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*
Laboratoire de Probabilité Statistique et Modélisation, Sorbonne Université.
tDépartement de Mathématiques et Applications, Ecole Normale Supérieure, PSL.
tUniversité Cote d’Azur, CNRS, LJAD, France.

Abstract
In this article, we consider joint returns to zero of n Bessel processes (n > 2): our main
goal is to estimate the probability that they avoid having joint returns to zero for a long
time. More precisely, considering n independent Bessel processes (Xt(i))lgign of dimension
d € (0,1), we are interested in the first joint return to zero of any two of them:

H, :=inf {t > 0,31 <i < j <nsuch that X" = x) =0}.

We prove the existence of a persistence exponent 6,, such that P(H,, > t) = t=0nto(l) as
t — oo, and we provide some non-trivial bounds on 6,,. In particular, when n = 3, we show
that 2(1-0) < 3 < 2(1—4)+ f(0) for some (explicit) function f(5) with supyq 47 f(4) ~ 0.079.
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Figure 1: On the left, two Bessel processes of dimension § = 3/4 conditioned not to have joint returns
to zero. On the right, three Bessel processes of dimension § = 3/4 conditioned not to have (any) joint
returns to zero.
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1 Introduction and main result

Let n > 2 be some fixed integer, and consider X = (X (i))lgign independent squared Bessel
processes of dimension 9, i.e. described by the evolution equations

X =a;, dx® =2y x"aw? + sat, (1.1)

with (Wt(i))lgign independent standard Brownian motions. In other words, (X¢):>¢ is a diffusion
in (R4)™ with generator

o — " Ox? ox; :
We denote by P, the law of (X;);>0 started from = = (x1,...,2y). Fori,j € {1,...,n}, i # j,
let us denote
Ty :=inf {t > 0, X =0},
iy mint 12 0.0 = X9 =0} =it 120X + X0 =0},

which are respectively the first return to 0 of X ® and the first joint return to 0 of X® and X ).
Then, it is classical, see e.g. [21, p. 511], to obtain that if § < 2, then for any fixed i,

Po(T; > t) ~ ¢y, ¢=(1-39) as t — 00, (1.3)
L1872

where the constant c;, depends only on z; and §, and is given by c¢;, = ST52 (152 (1=6/2) *

where I' is the usual gamma function.
As far as joint returns are concerned, for any fixed i # j, we have, if 6 € (0,1),

Py (T > t) ~ copra; t=(1=9) ast — 0. (1.4)

This can be viewed from the fact that X ® + X ) is a squared Bessel process of dimension 5 =26
with starting point x; + x;, see |24, Chap. XI, Thm 1.2], so one can apply (1.3). We also refer
to Section 2.1 for more comments.

In this article, we consider the first joint return to 0 of any two of the n squared Bessel
processes, namely
H, :=min{T;;, 1<i<j<n}. (1.5)

This can also be seen as the hitting time of the (n — 2)-dimensional set A = {J, ,;{z; = z; = 0}
by the (R4 )™-valued process (X¢)i>0. In dimension n = 2, this corresponds to the hitting time
of the corner of the quadrant (R, )?; in dimension n = 3, this is the hitting time of one of the
axis of the octant (R, )3.

Remark 1.1. One could also consider the hitting time by (Xt)¢>o of the (n — k)-dimensional set
AF) = Uul:k{xi = 0Vi € I}, corresponding to simultaneous returns to 0 of k Bessel processes.
We will make a few comments on this general case, but for simplicity we focus on the case k = 2
i the rest of the paper.

Our main goal is to estimate the tail probability P, (H, > t) as t — co. We will focus on
the case where ¢ is in (0, 1), since in the case 6 > 1 we have T; ; = +oo a.s. for all ¢, j, while for
d < 0 squared Bessel processes are absorbed at 0 (still, we discuss this case in Section 2.2).

We prove below that the persistence exponent 6, exists, see Proposition 1.2, i.e. that we have,
for any = ¢ A,

Py(Hy, > t) = t 00 ast — o0,

The question is then to identify 0,,; a further question would be to obtain a sharper asymptotic
behavior, for instance Py (Hy, > t) ~ ¢y 2 t=0n.

In this article, we put some emphasis on the case n = 3 for simplicity. Even if we are not
able to determine the exponent 03, we prove non-trivial upper and lower bounds, showing that
2(1 =0) <03 <2(1—6)+ f(6) for some (explicit) function f(d) with supyy ) f(6) ~ 0.079, see
Theorem 1.3 below.



1.1 Some motivations

Spatial population with seed-bank and renewal processes. Our original motivation was
a question raised by F. den Hollander, in the context of renewal processes, in relation to models
of populations with seed-banks [5, 7], in particular in a multi-colony setting, see e.g. [20] (or
the introduction of [23] for an overview). In these models, individuals can become dormant and
stop reproducing and after some (random, possibly heavy-tailed) time they wake up, become
active and start reproducing but only for a short period of time. Roughly speaking, the times
where individual from a seed-bank becomes active form a renewal process, and joint renewals
correspond to times when individuals become jointly active and are able to interact and exchange
genetic material.

Thus, understanding the tail behavior of the joint renewals is key in understanding the
evolution of genetic variability in these models. Our question would then amount to studying the
tail probability of having no joint renewals for any two individuals in a given set of n individuals.

Renewal processes on N and joint renewals. Let us formulate the question of the previous
paragraph directly in terms of renewal processes and make some comments. Consider n indepen-
dent recurrent renewal processes (7(V)1<;j<, on Ng = {0,1,2,...}: 70 = {Tlgl)}kzo is such that
Tél) =0 and (T]gl) — k(;l—)l)kzl are 1.i.d. N-valued random variables. We can interpret 7(9 as the
activation times of an individual in a seed-bank, or as the return times to 0 of a Markov process.
We assume that P(Tl(l) > t) ~ cot™® as t — oo, for some o > 0 and some constant ¢g > 0. This is
a natural fat tail assumption for population with seed-bank, see [6] and it is also verified for the
return times to 0 of Bessel-like random walks, see [1]; in particular, the parameter « is related
to the dimension § of the Bessel-like random walk! by the relation a = 1 — 34, see e.g. (1.3) (or
equivalently § = 2(1 — ) < 2).

Defining p(+7) := 70 N7 the joint renewals of 7 and 7(9), then one easily have that p(i-7)
is also a renewal process, which is recurrent if o > % (which corresponds to § < 1). In the case
o € (3,1) (which corresponds to § € (0, 1)), the renewal structure allows one to obtain the tail
asymptotic P(p(7) N (0,t] = 0) thanks to a Tauberian theorem, simply by estimating the renewal
function U(t) = S\ P(s € p))) = 2L P(s € 7())2: estimates on P(s € 7)) are available
(see e.g. [8, 17]) and after a short calculation one gets that P(p(»9) N (0,t] = §) ~ ¢t~ (221 =
c1t~ 179 we refer to [2] for details. The case a > 1 is actually more delicate since one cannot
apply a Tauberian theorem, but one has P(p(»9) N (0,t] = 0) ~ ¢, t=%, see [2, Thm. 1.3-(iii)]. We
refer to [2] for an overview of results on the intersection of two renewal processes.

However, if there are n renewal processes and if we define the set of joint renewals as p :=
{seNp, I <i<j<nse (@) OT(j)}, then p is not a renewal process anymore if n > 3. Then,
it is not clear how to estimate the tail probability P(p N (0,¢] = () and the goal of the present
article is precisely to give an idea on how this probability should decay, since it is natural to
expect that P(p N (0,¢] = 0) ~ P(H,, > t), with squared Bessels of dimension § := 1 — 2a.

A toy model for collisions of particles. Another source of motivation for studying joint
returns to 0 is that one can interpret the instant 7;; as the first collision time between two
particles 7,j — for instance one could interpret Y;; := X () 4+ X0U) as the distance between
particles 4, 7. This is of course a toy model of particle systems since particles have not much
interaction, but the question is already interesting (and difficult) because of the intricate relation
between the processes Y; ;.

In the following, we sometimes call an instant ¢ such that Xt(i) = t(j ) = 0 a collision
between particles ¢ and j. In this framework, our question consists in studying the large deviation
probability of having no collision (of any pair of particles) for a long time. We have in mind
several models where such a question is natural, such as mutually interacting Brownian of Bessel

"More precisely, %T(i) converges in distribution (as a closed subset of [0, 00)) to a min(c, 1)-stable regenerative
set, see e.g. [18, § A.5.4], which can be interpreted as the zero set of a Bessel process of dimension .



processes?, see e.g. [9, 10, 11|, or Keller-Segel particles systems, see e.g. [15, 16] — note that

both models feature (squared) Bessel processes.

