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1 Introduction

1.1 What is semi-classical analysis ?

Semi-classical analysis has its roots in the foundations
of quantum mechanics. Simultaneously with this new
theory arose the question of understanding the links
between classical and quantum mechanics. It turned
out that the Planck constant A can be understood as
the obstruction to give a classical description of a quan-
tum particule by the simultaneous knowledge of its po-
sition and its momentum. This is expressed by the
Heisenberg uncertainty principle that we first discuss.

In quantum mechanics, a particule is described by
a probability measure |1)(z)|?dx, with ¢ a normalized
square integrable function on the configuration space
]Rg, called its wave function. Denoting by x; the coor-
dinates of z € R?, the average position of the particule
is

@)= [ ol 125 <4

that is, the expectation value of the observable x;.
Similarly, the average momentum is

&)= [ WDuv(@) B@)ds, Doy =10, ()

Considering the variance of these random variables,
(dyj)® = (5 = (20)%),
(dy&)* = (& = (&))?),

the Heisenberg uncertainty principle reads
h .
dyzjdpé; > 5, 1<j<d

It relies on the Cauchy-Schwarz inequality

1m ((z; — (x),)¢, (hDy; — (£;)0)%),2|
< @5 = (@)oY 22 [(AD; — (€5)0) ¥l 12
= dyxj dyg;,
and the observation
Im ((5”] - <3’3j>w)¢> (hDa:j - <fj>w)w)L2
= [z, ~ (€ — ()] 6 0)a = .

The Planck constant h reflects the difference be-
tween quantum and classical mechanics, since, in the
latter, the position and the momentum are determin-
istic variables. The subject of semi-classical analysis is
to understand how one can derive classical mechanics
from quantum mechanics. Even though % is a physical
constant, this is done by performing the limit 7 — 0.
For this reason, we will skip the notation A and de-
note by h a small parameter that is present in some
problems of interest involving PDEs. Carrying a semi-
classical analysis of this problem consists in investi-
gating the properties of a phenomenon of interest in
the limit A — 0. This type of analysis led to the de-
velopment of asymptotic technics that are now used
in various fields of applied mathematics. FExamples
are the determination of the asymptotics of the spec-
trum of Schrodinger operators or the characterization
of the properties of the solutions to time-dependent
Schrédinger equations.

1.2 Outline

We introduce in Section [2| three representative topics
in semi-classical analysis. Starting from the correspon-
dence between classical and quantum mechanics, basic
semi-classical analysis tools and results are presented
in Section [3] In Section [} the three problems of Sec-
tion [2| are investigated in the light of the introduced
techniques allowing one to emphasize different aspects
of semi-classical analysis.

2 Some semi-classical problems

Three problems are presented. They originate from
various fields: theoretical chemistry, spectral geome-
try, and control theory. In each case the semi-classical
parameter has a different interpretation.

2.1 Schrodinger equation in the Born-

Oppenheimer approximation

The dynamics of a molecule consisting in k. elec-
trons and k, nuclei of masses (M;)i<j <k, (in atomic
units) is described by a wave function belonging



to L?(R3ket3kn)  Dating from the 30s, the Born-
Oppenheimer approzimation [10] suggests to take ad-
vantage of the fact that, m. being the mass of an elec-
tron, the ratio m./M; is small, for all the nuclei, and
roughly, of the main size, even though the j-ths atoms
are different. Setting

m

1~ 10 <k,

J

one introduces in the equations the small parameter h
and writes

~ h2 ~
Hmol = _?Ax =+ He(.’L'),

where z is in R®*" and denotes the coordinates of the
nuclei and the electronic Hamiltionian ﬁe(x) takes into
account the kinetics of the electrons, together with the
interactions between the electrons themselves, nuclei,

and electron/nuclei.

For all z in R3% | the operator He(z) is a self-adjoint
operator on L?(R3%¢) with spectrum o.(z) that de-
pends on the configuration x of the nuclei. When the
initial data ¢! is in the vector-sum of N eigenspaces
of He(x) corresponding to N eigenvalues isolated from
the remainder of the spectrum, it has been proved
in [83, [71], that, considering semi-classical times ¢ ~ %,
one is left with a system of semi-classical Schrédinger
equations

h2

ihaﬂﬁh - — 5

AP+ V(x)h, (t,z) eRx RY, (2)
with " € L?(R%,CV) and V a smooth matrix-valued
potential. The analysis is thus reduced to a finite
number of spectral components, and, as discussed in
Section 4.1, semi-classical technics allow one to de-
velop numerical tools adapted for solving these equa-
tions [60].

2.2 Eigenfunctions of the Laplacian and
quantum limits

Let us consider (M, g) a smooth compact Riemannian
manifold without boundary. The Laplace-Beltrami op-
erator —A )y is a nonnegative self-adjoint operator with
compact resolvent, and admits a sequence of normal-
ized eigenfunctions (¢x)ren and eigenvalues (Ek)gen,
ordered in increasing order:

3)

R Ek — +00.
k—o0

— Appr = Epor,
0=FE <Ey<---<E<--

A historical question [28] concerns the densities

vi(z) = |pp(2)Pde,

and the analysis of their limit points, measures on M,
as k — +o0o. Such measures are called quantum limits.

Setting
1

VE}
one is left with a semi-classical problem consisting in
the analysis of a sequence of wave functions (¢g)ken
satisfying the semi-classical PDE

iy

—~hi ANk = P

As we shall see in Section this approach of the
problem allows one to derive fundamental properties of
the quantum limits, leading in certain cases, to their
determination (see the Schnirelman Theorem and its
proofs by Y. Colin de Verdiere and S. Zelditch, inde-
pendently, [86], 20, O1], or the surveys [4], 3]).

This type of question is also posed in the context
of random surfaces with genus that tends to infinity,
the semi-classical parameter is then the inverse of the
genus [75]. These examples and the preceding one il-
lustrate that the physical meaning of the semi-classical
parameter may be far from the actual Planck con-
stant h.

In the preceding two examples, the small scale h ap-
pears naturally and its presence in the equations en-
dows the solutions with specific features. For example,
the family of eigenfunctions (¢g)ken in have H*-
Sobolev norms of size h; °. One can also argue in the
converse sense and, given a family of square-integrable
functions, analyze its oscillations at some precise scale
that we fix, e.,g. h = 27" for n € N. As illustrated
in the next section, this strategy can be used to prove
that solutions to dispersive evolution equations such as
wave-type equations or the Schrédinger equation are
observable.

2.3 High-frequency analysis and control
theory

On a compact Riemannian manifold (M, g) without
boundary, consider the following free wave equation,
here of Klein-Gordon type,

(4)
It is well-posed for (ug,u1) € HY(M) x L?(M). Given
an open subset w of M and T > 0, one says that the

wave equation is observable from w in time 7" > 0 if
there exists C' > 0 such that

T
E(u) < C / T —n
0

Ofu — Ayu+u =0, (u,du)—g = (uo,u1).

()

for any solution u to , where £(u) denotes the energy
of the solution

€(u) = 5 (lluollzrr(ary + luallZ2an))-

N



With a duality argument [67], an observability inequal-
ity as in (b)) is equivalent to the exact controllability
of the wave equation from w in time 7', that is, for any
initial and final states, (yo,v1) and (y,y!) both in
HY(M)x L?(M), the ability to find f € L?((0,T)x M)
such that the solution y to

Ry —Amy+y=1uf, (4,0)=0 = (o, 1),

satifisties (y, )t = (T, y7).

As shown in [64, [13], for the proof of it suffices
to consider sequences of waves (ug)gen with localized
time-frequency 7 ~ h~! ~ 27, n € N, built by means
of the eigenfunctions ¢y, defined in (3), with /Ej, ~
h~1. Although not intrinsic to the considered question,
Section [4.3] discusses how a semi-classical point of view
can be chosen, offering a powerful analysis toolbox.

3 Correspondence principle

The phase space of quantum mechanics is the set R4
of positions and momenta:

z = (x,£) € R¥.

The Fourier transform f +— ]?is given by
fo) = [ faeivida, g e
Rd

and f— F(f) = (27r)7g]/"\is a unitary transformation
of L?(R9). In a semi-classical context, one rescales the
Fourier transform by considering the h-Fourier trans-
form f— Fpnf

d -~
Fuf(©) = nn) 17 (5) . ceme
Note that by the Plancherel theorem, the average
momentum introduced in (1f) reads

e = [ Gimerde.

The phase space R? x R? is endowed with the sym-
plectic form w = d€ A dx defined by

0 Idy

A ) _
w(z,z)y=Jz-2', J <—Idd 0

> , 2,2 € R (6)

Geometrically, it is natural to view the phase space
as the cotangent bundle T*R%, with ¢ € TyRY, the
cotangent variable (see Section |4.2)).

