N
N

N

HAL

open science

Prior-Dependent Allocations for Bayesian Fixed-Budget
Best-Arm Identification in Structured Bandits

Nicolas Nguyen, Imad Aouali, Andras Gyorgy, Claire Vernade

» To cite this version:

Nicolas Nguyen, Imad Aouali, Andras Gyorgy, Claire Vernade. Prior-Dependent Allocations for
Bayesian Fixed-Budget Best-Arm Identification in Structured Bandits. 2024. hal-04629228

HAL Id: hal-04629228
https://hal.science/hal-04629228

Preprint submitted on 28 Jun 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04629228
https://hal.archives-ouvertes.fr

Prior-Dependent Allocations for Bayesian Fixed-Budget Best-Arm
Identification in Structured Bandits

Nicolas Nguyen*!, Imad Aouali*??3, Andras Gyorgy?, and Claire Vernade!

Y University of Tibingen
2Criteo AI Lab
3ENSAE CREST, IP Paris
4 Google Deepmind

June 28, 2024

Abstract

We study the problem of Bayesian fixed-budget best-arm identification (BAI) in structured bandits.
We propose an algorithm that uses fixed allocations based on the prior information and the structure of
the environment. We provide theoretical bounds on its performance across diverse models, including the
first prior-dependent upper bounds for linear and hierarchical BAI. Our key contribution is introducing
new proof methods that result in tighter bounds for multi-armed BAI compared to existing methods. We
extensively compare our approach to other fixed-budget BAI methods, demonstrating its consistent and
robust performance in various settings. Our work improves our understanding of Bayesian fixed-budget
BAI in structured bandits and highlights the effectiveness of our approach in practical scenarios.

1 Introduction

Best arm identification (BAI) addresses the challenge of finding the optimal arm in a bandit environment
(Lattimore and Szepesvéari, 2020), with wide-ranging applications in online advertising, drug discovery or
hyperparameter tuning. BATI is commonly approached through two primary paradigms: fized-confidence and
fized-budget. In the fixed-confidence setting (Even-Dar et al., 2006; Kaufmann et al., 2016), the objective is
to find the optimal arm with a pre-specified confidence level. Conversely, fixed-budget BAI (Audibert et al.,
2010; Karnin et al., 2013; Carpentier and Locatelli, 2016) involves identifying the optimal arm within a fixed
number of observations. Within this fixed-budget context, two main metrics are used: the probability of
error (PoE) (Audibert et al., 2010; Karnin et al., 2013; Carpentier and Locatelli, 2016)—the likelihood of
incorrectly identifying the optimal arm—and the simple regret (Bubeck et al., 2009; Russo, 2016; Komiyama
et al., 2023)—the expected performance disparity between the chosen and the optimal arm. We focus on PoE
minimization in fixed-budget BAI.

Existing algorithms for PoE minimization in fixed-budget BAI are largely frequentist and often employ
elimination strategies. Bayesian approaches have predominantly focused on the minimization of the simple
regret (Komiyama et al., 2023; Azizi et al., 2023), or were studied under a frequentist lens (Hoffman et al.,
2014), which do not capture the advantages of knowing informative priors. It was only recently that Atsidakou
et al. (2022) introduced a Bayesian version of the well-known Sequential Halving (SH) algorithm (Karnin
et al., 2013), offering a prior-dependent bound on the probability of error in multi-armed bandits (MAB),
albeit under certain limiting assumptions on the prior. Their proofs are still largely influenced by frequentist
approaches and come with strong constraints.

Several recent works have shed new light on adaptive methods for frequentist fixed-budget BAI. For instance,
Qin (2022); Degenne (2023); Wang et al. (2023) examined whether adaptive algorithms can consistently
surpass the best static algorithm for any bandit instance. Remarkably, Degenne (2023) established the
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absence of such universally superior adaptive algorithms in several BAI problems, including Gaussian BAI.
Wang et al. (2023) demonstrated that in Bernoulli BAI with two arms, no algorithm consistently outperforms
uniform sampling. Inspired by these recent results, we develop a method based on fixed and non-adaptive
allocations in the Bayesian setting. These allocations leverage both prior information and the structure of
the environment. As demonstrated in our experiments in Section 5, our static but prior-informed algorithm
can outperform adaptive baselines. Moreover, our proofs incorporate fully Bayesian techniques, diverging
from existing works. This novel technical approach not only produces a tighter upper bound but also applies
under milder assumptions.

As a motivating example, consider a scenario with three arms (K = 3), where the information a priori
strongly suggests that either of the first two arms is more likely to be optimal than the third one. A pivotal
question arises: what strategic approach should be employed to allocate resources (or budget) to the seemingly
suboptimal third arm? Furthermore, if greater confidence is placed on the first arm compared to the second,
what is the optimal budget distribution between them? This situation underlines a fundamental challenge
not directly addressed by the frequentist approach, which lacks knowledge about the bandit instance prior to
interaction.

Relation to prior works. While Atsidakou et al. (2022) considers prior information, their method does
not exploit it to its full potential. To maintain adaptivity, they impose restrictive assumptions on the prior.
Moreover, their results are only valid for a specific budget allocation, while ours are applicable for any fixed
and non-adaptive allocation rule. This facilitates the creation of ad-hoc allocation strategies, informed and
guided by our theoretical results. Additionally, a particularly relevant application of prior information is
found in structured bandit problems, such as linear bandits (Abbasi-Yadkori et al., 2011; Hoffman et al., 2014;
Katz-Samuels et al., 2020; Azizi et al., 2021) and hierarchical bandits (Hong et al., 2022b; Aouali et al., 2023),
where arm rewards are determined by underlying latent parameters. Our approach captures the structure of
these problems as reflected in the prior, leading to more efficient exploration thanks to arm correlations. This
aspect of our work also extends beyond the scope of Atsidakou et al. (2022), which primarily addressed MAB.

Contributions. 1) We present and analyze Prior-Informed BAI, PI-BAI, a fixed-budget BAI algorithm
that leverages prior information for efficient exploration. Our main contributions include establishing upper
prior-dependent bounds on its expected PoE in multi-armed, linear, and hierarchical bandits. Specifically, in
the MAB setting, our upper bound is smaller and is valid under milder assumptions on the prior. 2) The proof
techniques developed for PI-BAI provide a fully Bayesian perspective, significantly diverging from existing
methodologies that rely on frequentist proofs. This allows a more comprehensive framework for understanding
and analyzing Bayesian BAI algorithms, while also enabling us to relax previously held assumptions. 3)
Our algorithms and proof techniques are naturally applicable to structured problems, such as linear and
hierarchical bandits, leading to the first Bayesian BAI algorithm with a prior-dependent PoE bound in these
settings. 4) We empirically evaluate PI-BAI and its variants in various numerical setups. Our experiments
on synthetic and real-world data show the generality of PI-BAI and highlight its good performance.

2 Background

Notation. Let A be the K-simplex and A}, = {w € Ag; w; >0, Vi € [K]}. For any positive-definite
matrix A € R¥? and vector v € RY, we define ||v|]|a = Vv T Av. Also, A\;(A) and \;(A) denote the maximum
and minimum eigenvalues of A, respectively. We denote by e; the i-th vector of the canonical basis.

We consider a scenario involving K arms. In each round ¢ € [n], the agent selects an arm A; € [K], and
then receives a stochastic reward Y; ~ P(;0, A;), where 6 is the unknown parameter vector and P(-;0,1) is
the known reward distribution of arm 4, given 6. We denote by r(i;0) = Ey _p(.;0,4) [Y] the mean reward
of arm i, given §. We adopt the Bayesian view where 6§ is assumed to be sampled from a known prior
distribution Py. Given a bandit instance characterized by 6 ~ Py, the goal is to find the (unique) optimal
arm i (0) = argmax;¢ () r(i; ) by interacting with the bandit instance for a fixed-budget of n rounds. These
interactions are summarized by the history H, = {(A¢,Y:)}iem), and we let J,, € [K] be the arm selected by



the agent after n rounds. In this Bayesian setting, Atsidakou et al. (2022) introduced the expected PoE as
Po=E [P(J. #i.(0) | )], ()

a Bayesian metric that corresponds to the average PoE across all bandit instances sampled from the prior,
0 ~ Py. This is different from the frequentist counterpart where the performance is assessed for a single
instance 6.

2.1 Multi-Armed Bandit

In this setting, each component of 6 = (0;);c[x] is sampled independently from the prior distribution. We
focus on the Gaussian case where 6; ~ /\/'(,uO’Z-, aai), with o ; and O'?M being the known prior reward mean
and variance for arm i. Then, given 6, the reward distribution of arm i is A'(6;,0?) where o2 is the (known)

observation noise variance!,

0; ~ N (0., 95,;) Vi € [K]
Y; |6, A; ~ N(0a4,,0°) Vt € [n]. (2)
Under (2), the posterior distribution of 6; given H,, is a Gaussian N (fin i, 07 ;) (Bishop, 2006), where
- Lo N 2 (Hoi | Bn z)
2 2
D = — —_ n.a — . 2 2 y 3
an,'L 0—(2)71‘ 0_2 ’ l’[’ B an,z(o_ai + 0_2 ( )

where T; = {t € [n], Ay = i} is the set of rounds when arm i is chosen, n; = |7;| is the number of times
arm % is chosen and B,,; = Ete”n Y; is the sum of rewards of arm i. Here the mean posterior reward is
E [T(i; 9) | Hn] = ﬂn,i-

2.2 Linear Bandit

One major drawback of model (2) is that is is not able to model situations where arms are dependent, thus
leading to suboptimal exploration.

