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Abstract

In this work, we investigate the boundary controllability of time-discrete parabolic systems, uniformly
with respect to the discretization parameter. To establish our main results, we adapt and extend the moment
method first introduced by Fattorini and Russell, to the time-discrete setting. While this method has proven
effective in the continuous framework and in the space-discrete case, its adaptation to time-discrete systems
is challenging due to the fact that the more accurate results in the field are based on several complex analysis
tools.

To overcome this, we introduce a new alternative proof for constructing biorthogonals to (generalized)
exponential functions in the continuous setting, based on the original proof by Fattorini and Russell which
avoids the use of these tools, and taking ideas from the block moment method introduced by Benabdallah,
Morancey and the first author of this work. We then manage to adapt this strategy to the discrete setting,
enabling the construction and estimation of biorthogonal families for some time-discrete functions that play
the same role as the exponentials at the discrete level. Our results show that these biorthogonals can be
uniformly estimated for a finite portion of the spectrum, determined by the discretization parameter 7, and
that converges to the whole spectrum as 7 goes to zero.

Using this tool, we prove a relaxed null-controllability result for discrete parabolic systems. It says that
there exists a bounded sequence of time discrete controls that makes the solution reach a target at final time
tending to zero exponentially fast as the discretization parameter 7 goes to zero. We will also study the
effects of the existence of a minimal null-control time and how this phenomenon translates into the discrete
world.

Keywords: Time-discrete heat equation, moment’s method, biorthogonal families, minimal time
MSC2020: 93C55, 93B05, 93C20, 30E05.

1 Introduction
In this paper, we are interested in studying null-controllability properties of boundary control systems at

a time-discrete level. The prototypical example we shall focus on (see Section 4 for a discussion on more
general systems) is the cascade system of parabolic equations given by

6ty1 (3:7 t) + Ayl (.T,t) =0 in (07 1) X (07 T)7
8753/2(:6775) + AyQ(xvt) + 1 (.’I}, t) =0 in (07 1) X (07 T)
yl(flj,t) = 1{Z:1}U(t) on {07 1} x (0,

0

T;, (1.1)
T)

(
(0,7),

y2(z,t) = 0 on {0,1} x
Y1 (l’, 0) = y1,0($)7 yg(flﬁ, O) = y2,0(x)'

)

where T > 0 is fixed, yi0 € L?(0,1), i = 1,2, are given initial data, v = v(¢) is a boundary control function,
and A stands for a positive self-adjoint operator in L?(0,1) defined as

A= —0:(y(x)0:-) (1.2)
with domain D(A) = Hg(0,1) N H?(0,1) and where

v E Cl([O, 1]) verifying ~min := ig)fl)y > 0. (1.3)
xe (0,
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The main difficulty to study the controllability of systems like (1.1) is that we have only one control
available to steer both components (y1,y2) to 0 at the final time T. In fact, notice that v is being applied
only at the boundary of the first component y; and its action enters indirectly on the system through the
coupling y; in the second equation.

It is by now well-known, see e.g. [23], that for any y1,0 and y2,0, system (1.1) is null controllable at time
T, this is, there exists a control v € L?(0,T) such that

yl(maT) = y2(£7T) =0. (1'4)

As mentioned in that work, the boundary controllability of coupled systems like (1.1) is more difficult to
prove than for scalar equations or coupled systems with distributed control. The main reason is that the
usual techniques based on Carleman strategies are mostly often inefficient for these kind of problems and,
except for a few cases, this approach is useless, see [6,10,29].

To this day, the moment method, introduced by Fattorini and Russell in their seminal work [21], is
the most successful tool for studying the boundary controllability of systems like (1.1). The results in the
literature are very rich and varied, thus we refer the reader only to some of the most recent works for the
application of the method to the controllability of coupled parabolic systems, see [2,3,4,5,9,10,19,23,25,26,
33,36]. This technique has allowed in particular to obtain Kalman-type conditions, see [3], for establishing
the boundary controllability of more general coupled parabolic systems like the ones we shall study here.
Also, this approach has been useful to study interesting phenomena, which were not initially expected for
parabolic systems, such as the minimal time for controllability or the dependence on the geometry of the
control domain, see [5] and the discussion in Section 4.

1.1 Problem statement
Let us fix d € N*. Adopting the tensor product formalism used in [16] (see also [1]), we will study here the
controllability of the general cascade system given by
dy+A®ly+I®Cy=0 in (0,1)x (0,T),
Y= 1{1:1} Y (B’U) on {03 1} X (07T)7 (15)
y(I70) :yo(l‘), in (07 1)’

where yo € L?(Q) ® R? is a given initial datum, the control and coupling matrices B € R* and C € R**4,
respectively, are given by

1 0——0
0 1
0
B— , C= \ , (1.6)
0 0——010

while | and Z denote the identity operators in R¢ and L? (0,1), respectively. Observe that the matrices I, C
and B act pointwise on the components of the solution and the control in the system while A and Z stand
for differential operators acting on infinite dimensional function spaces. To simplify the notation, we shall
define the complete (non self-adjoint) operator

L=A1+T®C (1.7)

Although it has not been written with this formalism, system (1.5) has been already studied in [3] from
a control point of view. Due to the special structure of the matrices B and C, refered to as the cascade form,
it is indeed possible to find a single scalar control v € L?(0,T) such that

y(-,T) = 0.

With this in mind, the main goal of this paper is to study controllability properties for the time-discrete
counterpart of (1.5). To be more precise, for any given M € N*, we set 7 = T'/M and introduce the following
discretization of the time interval [0, T

O=to<ti <...<tm =T, (1.8)

with ¢, = n7 and n € [0, M]. Hereinafter, we shall use the notation [a,b] = [a,b] NN for any real numbers
a <b.

For any time-discrete scalar boundary control sequence v = {v" }ne1,m] C R, consider the sequence of
functions y = {y" }nefo,m] C L*(0,1) ® R? verifying the recursive formula

n+l _ . n
Y Y 1 oymtt =0, n e [0, M — 1],
-
Yoh = 1=ty ® BU"H),  ne[0,M-1], (1.9)
¥’ = yo(x),



where y™ (resp. v™) denotes the approximation of y (resp. v) at time ¢,. Notice that system (1.9) is precisely
an implicit Euler discretization of (1.5).

Analogous to the continuous case, we say that system (1.9) is null-controllable at time T if for any
yo € L?() ® R?, there exists a sequence {v" }neq1,mp such that the corresponding solution satisfies

y™M =o. (1.10)

It is straightforward to see that this requirement is impossible to achieve in our discrete setting since we only
have a finite number M of degrees of freedom for the scalar control to achieve the constraint (1.10) which
takes place in an infinite dimensional space. Note that, even though it is less clear at first sight, restrictions
also hold in the distributed control case (in which case the controls live in an infinite dimensional space and
the above argument does not apply). For instance, even for a simple scalar heat equation (i.e. d =1), for a
distributed control applied on an open bounded set w C (0,1), it was pointed out in [37] that (1.9) is not
even approximately controllable for any 7 > 0, except for the trivial case w = (0, 1).

This obstruction leads to the natural question if whether relaxing condition (1.10), one is able to say
something about the controllability of (1.9). As it turns out, this is indeed the case and several works have
been devoted to study this problem. Still in the case when d = 1 and the control is applied internally, in [37],
it has been proved that the time-discrete heat equation can be controlled uniformly with respect to 7 > 0
by projecting the solutions over a suitable class of low frequency Fourier components. Later, in [20], the
authors have proved that for any controllable parabolic equation, the discretization in time preserves some
controllability properties by applying an adequate filtering of high frequencies. Finally, in [14] the authors
establish a Carleman-type estimate for time-discrete approximations of the parabolic operator —0; — Oya
allowing them to obtain a o(7)-controllability result where a small target is reached, that is,

‘yM|L2(O,1) < CVeo(T)lyolL20,1)s (1.11)

where C' > 0 is uniform with respect to 7 and 7 — ¢(7) is a suitable function decaying exponentially as
7 — 0. We refer to [11,28] for other works in this direction.

We remark that the works mentioned above assume that the control is applied in the interior of the
domain and that we have a scalar system. Even though in [14], the authors study the possibility of controlling
many equations with few controls, as we have mentioned, Carleman based techniques are mostly useless for
boundary control problems. This important limitation is what motivate us to look for a systematic way to
deal with problems like (1.9).

1.2 Notations and functional framework

Here, we shall introduce some notation and definitions that will help us to present our computations and
results as closely as possible to the continuous framework.

Let {X,]|-|x} be a real Banach space. We denote by L?(0,7; X), 1 < p < oo the space of time-discrete
functions {u"},cp,m) C X endowed with the norm

M 1/p
HU”LE(O,T;X) = <ZT|“n|§(> (1-12)

n=1

We also define the space L°(0,T; X) by means of the norm

||UHL20<0,T;X> = sup |u"|x.
ne[l,M]

In the case where p = 2 and X is replaced by a Hilbert space {H,(:,-)n}, the space of functions
{u"}nep,my C H becomes a Hilbert space for the norm induced by the inner product

M
() L2 0,101 = > or ")y (1.13)

n=1

In particular, if H = R, we will simply denote the space LZ(0,T;R) by L2(0,T). We will also use the
notation L2(0,4o00) to denote the space of discrete functions equipped with the norm

too 1/2
[l 22 0,400y = (Z Tlu”|2> : (1.14)

n=1

1.3 Main results

Let us consider any given increasing function 7 — ¢(7) of the discretization parameter verifying
»(0) =0, and limsup |7logo(T)| = 0. (1.15)
T7—0
This means that ¢ does not tend to zero faster than some function 7 — e /7. In practice, polynomial
functions such as ¢(7) = 7 can be considered, where p corresponds to the accuracy of the numerical method
being considered, see the discussion in [12].
Our main controllability result reads as follows.



Theorem 1.1. Let us consider T > 0 and a discretization parameter T € (0,1). Then, for any yo € LQ(Q)
there exists a time-discrete control v € L2(0,T) such that

vl 22 0,7y < Cly°ln2e) (1.16)
and such that the associated controlled solution of (1.5) verifies
™ |20y < CVo() |20 (1.17)

where the constant C' > 0 depends only on T and ¢.

As we have mentioned before, in general we cannot achieve a standard null controllability result as in
(1.10). Instead, Theorem 1.1 indicates that we can reach a target y™ whose size goes to zero as 7 — 0 at
the prescribed rate /(1) with controls that remain uniformly bounded with respect to 7. Thus, we speak
of ¢(7)-controllability result. In this case, we see that up to a subsequence, we can recover the known result
in the continuous setting.

To prove Theorem 1.1, we will follow closely the classical moment method introduced in [22] that we
suitably adapt to the time-discrete world. In fact, the moment method has been used in [3] to prove
the controllability of (1.5) in the continuous framework and therefore seems to be a natural approach.
Nonetheless, the proof presented in [3] or in [7] relies on several complex analysis tools for proving the
existence of biorthogonal families to some (generalized) exponential functions and, as far as we know, there
is no easy translation of these results to the discrete setting. For this reason, we shall present here an
alternative proof for constructing and estimating biorthogonal families inspired by the block moment method
as presented in [8]. Although this result is evidently not new in the literature, see for instance [23], the
approach we use here is original. It can be applied to a system with any number of components and, more
importantly, it is well suited to an adaptation to the time-discrete case that we will present in Theorem 3.2
and which is one of the main original results of the paper.

At this point, it is important to mention that the moment method has proven effective for establishing
controllability properties of other (space-) discrete systems; see, for instance, [2,32,35]. However, our
approach differs significantly from these works. In those papers, the underlying equations are discretized
in the space variable, leading to continuous ordinary differential equations. The difficulty comes from the
fact that the spectrum of the problem is a finite approximation of the continuous spectrum but the moment
problem retains its structure. Here, the eigenfunctions and eigenvalues of the problem are the same as in
the continuous setting, but the moment problem must be solved for time-discrete functions approximating
the continuous exponentials. This approximation is what makes our problem particularly challenging. See
Section 3.1 for a precise formulation and further discussion on this.

Once we are able to estimate solutions to time-discrete moment problems, other applications are possible
like the time-discrete controllability property in cases where the control system has a positive minimal null-
control time, see Section 4. This will be done by looking at associated relaxed observability inequalities for
the time-discrete adjoint system.

1.4 Outline

The rest of the paper is organized as follows. In Section 2, we recall some instrumental definitions and
present various results of the moment method in the continuous setting. Specifically, we will focus on giving
an alternative constructive proof for biorthogonal families to exponential functions in Section 2.2. These
results will be translated to the time-discrete setting in Section 3, where we present the proof of our main
theorem Theorem 1.1. Section 4 is devoted to discussing the phenomenon of minimal null control time for
some general time-discrete control systems. We conclude this paper by presenting some final remarks and
comments in Section 5. Some technical results are gathered in appendices.