3.1 Semi-classical wave packets

Semi-classical wave packets are wave functions asso-
ciated with a classical state z = (¢,p) € R?>?. One
defines Gaussian wave packets as

gt (z) = (mh) " exp(—gr |z — q|* + Lp - (z — q)),

for z € RY. Tt is normalized, ||g?|| ;2 = 1, and centered
in z,

(Tj)gp = q; and (§)gr =pj, 1<j<d.

Moreover, its h-Fourier transform has the same struc-
ture

P (—q)

Fn (ei%g?> = et 2

gh.. z=(q¢,p) € R*.

The Gaussian wave packets were introduced in part
because they have the unique property among L2-
functions of saturating the uncertainty principle

h .
dgﬁxj = dgggj = \/;’ l<j<d

Besides, any wave function can be written as a su-
perposition of Gaussian wave packets according to the
Bargmann formula: for all f € L?(R9)

f=@h)70 | Bylfl(2)g"dz,

R2d

(7)

where the Bargmann transform [23] is the isometry
from L?(R%) into L?(R??) defined by

Bulf](2) = (2xh)"2(f,g!) 2, = € R*.

3.2 Semi-classical pseudodifferential oper-
ators and related notions

A question that arises from quantum mechanics is the
quantization problem, or how to associate an operator
to an energy, also called Hamiltonian. It gives a mathe-
matical setting to explore the correspondence between
classical and quantum mechanics.

3.2.1 Quantization of observables

Let a(x,§) be a semi-classical observable in the
Schwartz space .7 (R??). The semi-classical pseudodif-
ferential operator (h-1do), of symbol a is the operator
Opy,(a) defined on functions f € .7 (R%) by

Opy(a) f(x)
= (27rh)d/ a(§(x +y),€)ers @Y f(y)dy de.
R2d



This form is called the Weyl-quantization of the sym-
bol a [54} 25 [70, 93].

The operator Opy(a) maps .7 (R?) into itself and,
by duality, .#/(R?) into itself. Its kernel k; can be
expressed in terms of the inverse Fourier transform of a
in the variable &

(@, v) = (27)~ /

R

g

As a consequence of the Schur Lemma, the operator
Opy,(a) maps L?(RY) into itself and

a(z,&)evde, (z,v) € R*. (8)

Indeed, one has

1

hd

Ty -y
2 7 h

kn(x,y) ) , (z,y) € R%,

10PA(@) | 22y < / sup |w(x, v)|dv
R4 zcRd

< C sup sup Hﬁga(a:, Mt ey
BeN? zeRd
|8]<d+1

for C' > 0 independent of a and h. The Calderén-
Vaillancourt theorem [I7, 56 23] also gives the exis-
tence of C' > 0 such that for all ¢ and h,

10Pn (@)l £ (22 (ray)

lal
<C E hz sup |07 cal.
dyRd ’
a€N2 || <2d+1 RExR

This estimate can be derived from the case h = 1
by conjugating Opy,(a) by the scaling unitary operator
Ty : f > hif(v/h). Indeed, one has T,Opy(a)T}
Op; (a(vh-, \/E))

The present definition of h-ipdos can be set within
the general Hormander formalism with the phase space
metric |dz|? + h2|d€|?; see [55, Sections 18.4-5], [65,
Section 2] and [70}, Sections 2.2-2.3].

3.2.2 Symbolic calculus

The set of h-idos is an algebra that enjoys symbolic
calculus. If a,b € .7 (R??), then in L£(L?(R%)),

Opy,(a)Opy(b) = Opy,(ab)
+ 2% Opy, ({a,b}) + O (h?),
where {a,b} denotes the Poisson bracket
{a,b} = Vea-Vyb—Vza- Veb.

This implies that the commutator of two h-1dos is of
lower order, which turns out to read

because of the symmetries of the term O(h?) in (9).

The remainder terms O(h?), O(h?) appearing in (9]
and , involve Schwartz semi-norms of the symbols a
and b, such as

Ni(a) = sup ||0]al|pe.
IvI<k

for k € N large enough [79].

Regarding the adjoint, one simply has

Opy(a)” = Opy(a). (11)
In particular, if a is real-valued, then Opy,(a) is a sym-
metric bounded operator, thus self-adjoint. Results of
this section can be found in [25] 93] [4], for example.
Other quantizations also enjoy a symbolic calculus.
Let us cite the left-quantization [73], so-called classical
quantization, a — a(x, hD) defined by

a(z,hD)f(x)
=2ty [ ol &) ply)dy dg
R2d
_(27r)—d/ a(z, h€)e ST f(€)de,  fe S (RY).
]Rd

However, the symbol for the adjoint operator is not
as simple as in and the remainder in the coun-
terpart to is only O(h?) in the left-calculus. This
is a reason for the Weyl-quantization to be often pre-
ferred. Correspondance between the two quatizations
is expressed by

a(z,€) = e%Dz'Dﬁb(:c,Q,
if a(x,hD) = Opy(b), [25].
The notations a(z, hD) and Opy,(a) are extended to

smooth functions (x,&) — a(z,€) that satisfy symbol
estimates of the form

va, 8 € N, 3Cap >0, [ Wlopofa| < Cap

for some m € N (here (¢) = /1 + [£|?). One then says
that a € S™ [93].

In particular, this class contains the functions p that
are polynomial functions of degree m in the variable &£
with coefficients that are smooth bounded functions
of x with bounded derivatives. In this case, the oper-
ators p(x, hD) and Op;,(p) are differential operators.

For such symbol classes, symbolic calculus results
above also hold. In particular, if a € S™ and b € S™,
then Opy,(a)Opy,(b) = Opy(c) with ¢ € S™™ given
by ¢ = ab+ h{a,b}/(2i) mod h2§™+m =2,

Introducing the semi-classical Sobolev norms

Ifls = sup [[(ADa) fllz2, s €R,
0<t<s

if a € 8™ and s € R, there exists a constant C' > 0
such that

[Opy,(a), Opy(b)] = %Oph({avb}) +O0(P%),  (10)  |Opu(@)flls < Cllflssm> k€ (0,1], f €L (RY.

4



3.2.3 Bargmann transform and h-ydos

The relations of h-1ydos with the Bargmann transform
enlighten the role of the h-pdos in terms of microlocal-
ization. For a € .7 (R?%), there exists a constant C' > 0

such that for h € (0,1],
10pp,(a) — BZGBth(B(Rd)) < Ch. (12)

Indeed, the kernel of the operator Byal3, is the func-
tion

1 rT+y r—yY
kh (2,y) B( : > (z,y) € R,

TR\ T2 0 Th
related with the function x of according to

KB (x,v) = r 21l / k(z — Vhq,v)e 1P dg,
Rd

for (x,v) € R?*. Therefore, using Taylor expansions,
the fact that fqe*|q|2 = 0, and the rapid decay of
k(z,v) in v one obtains

Ah(l’, q, U)ei‘q‘de7
Rd
where for all N € N, the function

KB (x,v) — K(z,v) = h

(l’, q,'U) = ‘U|NAh(l'v Qav)

is uniformly bounded in h € (0,1]. Estimate then
comes from the Schur Lemma.
and

3.2.4 Ellipticity, parametrix, sharp

Garding inequality

Symbolic calculus allows one to transfer properties of
the symbol a to the h-1pdo Op,(a).

Let P" = p(x, hD) be a differential operator with a
symbol p(z, ) that is a smooth polynomial function of
degree m in &

p(e,8) = > palz)E”,
la]<m
One has p € §™. The symbol p is said to be elliptic if
there exists C' > 0 and R > 0 such that

p(z,8)| > ClE|™, (2,€) e R*, |¢| > R.

In such a case, the h-ih)do P" is one to one from
Hyt™(R?) onto Hj(RY) for all s € R and

(P")~" = Op,(p™") + O(h),

by symbolic calculus. One has p~! € S~ and
Opy,(p~1) is called a parametriz of P".

The question of positivity is addressed by the sharp
Garding inequality, which is a direct consequence of
estimate . There exist C, N > 0 such that for all a
in .7 (RY) satisfying a > 0, we have for all f in .(R%)
and h in (0, 1].

(f,Opu(a)f) = —=Chl|f]| 2 |sgvuaja|ymo. (13)

3.2.5 Functional calculus and trace formula

Since Opy(a) is a bounded self-adjoint operator for
real-valued a in . (RY), functional calculus can be used
and the operator F'(Opy,(a)) is well defined for F' con-
tinuous on R.

Suppose F' € €°(R). Then, F(Opy(a)) coincides
asymptotically with a pseudodifferential operator of
symbol F(a), that is,

F(Opy(a)) = Op,(F(a) +O(h) in L(L*(R?)). (14)

This relies on the Helffer-Sjostrand formula [93) 25]
that plays an important role in semi-classical analy-
sis and is of interest in itself, in particular because of
the alternative construction of the functional calculus
it provides for a (possibly unbounded) self-adjoint op-
erator [24].