In linear bandits (Abbasi-Yadkori et al., 2011), arms share a common low-dimensional representation
through parameter # € R?. We denote X = {x1,... 2} the set of arms where each z; € R%. We focus on the

Gaussian case where 6 is sampled from a Gaussian distribution with mean po € R? and covariance matrix

Yo € R¥*?. Given 6, the reward distribution of arm i is Gaussian with mean 7(4; §) = x?@ and variance o2,

0 ~ N (o, %0)
Y, | 0,4 ~ N0 x4,,0%) Vt € [n]. (4)

Similarly to (2), this model offers closed-form formulas, where the posterior of 6 given the history H,
containing n; samples from arm 7 is a Gaussian N (f,, %, ):

f];l = 251 +o072 Z nlacla:;r , fip = S (Ealuo + O'_QBn> , (5)
i€[K]

where By, = ;¢ Yiwa,. The mean posterior reward of arm i is given by E [r(i; 6) | Hy] = fi) z;. Note that
the MAB (2) can be recovered from (4) when z; = e; € R® and ¥ = diag(o§ ;)ic(x-

2.3 Hierarchical Bandit

Another practical model that captures arm correlations is the hierarchical (or mized-effect) model (Bishop,
2006; Wainwright et al., 2008; Hong et al., 2022b; Aouali et al., 2023), defined in the Gaussian case as

p~ N, X)
0, ~ NV s vi e [K]
Y |, 0, Ar ~ N(0a,,0%) Yt € [n]. (6)

1 Arm-dependent observation noise variances could be used but we choose to keep the notation simple.



This generative model reads as follows. First, i = (j1¢) e[z is an unknown latent vector composed of L effects
e and it is sampled from a multivariate Gaussian with mean v € RY and covariance ¥ € RE*L. Then, given
i, the mean rewards 6; are independently sampled as 6; ~ N(b; p, 08’1-), where (b;);c[x] represent known
mizing weights. In particular, b u creates a linear mixture of the L effects, with b, ¢ indicating a known score
that quantifies the association between arm ¢ and the effect . Concrete examples of b; o are provided in
Appendix A.1. Note that arm correlations arise because 6; are derived from the same effect parameter pu.
Finally, given p and 6, the reward distribution of arm i is similar to the MAB (2) and writes N (6;,02).
With abuse of notation, the effect posterior distribution @, (u) = P(u | H,,) induces a conditional arm
posterior distribution for each arm ¢, P, ;(6; | u) = P(6; | Hy, ). Then, the marginal arm posterior density
can be computed by marginalizing over @), such as P(6; | H,) = E,~q, [Pn,i(0; | 1t)]. Therefore, despite the
hierarchical structure, these distributions can be derived in closed- form?. First, the effect posterior writes

Qn (1) = N (jin, ) with
Ept =3 +Z ,UOZ+02bbT fin = Zn ( V+Zn1002+02 Z)' (™)

Then, given p ~ @y, the conditional arm posteriors are P, ;(6; | n) = N (fin.i, 572171')’ where

~_ 1 n; o (i'bi B
Jn73:¥+;;7 .unl: 21(0_81+ 0_7;1)' (8)

K K

Finally, combining (7) and (8) leads to the marginal arm posterior P(6; | H,) = N (fin,i, 07 ;) where

54 oT

~ ~ n,t ~ H bl Bn,i

U?M»:O'iz UOszE nbi fin,i = 72”(0%1- + 0.2)7 9)
and we have that E [r(i; 0)|Hy] = fin-
Link to linear bandit.  (6) is a special case of a linear bandit (4), as can be seen by realizing that
0; = b;'— p+n; where n; ~ N(0, 0'87i) and the 7; are independent of u. Hence, (6) can be rewritten by replacing
v with 7 € RETE defined as 7 = (v7,0,...,0) and ¥ with a block-diagonal matrix ¥ = (%, Ual, e ,UaK)
with new actions b; € REFK defined as b = (b;r, e; ), leading to a linear bandit

p~ N(D’ 2)
Y: | i, As ~ N (b}, i, 02) vt € [n]. (10)

Note that reinterpreting hierarchical bandits in this way does not lead to practical benefits. In contrast,
adhering to the initial formulation in (6) and the subsequent derivations in (9) is more computationally
efficient. Indeed, this is one of the motivations behind the concept of hierarchical bandits.

3 Algorithm and Error Bounds

PI-BAI takes as input a budget n and an arbitrary vector of allocation weights w = (w;)ic(x] € Ax. Then, it
collects n; = |w;n]| samples for each arm ¢, and finally returns the arm with the highest posterior mean, defined
as J, = argmax;¢c (g E [r(4;0) | Hy]. PI-BAI is described in Algorithm 1 where we make its dependence on
the allocation weights w explicit and call it PI-BAI(w).

Our algorithm consists in coupling PI-BAI to a well-chosen allocation vector w that depends on the prior.
We will discuss the allocation strategies further below, but we first give theoretical guarantees that hold for
any choice of fixed w. This idea has the benefit of its versatility, as it naturally generalizes to structured
bandit settings such as the linear or hierarchical problems defined above. The structure is a direct prior
information and is taken into account in the computation of the allocation weights as well as in the posterior
updates. Similarly and despite additional technicality, our novel proof scheme (see Section 4) is preserved
across all settings and allows us to state our main theorems below.

2Full derivations are in Appendix C.



Algorithm 1 Prior-Informed BAI: PI-BAI(w)
Input: Budget n, allocation weights w € Ag.
fori=1,...,K do
Get n; = |w;n] samples of arm ¢
L Compute mean posterior reward E [r(i;60) | H,]
Set J, = argmax;c g E [r(i;0) | Hp].

3.1 PoE Bounds for Multi-Armed Bandits

Theorem 3.1 presents an upper bound on the expected PoE of PI-BAI(w) for MAB (2). The bound depends
on the prior and allocation weights® w € A;.

Theorem 3.1 (Upper bound for multi-armed bandit). For all w € A}, the expected PoE of PI-BAI(w)
under the MAB problem (2) is upper bounded as

(I"U,i‘l"(},j)z
T 202 100
205,95, 5)

e
Pn < —,
i,j%[:K] V1+ng;;

i

where ¢; j = Q(1), and it depends on the prior parameters and allocation weights. In particular, P, = O(1/y/n).
Full expressions and proofs are given in Appendiz C.2.

The O(1/y/n) bound contrasts with frequentist results where PoE is typically O(e=/f(?))  where f(6) is
a complexity measure that depends on the fized bandit instance 6 (Audibert et al., 2010; Carpentier and
Locatelli, 2016). However, this O(1/4/n) rate is not surprising for the ezpected PoE. For instance, when
K =2, Atsidakou et al. (2022) states the existence of a prior distribution for which the expected PoE is lower
bounded by O(1/+/n), and our result asymptotically matches this lower bound. To give more intuition, notice
that averaging the frequentist PoE bound O(e*”/f(e)) under a Gaussian prior 0; ~ N (p0.;, J%)i) leads to a
O(1/+/n) rate for the expected PoE. Indeed, this idea was employed by Atsidakou et al. (2022) to achieve
their O(1/+/n) rate. However, while we achieve similar asymptotic rates, our proof differs significantly as we
do not average the frequentist bound. Beyond asymptotic behavior, our bound also captures the structure of
the prior. In particular, if the prior is informative, either with small prior variances ag,i — 0 or large prior
gaps |fto,; — fo,;| — 00, then P, — 0 for any fixed allocation weights w € A}. After interpreting our bound,
we now compare it to that of another Bayesian algorithm, BayesElim (Atsidakou et al., 2022), in the simpler
setting where their results are valid, that is, when the prior variances are homogeneous, crg’i = 0. Their
bound reads

_ (V'O,i—l"o,j)2
402
BayesElim
Pn < § 10g2 (K) 3
. 1+ noy
i,j€[K] Klog,(K)o2

i#]
Theorem 3.1 in this setting even with the simplest allocations w; = % simplifies to the similar expression

_ (uo,i*uo,j)z

2
e 4o

PI-BAI
Pn = no2
ijelk] \/1+ 725
i#]

By omitting elimination phases, we gain roughly a factor logg/ 2(K ) over the bound of Atsidakou et al. (2022)
(highlighted in blue). This difference makes our bound smaller even in their setting with homogeneous prior
variances and choosing uniform allocation weights for PI-BAT.

3For technical reasons we only allow positive allocation weights w € A}.
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Figure 1: Upper bound value of our method instantiated with various weights compared to the upper bound
of BayesElim (Atsidakou et al., 2022) in two settings.

We numerically compare these two bounds on the 3-armed bandit example described in Section 1, where
one arm is a priori suboptimal, and one of the other two is a priori optimal, po = (1,1.9,2). We consider two
scenarios: one with homogeneous prior variances (oo ; = 0.3 for all ¢ € [3]) and another with heterogeneous
prior variances, (0¢.1,00,2,00,3) = (0.1,0.5,0.5). Since BayesElim’s bound does not handle heterogeneous
prior variances, we use an average prior variance og = % Zie[ K] Uai for comparison. As predicted, Figure 1
shows that the value of the upper bound is much lower for PI-BAI for optimized, uniform and random
allocation weights. We also plot the upper bound of PI-BAT instantiated with a heuristic weight that favors

higher prior means and higher prior variance arms, that is, WP = <1701
Eke[K] H0,k00,k

3.2 PoE Bounds for Structured Bandits

Importantly, our analysis extends to the linear and hierarchical bandits in (4) and (6). Theorems 3.2 and 3.3
provide upper bounds on the PoE of PI-BAI(w) in these settings. To the best of our knowledge, these are the
first prior-dependent bounds for fixed-budget Bayesian BAI in these settings.

Theorem 3.2 (Upper bound for linear bandit). Assume that x; # x; for any i # j, and that there exists
S > 0 such that |z||3 < S for any x € X. Then, for allw € A}, the expected PoE of PI-BAI(w) under the
linear bandit problem (4) is upper bounded as

(,Lgmi—,ta'mjﬁ

; -2
2lm—a; 1%

where ¢; ; = Q(1), M (2,) = O(1/n), and they depend on both prior parameters and allocation weights. In
particular, P, = O(1/v/n) and we recover Theorem 3.1 when x; = e¢; € R® and X = diag(og ,)icx]- Full
expressions and proofs are given in Appendixz C.3.

Similarly to our results in multi-armed bandits, P,, = O(1/4/n) since A1 (%,,) = O(1/n). Also, this bound
captures the benefit of using informative priors. Indeed, P, — 0 when the prior variances are small, i.e.
>0 — O0px 1, or when the prior gaps are large, |,ugaci — ugxﬂ — 0.



Theorem 3.3 (Upper bound for hierarchical bandit). For all w € A, the expected PoE of PI-BAI(w) under
the hierarchical bandit problem (6) is upper bounded as

o —v b2
- T p 12 2 2
2([[b;—b, 15 +03 ;+03 ;)

where ¢;j = Q(1) and &7, ; = Q(1/n) and they all depend on both the prior parameters and allocation weights.
In particular, P, = O(1/y/n). Full expressions and proofs are given in Appendiz C.J4.

The term ||b; — b;||% + a@)i + 0(2)’ ; accounts for the prior uncertainty of both arms and effects. If the effects
are deterministic (X — Orx 1) then our bound recovers the upper bound of MAB with prior mean g ; = v ;.
On the other hand, if the arms are deterministic given the effects (U&i — 0), the bound only depends on
the effect covariance. Finally, if the prior is informative by its gap (Jv"b; — v "bj| — 00 ) or by its variance
(X — 0pxz and 0371- — 0), then P, — 0.

