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Stationary Mean Field Games on networks with sticky
transition conditions®

Jules Berry" Fabio Camilli*

Abstract

We study stochastic Mean Field Games on networks with sticky transition condi-
tions. In this setting, the diffusion process governing the agent’s dynamics can spend
finite time both in the interior of the edges and at the vertices. The corresponding gen-
erator is subject to limitations concerning second-order derivatives and the invariant
measure breaks down into a combination of an absolutely continuous measure within
the edges and a sum of Dirac measures positioned at the vertices. Additionally, the value
function, solution to the Hamilton-Jacobi-Bellman equation, satisfies generalized Kirch-
hoff conditions at the vertices.

Keywords: Mean Field Games, networks, Markov processes, sticky points.

AMS subject classification: 35R02, 49N80, 91A16.

1 Introduction

The theory of Mean Field Games (MFG in short), introduced in [16, 17] delves into analyzing
differential games as the number of agents approaches infinity. The adaptation of the MFG
theory to network has been considered in [1, 2, 8, 9]. It revolves around a PDE system com-
prising two differential equations: a Hamilton-Jacobi-Bellman equation and a Fokker-Planck
equation, each defined within the network’s edges. These equations are complemented with
appropriate boundary conditions, as well as initial-final conditions for evolutive problems, and
transition conditions at the vertices. The transition conditions are pivotal both in modeling,
describing how agents behave upon reaching a vertex, and theoretically, ensuring the problem
possesses properties that allow it to be studied, for example the Maximum Principle for the
Hamilton-Jacobi-Bellman equation.

In previous research on MFG on networks, the vertex transition condition for the Hamilton-
Jacobi-Bellman equation typically adheres to the classical Kirchhoff condition. This condition
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implies that the agent spend zero time at the vertices and enter one of the adjacent edges with a
probability determined by specific coefficients, as dictated by the associated Markov process. In
terms of duality, the vertex transition condition for the Fokker-Planck equation aligns with flux
conservation principles. These conditions collectively indicate that the distribution of agents
remains absolutely continuous, with no mass concentration occurring at the vertices. Never-
theless, in various physical models implemented on networks, such as those dealing with traf-
fic flow or data transmission, congestion at vertices is a common occurrence. This congestion
arises from the delay in distributing agents, whether they be vehicles or data packets, along the
corresponding incident edges. Consequently, it becomes important to develop a mathematical
framework that can capture and describe these congestion phenomena.

In our investigation, we explore MFG on networks governed by Markov processes featuring
sticky transition conditions. Unlike the traditional diffusion processes governed by Kirchhoff
conditions, in this framework an agent is slowed down at vertices, which results in a positive
finite occupation time there. This behavior leads to the accumulation of agents at these vertices
and their distribution across the network splitting into two distinct components. One compo-
nent is absolutely continuous along the arcs, while the other concentrates at the vertices. We
demonstrate that the invariant measure of the sticky process can be characterized similarly to
the problem discussed in [1] for the absolute continuous component inside the edges, while
the singular part is represented as a sum of Dirac masses at the vertices with coefficients pro-
portional to the stickiness of the process. A similar decomposition has also been observed in
[7,10].

Once the characterization of the invariant measure is obtained, we turn to the study the
well-posedness of Hamilton-Jacobi equations associated to discounted infinite horizon and
long-term averaged optimal control problems of the sticky diffusion process. These equations
involve a general Kirchhoff condition incorporating the stickiness coefficient and the cost in-
curred at the vertices. Differential equations on networks with generalized transition condi-
tions at the vertices have been also studied in [4, 20, 21]. We also make use of the It6 formula as
detailed in [22, 5] to prove a verification theorem for the discounted Hamilton-Jacobi equation,
providing a justification of the generalized Kirchhoff condition.

Subsequently, we demonstrate the existence of solutions for the Mean Field Game system
through a fixed point argument, supplemented by establishing uniqueness leveraging a clas-
sical monotonicity assumption on the cost. In examining the Mean Field Games system, a
pivotal aspect is the duality between the linearized Hamilton-Jacobi-Bellman equation and the
Fokker-Planck equation, which is satisfied also in this case.

The paper is structured as follows. Section 2 provides basic definitions for functions on
networks and related functional spaces. Section 3 examines diffusion processes on networks
and the Fokker-Planck equation for the corresponding invariant distribution. In Section 4, we
focus on the Hamilton-Jacobi-Bellman equation associated with discount and ergodic control
problems. Lastly, Section 5 presents the proofs of the main results concerning the existence
and uniqueness for the Mean Field Game system.



2 Networks and functions spaces

This section presents the basic notions and properties of a network and some function spaces
associated to it [1, 2, 9]. We consider a finite set V of points in R? which will be the set of
vertices of the network. We then consider a subset P C V x V satisfying

« ifv € Vthen (v,v) ¢ P,
« for every vi € V, there exists a vy € V such that either (v{,v9) € P or (vo,v1) € P.

We say that v is a boundary vertex if there a unique v € V for which either (v,v) or (v,v)
belongs to P and we denote with 0V the set of the boundary vertices. We define the set of
edges of the network & as the set of all segments between the two points of a pair in P

5:{{9V1—|—(1—9)VQ: 0 e [0,1]}: (Vl,VQ)EP}. (1)

Since £ is a finite collection of subsets of R?, we can index it by a finite set A so that £ =
{I'y € R?: o € A}, each T, being one the the segments defined in (1). Finally the network
is given by I' = Upe 4l and we endow it with the topology induced by the geodesic distance
on I'. In all of this work we assume that the network I is connected.

Forv € V, we define A, = {a € A :v € 'y}, that is the set of all indices & € A such that
the vertex v belongs to the edge I',. We assume that, for each pair a, 8 € A with o # 3, one
has 'y NT'g = {v} whenever o, € A, and I'y, NI'g3 = @ otherwise. Let I, be the edge
with vertices v; and vj. We denote by L, € (0,00) the length of the edge and we define a unit
vector e, = (vj — v;)/Lq. Then I'y, admits a parametrization 7, : [0, Ly] — I'y defined by
To(8) = vi + se,.

To a function u : I' — R, we associate the function u, : (0, L,) — R, a € A, defined by

ua(y) = (uomy)(y), foreveryy € (0,Lq,).
For x € T',, we set
U 0, () forx e 'y \ V,
ur, () = lim, o+ ua(y) if z = 714 (0), (2)
lim, - uo(y) ifx =ma(Ly),

if the previous limits exist.