2 The continuous setting

We begin this section by recalling briefly the classical moment’s method as introduced in [22]. The ideas
presented below form the basis of the results shown in the following sections.

For an operator defined as in (1.2)—(1.3), it is well-known that there exists an orthonormal basis of
L?(0,1) made of eigenfunctions of A and associated simple and real eigenvalues. We denote by A the set of
eigenvalues A and we denote by (éx)aea the corresponding Hilbert basis of L*(Q).

Let us fix T > 0 and y° € L*(Q). For the sake of exposition, let us consider first the scalar problem

aty + Ay = O in Q:
y(0,t) =0, y(1,t)=v in (0,T), (2.1)
y(z,0) = yo(x) in (0,1).

It is well-known (see, e.g., [18]) that for any given v € L?(0,7T), there exists a unique solution y €
C(0,T; H(0,1)) to (2.1) verifying

W), 63) 10— (30 e7M0n) == (e T0.6a(1),0) WAEA, tel0,T),

—1,1 L2(0,1)’



where (-,-)_1,1 denotes the usual duality product between H~'(0,1) and Hg(0,1). Since we are interested
in the null controllability at time 7" of system (2.1), the above formula evaluated at t = T' gives

_ {0 e T _ ’ e e MT—=t),, .
W(T),63) 10— (4eT65) JAEODEY (dr, Aeh,  (22)

—1,1

We see that the null-controllability problem at time T is reduced to find v € L*(0,T) such that

AT

T 0 —
ATty 5, _ (Y, da) 116
) v T = B

This set of equations is called a moment problem. The moment’s method hence consists in solving (2.3)
by using a so-called biorthogonal family to the exponentials (efMT*'))AGA.

Definition 2.1. We say that a family (qx)aen is biorthogonal to (e T=*))\cx in L*(0,T) if

VA e A. (2.3)

T
/ e M0 ()t = 5y x, YN € AL (2.4)
0

With this definition, it is not difficult to see that we may formally solve the moment problem by defining

o(t) = ; %%(U (2.5)

It is well known that the quantities |9;¢x(1)| are uniformly bounded from below. For instance, one can
find in [13, Theorem IV.1.3] the following lower bound

|00 (1)] > CVA, YA €A, (2.6)

Thus, in order to justify the methodology it remains to prove the existence of the biorthogonal family
(gx)xea, as well as a suitable upper bound of the L*-norms of ¢y for all A € A. This will let us obtain the
convergence of the formal series (2.5) and conclude the proof.

In this context, those two steps summarize the essentials of the moment’s method, as developped most
notably, in [22], and will be at the heart of our analysis.

2.1 The moment’s method for the controllability of coupled parabolic
systems

The methodology presented above can be applied, with very few modifications, to address the controllability
of the coupled system (1.5). Since Carleman estimates are useless in this particular case, this approach is of
particular interest.

First, it is not difficult to see that the adjoint operator of £ (defined in (1.7)) is given by L* := AQI+Z®C*
and has the same set of eigenvalues A as A. Each of this eigenvalues is geometrically simple but has algebraic
multiplicity equal to d and is associated to a d x d Jordan block. More precisely, we have that

L'(pr®e) = Ay ®er (2.7)

and, iteratively,
;C*(Qﬁx@ej) =AprRe;j+drRej—1, jEI[2,d]. (2.8)
where (e, ..., eq) is the canonical basis of R?. Thus, ¢ ®e; is an eigenfunction of £* and ¢»®e;, j € [2,d],

are generalized eigenfunctions.
Now, for any A € Rt and any fixed ¢, we define e;[\] to be the exponential

et[N == e M. (2.9)
and e[A] : (0, +00) — R to be the associated function of the time variable
e[A] 1 t = e[ (2.10)

With these notations and using the formalism of divided differences (see Section A.1), we can give a
convenient and compact expression of the action of the semigroup on the (generalized) eigenfunctions as
follows

r—1 t Y
e (pr@e,) = (;,) e M(pr ®er—i)
£=0
r—1
=S e NV (pr®ery), VE>0, Vre[ld]. (2.11)
£=0

where, in particular, we have used Definition A.2.



Using formula (2.11) and arguing as previously, we can readily see that the boundary controllability
problem for (1.5) reduces to find a control v € L?(0,T) such that for any A € A and any r € [1,d] the
following equality holds

(1" 0 oen) | = (O ©B) e T Gr@en) v)

1,1 L2(0,T)

Thanks to the special structure of matrix B and performing the change of variables T'—t — t, we deduce
using (2.11) that

T

(e (orce,)) L =1(W2eaa(D) / el AVJo(T = t)dt, VA€ A, Vr € [1,d]. (2.12)
-1, 0

From this expression, it is clear what the moment problem to be solved is. Specifically, we look for a

family of functions that is biorthogonal to (e[/\(i)})iee[[;’dﬂ in L2(0,T). The precise definition is as follows.

Definition 2.2. We say that a family (qu)f\?E\’d]] 1s biorthogonal to (e[)\(i)])f\ee[[i'dﬂ in L*(0,T) if

T .
/ e N gu (1) dt = 6x 2 8i 5, YMN €A, Vi, j e [1,d]. (2.13)
0

With this definition, we can construct an auxiliary control function by setting

d J
OEEDDS qu (t) (2.14)
J=1 AEA P

where we have denoted o := <y0, e TE (65 ® ej)> and set the change of variables v(t) = 0(T —t). As
1,1

in the scalar case, to justify the method, we will prove the existence of the biorthogonal family and also give
precise estimates on its norm. The controllability result will follow by observing that we have the bound

la}| < Cre™ Jyol .2,

as well as the bound from below for the normal derivatives given in (2.6).

2.2 Existence of biorthogonal families to exponential functions

2.2.1 Assumptions

Before stating the main result of this section, we need to introduce some instrumental definitions and
assumptions on the family of eigenvalues A.
From now on, we will work with families of eigenvalues A C (0, +00) verifying

e Asymptotic behavior:

1
> 1 < Hoe. (2.15)
AeA
e Gap condition with parameter p:
A=XN|>p, VAN EA X#£N. (2.16)

For a family A verifying (2.15), we introduce the following notion.

Definition 2.3. A function R: R — [0,00) is called a remainder function for the family A if it satisfies

lim R(r)=0
T— 00
and 1
> 3 SR(), ¥reR. (2.17)
AEA
A>r
Clearly, the family A of eigenvalues associated to the operator A defined in (1.2)—(1.3) verify (2.15)—(2.16)

and a non-increasing remainder function R can be computed such that R(r) ~ % as r — 00.. Also note

that since (2.15) holds
A>1/R(0) forall XA e A. (2.18)



2.2.2 Biorthogonal families

Now, we are in position to state the main result of this section. This result, which is already known
in the literature (see Remark 2.5) gives the existence of a biorthogonal family to the family of functions

(e[)\(i)])ii[[/t’d]], as well as suitable estimates.

Theorem 2.4. Let d € N*, T € (0,+00] and A be a family of eigenvalues verifying (2.15)—(2.18). There
exists a family (q,\yi)gee[[i’d]] in L*(0,T) satisfying

(1) ) _ S / ..
(e[A },qA,,J)LZ(OYT) =Gnbij, VAN €A, Vi je[l,d] (2.19)
and the estimate

laxill 20,400y < CM?, VA €A, Vie[1,d], (2.20)

where 6 : R — R is a non-increasing function such that lims_ 4. 6(s) = 0 that only depends on p, R, d. The
constant C > 0 depends at most on d, R and T.

With this result at hand, it is not difficult to see that the control defined in (2.14) is bounded in L?(0, T)
and that the null controllability problem for system (1.5) is solved. Since similar computations will be
performed at the discrete level, we skip the details and only focus on the original parts of the argument.

Remark 2.5. As said previously this result is not new by itself but the strategy of proof we propose is original
and, more importantly, can be adapted to the time-discrete setting (see Section 3), which is not the case for
the other approaches.

e In [3,7,15], such a result was proved, even with more acurate estimates in some cases, by using Laplace
transform, Paley- Wiener theorems and the construction of suitable analytic functions called multipliers.
Unfortunately, it is not known how to follow this way to obtain those results in the time-discrete setting.

e On the other hand, the proof given in [23], in the case d = 2, follows closely the method given for d =1
in [22]. However, this proof does not immediately translates to any value of d and seems to be delicate
to translate into the time-discrete framework as it.

This process can be simplified by following the ideas of [8] that consists in grouping the eigenvalues and
using the concept of divided differences, which has the advantage to work for any value of d. This is
the strategy we shall use in this paper.

In the remainder of the section, we will give a proof of Theorem 2.4 for T' = +o0 that relies on quite direct
computations that we will manage to adapt later to the discrete setting. Then using a classical restriction
argument (see e.g. [22, Theorem 1.3]), we will obtain the same result in a time interval (0,7T) for any T' > 0
finite.

More precisely, our proof of Theorem 2.4 will be mainly based on the following result.

Proposition 2.6. Let d € N* and A be a family of eigenvalues verifying (2.15)—(2.18) . There exists eg > 0
only depending on d, p and R such that for any € < €o, there exists a family (q,\yiﬂe)i\eeﬂi’d]] in L*(0, +00)
satisfying
(6[)\,,>\+(Z— 1)6}’q)‘/aja€)L2(0,+oo) = 6)\7)\/51',]', VA,)\/ S A, V’L,] S Hl,d]] (221)
and the estimate
Wil 20400y < CENY, VA EA, Vie[1,d], 2.22
(0,+00)

where § : R — R is a non-increasing function such that lims_, oo d(s) = 0 that only depends on p, d, R, and
C > 0 is a constant only depending on d and R.

This result says that we can find a biorthogonal family to divided differences of the exponentials e[}],
which in addition satisfies good uniform estimates (w.r.t €). Then, it can be seen that

e\, ..., A+ (i — 1) = e[A?] in L?(0,+00)

and by a limit process one can deduce the proof of Theorem 2.4.

This same strategy will be employed at the discrete level, so we shall only focus on proving Proposition 2.6.
The proof combines the classical methodology of Fattorini and Russell and some ideas of the block moment
method presented in [8].

2.2.3 Reduction to divided differences

Here we prove the existence of biorthogonal families to divided differences of the exponentials.

Proof of Proposition 2.6. Let € € (0, ﬁ) and define
o d-1
A=JW+reo=JGx (2.23)
r=0 AEA



where G is the group formed by the ordered elements
Gr={\XA+¢..., A+ (d—1)e}. (2.24)

Those sets depend on € but we will not make this appear in the notation to ease as much as possible the
reading. Defined in this way, we are gluing together d families of eigenvalues where each of them satisfy a
gap condition (2.16). Note that our choice of € above ensures that Gx NGy, = @) for any A\, X' € A.

For the sake of exposition, we have divided the rest of the proof in three different steps that hold for
each fixed A € A.

— Step 1. Measuring the distance between some exponential functions. Let us consider the
closed subspace of L?(0, +00) defined by

——L?(0,+00)
E) := span {e[a} 1o € AA} (2.25)

where B B
A)\ = A \ G>\7
and let Pg, be the orthogonal projection onto Ey in L?(0, +00).
Following the spirit of [22], the first step is to compute the distance in the L?-norm of the functions e[o]
with o in G to the space Ex. We have the following result

Lemma 2.7. For any 0,0’ € G,

1

(elo] = Peyelol,elo’] = Pryelo’]) 12 o) = 557

Wi(o)Wa(a")

where
w—0c
W, = .
Ao) H L+o
HENAN

The proof of this result is classical and we only made some minor adaptations for handling the grouping
of eigenvalues. For the sake of completeness, we present the proof in Appendix B.1.
We observe also that, by definition of the orthogonal projection, we have

(elo] = Puyelol],e[V]) 12(0, 100y =0 (2.26)

for all o € G and vy € /N\A.

— Step 2. A biorthogonal for an auxiliary family. For any o € G, we define

élo] := elo] — P, elo], and flo] == V;ﬂ]
Note from Lemma 2.7 that
(f[0]7 f[gl])L2(0,+oo) = ﬁ = (6[0]7 6[0,})112(0,4,00) ) VO'7 O-, € G (227)

where the rightmost equality follows from a direct computation. Also notice that by linearity, the family
Fae = (2N V2N, ..., A+ (i — 1)€])icp,q) spans the same space as

Ene = (€A A+ (i = Del) ey ag -

Taking into account all of this, we will focus on building a biorthogonal family (¢35 );c1,q) t0 Fa,c, that
is a family satisfying

(@727 A+ (= D gl =615, Vi,je[Ld], (2.28)

)L2(0,+oo)

together with suitable estimates. Since A is fixed, and since %, ¢ is linearly independent, we are faced with
a finite dimensional problem that has a unique solution in the space spanned by .% ., which is the one with
minimal L? norm.

