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1 Simulation environment and parameters

1.1 Simulation environment

We describe the simulation environment realized in this paper. All the Monte Carlo simulations were performed over
N = 30 realizations, using the pseudo-random number generator Mersenne Twister from of library numpy 1.11.1, with
seed = 748596. Each realization, indexed by r € [ IV ], at episode e > 1, produces Y ().l for any variable Y. Therefore,
the mean and the standard deviation of Y over the realizations is given as

1 X
r=1

Ver1— ol = SD((Y(e)’[T])Te[N]).

The confidence interval at episode e is given as follow

(e) (e)
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where ¢ ~ 2.045 is the 97.5™ percentile of a student’s ¢-distribution of degree of freedom N — 1 = 29.

1.2 Parameters

We recall the parameters used in the simulation results.

1.2.1 Permutation sampling

In Sec. we have considered n = 12 machines and agents, a constant learning rate « = 0.01 and a total number of
15-10% episodes. For the first case, the target order 7* was drawn randomly, whereas in the second case, v, ; was drawn
from a normal distribution with zero mean and unit variance i.e., N'(0, 1).
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1.2.2 Permutation and action sampling

In Sec. we have considered n = 9 machines and agents, each machine has k; € [[1; 7]] action(s). Two learning
rates were used: write og the learning rate used to update the permutation credit 3 and o the one used to update the

action credit . We considered the following: oz = —9. In all simulations, we considered a constant learning rate, with
n

g = 0.01. For all (t,i) € [n]* and a € [k;], v1,i o is sampled from a normal distribution /(1 ¢, 1) with mean i, ; and
unit variance, where 4, ; is sampled from a uniform distribution U[~1, 1] for all (¢,4) € [n]?.

2 Proofs

2.1 Proof of Theorem[]

Leti € [n]. Recall that

> Eﬁ[R(l)] = Z W(J(l) =T, AWM = a))\ﬂa,
TeG(n)

where ), , = E[RM) | o) = 7, AD) = a].
Therefore, for any u € {1,2} and v € {A, B},
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Model 1. Recall that
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Eq. (S:I) becomes
87?113(0(1) =7)

9B te[n]
T71(4)
= 71'[13(0(1) = T)(l - Z o, (B,z')).
t=1

Therefore, for any v € { A, B}, the gradient of the objective function is

aEl’U R(l) 7 ()
ﬁ’g[ﬁ_]: > wé(a(l):f)(l— > @Tt:n(ﬁ,n))ﬂzz[R(nw(l):7]7
g TeG(n) =1
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for any random variable B(!) that is independent of (*) under 71'}3.

Model 2. In this case,
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Eq. (S2) becomes

or2(c) =
M - W;(U(l) — T)(]li=ﬂ -, (@J)).

OBt,q
Therefore, for any v € { A, B}, the gradient of the objective function is
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2.2 Proof of Theorem.
For any u € {1,2} and v € {A, B},
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Model A. In this case, for any i € [n] and a € [k;],
37Té4(A(1) = a\o(l) =7) 0 (

I #2(4f" = 0,100 = 7))

00; 00; 4 je[n]
0ia
_ Al 4(1) _ 1) _ 0 e’
_(I[T]WQ(AJ —CL]|O'()_T))aela(eghb)
T bk
()
Since
IlaFaeai’al eai‘at eeiva
() = Tazet .
2 el (3 o)
belki] belki]
= ]lai=a (b(gz,az) - @(Hi,ai)q)(ﬁi,a),
=t (AL = a; |0 = 7) (g 20 - ©(6:,0)).
Thus,

o (AW =a|oM = 1) ~
90;.a B

Therefore, the gradient of the objective function is

1 (A =a|o® = 7) (14,20 - B(8;,a)).

OBy, [RW
75’9[ ] = Y (Lama—®(05,0))m5 (0 =7, AW =a)A,,,
90;a Teeﬁln) '
ac

- EZZ?[(M;n:a - ®(6,,0)) (R - Bm)}
A
.

for any random variable B(") that is independent of (o), A()) under T

Model B. In this case, for any 4,t € [n] and a € [k;],
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Since
]lai=a60i’t’ai eai,t,ai eoi,t,a
(*) = 0: 16 27
> (S )
be[k;] belki]
=La,=a P(0ir,0i) = P(0ir,a:)P(0;4,a),
= thB(Agl) =a;| U,gl) = i)(lai:a - D(0; 4, a)).
Thus,
onP(AMW =a|oW =7
o ( | ) :71'5(14(1) :a|o(1) :T)]ln:i(]lai:a—@(Hiyt,a)).
aei,t,a
Therefore, the gradient of the objective function is
OEYJ[RDM
M = Z 1Tt=i(1ai=a - (I)(ei,taa))ﬁg’@B(U(l) =T, A(l) = a))‘T,aa
aeivtﬂl TeS(n) ’

acA

~®(0;4,a))(RY - BW) |,

_ pwB (
=gy | Lo (Lo,
. . B
for any random variable B(") that is independent of (o*), A()) under T
.
3 Additional figures
3.1 Permutation sampling
Case 1
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Figure S.1: The average parameter (3); on model 2 for each agent ¢ in Sec. Each color/shape corresponds to a
machine .
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Figure S.2: ﬂg(c) (o¢ = 7) for model 1 in (a) and model 2 in (b). 7 is obtained as in Eq for each model.
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Case 2
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Figure S.3: The average parameter (3); on model 2 for each agent ¢ in Sec. Each color/shape corresponds to a
machine .
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Figure S.4: wg(c) (o = 7) for model 1 in (a) and model 2 in (b). 7 is obtained as in Eq. for each model.
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3.2 Sampling permutation and actions

Case 1 t=1 6 P
6
4+
4
= g 2
0 ==
Y I i e
0 100000, 200000 300000 0 100000 200000 300000 0 100000 200000 300000
t= t=5 t=6

4

2t
0 R———
™~ -~ \‘\-‘
S~ - —e————
R
000 0 100000 9200‘000 300000
t=

5 p———

2 1 2F T — =5

= 7 - — =8

= = — =6
S AN N — 0 — -ty

NN — w=2

-2 h \\ S~ =T

] 2t ] I

7
0 100000 200000 300000 0 100000 200000 300000 O 100000 200000 300000
Episodes e Episodes e Episodes e
(@)
t=2 6 t=3

()

‘ ‘ -2
100000 200000 300000 0
.

4

100000 200000 300000
.

—9l

0 100000 200000 300000 0 100000 8200000 300000 0 100000 9200000 300000
t= t= t=
— p———
2 2¢ — =5
e — =8
N 0= .l —_ =6
S 0 0 — w-if
NI —_ =2
—92 ™~ - | .
~ .
4 . . - . . . .
0 100000 200000 300000 0 100000 200000 300000 0 100000 200000 300000
Episodes e Episodes e Episodes e
(b)

Figure S.5: The average parameter (3); on model 2A in (a) and model 2B in (b) for each agent ¢ in Sec. Each

color/shape corresponds to a machine 3.
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Figure S.6: W;;(E), 0 (ot = 7) for model 2A in (a) and model 2B in (b). 7 is obtained as in Eq. for each model.
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Case 2

Figure S.9: he average parameter (3); on model 2A in (a) and model 2B in (b) for each agent ¢ in Sec. Each
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Figure S.10: wg(e)ﬂ(e) (o4 = 7¢) for model 2A in (a) and model 2B in (b). 7 is obtained as in Eq. for each model.
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Figure S.12: wg(e)ﬂ(e) (A; = a) for model 2A in (a) and model 2B in (b).
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