In fact, forallneN, F has an almost analytic contin-
uation, that is, a function F,, € €°(C) that coincides
with F' on R and such that

)5&(@) < C|Im(z)|", zeC. (15)

The Helffer-Sjostrand formula reads
1 =~ —
F(Opy(a)) = /C B, (2)(Opy(a) — 2) " L(dz),

where L(dz) is the Lebesgue measure on C. The oper-
ator (Opy,(a) — z)_l is bounded, with norm |Im(z)|~!
for almost all z € C and, thanks to , using a
parametrix of Opp(a) — z to replace the resolvent
(Opy(a) — 2)~! one obtains (14)).

Noticing that for all fixed h > 0, Op;,(a) is a compact
operator with Hilbert-Schmidt norm

10Ps (@) s (2 ray) = (27h) 72 ||a 12(2a),

one deduces a trace formula: for F'€ €>°(R) nonnega-
tive one has

Tr (F(Oph(a))
~ (2rh)~¢ / F(a(z,§))dzde.
R2d

h—0

(16)

This approach is used in the spectral analysis of
Schrédinger operators such as —h?A + V(z) for con-
fining potential, or magnetic Schrodinger operators
—|hD, — A(z)|? on bounded domains (see the histori-
cal series of papers by B. Helffer and J. Sjostrand [48],
49, 50, 51] and the books [34. [78], [85]).



3.3 Wigner transform and semi-classical
measures

3.3.1 Main definitions and example

Following E. Wigner [90], once given a bounded family
(Y p>0 in L2(RY), one can consider the distribution

W[ - a = (W[, a) = (Opy(a)y", ¢")
called the Wigner transform of (1")p>o. One finds it
is defined for (z,¢) € R?? by

W), §) = (2m) 0 [ o a7)

x P <x — gv> @h (x + ];v) dv.

This notion has been revisited in the 1990’s, see [46, [68]
and the works of P. Gérard and his coauthors [37, [39,
0.

In view of , for any family, weak limits point
in the sense of distributions of the Wigner transform
of (")j>0 are finite nonnegative measures. They are
called semi-classical measures of the family (¢")p>0
(see [46, B7,139]). One also uses the term Wigner mea-
sures (see [40]). For such a measure p, there exists a
subsequence h, — 0 such that

k—+o0

(W™],a) — (na), Ya € E7[RY).

k——+o0

(18)

For example, the Wigner transform of the Gaussian
wave packet gP is given for z,( € R? by

Wgh1(¢) = (wh) % exp(—+|¢ — 2|?).

Thus, the family (¢%)s~0 has only one semi-classical
measure, namely,

wz,§) = d(r — q) ®(§ — p).

In the limit 2 — 0, the wave function g" converges
to the classical state z = (q,p), which gives a first
illustration of the correspondence principle.

3.3.2 h-oscillation

There is a connexion between the weak limits of
|9"(x)|?dz and the semi-classical measures of (1)")},~o.
Indeed, if the sequence (hy)ren and the measure p ful-
fills property and if v is a weak limit of the mea-
sure ¢ (z)|?dz, then

v({z}) > u(fa} x B)

as measures on R%. Besides, equality holds if (¢")x>0
is h-oscillating, namely satisfies the property

limsup/ \Jh(£)|2d§ — 0.
h—0 Jh|¢|>R R—r+o0

In other words, no mass escapes to infinity in fre-
quency. Such a property is satisfied for examples if
((hDy)*™) >0 is uniformly bounded in L?*(R%) for
some s > 0. In fact, once given a bounded family in
L?*(R%), an appropriate semi-classical scale (if any) can
be sought by analyzing the size of one of its Sobolev
norms, motivating a semi-classical analysis at that pre-
cise scale. Such strategies will be implemented in Sec-
tions 4] for the analysis of the examples presented in
Section 2

3.3.3 Wave front set

The support of the semi-classical measure of a bounded
family (¢¥")ps0 in L?(R?) is included in the semi-
classical wave front set denoted WFy,(¢"). The lat-
ter is characterized by the following property: (z,€) ¢
WEF},(¢") if and only if there exists an open neighbor-
hood U of the point (z,£) and a function a € €°(U)
such that

a(z,§) #0
and ¥ € N, [[Opy (a)]|2 = O(W™).

If 4 is a semi-classical measure of (")~ for the
scale hy,
Supp u C WEy, (@bhk).

Historically, the semi-classical wave front set was intro-
duced earlier than semi-classical measures. It is closely
related to microlocal versions of wave front set where
no scale is emphasized (see [53, Vol. 1, Ch. §)]).

3.3.4 Semi-classical measures and PDEs

Consider P" = p(z,hD) a differential operator. Sup-
pose (¥")pso is a sequence of bounded L2-functions
associated with a semi-classical measure p such that

Pyt = o(1)
in L?(R%) as h — 0. Then, for a € .7(R??),
(Opy,(a)P"y", ") 12 = o(1),
implying (u, ap) = 0 and
supp(s) C Char(P"), (19)

where Char(P") = {p(z,£) = 0} is the characteristic
set of p.

Assume moreover that P" is symmetric and
Phyph = o(h)
in L2(R%) as h — 0. Then, for a € .7 (R?),

([Oph(a)v Ph]wha q)[)h)Lg = O(h)7



implying (4, {p,a}) = 0. One has {p,a} = Hya with
H, = JV, ¢ p, the Hamiltonian vector field associated
with p (recall that J is given by (6))). Since ‘H, = —H,,
one finds
HP p =0, (20)
in the sense of distributions, meaning with that
p is invariant along the Hamiltonian curves (®!(2))ser
for 2 € R?? where the map ®* : R?? — R??  is deter-
mined by
Pt = H,(9'), @° = Idgaa. (21)
For all t € R, z — ®%(2) is a symplectomorphism (it
preserves the symplectic form w given in @) Condi-
tion relates classical phase-space trajectories and
solutions concentrations.
Propagation of semi-classical measures is more dif-
ficult to prove if coefficients are singular. We refer for
instance to [36], 35} [14].

3.4 Semi-classical evolution

Consider an evolution equation involving a smooth
time-dependent Hamiltonian function p : RxR?? — R,
with sub-quadratic growth

VYN > 2, dCn > 0, sup sup
|B|=N (t,z)eRxR2d

Pp(t, z)‘ < Cn.

Then, the operator P"(t) = Op,(p(t)) is self-adjoint
and there exists a strongly continuous two-parameters
family of unitary operators U”(t, s) such that

z’h%Uh(t, s)=Pht)U"t,s), U'(s,s)=1de

on the domain of the operator P"(t) (see [77]). If P"
is independent of time, then U”(t,s) = U"(t — s,0),
and U"(t,0) is the semigroup generated by P".

3.4.1 The Egorov Theorem

At the classical level, one associates with p(t) the ordi-
nary differential system 02 = Hp) (¢, 2) and the flow
map @4 : R2 — R??, that is determined by
@Y =Hypy(t, ®5°), ©%° =Idgea.  (22)

Note that if p = p(z) does not depend on the time,
dhs = P15 defined in .

For the evolution of an observable a € .%(R??) one
uses the Liouvillian £;sa = a o ®bs that satisfies the
transport equation

at(‘ct,sa) = {p(t)wct,sa}v

Lssa = a.

At the quantum level, one works with the quantiza-
tion of p(t), the operator P"(t) and, given an observ-
able a, one considers the conjugation of the operator
Opy,(a) by the propagators U (t, s):

Uh(s,t) o Opy(a) o Uh(t, s).

The Egorov Theorem connects the classical picture
and the quantum one in the limit h — 0 (see for in-
stance [81])

THEOREM. There exists a constant C > 0 such that
for alla € /(R??) and t,s € R

|U"(5.1) 0 Opp(a) 0 UM (1, 5) - Oph“tﬁ“)Hc(LQ(Rd»

< Ch2 |t — s|e“ltIN(a), (23)

where N(a) denotes a fixed semi-norm of a.

For some 6 € (0,1), on a large time interval of
size |t — s| ~ %ln (), the error estimate in is
6h>~°In (+) N(a) < 1. This large time for which
Opy, (Lt sa) provides a good approximation is called the
Ehrenfest time and characterizes the range of validity
of the semi-classical approximation [11].

3.4.2 Semi-classical measures and propagators

Assume in this section that the Hamiltonian p does not
depend on the time, p = p(z,&). To study

Yh(t) == U (t,0) 48, h >0,

on (possibly large) time scales ¢t ~ 1/h%, « > 0, one
considers the limit as h goes to 0 of the quantities

/R O(6) (W (0" (1/h)], a) d

for € L*(R) and a € .(R??). Up to the extraction
of a subsequence, this limit is described by a family
of measures dul,(z,€) ® dt that is also called a semi-
classical measure of the family (¢¥"(t/h%))ns0.