This solution can be found in the following form

G = v NN 4 2N+ € 4 a2, A+ (d = 1)),
i€ [1,d], (2.29)

where v; ; € R, 4,5 € [1,d] are suitable coefficients. By construction, the biorthogonal problem (2.28) can
be reduced to finding the coefficients v, = (v; 1, ... y,',d)—r € R? such that

g)\yel/i = e, 1 € ﬂl,d]], (230)



where e; is the i-th canonical vector of R? and Gx,e is the Gram matrix of the family % . with entries

_ itj—1 . .
Gre = (VTS A+ (= Del S A+ G 1)61)L2<0}+w))1§m§d. (2.31)
The matrix Gy . is invertible and the coefficients v; can be readily obtained from (2.30) by setting
vi =G, e, i¢€[l,d]. (2.32)

The inverse of the Gram matrix Gy . can be estimated by the following result.

Lemma 2.8. Under the assumptions of Proposition 2.6, there exists o > 0 only depending on p, R, and d
such that for any € < €o, there exists a constant ¢ > 0 only depending on d such that

(Gr.c€,8) > clléll (2.33)
for any € = (&,...,€4)" €R? and any A € A and where (-,-) stands for the usual inner product in R?.

The proof of Lemma 2.8 can be found at the end of this section and it is based on the fact that for any
o,0" € G, formula (2.27) gives a nice expression to compute explicitly the entries of (2.31).
To end this step, we shall estimate the L*-norm of ¢}, i € [1,d]. Using expressions (2.29) and (2.31),
we get
Hqil,lix”i?(o,-ﬁ—oo) = (gNSV’ia V’i) ) 1€ [[17 dﬂ (2'34)
Then, from (2.30), we have that

|‘qi‘,lix|‘2LQ(0,+oo) = (eiaui)v (&S H17dﬂa
whence
a5 220, 400) < Vlll¥illoo. (2:35)
Using formula (2.33) with € = v; and (2.34), we deduce that

lvillo < C, (2.36)

for some C' > 0 not depending on e and A. Combining estimates (2.35) and (2.36) yield that there is a
uniform constant C' > 0 such that

aXi 1 22(0,400) < C (2.37)
for all 4 € [1,d] and X € A.

— Step 3. Final arrangements and conclusion. With the biorthogonal functions (¢3%)ief1,q7, let
us set

d
1 . - aux .
ani = I; (ﬁ) [/\ +(i—1De, A+ (k— 1)6] NV, e [1,d]

We will see that these ¢x,; verify (2.21) and (2.22). Recalling that é[o] = f[o]Wx[o] for o € Ga, by
Leibniz rule (see Proposition A.4), we get

4
é[/\,...,A+(£—1)e}:Zf[,\,...,,\+(r—1)E]WA[A+(1«—1)6,.,.,,\+(£—1)e}, ¢ € [1,d],

r=1

whence, for k, ¢ € [[1,d], we have

(é[)\, cey A+ (f — 1)6]7 qAYk)L2(0,+OO>

= WA+ (= Deo o, A+ (C=D)e] (FIA - A+ (0 = Del, k) 120 4009

:iiW,\[AJr(r1)6,...,/\+(€1)e] (W%) [/\Jr(kfl)e,...,)\Jr(]'*l)ﬁ}

% (2)\)9'77“ ((2)\)7'71/2f[)\7 ce A (r— 1)4»‘&?)L2(0 Joo)

and in view of (2.28), the only terms that remain are the ones when r = j, that is

(é[)\, R (6 — 1)6]7 qA,k)L2(0,+w>

14 d
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Observe that for ¢ < k, the above sum is zero since the case 7 = r is not possible. On the other hand, for
£ > k, by Leibniz rule (see Proposition A.4), we obtain

([N, ..., A+ (L= 1)6}’q>\’k)L2(0,+oo)

Y4
:ZWA[H(T—1)6,...,A+(4—1)e]( ! )[/\+(k—1)e,...,)\+(r—1)e]

r=k WA
_ (WAW%) A+ (=1, a+ (0= 1)
= S (2.38)

since WAWLA is a constant function.
We can now check that the family (qx,k)ig\l’dﬂ we have just built satisfies (2.21):
e First, formula (2.38) exactly gives (2.21) in the case A = X'.
e Next, if A € A is such that X' # X then A’ + (i — 1)e € A, for all i € [1,d] and by construction (recall
(2.26) and that g, € Fa,c) we have
(e[)‘l + (l - 1)6]7 qA,E)L2(O+oo) =0
which, by linear combinations, yields
(elN, .. XN 4+ (i = 1€, qne) 2 (0400) = 0, Vi € [1,d]. (2.39)
This proves the claim.
Finally, from (2.37), we readily obtain

llgxkll 220,400y < CX7? max

j€lk,d] Y

(WL) A+ (kE—1De ..., A+ (G — 1.

From Proposition A.3, for any k,j € [1, d] we have
L ot h—De A=) = — (1><M> )
Wi R (G — k) \ Wy
for some 6 € [A+ (k—1)e, A+ (j — 1)¢]. Thus by Proposition A.8, we obtain
7 k20 4oc) € ONTTH/2e7V, (2.40)

for some C > 0 only depending on d. From (2.18), we get

dlog(142) y

N2 < Cra(14+ M) = Cruae (2.41)

thus, noting that the function A — log(1 + A)/\ is decreasing and tends to 0 as A — 400, we obtain the
desired estimate (2.22) by combining estimates (2.40)—(2.41) and redefining the function §. This ends the
proof of Proposition 2.6. O

2.2.4 Estimate of the inverse of the Gram matrix G, .

We devote this section to prove Lemma 2.8. For any € € R?, we have

d 2

STERN) TN A+ (- 1)

i=1

(g)\,€£7 £) =

L2(0,+00)

By the linearity of divided differences and using (2.27), we readily have that

(FIN A+ (B =Del, fIA - A+ (E = 1)e]) 120,400
=(e[A,...; A+ (E=Dele[A ..., A+ (U =De]) 29 400y » k€ E [1,4d],

thus

d 2

D &N TN, A+ (i 1)

=1

(Gr.e&,6) = (2.42)

L2(0,+00)
Now, we proceed to estimate (2.42). Using Proposition A.3 we see that

“+oo
(Gr et ) = /0
d .
Convie12 (0T e
D

2

dt

d
S &N T el A+ (i = 1)e]
i=1

2

dt,
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for some 6; € [0, (¢ — 1)€] (depending on ¢, A and €) with ¢ € [1, d] and using the change of variable ¢ — ¢/,
we get

—+oo
(Gt 8) = /0 e

d i—1
1 (1) i
'LZZ 1/2( x0i
;f (i—1)°

Using that (a — b)? > “7 —b?, we readily deduce

2
1 [ree —2t d i—1/2 (—t)Fl < e 2t i— 1/2 —to,
€ b 2 a 7/ o T\ - - AT .
(Gr,.¢€,6) 2/0 o2 | /0 252 1) (1 e 3| at
=1
Using the inequality 1 — e™® < z for > 0 in the second term of the above inequality, we deduce
2
1 [t 4 im12 (—t)! o o2t a—1 ( )2(2 D or16,\?
&£,8) 25 i2 | dt — |2 — ) dt
Ge02g [ e Ser ) g 7 Z|f| oo (5
=1
and since 0; < (d — 1)e for any ¢ € [1,d] and (2.18) holds, we obtain
+oo d . (_t)ifl 2
@60 [ e S a- ocle, (2.43)
0 i=1 s

for some positive constant C' only depending on d and R. The first term in the right-hand side can be seen
as the square of a Euclidean norm (depending only on d) of € and therefore, there exists a ¢g > 0 such that

(Gr.€,€) > call€]2 — CE%|I€|2%.

Taking €p := min {1 /ﬁ, \/%} where C' > 0 is the constant appearing in (2.43) we get for every € < o,
and every &,

(gk,egzg) Ed”guoo

This concludes the proof of Lemma 2.8.

3 A time-discrete moment’s method

3.1 Motivation

In this section, we shall present in the time-discrete setting, a result analogous to the one given in the
previous section. The motivation and methodology follows the same spirit as in the continuous case, so we
aim to obtain an equation similar to (2.12) and state a moment problem for the discrete setting.

To this end, the first thing we need to check is how the time-discrete semigroup acts on the (generalized)
eigenfunctions of our problem. Let us define for any A € R™, 7 > 0, and any fixed n € N* the quantity

pu[A = (A +7A)" (3.1)
and the associated time-discrete function
pIA] :n = palAl. (3.2)

A straightforward computation shows that for any j > 1

P = C (1, (53)

where, for convenience, we have introduced the notation

_ (n4i-1)!
{nh; == NP

Note that for any 7" > 0, and j > 1, we have that

sup |pn[A] = enrAD]| =0 as T — 0,
n<T/T

hence it is expected that the functions p[/\<j)] will play the role of the exponentials e[/\(j)] in the discrete

setting. Indeed, using identities (2.7)—(2.8) and formula (3.3), it can be seen after a long but straightforward
computation that, for each fixed r € [1,d], the sequence z = (z"“)ne[[m M—1] With elements given by

r—1
= ZPM—nP\(ZH)](% ®er—), nel0,M—1]
=0

11



solves the backward system

n _ ntl
4t =0, Vne[LM]
(2" o0 = 0, Vn € [1, M] (3.5)

AMAL = br ® er.

This proves that the action of the time-discrete semigroup on the (generalized) eigenfunctions of the adjoint
operator reads

r—1

Tl+7L) M (g @e) =D punNTV](@r®ers), nel0,M—1] (3.6)
£=0

for all » € [1,d] and any A € A.

Given this computation, we can multiply in L?(Q) the system (1.9) by the adjoint semi-group given
by (3.6) and we sum for n € [0, M — 1]. After integration by parts in space and taking into account the
boundary conditions, we obtain

(" orwer) , o = @o1e7L) M1 @en)

L2()
- Z 7 (0a),, ®B) (T @1+ 7L~ M (g @ e,) v

Using the structure of matrix B (see (1.6)) and formula (3.6) in the right-hand side of the previous expression,
we deduce that

M _ *\—M (r) n+1
(y , P @ er> Ly (yO, (ZTRI+7L) "M (A ® er)>L2( o )0z (1 Z TpM—n[A (3.7)

for all A € A and r € [1,d].
From here, it is easy to see that the null controllability problem for the time-discrete system (1.9) amounts
to find a control sequence (v"*"),c0,p—1] C R such that for all A € A and r € [1,d], we have

A(’") n+l _ A , 3.8
Z TP LR 38)
where
O *\—M
Qry = (yo, T @1+7L) Mgy @ er))LQ(Q) . (3.9)

As in the continuous case, we can reverse the order of time in (3.8) by setting the change of variables
M — n — n to obtain the formula

M

(r) M—n+1 _ QN r
Z a4 = S8 (1) (3.10)

for all A € A and r € [1,d].

As we have mentioned in the introduction, we cannot expect to obtain a control function v such that
(3.10) holds for all A € A, since #A = +o00. Instead, we shall look for a control v such that the corresponding
solution y = (y")nepo,nmy verifies

M _ T,
(v 7¢/\®e7«)L2(Q)—0, VAEATT, Vre[ld], (3.11)

where AT C A is a suitable finite subfamily of eigenvalues determined by 7 and a parameter w that we
will describe below in (3.14). This is equivalent to solve the equations (3.10) for every r € [1,d] and every
A € AT% instead of the whole spectrum A. Note that this family of eigenvalues will have the property that
AT — A as T — 0, so that we shall recover the usual null-controllability property at the limit 7 — 0.

Following the ideas of the continuous case, we will solve (3.11) by looking for a family of biorthogonal
functions. The precise definition is as follows.

Definition 3.1. We say that a family (qA/,j)feﬂl,’f}]w of time-discrete functions is biorthogonal to the family
N’ rw in L I) 1
(pp‘(l)]))\ee[[/\l (vl]] 72'(07 ) f

/g >\<Z))[ =4 /61" VA )\leAT’ Vi, 7 € [[1,d]. 3.12

(qA ,J?p[ ] 2(0,1) AN 04,5, B B 1,7 |I B ]] ( )

With this definition, the control problem can be formally solved by setting

_Z Z a/\d )q%j’ n € [1, M],

j=1 /\GA"'W

~M—n+1 (

and then taking v" = o remember that we have reversed the sense of the time in (3.10)). Thus, our

task reduces to prove the existence of (gy, J)ii[g\l,dl and give precise uniform estimates. This is exactly what

says the main result of this section.