3.3 Allocation Strategies

Instantiating our algorithm requires choosing the potentially prior-dependent allocation weights. Though our
bound holds for any such choice, different principles can be used to find empirically satisfying allocations.

Allocation by optimization. Our upper bounds on the PoE in Theorems 3.1 to 3.3 are of the form
Pn S C’prior (UJ, n) 9

where Cpyior(w,n) = O(1/4/n) depends on the prior and allocation weights w. Since it is valid for any w € A},
we define the optimized allocation weights as

WP = argmin Cpyior (w, ) . (11)
wEA;’(

We denote this variant PI-BAI(w°P'). To fix ideas and give intuition, we give the explicit solution for MAB
with K = 2. By Theorem 3.1,

_ (n0,1—r0,2)? _ (no,1—r0,2)?
e 2(08,1+g(2),2) + e 2(0(2)’14»0812)
P, < )
\/1 + ney (Wi, wa)
which can be optimized to obtain
2 2 V.2
t 1 (UO,Q - ‘70,1)0 t t
wyt = LLIGRY (5 T T 9h02 o2 ) wy” =1 —w™, (12)
n0(,190,2

where H[a,b](') is the projection on [a,b]. This expression gives much insight into the allocation strategy.
First, in the case of equal prior confidence 0 ; = 0§ ,, allocating the same amount of samples for each arm is
optimal. On the other hand, if for example 0§ ; < 0§ , for small budget n, we would have WSt > WP and
hence most of the budget would be allocated to the arm with high prior variance (low initial confidence).
This discussion is only valid for small budgets: as n — 400, the optimal choice is to divide the budget
equally between both arms, since the prior relevance Vanishgzs asyngptotically. On the other hand, a saturation
90,2 90,1
T,rl o ‘7(2),2
variance is equal to 1 due to the projection. Note that (12) does not depend on the prior gap Ag, which is
coherent since identifying the optimal arm is strictly equivalent to identifying the worst arm when dealing
with 2 arms. However, this is not necessarily the case when K is larger, as discussed in Appendix D.8.
Since the objective function in (11) is non-convex for K > 2, we use numerical optimization to solve it

(e.g. L-BFGS-B (Virtanen et al., 2020)). Thankfully, this optimization is done just once before interacting

phenomenon happens for ‘too small’ budgets: if n < 202 , the weight of the arm with larger prior



with the environment. These optimized weights remain non-guaranteed to be good, because (11) is only
optimal with respect to the bound we derived. We found it useful in practice to mix them with the heuristic
weight w® defined in Section 3.1. This allocation is motivated by having a small probability of error when
plugged in the bound (Figure 1), and our theoretical guarantees (Theorem 3.1) still hold because the weights

are a function of the prior. Hence, we define the new optimized weight as aw’™®" + (1 — o) =220 For
’ v 2 kelK] H0.k00k

simplicity, we also refer this as w°P'. We tested the value of the parameter « in various settings, and found
that it is generally around 0.5 (Appendix D.7).

Allocation by optimal design. In the linear bandit setting, we generalize ideas from optimal experimental
design (Lattimore and Szepesvari, 2020, Chapter 21) to Bayesian MAB, linear and hierarchical bandits. To
the best of our knowledge, our work is the first to exploit this idea for such settings. Finding an (approximate)
Bayesian G-optimal design (see e.g. Lopez-Fidalgo (2023, Chapter 4) for a review) is equivalent to maximizing
the log-determinant of the regularized information matrix defined as

wG—opt = argmax IOg det (na-*2 Z Wk,ZCkI;r + Eal) .
weAfk ke[K]

This leads to budget allocations that minimize the worst-case posterior variance in all directions. We quantify
the effects of using such an allocation in the upper bound:

Corollary 3.4 (Upper bound of PI-BAI(w%™°PY)). Assume that x; # x; for any i # j, and that there exists
S >0 such that ||z||3 < S for any v € X. The expected PoE of PI-BAL(wS°P) in the linear bandit problem
(4) with diagonal covariance matriz g is upper bounded as

T T 2
_ (g @i—pg z5)
2wy —wlIg

(&
R T
i,jelK] V 2do2 "J
i#]

where ¢; j = Q(1). The full expressions and proofs are given in Appendic C.3. The result also holds for the
MARB setting when z; = e; € RE and 3¢ = diag(aai)ie[m, and for the hierarchical setting with the equivalent
model (10) when X is diagonal.

G-optimal design can be applied for MAB, by using z; = e; for any ¢ € [K] and Xy = diag(aai)ie[m, and
also for hierarchical bandits by using its connection to the linear model (10).

Note that both allocation weights w°P* and w&°Pt are prior-dependent but not instance-dependent. In
particular, they enjoy the theoretical guarantees we derived in Section 4.

Allocation by warm-up. Finally, we present an adaptive allocation rule, for which our theoretical results
do not apply directly, but performs well in practice. Here we use a warm-up policy 7y to interact with the
bandit environment for n,, rounds (the warm-up phase), and then choose some allocation weights w,., based
on the prior and the data collected through the interaction. The warm-up policy can be any decision-making
policy that (preferably) takes as input the prior distribution. Motivated by its good performance in BAI (Lee
et al., 2023), we choose 7y to be Thompson sampling, and select the allocation weights to be proportional to
the number of pulls to each arm during the warm-up phase:

wTS _ Ete[nw] ]I{At = Z}

3 )
Ty

Vi e [K]. (13)

To illustrate the differences between optimized weights (PI-BAI(w°P")) and learned weights with Thompson
sampling as a warm-up policy (PI-BAI(w™)), we return to our motivating example in Section 3.1, where
K =3, po = (1,1.9,2) and oo, = 0.3 for all i € [3]. We set the budget as n = 100. We repeat 10* times the
following experiment: we sample a bandit instance from the prior and run Thompson sampling for n,, = 20
rounds, then construct the allocation weights w™S. Computing the weights w°P* by numerical optimization of
(11) is done once at the beginning of these experiments.
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Figure 2 shows an empirical comparison of the weights on 2 problem instances and on average over 10*
runs. We see that, in this example, both allocation strategies assign high weights to arms 2 and 3, while
allocating a small weight to arm 1. This is because, based on the prior information, arm 1 is highly unlikely
to be the optimal arm. Then, the primary objective revolves around selecting the optimal arm among arms
2 and 3. Also, while the allocation weights w;® vary with each bandit instance, their average values in all
instances are similar to those of w$P'. Thus PI-BAI(w™®) is more adaptive than PI-BAI(w°P"), while both
have similar average behavior.

4 General Proof Scheme

We outline the key technical insights to derive our Bayesian proofs. The idea is general and can be applied to
all our settings. Specific proofs for these settings are in Appendix C.

From Frequentist to Bayesian proof. To analyze their algorithm in the MAB setting, Atsidakou et al.
(2022) rely on the strong restriction that og; = o¢ for all arms ¢ € [K] and tune their allocations as a function
of the noise variance o such that in the Gaussian setting, the posterior variances &fm in (3) are equal for all
arms i € [K]. This assumption is needed to directly leverage results from Karnin et al. (2013), thus allowing
them to bound the frequentist PoE P(.J,, # i.(0) | ) < B(6) for a fixed instance . Then, the expected PoE,
Pn =E [P(J,, # i.(0) | 0)], is bounded by computing Egp, [B(0)]. We believe it is not possible to extend
such technique for general choices of allocations n; and prior variances O%,i' Thus, we pursue an alternative
approach, establishing the result in a fully Bayesian fashion. We start with a key observation.

Key reformulation of the expected PoE. We observe that the expected PoE can be reformulated as
follows

This swap of measures means that to bound P,,, we no longer bound the probability of

Jp, = argmax E [r(i;0) | Hy,] # argmax r(i;0) = i.(0)
i€[K] i€[K]

for any fized 6. Instead, we only need to bound that probability when 6 is drawn from the posterior distribution.
Precisely, we bound the probability that the arm ¢ maximizing the posterior mean E [r(i;0) | H,] differs from
the arm ¢ maximizing the posterior sample r(i;0) | H,. This is achieved by first noticing that P,, can be
rewritten as

Po= D EP(iu(0) =i Jo=j,Ha) 1{Jn = j}].
i,j€[K]
i#]
The rest of the proof consists of bounding the above conditional probabilities for distincts 7 and j, and
this depends on the setting (MAB, linear or hierarchical). Roughly speaking, this is achieved as follows.
P(i«(0) =i | Hp,J,, = j) is the probability that arm ¢ maximizes the posterior sample r(+;8), given that
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Figure 3: Averaged PoE with varying budgets for the Fixed and Random settings. We compare PI-BAI
instantiated with different allocations strategies to the baselines BayesElim, TTTS, SR, SH in multi-armed and
hierarchical bandits, and to BayesGap and GSE in linear bandits.

arm j maximizes the posterior mean E [r(-;6) | H,]. We show that this probability decays exponentially
with the squared difference (E [r(i;0)| H,] — E [r(j;0) | H,])?. Taking the expectation of this term under
the history H,, gives the desired O(1/+/n) rate. All technical details and full explanations can be found
in Appendix C. This proof introduces a novel perspective for Bayesian BAI, distinguished by its tighter
prior-dependent bounds on the expected PoE and ease of extension to more complex settings like linear and
hierarchical bandits. However, its application to adaptive algorithms could be challenging, particularly due
to the complexity of taking expectations under the history H,, in that case. Also, extending this proof to
non-Gaussian distributions is an interesting direction for future work. Note that PI-BAT is applicable beyond
the Gaussian case, as done in Appendices A.2 and D.2 featuring an approximate approach to logistic bandits
(Chapelle and Li, 2012).

5 Experiments

We conduct several experiments to evaluate the performance of PI-BAI. In all experiments, we set the
observation noise to ¢ = 1 and run algorithms 10* times and display the (narrow) standard error. The
code is available in the supplementary material, and additional experiments and details are presented in
Appendix D.1. We consider four variants of PI-BAI(w) varying in allocation weights: PI-BAI(w"™) (uniform
weights), PI-BAI(w°P') (optimized weights with mixing), PI-BAI(w% °P!) (G-optimal design) and PI-BAT(w™®)
(warmed-up with Thompson Sampling). The question of tuning the warm-up length ny, is discussed in
Appendix D.7 and we set ny, = K.