1.2 Main results: joint returns to zero of n > 3 Bessel processes

We now turn to the case of n > 3 Bessel processes and state our main result. Recall the
definition (1.5) of H,, the hitting time of A = {J;,;{z; = z; = 0}. First of all, we show the
existence of the persistence exponent 6,,.

Proposition 1.2. There is some 6, > 0, that depends on & but not on the starting point x €
(Ry)™\ A, such that

1
lim — logP,(H, >1t) = —0,.

t—oo logt

In other words, Py(H, >t) =t %+ 45t - co.

Before we state our main result, let us give “trivial” bounds on the probability P,(H > t),
and so on ¢;,. For an upper bound, we can use the independence of (T2;—1,2i+1)1<i<|n/2], together
with (1.4), to obtain that P,(H, > t) < ct~"/2/(0=9) as ¢ — co. Hence, this gives the bound
O > [n/2](1 —0). Let us stress that if n = 3 this gives that #3 > 1 — §, which is simply the
exponent obtained when n = 2; in particular, it is a priori not clear whether one has 63 > 1 — 6.

For a lower bound, imposing T} 2 > t and T; > t for ¢ > 3, using the independence and (1.3)-

(1.4), we obtain that P, (H, >t) > ct=(1=0)=(=2(1-39) a5 ¢ 3 00 This gives the upper bound
0, < n(l — %5) — 1. In particular, when n = 3 we get 03 < 2 — %5.

Our main result provides a non-trivial lower bound on 6, valid for all n > 3. In the case
n = 3, we also find an upper bound on 6s.

Theorem 1.3. For all n > 3, we have that

0, >(n—1)(1-9).
When n = 3 we have the following upper bound

05 < 2(1—0) + f(9),
with f(8) = 2(1/(6 —56)2+85(1 — &) — (6 — 56)).

20
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Figure 2: Tllustration of the bounds of Theorem 1.3 in the case n = 3. The persistence exponent 63
verifies §_ 1= 2(1 — §) < 65 < 2(1 — ) + f(0) =: 4. The plot on the left-hand side shows the graphs of
0_,0. as functions of ¢ € (0,1); the plot on the right-hand side shows the graph of f, and numerically
one has supy 4; f(d) ~ 0.079.

1.3 First comments and some guesses

We now make a few comments on our result and we develop some interesting open questions one
could pursue.

2Also related to Dyson’s Brownian motion and Dunkl processes, see e.g. [14] for an overview.



About f5. In view of the fact that the function f(9) is small (see Figure 2) and the fact that
our upper bound could possibly be improved (see Remark 4.2) one may have the following guess.

Guess 1.4. Forn =3 and § € (0,1), we have 03 = 2(1 — 9).

We would not venture to call it a conjecture since we have no simple heuristic as to why this
should be the correct answer; in fact we expect that this guess should not be correct when n is
large, see Guess 1.6 below.

About subsets of joint returns to zero. Naturally, there are many other questions one
could ask about joint returns to zero of Bessel processes. For instance we could consider a
subset K C Pa(n) := {{i,5},1 < i < j < n} of all possible pairs of indices, and consider
Tx := min{T;;, {i,j} € K}, i.e. the first joint return for any X and X0) with {i,5} € K.
We focus in this article on the case K = Pa(n), and in fact we have no clear guess for a general
subset K, even in simple cases such as n = 3, K = {{1,2},{1,3}}. However, the following guess
seems reasonable, but we are not able to prove it.

Guess 1.5. For any 6 € (0,1), we have P(T1 2 > t,T13 > t) = t=Oato(l) g5 ¢ 00, with
O =1—-0<03<2(1-0)<6bs.

This guess somehow tells that it is strictly harder to avoid collisions when one considers more
pairs of particles, but we are not able to prove any of the bounds 1 — § < 63 < 2(1—-9). In
fact, our Theorem 1.3 shows that it is strictly harder to avoid any collision when you have three
particles, which is already an achievement.

About 0, when n is large. Another aspect of the problem one may consider is when the
number n of particles is very large. We then have the following guess (for which we give some
convincing argument below), which tells in particular that the lower bound 6,, > (n — 1)(1 —9)
is not sharp, at least when n is large>.

Guess 1.6. For any fized § € (0,1), we have that 6, ~ n(1 — 16) as n — oco.

Let us briefly explain why we conjecture this specific asymptotic behavior for 6,. First of
all, we showed a trivial upper bound 6, < n(1 — %6) — 1 in Section 1.2, which matches this
asymptotics. For the lower bound, the heuristic goes as follows.

First, let us set Ijvh(ll) = inf{t,32 <i < n, Xt(l) = Xt(i) = 0} the first instant of collision of
particle number 1 with any other particle. Then, we strongly believe (but are not able to prove)
that when n is large, one has

3 ; ; 1
Py (H( > t) = ¢ 0+ with 6, ~1— 50

Indeed, the easiest way for the particle number 1 to avoid a collision with the other n—1 particles
is to avoid touching 0 whatsoever (i.e. having 77 > t), hence the exponent should be close to
1— %(5 , which comes from (1.3); indeed, requiring all n—1 other particles doing something unusual
should be much more costly. With this in mind, we should have that

Py (H, > t) = Py (HY > )Py (H, >t | HY > t) ~ t 00t OP, (H,_1 > 1),

where H,,_1 denotes the first collision time among n — 1 particles. The reasoning here is that the
conditioning by the event {Hﬁ” > t} mostly affects the first particle but almost not the others:
in practice, we should have P,(H, >t | ) > t) = Py(Hp >t |Th >t) =Py(Hpo1 > 1).
Iterating this argument (as long as the number of particles remains large) supports the guess
that 0, = n(1 — 30) + o(n) as n — oo.

$Numerical simulations appear to confirm that 6, > (n — 1)(1 — &) when n > 5, at least in some range of §.



1.4 Organisation of the rest of the paper

Let us briefly outline the rest of the paper.

e In Section 2, we comment on some related questions: we present remarkable properties of
the case of n = 2 Bessel processes (these properties fail for n > 3); we give results in the case of
a negative dimension § < 0, which are trivial; we comment on the relation of our question with
various PDE problems, which provide a different perspective (that we were not able to exploit).

e In Section 3, we present some preliminary results: a comparison theorem that allows us
to compare different diffusion processes; a proof of the existence of the persistence exponent 6,
via an elementary (and general) method (it relies on the sub-additive lemma, with some small
additional technical difficulty). We also present the general strategy of the proof in Section 3.3:
in a nutshell, the idea is to find an auxiliary process (Z;)¢>0 for which H,, is the hitting time of 0,
and to compare (Z;);>0 with a time-changed Bessel process (for which we know how to control
the hitting time of 0).

e In Section 4, we implement the strategy outlined in Section 3.3. We introduce two auxiliary
processes (a different ones for the lower and the upper bound on 6,) and compare them with
time-changed Bessel processes. The time-changes are controlled in a separate Section 4.3 (our
goal is to give a self-contained and robust proof, and in particular we do not rely on subtle
properties of Bessel processes).

e In Appendix A and B, we collect some tedious calculations that we had postponed not to
break the flow of the proof.

2 Various comments

2.1 About two Bessel processes conditioned on having no joint return to zero

Let us now develop a bit on the case of n = 2 squared Bessel processes, which contains some
interesting features and helps understand why the case n > 3 is more complicated.

A natural approach to attacking the case n = 3 and a natural question in itself is to consider
two Bessel processes conditioned on having no collision before time ¢. Indeed one can write

Py(Hs > t) =Py (Tio > t)Po(H >t | Tio > t) ~ ot T OP (T30, T3 >t | Tio > 1), (2.1)

and understanding the behavior of Xt(l), Xt(2) conditioned on T4 2 > t seems to be a good start
to study P, (Hs > t).

Interestingly, the behavior of Xt(l) , Xt(z) conditioned on having no collision, i.e. T7 2 = 400,
is remarkably clear. Indeed, let S; := XV + X? and U, := xV/S, € [0,1], 1 - U, = X?/8,,
so that Xt(l) = S5;U; and Xt(2) = Si(1 — Uy). Then, a simple application of Itd’s formula gives,
after straightforward calculations, that (S¢)i>0 and (Up)i>o satisfy the following SDEs:

dS, = 2+/S; dW, + 28dt

2 — 6 (2.2)
AU; = —=/Uy(1 — Uy) AW, + —(1 — 2U,)dt
t \/Si't t( t) t St( t)

with (Wy)e>o, (Wt)tzo two independent Brownian motions. In particular, (St):>0 is a squared
Bessel process of dimension 26 and Uy can be written as time-changed (by fg S tdu) diffusion,
independent of (St)¢>o.

Hence, conditioning on 779 = 400 (i.e. on Sy > 0 for all ¢ > 0) simply has the effect of
changing (S¢):>0 to a squared Bessel process of dimension 4 — 20, see [19]. We therefore end up
with the following result.