For every Borel set A € B(T"), we define the Lebesgue measure of Aby £ (A) = > c 4 Ta# La(AN
I'y) where .Z,, is the usual one dimensional Lebesgue measure on [0, L,]. Clearly £ (") =

> acA La- For a Z-integrable function f : I' — R we then have

[ @ iz = [ 1) i) - > / Syt Zadr) =

We denote by ¢(I") the space of continuous real valued functions on I', which is a Banach
space when equipped with the norm ||ull¢ ) = super [u(@)]. It is also convenient to allow
functions to be discontinuous at the junctions but continuous in each edge. We first define

PCIT)={u:T — R: u, € (0, Ly) and the limits in (2) exist for each o € A} .

> " faw) dy

acA 0




endowed with the norm of uniform convergence on each edge
HUHPC(F) = A HuaHLOO((O,La)) ’
We the consider the following equivalence relation
Vu,v € PC(T)  (u~v) < (ug(z) = va(z), Vo € (0, Ly), YVa € A),

and finally we define PC(I") = PC(I")/ ~. We observe that PC(I") with the induced norm is
a Banach space. We also denote by PC*(T"), for ¢ € (0, 1] the subspace of all u € PC(I") such
that u, € ([0, L,]) for all « € A, i.e. such that

p 10() =1 (0)

z,y€[0,L4] ‘.%' - y‘§
T#Y

< oo foralla € A.

For x € T',, a € A, we define the derivative of u at z € T', \ V as the directional derivative

_ —1 . —1
8au(gg) = }]ij u(x + hea) u(x) — lim ua(ﬂ'a (1' + heoz)) uoz(ﬂ'a (-%')) )
—0 h h—0 h

Higher order derivatives are defined in the same way. At the vertices, we define 0, u(v) as the
outward directional derivative of u atv € V for each o € A,, i.e.

R if v = 74 (0),
(& = . Ua(La)=ua(La—h) ¢ _
hmhiO 7 if v Wa(La)a

when the above limits exist. Notice that if we define

1 ifv=m4(La),
Ny.o =
’ -1 ifv =74(0),

then Jpu(v) = Ny aOua (31 (v)).
For every integer k > 1, the function space

@RI = {u € C() : ua € €°([0, La]), Ya € A} ,

equipped with the norm ||ullgrry = > nea D 0<j<k HajuaHLoo(o,La) is a Banach space. We

will also need to consider Hélder continuous functions on I'. For each k € Nand ¢ € (0, 1] we
define

ehe(I) = {ue eH(T) l[ullgrsry < oo}, (4)
where
ey = ellney + P eale) ~ el
Ul ok, s = ||U||p max sup
¢ks () &) e A 2 el0 L] |$ _ y|<
Y



For p € [1, 00|, we denote by LP(I") := LP(I", B(I'), ) and we notice that

LP(T) ={u:T' = R: uy € LP(0, L,) for every a € A} .
1
with the equivalent norm [|u|| 1 1y = (ZaeA HuaHip(QLa)) "forl < p < coand [l oo () =
maXaeA [|[Uall foo (o 1.,)- For any integer k > 1 and every p € [1,00], we define the Sobolev

space
WHP(T) = {u € LP(T) : uq € WHP((0,Ly)), Yo € A}.

endowed with the norm |||y, = (HuHﬁp(F) + i1 H@JuHiP(F))P for1 < p < oo and

& .
lullyrse = Nl ooy + 22521 [1070]| oo .

We also consider Sobolev space with prescribed value at the vertices. For a given set of strictly
positive real numbers v = {7y, € (0,400) : v € V,a € A, }, we define

) un, ()

,YweV, Va, B € .Av}.
,a v,B8

VIP(T) = {u € WFP(I)

Moreover if 7y, o = 1 for every a € A, and each v € V we simply write V*?(I") and one has
the following identification V*?(I") = € (I') N W*P(T"). These spaces will be alternatively
used as the space in which we look for a solution of a given PDE on I' or as a set of test func-
tions. For any k > 1 and every p € [1, 00|, the spaces W#?(T") and V.f’p(f’) are Banach space
and W*2(T") and V.f 2(I") are Hilbert space with obvious inner product.

We finally denote by P;(I") the space of Borel probability measures on I' endowed with the
Kantorovich-Rubinstein metric d; (we refer the reader to [23, Chapter 6] for precise defini-
tions).

3 Diffusion process on networks with sticky transition condi-
tions

We introduce diffusion processes on networks with sticky transition conditions, or transition
conditions with spatial delay, at the vertices. We consider the linear differential operator G on
I defined on each edge I, by

Gof (x) = 11a®” f(2) + ba(2)0f (x)  forallz €Ta\V,a €A f€D(G), (5

with domain

D(G) = {f €T - Gf € €L), mGf(v) + Xaea, PaWadaf(v) =0 } -

forallv € V\ 0V,0,f(v) =0 forallv € 9V, a € A,

whereb € PC(T"),n, > 0, fta, .o > 0, € A, and ZaeAv HaVv,a = Lforally € V\OV (note

that G does not depend on the choice of b in the corresponding equivalence class). According
to [14, Theorem 3.1], there exists a Feller process X, with continuous paths, defined on I" with



generator G. However, in general, there exists no path-wise description of such process, except
for the case , = 0 for all v € V, which corresponds to a Kirchhoff transition condition at the
vertices (see [13]), and for sticky Brownian motion (see [6]).

Recently, in [22], a path-wise characterization of the process associated to G has been ob-
tained for the case of a simple graph I'° composed of one vertex V = {0} and two semi-infinite
edges & = {I'9, T}, where ') = [0, +00) and I'”. = (—00,0]. In this case, we can rewrite
the domain of G as

D(G) = {f € €*): Gf € E(I°),0G(0) + 40+ £(0) +p-0-f(0) =0} (7)

where p+ = 1470+ and O+ denote the outward directional derivatives in = 0. The coef-
ficient p. are the probability that the process, being at z = 0, enters respectively in I'Y.. Set
b(z) = bi(z) and ¢ = \/2ux for € '} and consider the stochastic differential equation
(SDE)

dX(t) = (b(X(t))dt +odW (t))1xn20p + (0+ — p-)L¥(t,0)

{ X0) =2 ®)

where

t
nLX(t,0) = /0 Lo ds )

is the local time of the process X at 0, which is an increasing process with probability 1 and
constant in any interval on which X (¢) # 0.