Multi-armed bandit. We consider two settings, Fized and Random. For both, we set K = 10 and og;
evenly spaced between 0.1 and 0.5. In the Fixed setting, po; is evenly spaced between 0 and 1 whereas
in the Random one, po; ~ U([0,1]). We compare PI-BAI variants to state-of-the-art Bayesian methods,
top-two Thompson sampling (TTTS) (Russo, 2016; Jourdan et al., 2022) and BayesElim (Atsidakou et al.,
2022), as well as to frequentist elimination algorithms: successive rejects (SR) (Audibert et al., 2010) and
sequential halving (SH) (Karnin et al., 2013). Note that TTTS does not come with theoretical guarantees in
the fixed-budget setting, but we include it given its good empirical performance.

Linear bandit. We let d =4 and K = 30. Then we construct the arm set X’ by sampling arms z; from a
multivariate Gaussian distribution with mean 04 and covariance I;. In the Fixed setting, the prior mean
is flat po = (1,...,1) whereas in the Random setting, the prior means are sampled uniformly from [0, 1] as

10
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Figure 4: Averaged PoE on MovieLens.

pio,i ~ U([0,1]). For both settings, ¥y = diag(cg ,;)ic[x) where the g ;’s are evenly spaced between 0.1 and
0.5. We compare our methods with two algorithms that were designed for linear bandits; BayesGap (Hoffman
et al., 2014) and GSE (Azizi et al., 2021), the current (tractable?) state-of-the-art that leverages G-optimal
design to perform successive elimination. Other methods that leverage the same elimination idea and have
lower performances on these settings (Alieva et al., 2021; Yang and Tan, 2022) are not tested.

Hierarchical bandit. Here, each mixing weight b; is chosen uniformly between 0 and 1, and then
normalized to form a probability vector. In the Fixed setting, The v;’s are evenly spaced in [—1, 1], whereas
each v; ~ U([-1,1]) in the Random setting. In both settings, ¥ is diagonal with entries evenly spaced
in [0.12,0.5%], and ¥ is also diagonal, where the 09,;’s are evenly spaced between 0.1 and 0.5. The prior
distribution for all Bayesian algorithms (except PI-BAI) is simply obtained by marginalizing out the effects.
This allows obtaining ji,; and o ;, even for algorithms that are not suitable for hierarchical priors. Though
there is no explicit baseline for this setting, we implement TS based on meTS (Aouali et al., 2023) and
we compare with frequentist and Bayesian elimination strategies agnostic to the structure. Despite the
connection to linear bandits, we do not include such baselines as they do not perform well due to their
inefficient representation of the structure.

Results on simulated data (Figure 3). Overall, despite setting-dependent variations, PT-BAI(w%°Pt) is
the best-performing version, closely followed by w°P!. In the hierarchical experiments PI-BAI(wTS) surpasses
all baselines, highlighting the effectiveness of this method in capturing the underlying problem structure.
These observations reaffirm that leveraging prior information is a powerful and practical tool to scale the
applicability of BAI to cases with a large number of arms in limited data regimes.

MovieLens data experiment (Figure 4). The MovieLens (Lam and Herlocker, 2016) dataset is a large
sparse matrix of ratings from 6040 users (rows) on movies (columns, we subsampled K = 100). We first
perform a low-rank matrix factorization to obtain d = 5 dimensional vectors representing users (context) and
movies (actions) as well as estimated corresponding values. We then simulate an online interaction setting:
at each round t € [n], a user vector is picked uniformly at random and a movie is chosen by the policy,
leading to a reward Y; ~ N (2] 6;,02). This semi-synthetic problem allows us to assess PI-BAI’s robustness
to prior misspecification since the bandit instances are no longer sampled from the prior. More details in
Appendix D.1.

4Katz-Samuels et al. (2020) has an algorithm with tighter bounds but it is not tractable.
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6 Conclusion

We revisit the Bayesian fixed-budget BAI for PoE minimization (Atsidakou et al., 2022) and propose a simple
yet efficient algorithm for MAB, linear and hierarchical bandits. Our new proof technique reveals a flexible
and smaller upper bound on the expected PoE. In particular, this allows us to derive the first prior-dependent
Bayesian PoE upper bounds for linear and hierarchical bandits. We believe that our work sheds a new light
on the adaptativity-vs-generality trade-off in BAI algorithm design while opening several avenues for future
research. Our work relies on the assumption that the algorithm has access to the true instance-generating
distribution, i.e. the prior. Though this assumption is very common in the Bayesian bandits literature, it is
unrealistic in many scenarios. An interesting question for future work is to explore methods to learn the
generative distribution and the related consequences of prior misspecification on the expected PoE of PI-BAI
(Kveton et al., 2021; Simchowitz et al., 2021; Nguyen and Vernade, 2023).

Broader Impact Statement

In this work we have developed and analyzed generic algorithms for certain optimization problems. Employing
our methods may lead to savings in computation and energy. Since our problem setting and our algorithms
are generic, the broader (social) impact is unforeseeable and depends on the area where the methods are
applied.
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Organization of the Appendix

The supplementary material is organized as follows. In Appendix A, we provide additional general additional
remarks. In Appendix B, we mention additional existing works relevant to our work. In Appendix C, we give
complete statements and proofs of our theoretical results. In Appendix D, we provide additional numerical
experiments.

A Additional Discussions

A.1 Motivating examples for hierarchical bandits

In this section, we discuss motivating examples for using hierarchical models in pure exploration settings.

Hyper-parameter tuning. Here the goal is to find the best configuration for a neural network using n
epochs (Li et al., 2017). A configuration i is represented by a scalar §; € R which quantifies the expected
performance of a neural network with such configuration. Again, it is intuitive to learn all 6; individually.
Roughly speaking, this means running each configuration for | % | epochs and selecting the one with the highest
performance. This is statistically inefficient since the number of configurations can be combinatorially large.
Fortunately, we can leverage the fact that configurations often share the values of many hyper-parameters.
Precisely, a configuration is a combination of multiple hyper-parameters, each set to a specific value. Then
we represent each hyper-parameter £ € [L] by a scalar parameter uy € R, and the configuration parameter 6;
is a mixture of its hyper-parameters p, weighted by their values. That is, 6; = Zee[L] bi efte + €;, where b; ¢ is
the value of hyper-parameter ¢ in configuration ¢ and ¢; is a random noise to incorporate uncertainty due to
model misspecification.

Drug design. In clinical trials, K drugs are administrated to n subjects, with the goal of finding the
optimal drug design. Each drug is parameterized by its expected efficiency 6; € R. As in the previous example,
it is intuitive to learn each 6; individually by assigning a drug to [ ] subjects. However, this is inefficient
when K is large. We leverage the idea that drugs often share the same components: each drug parameter
; is a combination of component parameters y;, each accounting for a specific dosage. More precisely, the
parameter of drug ¢ can be modeled as 0; = Zle[ L) bi 1 + €; where ¢€; accounts for uncertainty due to model
misspecification. Similarly to the hyper-parameter tuning example, this models correlations between drugs
and it can be leveraged for more efficient use of the whole budget of n epochs.

A.2 Beyond Gaussian distributions

The standard linear model (4) can be generalized beyond linear mean rewards. The Generalized Linear
Bandit (GLB) model with prior Py writes (Filippi et al., 2010; Kveton et al., 2020)

0~ Fy (14)
}/75|07AtNP(70aAt) VtG[TL],

where the reward distribution P(.;0, A;) belongs to some exponential family with mean reward r(A4;;0) =
#(0Tx4,). ¢ is called the link function. The log-likelihood of such reward distribution can be written

L,(0) =) logP(Yi;0,4;) = > Y0 wa, — A0 2a,) + h(Y3),
t=1

t=1

where A is a log-partition function and h another function. Importantly, (14) encompasses the logistic bandit
model with the particular link function ¢(z) = H_%

The main challenge of (14) is that closed-form posterior generally does not exist. One method is to
approximate the posterior distribution of 8 given H,, with Laplace approximation: P(¢ | H,,) is approximated

15



with a multivariate Gaussian distribution with mean fyap and covariance Xy, where fyap is the mazimum
a posteriorti,

Orniap = argmax L, (6) Po(6)
0
n
&y L AT T
ELap = Zd)(GMAPmAt)xAt,xAt )
t=1
where ¢ is assumed continuously differentiable and increasing. Note that Oniap can be computed efficiently

by iteratively reweighted least squares (Wolke and Schwetlick, 1988).

Logistic Bandit. In the particular case where the reward distribution is Bernoulli, the model writes
0 ~ N (o, o)
Yi |0, A~ B(6(0 xa,)) vt € [n], (15)
where ¢ is the logistic function. Then the mean posterior reward can be approximated as
¢(éhT/1AP$i)

T
EQNN(éMApyiLap) [¢(0 :EZ)] ~ p ’
V31t sllills,,

d(OyapTi) )
gl
Proving an upper bound on the expected PoE of this algorithm is challenging. Particularly, upper
bounding the expectation with respect to H,, is hard because one needs to show that éMAp concentrates

and the decision after n rounds is J, = argmax;¢ g

in norm towards its expectation Eg, {éM Api|. We leave this study for future work. However, we provide
numerical experiments for this setting in Appendix D.2.

A.3 Additional Remarks on Hierarchical Models

The two-level prior we consider has a shared latent parameter p = (u¢)oeir) € RE representing L effects
impacting each of the K arm means:

p~Q
0; ~ Poi(-; 1) Vi € [K]
Yi | w0, Ap ~ P(504,) vt € [n],

where Q is the latent prior on p € R,

In the Gaussian setting (6), the maximum likelihood estimate of the reward mean of action ¢, B, ;/n;,
contributes to (7) proportionally to its precision n;/(n;02 ; + 02) and is weighted by its mixing weight b;. (8)
is a standard Gaussian posterior, and (9) takes into account the information of the conditional posterior.
Finally, (9) takes into account the arm correlation through its dependence on 6,,; and fi, ;. While the
properties of conjugate priors are useful for inference, other models could be considered with approximate
inference techniques (Urteaga and Wiggins, 2018; Phan et al., 2019).

Link with linear bandit (cont.). The slightly unusual characteristic of (10) is that the prior distribution
has correlated components. This can be addressed by the whitening trick (Bishop, 2006), defining fi = »-12g
and b; = £1/2b;, giving
[~ ./\/—(271/217, IL+K)
Y, | ﬂvAt ~ N(E—Ar,ﬂv 02) vt € [n] ’ (16)

where I,; g is the (L + K)-dimensional identity matrix. Then, (16) corresponds to a linear bandit model with
K arms and d = K + L features. However, this model comes with some limitations. First, when computing
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posteriors under (16), the time and space complexities are O((K + L)?) and O((K + L)?) respectively,
compared to the O(K + L?) and O(K + L?) for our model (9). The feature dimension d = K + L can be
reduced to d = K through the following QR decomposition: B= (bl, ey bK) € RIKTLIXEK can be expressed
as B = VR, where V € REHTL)I*K s an orthogonal matrix and R € RE*X_ This leads to the following
model ji ~ N(VTEY25, VTV) and Y, | i, Ay ~ N(R}, ji,0%), yet the feature dimension d remains at the

order of K, and computational efficiency is not improved with respect to K.