Proposition 2.1. Conditionally on T 2 = +o00, the process (Xt(l),Xt@))tzg have the distribution
of (StUz,, St(1 — Uz,))e>0, where S,U are independent diffusion characterized by the following:



1. (5}),20 is a squared Bessel process of dimension 4 — 29, i.e. follows the evolution equation
dgt =2 gt dW; + (4 — 25)dt;

2. (Up)ys0 follows the evolution equation

dﬁt =2 fjt(l — fjt) th + 5(1 — Qﬁt)dt;

and T; is the inverse of t — fg §u_1du.

Remark 2.2. We could also define the angle ©y, such that U, = cos?(0y), 1 — U, = sin?(0y).
Applying It6’s formula, after some calculation one ends up with the following SDE for (©)i>0:
~ 6—1
do; =dW; + ——— dt.
©: 't o tan(20))
Note that it looks like the evolution equation of a Bessel process of dimension § when © ap-
proaches 0 (and similarly for § — ©, by symmetry), with a null drift when © = 7.

Let us make some further comments and give one result.

Comment 1. The conditioning by {7} 2 = +00} significantly changes the behavior of the tail of
the first hitting of zero, min{71,T»}. In fact, somewhat surpisingly, the persistence exponent of
Py (min{T}, T2} >t | T1 2 = 400) is equal to 1, and in particular it does not depend on § € (0, 1).
Indeed, as t — oo, we have that,

Py (min{T1, T} > t)  cpycnt 2072 ¢, cp 41

Pz(mm{ThTz} >t | T > t) = F (T1,2 S t) ~ P — P

where we have used (1.3)-(1.4); we leave aside the technicality of replacing the conditioning by
T1 2 = +o00. This shows in particular that the conditioning makes it strictly easier for the Bessel
processes to avoid hitting zero at all, changing the persitence exponent of min{7y, 75} from 2 —§
to 1.

Comment 2. The zero set Z(0) := {t, Xt(i) = 0} of a squared Bessel is a regenerative set, in fact
an a-stable regenerative set with av := 1— %5 ; see |3, Ch. 2] for an introduction to regenerative sets.
Then, the set of collision times {t, Xt(i) = Xt(j ) = 0}is 2 () N 20U) | which is itself a regenerative
set. This regenerative structure is not specific to Bessel processes and holds for any Markov
process, and can be useful in estimating the probability P(T;; > t) = P(Z®) N 20) 0 [0,t] = 0),
similarly to the discrete setting (see Section 1.1 above). On the other hand, the regenerative
structure completely disappears when considering n > 3 processes, since the set of collision times

is then U#j 2 N 20U) which is not a regenerative set anymore?.

Comment 3. Proposition 2.1 allows us to “understand” the law of Z MU 23 conditioned on
ZW N 2@ = @ it is the zero set of the process Ry := YUz, (1 — Uz,), for which one has the

evolution equation
dR; = 21/ Ry(1 — 3U,)dW,; + 6(1 — 60,)dt

where U, 1= ffﬁ (1— ﬁﬁ) € [o, %] Note that the process R; can be interpreted as a time-changed
(by fg (1-— 30, s)ds) squared Bessel process, with varying dimension § %ggt — the difficulty here
- t
is that the variation of the dimension is intricate.
Then, one could hope to understand P(731,732 >t | T1,2 = +00), since min{713 1,732} is the

hitting time of zero of the process Rt—&—Xt(?’). In fact, with techniques similar to the ones developed
in this paper, we should be able to show that P, (751,752 >t | T1 2 = +00) < t—(1=8)+o(1) (which
in view of (2.1) would correspond to the bound 3 > 2(1 — 4)), but we are not able to obtain
matching upper and lower bounds with this approach.

4Note however that the regenerative structure is present if one considers “n-collisions”, i.e. simultaneous return
to 0 of the n processes all together.



2.2 The case of a negative dimension

Let us comment briefly on the case where the dimension of the squared Bessel processes is

negative, i.e. 6 < 0. In that case, the processes X @ are absorbed at 0, meaning that Xt(i) =0
for all ¢ > T;. Therefore, we get that T; j := max{T;, T;} so that

Pu(Ti; >t) =P (T; >t or Tj >t) ~ (cpy + ij)t—(l—%& as t — 00, (2.3)

using also (1.3). Similarly, we have that H, = mini<;<j<,{7;;} is the second smallest T;, so we
have that

P, (H, > t) = ng( O{n >t for all i 75]'}) .
j=1

Using the inclusion-exclusion principle and again (1.3), we easily end up with the following result.

Proposition 2.3. Letn > 2 and 6 < 0. Then we have as t — 00

n
P, (Hy, >1t) ~ z:]P’Q,(TZ >t for alli# j) ~ ent 0,
j=1

n
with 0, = (n — 1)(1 — 6/2) and with the constant ¢, :== > [] ca,-
i=1iA
Let us observe that in Proposition 2.3, the persistence exponent verifies #,, = (n —1)65 (similalry
as in Guess 1.4 with n = 3) and also 6,, ~ n(1 — 16) as n — oo (similarly as in Guess 1.6). On

the other hand, we also have that Py (112 > t,T13 > t) ~ cmt*(l*%‘s), so that Guess 1.5 does
not hold in the case 6 < 0: we have here that P, (T12 > t) ~ (1 + zm—Q)]P’m(TLQ >t,T13 >t) and
Tl

therefore 0y = 53 < bs.

2.3 Relation to PDEs

We mention in this section the relation of our question with some PDE problems, which provide
other approaches for studying the persistence exponent. We will not pursue these approaches
further since we were not able to obtain any useful information from it.

Laplace transform of the hitting time. In this paragraph we recall the classical fact that
the Laplace transform of the hitting time can be obtained by solving a PDE problem with
boundary conditions. In our context, the PDE is not so complicated, but the difficulties lie
in the boundary conditions. Let us denote by @y(z) := E,[e ] the Laplace transform of
H, := min {Ti’j, 1<i<j< n}, with starting point Xg = = € (R)™. Since the stopping time
H,, is the hitting time of the set A := J, ,;{z; = z; = 0} by the (R )"-valued diffusion process
(Xt)t>0, we classically have that ¢, solves

sp(x) =Ap(z), ze (R,

o(r) =1, re A, (2.4)
h_)m o(r) =0.

where we recall that £} is the generator of n independent Bessels processes, see (1.2).
When 0,, < 2, proving that P, (H, > t) ~ cpt~% as t — oo is equivalent to proving that

1 —ox(z) ~ XNh(z) as A0,

where h is expected to be L-harmonic.

Note that, by scale invariance of Bessel processes, we have ¢y(z) = ¢1(Ax), and the goal
would thus be to find the behavior of ¢ near 0, where ¢ is the “good” eigenfunction solving (2.4)
with A = 1.



Link with Quasi-Stationary Distributions. There is a link, which is at first hand not so
direct, between our problem and questions related to the theory of Quasi-Stationary Distributions
(QSD). We recall in a nutshell this theory but we refer to [13] and [12] for detailed references.
Let (Z¢)i>0 be a Markov process on a state space X. We assume that X' can be decomposed in
two parts: Xg, the set of allowed states and Xy := X'\ &y, the set of forbidden states, and we
let T :=inf{t > 0, Z; € Xt} be the hitting time of X;. A distribution v on A, is said to be a
Quasi-Stationary Distribution (QSD) if it is invariant under time evolution when the process is
conditioned to survive in X, that is such that for all ¢ > 0 and A C A,

P, (Z, € A|T >1t)=v(A).

This condition implies that 7" is exponentially distributed under P,, i.e. there is some 6, > 0
such that P, (T > t) = e~%! and formally the couple (v,6,,) solves the spectral problem

L'v = —0,v,

where £* is the adjoint of the generator £ of Z; killed when it reaches X.

The basic questions in this theory are the existence of QSD and of the so-called Yaglom limits,
that is, for some initial distribution p, the convergence of the conditional laws P,(Z; € - | T > t)
towards some QSD measure when ¢ goes to infinity (note that Section 2.1 could be framed in this
spirit). In general, it is expected that, for all z € X,, P,(Z; € - | T' > t) converges to v, where
vy is the minimal QSD measure, i.e. the one associated with the eigenvalue 6, at the bottom of
the spectrum of —L*. Such a result would give that, for all x € A,

P, (T > t) = ¢~ 0xt(1F0(1) ast — 00.