In the following theorem, we summarize the results in [22] concerning the relationship between
the infinitesimal generator defined in (5) and the SDE (8).

Theorem 3.1. Assume that o > 0 and b is uniformly Lipschitz continuous inI'y.

(i) Let X (t) be a diffusion associated with the infinitesimal operator G defined in (5),(7). Then
X (t) is a weak solution to (8) for some Brownian motion W (t).

(ii) The pair given by the SDE (8) and the local time (9) has a solution which is unique in law.

Observe that solutions to (8) are not unique. For example, the SDE is satisfied by an un-
delayed process (n = 0) since this process spends almost no time at 0. Uniqueness, in weak
sense, is recovered adding to the process the corresponding local time at x = 0.

Remark 3.2. For a undelayed diffusions, i.e. = 0, the amount of time that the process X
spend at x = 0 has zero measure, i.e. fg lix(s)=0yds = 0 for all ¢ > 0 with probability 1. A
sticky diffusion process can be always rewritten as

X(t) =Y (1)

where Y (t) is a standard diffusion process and r~! is the functional inverse of the strictly
increasing function 7(t) = t + nL* (¢,0). Since 7~ !(¢) < t for every t > 0, the process Y (t)
is slowed down when it is at x = 0. Because of this property, fg L{x(s)=0} ds has positive
probability of being strictly positive for all ¢ > 0 and, yet, the process does not stay at zero
for any positive interval of time. Note that, away from the vertex, X behaves as a standard
diffusion process.



The extension of the previous results to the case of a general network is considered in [5].
We summarize in the following theorem the properties that are relevant to this work.

Theorem 3.3. Let X be the Feller process on the network I' generated by (5), (6). Then

(i) There exists a one-dimensional Brownian motion W such that, for every T > 0, f €
€([0,T] x ') with 0;f € €([0,T] x ') and 0, f, 0>f € €([0,T), PC(T")), and 0 <
t < T, we have

f(t7X(t)) - f(OvX(O)) + /0 (Bsf(s,X(s)) + gaf(st(S))) 1{X(s)€Fa\V} ds

t
+ 2/0 Vit 0n f (5, X ()1 x(s)era\v}dWs

t
+30 [{m0ut ) = 3 oot (20) | 4L (5.0,

vey a€A,

where LX (-, v) is the local time of the process atv € V), defined by

1t
LX(t,v) = lim 2—/0 Lia(x (s)v)<e} 45, (10)

e—0 2¢€

and we use the convention that n, = 0 ifv € 0V;

(ii) for every bounded measurable function g: R, — R we have
t t
[ o ds = [ gdr¥(s.0).

We come back to the study of the Markov process associated to (5)-(6) and we are interested
in characterizing the corresponding stationary distribution , i.e. a probability measure m €
P1(T) such that (see [11, Chapter 4] for instance)

/gf(x)m(dx) =0 forall f € D(G).

We will show that the measure m splits into an absolutely continuous part and a sum of Dirac
masses concentrated at the vertices, i.e.

m=mZL+ Y  nT[mls, (11)
veV\OV

where the density m € nyl ’2(F) is a weak solution (see Definition 3.4 below) to

—p1a0*m(x) — 0 (b(x)m(z)) =0 forallz € Ty, a € A,
mir, (v) m\FB(V) .
e s T,[m] foralla, B € A,, v V\ IV, (12)

ZaeAv traOa™mr, (v) + ny,amr, (V)0r, (vy=0 forallv € V,
m>0,1> frmdaz =1- Zv@)\av nTy[m] > 0.

7



Note that the second line of the previous system define, up to the factors 7, the coefficients of
the Dirac masses at the vertices.

Definition 3.4. A weak solution to (12) is a function m € VA} 2(I) such that
/ pdmov + bmdv dx =0 for every v € VIA(I) (13)
r

andm > 0,1 > [pmde=1-37 gy mTiim] > 0.

We refer the reader to [1] for a justification of the weak formulation of (12). Recall the
notation v := {7y, : @ € A,,v € V\ OV}

Lemma 3.5. Assume thatb € L*>°(T") and let m € V.}’Q(F) satisfy (13). Then there exists a
positive constant C' = C(p, ||b]| o , Y, ") such that

lmlly2py < Climllps -
~(D)

Proof. We consider the function ¢ € PC(I") uniquely determined by ¢r, (v) = 7, for every
a € Ay,andv € V\0OV, 1), is affine if ', N0V = & and constant otherwise. Then, the function
ma) belongs to V1’2(F). Using m as a test-function in (13), we obtain, for any € > 0,

(min-y) / wlom? dx < / w|momoy| + |bm(moy + 0ma)| dx

r r (14)

<C [ morm| + mP* d < (<[10m]3s + Co ml]2)
r

As a consequence of the continuous embedding W1 1(I") — L°°(T") we have

1 1 1 1 1 1
Il e < flmllZee mlize < Crlimliga llmllze < Ca(10mll g2 + [[mll L) [mll7, . (15)
Combining (14) and (15) and using Young’s inequality we deduce
(miny)p [0ml[7: < 2¢ [[0ml2 + Ce |lm]| 11
where = minge 4 fto > 0. Choosing € small enough we obtain the desired inequality. O

Lemma 3.6. Letb € PC(T"). Then, for every 9 > 0 there exists unique m" € nyl’Q(F) such that
m? >0, Jr m? dx = 9 and satisfying (13). Furthermore m® = 0 and m? > 0 for? > 0.

Proof. From Lemma 3.5 it is clear that m® = 0 is the unique element in V.y1 ’Q(F) satisfying the
conditions in the statement. From [1, Theorem 2.7] we know that there exists a unique m'
satisfying (13) with fF m! dz = 1. Moreover we know that m! > 0, in particular T} [m] > 0
for every v € V' \ OV. Then, setting m” = ¥m!, we obtain an element in V'*/l 2(I) satisfying
(13), m” > 0 and [ mY dx = 9. O

Proposition 3.7. Let b € PC(T"). Then there exists a unique weak solution m € V.,}’Z(F) to

(12).