The Egorov Theorem implies the following:

Case a = 0. Any semi-classical measure duf(z,£) ®
dt of (wh(t))h>0 satisfies pf = ®L%% for p a semi-

classical measure of (f).

Case a > 0. Any semi-classical measure dul (z,£&) ®
dt of (wh (h%))h>0 satisfies the invariance prop-

erty: pt, = ®3%ut for all s € R. In other words,
the measure p!, is invariant by the flow s s ®%0,

When o = 0, the description of measure given
above in this case opens algorithmic strategies for a
numerical computation of the Wigner transform of



(wh(t)) hso- At leading order, this Wigner transform
is approximated by the Wigner measure, and thus by
the pull-back by the flow ®%¥ of the Wigner transform
of (¥f)n>0, that can be computed numerically via a
quadrature procedure for the integral . The cor-
respondence principle allows to trade the resolution of
a h-dependent PDE by solving h-independent ODEs
[59].

In the case @ > 0, the invariance property of uf,
implies that supp(z!,) is a union of periodic orbits of
the flow. For example, if p = [£]?/2, the flow ®*0 is
given by (z,&) — (x + s&,§); the fact that the mea-
sure pl, is of finite mass and invariant by ®%° implies
supp(,) C {& = 0}; this illustrates the dispersion ef-
fects in the Schrodinger equation. Such an analysis
is at the roots of the results of [7] on the torus, for
example.

3.4.3 Propagation of coherent states

The propagation of coherent states also illustrates the
correspondence principle. For z = (¢,p) € R??, the
function U"(t,s)g" can be described at leading order
via classical quantities. We need to introduce addi-
tional notations

One enlarges the set of profiles and considers
complex-valued Gaussian profiles ¢!, whose covariance
matrix T’ is taken in the Siegel half-space & (d) of
d x d complex-valued symmetric matrices with posi-
tive imaginary part,

SH(d) = {r eC™ I ='T Iml > 0} .

More precisely, g' is given by

Tz-x

gF(:c) ‘= cr s reRY Te &t (d),

where ¢p = 7~ %4det’/*(ImT) is a L2-normalization
constant.
For z = (¢,p) € R??, set

() = h-Sehraagr (x J‘;) zeR%

Note that gfdd’

We also introduce classical quantities associated
with the flow map ®»* introduced in . Firstly, con-
sider the dxd blocks of the Jacobean matriz F(t, s, z) =
0,®4%(2)

h h
=49,

~ [A(t,s,2)
F(ts,2) = <C(t,s,z)

which satisfies the linearized flow equation

OLF (t,s,2) = JHess.p(t, ®"*(2)) F(t, s, 2),

with F(s,s,z) = Idgg. The matrix-valued function F'
is smooth in ¢, s, 2z with any derivative in z bounded.
Secondly, we introduce the action integral

S(t,s,2) = / (6(t) - () — p(t =(£)) dt,

where we have set z(t) = (z(t),£(t)) = ®*(z).
With this notation, for I' € &% (d), one has in L?(R¢)

U(t, s)gh" = et Sts2) gLt 1 O(v/h),

t,s(z) (24)

with

I'(t,s,z) = (C(t,s,z) + D(t,s, z)I")
x (A(t,s,2) + B(t,s,2)T) L.

Having I'(¢,s,2) € ST(d) follows from (non elemen-
tary) algebraic relations. The description can be made
more precise with an asymptotic expansion in powers
of vVh [23].

The propagation of semi-classical wave packets was
also investigated in nonlinear contexts by various au-
thors. Wave packets are flexible enough for some non-
linear superposition results to hold. We refer to the
book of R. Carles [16] and the references therein.
of the

3.4.4 Semi-classical approximation

propagator

The description of the propagation of Gaussian states
and the formula yield approximation formulae for
the propagator that can be used for a numerical deter-
mination of U"(¢,0), ¢ € L?(RY).

One defines the action of the thawed Gaussian ap-
prozimation on ¢ € L?(RY) by

<1/}7 gg>e%3(t70’Z) h7F(t707Z)dZ7

zh (0w = 2t~ | garies

R2d

and the frozen Gaussian approrimation by
h
Ifr (75)¢

= (21h)~¢ /de (1, g™V k(t, 0, z)e%S(t,o,z)ggt,O(z)dz,

with
k(t,0,2) = 2~ 2det!/? (A(t, 0,2) + D(t,0, 2)
+i(C(t,0,2) = B(t,0,2))),

which has the branch of the square root determined by
continuity in time. The operator Z!(t) is often referred
to as the Herman-Kluk propagator, see [84], 80} 57].

The operators I/ /fr(t), built on classical quantities,

approximate the unitary propagator U"(t,0), giving
another illustration of the correspondence principle.



THEOREM ([84, [80]). Let p(t) be a smooth sub-
quadratic Hamiltonian, then for h € (0,1],

U(t,0) = Ith/fr( )+ O(h) in L(L*(R?)).

This result illustrates one of the paradigms of the
semi-classical approach, consisting in trading the res-
olution of oscillating PDEs for that of ODEs.

Note that the thawed/frozen Gaussian operators are
order h approximation of the propagator while the
wave packet approximation of is of order vh. This
comes from the structure of the remainder term in
and integration in z. A numerical implementation of
this approximation was carried out in [61].

The operators Z/} /fr(t) belong to the class of Fourier
integral operators (FIO). Designing operators that ap-
proximate the dynamics of a semi-classical propagator
goes back to the early days of semi-classical analysis,
see J. Chazarain [19], B. Helffer and D. Robert [47]
and [81], see also the books [93, Chapter 12] or [25].

4 Applications

4.1 Semi-classical analysis of molecular dy-
namics

4.1.1 Square integrable families valued in

Hilbert spaces

The semi-classical pseudodifferential calculus natu-
rally extends to the space L?(R% H) for some Hilbert
space H, such as CN or L?(T?) where T¢ is the d-
dimensional torus, for example. One then proceeds as
follows:

(i) The symbols a are smooth compactly supported
functions from R? into the set K(#H) of compact
operators on H,

(ii) The semi-classical measures are characterized by

a positive measure p and a measurable family M

defined on R?? and valued in the set of operators

on H that are du-a.e. nonnegative trace-class op-

erators [38].

Then, if (¢¥")5¢ is uniformly bounded in L?(R%, H),
the pair (M, p1) is a semi-classical measure of (¢" ) h>0
if, up to a subsequence, for all a € €>°(R%, IC(H)),

(Opp(a)e)", ") — (Trg gy (al), ).

Taking H = L?(T%) turns out to be pertinent for the
study of periodic problems (see [I8]). Taking H = CV
leads to the framework of the Schrodinger equation
in the Born-Oppenheimer approximation. The sym-
bols then are matrix-valued and the semi-classical mea-
sures are characterized by Hermitian matrices [40].

4.1.2 Molecular dynamics

Consider U"(t) the unitary propagator associated with
equation ([2). Denote by spV (z) the set of the eigen-
values of the self-adjoint matrix V(x) and let A(z) be
an eigenvalue of V' (z) such that

360 > 0, Vz € RY,
dist (A(z),spV (z) \ {\(z)}) > do.

(25)

Denote by II(x) the associated (smooth) eigenprojec-

tor:
V(2)I(z) = I(z)V (z) = Mz)II(z), Yz e R

Denote by ®! the classical flow associated with the
scalar Hamiltonian

2
i

p(z,§) = A(z),

as in , and denote by L! the associated Liouvillian,
L' :a — ao®'. Matrix-valued aspects are treated by
introducing the parallel transport of matrices along the
flow. Let

F(I,f) =

and consider the unitary transforms R(t, z) defined for
teR, z € R by

OR(t, 2)

€ VII(z), T(z)],

= F (®'(2)) R(t,2), R(0,2)=1d.

The map R(t,z) preserves the eigenspaces along the
flow and maps a vector Vo which is in the range
of II;(zg) to a vector R(t, 20)Vo in the range of
I1;(®%(20)), 20 = (20,&0)-

With these notations in hand, the Egorov Theorem
admits the following extension [23] to adiabatic situa-
tions.

THEOREM. Assume , then there exists a constant
C > 0 such that for all a € .7 (R?*,CNN) and 0 €
LY(R)

JAL!

— Op, (LY (R(~t) a R(—t)*)ﬂ)> dtHz(B(Rd))
< ChN(a),

o Opy, (ITall) o UM(¢)

(26)
where N(a) denotes a fixed semi-norm of a.

Property is called adiabaticity, from the greek a-
diabatos = impassable, because, at leading order, the
propagation holds inside the eigenmode defining the
Hamiltonian p(x,&). Note also that the generalization
of the Egorov theorem requires averaging in time.



This result extends to general time dependent sub-
quadratic Hamiltonians p = p(¢, z,§) with eigenvalues
and eigenprojectors that depend simultaneously on the
position and momentum variables up to the introduc-
tion of classical quantities associated to each eigenval-
ues [23].