At first, our problem seems quite different, the hitting time H,, of A = Ui;ﬁ j{xi =z; = 0}
having a heavy-tailed distribution. But, as we will see in Section 3.2 below, we can perform an
exponential time change by considering X; := et X i_ 1, which remains a Markov process (1t is
a n-dimensional Cox-Ingersoll-Ross process). Then, if H,, denotes the hlttlng time of A by X,
we get that having P(H,, > t) = t~(1+0(1) a5 ¢ — o0 is equivalent, to P(H,, > t) = e~ fnt(1+o(1)),
Thus, following the theory of QSD, our persistence exponent is expected to be the bottom of the
spectrum of —ﬁ*, the adjoint of the generator of X, killed when it reaches A. Unfortunately, up
to our knowledge, there is no general result in the QSD theory which can be applied directly to
our problem and provide the existence of 8,, (and the minimal QSD associated). In our situation,
the difficulties come from the fact that we consider a n-dimensional diffusion (with n > 2), taking
values in an unbounded set, and also that the forbidden set A is a proper subset of the boundary
of the state space (Ry)™. Note that a QSD theory would provide the existence of a persistence
exponent #,, and of a Yaglom limit, but not the value (or estimates) on the exponent 6,,. Instead,
we prove the existence of 6,, via some “elementary” sub-additive techniques and we estimate 6,
also via some “elementary” techniques.

Link with a spectral problem on a bounded domain. In this paragraph we discuss
another approach to obtain 6,,, which exploits the symmetries of the problem and which reduces
to a spectral problem for a certain operator on a bounded domain. The advantage of this
approach is that we reduce the number of variables by one, and also that we obtain a diffusion
on a bounded domain; the caveat is that the diffusion is harder to study. We only give an
overview of the reduction one could perform and we provide some details in Appendix B

For simplicity, we consider the case n = 3, and recall that we denote X; := (Xt(l),Xt(Q), Xt(3)).
Anticipating a bit with notation, we further define the three elementary symmetric polynomials
in the coordinates of X,

Si=XV+ X2+ X7, A= xMxP  xPxP 1+ xPxV, po=xPxPxP,

which have respective homogeneity 1, 2 and 3. Note that, for all t > 0, X; is entirely determined,
up to some permutation, by (S, A¢, P;). Also, since the Bessels processes are independent we



can check that the process (St, A¢, Pr)i>o is itself a diffusion process, whose generator can be
computed explicitly, see (B.1) for a formula.

Expressed with those symmetrical coordinates, the hitting time Hj3 can be expressed as
Hs :=inf{t > 0, A; = 0} (notice that X; € A if and only if A; = 0). Moreover, as a consequence
of the symmetries of the problem, we can factorize the dynamics of (S, A¢, Pr) by (St)i>o0,
which plays the role of a “radial” process, and some “angular” (i.e. without scaling) process
(A4, P) := (Ay/S?, P;/S}?). Tt turns out that one can write the angular (2-dimensional) process
as a time-changed diffusion (Uy, V;), independent of (S;):>0 and whose generator £ can also be
computed (again, see Appendix B for details) — this in analogy with what is done in Section 2.1,
see (2.2), in the case of n = 2 Bessels. Also, one can show that the angular process (A, P;)t>0
evolves in a bounded domain 7 C (R4 )? (with boundary) which can be determined explicitly,
see Figure 3 in Appendix B for an illustration.

Now we can relate the persistence exponent to a spectral problem for the generator £ on the
bounded domain T finding (i, ) such that Lo = pe with ¢ a non-negative function on 7 that
vanishes only when u = 0, then one should be able to relate the eigenvalue p to the persistence
exponent 03 by the relation 05(05 — 1 4 35/2) + = 0. We refer to Appendix B for details, but
we were not able to exploit further this approach, the spectral problem seeming out of our reach.

3 Some preliminaries

3.1 A comparison theorem

We state in this section a comparison theorem for Bessel processes with varying dimensions. The
proof is standard and can be found in [22, Ch. 6]. We consider here a probability space (2, F,P)
supporting a Brownian motion (W;)¢>o and we denote by F = (F;);>0 the filtration generated by
this Brownian motion, after the usual completions. Let (D});>¢ and (D?)¢>0 be two F-adapted
non-negative processes. Let also (Z})¢>0 and (Z?);>¢ be two processes such that, if it exists, a.s.
for any t > 0,

t t t t
Ztlzzl+2/ \/ZsldWer/ Dlds and Zt2222+2/ \/ngWst/ D3ds
0 0 0 0

for some 21,29 > 0. We have the following comparison theorem.

Proposition 3.1 (Thm. 1.1 in Ch. 6 of [22]). If z1 < 22 and almost surely for any t > 0,
D} < D2, then almost surely for any t >0, Z} < Z2.

3.2 Existence of the persistence exponent

Let us prove Proposition 1.2 in this section. First, we perform some exponential time change of
(Xt)¢>0 and consider the process (X; := e ' X _;)i>0 which is still a Markov process (known as
a Cox-Ingersoll-Ross process, see for instance [19]) generated by

["5 .:2i37872+(5_x.)i
" — " Ox? Y ox;

Then, if we denote H, := inf{t > 0,3i # j, lez) = Xt(l) = 0}, we naturally have P,(H, > t) =
P, (H, > log(1+t)). Therefore, to prove Proposition 1.2 we simply need to show that, for any
x € (R-i-)nv

t—o00

1 A
lim . logP,(Hy, > t) = —0,. (3.1)

Notice also that since t — Px(ﬁn > ) is non-increasing, one can consider the limit in (3.1) only
along integers.

Before we prove (3.1), let us stress that the limit (if it exists) does not depend on z. For
z,y € (Ry)™, let us write x <y if z; < y; for all i = 1,...,n. Then, by the comparison property
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of Proposition 3.1 (applymg it componentw1se) we obtain that, for any starting point y > =,
P (H >t)>P (H > t). Therefore, for z,z" € (R% )", the Markov property gives that

Po(Hp > 1+8) 2 Py (Hy > 146, X1 2 0') = Eu 10,01 5,50 P, (Bn > )]
> Py (Hy > 1,X1 > 2\ Py (Hy > t) =2 Cp P (Hy > ),

where we have used the comparison inequality for the second line. This shows that, for any
z,2’ € (RL)" and ¢t > 1,

Cot oPor (Hy > t — 1) S Py(H, > 1) < Cl P (H, > t+1)

so that the limit in (3.1), if it exists, does not depend on x.
Now, let x € (R4)". To prove (3.1), let us introduce, for ¢ > 0,

Go(t) =Py (Hn > t,X; > 7).

We now show that (log ¢, (t))+>0 is super-additive. Indeed, by the Markov property, we have that
Gt +5) =Ee |1y P (H > 5, X, >$)}2Ew[ (>t Xeza}l (H > 5, X, > @)

Now, by Compamson (applymg Proposition 3.1 componentwise), we obtain that, for any starting
point y > x, P (H > 5, X, > x) > qu(s). We therefore end up with ¢, (t + s) > ¢u(t)ga(s) for
any s,t > 0, which shows the super-additivity and thus that the limit

.1
0, = — tliglo n log q.(t)

exists (the limit is taken along integers).

We can now compare ¢, (t) with the original probabllity P.(H, > t). First of all, we clearly
have that q,(t) < Py(H, > t), so that liminf; o, 1 7 log P, (H, >t) > —0,.
The other bound is a bit more subtle. Recall that A :=J, ,;{z; = z; = 0} and let us define

As = {y = (y1,--.,yn) € (R4)",3i < j such that max(y;,y;) < 5}
for some 0 > 0. Then, we fix € > 0 and § > 0, and we consider the upper bound
Px(f[n >t) < Px()zs € As for all s € [(1 —e)t,t — 1]) + Px(ﬁn > 715,75 <t — 1) , (3.2)

where we have set 75 := inf{s > (1 — ¢)t, X, ¢ As}. We now estimate both probabilities.
For the first one, applying Markov’s inequality iteratively every unit of time, we get that

Px(XS € As forall s € [(1—e)t, ¢t —1]) < ( Sup ]P)Z/(Xs € Ajs for all s € [0, 1])) o
yEAs

= exp (— Cslet — 1]).

where the constant Cs = —log(sup,e 4, ]P’y(XS € A; for all s € [0,1])) goes to +o0 as 0 | 0.
Indeed, observe that, for all y € As,

IP’y(XS € As for all s € [0,1]) < IP’0< sup mmmax(f(gi),f(gj)) < 52) )
s€f0,1] i#I

by comparison. Now, the upper bound converges to Po(sup,c,1) min;; max(Xgi), Xs(j)) =0) as
6 1 0, which is equal to 0.
For the other probability, let us set

pes(s) = inf P,(H, >s X, >1).
’ yEIAg

11



Then, we have that

. .
Py (Hy > 75,75 <t — 1) SEm[l P,s(t — 75) )}7

{Hn>ms ms<t-1) infse[l,at‘] px,&(s
and, by the strong Markov property,

E.[1 75)] <E.[1 Py (Hp >t — 75, Xp—ry > )]

{I:In>7'5,7'5§t—1} X
<SP (Hy >t 75 <t —1,X; > 1) < qut).