From hierarchical bandit to MAB. Marginilizing the hyper-prior in (6) leads to a MAB model,

0; ~ N (b v,08 ; + b £b;) Vi € [K] (17)
Y | 1,0, Ap ~ N(0a,,0%) Yt € [n]. (18)

In this marginalized model, the agent does not know p and he doesn’t want to model it. Therefore, only 6 is
learned. The marginalized prior variance 0(2)71- + bZTEbi accounts for the uncertainty of the not-modeled effects.

B Extended Related Work

In this section, we provide additional references relevant to our work.

Bayesian bandits in structured environments. Bayesian bandits algorithms under hierarchical models
have been heavily studied (Hong et al., 2020; Kveton et al., 2021; Basu et al., 2021; Hong et al., 2022a,b; Peleg
et al., 2022; Aouali et al., 2023; Aouali, 2023). All the aforementioned papers propose methods to explore
efficiently in the structured environment to minimize the (Bayesian) regret. The hierarchical model we use is
derived from Aouali et al. (2023). Beyond regret minimization, Bayesian structured models also found success
in simple regret minimization (Azizi et al., 2023) and off-policy learning in bandits (Hong et al., 2023).

Bayesian simple regret minimization. Azizi et al. (2023) considers the problem of simple regret
minimization in a Bayesian hierarchical setting. Their algorithm is based on Thompson sampling, and choose
an arm at the last round by sampling according to the number of pulls. This leads to a O(1/4/n) rate on
the Bayesian simple regret. Recently, Komiyama et al. (2023) derived a method for Bayesian simple regret
minimization that asymptotically matches their proposed lower bound scaling in O(1/n). Their result does
not contradict our analysis because as mentioned in their work, the difference between the simple regret and
PoE matters in terms of rate when considering a Bayesian objective, unlike in the frequentist case. Moreover,
their method is designed for Bernoulli rewards, and their algorithm does not use the prior distribution.

C Proofs

In this section, we give complete proof of our theoretical results. In Appendix C.1, we give proofs for the
Bayesian posterior derivations and we provide technical results. In Appendix C.2, we prove Theorem 3.1.
The proofs for linear bandits (Theorem 3.2 and Corollary 3.4) are given in Appendix C.3. In Appendix C.4,
we provide proofs and technical remarks for hierarchical bandits (Theorem 3.3).

C.1 Technical Proofs and Posteriors Derivations

Bayesian computations. We focus on the hierarchical Gaussian case (6) and detail the computations of
posterior distributions. We first recall the model,

MNN(VvZ)
0; ~ N (b p, 03 ) Vi € [K]
E'uaaaAtNN(eAmo—z) VtE[n},

where we recall that B, ; = 37, Y; and T; = {t € [n], A; = i}.
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Lemma C.1 (Gaussian posterior update). For any p € R,u € RY b € R and 0,00 > 0,m € N, we have
/ IT N (Viip, o) N (p5b7 1, 08) dp o< N (113 s Bom)
P te[m)
with

m

1 Zte[m] thb

— T. _
Yim = bb o Hm = Em mo_g + o2

moi + o2

Proof of Lemma C.1. By keeping only terms that depend on p,

) :/ 1T NV (Y. 0®) N (0567 i, 08) dp

1 1
_ Y, —p)2— —(p—>b"p)?%d
o /p exp g (Y —p) 207 (p ©)* ¢ dp

te[m]
Lofl m Dtem | b'p L 77
cx/pexp{—2p (08+02> —2p <02+ pe dpexp oy gu bb'
2
b odo? 1 o7
AT PR e b Ll
Ete[ ]YthM o? T 1
- bb'p— —bb"
ocexp{ 02 + mo3 +2(02—|—m0)

P
%
1 T m T Ete[m]
S P L N
o exp { 2 ('u 02+ mo? w2t o2+ mao

o< N (445 fan, ) -
O

Lemma C.2 (Joint effect posterior). For any n € [N], the joint effect posterior is a multivariate Gaussian

9

Qn(p) =N (/1, En), where

=" bibl s i = S (37 ).
+Z 20_02+ 2 y  Hn V+ano_oz+a_2z
Proof of Lemma C.2. The joint effect posterior can be written as
1) [ £ 0asre Vi) Po(O] 1)06Q()

H / HN Yi; 05,02 ) N (0356 1, 05;) dON (150, 5)

ic[k] % teT;

Applying Lemma C.1 gives

/HN Vit 0, 0%) N (05257 1, 02.) d6; ¢ N (45 fin s S ) -

i teT;
with
o n; . o n; By, i
Enli = 27225) b:, Mg = Zn,ibigilzﬂ
’ 00,3 + o 0g i + 04 n;
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Therefore, the joint effect posterior is a product of Gaussian distributions,

Qu(mw) < [ N(u Mnuznl)N<M;V»E)OcN(M?/:Lnain) :

i€[K]

where

O

Lemma C.3 (Conditional arm posteriors). For any n € [n] and any arm i € [K], the conditional posterior
distribution of arm i is a Gaussian distribution P, ;(6; | p) = N (ﬂm, &fm), where

T

5__2 N 1 4 Nn; ’u o ~2 (/l, bz Bnﬂ)

n,g 2 "9 n,i = On i 2 2 .
O-O,i g Uo,i g

Proof of Lemma C.3. The conditional posterior of arm ¢ can be written as
P i(0i | ) o< Lo, (Yay, -, Ya, ) Poi(0; | 1)
o H./\/’(1/};91,02)./\/(91»;1)?#,0371-)
teT;

1 1
S exp{—w Z(Yt —0;)% - 257 6; — b;r,u)2}

2 .
teT; 0,

1
X exp {_%12 (—2Yt€i + 93) — 203 (92 20ib:u)}
teT;

1, (n 1 1

o< N (035 fini, 55 3)

O
Lemma C.4 (Marginal arm posterior). For any n € [n] and any arm i € [K], the marginal posterior
distribution of arm i is a Gaussian distribution P(6; | Hy) = N (fin,i, 62 ;), where
gL 0Th. B,
6 =0n;+ —5ob) Snbiy  fini = ﬁz(“"; -+ ”2)
00,i 00,i 0;
Proof of Lemma C.4. The marginal distribution of arm ¢ can be written as
/Pn,i(ei | 1)Qn(p)dp = /N(Hﬁ,an,iv&%,i)-/v(ﬂ;ﬂnain) dp
I I
b, By, y
x [ N (f)i;&ii <“2 -+ 2> ,&ii)/v(u;ﬁmzn) .
. i\ oz, o .
The line above is a convolution of Gaussian measures, and can be written as (Bishop, 2006),
T ~2 ~2
~ Hp b Bn,i ~ On
/Pn,i(gi | 1) Qn(p)dp oc N | 72Lz o2 +— 7072” 2 bTZ b dp
" 00, 0; 00, Uo i
_N(euﬂn i, 0 nl)
O
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2 2
Lemma C.5 (Technical lemma). Let a >0 and X ~ N(pu,0?). Then Ex [6_%} = ———=e 2e+o?),

C.2 Proofs for MAB

From now, we consider that |wgn| = wyn € N for sake of simplicity.

Theorem C.6 (Complete statement of Theorem 3.1). For all w € A}, the expected PoE of PI-BAI(w)
under the MAB problem (2) is upper bounded as

~ (mo,i—ro,4)? _ (wo,i=ro,)?
2 2 2 2
2(eg,i%99,5) 2(eg,iF9g,5)

e e
,Png Z 4 a2 2 4 a2 2 = Z ,/1+n¢“ ’
i,j€[K] og i (% twsod,; ) tobei (T tenodi) g elK] J
i#£j L+n 2,2 (a2 2 2> 2 (o2 5 i£j
o 0071(7+Wj007.7)+0' 007j<7+wi00 P
2 2 . . 99 1"*’1((777,2‘5‘“]‘73,;')"“761,;'“7 (%"‘“’“ﬂ).i) 205 wiw
Remark C.7. When o3, = 0§ ,limy o0 ¢35 = limy, o0 5 - 1) = 290 Wit
5 5] o202 _(L+wjo-(2) )+U203 (L+W10'0 ) ¢ witw;
n 2 J 3 J n 5T

O(1).
Proof of Theorem 3.1. We first write P, as a double sum over all possible distinct arms,

E [P(Jn #is(0) | Hn)] = E[1{J, # i.(0)}]

=B B (33 i # 10 (0) = iV 1{J, = j} | H,

i=1 j=1

= Z E[E [1{i.(0) =i} 1{J, = j} | H,]]
g

= > E[P(i.(0) =iNJ, =j | Hy,)

Since J, : H,, — [K], P(J, = j | Hy,) = 1{J,, = j}. Considering both events {.J,, = j} or {J,, # j} under H,,

ST EPG@O) =inJo=jH)l= Y E[P@(0) =inJ,=j|H)) (1{Jo =j}+1{Jn #})]
Z E [P(Z*(e) =1 | Jn :jaHn) | Jn :.]] ]P)(Jn :.7)
2{) ]E[M*(e) =i | Jy =g, Hy) 1{J, = j}] .
i,j€[K
i#]

Overall,
Po= 3 E[P@(0)=il|Jy=j,Hy)1{Jn =j}] .

1,j€[K]
i#]
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By definition of i,(6) in the MAB setting and applying Hoeffding inequality for sub-Gaussian random
variables,

P | argmaxfy =i | Hy, Jp =7 | <P(0; >0; | Hy, Jp = J)
ke[K]

:P((ei_ej)_(ﬂnz Nn,J) ~(fin,s — ﬂmj”HmJn:j)

(ﬂnz B /:Ln j)
< B 1
s o ( 262, +02 ) (19

Therefore,
E[P(in(0) =i | Jo = j, Ha) 1{Jn = j}] <E [exp &M)] (20)

We now want to compute this above expectation with respect to H,,.
First, we remark that because the scheduling of arms (Ay,..., 4,) is deterministic, the law of H, =
(A1,Ya,,..., An,Ya,) is the law of (Ya,,...,Ya, ). Denoting 7wy, the marginal distribution of H,,

wu, (Hp) =g, (Ya,,....Y, /Cg (Ya,,...Ya, )Py(6)do,

where L(Ya,,...Ya,) denotes the likelihood of (Ya,,...Ya,) given parameter 6 and Py(0) = [ [, ¢ Fo.i(0:)
since each mean reward 6; is drawn independently from Fp; in the MAB setting. Since rewards given
parameter # are independent and identically distributed,

H, n / H LG }/t teT; PO z(ez)dez

1€[K]

=/ H N((Ye)teT:: 0ilu,ns 02 Lon )N (055 1103, 05 ;) s (21)
0

1€[K]

where 1, denotes the vector of size ¢ whose all components are 1s.
(21) is a convolution of Gaussians and can be computed easily (Bishop, 2006),

N((th)te'ﬁ ; eilwiru JQIwin)N(ei; 10,35 0'871-) = N( (Y%>t€./47‘, ;MO,ilwiny 0—2Iwin + US’lelnll—ln) .

