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Infinite-dimensional Christoffel-Darboux
polynomial kernels on Hilbert spaces

Didier Henrion!2

Draft of June 28, 2024

In these notes, the Christoffel-Darboux polynomial kernel 7] is extended to infinite-dimensional
Hilbert spaces, following the finite-dimensional treatment of [5, Part 1], itself inspired from
[8] and [7].

1 Preliminaries

1.1 Separable Hilbert space

Let H be a separable real Hilbert space equipped with an inner product (.,.) and let
(€x)k=12,. be a complete orthonormal system in H with e; = 1, see e.g. [9, Section 16.3].
Given n € N, consider the projection mapping

T, H — H
T > (T e)ey.

In particular, note that

o
r = lim 7,(z) = Z(x,ek)ek.

Also note that

ma(@) = (x,er)’

k=1
and -
2 1 2 2
ol = Ju [ = 3t r)” 1)
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1.2 Polynomials

Let ¢y(N) denote the set of integer sequences with finitely many non-zero elements, i.e. if
a = (ay,az,...) € ¢o(N) then card{k : ar # 0} < oo. Let us define the monomial of degree
a € co(N) as

o0
%= H (x,e,)™.
k=1
This is a product of finitely many powers of linear functionals. Polynomialsin H are defined
as linear combinations of monomials

p: H — R
z = ZaEsptppaxa

with coefficients p, € R indexed in the support spt p C ¢o(N). In the infinite dimensional
case, the notion of degree of a polynomial is twofold. The algebraic degree of p(.) is

d := max ay
a€spt p

and it corresponds to the classical notion of total degree in the finite dimensional case. The

harmonic degree of p(.) is
n:= max {k € N: q; # 0}

acspt p

and it corresponds to the number of variables in the finite dimensional case.

Given d,n € N, let P;,, denote the finite-dimensional vector space of polynomials of algebraic
degree up to d and harmonic degree up to n. Its dimension is the binomial coefficient (”:d).
Each polynomial p(.) € Py, can be identified with its coefficient vector p := (pa)aesptp €

n+d 6

R("2). For example, if d = 4 and n = 2, then P, has dimension (2) = 15. The monomial

of degree a = (3,1,0,0,...) is {x,e1)3(z, es). It belongs to P, since it has algebraic degree
4 and harmonic degree 2.
1.3 Compactness

A useful characterization of compact sets in separable Hilbert spaces is as follows [4], item
45, p.346, 1V.13.42|.

Proposition 1 A closed set X € H is compact if and only if for all ¢ € R there exists n € N
such that sup,¢x |2|* — |ma(2)]* < €2.

Compared to the finite-dimensional case, this enforces additional conditions on the polyno-
mials defining compact semialgebraic sets.

Proposition 2 The ellipsoid

XZ{QUEHiZPk(%%VSH (2)

k=1
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is compact if the sequence (pi)r=12,.. is strictly positive and strictly increasing. For example
one may choose p, = k.

Proof: X is closed and bounded since py > 0 for all k. For # € X arbitrary, let ¢ (z) :=
(z,ex) and si(z) == > 2, ¢i(x) for all k. Let us use Proposition (1| by proving that for all
€ € R there exists n € N such that sup,cy sn11(x) < €.

Let ¢; := py and qxy1 := Pry1 — Pr, SO that gx > 0 for all k. Then

1 plcl(ff) + pg@(l’) -+ p303(;§) R
qre1(x) + (g1 + q)ea(x) + (1 + g2 + g3)es(z) + - - -
= q(c1(x) + o) +es(x) +...) + galea(x) +es(x) +...) +qz(es(z) + -+ )+ -+

= @151(%) + @2s2(x) + gzss(x) + - - -

v

It follows that the sequence (gxsk(x))k=1.2. . is non-negative and summing up at most to one.
So for each ¢, we can find n such that ¢, 115,.1(x) is small enough, and in particular smaller
than g€ O

The Sobolev space of functions whose derivatives up to order m > 0 are square integrable
is a separable Hilbert space [I, Thm. 3.6]. In this space, the squared norm of an element is
> ey k™ (z, ex)? and unit balls are therefore precisely of the form (2)).