The proof of relies on a diagonalization process
using what is called super-adiabatic projectors, as car-
ried out by A. Martinez and V. Sordoni [71] as well as
H. Spohn and S. Teufel [83], see G. Nenciu’s work [70]
for earlier results. See also [87].

As for scalar equations, one can extend the
thawed /frozen Gaussian approximations and construct
FIO approximating the propagator U”(t) associated
with P" by using the eigenprojector and the classical
quantities associated with the eigenvalues [33]. Let us
also mention nonlinear results for systems in [16, [43]
and for initial data that are semi-classical wave packets
(see also references therein).

4.1.3 Eigenvalue crossings

If the adiabatic condition is not satisfied, or if
the gap between the eigenvalues shrinks as h — 0 (see
[42]), transitions between modes may occur. These non
adiabatic effects were observed in the early 1930s by
L. Landau [58] and C. Zener [92] independently. They
were investigated more in details in the 1990’s, starting
with the work of G. Hagedorn [41] for the equation
with Gaussian wave packets for initial data.

For a general Hamiltonian H(t,x,{), crossings
were classified in the early 2000’s by Y. Colin de
Verdiere [21I] through a reduction to normal forms.
The analysis of the semi-classical measures and Wigner
transforms is understood in these generic situa-
tions [31), 29, B2]. The loss of adiabaticity led to re-
place the Liouville operator of Theorem by a
Markov process including branches of classical trajec-
tories and a branching procedure whenever the gap
defined in is minimal on a trajectory.

Assume d = 2 and consider the potential

- (3] 40)

Denoting by Il the eigenprojectors of V', one has

V =AM 0 + AT, Ai() = £/wi(2)? + wo(z)2.
Eigenvalue crossings occur on the set
T = {(z,&) € RY, wi(2) = wy(x) = 0}

that is a submanifold of R* under the assumption

The classical trajectories ®! associated with the

Hamiltonian @ + A+ (z) can be continuously contin-
ued through points (z,£) € Y such that

w(z)€ =& Vw(x) + &Vwa(z) # Oge.

The gap between the eigenvalues

9(x) = 2Jw(z)]

is minimal along a trajectory when it passes through
the hypersurface

Y ={(z¢¢€ R?, w(z) - (dw(z

£ =0}.

This set is called hoping hypersurface in the chemi-
cal literature because switches between modes occurs
on Y, as we shall see now.

In order to describe the transitions, one considers an
extended phase space

TiR? = R* x {+1, -1},

and trajectories defined on T{R? as branches of
smooth trajectories (®%);<;<i+ that splits into two
trajectories

(P4 )i <t<t, and (P <i<ey,

whenever @ € 3. The initial and final times ¢; and ¢ ¥
are such that on the time interval [t;, tf] the trajectory
only reaches X at a single time t*. The probability of
switching from the mode + to the mode = is given by
the Landau-Zener transition rate

T(x,§) = exp ( h ||dlzuu(( ))|2!>

This generates a random walk characterized by the
probability P, ,.(I") of reaching I" C TiR? at time ¢
starting from the point (z,£) € TfR?. With this prob-
ability law is associated a Markov process L}, on the
set of functions defined on T} R?

LLaf(:0 = [ Tl 0),
+

By identifying the set of observables
A={ac C*?, a=a I, + a_Il_}
to functions on T}R? according to
(,&,£1) = ax(x,§),

one extends the actions of £! , to functions of A. Then,

it is proved in [32] that under reasonable assumptions,
if 0 € €°(R) and a € A,

| o (v -tromty v

—opy, (LtLZa)>dtH£(L2( < O K8,

R?))

10



The proof of this result relies on reduction to normal
forms as in [2I] and precise analysis of the normal
forms. Finding an optimal version of the latter esti-
mate is open.

4.2 Geometric aspects and application to
quantum limits

We discuss here our second application on the be-
havior of sequences of eigenfunctions of the Laplace-
Beltrami operator of a smooth compact manifold with-
out boundary.

4.2.1 Semi-classical analysis on Riemannian
manifolds

To extend the semi-classical approach to manifolds,
one needs an invariance through change of variables.

With & a diffeomorphism, from an open set U into
V = k(U), is associated the local symplectomorphism

o 2= (2,8 — (k(z), td/{(:ﬂ)_lg) .

The map o, is associated with the unitary transforma-
tion J,; of L2(R?)

Jof =Jac(k) 2for € €X°(V), feE ).

There exists a constant C > 0 and a semi-norm N such
that for all a € €°(V x R?) one has

1750pn(a) S — Opp(0) || £ (L2 (rayy < ChN(a), (27)

where b =a o0, € €U x R?).

This result allows one to define h-i»do on a Rie-
mannian manifolds M through local charts. However,
they are only defined at leading order (up to O(h) in
L(L2(M)) [93].

Relation also enlightens the geometric structure
of semi-classical measures that appear as measures on
the cotangent space T* M, the bundle above M whose
fibers above * € M consists in the dual set of the
tangent set T, M.

The semi-classical approach can also be extended in
the context of (noncommutative) nilpotent graded Lie
groups and nilmanifods (that are quotient of such a
group by one of its co-compact subgroup), using the
definition of the Fourier transform via representation
theory [30], or in infinite dimensional frameworks [I}, 2].

4.2.2 Quantum limits

With these tools in hand, one can consider a sequence
of eigenfunctions (pg)ren of the Laplace-Beltrami op-
erator —Ajs on M as defined in . The asymptotics
as £ — 400 of the counting function

N(E)=#{k €N, E, < E}.

11

are described by the Weyl law [89) 93]
N(E) ~ (21)"E% Vol (M) wg.

Here d denotes the dimension of M and wy is the vol-
ume of the Euclidean unit ball in R?. It can be derived

from , writing

N(E) = Hoph(a)H%IS(LQ(M))
for Opy(a) x(—h?Apr) with h = E~2 and y €
€>°(T* M) approaching 1o 1(§)1as () [3, 93]

A large literature is devoted to the analysis of the
limit as £ — 400 of

Ly /M o)) o) 2

E.<E

2
, 9 €C(M),

N(E)

extended to functions a € €>°(T*M) as

2
ve(a) == 5755 3 |(0p, 4 (@)
Ey<E
The geodesic flow is the Hamiltonian flow associated
with the symbol of the Laplace-Beltrami operator
—Ajps. Since one deduces and from equa-
tion , properties of the geodesic flow have conse-
quences for the limits of vg(a) as E — +oo.

A flow ®! is said to be ergodic if for Lebesgue almost
all (x9,&) € T*M and for all a € €°(T* M),

1

T
T/o @' a(xo, &o)dt

—

M a(z, |&olw)dVol (z)doy (w).

S*M
Here, dVol(x) = Vol(M)~'dx is the normalized mea-

sure on M and do,(w) the measure on the sphere S M
where (z,w) € S*M iff

we SIM = {¢ € T*M, ||¢ll. = 1}.

In the formula above, ||- ||, denotes the vector norm in
T*M. The result is the following (see [86, 20l 91]).

THEOREM. If the geodesic flow of M is ergodic, then

Elirfoo(lm > (OPE-%(CL)%%) —

E.<E

/S o (m (if) v w) Vol ()dos () 2

The result has an alternative equivalent version that
reduces to considering the average of

(Orst@ene)

- / a(x,w) dVol(x)do,(w)
S*M

=0.

L(a, Ey) := _1(a)¢r, ek

k

2




for eigenvalues Fj such that % < Ep < % One then
has

1
lim

E—to0 N(3E) — N(

L(a, Ex) = 0.

3E
<Ep<°¢

(28)

vt

)

(&

2

At that level, the semi-classical aspects are easier to
1

see. Indeed, (B)) shows that the family (¢r)ken is E,, -
oscillating, which motivates to adopt a semi-classical
1

setting with hy = Ek_ 2. The localization property
implies that the support of any semi-classical measure
of (pr)ken is supported in S*M and the limit in is
the semi-classical one since Ej, ~ E therein. Besides,
the propagation result implies the invariance of
the semi-classical measures of sequences (¢k)ken un-
der the geodesic low. When this flow is ergodic the
only measure invariant under the geodesic flow is the
Liouville measure, which restricts the set of quantum
limits to the Liouville measure.

The result is even stronger. Indeed, one of its con-
sequence consists in the existence of a set S C N of
density 1, meaning a set satisfying

#{k € S, B, < E}

1
N(E) E—+4o00
such that
<OpEk; (a)¢r, %)
dVol(z)d . 29
s L al@@) Vol @), (29)

The unique quantum ergodicity conjecture of Z. Rud-
nick and P. Sarnak [82] predicts that the limit in
holds for the full sequence, see N. Anantharaman’s
book [3].