Proof. For existence, we consider the mapping ®: [0, 1] — R defined by

(I)('ﬂ) =9+ Z anv[mﬂ]a
vev\ov

where m?

is given in Lemma 3.6. We claim that the mapping ® is continuous. Indeed, let
(Yn)n>0 be a sequence in [0, 1] converging to some ¥} € [0, 1] as n tends to infinity. Using
Lemma 3.6, for each n > 0, there exists m™ € V.}’Z(F) such that f m"dx = 9, m"™ > 0and
satisfies (13). Using Lemma 3.5, we see that the sequence (m"),,>0 is bounded in V,\,I’Z(I’) and
we may therefore extract a subsequence, which we still denote by m™, converging weakly in
V,y1 2(T") and strongly in PC(T") to some m, € V,y1 2(T") as n tends to infinity. It follows that m
also satisfies (13), is non-negative and | m dx = ). From uniqueness in Lemma 3.6 we conclude
to m = m" and that the whole sequence converges to m”. This proves the continuity of the
mapping ¥ +— m” from [0, 1] to PC(T'). The continuity of ® then follows from the continuity
of PC(I') > m+— T)[m] € Rforeveryv € V\ oV.

Notice that ®(0) = 0 and that ® () > ¥ for ¥ > 0 since each m? is strictly positive. From
the intermediate value theorem, we conclude that there exists 9 € [0, 1] such that

O(9) =9 + Z T, [mﬂ :/mﬂdaz%— Z T, [mﬂ =1.
yEV\OV r yEV\OV

This proves existence.

We now prove uniqueness. Notice first that we cannot have ZveV\ oy Ly [m] = 1 since,
otherwise, Lemma 3.6 implies m = 0, which is a contradiction. Let m; and ms be two weak
solutions to (12). Up to relabelling, we may assume that

1> Z Ty [ml] > Z T, [m2] . (16)

veV\oV veV\ov

-1
Set w; = (1 — Zvev\av T, [ml]> m; for ¢ = 1,2. Then w; satisfies (12), w; > 0 and

fwi dr = 1. From uniqueness in [1, Theorem 2.7] we deduce that w; = wy; =: m. In
particular
m;=|1- Z T, [mi] | m. (17)
veV\oV

From (16) we obtain m < mo and therefore
Z Ty [ma] = Z Ty [ma] .
veV\aV veV\aV

Uniqueness then follows from (17).

O

Theorem 3.8. The measure m defined by (11) is a stationary distribution for the Markov process
generated by (5) and (6).



Proof. Let f € D(G). Integrating by part and using the fact that m € VA}’Q (T"), we compute

~ [ w0 rmia) e = = 3 / a0 fal0)malz) da

acA
== e [ al@)ma@) ke + Z/ 00 fol) M (x) da
acA acA

| X Y w0l | + [ dp()om(z) do.

veEV\OV acA,

Since f € D(G) and m satifies (13), it follows that

- [ er@mian) = - [ Gf@m(@) &~ ¥ nTfmds0)

veV\oV

:/F(,uafam+b8fm)d:ﬂ— ST Tm] [ mGFO) + Y Haadaf() | =0.

veV\ov acA,

O

Remark 3.9. Observe that in the undelayed case, i.e. 7, = 0 for every v € V \ 9V, then we
recover the stationary distribution obtained in [1].

Proposition 3.10 (Stability of m). Given b" € PC(T'), n € N, let m" € V.}’Z(F) be the
corresponding solution to (12), given by Proposition 3.7. Assume that there existsb € PC(I") such
that b}, converges uniformly to b, for every o € A. Then there exists m € V.,,1 )2 (T") such that

{ mj, — mg uniformly, for every a € A, (18)

m" —m  weakly in V.yl’2 (T).

Proof. We first consider arbitrary subsequences, still denoted by 0" and m"™. We know that
m™>0and 0 < [.m"dx < 1forevery n € N. In particular (m™)pen is bounded in L'(T).
It then follows from Lemma 3.5 that it is also bounded in V ( ). We deduce that there exists

a strictly increasing map ¢: N — Nand m € V'*/ ?(T") such that m“™ — m weakly in V'*/l (1)
v(n)

and mg" — my uniformly. We can pass to the limit in the weak formulation (13) to deduce
that m also satisfies (13). In addition we also have

1 t(n) L(n _
1 nh_)rrgo /m dx + Z nT[ /Fmdx—i- Z nTy[m].

veV\oV veV\OV

This proves that m is a solution (12). Since this solution is unique we have proven that every
subsequence of (m™),,cny has a further subsequence converging to an unique limit. We conclude
that the full sequence converges to m in the topologies mentioned in (18).

O

10



Proposition 3.11 (Stability of m). Let (m"),cn be a sequence in PC(I") satisfying
m" >0 and /m" dx + Z nIyim"] =1 foralln € N,
r vev\ov

and converging uniformly to some m € PC(T'). Define (m"),cn and m according to (11). Then
m,, converges tom in P1(T).

Proof. Notice first that the uniform convergence of m[. to m,, implies that m > 0 and that

It follows that we indeed have m € P (I"). Let ¢ € Lip(I"), the space of functions from I to R
which are Lipschitz continuous with respect to the geodetic metric on I'. We compute

/Fw(ﬁv)(m —m")(dr) = /sz(ﬁﬂ)(m(w) —m"@))dz + Y np(v) (T[m] = T[m"])

veVv\ovV

< @l ip(ry diam(T) { e = m"l|paey + Y m [To[m] = Tyfm"]]
veV\oV

From standard properties of the Kantorovich-Rubinstein metric (see [23, Remark 6.5] for in-
stance) we conclude that lim,,_,~, d1(m"™, m) = 0. O

4 The Hamilton-Jacobi-Bellman equation

This section is devoted to the study of the Hamilton-Jacobi-Bellman equation entering in the

Mean Field Game system. Moreover, we provide a justification of the transition condition at

the vertices by proving a verification theorem for a discounted infinite horizon optimal control

problem, whose dynamics is given by a controlled sticky diffusion process on the network.
We consider the discounted Hamilton-Jacobi-Bellman equation

—11a0%u(x) + H(z,0u(x)) + Mu(r) = F(x) forallzx € T, \V, a € A,

upr,, (v) = ur,(v) foralla, B € Ay, veV, (19)
ZaeAv HaW,a0au(v) = n,(0, — Au(v)) forallv e V\ 9V,
Jau(v) =0 forallv € 0V,
and the corresponding ergodic problem
—110,0%u(z) + H(z,0u(z)) + p= F(x) forallz € Ty \ V, a € A,
ur,, (v) =y, (v) foralla, € A,, veV, (20)
> e, HaT,alau(v) = 1,(6y — p) forallve V\ 9V,
Jpu(v) =0 forallv € OV.
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The second line in (19) and (20) gives the continuity of u at the vertices, while the following two
lines are a generalized Kirchhoff condition at the internal vertices and a Neumann condition
at the boundary vertices.