The above covariance matrix exhibits o® + 0§ ; on the diagonal and 0§ ; out of diagonal.
We are now ready to compute some useful statistics : for any i € [K],

2

E [fini] = E 0,i (22)

Ho,i + Y,
2 2 onhot 2 Z ¢
0% + o ;Wi o +O’0 win =

N Jéi Jéi
V (fin,:) = ——V Z Y| = = win (23)

(02 + a%yiwm) (02 + of win)

teT;
1
E Z Y| = pog (24)
L}m teT;
2
(wl tez% Yt) = ( win (02 + Jg,i) + (Wz2”2 - wm) 08,1) = :ﬂl + 0(2),i (25)

Applying Lemma C.5 on (20) and simplifying terms gives

exp <

2
_ (ro,i—ro,45)

. N2 2(of ;+o§ )
( i ,j) . e 0,7 0,5
267+ 07 ;) NAET

E[P(i.(0) =i | Ju = j, H) 1{J0 = j}] <E
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C.3 Proofs for Linear Bandits

Theorem C.8 (Complete statement of Theorem 3.2). Assume that x; # x; for any i # j, and that there
exists S > 0 such that ||z||3 < S for any x € X. Then, for allw € AL, the expected PoE of PI-BAI(w) under
the linear bandit problem (4) is upper bounded as

_ (ugwi—u(-,rzj)2

o —x |2
2llwi—e; g,

where:

. Jg
Cij = ||z — a:j||%ov(ﬂ”) ,  Cov(jin) = ;En Z (wm(a2 + x?Zoxi)) zr] + Z Z xiTZoxjwiwanxiij

i€[K] ie[K]je[K\ {5}

variance terms covariance between arms

Proof of Theorem 3.2. The proof for the linear model follows the same steps as the MAB model by
rewriting P,, as

Po= > EP(.(0)=i|Jn=j H)1{J,=j}].
i,jE[K]
i#£]

By definition of i,(#) and J,, in the linear bandit setting,
P(i(0) =i | Hn, Jy =) =P (Vk € [K], 0 a; > 0 ay | Hy, Jn = j)
<P0Tz;>0"2;|J, =], Hy)

sy
S eXp o I‘ X $2 Z 5 ,
2||; — x]”gn

where the last inequality follows from Hoeffding inequality for sub-Gaussian random variables. Taking the

expectation with respect to H,,
exp | — el . (26)
( 2zi — ]

2
Zn

E [P(Z*(‘g) =1 | Hy, Jn :j)]l{‘]n :.7}] <E

Then we remark that the expectation of fi,, with respect to H,, is

X . _ 1 . _ 1
E[in] =E |2, 201u0+§2nm =3, 201u0+§E > Yiwa,| | .

te[n) te(n]

since the scheduling (Aq,... 4,) is known beforehand. Now,

E|Y Yiza | =Y EV]oa =Y pgeaza,,
te[n]

te[n] te[n]

where E [Y;] was obtained by marginalizing the likelihood over the prior distribution as in (21).
Rearranging the terms permits to conclude that E [fi,] = po. Then we can compute the expectation in
(26) by applying Lemma C.5, Sylvester identity, and some simplifications:

”/lnHiEfm Ti— 1 _1 2
(_ (wi=e)(@i=e)™ || _ E— (27)
\/1 + Hzi*zj”cov(ﬂn)

2le; — x;
i — ;] =il
s,

E

2
Xn
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where from Lemma C.5,

-1

o - - Ai — Aj)(Ai — 4 o

Ay j = Cov(jin) ™ — Cov(fin) ™ (Cov(ﬂn) 1+( ||A-i)f4-||2 j)> Cov(fin) ™"
3 J 2

= COV(/:L")_l - COV(ﬂn)_l <Id + COV(/:Ln) (xi - x])(xl ] xj))

e — a,11%,

(s — aj) (@ — 25) "

" e 1%+l 2Py

The last equality follows from an application of Sherman-Morrison identity. Applying the law of total
expectation,

Cov(0) = E [Cov (6 | H,)] + Cov(E [0 | H,]) = 2, + Cov(fin) .
Therefore,
i = 13, + 2 = 3 Boeqny = 7 = 2512, couqay = l7i — 213,
Plugging these into (27), we obtain

o2
(zi—z ) (wi—zj) T (#Jzifu(—)rrj)z

2w =g 2flws—wjlg

E[P(i.(0) =i | Hn, Jn = j)] < _

2 2 ’
14 [E2 IJHCO;mn) 14 [E2 xJHCo;(/ln)
llzi—z; 1%, llzi—; 1%,
n n

Computation of Cov(fin). By definition of Gaussian posteriors in linear bandit in (5),

- 1 - 1 - 1 - N
Cov(fin) = Cov <Zn <Zol,u0 + 2Bn)> =X,Cov (Zoluo + 2Bn> ¥, = —4ZnCov(Bn)Zn,
o o o
and

Cov(B Z V(Yiza,) + Z Z Cov(Yiza,,Yvxa,)

te([n] te[n] t' €n],t#t’
= Z V() xAtxAt + Z Z Cov(Yt,Yt/)xAtlet/
te(n] te[n] t' €[n],t#t’
= Z winV(Yy, zpa, + Z f,uiwjnQCov(Yggi,ij)a:iac]T
ke[K] 1,jE[K]
i)
= Z wpn(o? + x) Soxp)) ez, + Z wiwan(x;ronj)xix;r.
ke[K] i,jE[K]

1#]
Proof of Corollary 3.4. We first prove a useful lemma that holds for Bayesian G-optimal design.

Lemma C.9. Let X a finite set such that |X| = K, § : X — [0, 1] a distribution on X so that ) ., &§(x) =1

Va(€) = X ex @)z’ + %2251, Yo € R™ q diagonal matriz, and f(£) = logdet (V,,(€)). If & =
argmingc . f(§), then maxxeXHxH%/n(E),l <d.

Proof of Lemma C.9. By concavity of £ — f(£), we have for any £ that

> (Vf(& =Y (=) — (&, VF(E)),

TeX
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and since this holds for any pdf &, choosing £ = §, for an arbitrary action z’ yields
[Vf(ﬁ*)]z, < (&, Vf(€Y)) forany 2’ € X.
Since r.h.s. does not depend on z’,

max [Vf(£%)], < (€, VF(£)). (28)

zeX

By the property of the gradient of log-determinant, [Vf(§*)]T = ||z[lv, (¢=y-1- Therefore, for any &,

EVFE©)) =D &@)zl} e

rzeX

=Y @) V() e

rzeX

— Ty (Z 5<x>ﬂvn<s>1x>

zeX

—1
2
— Tr Z é— / IT - 201>
mGX

z'eX

—1
A+ —Z > > where F = Z E(x)za’”

o
o))
o

9 —1
I;— —E Id + 2E‘1201> E_1> (Woodburry)

= Tr(Iy) — —Tr ((EZO + 2Id> 1)

S Tr(Id) =d.
All putting together in (28) with £* = argmingc . f(€) implies max e x ||z v (e+)-1 < d. O
2
5 < d%. Therefore,
_ (u Ti— uo ])2 (uo x;— uo T, )2 _ (;LJ%*MJ;]'Q
2=, 12, 2o, =, 112, 2l —a; 12,
(& >0 >0 e 0
P S ey e 0
e 1+ 61772 1+ R S - 1 Ci,j
z,J,iLK] R € K] 2maxzex ez 17J§[K] + gy
17 1F]

C.4 Proofs for Hierarchical Bandits
We begin by stating the complete proof.

Theorem C.10 (Complete statement of Theorem 3.3). For allw € A}, the expected PoE of PI-BAI(w)
under the hierarchical bandit problem (6) is upper bounded as

(v To—v o)

2(l1b;=b; 15 +05 ;+05 ;) ,
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bkfl bi)? ot (by 3,b5)2
wm+02 . Z V(Bn,k) + 7 Dy ( 2 ——V(Bu)

(0, vorit (02 winog ;) (05, jwin +02)? £ (0% + winog )2
(b Snbi)-(bL Snbi)
B B,k
+ v G lw1n+02 B > 2 (02 wwn + )02, k,wk/n+a2)cov( nkes Brkr)

ke[K] k' e[K]\{k}

Z Z (b Snb).- (b Enbd)) cov(By,k; Bn,i)

(Uojw7n+a2 (05 gwrn + 02).(0F jywin + 0?)

k' e[KI\{k}
B 204 3 (b $0bi)(by Snbj) Z Z (b $,b:). (b3 Snby) cov(Bor. By )
(08 ,win + 02)(a] jwjn 4 o2) T (02 + winag ,)? Tk} (05 ywrn + 02).(05 jywin + 0?) ks Enak
203 ,-Ug]-
- : ’ Bn [z Bn j
(Ug,iwin+02)(03,jwjn+UQ)COV( 2 Bn)
20°0¢ by b b b
e D0k R EZnD v (Bu gy Bi) + V(B
(J(Z)Viwin+0'2)2 ke[%:\{.} (Ug’kwkn_~_02)C0V( k> Bryi) + (ngiwm_’_az) (Bn,i)
20202 . bl $nb; b, b
Ot | 2 (o7 s 4 7)Y B Brd) + (s Vi Bny)
0 RelK\(s} 7 ORF 0.5
20%02 ; b Snb; b b
T 2 2 ; ) 2 Z 2 S 2 COV(B”JC’B”J) + = . 2 V(Bn,j)
(08 win + 0?)(0 ;win + 0?) relshiin +wrknog 0? + w;jnog
20208, bl $nb; b Snb;
— N2 3 Y e cov(Bag, Bag) ¥~ V(Bai) |
(08 jwin + 02)(og ;win + 02) re(wTin © +winog . 0? +w;nog ,;
where we defined %, from (7),
yol=x"14 Z PR bkka i V(Bpgk) = wrno? + winQ(Uak + kaZbk) i cov(By g, Bni) = wkwk/nngZbk/ )
0,k

ke[K]