More generally, the relation between the geometry
of the manifolds and the nature of quantum limits has
been the subject of intensive research during the last
decades (see [44] [5 26, 27, [8, [7, 69, 52] among oth-
ers), while similar problematic arose in other settings
(for sub-Laplacian [22] and on random graphs [6] for
example).

4.3 Semi-classical methods in control the-
ory

With the notations of the preceding paragraph, for n €
N* set J, = {k; 2" 2 < \/E; < 2”2}, and denote by
Fr the set of functions of the form

u(t,z) = Z eVEF LR o (1),
kedy

for the coefficients u* € C. They are solutions to the
wave equation with a time-frequency 7 ~ 2". Set
the semi-classical parameter to be h,, = 27".

Suppose T' > 0 and w is an open subset of M. Sup-
pose there exist C' > 0 and ng € N* such that for all
n > ng and all u € F,, one has

T

ew=<C [ onlignd (60
that is, observability for those frequency-localized solu-
tions; see where observability is defined. Then, the
wave equation is observable from w in time T > 0,
and exact controllability follows. One calls estimate
a semi-classical observability inequality. We dis-
cuss conditions for its validity in the next Section[£.3.1]

The proof of this extension of observability to all
solutions to the wave equation in [64] [13] makes use of
the following unique continuation property

—Apyp=pup and @, =0 = ¢=0. (31)

A now classical tool to prove such a result is a Car-
leman estimate that can be viewed as a sub-elliptic
semi-classical estimate; these estimates are presented
in Section

In fact, the semi-classical observability estimate
takes care of the high-frequency component of the solu-
tions, while the unique continuation properties handles
the remaining low frequencies.

4.3.1 Geometric control condition

To analyse observability issues, it is classical to adopt
a space-time point of view and to work in the variables

(t,LU,T, é.) € T*(Rt X Ml‘)

One can have intuitions based on geometrical optics
and propagation of energy along rays to support this
point of view. This intuition turns out to be correct as
explained below.

The symbol of the wave operator is

p(l’,T, f) = —7? +gx(§v§)

in local coordinates. The Hamiltonian curves (rays) of
the space-time Hamiltonian p are called bicharacteris-
tic curves. Their projections on M are the geodesics.
The semi-classical observability estimate (30) is
proven to hold under the following property: any
bicharacteristic reaches a point above |0, T[xw. This
condition is called the geometric control condition
(GCC). Equivalently it reads: any geodesic travelled
at speed one enters the observation region w in a
time less than 7. Then, assuming (GCC), the proof

12



of can be carried out by contradiction. Suppose
U = (upn)nen+ is a sequence with u,, € F, such that

T
h2E(u,) ~1 and / ||1whn8tun||ig(M)dt — 0,
0
(32)

as n — +00. Then |lun(t,.)|| f2(pr) ~ 1 and associated
with a subsequence of U is a semi-classical measure p.
Note that U is bounded in L (Ry; L?(M)) here. The
measure is thus understood acting on functions com-
pactly supported in the variable ¢t. On the one hand,

one has
hn”vxun(ta')HLQ(M) ~ hnuatun(t")”LQ(M) ~ 1,

implying that U is h,-oscillating. One deduces that p
has positive mass. On the other hand, the second part
of gives u = 0 above |0, T[Xw.

With Section [3.3.4] one finds that supp(u) C
Char(p) and H,p = 0 in the sense of distributions,
meaning that p is invariant along the bicharacteristic
flow. By the GCC, all bicharacteristics enter the re-
gion above ]0,T[xw where p vanishes implying that
1= 0. A contradiction.

Arguments are more involved in the case of a mani-
fold with boundary and a wave equation formulated
with a boundary condition, say the homogeneous
Dirichlet condition. Away from the boundary, the
measure equation H,p = 0 holds. At the bound-
ary, one can derive a measure equation that includes
a source term associated with the semi-classical mea-
sure of the Neumann trace. This source term gener-
ates transport of the measure p along the Melrose-
Sjostrand generalized bicharacteristics [74]. Those
obey the laws of geometrical optics: reflection if the
boundary is hit transversally, possible glancing and
gliding if the boundary is hit tangentially. The GCC
remains unchanged apart from exchanging bicharac-
teristics with generalized bicharacteristics and the ob-
servability /exact controlability result holds under this
condition.

The proof of wave observability with the sharp GCC
condition was first given by C. Bardos, G. Lebeau, and
J. Rauch [9], in the case of smooth coefficients with mi-
crolocal techniques based on the propagation of singu-
larities. The use of measures was initiated by N. Burq
and P. Gérard to further explain the necessary and suf-
ficient aspects of the GCC [12]. One interest of the use
of semi-classical measures is the possibility of lowering
the regularity of the coefficients. In [14] [15], this regu-
larity in pushed down to a €'-metric on a ¢>-manifold
with boundary. Then, the Hamiltonian vector field H,,
is only continuous. Generalized bicharacteristics ex-
ist but uniqueness is lost. Yet, the GCC makes sense

and despite the absence of flow one proves that the
support of the semi-classical measure p is a union of
generalized bicharacteristics, allowing one to conclude
the contradiction argument as above.

4.3.2 Carleman estimates as sub-elliptic semi-
classical estimates and unique continua-
tion

For a second-order elliptic operator P, a Carleman es-
timate takes the form, for some C > 0,

W2 (el 2 + | e/MhV pul| 2
< C||h2e?/"Pul| 2, (33)

for w smooth with compact support. The inequality
holds if the function ¢, called the weight function, is
well chosen and if 0 < h < hyg, for hg sufficiently small.
For zg € RY, a possible choice of weight function is

p(r) = exp(—|x — x0)).

Given any cg > 0, estimate holds for functions
u supported in the annulus 0 < ¢y < |z — zg| < 4o
if v > 0 is chosen large [53] [62] [63]. For a > 0, set
B, = {z € R% |z — x| < a} and B’ = By.,. Then,
for cg < r < 2¢g one deduces from the existence
of C' >0 and § €]0, 1] such that

_ 0
el 71,0y < Cllulligi{ g (IPull 2y + Nl g s, )

This is a quantification of the unique continuation

property: if u = 0 in B, and Pu = 0 then v = 0

in By,. Applied to P = —Aj; — p, one obtains (31)).
Estimate is equivalent to

W2 ([0l 2 + 110Vl 2) S I1Psvll e (34)

where P, = h2e?/hpe=#/" is a semi-classical differ-
ential operator. This operator fails to be elliptic in
general, yet the weight function ¢ is chosen so that
the following property holds for p,, the symbol of P,,

1.
ps&(‘r’f) = 0 = {Repsmlmpsﬁ} = Z{p(p?pép} > O’

that is, a subellipticity property. This explains the
factor h'/2 on the left-hand side of that expresses a
half-derivative loss as compared to an elliptic estimate.
One proves

I/’p@|2(a},§) + {Repw,lmpw}(a:,g) > C(l + |€’4),

and follows from the sharp Garding inequality
).

Carleman inqualities can be derived for other types
of operators and under fine geometrical properties be-
tween the operator P and the weight function ¢, so-
called pseudo-convexity conditions. The reader is re-
ferred to [66] for an exposition.
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5 Concluding remark

In the 1970s, people from the microlocal community
started to show a strong interest in semi-classical anal-
ysis. Let us mention some of the first contributions on
the domain by V. Maslov [72] and A. Voros [88]. Fifty
years later, the theory has grown considerably. Taking
the correspondence principle as a guideline, the au-
thors aimed to show how vast the field of applications
of semi-classical is today. The authors hope they have
managed to pass on their interest and enthousiasm for
semi-classical analysis through striking results. The
different examples presented here reflect the mathe-
matical tastes of the authors and should not be thought
as exhaustive. They recommend the reading of the
section devoted to semi-classical analysis by B. Helffer
in the previous edition of this encyclopedia, his com-
mented bibliography [45]; the books by M. Zworski [93]
and by M. Dimassi and J. Sjostrandt [25] will be useful
for both junior and confirmed researchers.

Acknowledgements

The authors warmly thank Maher Zerzeri for his re-
marks and comments, Caroline Lasser and Fabricio
Macia for inspiring discussions.

References

[1] Zied Ammari and Francis Nier. Mean Field Limit
for Bosons and Infinite Dimensional Phase-Space
Analysis. Ann. Henri Poincaré 9:1503-1574, 2008.

[2] Laurent Amour, Lisette Jager and Jean Nourri-
gat. On bounded Weyl pseudodifferential opera-
tors in Wiener spaces, Journal of Functional Anal-
ysis 269:2747— 2812, 2015.

[3] Nalini Anantharaman. Quantum Ergodicity and
Delocalization of Schridinger Figenfunctions,
Zurich Lectures in Advanced Mathematics, EMS
Press (2022).