We will make the following assumptions.

(H1) We assume that A > 0 and that, for eachv € V\ 0V and a € A, 1o > 0, 1,0 > 0,
7, > 0 and 6, € R. Moreover

Z HaYv,a =1 forallve V.
acA,

(H2) For each o € A,

+ The mapping H,: 'y, X R — R, defined by

H(x,p) ifrel,\V,
Hy(z,p) = ;13:1): H(y,p) ifxeV,
yeTa\V

is well-defined and continuous; moreover, for each z € T',, \ V, the mapping p +—
H,(x,p) is continuously differentiable and 0, H, can be extended to a continuous
mapping on I', x R.

« There exists a constant Cy > 0 and ¢ € (1, 2] such that

|Ho(z,p)] < Cg (14 |p|?) forall (z,p) € Ty xR, (21)
|0pHo(z,p)] < Ch (1 + ]p]q_1> for all (z,p) € Ty x R, (22)
H,(z,p) > Ci' |p|? — Oy forall (z,p) € Ty x R. (23)

(H3) F belongs to PC*(T") for some ¢ € (0, 1).
Proposition 4.1. Assume (H1)-(H3). Then, there exists a solution u € €*<(T') to (19).

Proof. The following argument was introduced for star-shaped networks in [21] and extended
to general networks with Kirchhoff conditions in [3]. Let us write V.=V \ 9V. Let &: RV —
€*(TI') with ®(2) = u?, where

— 110, 0%uZ (2) + Hy(w, 0uZ () + Mz (z) = Fy(z) forallx € Ty \ V,
uZ(0) = 2, if v = 7,(0) € V and 9u? (0) = 0if v € 9V, (24)

«

uZ(Ly) = 2z, if v=mo(La) € Vand 0u?(Ly) = 0ifv € OV.

«

System (24) is family of PDEs defined for each edge I', coupled by means of the boundary value

uZz(v) = z, forall @ € A,, v € V. From the standard theory of quasi-linear elliptic equations

we know that this mapping is well-defined and that
max [[ug |l o, za)) < € (\Z’oo + max HFaH%OS([O,LQ])) :

12



A straightforward adaptation of [21, Proposition B.1] shows that ® is continuous. We then set
K = ma{ Pl o+ [H G0 cmax ]}
vey
For every z € RY, one can see that the constant function

¢Z = max {K/)\, max |z|}
vey

is a super-solution to (24) for every o € A. From a standard comparison principle in each I,
we deduce that uZ < ¢Z for every a € A. Fix vy € V \ 9V, M = max{K/\, K} and 2" be

such that
20 =M ifv =,
20 < M otherwise.
In this case we have ¢? = M for every o € A. Since u® < ¢20 and u? (7,1 (vg)) =

M = ¢?0(m;  (vo)), it follows that 7, ! (v ) is a maximum point of uZ for every a € A,,, and
therefore Buao (vo) > 0. Hence, recalling the definition of K, we have

0 _
UVAZS + Z ,U'onv,aaué (7"@1(‘})) > 77v9v-
acA,

An analogous conclusion can be repeated for every v € V. Similarly, if 2° is such that

2= —-M ifv=v,
20> —M otherwise.

we obtain, by replacing ¢?, with —¢?Z which is a sub-solution to (24) for every a € A, that

0 _
Az + Z LoV ,aOUZ (151 (v0)) < 0,0,
acA,

For each v € V we consider the continuous mapping ¥, : ¢*(I') — R defined by

Wy (u) = mAu(v) Z fhaVv,aOath(V

acA,

We have proven that, for each v € V, the mapping ¥, o ®: [-M, M]V — R is continuous
and satisfies

U,o0®(z) >n,b, ifz, =M,
U,o0®(z) <n,b, ifz,=—M.

We can apply the Poincaré-Miranda theorem [19, 18] to the mapping [—-M, M|V > z
(¥, 0 ®(2)),ey € RY to conclude that there exists z* € [—M, M]" such that ¥,,0®(z*) = 1,0,
for every v € V. This concludes the proof. O
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To show the uniqueness of the solution to (19), we prove a comparison principle.
Definition 4.2 (Sub- and Super-solutions).
1. We say that u € €(T") is a sub-solution to (19) if
—pa0?u(x) + H(x,0u(x)) + Mu(z) < F(z) forallz € T, \V, a € A,

> aed, Haralau(v) < ny (6 — Au(v)) forallv e V\ 0V,
Oqu(v) <0 forallv € OV.

2. We say that v € €2(T") is a super-solution to (19) if

—p1a0%v(z) + H(z,0v(x)) + M(z) > F(z) forallz € Ty \V, a € A,

Y aed, HaVr,a0av(v) >0y (6, — Av(v)) forallv e V\ oV,
Oav(v) >0 forallv € OV.

Proposition 4.3 (Comparison principle). Assume (H1)-(H2) and let u, v € €*(T') be sub- and
super-solution to (19), respectively. Thenu < v inI'. In particular there exists at most one classical
solution to (19).

Proof. Set w = u — v. Clearly w € €?(I") satisfies

— 100wy + baOwy + Awg < 0 in (0,L,) foralla € A,
MAWV) + D e, BaWalaw(v) <0 forallv € V\ 0V, (25)
Jaw(v) <0 forallv € 0V,

where

bo(z) = /01 OpHo(x,tug () + (1 —t)ve(z))dt forallz € (0, Ly).

Let xg be a maximum point of w, such a point exists since I' is a compact metric space
and w is continuous on I'. We may assume that M := w(z) > 0, since otherwise there is
nothing to prove. Moreover, because of the strong maximum principle [15, Theorem 3.5] and
Hopf’s lemma [15, Lemma 3.4] we know that either w is constant in I, where o € A is such
that g € T'y or g € V and d,w(zg) > 0. In the first case, (25) directly yields M < 0, a
contradiction. We must therefore have o = v € V. Using the same argument for each o € A,
we are left with the case d,w(v) > 0 for every a € A,. In the case where v € 0V, we also
directly obtain a contradiction from (25). We are henceforth left with the case v € V \ 9V. We
have

Z HaVv,aOaw(v) >0

Q’EAV

so that (25) implies 7, AM = n, Aw(v) < 0, also a contradiction. We conclude that M < 0 and,
in particular, that u < vin T O
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We now turn to the study of (20). As usual, we show existence of a solution passing to the
limit for A\ — 0% in (19).