{I:In>7'5,7'5§t—1}px:5(t -

Now, notice that by the Markov property and by comparison (see Proposition 3.1), for s > 1
we have that Py(H, > s, X; > xz) > P (H >1 X1 > )Py (Hy, > s—1,Xs-1 > x), so that

p&,m(s) > C(S,:vqg:(s - 1) )

with Csp 1= inf(yepu,) Py(Hn > 1, X1 > z) > 0.
Indeed, for any y € dAs, there is at most one i with y; < d: since {H; > 1} D M;2{Vs €
[0,1] X ng ) > 0}, we get by independence, then by comparison, that

Py(H, > 1,%1 > 2) > Py, (X{” > ) [[ Py, (¥s € [0,1] X9 > 0, X7 > a;)
J#
> Po (X > [[2]|oo)Ps (Vs € [0,1] XD > 0, XY > o))",
which is a positive lower bound on Cj,. All together, we obtain that

1

Py (H, > 715,75 <t —1) < C5 ) inf e (o0 4o (5)
S €

x(t) .-

Going back to (3.2) and using that lim; %log qz(t) = —0y,, we conclude that for t suf-
ficiently large (how large may depend on ¢,d,z), we have infycj o qu(s) > e~ Onte)et and
gz (t) < e=On=3)t 5o,

P, (}AI > t) < ef%C’y:t _i_ef(ansfs@nfsQ)t
Now, for any fixed € > 0 we can choose § small enough so that 055 > 0,, — e — e, — €%, which

gives that limsup,_,., § log P.(H, >t) < —(0, — ¢ — &6, — £2). ThlS concludes the proof, since
€ is arbitrary. O

3.3 General strategy of the proof

We consider a probability space (2, F,P) supporting (n + 1) independent Brownian motions
wO w®, . Wwm. We denote (Ft)e>0 the filtration generated by these Brownian motions,
after the usual completions. On this filtered probabilty space, we consider n independent squared
Bessel processes of dimension ¢ € (0, 1), solution of

dx = 20/ xVaw® + sdt.

Our general strategy is to find some auxiliary one-dimensional stochastic process (Z;)¢>0, which
hits 0 exactly at time H,,, that we are able to compare with a (time-changed) squared Bessel
process, for which the first hitting time of 0 is well-understood.

More precisely, let ¢ : (Ry)™ — R4 be a smooth function, and define for all ¢ > 0,

Zy =XV, LX) = (Xy)

Then, using the evolution equation of X and applying Itd’s formula, we obtain the evolution
equation of Z;:

1z =23 X0 02 (x aw ) + (52 Xt+22Xf”§35<Xt>>dt-
i=1 v ‘

12



Let us set

Ykl (22 x))" (3.3)
i=1 ¢

Recalling that W(© is a Brownian motion independent from the rest, we define

n (1) By
0 VXt e (Xe) ;
dW, = 1{Yt=0}th( ) + ; 1{;@>0} —\/% th(l) ,
which is an (F);>0 Brownian motion since it is a local martingale with quadratic variation

(W) = t. Note that whenever Y¥; = 0 for some t > 0, we have Xt(i)(g—;i(Xlt))2 = 0 for every
i €{1,...,n}. Therefore, if we set

=1 871'1
we get that
dZ, = 2¢/Y,dW; + (6D{" + 2D{V)at. (3.4)
Let us now define the processes V and D by
Y, sD{V 4+ 2D
== Dy = —t "t .
Vi 7 and Dy v (3.5)

We will now make the following assumption on the function ¢ which will be verified in practice.
(H) The function ¢ is such that a.s. Leb({t > 0, ¥; = 0}) =0 and V; < oo for any t > 0.
Under this assumption, it turns out that we can rewrite (3.4) as

dZ; = 24/ Z;V; AW, + D, Vi ds . (3.6)

The advantage of the formulation (3.6) is that it formally looks like the evolution equation of a
time-changed square Bessel process, with varying dimension D;. Our objective is now be to find
functions ¢ (one for the upper bound, one for the lower bound) such that:
e the function ¢ verifies p(z1,...,2,) = 0 if and only if° z; = x; = 0 for some i # j, so that
H, =inf{t > 0,7, =0},
e the “velocity” V; and the “dimension” D; can be controlled, namely one can obtain explicit

bounds on them.
t
Pt = / Vudu)
0

which corresponds to the time-change in (3.6). Thanks to Assumption (H) and the definition (3.5)
of V, we see that a.s. Leb({t > 0, V; = 0}) = 0. This implies that p is an increasing and
continuous time-change. Let us denote by 7 its inverse and let us set Ky = Z, as well as
B, = Oﬁ V' VidW; which is an (Fy,)i>0 Brownian motion. We classically have that

Let us set

dK, = 21/K,dB, + D.,dt.

5In fact, one actually need only one of the implication depending on whether one is interested in the upper or
the lower bound, but we stick to the if and only if formulation for simplicity.
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For the upper bound on P, (H,, > t). Let us assume here that there is some J; € (0, 2) such
that Dy < d4 uniformly in ¢. Then, if we define
dQ'™) = 20/Q'"HdB, + 5. dt,

which is a squared Bessel process of dimension §, we get by comparison, see Proposition 3.1,
that a.s. K; < Q,gé*) for any t > 0. It follows that Z; < foi*) for any ¢ > 0. Denoting
To(Z) = inf{t > 0, Z; = 0} for a stochastic process (Z;);>0, we therefore get that

Py (H, > t) = Py (To(2) > t) <P, (To(Q°H)) > pr)

and it remains to control p;, and in particular show that it cannot be too small; let us stress that
one difficulty is that (p;)i>0 is in general not independent from (QEM))QO. We will then need a
lemma as follows.

Lemma 3.2. There is some k > 0 such that, for any p > 1 there exists a constant Cp = Cy )
such that, for anyt > 1 and any € < 1

P, (pe < et*) < Cpe?.
With the help of this lemma, we then get that, for any p > 1 (large),
P, (H, > t) <P, (Tp(QU)) > p) <P, (pt < t—l/\/ﬁtl-a) L P, (TO(Q(5+)) N t_l/\/ﬁt”>
< Cpt VP 4 et 2700)/ VP =(1=564)

where we have also used (1.3) for the last inequality. This strategy therefore shows that, for any
n > 0, choosing p sufficiently large yields Py (H, > t) < /t70-77 with §_ := k(1 — %5+); here
04 is an upper bound on D; and k gives the scale exponent of p, and appears in Lemma 3.2.
Since 7 is arbitrary, this shows that 6,, > 6_.

For the lower bound on P,(H,, >t). On the other hand, if we assume that there is some J_
such that Dy > é_ uniformly in ¢, then, just as for the upper bound, we define

dQY) =21/QVaB, +5_dt
and we get by comparison, thanks to Proposition 3.1 again, that K; > QE(L) for any ¢ > 0, which
yields that Z; > Qg*) for any t > 0. We then get that
Po(Hy > t) =Py (To(2) > t) > Po(To(QV)) > py) -
We then now need to show that p; cannot be too large.

Lemma 3.3. There is some k> 0 such that, for any M > 1 there exists a constant Cp, = Cy )
such that, for anyt > 1 and any A > 1

Po(pr > At") < C,A7P.
Then, with this lemma, we get that
Bl > 1) 2 Bo(To(Q) > ) 2 B (To(Q0V) > VP 1) — B (g 2 1/¥7 1)
et~ @=80)/VP 4=r(=362) _ 0 VP

v

where we have again used (1.3) for the last inequality. This strategy therefore shows that, for
any n > 0, taking p usfficiently large yields that P, (H, > t) > ¢/t ~%+~7 with 0, := (1 — %5_);
here, d_ is a lower bound on Dy and & is the one from Lemma 3.3. Sicne 1 > 0 is arbitrary, this
shows that 6, < 6.,.

Remark 3.4. In some cases, one could in theory improve Lemmas 3.2-3.3 and obtain (stretched)
exponential tails for t™"py, see e.g. (4.7): this would improve the bounds on P,(H, > t) replacing
the t",t=" by some power of logt. Since we are only interested in the persistence exrponent, we
do not pursue further this direction.
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4 Proof of the main result

This section consists in applying the strategy of Section 3.3, i.e. choosing the correct functions ¢
for the upper bound and for the lower bound on P, (H,, > t).

4.1 Upper bound on P,(H, > t)

For the upper bound, let us first deal with the case n = 3 for clarity. We turn to the general
case n > 3 afterwards: the strategy is identical but with more tedious calculations.