[4] Nalini Anantharaman, Frédéric Faure, and
Clotilde Fermanian-Kammerer. Le chaos quan-
tigue. Actes des journées X-UPS, Editions de
I’Ecole Polytechnique (2014).

[6] Nalini Anantharaman, Matthieu Léautaud, and
Fabricio Macia. Winger measures and observabil-
ity for the Schrodinger equation on the disk. In-
vent. Math., 206(2):485-599, 2016.

[6] Nalini Anantharaman, Etienne Lemasson. Quan-
tum ergodicity on large regular graphs, Duke
Math. J. 164(4):723-765, 2015.

14

[7] Nalini Anantharaman and Fabricio Macia. Semi-
classical measures for the Schréodinger equation on
the torus. J. Eur. Math. Soc., 16(6):1253-1288,
2014.

[8] Nalini Anantharaman and Stéphane Nonnen-
macher. Half-delocalization of eigenfunctions for
the Laplacian on an Anosov manifold. Ann. Inst.
Fourier, 57(7):2465-2523, 2007.

[9] Claude Bardos, Gilles Lebeau, and Jeff Rauch.
Sharp sufficient conditions for the observation,
control, and stabilization of waves from the
boundary. SIAM J. Control Optim., 30:1024—
1065, 1992.

Max Born, Robert Oppenheimer. Zur Quanten-
theorie der Molekeln, Ann. der Phys. 84(4):457-
484, 1927.

Abdelkader Bouzouina and Didier Robert. Uni-
form semiclassical estimates for the propaga-
tion of quantum observables. Duke Math. J.
111(2):223-252, 2002.

[12] Nicolas Burq and Patrick Gérard. Condition

nécessaire et suffisante pour la controlabilité ex-
acte des ondes. C. R. Acad. Sci. Paris Sér. I
Math., 325(7):749-752, 1997.

Nicolas Burq, Belhassen Dehman, and
Jérome Le Rousseau. Semi-classical obser-
vation sufficices for observability: wave and
Schrédinger equation, Esaim COCYV, vol. 30, art.
10, 2024. doi.org/10.1051/cocv /2023069

[14] Nicolas Burq, Belhassen Dehman and Jéréome Le
Rousseau. Measure and continuous vector field
at a boundary I: propagation equation and wave

observability, preprint 2024.

Nicolas Burq, Belhassen Dehman and Jéroéme Le
Rousseau. Measure and continuous vector field at
a boundary II: geodesics and support propagation,
preprint 2024.

[16] Rémi Carles. Semi-classical analysis for nonlin-
ear Schrodinger equations - WKB Analysis, Fo-
cal Points, Coherent States, 2nd Edition. World
Scientific Publishing Co., Singapore, xiv+352 pp.

(2021).

[17] Alberto P. Calderén and Rémi Vaillancourt. On
the boundedness of pseudo-differential operators.

J. Math. Soc. Japan, 23:374-378, 1971.

[18] Victor Chabu, Clotilde Fermanian-Kammerer,

and Fabricio Macia. Effective mass theorems



[19]

[20]

[21]

[22]

23]

with Bloch modes crossings, Arch. Rational Mech.
Anal. 245:1339-1400, 2022.

Jacques Chazarain. Spectre d’un hamiltonien
quantique et mécanique classique. Comm. in PDE
6:595-644, 1980.

Yves Colin de Verdiere. Frgodicité et fonc-
tions propres du laplacien. Comm. Math. Phys.,
102(3):497-502, 1985.

Yves Colin de Verdiere. The level crossing prob-
lem in semi-classical analysis I. & II Proceedings
of Frédéric Pham’s congress, Annales de I’Institut
Fourier (2002).

Yves Colin de Verdiere, Luc Hillairet, Emmanuel
Trélat. Spectral asymptotics for sub-Riemannian
Laplacians. I: quantum ergodicity and quantum
limits in the 3D contact case, Duke Math. J.
167(1):109-174, 2018.

Monique Combescure and Didier Robert. Co-
herent States and Applications in Mathematical
Physics. Theoretical and Mathematical Physics.
Springer, Dordrecht, 2022 (new edition).

Edward B. Davies.
ential Operators.
(1995).

Spectral Theory and Differ-
Cambridge University Press,

Mouez Dimassi and Johannes Sjostrand. Spec-
tral asymptotics in the semi-classical limit, vol-
ume 268 of London Mathematical Society Lecture
Note Series. Cambridge University Press, (1999).

Semyon Dyatlov and Long Jin. semi-classical mea-
sures on hyperbolic surfaces have full support.
Acta Math., 220(2):297-339, 2018.

Semyon Dyatlov, Long Jin and Stéphane Nonnen-
macher. Control of eigenfunctions on surfaces of
variable curvature. J. Am. Math. Soc. 35(2):361-
465, 2022.

Albert Einstein. Zum Quantensatz von Sommer-
feld und Epstein, Verhandl. deut. physik. Ges.
(1917).

Clotilde Fermanian-Kammerer. Semi-classical
analysis of generic codimension 3 crossings, Int.
Math. Res. Not. 45:2391-2435, 2004.

Clotilde Fermanian-Kammerer and Veronique
Fischer. Quantum evolution and sub-Laplacian
operators on groups of Heisenberg type. J. Spectr.
Theory, 11:1313-1367, 2021.

15

[31]

[41]

[42]

Clotilde Fermanian Kammerer and Patrick
Gérard. A Landau-Zener formula for
degenerated involutive codimension 3 crossings,
Ann. Henri Poincaré, 4(3):513-552, 2003.

non-

Clotilde Fermanian Kammerer and Caroline
Lasser. Propagation through generic level cross-
ings: a surface hopping semigroup, SIAM J. of
Math. Anal., 140(1):103-133, 2008.

Clotilde Fermanian Kammerer, Caroline Lasser
and Didier Robert. Adiabatic and non-adiabatic
evolution of wave packets and applications to
initial value representations. CIMP, 385(3):1685-
1739, 2021.

Soeren Fournais and Bernard Helffer. Spectral
Methods in Surface Superconductivity. Progress in
Non-Linear PDE 77 Birkh&user (2010).

Jeffrey Galkowski, Jared Wunsch. Propagation
for Schrodinger operators with potentials singular
along a hypersurface, preprint 2023.

Oran Gannot and Jared Wunsch. Semi-classical
diffraction by conormal potential singularities.
Ann. Sci. Ecole Norm. Sup., 56(3):713-800, 2023.

Patrick Gérard. Mesures semi-classiques et on-
des de Bloch. In Séminaire sur les Equations aur
Dérivées Partielles, 1990-1991, pages Exp. No.
XVI, 19. Ecole Polytech., Palaiseau, 1991.

Patrick Gérard. Microlocal  defect
sures.  Comm. Partial Differential Equations,
16(11):1761-1794, 1991.

mea-

Patrick Gérard and Eric Leichtnam. Ergodic
properties of eigenfunctions for the Dirichlet prob-
lem. Duke Math. J., 71(2):559-607, 1993.

Patrick Gérard, Peter A. Markowich, Norbert J.
Mauser, and Frédéric Poupaud. Homogenization
limits and Wigner transforms. Comm. Pure Appl.
Math., 50(4):323-379, 1997.

George A. Hagedorn. Molecular Propagation
through Electron Energy Level Crossings. Mem-
oirs of the A. M. S., 111, 1994.

George A. Hagedorn and Alain Joye. Molecular
propagation through small avoided crossings of
electron energy levels. Rev. Math. Phys., 1(1):41-
101, 1999.

Lysianne Hari. Propagation of semi-classical Wave
Packets through Eigenvalue Crossings in Nonlin-
ear Schrodinger Equations. JIMJ, 2016.



[44]

[52]

[53]

[54]

[55]

Andrew Hassell. Ergodic billiards that are not
quantum unique ergodic. Ann. of Math. (2),
171(1):605-619, 2010. With an appendix by the
author and Luc Hillairet.

Bernard Helffer. 30 ans d’analyse semi-classique:
bibliographie commentée (essai inachevé), 2003.
weblinkl

Bernard Helffer, André Martinez and Didier
Robert. FErgodicité et limite semi-classique,
Communications in  Mathematical — Physics,
109(2):313-326, 1987.

Bernard Helffer and Didier Robert. Comporte-
ment semi-classique du spectre des hamiltoniens
quantiques elliptiques. Ann. Institut Fourier
31:169-223, 1981.

Bernard Helffer and Johannes Sjostrand. Multi-
ple wells in the semi-classical limit I. Commun. in
PDE, 9(4):337— 408, 1984.

Bernard Helffer and Johannes Sjostrand. Puits
multiples en limite semi-classique II -Interaction
moléculaire-Symétries-Perturbations. Annales de
I'IHP, 42(2):127-212, 1985.

Bernard Helffer and Johannes Sjostrand. Multi-
ple wells in the semi-classical limit III. Math.
Nachrichten, 124:263-313, 1985.