12



Theorem 3.2. Let d € N*, T € (0,+00] and A be a family of eigenvalues verifying (2.15)—(2.18).

There ezist w € (0,1) only depending on d, and 10 € (0,1) only depending on w, A, and T, such that
for any T € (0,70), there exists a time-discrete biorthogonal family (q)\,i)f\eeﬂi;fi]]w in L2(0,T) satisfying the
estimate

laxillzzor < CEN? Vie[1,d], YA€ AT, (3.13)

where

AT ={AeA:TA< w} (3.14)
and § : R — R is a non-increasing function such that lim,— 1o 6(s) = 0 that only depends on d, p, and R
and C' > 0 is a constant only depending on d, R and T'.

Note that the biorthogonal family clearly depends on T', even though we do not explicitly mention it in
the notation to ease the reading.

The rest of the section will consists in proving this result, first when 7" = 400, then for finite values of
T.

3.2 The biorthogonal family for an infinite time horizon

We present here the construction of the biorthogonal in the time-discrete framework for the infinite time
horizon.

The proof of this result relies on an auxiliary result concerning the construction of biorthogonals to
divided differences of the functions p[A] and on a limit process. This result is in fact the time-discrete
counter part of Proposition 2.6 and reads as follows.

Proposition 3.3. Let d € N* and A be a family of eigenvalues verifying (2.15)—(2.18). There exist constants
€o > 0 only depending on d, p, and R, and w € (0,1) only depending on d such that for any T € (0,1) and

any € < €o, there exists a family (Z]V,\,i’e)iee[[i;‘?ﬂw in L2(0, +00) satisfying

(@i DA A+ (G = 1)e])L2(0 L = vady AN €A, vige L) (3.15)

and the estimate
1 iellLz o400y < CENY, Vi [1,d], VAe AT, (3.16)

with AT% as in (3.14) and where § : R — R is a non-increasing function such that lims_ 4 6(s) = 0 that
only depends on w, d, p, and R, and C > 0 is a constant only depending on d and R.

The proof of Proposition 3.3 follows very closely the one of Proposition 2.6. We will crucially use the
fact that we are only working with a finite portion of the spectrum to obtain the uniform bound (3.16). For
the sake of readability, we will postpone it to the following section.

Assuming that Proposition 3.3 holds, we can prove our main theorem for an infinite time horizon.

Proof of Theorem 3.2 in the case T = +oo. For each fixed € € (0, ¢9), let us consider the biorthogonal family

(ax,i,e)ieeﬂi;‘fﬂw provided by Proposition 3.3.

Since the estimate (3.16) is uniform with respect to €, we can find a sequence (€m)m C (0, €9) such that
eém — 0 as m — oo and such that (gx,i,c,, )m that converges weakly towards some ¢x,; € Li (0, +00) for each
A€ AT® and i € [1,d] verifying

th,i||L2(0,+oo) < Ceé(k)/\ (3.17)

where C end ¢ do not depend on 7.
Now, it is not difficult to see that for any fixed A, and any i € [1,d], we have the pointwise convergence

puld, A (= Dem] —— paAY], Vn e N*.
Furthermore, from Lagrange theorem (see Proposition A.3), we have that the following identity holds
Pl A+ (i = Dem] = paldf ]
for some 6; n,c,, € [A\, A+ (i — 1)ém], which together with estimate (A.3) yields
1Pa[As s A+ (= Dem]| < Ci(n7) ™ palbinen] < Ci(nt)' ™ palN, (3.18)

for all n € N* and 4 € [1,d]. The right-hand side of the above expression is independent of €,, and square
summable for each i € [1,d]. Indeed, by Lemma A.6, we readily get

- i Ci
Do) TV p NP < 5ty i€ [Ldl, (3.19)
n=1

for some constants C; > 0 uniform with respect to 7 and A.
Therefore, using (3.18), (3.19) and dominated convergence theorem, we get that

pA . A+ (= 1en] —— p[)\(i)] strongly in LZ(0, +00).
m—r 00

Finally, the result follows by a weak-strong convergence argument in (3.15) and the bound (3.17). This ends
the proof. O
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3.2.1 Proof of Proposition 3.3

Here, we will give the construction of a biorthogonal family to divided differences the functions p[A]. We
shall perform the same steps as in the proof of Proposition 2.6, but taking into account the discrete nature
of our problem.

— Step 1. Measuring the distance between some discrete functions. We begin by noting that
the map (3.2) is well defined in L2(0,+o00) for any A € A and 7 > 0. From (1.13), we see that for any
NN €A,

(oo}

LN 20 oy = 2T AHTN) T A7) = !

EEYS UV (8:20)

n=1
and in particular
o 1
9 _ —2n __
IPIZ2 (0,00 = D7 L+ TN = S,

n=1
which resembles very much the continuous case except that we have an additional term depending on 7 in
the denominator.
In what follows, we shall work only with a finite portion of the spectrum of the problem that was
introduced in (3.14). For € € (0, ;=y), we construct the finite family

d—1
K-r,w _ U (Af,w + re) _ U G/\’ (321)
=0 AEAT®

where we recall that G is the group defined in (2.24).
We will now compute the distance of the functions p[o] with o € G to the space generated by the others,
namely, the space

E3 := span {p[)\] A E X;’w}7

where K;’w := A" \ G,. As before, Pg7 stands for the orthogonal projection in L2(0,400) on EY.
The precise result is the following.

Lemma 3.4. For any 0,0’ € G

1 T T
(plo] — PE;p[U],p[U/] — PE;p[U/])LE,(O,T) = mw)\ (o)W (o) (3.22)
where
T o — [
w = . 3.23
0= 1 (323)
peAL™

The proof is analogous to the one of Lemma 2.7 and can be found on Appendix B.2. By construction,
since we are removing the projection of p[o] to the space Ef, we have from Lemma 3.4 that

(plo] = Pezplo], P 1 g 4oe) = 01 (3.24)

for all 0 € G and v € K;w

— Step 2. A biorthogonal for an auxiliary family. Let us define p[o] := p[o] — Pgyp[o] with o € G
plo]
wilel”

and set wlo] =

(2.27)).
By Lemma 3.4 and formula (3.20) we note that

This w[o] will play a similar role to that of f[o] in the continuous case (cf. eq.

1

oo 7o = Pl D200, (3.25)

(w[o],w[a'])Lg(o,Jroo) =

Thus, following the approach of the continuous case, we aim to build, for every A € A™% a family (¢3"7)ie[i,q]
verifying

(a8 @07 wlr A+ (= 1))

Arguing as in Proposition 2.6, we know that problem (3.26) reduces to studying the inverse of the Gram
matrix

120, 400) = (S@j, Vi, j € ﬂl,d]], (326)

g;,e = ((2>‘)i+j_1(w[)‘» A+ (l - 1)4»“’[)‘7 B (] - 1)6])L3—(0,+00))

1<ij<d
and, as in the continuous case, the invertibility can be ensured by obtaining a suitable lower bound. The
precise result is the following.

Lemma 3.5. Under the assumptions of Proposition 3.3, there exist eg > 0 only depending on d, p and R
and w € (0,1) only depending on d such that for any € < €o, there exists a constant C > 0 uniform with
respect to €, A and T, such that

(G5.:€,6) = Céll% (3.27)
for any € € R and any A € A™7.
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We postpone the proof of this result to the end of this section since it is technical but, before continuing,
we shall remark that it is precisely at this point that a smallness condition on the parameter w is imposed
to ensure that the constant C' > 0 appearing in (3.27) is uniform with respect to 7.

Thus, in view of Lemma 3.5 and arguing as we did for (2.37), we can obtain that

X 122 0,400) < C (3.28)

for all i € [1,d], A € AT and a constant C' > 0 uniform with respect to A, € and 7.

— Step 3. Final arrangements and conclusion. We define

qwzzdj (%) [A—f—(i—l)e,)\—i—(k—l)e] A2 Ru, e [1,d].

k=i

We claim that these functions satisfy (3.15) and (3.16). Indeed, by Proposition A.4 and the definition of p

£
BN A (E= 1) = wlh, (r—1)]W;[H(r—1)6,...,A+(e—1)e}, te,d,

whence, arguing as in the continuous case (just changing Wy by WY everywhere), we have
B, .- A+ (= 1)€], q)\,k)L2(0’+oo) = Op.e. (3.29)
Recalling that by construction (3.24) holds and by linearity of divided differences, we have
(BN, ..., N+ (- 1)6],qx,k)L2(O’+oo) =0, Vkilec[l,d], VAN eATT x#N.

This, together with (3.29) prove that (ga,x)y J\lf{l satisfies (3.15). Moreover, from (3.28), we readily obtain

(v;;) [+ (k=D A+ (G- 1)e] |-

Using Propositions A.3 and A.9, we can argue as in the end of Proposition 2.6 to obtain the desired estimate.
The proof is complete.

<C’/\d /2 max
j€[k,d]

3.2.2 Invertibility of QK’E

It remains to prove the invertibility of the Gram matrix with a suitable uniform estimate of its inverse.

Proof of Lemma 3.5. In this proof, the eigenvalue A € A7 is fixed. We can write, by (3.25),

2

(G.6,8) = Z& @A) T PwA, A (= 1)e]
L2 (0,4+00)
d 2
=D &N TP A+ (= 1) (3.30)
i=1 L2(0,400)
Noting that
PalA A (=1 = (1 +70) "V pa [N pa [0 -] e [1,d]
N[Ny ee ey n n 7”'71+7_)\ ’ ’ ’
we have from (3.30)
+oo d , , ‘ 2
(068 = S r (o) [ 6@y 2 as ) Y, [0, 2]
n=1 i=1
and using the Lagrange Theorem (see Proposition A.3), we get
I d . . o1
665 rem = S ey ey ()]
n=1 =1
for some 6; € [0, (i — 1)€]. _
Adding and subtracting p,,[0”] in the above expression and using the inequality (a —b)? > 1a® — 1%, we

obtain
2

+o00 d
1 —2n i —(i— i
(G3.6,6) > 3 3o r (07" S 60 /21 4+ 72) 70 o)
n=1 =1
+oo d ) ) (4) 2
ST TGN T2+ )Y (pn[o(z)]*pn {(—IE;A) D‘ :
n=1 i=1
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Then, using the explicit expression for the divided differences for p., (see eq. (3.3)), we get

NGO , —(n+(i—1))
< 0: > ]:pn[o(1>}<1+ 70i ) , 1e[1,d],

Pn

1+7A 14+7A
and thus
(G1.€,6)
1 “+oo d 2
> 1 —2n ; i—1/2 —G=1) ()
> 2n:17'(1—|—7'/\) ;f(%\) 1+7A) pr[0™]
+o0 d 1/2 1) " 9, ~(nt(i—1)) (3.31)
_n; (1+7A)~ g N T2 472 Y, [0 1_(1+1+m)
1
= =1 — I>.
5 2

‘We proceed to estimate the terms I; and I2. For Iz, we have

I= d ) ) L2
112 < Vg, S (147272 S @0 (1 )2 g2 [0
n=1 i=1

) r0;
where f; = 1 — e_("Jr(’_l))log(1+ 1+”)‘ From the inequalities log(1 + z) < z and 1 —e™® < z for > 0, we

have that 0 < f; < (n+ (i — 1))11%7 whence

L] <Vd|€]1%
+oo d ) ) r0; 1° K
XD LAY @A)F T A4 ) PO [(n—i— (i — 1))ﬁ] pn[0] (3.32)
n= i=1

Using that (n+ (i —1))? < C;n? for all i € [1,d] and n € N*, estimate (A.3), and recalling that 6; < (d—1)e,
we deduce that there exists a constant C' > 0 only depending on d such that

d
o] < ClEl%e® > N 1A+ 707> 71+ 7)) (nr)™ (3.33)
1

+

e}

=1 n

The infinite sum in the above inequality can be readily estimated. By Lemma A.6

+
3

7_(1 +T)\)—2n(n7_)2i S %7 = [[17d]], (334)

Il
N

n

for some C; > 0 uniform with respect to 7 and A. Putting together (3.33)—(3.34), and the fact that
(1+7X)% > 1 for all i € [1,d], we get

2
1] < Ol 55
for a constant C' > 0 only depending on d. Recalling (2.18) we get
I < C'[|€]1%€%, (3.35)

for some C’ > 0 depending on d and R but uniform with respect to A, € and 7.
Let us turn out our attention to I;. Notice that this term can be rewritten as

+oo
I L+7X)7"
1 Z/t'n L tp— 17n)( +T 1_’_7_)\)2 1

A R )

Using once again the inequality (a — b)? > %a — b2, we can bound the above expression as follows

1 pin
233 [ e
277.:1 tn—1
+oo tn
e Bl TR
n=1"tn-1

1
= ZHy — Hy.
2 1 2

i-1/ N
Zai”) 0] ae

dt.

dt

2>\)i71/2 (_t)ifl 2
Z& A+ A1 (i— 1)

(20)i~1/2 )il o
Zfl 1—|—)7'>\)1 I {((i—)l)! [0’ )}}

2
dt
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To estimate the first term in the above inequality, we note that since log(l + z) < = for > 0, then
log(1 4 7A)/7 < X uniformly with respect to 7. Therefore,

d i—1/2 ie1|?
25'((2/\) ) dt

+oo
—2At,
Hl = 2 E / tn—1,tn)
i=

— > (L+ 7)1t (i 1)

where we recall that ¢, = n7. Since t, <t+ 7 for t € (tn—1,tn) with n € N, we obtain
d

. . 2
1 = /+oo oM Zg_ @)V (=)t
2 o P (14T (- 1)

and setting the change of variables ¢ — ¢/

H, dt.