4.1.1 The case n =3

Let us consider the functional
A= xIxP 4 xPx® 4+ xPBxD = o(Xy), (4.1)

and observe that ¢(x1, x2,x3) = x122+ 2223 +2x321 = 0ifand only if 21 =29 =0orzy =23 =0
or x3 =x1 = 0.

Then, let us derive the evolution equation of (4;), asin (3.6). Denoting A = x1x9+x2w3+w371
and S = x1 + x2 + x3, P = x17973, straightforward calculations give that

3 Do 2 5.5 3. g2
:x(af) = AS +3P, ;8;2:25, Yt <o,

=1

Hence, recalling the definitions (3.5) and (3.6), we obtain

P 265,

dAt = 2\/ At‘/t th + Dt‘/t dt, with ‘/t = St +3 y and Dt = 5 .P
At St + 3A71

<20,

where we denoted
S=xP+xP 4+ xP and P =xUxPx®.

Let us stress that Assumption (H) is satisfied here and we will show that it is indeed the case
in the more general case n > 3, in the next section below. Since we have bounded D; < §_ := 26,
in view of Section 3.3, it remains to control the time-change. Now, we will show that Lemma 3.2
holds with k = 2. Notice that we may simply bound V; > S; > Xt(l)7 so we only need to show
the following: for any p > 1, there is some C), such that

t
Px( / XWdy < th) <O (4.2)
0

We postpone the proof of (4.2) to Section 4.3, but it allows us conclude thanks to Section 3.3
that 0, > 0_ = k(1 — 364) = 2(1 — §) as announced.

4.1.2 The general case n > 3
Define for k € {1,...,n},

Iy (x) := Z Tr, with zjy:= Hxi,

and consider the process Z; = II,,_1(X}), which is indeed equal to 0 if and only if Xt(i) = Xt(j ) =0
for some ¢ # j. Then, we have that
aI_In—l

81‘2- = Z ry = Zx{w}c

|I|=n—2,i¢] i
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and in particular > , 8%; L = 2II,,_9, where the factor 2 comes from the fact that each pair

0211, 1
8x22

{i,7} appears twice in the sum. Of course we have that Y " | z; = 0, so recalling (3.5)

we end up with

oI, Y, 26 I1,,_o( X,
ZX ( 1) (Xt), W:m, Dt:‘/;(t)

Let us first show that Assumption (H) in verified here. First, we observe that for any x € (R4)",

ixl<5ﬂn 1) Z Z Z TITg = Z Z |[INJzrzy. (4.3)

=1 =1 |I|=n—1|J|=n—2 [I|=n—1|J|=n—2
el i¢J

Moreover, for any x € (R4)", it is clear that

Hn,l(a:)Hn,g(x): Z Z TIxj. (4.4)

|[I|=n—1|J|=n—2

Since for I and J such that |I| =n—1and |I| =n—2, [INJ¢ < 2, we deduce that a.s., for any
t >0, we have V; < 2II,,_2(X;) < co. Next, we see from (4.3) that

{t>0,v,=0}c|J{t>0, x" =0}
=1

which implies that Leb({t >0, Y; = 0}) = 0 since for any ¢ € {1,--- ,n}, we classically have
that Leb({t > 0, X =0}) =0.

It remains now to estimate V;. In fact we will show that V; > II,,_o(X;), which gives the
bound D, < 2§, so we again have d; = 2J. To show this, we observe that for I and J such that
I|=n—1land [I|=n—-2,[INJ|=n—-1+2—|IUJ > 1. Recalling (4.3) and (4.4), we
immediately get that V; > II,,_o(X¢).

To conclude that 6, > (n —1)(1 — 6), we show Lemma 3.2 with Kk = n — 1. In fact since
Vi > I—o(Xy) > [ 2 X( ), we simply need to prove that for all large p,

n—2
P(/Ot };[1 XWdy < st”_l) < CLel. (4.5)

Remark 4.1. For 1 < k < n, the first time that I1,_j11(X;) hits O is the first simultaneous
return to zero of k independent Bessel processes, i.e. the time (X¢)i>o hits the (n—k)-dimensional
set AK) = Umzk{xi = 0Vi € I}, see Remark 1.1. Using the same strategy as above, one can

show that the associated persistence exponent eﬁf) is larger or equal than (n —k +1)(1 — kd/2).

4.2 Lower bound on P,(Hjz > t)

As far as the lower bound is concerned, a natural choice of functional would be Z; := ¢(X;) with
o(x) = (1 + x2)(x2 + x3) (23 + x1), which is such that ¢(z) = 0 if and only if 2; + 2; = 0 for
some i # j. One can then proceed with the calculations and find that k = 3 and 6_ = 26 so that
it gives a bound 64 = 3(1 — 9).

We are going to give some slightly more optimized functional to improve the upper bound.
Recall the definitions of the functionals A, Sy and P; from the previous section. Then, we define

Z; = S8 (At Z) = o(Xy).

where a € [0, 1] is some fixed exponent (that depends on J), to be optimized later on. Note that
for a = 1, one recovers the functional ¢(x) = (z1 + x2)(z2 + x3)(x3 + x1). Let us stress however
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that in the case a € (0, 1), the derivatives of the function ¢ are singular at the point (0,0,0) and
therefore the It6 formula is not valid on the time-interval R.. We will see how we can still apply
the strategy outlined in Section 3.3, but let us first compute the processes Y and V and check
that Assumption (H) still holds in the present case.

A delicate calculation gives the following (we refer to Appendix A for more details):

3
y =3 w (w ) =5 (an g) <Sz+a(a+4)A+(1—a)(a+5)§>.

=1

It is again clear that we have {t >0, = O} C U?Zl {t >0, Xt(i) = O} so we also have here
that a.s. Leb({t > 0, ¥; = 0}) = 0. Recalling now the definition (3.5) of V', we find that

P,

Vi = S¢7LQy, Qq —S2+a(a+4)At+(1—a)(a+5)S
t

Notice that A; < %S’tz and P; < %SE so that Q; < %SE and finally V; < %Sf“ < 00. This shows

that Assumption (H) holds. Let us now compute the process D. Some straightforward (but
tedious) calculations give the following (again, see Appendix A for details):

DM .= Z 290 ga-1 (252 (3a —1)A +3(1 — a)g) ,

=1 S
3
P
D® ;:ngf ga- 1( (a+3)A+(1—a)(a+4)§).
=1 ?

Recalling that D; = (5D£1) + +2Dt(2))/Vt, we get that

Dy = o (2552 (6(3a — 1) + 2a(a + 3))A; + (1 — a)(36 + 2(a + 4));)

Now, we can write Dy = 2§ + & (fl(a 0)A: + fala, 5) ) with
fi(a,0) =2(1 = 8)a®> + (6 —50)a—0,  foa,0) = —2(1 — 6)a® — (6 —58)a+8 —75.

We now choose a = a(d) such that fi(a,d) =0, that is

V(6 —58)2 +85(1—0) — (6 — 56)

a(9) = A(1—0)

With this choice, we have that fs(a,d) = 8(1 —d) > 0, so in particular Dy > 2§ =: j_.

Let us now explain how we can apply our strategy even though the function ¢ is not C? on
(R4)3. If we set Tp(S) = inf{t > 0, Sy = 0}, we can apply the It6 formula up until this time and
the evolution equation (3.6) remains valid on [0, 7p(S)): almost surely, for any ¢ € [0,Ts),

t t
Zy = Zo+ 2/ \ ZsVedW +/ D;Vyds.
0 0

On the other hand, the time-change p; = f(f Vsds is always well-defined, and, denoting by 7 its
inverse, the process B; = OT 'V VsdWy is a (F7, )i>0-Brownian motion. Finally, remembering that
K, = Z;,, we get that for any t € [0, ppy (g)),

t t
K, =Ko+ 2/ v/ KsdBs —|—/ D, ds.
0 0
Let Q=) be the process defined by
dQ) = 24/QY)aB, + 5_dt.
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Then, by comparison, we get that a.s. for any ¢ € [0, pr,(s)), Kt > an’). Since Hs < Tp(S) and
since pp, is the first hitting of zero of K, it is clear that for any ¢ > 0,

{To(Qes_y) > pi} CH{pus > pey = {Hz >t}

and therefore P, (Hz > t) > P, (To(Q(s5_y) > pt) as in Section 3.3.
Then, we need to control the time-change, and we will prove that Lemma 3.3 holds with
K = 2-+a. For this, remember that V; < 357" and therefore V; <  30+1 ((Xt(l))aﬂ—l—(Xt(z))“H—k

(Xt(g))a“). All together, using also a union bound, Lemma 3.3 with £ = 24 a follows if we show
that for any b =a + 1 > 0, for any large p

t
]P’m( / (XWD)bdy > Atb“) <C AP, (4.6)
0

Again, we postpone the proof of (4.6) to Section 4.3, but we can now conclude thanks to Sec-
tion 3.3 that 6, < 04 := k(1 — 36;) = 2(1 — 8) + f(6) with f(8) = a(6)(1 — ), as stated in
Theorem 1.3.