Lemma 4.4. Assume (H1)-(H3) and let u € €%(T) be the solution to (19). There exists C1 > 0,
depending only on || F|| e, (6v),ev\ov and ||H(+,0)| po0, such that

Al < Ch (26)

Proof. Setting C' = maxyer |Ho(7,0) — F(z)] and C1 = max{C, max{0, },cy\sv}, We see
that the constant functions —C /) and C /A are respectively a sub and a supersolution to (19).
Hence the results follows immediately from Proposition 4.3. O

Lemma 4.5. Assume (H1)-(H3) and let u € €>(I") the solution to (19). There exists Cy > 0,
depending only on || F'|| .o, (|0u])veviovs 1H (+,0)|| oo, Ch, v, T and g, such that

[0ull e < Ca.

Proof. Let¢: I' = R be the unique function affine in I',, for each o € A, ¢y, (v) = 1,4 for
allv € V\ 0V and a € A, and 1), constant if the edge I, touches the boundary. Multiplying
by v in the equation satisfied by u and integrating by parts we obtain

/ Fipdx = / (—,u(?zu(a:) + H(z,0u(z)) + )\u(:v)) WY dx
I I
- /F 40U + H (z, u)p + Nt dz — 5 [0t ()b ()25

acA
- / pOudy + H(w, 0wy + durde — 3 nyattamadupr, (v)
I

vev\ovV
— [ Wdudw + Hw, 00w + Mt dz =3 paradou)
r veVv\ovV
= / pOudy + H(z,0u)p + Aup da + ( Z u(v) —6,).
r veV\aV

Notice that
0 < minvy <9 < max~vy < +oo.

Using (H2) and (26), we deduce that there exists a positive constant C' > 0, independent of A,
such that

/ |Ou|? dx < C </ |Ou| dz + C1 + max |6, + HF||LOO>
r r v
< C (l0ull 4 20D/ 4 C + max |6)] + |F o ) -

The conclusion then follows from Young’s inequality. O
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Theorem 4.6. Under assumptions (H1)-(H3), there exists a solution (u,p) € €>(I') x R to
(20). Furthermore, this solution is unique up to translation of u by a constant. Finally there exists
C > 0, depending only on || F'|| 1o, (|0v])vev\ov and [[H(+,0)[|poc, Cr, v, I and g, such that

||auHL¢Z(F) + HU||W2,1(F) <C.

Proof. The argument follows the lines of [1, Theorem 3.4].

Proof of Existence : For each k € N we set A\, = 27% and consider v, € €%(I") the
unique solution to (19) with A replaced by ). For each k € N there exists x;, € I" such that
minp vy, = v(xy) and we set uy, = vy — vi(xy). Each uy satisfies

—p1a0%ur(2) + H(x, Oug(z)) + Mpug(x) = F(z) — Mpvp(zg) forallz € T, \ V, a € A,

Ugr, (V) = tgr, (v) foralla, B € A,, veV,
Apug(v) + 171 > aed, HaVr,a0atr(v) = 0y — Mpvg(zg) forallv € V\ 9V,
Opup(v) =0 for allv € 9V.

(27)

In particular, using (H2) and Lemma 4.4, we have

|0%ur| < p= " (|H (2, Qup)| + [F| + Mg (Jug] + [or(z)]))
< pH (Cr (14 [0vg]?) + || Fl oo +2C1)

where (1 = min,e 4 flo. From Lemma 4.5 we deduce that Ouy, is bounded in W1 (T"), uniformly
ink.

Let x € T'. Since I' is connected and because each vy is continuous, there exist N € N,
(vi,...vn) € VWand (ag,...,ans1) € ANFL, such that

Tk € Pap
T € Layyys

vp €0, NT foralll <n <N,

QAn+1

and, also using Lemma 4.5,

Taq L)

ok () — wp(ax)] < / 0vk(w)] dy +

To l(xk
1

7ro¢n Vn

Z/ 0wt dy]

men () (a-1)/q
+ |0k ()| dy < [|Ovk | < C22Z(T) :

—1
ant1 (N

It follows that
lur]l oo < Co ‘Z(F)(q*l)/q forall £ € N.

This proves that the sequence (uy,)ren is bounded in W21 (T). From the continuous embedding
W2L(T) — €¢1(I') we deduce from a bootstrap argument that the sequence in also bounded

in €%(T).

It follows that, up to extraction of a subsequence, we have
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« the sequence (\,vk(xk))ren converges to some constant p € R,
. the sequence (uy,)ren converges in (') to some u, with u € V2°(T'),
. the sequence (9%uy,)ren converges weakly in LP(T') to §%u, for any 1 < p < oo.

Passing to the limit in (27) we obtain that

Y acd, HaWadau(v) =n (0, — p) forally € V\ 9V,
Oqu(v) =0 forallv € OV.

In addition, if we fix @ € A and consider ¢ € €°°(I"), compactly supported in the interior of
I',,, we obtain
/ (—pd*u+ H(z,0u)) pdz = / (F —p)pdz.
r r
It follows that

—pud*u + H(z,0u) = F — p almost everywhere in T'\ V.

We then deduce that u € €*<(T") and is a classical solution to (20).
Proof of Uniqueness : Let (u1, p1) and (ug, p2) be two solutions to (20). Set w = u3 — ug
and p = p; — po. Up to relabelling, we may assume that p > 0. Then (w, p) satisfies

— 00w + baOwe = —p < 0 in (0, L) forall « € A,

p+nt > acd, Haadaw(v) =0 forally € V\ 9V, (28)
Jaw(v) =0 forallv € 0V,
where .
bo(z) = / OpHo(x,tug () + (1 —t)ve(x))dt  forallz € (0, Ly).
0
We first claim that p = 0. Indeed, since w is continuous and I' compact, we may choose

xg € argmaxp w. Assume first that g belongs to the interior of I',, for some @ € A. Using
the optimality conditions at xg in (28) we obtain p < 0. Assume now that o = v € V. From
Hopf’s lemma we know that we must have v € V' \ 9V. In this case we have d,w(v) > 0 for
all a € A,, so that the junction condition in (28) also yields p < 0. This proves the claim.