I\/

X 2
i—1

1 +oo d
H > - 77')\/ 6721,‘
0 i=1

where & := &(1+7X\)~(~1. Observe that this new expression has the same structure as in the continuous
case (cf. equation (2.43)), therefore using the equivalence of norms in R?, we get

dt,

[\.')

Hi > cae” 7 |1€]1%.

for a constant cq > 0. Since A € A™F with w € (0,1), we have 7A < 1 so that e™™ > e~ ! and ||€]|oc >
¢0||€]| oo, for some ¢y > 0 only depending on d, thus

Hi > cl|€]l5, (3.36)

for a constant ¢ > 0 only depending on d.
To estimate the term Hz, we proceed as follows. Let n € N* and recalling (3.4), we define the function
fi@®) :=t""" — 7" (n), | for i € [1,d] and t € (tn—1,tn). Note that
i) =0 (3.37)
for all t € (tp—1,¢n). On the other hand,

i—1

()i =[Jn+k=1) <(n+d-1)"", ie[2d],

k=1
whence |fi(t)| < 77 (n+d — 1)t — ¢! for all i € [2,d] and t € (tn—1,t,). Recalling that t, = n7, we
can further write , 4 ‘
(0] < 771 [(nerf 1) = (n— 1)“1]. (3.38)
Applying Lemma A.7 in the right-hand side of (3.38), we get
A< (4 (@= 1)) 7(rn) 2 (3.39)
for all t € (tn_1,tn) and i € [2,d]. In view of (3.37), (3.39), and recalling the definition of p,[0("]
d
|Ha| < Calléll% Z/ Lty (L TN @O T L+ 70 2OV fi(0)Pde
=2
< Cull€)|27? Z(ZA)QHQ +7A) 720D Z (1 +7A) 2" (n7)20 72, (3.40)
=2 n=1

Using once again Lemma A.G, we see that for any A € A% and i € [2,d]

Z 1 +7_/\ ( )2(1 2) < )\262’ 3 (3.41)

and putting (3.41) in (3.40) together with (1 +7X)2¢~Y > 1 for i € [2,d], we deduce
|Ha| < C"[[€]1% (TA)? (3.42)

for a constant C”” > 0 only depending on d.
To conclude, combining estimates (3.31), (3.35), (3.36), and (3.42) yields

(G7..6,€) > |I€]% [c — C" — (rA)2C"] .

Taking €g = min {1 /ﬁ, A /4—8,} (which depends only on R, d, and p) and and reducing (if necessary) the

value of w € (0,1) such that w < /357 (a quantity that only depends on d) we have that for any € < e
and any A € AT%

(GF..6,6) > S|,

where ¢ > 0 is a constant only depending on d. This concludes the proof. O
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3.3 The biorthogonal family in the finite time horizon

We are now in position to prove Theorem 3.2 when T is finite. For this, we shall adapt to the time-discrete
setting the classical restriction argument presented in [22].
For any T € (0, 4+o00], we set

EA(ATT,T) = span{p[)\(i)] tAEATT e [1,d]},

l1.7/71
where we recall that AT is taken as in (3.14) for a parameter @ > 0. The goal of this section will be to

analyze the restriction operator defined by

Rrwyr: g€ ET(AT’W, +OO) —> g‘[[l,T/r]] S ET(AT’W,T).

By using a very simple argument, we can first prove that this operator is invertible, as soon as 7 is small
enough. More precisely, we have the following proposition.

Proposition 3.6. There exists 7o > 0 depending only on w, A, and T such that for any T € (0,70), the
operator Rr .+ is invertible.

Proof. Let us take some g € ker Rt » ~ that we write as

d
> axipA"],

AEAT T i=1

for some coefficients ax,; € R. By assumption, we have g, = 0 for any n € [1,7/7]. Introducing the
polynomial @Q,(X) = X" and the function ®q,, (z) = Qn(1/z) for x > 0, it is easily seen from (3.3) that the
condition g, = 0 can be written as follows

Z Zm\z i ‘I>(l 1)( 14+7A)=0.

AEAT® =1

By linearity of the map @ — ®g, we deduce that for any polynomial @ with degree smaller than 7'/7 and
such that Q(0) = 0, the function ®q(z) = Q(1/x) satisfies

> ZaM ‘_ 1 o5V (1472 =0. (3.43)

AEAT T =1

If we assume that T
= >dx #ATT, (3.44)
.

we know by Hermite interpolation at the points

1 T,

that there exists a polynomial @ € R[X], with degree less than T'/7, satisfying Q(0) = 0 and such that ®¢
satisfies
o0 (1 +7) = (—7) lans, YA EATT,Vie [1,d].
Therefore, (3.43) leads to
1

2 Z\am

|
AEAT T =1 )

=0,

and thus ay,; = 0 for every X and i, that is g = 0.
It remains to prove that (3.44) holds true for 7 small enough. If we denote by N the counting function
of the family A, we have by (3.14) that #A™% = N (2) and therefore condition (3.44) reads as

Toa(2)

and this is actually valid for 7 small enough since we know, by the summability assumption (2.15), that
N(r)/r — 0 when r — oo (see [13, Proposition A.5.38]). O

To conclude the proof of Theorem 3.2 and even if we are in a finite dimensional framework we need a
more intricate argument based on complex analysis. This argument is adapted from the continuous case as
presented in [22, Theorem 1.3]. Specifically, we aim to obtain an estimate on R that is not provided by
Proposition 3.6.

T,w,T

Proposition 3.7. There exist 7o > 0 and a constant C > 0 only depending on w, A, and T such that, for
any 7 € (0,70), we have
H9||L2 (0,400) < C||9||L2(o 1y, Vg€ E(ATT, +00). (3.45)

Equivalently this means that the uniform bound |R;. _|| < C holds.

T, ,T

18



Remark 3.8. A careful inspection of the following proof shows that, in fact, the constant C' only depends
on the remainder function R associated to A and not on A itself. This observation is important to prove
results that are uniform with respect to any parameters on which A may depend. A typical example is the
fully discrete case where A depends on the space discretization parameter. For further discussion, we refer
to Section 5.1.

Assuming Proposition 3.7 for the moment, we can conclude the proof of our main theorem.

i€[1,d]
Proof of Theorem 3.2. Let us denote by (qm’x,i) , the biorthogonal family given by Theorem 3.2 in
AEATT
the case T' = +o0. Note that we can always assume, by orthogonal projection, that each element of this
family belongs to £-(A™%, c0) without modifying the uniform estimate we have.
We can now classically set

ar i = (Rimr) 'qooni, YAEATT Vi€ [1,d], (3.46)
and observe that
(QT,/\’,j7p[)‘(i)])L3_(O,T) = (oo, i) (RT,w,T)ilp[)\(i)DLg(0,+o<>) = (qOo,A,i7p[)\(i>])Lg(o,+oo) = 0,7 05,5.

Therefore the family defined in (3.46) is indeed a biorthogonal family in L2(0,T) that we are looking for.

The bound on the inverse of the restriction operator given in Proposition 3.7 let us conclude on the final
)iE[[l,d]]

uniform bound on (qT, Ni and the proof is complete. O
A W

It remains to prove Proposition 3.7.

Proof of Proposition 3.7. The proof is done by contradiction. Let n € (0,7/4) be a fixed parameter. If we
assume that (3.45) does not hold for some uniform C, then we can find a sequence of time steps (7™ )m>1 C
(0,7) such that 7™ — 0 as m — oo and, for each m, a function g™ € Em (A™ 7, T) satisfying

m 1
lg ”Lim(OaT) < m (3.47)
while
9™ 2, 0400y =1, VM 2 1. (3.48)

By definition of &m (A™" "%, T), g™ can be written as

d
g" = Z Zaﬁjpm[/\(j)] (3.49)

AeAT™ @ j=1

for some coefficients a}’; € R. Since we are dealing with a sequence of time steps, we have used here the
notation
PN = (177N " € L2m (0, +00).
In what follows, C will denote a generic positive constant uniform with respect to A and m, which may
vary from line to line. _
For each m, we denote by (qx,i,m);i[[i;ﬂ,w the biorthogonal family in L2m (0, +00) provided by Theo-
rem 3.2. For this family, it can be readily seen that

((ZA’,i,m»gm)Lzm (0,+00) = a;\%,ia V)\/ S AT ’,w’ Vi € [[Ld]]

This expression, together with estimate (3.13) in Theorem 3.2, the bound (3.48), and Cauchy-Schwarz
inequality yields the uniform bound
lay;| < Ce®A (3.50)

forall A\ e A7 7, i€ [1,d] and m > 1. Note that the function d, given by Theorem 3.2, does not depend
on m.
Now, for each m > 1, let us consider the holomorphic function defined by

Zlog(1+f’"k)

er'[N:i=e" m, zeC. (3.51)

Observe that in this way, the function p;'[A] = (1 + 7™\)~" with n € N* is nothing but a sampled version
of (3.51) at the real discrete points n7™, that is,

pn [\ = enzm[A]. (3.52)

Using the notation of divided differences, we can define the function

G™(z) = > D al;el AV, (3.53)

AeAT W =1
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where we have seen that the coefficients a}'; verify (3.50). Our goal is now to derive some properties for the
holomorphic function (3.53) that will be transferred later to g™ in (3.49).
A direct computation gives the explicit expression of e™[A\9)], this is,

,1]1

. m log(1+7™X)
el [)\”]— G=Tr H (i—j+ 1)r™)e” GHE-DT™MZET— (3.54)

Since A € A7 using that log(1 + x)/z > 1/2 for & € [0,1], we can deduce that for each m > 1, the
following bound holds

ER(z

)
<e 22 (3.55)

= ’

(i —1)rm) lesQEr)

for every j € [1,d]. Moreover, by Young inequality and since 7 < 1, there is a constant C; > 0 uniform
with respect to m such that

Jj—1

[[G-G-5+nr™)

=1

for all j € [1,d]. Therefore, using estimates (3.50) and (3.55)—(3

< i1+ 27 (3.56)

in expression (3.53) we deduce

.56
GrEl<catty Y e OF

F-s)A, (3.57)
AeATm,w
Since n < T/4 is a fixed parameter, we have that
R(2) ER(z)
S R < 3 (o
AeATw AEA
_ o RO(T2 ) ) e~ A—RON T 50 ~ROn

AEA

where we recall (2.18). Since the function A — &()) is non-increasing and verifies lims_ 4o d(s) = 0, there
exists Ao > 0 such that §(\) < n for all A > A\g. Thus,

e{%%(x))x
A€A™™

R(2)
< e—R(O)( €

) S mOmRONEE SO L § o~ (A=) (ZE —n)

AEA AEA
A<Xg A>Xg

Let us introduce the truncated sector P, = {z € C: R(z) > 4n, |S(2)| < R(2)} (see Figure 1). Then, for
all z € P, we have

S (s

AeAT™
< ¢ RO(FF=n) [ 5RO I e ZOARO) LS RO | (3.58)
AEA AEA
X<Xg A>Xg

and noting that the first sum is finite and the second one converges by (2.15), we can use estimate (3.58) in
(3.57) to deduce the existence of a constant C' > 0 depending at most on d, R, Ao and 7 such that

_ R(=)
G™(2)| < Clz|* e R(O)( 2 Vz € P,. 3.59
n

From (3.59) we deduce that (G™),, is a sequence of holomorphic functions uniformly bounded in L* (Py)).
Montel’s theorem on normal families of holomorphic functions (see e.g. [17, Chapter 5]) implies that we can
extract a subsequence, still denoted by (G™),, that converges locally uniformly towards a holomorphic
function G in Py,. In particular, G™(t) — G(t) for all t € (4n, +00) and from estimate (3.59) we have

IG™ ()] < Ce FOG=Dd=1 wt ¢ (4n, +00).
The right-hand side being square integrable allows us to use dominated convergence theorem to deduce that
G™ — G strongly in L*(47, +00). (3.60)

Let us come back to the discrete setting. For any function u = (u")neqi,ag € L2(0,T), we denote by
Flu] the element of L?(0,T) defined as the piecewise constant interpolator

M
= L, eu™ (3.61)
n=1
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Figure 1: The sector P,,.