Remark 4.2. We could try to optimize further the functional o, for instance considering Zy =
Sa(AY — ¢PS?73), for some constants a,b,c to be optimized over (the exponent 2b — 3 ensures
that the functional is of homogeneity a + 2b). We have used Matematica to help us with the
calculations of Vi, Dy, and guess a lower bound on Dy: it seems that, optimizing over a, b, c, one
would obtain the following upper bound on the decay exponent:

14462(1 — 6)

16+95 (6~ 55))

9+=2(1—5)+1(\/(6—55)2+

However, the calculations are very intricate and the effort seems excessive compared to the im-
provement of the bound from Theorem 1.3 — we have here supsejg 17[0+ — 2(1 — 6)] ~ 0.048.

4.3 Control of the time-change processes: proof of (4.2)-(4.5) and (4.6)

We first show (4.2) and (4.6) before we turn to (4.5), which is an improvement of (4.2). Such
bounds should be classical, but we were not able to find references, so we prove them by elemen-
tary (and robust) methods.

4.3.1 Proof of (4.2) and (4.6)

Let us denote X; := Xt(l) for simplicity. First of all, notice that by scale invariance, we have
that, for any b > 0,

t () 1
/ (Xy)du = t*+1 / (Xu)du
0 0

(with a different starting point). Therefore, taking b = 1 in (4.2) and b = 1+ a in (4.6), it is
enough show that for any z € [0, 1],

Px</01(Xu)bdu < 5) < Che?, ]P’x(/ol(Xu)bdu > A) < AP,

In fact, we will show much stronger bounds: we show that there is some v = 7, > 0 and some
constant ¢ > 0 such that

1 1
Px( / (X,)’du < 5) <em=, IP’x( / (Xy)'du > A) <A (4.7)
0 0
Before we prove this, let us show a simple technical lemma that controls the supremum and

infimum of a continuous Markov process (Y;)s>0. The content and the proof of this Lemma are
inspired by Etemadi’s maximal inequality, see e.g. [4, Thm. 22.5].

18



Lemma 4.3. Let (Y5)s>0 be a continuous (time-homogeneous) Markov process. Let A > 0.
Then, for any x € [0, A/2],

IP’x( sup Yy > A) < IP’I(Yt > A/2) + sup ]P’A(YS < A/2) )
s€[0,¢] s€[0,1]

Also, for any x > 4A,

IF’x( inf Y, < A) < IF’I(Yt < x/2) + sup PA(YS > :C/2) .
s€[0,] s€[0,4]

Proof. Let us start with the first inequality. Let 74 := inf{s,Y; = A} and write

Px( sup Y; > A) < Pw(Y} > A/2) —|—Px(TA <t,Y; < A/2) .
s€[0,t]

Then, applying the (strong) Markov property at time 74, on the event {r4 < t} we have that
P (Y < A2 | Fr,) = pie(1a) with ¢i(s) :=Pa(Yi—s < A/2). We therefore obtain

Pp(1a <t,Y; <A/2) =By |1, cnypr(a)] < 81[11)]%(8),
s€(0,t

which gives the first inequality.
For the second inequality, we use a similar reasoning: we write

P ( 11[10ft Ve < A) <P(Y; <2/2) +Py(ra < t,Y; >x/2).
se

) j|

Then, applying the (strong) Markov property at time 74, on the event 74 < ¢t we have that
P.(Y: > x/2 | Fr)) = @t(7a) with ¢r(s) :==Pa(Yi—s > x/2). We therefore obtain

P (14 <t,Y; > 2/2) = Eo[1(7,<iy@e(14)] < Sl[lp]@t(s)v
s€|0,t

which gives the second inequality. O

Let us now prove the second inequality in (4.7), which is the simpler of the two. We have

Py /Ol(Xu)bdu > 4) < Px(uiﬁ’u X, > A) <By(x, > AV b)ii‘ﬁﬂ] P (Xu = 347,

where we have used Lemma 4.3 for the last inequality. Now, recall that (X;);>0 is a squared
Bessel process of dimension 4, so that we have

Po(Xy 2 3AY) <m0 P (X, < JAVP) < emen A < et (4.8)

Indeed, these bounds can be easily deduced from the expression of the transition density of
squared Bessel processes, see for instance |24, Ch. XI, Cor. 1.4]. This concludes the proof of the

second part of (4.7).

We now turn to the first inequality in (4.7). We let v = ﬁ < 1, and we write

IPm(/Ol(Xu)bdu < 6) < IP’I<US€1[1OI7)1] S, < 5V> + Px</01(Xu)bdu <eg, usel[l()l?l} X, > 57) . (4.9

For the first term in (4.9), we use a rough bound: we use the Markov property at every time
(t—1)eY forie{1,...,e 7},

e~
Pm( sup X, < 57) < < sup ]P’x< sup X, < 67>> <e ¢, (4.10)
u€(0,1] z€[0,e7] u€[0,e7]
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where for the second inequality we have used that, by scale invariance and comparison,

sup Pm( sup X, < 57) :IPO( sup X, < 1) =:e €.
z€[0,e7] u€l0,e7] u€(0,1]

Let us now control the second term in (4.9). We set r := % and we decompose the
probability according to the interval of the form [(i — 1)e",ic"] where the supremum is attained,
on which the infimum also need to be smaller than (1=7)/ (otherwise the integral on this interval

would be larger than ¢). Then, the last term of (4.9) is upper bounded by:

P, (32‘ e{l,....e"},  sup  Xu>e, inf X< €<1—r>/b>
u€[(i—1)e",ie"] [(i—1)emie]

<& " sup Pm( sup X, >¢7, inf X, < 527> ,
zeR L u€[0,e7] [0,e7]

having used subadditivity and the fact that (1 —r)/b = 2v for the last inequality (recall that
v = 1/(4+ 4b)).

We then consider two cases for the last probability: either & < 46?7, or & > 4¢?7. In the case
where = < 4?7, by comparison and scaling, we bound the probability by

IP’4527< sup X, > 57> = IP4( sup Xy > 5_7).
u€l0,e7] u€[0,em=27]

Now from our choices of ~v,r we have r — 2y = % > 0, so €""27 < 1. From that we bound the
above probability by

]P’4< sup X, > 6_7) <Py <X1 > %8_’Y> + sup P.— (Xu < %6_7) ,
u€(0,1] u€l0,1]

using Lemma 4.3. Using the fact that (X;);>0 is a squared Bessel process, we conclude analo-
gously to (4.8) that both probabilities are bounded by exp(—ce™7).
In the case where 2 > 2¢27, by comparison and scaling, we bound the probability by

, <) _p : < 1/2
Pun (g Ko £7) =P gt Ko 57)

<Py-1p2 (Xl < 2671/2) + sup P12 (Xu > 2871/2> ,
u€(0,1]

where we have also used the fact that 2y —r = —%; the second inequality comes from Lemma 4.3.
Again, analogously to (4.8), both probabilities are bounded by exp(—ce~/2). This concludes
the proof of the second part of (4.7). O
4.3.2 Proof of (4.5)

To simplify notation, we let m = n — 2 and we denote

(m) . TT x®
pme=1]x".
i=1

First of all, note that, by scaling and comparison, we have that

Px</0t P™du < etm“) < PO</01 Py < 5) .

We now show the following lemma, of which point (3) is exactly (4.5).

Lemma 4.4. Let m > 1 be a fized integer and let Pt(m) =LY, Xt(i). Then, for all p > 1, we
have that there is a constant Cp, = Cp ., > 0 such that:
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|Pt(m) _ Ps(m)| p
1 E —_ < Cp;
1) ° [<0<s81£<1 (t—s)t/4 ) -

(2) Py sup P <e) < Ce?;
s€[0,1]

1
(3) ]P’O(/O PMds < 5) < CyeP.

Proof. First of all, let us simplify notation and write P, := Pt(m) and P := Py. To prove the first
point, it suffices to show (by the Kolmogorov criterion, see [24, Thm. 2.1]) that for all p > 1,

VO<s<t<l1, E[P—PF] <cplt— s> (4.11)

From the It6 formula, we have that

- _2/ Z\/XTHXU Aw +5/ ZHX (4.12)

J#i S =1 j#i
and using Burkholder-Davis-Gundy’s inequality (see e.g. [24, Thm. 4.1]), we get that

E[|P, — P,J"] <cIE /ZX’)H x()? du +c”E /ZHXJ)du)].

S =1 j#i

We finally obtain (4.11) by dominating, into the integrals, all the X by their supremum on
[0,1] (which are independent and admit a moment of order p for all p > 1).