Proposition 3 The Hilbert cube

X={zeH:|(z,ep)|] < —, k=1,2,...}

| =

18 compact.

Proof: See [4, Item 70 p. 350]. If x € X then > 77 . (z,e)? < 07, . 75 can be made
arbitrarily small for sufficient large n and we can use Proposition [I} U

Let C'(X) denote the space of continuous functions on X, and let P(X) C C(X) denote the
space of polynomials on X.

Proposition 4 If X is compact then P(X) is dense in C(X).

Proof: Observe that the set of polynomials on X is an algebra (i.e. the product of two
elements of P(X) is an element of P(X)) that separates points (i.e. for all x; # x5 € X, there
is a p € P(X) such that p(z1) # p(x2)) and that contains constant functions (corresponding
to the degree a = 0). The result follows from the Stone-Weierstrass Theorem [9, Section
12.3]. 0

1.4 Moments

Measures on topological spaces are defined as countably additive non-negative functions
acting on the sigma algebra, the collection of subsets which are closed under complement
and countable unions [9, Section 17.1]. Measures on a separable Hilbert space H are uniquely
determined by their actions on test functions.
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Proposition 5 [3, Prop. 1.5] Let 11 and ps be measures on H such that

[ 1@ = [ s@idp(o)
for all continuous bounded functions f on H. Then p; = ps.

Given a measure u supported on a subset X of H, and given a € ¢y(N), the moment of p of
degree a is the number
/ ztdu(x).
X

A measure on a compact set is uniquely determined by its sequence of moments.

Proposition 6 Let py and ps be measures on a compact set X satisfying

[ atdmte) = [ s
X X
for all a € co(N). Then py = pa.

Proof: If all moments of y; and ps coincide, then
| pa)dnta) = [ poyds(o)
b's b's

for all polynomials on X, and by Proposition (| for all continuous functions on X. Since

continuous functions are bounded on a compact set X, we can use Proposition 5| to conclude.
O

2 Christoffel-Darboux polynomial

Let p be a given probability measure on a given compact set X of H. Given d,n € N, the
finite-dimensional vector space P, of polynomials of algebraic degree up to d and harmonic
degree up to n is a Hilbert space once equipped with the inner product

(0, @) = /p(fv)Q(fC)du(fv)-

Let by, (.) denote a basis for Py, of dimension (”:L'd). Any element p € Py, can be expressed
as p(.) = pTba,(.) with p a vector of coefficients.

Let
M= [ Ban()ban(o) duo)
X
be the moment matrix of order (d,n) of measure u, which is the Gram matrix of the inner

products of pairwise entries of vector by, (.). is matrix is positive semi-definite of size
d t f 1 M t 3 f t b7 Th. t . . .t. . d ﬁ .t f .
(”Zd). If it is non-singular, then it can be written as

(")
Mf;n =QSQ" = Z SiQiqiT
i=1
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with ¢;(x) := ¢ bgn(x) and ¢f M}, q; = s; if i = j and 0 if i # j.
The Christoffel-Darboux (CD) kernel is then defined as
("2
K (y) =Y st ai(@)aiy) = by, (@) (MY,) " ban(y)

i=1

and the CD polynomial is defined as the sum of squares diagonal evaluation of the kernel
Pan(®) = Kg (2, ).

Lemma 1 The vector space Py, equipped with the CD kernel is a RKHS (reproducible kernel
Hilbert space).

Proof: The linear functional p — (p(.), Kj(.,y)), has the reproducing property:
W€ Pae (90 Kb (i) = [ 90K o))
X
= [ bl (M) baay)d(a)
X

- ( / bd,n<x>bd,n<x>Tdu<x>) (M) ()
=p"ban(y) = p(y)

and it is continuous:

Vp e Pan (p(). K% ()2 < /X pla)2dp(x) /X KAz, 2)dp(z).