Note that ||.F[UH|%2(07T) = ||“||2Lg(o,T)~ Also notice that this notation equally makes sense if we replace M
and T by oo everywhere. Moreover, we will add the subscript m to indicate that we consider this interpolator
for the time step 7.

We see that the assumption (3.47) can be rephrased as

1
-Fm " ]
| Fmlg H|L2(O,T) < m
and by letting m tend to infinity, we obtain
Fmlg™ — 0 in L*(0,T). (3.62)
Now, we claim the following:

Claim 3.9. F,, [¢™] — G strongly in L*(4n, 00), where G is the holomorphic function found as the limit in
(3.60).

Let us assume for the moment that the above statement holds true. From (3.62), Claim 3.9, and the
uniqueness of the limit, we deduce from (3.60) that G = 0 in (4n,T) and since G is a holomorphic function,
this implies that

G=0 in (4n,+0). (3.63)

Thus, (3.63) together with (3.62) and Claim 3.9 allow us to conclude that
Fmlg™ =0 in L*(0 + o)

which is contradiction with our initial initial hypothesis (3.48) that says ||Fm[g"]ll12(0,400) = 1. This
concludes the proof. O

We present the proof of Claim 3.9.

Proof of Claim 3.9. Fix m > 1 and set n, = | 2L |. Using (3.49), (3.52), and (3.53), for any n > n, and
t € [tn1,tn], we can readily compute

GmO-grl=| Y Do aky (P - enn D)

AeAT™ @ j=1

d
< Z Z|a’§fj|

AEAT™ w j=1

& D e~

for some ¢ € (tn'_1,tn'). Using (3.50) and recalling that ¢ € [t 1,¢7'], we obtain

d
G0 —gil <™ Yo D e

AEAT™, @ i=1

%‘tzcel”[)\m]’ . (3.64)

The following result allow us to estimate in the right-hand side of (3.64).

m

Lemma 3.10. Assume that A € A7 °® for some w € (0,1). For any n > n, and ¢ € (t7'_1,t7'), we have

. . tot
i pmii=1e=%2 ) e [1,d]. (3.65)

d Celn[)\(j)] <

Eh: M
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The proof of this result can be found in Appendix B.3. Using (3.64), estimate (3.65), and arguing as we
did for obtaining (3.59), we get

t'l?l
—R(0)( i —
G0 — g < eyt O (F )

for some constant C' > 0 uniform with respect to m.
Squaring and then integrating over (¢;;'_1,t5’) on both sides of the previous inequality yields

m
t n

_or(o)(
/ |Gm(t) 7 1(t:?71’tzl)(t)gzl‘2dt S C(Tm)2|t21|2(d71)e ( )( 4 Tl) )
1

Now, we sum over n on both sides, more precisely

+oo t:Ln mi2 m = m,m|2(d—1) 7R(0)<%7U)
Z ‘Gm(t) — 1(t;7_1,t77{‘)(t)gn | dt S OT Z T |tn | e
n=ny tﬂl n=ny
+oo im
< Cyr™ D P e RO (3.66)
n=1

We emphasize that the infinite sum in the right-hand side of the above expression is convergent and is
uniformly bounded with respect to m. Indeed,

m

+o00 tm +oo m
—R(0) 1 nt1 t
2(d—1 4 2(d—1) —R(0)-2-
D A s => / L e, [t * e FOE at
n=1 n=1"1%

m 1L+
+oo +m
ntl 2(d—1) +™ —R(0)%
< Z:l - 1(t277t2‘+1)t e e ) dt
< e/ 2D RO g4 — 042471 R(0)'2D0(2d — 1) < +00. (3.67)
0

On the other hand, from the construction of F and its properties and the choice of n,, observe that the
term in the left-hand side of (3.66) is bounded from below by ||Gm — Fm[gm]|l £2(4n,00)> that is,

+oo t
ZTm|t;n|2(d—1)e—R(0)T 3 (368)

n=1

HGm - ‘Fm[g"l]HiQ(&n,oo) < cr™

Putting together (3.67) and (3.68), we see that |G, — .Fm[gm]||2L2(4n,oo> — 0 as m — oo since there is an
extra factor 7™ in the right-hand side. At this point, we note that

Hg - ‘Fm[gm]HLz(éln,oo) S ||G - Gm||L2(4n,oo) + ”G’m - ‘Fm[gmH|L2(4n,oo)

and using (3.60) on the first term, we can take the limit as m — 0 to obtain the desired result. This
concludes the proof. O

3.4 Proof of the main theorem

We are now in position to prove our main ¢(7)-controllability result, that is Theorem 1.1, which is a direct
construction based on the time discrete biorthogonal families we have obtained above, as follows.

Let us fix T > 0 and the initial data y° € L*(Q). Let @ € (0,1) and 70 > 0 be the parameters provided
by Theorem 3.2. Take T € (0,70) and set

T1 = Z and M: \‘EJ .
2 T
From Theorem 3.2, we know that there exists a biorthogonal family (qA,i)ieeﬂi;‘fﬂw C L2(0,T1) verifying
(PN h0xs) ) = OB VijE[Ld], AN € AT
2(0,7y
and
laxillcz o) < CEM*, Vi€ [1,d], VYAeA™™, (3.69)

where C' > 0 is a constant independent of 7.

Let us consider the control vy = (v() with elements given by

nE[[l,M]]

d

oy = Bridrs, n € [1,M],
> >

i=1 A€AT®
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where s ~
Bai = —— 0N ith an = (yo, I+ My @e; ) . 3.70
700 6x (1) ( ) g (370)
Then, using formula (3.7) at M = M and due to the special structure of vy together with the properties
of the biorthogonal, we easily deduce that

(yﬁ, br ® er) =0, YAeA™", Vre[l,d. (3.71)

Since the sums defining vy are finite, we do not have any convergence issues. Moreover, the condition
026x(1) # 0 is guaranteed by (2.6). Thus, it remains to verify the uniform bound (1.16).
Using definition (3.6) and estimate (A.3) with n = M, we obtain

ZxI1+ Tﬁ*)_ﬁ(ﬁf))\ ® e;)

S paA V) (6a © ere)
£=0

2
L2(Q) )
i—1 ~
S CZ Z(MT)ZPM[A] |¢A ® eT‘—€|L2(Q)
£=0

for all ¢ € [1,d]. Using the definition of M and since A € A%, we further estimate

i—1

Y o log(147A)
Z1+7L") M(pr @ e;) gC’iZTfe T3 RS [6r ® er—e|r2(q)

L2(Q) —o
izl ¢ Ty log(tm) )
SC Y Tie s [ ®@erdlr2), Vi€ [L,d], (3.72)
£=0

uniformly with respect to 7. By Cauchy-Schwarz inequality and the fact that (¢ ® ;) are normalized in
the space L*(Q) ® R¢, we deduce

ATy 109;(11;—17)

lexi| < Crlyolp2aye ) (3.73)
for some constant Cr only depending on T'. Then, from (2.6), we obtain

Y l°g(11;’w)

1Bx.il < Crlyolr2oe (3.74)

Hence, by the estimate on the biorthogonal family (3.69), we can now easily bound the norm of the control
Vo, this is,
oy lee4®) sy
[vollz2 (0,7/2) < Crlyolr2(a) Z e M PO
AEAT

Using the properties of the function A — d(X), there exists Ao > 0 such that §(\) < T} w for all A > Ao,
thus

log(1+w) log(1+w)
||'UOHL?_(()7T/2) SCT‘yO‘LZ(Q) Z e—)\Tl— gw 765()\)/\_’_ Z e—AT14g2w

AEA AEA
A<XAg A>Xg

s A a1y lesUt=) Ty leg(tw)
SCT‘ZIO‘LQ(Q) e (R(0)Ao Z e 1 @ + Z e 170w

AEA AEA
A<Xg A>Xg

Since the above series are convergent thanks to (2.15), we have thus found a control vg in L2(0, T/2) satisfying

llvollzz 0,7/2) < Clyolr2(a) (3.75)

with a constant C' > 0 uniform with respect to 7 and where the associated controlled solution verifies (3.71).
Using that system (1.9) is in cascade form and applying classical elliptic regularity estimates (component
by component), after summing for n € [0, M — 1] we obtain

sup 1y" | 1) + 1YllL2 0,11:22(0)) < C1 (|y0|H*1(Q) + ||U0||L3(0,T/2))
nell,M]

< O|y0|L2(Q):

where we have used estimate (3.75) in the second line. From here, we deduce in particular that

|yM‘H*1(Q) < Clyolr2(a)- (3.76)
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To conclude, we will use the fact that the solution y verifies (3.71). We begin by extending the control vo
by zero in the interval [M + 1, M] and consider the uncontrolled system
n+l _  n —
Y Y _’_[/y’n+1:07 nel{]\4’]\4_1}]7
T —_—
Y =0, n € [M,M —1],

with initial datum yl\7 coming from the previous step. For n = M , the system of elliptic equations verified
by yM*1 is B - B
{T.A@ IyM+1 +(ZxI +TI®C)yM+1 :yM7 in Q

M41 _
|60 =0.

Using once again the cascade form of the system and using well-known regularity estimates for elliptic PDEs,

we obtain .
M+1
| b

M M
‘y -1(q) -‘rT‘y +1|Hé(§2) < C|y |H*1(Q)7

where C' > 0 only depends on d. This, together with estimate (3.76) yield

\ﬁ\yMH\L?(Q) < Clyolr2(ay- (3.77)

Forn € [[M—i— 2, M — 1], we will use the fact that we have an explicit expression for the solution. Indeed,
at each step, we have

d
y"H = Z Z (y”,¢,\ ® ei)LQ(Q) (I® I+ 7—‘6)_1((;SA X ei)

i=1 AeA

d i—1
Z Z (", or ® €i) 12 Zm D] (or @ eis), (3.78)
=1

)\GA\AT,W =1

where we have used (3.71) in the second line. Taking the L*-norm in both sides of the above expression and
using estimate (A.3) together with the fact that A € A\ A™%, we get

" L2y < Cem By o). (3.79)
Iterating estimate (3.79) for indices n € [M + 2, M — 1] and using and (3.77), we obtain

\.7JM|L2(Q) < Ce—(lwf(lwqtl)) log(14) |yO|L2(Q)7

whence, using the definition of M, we deduce
M 5 —L(T—T1—7)1 w
[y" |2 < Ce 7 (T=Ti=r)log(1+ )lyO‘L2(Sl)7 (3.80)

for some new constant C' > 0 uniform with respect to 7. This gives the desired the result since 7' > T and
thanks to (1.15).

4 On the minimal time for null-controllability of time-discrete
systems

The minimal time for null controllability, a phenomenon which at first glance seems counterintuitive in the
parabolic setting due to the classical results [24] and [30], has been addressed in many recents works, see,
for instance, [4,5,19,33,36]. In such works, the authors exhibit different settings leading to the appearance
of a minimal null-control time. In this section, we are interested on the consequences of such an effect on
time-discretization.

Since the model system (1.5) we have studied up to now does not exhibit such phenomenon, we shall
consider here a slightly more general setting to illustrate our discussion. However, we will see that our result
on time discrete biorthogonal families Theorem 3.2 will be also applicable to this new setting.

4.1 A general framework

We consider an abstract time invariant linear control system with a scalar control

{y'(t) + Ly(t) = Bu(t),

y(0) = 3o, (D
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where (£, D(L)) is an unbounded operator in an Hilbert space X such that —£ generates a C°-semigroup
in X. We assume that £ has a spectrum included in (0, 400) and we define X{ = D(L"), equipped with the
norm |z|1 = |£*z|x. We can then define a dual norm on X as follows

Wl = sup WAX gy

zEXl* |Z|1

and then define the space X_; to be the completion of X for this norm. We assume that the (scalar) control
operator B is continuous from R into X_1, so that, by duality B* is continuous from X7 into R.