We now prove points (2)-(3) by iteration on m > 1. The case m = 1 has already been treated
in Section 4.3.1, so we now take m > 2 and suppose that points (2)-(3) hold for m — 1.

Let us start to show that point (2) holds for m. First of all, observe from (4.12) that P; is a
time-changed square Bessel process Q) of dimension d, i.e. P, = Qg(s), where 7; is the inverse
of

m—1
o= [ X[ ¥
i=1 j#i

Then we can write

IP(?(}}EPS < 5) - P([zi?] QO < 5) <P(p1 < VE) +IP>([§}1\/% QO < 5) .

By scaling, the second term equals P(supjq Qgé) < /&) which is bounded by e~°V¢ as seen
n (4.10). Moreover, since p; is the integral of products of m — 1 independent Bessel processes,
one can use point (&) with m — 1 to get that, for any p > 1, we have P(p; < \/g) < CeP. This
proves point (2) for m.

We now turn to point (3). Let us denote

P - P
P*:= sup P;, and K := sup |t7154’,
s€[0,1] o<s<t<1 [t — s|V/

and let t* € [0,1] be such that P* = Py. Since by definition of K we have P, > P* — K|t —t*['/4,
we obtain that for all £ > 0,

1 1
/(; PSdS 2 /0 1{|8—t*|§%57/8}P5d8 Z 57/8P* _ K535/32 2 57/8P* _ KEQ/S )
We therefore get that
/ Pyds < g < P(P* < 2'/8) + P(P* > 2¢V/8 78 P — K98 <¢)

<P(P* < 2eV8) + P(K > e 1/%).
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Hence, using point (2) for the first probability and Markov’s inequality and point (1) for the
second one, we obtain that for any p > 1, both terms are bounded by CpeP. This proves point (3)
for m, concludes the recursion and proves the Lemma. O

A Calculations from Section 4.2

In this section, we give some details on the tedious calculations from Section 4.2. We recall that
the function ¢ is defined as ¢(z) = S%(A — £) where a € [0,1] and

S =x1+ 22 + 3, A =z119 + T2T3 + T3T1, P = x1x013.

Our aim here is to show the three following identities

igz 571 (257 + (30~ A +301 —a) ). (A1)
;l‘zg;g = g1 (a(a +3)A+ (1 —a)(a+ 4)%) , (A.2)
ixz (8%) — g2a-1 <A . g) (52 tala+ DA+ (1—a)(a+ 5)?) . (A.3)

Since ¢ is a function of (S, A, P), we rely on the chain-rule formula to compute the derivatives
of ¢. More precisely, we have

Op _0p0S  0p0A  0p 0P

= H,+ F,+G;,
where
H = Hi = CLSa_lA + (1 — a)Sa_QP, FZ‘ = Sa(x7;+1 + $¢+2), Gl = —Sa_lxprlﬂ:‘prg.

Here, we used the convention that 24 = 21 and x5 = x5. Regarding (A.1), we get

s.
I Mw
I

590_ a+1 a—1 4 _ ca—1 2 E
Gr = 8H +25°7 —§" A =5 (25 +(3a—1)A+3(1 a)S)

Let us now compute (A.3). We start by writing

3
Zx (6x> in<H2+Fi2+GZ2+2HF1'+2HG1+2FiGi>.
i=1 ! i=1

Then, computing carefully all of the above six terms, we see that

3
N uH? = SQH( 242 4 90(1 — a) AL 4 (1 — a)? ) Zmﬂ §2a-1g2 (A + 3%),

S
and .
Zx,G2 sra-14L = Z 20, HF; = 45201 (aA2 +(1- a)Ag)
and . . . )
Z 22 HG,; = —65% (aA S +(1-a) 52) Z 20, F,G; = —45% 7 52 2
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Recombining all the terms, one can easily check that (A.3) holds. Let us now compute the second
derivatives of . Differentiating in chain with respect to (S, 4, P), we get

OH
S ala—1)S"2A+aS" Yai1 + xig2) + (1 —a)(a —2)S* 3P + (1 — a)S* 2z 1Ti42
T
and OF, oG
a$: = aSa_1($i+1 + SUH,Q), a:L‘Z = (1 — Q)Sa_2$i+1$i+2.
With these identities at hand and since g%f = g—g + gif + %i" one gets that
5. 9% . P P P
E Ty =S (a(a —1)A+2adA+(1—-a)(a—2)=+3(1 —a)—= +2aA+3(1 — a)—) ,
prl ) S S

which concludes that (A.2) holds.

B Relation with a spectral problem on a bounded domain

We now come back to the last discussion in Section 2.3 about the relation with a spectral problem
for a certain operator on a bounded domain. Recall the definitions of the symmetric polynomials

Spo= XN xP 4 xP A= xVXxP + xP x4 xPx b= xPxPx®

and that Hs = inf{t > 0, A; = 0}. The generator L of (St, At, Pr)i>0 can be computed explicitly
and (after calculation) it can be expressed as follows: for a C?((R%)?) function (s, a,p) with
compact support,

Lip = 25023p + 2(sa + 3p)02,4) + 2apd2, 1 + 8ad+12pd2, 1) + 8psdZ, i

(B.1)
+ 3800 + 20501 + 600y .

We can now factorize the dynamics between a “radial” process (S;);>0 and an “angular”
process (A, P;) := (Ay/S?, P;/S}), similarly to what is done in Section 2.1. Indeed, if in (B.1)
we take a function v of the form (s, a,p) = ¢(s)p(a/s?, p/s), we obtain after calculations that

¢(s)

Ly(s,a,p) = p(a/s* p/s*) Lis0(s) + Tﬁ_w(a/sz)vp/ss), (B.2)

where Cé s is the generator of a Bessel process of dimension 36 in Ry and L is given by

Lo = 2(u(1 — 4u) 4 30)0%,0 + 2v(u — )02, + 8v(1 — 3u)d?,
+2(6(1 = 3u) — 2u)dup + (0(u — Jv) — 120) Dy .

We stress that this decomposition makes sense for Sy # 0 and for times ¢ < inf{u > 0,5, = 0};
in particular it makes sense before the hitting time Hjs (since Sy = 0 implies that A; = 0).

Splitting £ as in (B.2) means that the angular process (4, P;) is a time-changed (by fg S, tdu)
diffusion (Uy, V4) generated by £ and independent of (St)¢>0. Now, one can check that the angular
process (A, P;)¢>0 evolves in a bounded domain of (R;)? (with boundary), which is determined
by computing the determinant of the principal symbol of £. After calculations, one can verify
that the angular process lives in a “curved” triangle 7 described by

T := {(a,p) € [0, +oo[*: p(—4a® + a® + 18ap — 4p — 27p*) > 0} .

We provide in Figure 3 an illustration of the domain 7.

Now we can relate our question about the persistence exponent #3 to a spectral problem
for the generator £ on the bounded domain 7, in the following way. The idea is to find a
non-negative function ¢ which is null only when ¢ = 0 and which is £-harmonic, ¢.e. such that
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1/27

I9p=a

I9p=4a —1

=

a

1/4 1/3

Figure 3: Illustration of the domain T in which the “angular” process (A, P;))i>o lives. The hitting
time Hj is equal to inf{t > 0, A; = 0}, so it is related to the hitting time of the vertex (0,0) in 7.

Eq/J = 0. With this function 1 at hand, one obtains that ¥ (S, A¢, P;) is a time-changed Brownian
motion®, which hits 0 only when X hits A. In view of the factorization property described above,
we can look for ¢ in the form (s, a, p) = s%¢(a/s?, p/s?) (with 6 and ¢ to be determined): by
the splitting (B.2) given above, 9 is L-harmonic if and only if ¢ verifies the eigenvalue problem
Lo = up, where p is such that (0 — 1+ 36/2) + u = 0. All together, one ends up with the
following time-changed Brownian motion:

¢(St7 Ata Pt) = Sf@(ﬁta pt) = Bpt )
where p; is given by t +— py = fot 4539_19(AT, P,)dr, and with

g(u,v) = 0%p(u,v)* + (u(l — 4u) + 30)(Dyp(u,v))?
+ (1 — 90)v(Dyp(u, v))? + 4v(1 — 3u)dye(u, v)Dye(u, v) .

Then, we have P(H3 > t) = P(TB > p;) where T'5 is the hitting time of 0 by a Brownian motion B.
Since p; scales like t2%, one should get (after controlling the time-change), that P(Hz > t) behaves
like t=¢ as t — oo.

To summarize, if one finds (i, ) such that Lo = pe with a function ¢ : 7 — R which
vanishes only when the first coordinate is zero, then applying our strategy one should obtain
that the persistent exponent 3 is the solution of 65(65 — 1+ 35/2) + u = 0.
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