Proof of Theorem C.10. This proof follows the same idea of the proof of Theorem 3.1. We first write P,, as

Po= 3 E[P@.(0)=1il|Jy=j,Hy)1{Jn =j}] .
1,5€[K]
i#£j

Following (19), by applying Hoeffding inequality for sub-Gaussian random variables,

P | argmaxfy =i | Hy, Jp =7 | <P(0; > 0; | Hy, Jp = J)
ke[K]

:P((ei_ej)_(/lnz Nn,J) (an ﬂnj) | Hp, Jn = j)
(ﬂnz _ﬂnj)

< _\rner g/

— eXp ( 2(@_3171 +6_i7j) ?

are given by (9). Taking the expectation with respect to the history H,,

(ﬂn,j—f‘n,i)z
—
e 200niton ) | |

where fi,, ; and 62 ;

E[P(i,(0) = i | Jn = j, H)1{Jy = j}] <E
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Since fin,i — fin,; ~ N(E [fin,i] = E [fin,;] , V(fin,i — fin;)), applying Lemma C.5 gives

(g = im,i)> > 0 2
26t T 5| _ 1 _(E [An,i] = E [fing]) 1
E |e n,it In,j = exp 9 ~9 ~92 V(fin,i—fin.;)
1+ w (Un,i+an7j) 1+ w

Therefore,

_ (]E[p‘n,i]*E[/ln,j])2
e 2(02462 AV ini—in,p)

E[P(i(0) =i | Jn = j, Hn)] <
1+ V(Mn ;gﬂn;)

Now we want to simplify 6%4’ + &i,j + V(fin,; — fin,;). on one hand, by the law of total variance,
V(0; —0;) =E[V(0; — 0; | Hp)] +V(E[0; — 0; | Hn]) =67 + 620+ Vfini — fin ),
On the other hand,
V(0; —0;) =E[V(0; = 0; | )]+ V(E[0; — 0; | u]) = 05 + 05 + V(b — b;) " 1)
= 0(2),1' + Ug,j + |6 — b; 1% .

Combining these two last equations gives 67 ; + 67 ; + V(jini — fin ;) = 05 ; + 05 ; + [1bi — b; |3 -
Therefore,

1 _ ( [*‘n z] E[“n J])
E [P(i(0) =i | Jn = j, Hn)] < e Abated initiIz) (29)
1 + V(Mn i—fin J)
n 1,+an

Computing V(fin,; — fin,j)-
The rest of the proof consists to compute E [, ;] and V(fi,,; — fin,;) for (¢, 7). Denoting @ the latent
prior distribution p ~ @ and 7y, the law of H,,

7THn (Hn) = 7THn (YA17~-~7YAn,)

_ //(9 Lo(Vays o Ya ) Po(6 | 1)Q()d0d
N //( ) H Lo, (Yo)ter:) Po,i(0i | 1)Q(p)dbsdp

:/ /N (Yie7); 0iLlin, 0" Lon) N(055 0] 1,05 )d6; | Q(u)d.
m

1€[K]

From properties of Gaussian convolutions (Bishop, 2006),
/ N ((Yt)te”l_i); ailwina O'ZIwin) N(ei; b;‘r/% a'g,i)dei =N (()/t)teﬂ); (bz—'r,u)]-wina UQ-Iwin + 1w1 ]-:;n 5 z) .
0;
Therefore,

H / N }/t tET ;1 win, Iw n) N(Gz;bz U7087i)d0i

1€[K]

= N(Hp; Z € (RK) ® Z er (R¥™) @ b;l’ @ p, Ik ® (Uz-rwm + lwml;;nag,i)) )
i€[K) t€win]
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where we define explicitly e; (RK ) as the i*" base vector of R¥.
Therefore,

//\/ (Hn; Y e (RM) @ < > e (R ®bj> ® 1, I ® (07 Loyn + Lwyn 1, 00N (s v, £)dp

zE[K tEw;n

_N( nvM» )7

where /i € R, ¥ € R™*" with

i= T a@e (X amnon )
1€[K] tEw;n
i =Ig® (U2Iwin + 1win1;}rin0(2),i)
-

Y e®)a | D a@®m™mab |[]) ea@®)e| Y e® ™Mb . (30)

1€[K] t€w;n] 1€[K] t€w;n]

The covariance matrix 3 seems complex but has a simple structure. The first term Ix ® (021, +1wm1¢ln‘73,i)
is the same as in the standard model. The remaining term accounts for the correlation between distinct arms
(i,7), and this correlation is of the form b Xb;.

Now we are ready to compute E [fi,, ;] for any arm k € [K]: from (8) and (9),

2 :a;zrbk + Bn,k
n k 0_(2) B o2

E [ﬂn,k] =K

B a’ag fip b Bk
=B |- 2 5 T3
T4 kWK + o 0.k o
2 2
4 90,k
. — N A %%  R®IB .
08 win + o2 [ be] + 02 pwin + o2 [Br.i]
From (7),
o o B, ; o
0T T Bn,i T Ty-1 n,i T
fi bre = ST b | Sabe =0 ST b+ Y b Dby
i€l 0%+ wmao i i) 0% +winog;
By linearity,
2 2
. g E [Bn,i] S 90,k
E = |(v'®~ 12 b —— i pTS b ———E|[B .
[,umk] Jakwkn + o2 K+ ZGZ[I:{] o2 + wznagz i 2nbk | + 0_(2)7ka71 ) [ nJc]
From Equation (30), E[B, ;] = w;nv"b;. Therefore,
2 T 2
. o 1 winv ' b; o 00k
E S —— A YauS S v pTy Ok Th = uTh
[in. 1] o2 ,wrn + o? v n0k Z o +wmog, " ] o2 kwkn+02wkny RV Ok

1€[K]

(31)
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Now we are ready to compute V(fin ; — fin ;) for any (i,7). From (31),

2 2 2 2

. - o o 90,i o o 90,5
n,g — Mn,5 = nbz n,g nb'_ n,j
Hni = Hn.g ag}iw,;n + 02 fim D+ 0(2)7Z-w7;n +o027 " O'gijj"fl + o2 Hin 2 U&iwjn +o2
2 2
A2 >0 i N AAD YR YN
0h Wi + 0 0 Win + 0
does not depend on observations
0'2 B k v *0'2 B k ]
—_— Abg&b»—ki. $b;2 b;
U&iwm + 02 kez[;q wknog’k + 02 v Uajwjn + 02 kez[;q wknaak + 02 "
(1) (2)
Jg’j _ *‘78,3' ‘
o*%yiwm o2 U§7jwjn o2 ™
(3) (4)
Since (1), (2),(3) and (4) are correlated,
4 4 4
V(fini + fing) = V(1) +2)+G) +(4) =D V(@) +> Y 2cov((i), (5))- (32)
i=1 i=1 j=1,j#i
We now compute each term of (32):
0'4 B k >
V(1) =+—5——"—= — ,IEH i
(0§ win + 02)? Rt wgnag ), + o
0'4 (b—krinbz)Q B k . B 1% o
= V(Bn.i) + cov ¥b,12nbi, Ab;ﬁnbi
(0(2)71'%'71 + 02)2 kez[;q (02 + wknaak)z (k’k,z));#k/ o2+ wknaak o2+ wk/naak/
4 Ty 2 Ty T3
= Tan Ty 3 R )2V(Bn,k) + Y R R )cov(Bn,k-,Bn,k/)
0,27 ke[K] k (k') kK’ 0,k 0,k’
o (bginbjy (bzinbi)(bg'inbj)
V) = v | 2 T rame g POt D et (o ey Be Bra) |
0,577 kE[K] 0,k (k") k#k! 0,k 0,k’
o5
V((3)) = ’Z V(B,.;
(9) = o5 V()
4
00
V((4)) = : (Bnj)»
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2 2
ag Bn k T & g BTL k T
cov((1),(2)) = —cov . : by b, . — kTS b,
(1), (2)) P keZU)ﬂ o Tt e keZU)ﬂ cnno? . o2 b

4
g Bn,k T Bn,k T
T (02 wn +02)(0? vw-n—l—aQ)COV Z wEno? +02bk Znbi, Z wgno? +a2bk 2nb;
0,277 0,57 ke[K] 0,k ke[K] 0,k

4 bI ,b;) (b Sbs
. 202 2[Z(k2 )(kQJ)V(Bn,k)
(Uo)imero )(0'07jwj'n+0' ) R (o +wkn00’k)
(b Z0bi) (b Znb))
+ Z (02 + wgno? ) (o2 erjlncr2 )COV(B”’k’B”’k/)
(k, k'), k£k! k10, k kTG gor

cov<<3>,<4>>=—cov< 0 Bui B j>

2 . 2 n,ts . 2 n,
04w + 0o 0§ jWin + o
2 ;2

08 .08
0,:“0,j
=— cov(B,, i, Bn j)
2 2 n,iy Pn,j
(05, ;win + 02)(00’jwjn +02?)
2 2
o 3 Bk T 90,5
cov((1), (4)) = —cov 02 win+o?’ winol . + o? bk nbi, 02 win + o2 Bn.j
0,i%e ke[K] kY00 K 0,7*%J
2,2
o°0q ; B Y
0,5 2 : n,k T
— ) 3 2 ) B Ccov 3 bk Enbian,j
(0§ win + 02)(og ;win + 0?) v © + wEnog
2 _2 T & Ty
00§ b ¥ b, b; X,b;
0, nVi
== 2 D e b V(By.;)

7 (2 o 2 2 2 2 2
(0§ win + 02)(og ;win + o?) } T0kkN +0?  ofwin+o

ke[KN\{j

The remaining terms are obtained by symmetry. Finally, for any (7, j) :

V(Bn,i) =V <Z YE) = wino” + wfn2(a(2),i +b] %)
teA;

cov(By,i, Br,j) = cov Z Y;, Z Y, | = Z Z cov(Yy, V) = wiwanb;erj.
teA; teA; teA; teA;

Remark C.11 (Computing the upper bound for hierarchical bandit with Theorem 3.2). The reader can wonder
why transforming the hierarchical model into a linear model thanks to (10), and plug directly the transformed
prior and actions to the linear upper bound (Theorem 3.2). While this is what we do to optimize numerically
the bound, it is challenging to give explicit terms with this method. In fact, it would yield to the following
upper bound,