Under this assumptions, it is well-known that for any yo € X_1 and any u € L?*(0,T;R), system (4.1)
has a unique solution y € C°([0, T]; X—_1) verifying the following identity

*

t
(y(t), ar)—11 — (o, e q) 11 :/ u(s)B* (e q,)ds,
0

for any t € [0,7] and any ¢ € X7.
It is well-known that under this functional setting, system (4.1) is null controllable at time 7" if and only
the following observability inequality holds for some C > 0

. T ) 2 1/2
le” "™ qrly < C (/ ‘5*67”7”5 QT‘ dt) , Var € X7. (4.2)
0

We assume now that L£* satisfies the following spectral assumptions: its spectrum A is made only of
positive eigenvalues, each of them being geometrically simple (we denote by @1 an associated eigenfunction)
and has a (constant) algebraic multiplicity d. The Jordan chains are denoted by ®», for r € [2,d]. We
additionally assume that the family (@A,T):E[Exl’d]] is complete in X7. Note that the case where the algebraic
multiplicity of all the eigenvalues are different (but still bounded by some d > 0) can be treated exactly in
the same way.

It is clear from (4.2) that a necessary controllability condition is
B*®,1#0, YA€ A. (4.3)

Assuming this additional assumption, we can then uniquely specify the (generalized) eigenfunctions by
imposing that
B*®y1 =1, and B*®,; =0, Vie€[2,d],V\eA. (4.4)

Finally, in order to be able to apply the moment’s method, we need to assume in addition that A satisfies
the summability condition (2.15) and the gap condition (2.16).

In this framework, the following result is a particular case of the results in [8] (see Section 1.4 of this
reference).

Theorem 4.1 (Minimal null-control time). We define

log ( max |<I>M|1)
. i€[1,d]
Ty := limsup .

AEA A

(4.5)

Then we have:
e For T > Ty, the system (4.1) is null-controllable (that is (4.2) holds).
o For 0 <T < Ty, the system (4.1) is not null-controllable (that is (4.2) does not hold).

Note that the cascade system (1.5) that we previously studied satisfies the assumptions above with Ty = 0.
However, if we assume that the coupling matrix C in (1.5) depends on the space variable z, a positive value
of Ty can be found. We refer to [4, Section 6] and [8, Section 5] for concrete examples illustrating this fact.

4.2 The time-discrete system

Now, consider the time-discrete system

Y —y" n+l n+1 _
0t Ly"T =Bu"T, Vne[0,M —1] (4.6)

y’ = yo.
As we have seen before we cannot hope a time-discrete version of the usual observability inequality (4.2) to

hold, but we may expect relaxed observability inequality of the following form (note the extra term in the
right-hand side)

M—-1

1/2
<z+rc*>—MqT\1sc¢,T,T(ZT|B*<z+r.c*>-<M-")qT\2+go(r>|qT%)  VereXi.  (47)

n=0
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We denote by Cy 1.~ > 0 the smallest constant for which this estimate holds, for a given T', ¢ and 7. It is
clear that, we can basically obtain Cy, 7, < 4,0(7')71/ 2 which does not give useful information.

We would like now to investigate whether or not this constant remains bounded when 7 — 0. More
precisely, we will show that C, 1 - is bounded when T > Tp, whereas it is not bounded when T' < Tp. This
is the time-discrete counterpart of the minimal null-control time property.

It is interesting to note that if, for a given value of T', one manages to actually compute this constant
for different choices of discretization steps M and observe its behavior as M — oo, it may be possible to
deduce whether T is below or above the actual minimal time Ty for the considered system. At least in the
fully discrete setting (see Section 5.1), it is possible to implement this strategy, since it consists essentially
of computing eigenvalues of matrices.

4.2.1 Large time analysis

In this section we will consider a control time larger than the minimal time given by (4.5). In that case, we
obtain a uniform relaxed time-discrete observability estimate.

Theorem 4.2. Assume that T > To > 0, and let ¢ be any given function satisfying (1.15). Then we have

limsup Cy, 1, < 400.

T—0

We will only give the sketch of proof since it is in fact very similar to the one we did in Section 3. More
precisely, we shall first consider some T3 € (Tp,T'), and then we will fix @ € (0,1) in such a way that

We apply the same strategy than in Section 3.4 in this slightly different framework and with this value of
T\ instead of T'/2. Everything works exactly the same, up to formulas (3.70) that becomes, thanks to (4.4),

Bra= (w0, T+ L)V 0ns) (4.9)
Note that in the present setting formula (3.6) reads
r—1
(T+7L) " Oxp =D paNTDy ., me[1,M]. (4.10)
=0

Therefore, the bound (3.74) needs to be changed because ®»; can be exponentially large. Indeed, by
(4.5), we have for any € > 0 the estimate

[P < CeelTore,

which leads to
1Bri] < Celyo|_1elT0FIr AT loe(14w) /=

and, by (4.8), we see that we can choose € so that |By,i| can be estimated by some Cr|yo|xe ¢, with € >0
which is enough to conclude the proof exactly as before.

’

4.2.2 Small time analysis

Let us now consider the case where the control time is below the minimal null-control time. By Theorem 4.1
we know that the continuous problem is not null-controllable and in particular the observability inequality
(4.2) does not hold. However, for every given ¢ and 7 the time-discrete relaxed observability estimate (4.7)
holds but we will prove, in that case, that it cannot be uniform.

Theorem 4.3. Assume that 0 < T < To, and let ¢ be any given function satisfying (1.15). Then we have

limsup Cy 1,7 = +00.
7—0

Proof. By definition of To, given in (4.5), we see that there exists a unique integer r € [1,d] such that

log |®x,»
A

lim sup L =T,

AEA
and

log ( max |<I>M|1>
. i€[1,r—1]
lim sup

< Tp.
AEA A 0

Those two properties imply that, there exists € > 0, constants C1,C2 > 0 and a sequence (Ax)r C A such
that A\y — 400 and
[@,,r|1 > CrelTom M,

| < CoelToteRe, (4.11)
[®rgilt < Col®x, plie™*, Vi€ [1,r —1].
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Since T' < Ty by assumption, we will in addition choose € such that
To—T —€>0. (4.12)
By using (4.4) and (4.10), it follows that
B (T+7L") " @, 0 = palAY),
and by (4.10), with (A.3) and (A.2), we get

r—1
(T +7L7) " Bagrlt 2 palie] (‘Pm,lh - ZT’”l‘I’wl)
=1

r—1
> et Nep, ] <1 —Cs ZT’"—%—W>

=1
r—1
2 Cle(TO—T—E)/\k <1 _ 02 ZTT—ZB—EA;C> .
=1

We can now test the weak observability inequality (4.7) with g7 = ®», ,» for any k and any 7. We obtain

r—1 M 2 1/2
CreT=T= <1 e ZT> < ot (zf Pl 4 p(r)CEAEEN)

=1

n=1

Extending the sum in the right-hand side up to +o00 and bounding its value by (A.3) and (A.5), we get for
k large enough (depending on T') and for some C3, depending only on C,C> and A,

036(T07T78)>\k < C%Tﬂ_ (1 + me<T0+E))\k) , vr< )\i (4.13)
k

Since the function ¢ is continuous and strictly increasing, we know that for every k large enough there
exists a number dr > 0 such that

Ok < )\ik, and /o(6) < e M (ToFe), (4.14)

Now, set My = [%W Obviously, we have
Mi—1< L <My,
O

and defining 7, = hllk we have 7, < 0 and in particular /o (7%) < /(0k) = e (Tote) Tt follows from
(4.13) that
CyeTo=T=P e <90, 1.

Since we have taken € satisyfing (4.12), the claim follows letting k goes to infinity. O

Remark 4.4. In some cases, for instance if p(7) = 7P for some p > 0, this behavior can be precised as
follows

To—T
lim sup ((p(r) To CLp,T,T) > 0.

T—0

5 Concluding remarks

We devote this section to present additional discussion and concluding remarks regarding the controllability
of time-discrete parabolic systems.

5.1 Controllability of the fully discrete case

The controllability of fully-discrete parabolic systems has been rarely studied and, as far as our knowledge,
only few results are available in the literature (see [15,20,27,31]). In particular, in [15] and [27], the authors
address the controllability of some general class of parabolic equations and prove a relaxed observability
inequality which yields a ¢(h)-controllability result (in the same spirit as our work) by connecting appro-
priately the space-discrete parameter h with the time-step 7. Nevertheless, all of these works are restricted
to the scalar case and interior control.

Using the classical finite difference method and adopting the tensor product formalism (see for instance
[1]), we can discretize system (1.9) and write the fully-discrete system as

n+l _  n
u + ARy T, o Cyrtt =B @Bu !, nelo,M —1], (5.1)
Yn = Yo,n(x).
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where the state y; is an element of RY ® R? and the matrices Aj € RNXN, Bn € RY and Zp, € RV*Y are
the classical ones coming from the discretization procedure.

The results proved in Section 3 apply for a quite general class of families A associated with the underlying
problem and as long as the general assumptions (2.15)—(2.18) are fulfilled, the final results hold uniformly.
In fact, the fully-discrete control system (5.1) fits into this framework by making a careful analysis of
the interplay between a finite family of eigenvalues Aj associated to the fully-discrete problem and our
methodology.

For instance, [2, Theorem 3.2], guarantees the existence of a constant h1 > 0 only depending on ~ such
that for any h < hi, the gap property

[An = Anl > p

holds at the fully-discrete level with a constant p > 0 uniform with respect to h for all A, 'h € Ah max Where
Ah max = {/\ e Ay : )\hh2 < Iio}

for some ko > 0 only depending on Ymin-

By adapting the proofs of Lemma 3.5, Theorem 3.2, and Proposition 3.7 (see, in particular, Remark 3.8),
it is possible to prove that for a parameter w € (0, ko] and a ho > 0 (only depending on d and ko) there
exists, for every value of h < ho, a time-discrete biorthogonal family (gx,;) € L2(0,T) associated with the
space-discrete eigenvalues Ay, that is verifying

(PN L axg ) = Ox, 00y Virj € [Ld], ¥An, My € AR

L2(0,T)

and

20y < CEOWM Ve [1,d], VA, € ALT,

uniformly with respect to 7 and h, where A7’ = {A, € Ap : AT < w}.

As seen in Section 3.4, this biorthogonal family is actually the main ingredient for obtaining a control
result. Due to the paper’s length and the additional notation and complexity that such a detailed exposition
would introduce, we omit further details.

lgx, i

5.2 Other time-discrete schemes

We have developed our methodology by taking as a starting point an implicit Euler scheme for the dis-
cretization of the time variable, however, in the spirit of [15, 20, 37], it is possible to consider the more
general f-scheme for discretizing the system.

For the sake of exposition, let us consider the scalar control system given by

yn+1 _ yn

—+ Aby" T+ A1 -0y =0, nelo,M—1],

Y = Lp=1yo™*! ne [0, M —1], (5.2)
v’ = o,

where 0 € (1/2,1]. Observe that the case, § = 1 corresponds to the implicit Euler scheme while § = 1/2 is
the Crank-Nicolson scheme.
Introducing the associated adjoint system (see [15]) for every eigenfunction of A, that is

M _  M+1
q q + oAqM -0,
T
qn - anrl n n+1
T A+ (L= 0) A =0, nef0,M 1] (5.3)
q\naQ:Ov ne[[OvM]L
qM+1 — ¢A-

and following the procedure of Section 3.1, it is not difficult to see that the appropriate moment problem
formulation for the #-scheme is given by

M
M—n+1_6 (OSW’]
TV WA = ————,
,; P = 0.

where we have defined

o 14+7X0 o 1
PulA = (1—(1—0)7’)\) 1—(1-0)TA

and ay,¢ are suitable coefficients only depending on 7', A and @ (i.e., an analogous to equation (3.9)). Note
that it immediately appears that this function is only well-defined and non negative for eigenvalues belonging
to the set Aj := {/\ eN:TAL 1%6}, which corresponds to well-known stability issues for those numerical
methods.
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Following our methodology, one of the most important changes to study this numerical scheme can be
seen already while adapting Proposition 3.3. A straightforward computation allows to show that in this
case, we have the formula

1
L2(0400) A+ N+ (20— 1)TAN’

(P2 NT) (5.4)

instead of (3.20). Using (5.4), we can adapt all of our results without major changes, taking into account
the set Aj instead of the whole A.

A Some useful results

In this appendix, we gather various definitions and auxiliary results used along this paper.

A.1 Basics of divided differences

Here, we make a brief presentation about the concept of divided differences and introduce two useful results
employed in our methodology. This notion simplifies the presentation and facilitates the computations. The
definition and results presented below are classical and for a complete discussion on this topic we refer to [34].

Let V be a real vector space, n € N and z1,...,z, € R. Assume that z1,...,x, are pairwise distinct.
Let fi,..., fn € V be given.