Now, from the strong maximum principle, we know that w cannot attain a maximum point
outside V unless it is constant. On the other hand, as a consequence of Hopf’s lemma, if v € V
is a strict maximum of w we must have d,w(v) > 0 for all @ € A, which contradicts the
junction condition in (28). This concludes the proof.

O
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4.1 Verification Theorem

Following [12, Section IIL.8], we introduce an optimal control problem for a sticky diffusion pro-
cess on the network and we prove a verification theorem for the corresponding value function
in term of the solution to (19). We consider ttq, Yo, 7y as in (H1), the set of controls

A=A{a:T' = R:aecPCT), |lalper) < R},

for some positive constant R, and a function b: I' x R — R such that, for every o € A, the
function bjr, xr in continuous for the topology of ', X R induced by I' x R. In this case, and
for every a € 2, we have that b(-, a(-)) also belongs to PC(I") and we may therefore consider
the generator of a sticky Markov process

Gof(z) = pad*f(x) + ba(x, a(2))0f (2) forallz e Ty \ V, a € A, (29)

with domain

pig) - d fegrry; 97 EEW: NG IO) + Toca maaduf) =0
~ forally € V\ 9V, daf(v) = 0 forallv € 9V '

For every x € I, let X% = X @ be the strong Markov process corresponding to G* with initial
distribution ¢,. Given the cost function ¢: I' x R — R, continuousinI'y, X R for & € A,
F e PC(I'),and 6, € Rforv € V\ 0V, define the cost functional J: I' x A — R

+o0
J(z,0) = E, ™M (U(X(5),a(X(5))) + F(X(9))) Lx(s)gvy
0
+ Z avl{X‘l(s):v}} dS],

vev\ov

where A\ > 0. For each « € T', consider the value function

V(z) = ;relgl J(z,a). (31)

Our goal is to identify V' as the unique solution to the following discounted Hamilton-Jacobi-
Bellman equation

—11a0%u(x) + H(z,0u(x)) + Mu(r) = F(x) forallz € T, \V, a € A,

ur, (v) = ujr, (v) foralla, S € A,, veV, (32)
ZaeAv HaW,a0au(v) = n,(0, — Au(v)) forallv e V\ 9V,
Jpu(v) =0 forallv € 0V,
where
Hy(z,p) = sup {~ba(z,a)p — lo(x,a)}, a€A
la|<R
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Theorem 4.7. Let u € €*(T) be a solution to (32). Then, for every a € 2, we have u(x) <
J(x,a). In particular we have u(x) < V (z).

Proof. Let u € €*(T) be a solution to (32) and let a € 2. Consider X the Feller process
generated by (29), (30). We define a function f: Ry x T' — R by setting f(t,2) = u(x)e .
Let also (¢, )nen be a sequence in R converging to +0c. From Theorem 3.3 we deduce that,
for every n € N,

B [f (tn, X (tn))] = f(0,2) + Eq [/0 (0,49 f(s, X () x(s)¢ vy dS]

b X B[ (076 = X a6 5.0

veV\ov acA,

(33)

Notice that, for s > 0 and X%(s) ¢ V),
(05 + G f (5, X(5)) = [~ Au(X(s)) + pd*u(X(s)) + b(X(s), a(X"(5)))Iu(X(5))] e
> [=hu(X%(s)) + pd?u(X(s)) — H(X(s), du(X"(s))) — 6(X(s),a(X(s)))] e
= —[F(X"(s)) + £(X"(s),a(X(5)))] e .

From the junction condition in (32) we also have

77v3 f 3 v Z Ha Yy, aOa f(S V) ( nv)‘u Z Ha Vv, aOa u > = _nvevei)\s-

a€cA, acA,

So that (33) and Theorem 3.3 imply
tn
B, [uCX ()] > ute) — B | [ (FOC(9) + 100060, a0 (6D) Lo ygpe ™ s
— Z E, [/tn nvﬂve_)‘deXa(s,v)]
0

vev\ov

= (o) B | [ (B8 + X060 (6)) L ds|
- VEVZ\W E, [ /O ; 9v1{XQ(S)V}e—ASd5} .

Since u, F' and £(-, a(-)) are bounded, we may apply Lebesgue’s convergence theorem to pass
to the limit n — oo and obtain u(z) < J(z,a). O

To get the reverse inequality, we consider the following assumption

(H4) For each (z,p) € I'y, x R, there exists a unique a}, = a’(z,p), with |a| < R for every
o € A, such that

Ha(az,p) = _ba(x, GZ)P - Ea(xa a;)

and the map a},: I'y, X R — R is continuous.
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Proposition 4.8. Assume (H4) and let u € €*(T) be a solution to (32). Then u(x) > V(z) for
allz € T

Proof. Using (H4), we have
H(z,0u(x)) = 0pH (z, 0u(x))ou(z) — l(z,a*(x)).
We may consider the generator G* defined as in (29) with b replaced by 0, H (-, Ou(-)) and the

corresponding Markov process X*. Then the same computation as in Theorem 4.7 yields

+oo
ua) =5 | [ (F(X*(s))+6<X*<s>,a*<x*<s>>>>1{Xa(s)¢v}e—ASdS]

+o0
—As
+ D IE”““[/o Ovlixar (=& ds

vev\ov

> V(x)

5 The MFG system

Aim of this section is to study the Mean Field Games model with sticky transition condition at
the vertices. We consider the following MFG system

( (i) — pad®u(x) + H(x,0u(x)) + p = Flm] forallz € Ty \ V, a € A,
urr, (v) = yr,(v) foralla, S € A,, veV,
Z LaWv,a0ats(v) = 1y (0y + Fm](v) — p) forallve V\ oV,

Q’EAV
Opu(v) =0 forallv € 0V,

/udw—O
r

(it) m=m.Z + Z Ty [m]é,,

veVv\ovV
—1a0*m(z) — 0 (9, H (z,0u(x))m(x)) =0 forallz € Ty, a € A,
myp, (v
mira (V) = ‘Fﬁ( ) =: T,[m] foralla, 5 € Ay, veV\ IV,
T, .8
Z taOamr, (V) + 1y amip, (v)Op Ha (v, Oup,, (v)) = 0 Yve,
CVGAV
mZO,lZ/mdle— Z nIy[m] > 0.
r veV\OV
(34)

In (34), the item (i) corresponds to the Hamilton-Jacobi-Bellman equation, (ii) to the Fokker-
Planck equation. Note that the coupling and the ergodic constant also appear in the right hand
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side of the Kirchhoff condition, in addition to the equation. We observe that, given the solution
m of the Fokker-Planck equation inside the edges with the corresponding transition conditions
at the vertices, the measure m is completely determined by the coefficients T, [m|. Hence we
consider as unknows in (34) u, p and m.

