

?
k

log k{pnpq

˜

ˆ

k

np

˙

pγ˚

X`,k
´pγX`,k θ

`,˚
h,k{n

θ
`

h,k{n

´ 1

¸

“

?
k

log k{pnpq

#

ˆ

k

np

˙

pγ˚

X`,k
´pγX`,k

´ 1

+

θ
`,˚
h,k{n

θ
`

h,k{n

`

?
k

log k{pnpq

˜

θ
`,˚
h,k{n

θ
`

h,k{n

´ 1

¸

“
?
k

´

pγ˚
X`,k ´ pγX`,k

¯

` oPp1q

⇝ ZpϕH,1q ´ γX ZpϕDX` ,1q “: V.

By (14) we get then also

sup
gPBL1pRq

|EξpgpV ˚
n qq ´ EpgpV qq|

P
Ñ 0,

where BL1pRq :“ tg : R Ñ R : supzPR |gpzq| ď 1, |gpz1q ´ gpz2q| ď |z1 ´ z2| for all z1, z2 P Ru,
from which Theorem 3.2 follows. ˝
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