Definition A.1. The divided differences are defined by

f[m’b] = fi7 Vi € [[lﬂn]]7

and then by induction for any k € [2,n], for any pairwise distinct i, . ..,ix € [1,n], by
. f[a:il,...,xik_l]—f[a:i2,...,xik}
f[xil,.,.7x¢k] = T — 1. .
i1 (78

Along the manuscript, if f: R — V is a given function, it is implicitly assumed that f; = f[z;] = f(z:).
The following definition is instrumental in our manuscript.

Definition A.2. For any function f: R — R of class C", we define the divided difference f[x(""'l)] as
1d*f
n! dzm

f[m("ﬂ)] = lim flz,z+¢€,...,x+ne =
e—0

(). (A1)

The next result is key to obtain different estimates needed in our analysis.

Proposition A.3 (Lagrange theorem). Assume that V = R and that f € C"'(Conv{x1,...,z,}). For
any k € [1,n], for any pairwise distinct i1,...,i, € [1,n], there exists z € Conv{x;,, ..., i, } such that

_ ")
f[xil,...,:):ik} = W

The following result, known as Leibniz rule, gives a simple rule to compute the divided differences of a
product of functions.

Proposition A.4. Let f,g : R — R be given functions. For any k € [1,n], for any pairwise distinct
i1y... ik € [1,n], we have

k
(gf)[l‘il,, . ,Z'lk] = Eg[m¢1,~ . ~7$ij]f[x’ijv .. axlk]
j=1

A.2 Divided differences of the discrete function p and auxiliary results

The following results cover some useful estimates for estimating the divided differences of the discrete function
(3.1) and its norm.

Lemma A.5. Letn € N*, A€ RT, and 7 > 0 be given. We have
pnlA] > e T (A.2)

and _ _
[paN)| < ColnrP T palN, Vi €[], (A.3)

for some positive constant Cj uniform with respect to T.

29



Proof. The inequality (A.2) simply comes from the fact that x € R™ + log(1 + z)/z is monotonically
decreasing and has limit 1 at x = 0.
From definition (3.4), we observe that

(n); 1 =nn+1)...(n+j—-2)<nx(2n) x...x((j—1n) < Cyn? ™t (A.4)
for all n € N*. On the other hand, recalling (3.1) we get
1

palN < pal] (A.5)

1o )~ (G-
(L+72)" T (4TI

since (14 7A) > 1 for any 7 > 0 and A € RT. Using estimates (A.4) and (A.5) on expression (3.3) yields
the desired result. O

Lemma A.6. Let 7 € N and A\ € A and 7 > 0. Then, there is a constant C > 0 only depending on r
such that

X"”“Z nt)? pu N]]? < C. (A.6)

Proof. For fixed 7 > 0 and A € A™', we define = 7\ and recalling (3.1) we see that our task is to prove
that the quantity

m27‘+1 Z nQr(l 4 x)—2n7

n=1
is uniformly bounded with respect to = € (0, 1].
For the case r = 0, we readily compute

ey () =
n=1

—_

IN

[\
+
N[ =

since z > 0 by definition.
For r > 1, we note that

2r+12n2'r 1+l’ —2n — 2T+IZ/ 1<n i) ) 2r— 1(1+x) ans
n=1

log(14a)
L2+ —1 —2nglesCiw)
" g / Lty (s s> eI T E (s,

=1 n
and using that log(1 + )/« > 1/2 uniformly for = € (0, 1], we have
n+1

2r+1 Zn2r 1+ 2n < 27‘+1 Z/ 1<n n+1> ) 2r 7167nzd8.

Since s € [n,n + 1], the above expression yields

oo

x2r+l Zn2r(1+w)72n Sx2T+1 ZZ 1(n n+1) ) 2r—1 7szd8
n=1

n

o0 o0
2041 201 — 2r 41 2r—1 —
:xr+ez/ s e”dsSm”LeI/ s e s
1 0
= ze"I'(2r),

where T' is the Gamma function. This quantity is bounded with respect to z € (0, 1], which proves the
claim. O

Lemma A.7. Letz > 1, n € N and | € N* be given. Then,

(z+n) — (-1 <C(1+nhHa' ™t (A.7)
for some constant C; > 0.
Proof. The case | = 1 follows easily. For the general case, we have that

l !
(z+ n)l — (z— 1)l = Z (é)xliknk — Z (é)xlik(fl)k = Z (,i)xlik (nk — (fl)k) .

l
k=0 k=0 k=1
Since x > 1, we readily get
l l
(@+n) —(@-1' <Y (" - (D <40 Y ()
k=1 k=1

L
=:C

as claimed. O
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A.3 Estimates on Blaschke-type products

Proposition A.8. For any{ € [0,d—1], there exists a decreasing functionr + (1) such thatlim,_, 4o 6(r) =
0 depending only on £, p, d and R such that

'(V;A)m ©)

Proof. Noting that 6 < X\ + p/2 for any 6 € Conv{G:}, the proof of this result is a direct application
of [13, Proposition A.7.44] to the family L = A and a redefinition of the function € in such result. O

< M (A.8)

for all X € A and 6 € Conv{G}.

Proposition A.9. For any 7 € (0,1) and any £ € [0,d — 1], there exists a decreasing function r — &(r)
such that lim, 4o 6(r) = 0 depending only on £, p, d and R such that

()

for all A € AT% with w > 0 and 0 € Conv{Gx}.

< SO, (A.9)

Proof. The proof of this result can be obtained by following closely the proofs of [13, Proposition A.7.44 and
Corollary A.7.45]. For brevity, we will present only the main differences introduced by the time discretization.
Let A € AT, Recalling definition (3.23), the first goal is to bound the quantity

(;{) 0= J LEetron (A.10)

P
A

for any 6 € Conv{Gx}. Note that (A.10) can be rewritten as

1 _ Q)
(W;> ©) = D(6) (A.11)
where
Qo) = ] 1+WI and D(0):= [] 1_%’_
MGK;’W ueK;’w

Thus, we are reduced to find a bound from above for @ and a bound by below for D.
To obtain a bound for Q(6) we argue as follows. By definition of A7®, we have that

Q(9):ﬁ 11

i=1 )\ gAT"
N#X

14 2 N

L7V + (i — 1)5))'.

Using that 7\’ < w for all ' € A% and that € < p/4(d—1), we have 14+7(XN +(i—1)e) < 1+w+p/4 =: c4,p,
for all 4 € [1,d], thus using that 6 < (1 + R(0)p/4)A for all § € Conv{Gx}

d d
A
eoy<| I i+ capmy|| < I I+ el (A.12)
NEAT® NEAT
PNETSN PNETSN
for a constant ¢ > 0 only depending on d, w, p and R(0).
With (A.12) at hand, we can argue exactly as in the proof of [13, Proposition A.7.44] to obtain
log(1 4 2¢R(0)\) A
1 < _— - _ Al
ox(@(0)) < O [rO)PELE 2RO 4 g (o 2], (A13)

for some constants ¢, C' > 0 depending at most on d, w, p and R(0).
To estimate D(0), we just have to notice that dist(0, AY) > p/2 for any 6 € Conv{G,} and repeat the
same steps as in the proof of [13, Proposition A.7.44] to obtain

log(D(0)) > —0 [(2 +log2)R(6/2) + cd,p\/R(e/m] .

Since the function R is non-increasing, we have that R(6/2) < R(\/4) since A\/2 < 6 for all 8 € Conv{Gx},
thus

log(D(6)) > —cp (o)A [(2 +log 2)R(\/4) + Cap/ROX /4] (A.14)

where again we have used that 6 < ¢, gy for all § € Conv{Gx}.
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Using (A.13) and (A.14), we can estimate (A.11) as

£ log(1+4 2eR(O) (A
log <W;: (0)> < Cd,w,pyR(O))\ <R(0) [log(l ¥ A)]z + R ( 2(log )\)2) + R()\/4) + \/W) (A.15)

:=8(\)

which is the desired estimate for ¢ = 0 by recalling that R is a non-increasing function and a redefinition
(up to a constant) of the function §.

For the cases £ € [1,d — 1], noting that dist(6, A}) > 3p/4 for any § € Conv{G»}, a straightforward
adaptation of [13, Corollary A.7.45] and estimate (A.15) yields the desired result. This ends the proof. O

B Proof of some technical lemmas

B.1 Proof of Lemma 2.7

Let us fix K € N* and consider the finite family of eigenvalues
A" ={AeA: A< K}

We construct the corresponding family
A= G
AEAK
where we recall that G is given in (2.24). Additionally, consider the set
A = A%\ G,
Let PE§< be the orthogonal projection onto EX in L?(0,+00). Then, a direct application of [13, Propo-
sition A.3.30] with EX := span {p[a} 10 € Af} and H = L*(0, +o0) gives

/ / _ 1 K K/ 1/
(clo) = Pogeelol, elo’) = Pogeelo]) |, = WA @)W ()
where
_ p—o
Wi(o) = H it o
peAk

Since A = Jg-, A¥, [13, Lemma A.3.23] allows us to pass to the limit as K — oo and obtain the desired
result. This ends the proof.

B.2 Proof of Lemma 3.4

As in the continuous case, the proof of this result is based on [13, Proposition A.3.30] which in turn employs
the useful result [13, Proposition A.3.31] for the computation of determinants of Cauchy matrices of the

form
1
Cas ::( ) , (B.1)
ai+bj /), icnnl

where A = {a1,...,an} CR and B = {b1,...,b,} C R are two given families.
In view of [13, Proposition A.3.30] and identity (3.20), our task is thus reduced to compute the determi-
nant of the Cauchy matrix

1
Capr=|—"pr
A,B, ((li + b +Taibj)i,je[[l,n]]

for any 7 > 0 and two given families A and B. Note however that C4 B,r can be rewritten as

1 1 1 1 1
Car=dag|—,...,— | x xdiag | —,...,— |,
b1 bn (L + I) + (L + 1) ai Qn
a; 2 b, 2 i€l,n]
where the matrix in the middle is again of the form (B.1). Thus, a direct application of [13, Proposition
A.3.31] and some straightforward simplifications yield

n

1 (a; — ai)(bj — by)
det Ca,B,r = — X ? 2 . B.2
s E a; +bi +Tab; Helg"ﬂ (a; + bj + Taib;) (bi + a; + Thiay) (B.2)
i<j

Let A™% be as in (3.21) and set /~\;’w := A% \ G where we recall that G is defined in (2.24). Let

E3 := span {p[A] TN E K;’m}y
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and Pg7 be the orthogonal projection in L2(0,+0c0) on E. A direct adaptation of [13, Proposition A.3.30)
by using formula (B.2) (instead of the shown there) yields for any o,¢’ € G that

(plo] — PEKP[ULP[U/] - PEKP[U/])L3(0,+OO)

_det Oy Uk 7= (oyua] =

det Cs5rm ymw
AVTALT,

T

1 o— (o —
_ H( G DICD)

o+o +To0’ o+ p+Top)(o + pu+ 7o)’

T,
A

which is exactly the desired result. This ends the proof.

B.3 Proof of Lemma 3.10

Since t — €"[AY)] is a holomorphic function in the set P,, we can use expressions (3.54) and Cauchy’s
formula to compute for all j € [1,d] and ¢ € (t71,t0")

n—1;

™)

1 % ®j(z)e_(z+(]-_1)rm)k’g<1j+
[z—=¢l=~ (z—¢)?

d

@ mry ()
dt|t:<et [/\ }

dz|, (B.3)

2m

where «y is a well-chosen radius to be fixed later and &;(z) := (@17)]1;,1 Il z=(—j+1)T™).

Since n > /7™, it can be seen that as soon as ¢ > 5, the circle defined by |z — (| = /7™ is fully
contained within the set P,. Moreover, for any j € [1,d], we obtain from estimates (3.55) and (3.56)

log(147™A™) R(=2) y
- m 2

’@@gwwm> <SG+ 2P e 2

uniformly with respect to m. Using the above estimate and the parametrization z(6) = ¢ + v/77e" where
0 < 6 < 27, we can bound the right-hand side of (B.3) as follows

ng 6, (2)e (GHE-DT EEEER dz
278 J o= =02

_ G [P (L [t + VTP e

R(tn+V "'meie) A
—Blntvr e )

o do.
- 27 0 \/Tm
Since N
e,W'«nJri vTet D\ < 6*%>\+\/72m>\ < e’%””
and - -
o 1d— j— . .
e+ Ve < (I V)< (YT < ol
for all j € [1,d], we deduce that
, mylog(1+7™ )
1 . —(z+(G-1)T )T X o tm
77{ ®,(2)e - dz| < Cin |t?|J 1,-7% /\+g/\7 vj € [1,d]. (B.4)
271 J\. e =0 N

Putting together estimates (B.3), (B.4) and noting that ¢;7/2 > n + t;;'/4 yields the desired result. This
ends the proof.
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