Theorem 5.1 (Existence of solutions). Assume (H1), (H2) and that F': P;(I') — PC*(I)
is continuous and takes values in a bounded subset of PC*(I'). Then there exists a solution
(u, p,m) € €>5(T') x R x Vy'*(T') to the MFG system (34).

Proof. The proof follows the by now standard argument for existence in second order MFG
and relies on Schauder’s fixed point theorem. We define
> miry (v) — —
M= dm e PO(T): m > 0, - o Ty[m] foralla, 8 € A,,
vEV\IV and [pmdr+ 3o e mT[m] =1

Notice that the previous set is a closed convex subset of PC(I'). Let m € M and define
m € P;(T') according to (11). Since F'[m] € PC*(I") we know from Theorem 4.6 that there
exists a unique solution (u, p) € €*<(I') x R to (20) with F replaced by F[m] and 6, replaced
by 6, + F[m](v). From Proposition 3.7 we then know that there exists a unique weak solution
in € Vy*() ¢ PC(D) to (12). Since m € M, we can define a mapping ®: M — M
by setting ®(m) = m. We claim that ® satisfies the assumptions of Schauder’s fixed point
theorem [15, Corollary 11.2].

We first prove that @ is continuous. Let (m™),cn be a sequence in M and converging to
m € M. Define m" and m according to (11). From Proposition 3.11 we know that m" converges
to m in P;(T"). Since F is continuous, we deduce that F'[m"] converges to F'[m] in PC*(T").
For each n € N, from Theorem 4.6, there exists a unique solution (u", p") € €%<(T') x R to
(20) with [udz = 0, F replaced by F[m"] and 6, by 6, + F[m"](v).

We claim that the sequence (p"),en is bounded. Indeed, integrating the equation satisfied
by (u™, p™), we have

1 20) = [ sen()e do < [ ]oPu| + CalL+1007)7) + | Fiw)] da
r r

From Theorem 4.6 we know that u™ is bounded in W?1(T") and that du" is bounded in L%(T"),
so that the right-hand side in the last inequality is bounded. This proves the claim.

By bootstrapping the regularity of u™ we see that (u"),en is bounded in %< (T"). We may
extract a subsequence converging to a solution (u, p) € ¢*(T") x R to (20) with [udz = 0,
F replaced by F'[m] and 6, by 6, + F[m](v). Since this solution is unique we conclude that
the whole sequence must converge to (u, p). Then m™ := ®(m") is the unique solution to
(12) with b replaced by 0,H (-, 0u™). Since 8u"}a converges uniformly to Jur,, and 0,H, is
continuous for every a € A, we may apply Proposition 3.10 to conclude that m™ converges to
m = ®(m) in M. This proves the continuity of ®.

The compactness of ® follows from the fact that F' takes values in a bounded subset of
PC*<(T") and the compact embedding V.y1 2(I') < PC(T"). We can therefore apply Schauder’s
fixed point theorem to conclude the proof. O
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We now briefly discuss uniqueness of the solution to (34) under monotonicity assumptions

on the coupling cost.

Theorem 5.2. Forall forallmy, my € Py(T") withm; = m; £ + ZvEV\av Ty, [m;]0,, assume
one of the following assumptions:

(i) the map p — H(x,p) is convex and F' is strictly monotone, in the sense that
[ @l = Flma))(my — ma)(de) >0
r
(ii) the map p — H(x,p) is strictly convex and F' is monotone, in the sense that

/F(F[ml] — Plma])(my — mo)(dz) >0 for all my, ms € Py.

Then there exists at most one solution (u, p,m) € €>5(I') x R x VA}’Z(I’) to the MFG system
(34).

Proof. Let (u1, m1, p1) and (ug, ma, p2) be two solutions to (34) and define m;, i = 1,2, as in
(11). Set 4 = uy — ug, M =my — Mo, M = mq — Mg and p = p; — po.

Integrating the equation satisfied by @ against m and using the transition condition for u;
and ug, we obtain

/ Flny] — Flmo]mdz — / (—pd%a+ H(x,0ur) — H(x, 0us) + p) mda
I I

= / poudm + (H(x,0uy) — H(x,dug)) mdx
r

— | D). T D nvatiaedat(v)| + / pm da

yEV\OV aEA, r

= / poudm + (H(x,0uy) — H(z, dug)) mdx
r

+ 1 D mTm] (p— (Flma](v) — Flma)(v)) +/pmdx
veV\OV r

= / poudm + (H(x,0u;) — H(x, dug)) mdx
r

| S Bl (Fmio) - Fimalo) | + [ pige)

vEV\OV r

Using the fact that [ pm(dz) = 0, we conclude that

/ (Flma] — Flms])i(dz) = / 1G0T + (H(xz,0u) — H(z,0us))mds.  (35)
I I
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On the other hand, using @ as a test-function in the equation satisfied by /m we obtain
/ pomou + (m10,H(x, 0ut) — medpH(x, uz)) 0u = 0. (36)
r

The rest of the proof follows the usual argument introduced in [17]. Indeed, subtracting
(36) from (35), we get

0= /F (Flmy] — Flmo])(dz)
+ /le [H(z,0uz) — H(z,0uy) — 0pH(x, 0uy)0uldx
+ /Fmg[H(x, Ouy) — H(z,0ug) — OpH(x, Qug)Ouldx.

Assuming that F' is strictly monotone, the first integral is non negative. By convexity of H
and positivity of m;, the other two integrals are non negative. It follows that m; = my and
also u; = ug. Recalling (11), we also get m; = my. If F' is monotone, we conclude in a similar
way. O

Example 5.3. We give an example of coupling cost satisfying the assumptions of Theorem 5.2.
Givenm = m.Z + ey oy WIv[m]d, we define

Friml(z) xeT\V,

FNE =N mnm) 2 eviov,

where

/F (Fi[ma] — Fi[ma])(my — ms)(dz) > 0

for m; € LY(T"), m; > 0,7 = 1,2, and Fy, : R* — R is an increasing function.
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