O
3 Christoffel function
The Christoffel function is defined as
Cy, H — [0,1]
z min/pz(:c)d,u(x) s.t. p(z) =1 (3)
PEPan Jx

Lemma 2 For each z € H, the minimum is

1 1
cY = =
KD T )

and it 1s achieved at y
Kd,n(" Z)

M= R Gy

5



Proof: It holds
1= G) = (| Kl 2)pla)dnte)’
< [ Kty 2Pdunto) [ paino
= Kfy(e2) [ @)dnto)

SO )
ct >
d,n(z) - K(,t;ﬂ(/z’z)
Now observe that the polynomial
Kin(2)
)= == c Py,
A ONERR

is admissible for problem (3), i.e. p(z) =1 and hence

KY (2, 2)° 1

Cin(2) < dp(x) = K (22)
d,n\~

—Jx K(’Zn(z, 2)?

Lemma 3 The CD polynomial has average value

/prf,n(x)du(x) _ (n : d)

Proof:

AﬁMWMF/mmfwmﬁwmmm

X

:trace(Mc’Zn)1/de,n(x)bd7n(x)Tdu(x)

d
= trace I(n+d) = (n:; )

4 Asymptotic properties
Let d An := min(d,n).

Lemma 4 For all z € X, it holds limgrn o0 Cy,,(2) = p({z})-



Proof: Let z € X. First observe that C} () is bounded below and non-increasing i.e.
Clh i (2) < C4(2) whenever d An < d An', so limgan—soo C’C‘Zn(z) exists. If p is admissible
for problem (B)), it holds

/X P(@)du(z) < p(2)u({2}) = n({=})
80 limgan oo O, (2) < p({z}). Conversely, for given d,n € N, let

p(x) = (1= |ma(z = 2)[*)* € Pagn

and observe that p(z) = 1 so that p(.) is admissible for problem (3)) and

Ol (2) <l (2) < /X p(a)?du(z)

<[ @ [ e 2P Pt
B(z,d™ %) X\B(z,d" %)

where B(z,r) :={z € X : |z — 2| <r}. For all z € X \ B(z,d %), using () it holds

n

’.TZI—Z|2 = Z(x_z7ek>2+ Z <x_z76k>2 > di%

k=0 k=n-+1

and hence

I—lm@—2)P) =1 - (w—ze))!<A—d 2+ Y (z—ze)2)*

k=0 k=n+1
from which it follows that
lim (= ma(e = )P dp(e) < lim (1—d 72+ Y (v —ze)?)* = (1—d72)™.
n—0o0 X\B(Z,diz) n—oo k:n+1

Combining these asymptotic expressions we get

lim C* (2) < lim du(z) + (1 — d2)* = p({z}).

dAn—00 ) d—o0 B(Z,dii)

O

If 1 is absolutely continuous with respect to e.g. the Gaussian measure restricted to X
[21 3], then it follows from Lemmas (3| and 4] that the Christoffel function on X decreases to
zero linearly with respect to the dimension of the vector space FPy,. Equivalently, the CD
polynomial on X increases linearly with respect to the dimension. This is in sharp contrast
with its exponential growth outside of X, captured by the following result.

Lemma 5 Let d,n € N. For all z € H such that mingcx |m,(x — z)| > § > 0 it holds
Vi (2) > 2

where diam X = max,, s,ex |T1 — Ta.



Proof: Let § € (0,1) and let

_ Ta(1 462 = ma(2)]?)
q(x) == : Ta(1 + 02)

where T, is the univariate Chebyshev polynomial of the first kind of degree d € N. This
polynomial of x € H is such that

e ¢(0) =1,
e |¢(z)| <1 whenever |m,(z)| <1,

e |g(z)] <2179 whenever 0 < § < |m,(2)| <1,

see [0, Lemma 6.3]. Now let

()‘_ T —z 5o )
PR =9 s damx ) 7 s+ diam X

so that if z € H is such that min,cx |7, (z — 2)| > § > 0 then

i <1
T\ +diam x | =
for all x € X. Note that p(.) € Pa4, and p(z) = 1 so that p(.) is admissible in problem
and hence

0<o6<

ng,n(z) < /

p(x)zdu(x) < / (21_3d)2d,u(x) _ 22—2&1 < 23—2&1'
X

X

Also Chyyy () < Chy i (2) < 2572 and since § < 1, it holds Chy,, ,(2) < 237°C4D  from
which we conclude that CJ (z) < 23797 O
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