1 7(9751-71775]-)2 1 _ o -T2
Po< § : e 2bi=bIE E : e 2(bi=vjlig+og ;+o5 )
" 1655112, 16:=05112, ’
ieK) 1% ~bileg, ijeK) 1% 70N,
i£j ll6:=b;1I5, i£j ll6:—=b;1I5,
where
-1
= = 1 73T - l & 2 | I SINEET 7 $F 2777 | §
Yn=1|2X+ -3 E wlnbzbl , Cov, = 7En E wm(a + blEbz)blbz + biEbjwiwjn bzbj Y-
o o
i€[K] i€[K] i’j’i[‘K]
i#j

However, computing ||b; — Bj”%av and ||b; — b;||2 is computationally challenging because it requires first to

compute ¥ with block-matrix inversion, then to recover the marginal and posterior covariances 5721,1‘7 éfm- and
62’1- from (7), (8) and (9).
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D Additional Experiments

We provide additional numerical experiments on synthetic data.
e Appendix D.1 provides additional details for the MovieLens experiments.
e Appendix D.2 provides experiments for the logistic bandit model.

e Appendix D.3 provides justifications for the choice of baselines. In particular, we discuss the choice of
the warm-up policy and the influence of adding elimination on top of our method.

e Appendix D.4 gives experiments when focusing as the simple regret as a metric.
e Appendix D.5 provides another type of confidence intervals on the experiments of Section 5.
e Appendix D.6 explains in which setting the hierarchical model benefits from model structure.

e Appendix D.7 tackles the problem of tuning the warm-up length n,, and the influence of the choice of
T on the PoE.

e Appendix D.8 provides toy example when deriving w°Pt.

D.1 MovieLens Experiments

We provide more information on our MovieLens experiments in Figure 4. The MovieLens dataset contains
ratings given by 6040 users to 3952 movies. We use a subset of K = 100 randomly picked movies for our
experiments. The prior used for inference in PI-BAI and BayesGap is set to be Gaussian with mean po and
3. These parameters are estimated by taking the empirical mean and empirical covariance over the wall
dataset. All results are averaged over 10* rounds.

D.2 Logistic Bandits

We consider two main settings as in Section 5. In the Fixed setting, uo is flat, po = (1,...,1) whereas in the
Random setting, the prior means are uniformly sampled from [0, 1]. For both settings, 3¢ = diag(oai)ie[;{]
where the ¢ ;’s are evenly spaced between 0.1 and 0.5. We ran experiments for K = 30 arms and d € {3,4}.
Figure 5 shows that the generalization of PI-BAI with G-optimal design allocations on has good performances
beyond linear settings.

K=39, d=3‘(Fixed‘setting‘) K=30,‘ d=3 (Bandom settir?g)

K=30, d=4 (Fixed setting) K=30, d=4 (Random setting)
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Figure 5: Average PoE with varying budgets for fixed and randomized settings in the GLB framework.

D.3 Choice of Baselines

A remark on TTTS. Top two sampling algorithms is a family of algorithms that is known to have good
performances in BAI In Section 5, we used TS-TCI with 8 = 0.5 from Jourdan et al. (2022) and denoted it
as TTTS for sake of notation simplicity.
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Choice of warm-up policy. We evaluate different warm-up policies, TS and two Top-Two algorithms,
TSTCI and T3C from Jourdan et al. (2022). The experiments shown in Figure 6 are run in the same setting as
in Section 5, with K = 10 arms in the MAB setting, and with K = 60 and d = 4 in the hierarchical setting.
Figure 6 suggests to pick TS as a warm-up policy for the MAB setting and meTS for the hierarchical setting.

0.7 MAB (Fixed setting) 0.60 MAB (Random setting) Hierarchical (Fixed setting) Hierarchical (Random setting)
0.55 0.5 0.5
4y 0.50 |\ 0.4 0.4
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o 4
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o 0.35 . :
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Budget n Budget n Budget n Budget n

oo PI-BAIW™)  + + PI-BAIW™C)  «— PI-BAI(W™ST)

Figure 6: Average PoE of PI-BAI instantiated with different warm-up policies.

Influence of elimination. We empirically compare the influence of using elimination on top of our methods.

The elimination procedure is the same as the one used in Atsidakou et al. (2022). There are |log,(K)| rounds,

and each lasts [ % | steps. At each round, we pull each remaining arm i [“£* | times. At the end of the round,

half of arms are eliminated. These correspond to the arms that have the least posterior mean reward (so fi,, ;
in the MAB setting). The allocation w is then normalized to allocate more budget to remaining arms. Note
that we draft all observations at the end of each round, as it is the case in (Karnin et al., 2013; Azizi et al.,
2021; Atsidakou et al., 2022). Figure 7 shows that using elimination does not give better performances, and
hence we chose to not add these baselines in Section 5.

MAB (Fixed setting) MAB (Random setting)
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*—n Pl-BAI(wOI"(*Ehm)) PP Pl_BA|(wG—0pt(+Elim)) 8 8 P|_BA|(wUni(+Elim)) % % Pl_BA|(wTS(+E1‘uu))

Figure 7: Average PoE of PI-BAI instantiated with different weights with or without elimination in the MAB
setting.
D.4 Simple Regret

Figure 8 compares the performances of our methods based on the Bayesian simple regret E [maxie[ K00 Jn] ,
where the expectation is taken with respect to the prior distribution over instances 6. Overall, it shows that
our methods also have low simple regret in these settings.
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Figure 8: Average simple regret with varying budgets for fixed and randomized settings.

D.5 Confidence Intervals on Sampled Instances

We provide additional plots in the same settings of Section 5. The first row of Figure 9 shows the PoE of the
methods averaged over 1000 different instances sampled from the prior distribution. For each instance, we
repeat the experiments 100 times to get an estimate of the probability. We show one standard deviation
around the averaged mean of PoE over instances. In the second row of the same figure, we plot the PoE of
each method subtracted by the PoE of the method having the least PoE in each setting, that is, PI-BAI(w°P!)
in MAB, PI-BAI(w®™°P!) in linear bandits and PI-BAI(w™®) in hierarchical bandits.
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Figure 9: PoE of several methods (first row) and PoE of each method substracted by the PoE of the most
performing method in each setting (second row). For each instance, we repeat the experiments 100 times and
we average the results over 1000 instances. The confidence intervals show one standard deviation.

D.6 Benefits of Hierarchical Models
2 under a

To illustrate the benefits of using a hierarchical structure (6), we compare the posterior variances 47, ;
standard model and a hierarchical model. The standard model is obtained by marginalizing over the effects p,

0; ~ N (bj v, 0 ; + b Tb;) Vi € [K]
Y | 1,0, Ap ~ N(0a,,0%) Yt € [n]. (33)
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From (3), the corresponding posterior covariance of an arm i € [K] is

62 — 1 n w;in
mt o cr(zm +bI'Sh; o2

For the first setting, we uniformly draw a vector v € [0,1] and set g = 0.1u and ¥ = 2I;. For the second
setting, we set 0g = u and ¥ = 1073I. In both settings, we consider K = 50 arms, and L = 10 effects.
We draw uniformly v,b; € [—1,1]% and the allocation vector is set to uniform allocation wi™ = % for any
i € [K]. In Figure 10 we plot the average posterior covariance % Zie[ K] Ufm- across all arms for both the
(marginalized) standard model (33) and the hierarchical model (6). The goal of this experiment is to show
for which setting the benefits of the hierarchy are pronounced. The results show that this difference is more
pronounced when the initial uncertainty of the effects 3 is greater than the initial uncertainty of the mean
rewards (03 ;)ic[k]-

Setting 1, K=50, L=10 Setting 2, K=50, L=10
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Figure 10: Average posterior covariance across all arms for standard and hierarchical model for two settings.

D.7 Hyperparameters

Warm-up length n,. We try different values of warm-up length n,, for our warm-up policies. We
emphasize that methods based on TTTS require n,, > K because each arm has to be pulled at the beginning.
Figure 11 suggests picking ny, = 2K for the warm)up with T3C and TSTCI, and n,, = K for the warm-up
with TS.
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Figure 11: Average PoE of PI-BAI instantiated with different warm-up policies for different warm-up lengths
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Mixture parameter «. We discuss the choice of the mixture parameter a. We recall that we use the

heuristic aw®" + (1 — a)% in our experiments. Figure 12 shows that for the fixed setting, adding

the vector % helps improve the performances. This is not necessarily the case in the random
ke[K] H0,kT0,k
setting.
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Figure 12: Average PoE of PI-BAI(w°P") for different mixture parameter a.

D.8 Toy Experiments for w°*

We provide additional experiments to evaluate the optimized weights w°P® in different settings. In Figure 13,
we set K = 3, po = (2,1.9,0), (00.1,00.2,003) = (1072,0.5,0.5). This corresponds to the motivating setting
depicted in the introduction (Section 1). We provide a comprehensive illustration of the prior bandit instance
to,i £ 200, (left plot). Then we let the budget vary, n € [10,200], and for each n we (numerically) optimize
(11) to get wP' (middle plot). On the right plot, we let the prior mean of arm 2 vary, ug 2 € [0,2], and get
w°Pt as a function of pg 2. In Figure 14, we do the same experiments for 6 arms with 2 good arms a priori,
o = (2,1.9,1,0.6,0.3,0) and og uniformly spaced in [0.5,0.1]. As n increases, w°P' suggests distributing
roughly one third of the budget for each arm 1 and 2, and the remaining to the rest of the arms.

These results give insight on the behavior of w°Pt. In Figure 13, for small budgets, w°P* suggests pulling a
lot the second arm because of its wide prior confidence 0§, > 0§ ;. It does not give much allocation to the
last arm since it is statistically unlikely to become optimal. As the budget n grows, most of the allocations
are almost equal to arm 1 and arm 2. Since 02 ; # 03 5, w™" # wW5P" even for a large budget n = 200. The
right plot of Figure 13 shows that w°P! depends on prior gaps. Interestingly, this was not the case for the
very special example K = 2 depicted in Section 3.3.
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0.50
0.45+
0.40 -
0.35
0.30F
0.25¢
0.20 -
0.15¢
0.10+

: : : 0.05 : : :
50 100 150 200 0.0 05 1.0 15 2.0

Budget n Prior mean gy »

— arm1l — arm 2 — arm 3

Figure 13: Tllustration of the prior bandit instance (left), and optimized allocation w°P* when varying budget
n (middle) or one coordinate of pg (right).
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Figure 14: Tllustration of the prior bandit instance (left), and optimized allocation w°P* when varying budget
n (right).
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