Bernard Helffer and Johannes Sjostrand. Puits
multiples en limite semi-classique IV - Etude
du complexe de Witten. Commun. in PDE,
10(3):245-340, 1985.

Hamid Hezari and Gabriel Riviere. Equidistribu-
tion of toral eigenfunctions along hypersurfaces
Rev. Mat. Iberoam., 36:435-454, 2020.

Lars Hormander. The Analysis of Linear Partial
Differential Operators. Springer-Verlag (1990).

Lars Hormander. The Weyl calculus of pseudod-
ifferential operators, Comm. Pure Appl. Math.
32(3):360—444, 1979.

Lars Hormander. The analysis of linear Par-
tial Differential Operators III. Springer-Verlag,
(1985).

ILL. Hwang. The L? boundedness of pseudo-
differential operators. Trans. Amer. Math. Soc.,
302:55-76, 1987.

Edward Kluk, Michael F. Herman and Heidi
Davis. Comparison of the propagation of semi-
classical frozen Gaussian wave functions with

16

[67]

[68]

[69]

quantum propagation for a highly excited anhar-
monic oscillator. J. Chem. Phys. 84(1):326-334,
1986.

Lev Landau. Collected papers of L. Landau, Perg-
amon Press, (1965).

Caroline Lasser and Johannes Keller. Propagation
of Quantum Expectations with Husimi Functions
SIAM J. Appl. Math., 73:1557-1581, 2013.

Caroline Lasser and Christian Lubich. Computing
quantum dynamics in the semi-classical regime.
Acta Numerica, 29:229-401, 2020.

Caroline Lasser and David Sattlegger. Discretising
the Herman-Kluk Propagator, Numerische Math-
ematik 137(1):119-157, 2017.

Jérome Le Rousseau, Gilles Lebeau. On Carleman
estimates for elliptic and parabolic operators. ap-
plications to unique continuation and control of
parabolic equations. ESAIM: Control, Optimisa-
tion and Calculus of Variations, 18:712-747, 2012.

Jérome Le Rousseau, Gilles Lebeau, and Luc Rob-
biano. Elliptic Carleman Estimates and Applica-
tions to Stabilization and Controllability, Volume
I: Dirichlet Boundary Conditions on Fuclidean
Space. PNLDE Subseries in Control. Birkh&user
(2022).

Gilles  Lebeau. Controle de 1’équation de
Schrodinger.  J. Math. Pures Appl., 71:267-291,
1992.

Nicolas Lerner. Metrics on the phase space
and non-selfadjoint pseudo-differential operators,
Pseudo-Differential Operators. Theory and Appli-
cations, vol. 3, Birkh&éuser Verlag, Basel (2010).

Nicolas Lerner. Carleman Inequalities: An Intro-
duction and More, vol. 353 of Grundlehren der
mathematischen Wissenschaften. Springer, Cham
(2019).

Jacques-Louis Lions. Contrélabilité exacte, per-
turbations et stabilisation de systéemes distribués,
Tome 1, RMA, volume 8, Masson, 1988.

Pierre-Louis Lions and Thierry Paul. Sur les
mesures de Wigner. Rev. Mat. Iberoamericana,
9(3):553-618, 1993.

Fabricio Macia and Gabriel Riviere. Concentra-
tion and non-concentration for the Schrédinger
evolution on Zoll manifolds. Comm. Math. Phys.,
345(3):1019-1054, 2016.


https://www.imo.universite-paris-saclay.fr/~bernard.helffer/histoire1970-2003-version2023.pdf

[70]

[71]

[72]

73]

[78]

[79]

André Martinez. An Introduction to semi-classical
and Microlocal Analysis. Universitext. Springer-
Verlag, New York (2002).

André Martinez and Vania Sordoni. Twisted pseu-
dodifferential calculus and application to the
quantum evolution of molecules, Memoirs of the
AMS, 200:1-82, 2009.

Viktor P. Maslov. Théorie des perturbations et
méthodes asymptotiques, Dunod, 1972.

Viktor P. Maslov and Mikhail V. Fedoryuk. Semi-
classical approximation in quantum mechanics,
Dordrecht: Reidel., p. ix+301 (1981).

Richard B. Melrose and Johannes Sjostrand. Sin-
gularities of boundary value problems. I. Comm.
Pure Appl. Math., 31:593-617, 1978.

Laura Monk. Benjamini-Schramm convergence
and spectrum of random hyperbolic surfaces of
high genus, Analysis & PDE, 15(3):727-752, 2022.

Gheorghe Nenciu. On the adiabatic theorem of
quantum mechanics, J. Phys. A, Math. Gen.,
13:15-18, 1980.

Michael Reed and Barry Simon. Methods of mod-
ern mathematical physics. I to IV. Analysis of

operators. Academic Press, Harcourt Brace Jo-
vanovich, Publishers, New York-London (1978).

Nicolas Raymond. Bound States of the Magnetic
Schrédinger Operator. EMS Tracts 27 (2017).

Didier Robert. Autour de I’approximation semi-
classique. Boston : Birkh&auser, Progress in math-
ematics (Boston, Mass.) vol. 68 (1987).

Didier Robert. On the Herman-Kluk semi-
classical Approximation. Rev. Math. Phys. 22, 10,
1123-1145 (2010).

Didier Robert. Autour de l’approximation semi-
classique volume 68 of Progress in Mathematics
Birhauser Boston-Basel-Stuttgart (1987).

Zeev Rudnick and Peter Sarnak. The behaviour
of eigenstates of arithmetic hyperbolic manifolds,
Comm. Math. Phys. 161(1):195-213, 1994.

Herbert Spohn and Stefan Teufel. Adiabatic de-
coupling and time-dependent Born-Oppenheimer
theory, Commun. Math. Phys. 224:113-132, 2001.

Torben Swart and Vidian Rousse. A mathemati-
cal justification for the Herman-Kluk Propagator,
Comm. Math. Phys. 286(2):725-750, 2009.

[85] San Vu Ngoc. Systémes intégrables semi-
classiques : du local au global. Panoramas et
Syntheses 22 (2006).

[86] Alexander I. Schnirelman.  Ergodic proper-
ties of eigenfunctions. Uspehi Mat. Nauk,
20(6(180)):181-182, 1974.

[87] Johannes Sjostrand. Projecteurs adiabatiques du
point de vue pseudodifférentiel. C. R. Acad. Sci.
Paris Sér. I Math., 317:217-220, 1993.

[88] André Voros. Développements semi-classiques,
These d’état, (1977).

[89] Hermann Weyl. Uber die Asymptotische
Verteilung der Eigenwerte. Nachr. Konigl.
Ges. Wiss. Gottingen, 110-117 (1911).

[90] Eugene P. Wigner. Group Theory and its Applica-
tion to the Quantum Mechanics of Atomic Spec-
tra. New York, Academic Press, 1959.

[91] Steve Zelditch. Uniform distribution of eigenfunc-
tions on compact hyperbolic surfaces. Duke Math.
J., 55(4):919-941, 1987.

[92] Clarence Zener. Non-adiabatic crossing of energy
levels, Proc. Roy. Soc. Lond. 137:696-702, 1932.

[93] Maciej Zworski. Semi-classical Analysis, volume
138 of Graduate Studies in Mathematics. Ameri-
can Mathematical Society, Providence, RI (2012).

Adresses

CFK - Larema, UMR 6093, université d’Angers,
CNRS, clotilde.fermanian@univ-angers.fr

JLR - LAGA, UMR 7339, université Sorbonne Paris
Nord, CNRS, jerome.lerousseau@univ-paris13.1r.

17



	Introduction
	What is semi-classical analysis ? 
	Outline

	Some semi-classical problems
	Schrödinger equation in the Born-Oppenheimer approximation
	Eigenfunctions of the Laplacian and quantum limits
	High-frequency analysis and control theory

	Correspondence principle
	Semi-classical wave packets
	Semi-classical pseudodifferential operators and related notions
	Quantization of observables 
	Symbolic calculus
	Bargmann transform and h-dos
	Ellipticity, parametrix, and sharp Gårding inequality
	Functional calculus and trace formula

	Wigner transform and semi-classical measures 
	Main definitions and example
	h-oscillation
	Wave front set
	Semi-classical measures and PDEs

	Semi-classical evolution
	The Egorov Theorem
	Semi-classical measures and propagators
	Propagation of coherent states
	Semi-classical approximation of the propagator


	Applications
	Semi-classical analysis of molecular dynamics 
	Square integrable families valued in Hilbert spaces
	Molecular dynamics
	Eigenvalue crossings

	Geometric aspects and application to quantum limits
	Semi-classical analysis on Riemannian manifolds
	Quantum limits

	Semi-classical methods in control theory
	Geometric control condition
	Carleman estimates as sub-elliptic semi-classical estimates and unique continuation


	Concluding remark

