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1. Introduction

1.1. Functional equations of polylogarithms

The classical logarithm Log satisfies Cauchy’s identity

Log(z) + Log(y) — Log(zy) =0 (1)
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for all 2,y > 0, and this functional identity is fundamental in mathematics.

Several authors of the XIXth century have independently discovered equivalent forms
of the following identity

R(x)R(y)R(x)R(l_y>+R(x8_y)>O, (Ab)

Y -z y(1—z)

satisfied for all z,y such that 0 < z < y < 1, where R stands for Rogers’ dilogarithm,
which is the function defined by

2

R(z) = Liz(z) + %Log(m) Log(l — z) — % (2)

for z € (0, 1), with Liy denoting the classical bilogarithm, the weight 2 polylogarithm.

The identity (LAb) is nowadays called Abel’s identity of the dilogarithm, hence the
notation (see [1]). It can be seen as a weight 2 generalization of Cauchy’s identity (1).
To see in which way, recall the weight n > 1 polylogarithm Li,, classically defined on the
unit disk D = {z € C, |z|< 1} as the sum of the convergent series

Lin(z) = > 2"/k".

k>1

The first polylogarithm is related to the usual logarithm through the relation Li;(z) =
—Log(1l — z) for z € D, and both Log and R can be considered as suitable versions of
the first two polylogarithms such that the two functional identities (1) and (.Ab) hold.

Polylogarithms are special functions of great interest which satisfy properties gener-
alizing those of the logarithm and the dilogarithm. In particular, it is expected (and for
small n, it is known) that they satisfy functional equations of the form

M
Zci Li,(U;) = Lp_1 (3)

where the ¢;’s are rational coefficients, the U/s are multi-variable rational functions and
with L,,_; being a rational expression in polylogarithmic functions of weight at most
n— 1.

Since the early XIX-th century (works of Spence, Kummer, Abel; etc.) to nowadays,
many authors have discovered functional identities of the above form satisfied by (some
versions of) polylogarithms Li,, of weight n < 7. Multi-variable generalizations of poly-
logarithms have been considered as well, in particular their functional equations. The
subject is currently very active.! Polylogarithms are connected to several distinct fields in

! E.g., see the works Goncharov, Gangl, Goncharov-Rudenko, Charlton-Gangl-Radchenko, Rudenko.
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mathematics such as hyperbolic geometry (volumes of hyperbolic polytopes), K-theory
of number fields (Zagier’s conjecture), theory of periods and multizeta values, scattering
amplitudes in higher energy physics, theory of cluster algebras, etc.? In particular, it is
now clearly established that knowing functional identities of the form (3) is important,
cf. [10, §2]. However, in spite of the important number of recent works on the subject,
the functional identities satisfied by polylogarithms are still not well understood.

Identities of the form (3) are known to exist only for n < 7 and for the higher weights
(n = 6,7) were obtained by computer aided calculations (see [9]). The general belief is
that, for any n > 1, there should exist a fundamental identity of the form (3) satisfied by
Li,, from which any other could be formally obtained (for instance, see the last paragraph
of [14, §4.1]). The first interesting case to be considered is for weight 2, for which Abel’s
identity is the evoked fundamental one, a result which has been proved only recently
in [6]. For weight 3, the 22-term trilogarithmic equation in three variables found by
Goncharov in [12] may be the fundamental one but, as far as we are aware of, there
is no proof of that until now. The weight 4 case is the subject of the recent work [13]
by Goncharov and Rudenko. Using the cluster structure of the moduli spaces Mg 43,
they construct a functional identity for the tetralogarithm which allows them to prove
Zagier’s conjecture in weight 4. This identity is expected to play the same role for the
tetralogarithm as the one played by Abel’s identity for the dilogarithm.

1.2. Hyperlogarithms

Hyperlogarithms are generalizations of polylogarithms and they go back to Poincaré.
They are multivalued holomorphic functions on P which can be obtained by iterated
integrations of some given rational 1-forms with logarithmic singularities on the Riemann
sphere. More precisely, let o1, ...,0,11 be m + 1 pairwise distinct points of P'. We fix
an affine coordinate z such that o,,41 = oco. Then the 1-forms w, = dz/(z — o) for
s=1,...,m form a basis of the space of global logarithmic 1-forms on P! with poles in
Y= {0} Weset Z =P\ 2.

For w € N* and given any tuple (s;)}’_; of elements in {1,...,m}, the weight w
hyperlogarithm Ly, ..., is the multivalued function on Z defined inductively as follows:

z z
stz Wy (u)

Ly, (2)= /wsw = Log(z — 0s,,) and Lo, . w.,(2)= / du

U — Oy,

The polylogarithmic functions (such as Log, Rogers’ dilogarithm R, or all the classical
polylogarithm Li,, ) are particular instances of hyperlogarithms in the specific case when
¥ ={0, 1, 00}. If the properties of polylogarithms, in particular the functional equations
they satisfy, have been studied intensely, this is much less the case for more general

2 For more details, we refer to the surveys [21] or [11].
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hyperlogarithms (however see [20] or the unpublished text [4]). Several recent works have
shown that hyperlogarithms are relevant for computing certain scattering amplitudes in
higher energy physics (see for instance the PhD thesis [17] or the “white paper” [3],
especially the fifth section therein).

In this paper, we describe generalizations in weight 3, 4, 5 and 6 of the 3-term and 5-
term identities of the logarithm and dilogarithm respectively. These identities are similar
to the two latter classical identities, but involve non polylogarithmic hyperlogarithms.
For this purpose, we introduce a geometric viewpoint on Abel’s identity (LAb) by relating
it to the conic fibrations of a quintic del Pezzo surface. The generalization will involve
the conic fibrations of del Pezzo surfaces of degree < 6.3

1.8. Abel’s identity on the quintic del Pezzo surface

The five rational arguments

1—
y and Us =

T
Uy = Y
’ YT 1o y(l — )

Ulzxu U2:y7 U3:_
Y

of R in (\Ab) can be interpreted geometrically as follows: let
B:X4=Bl,  , (P?)— P

be the blow-up of the complex projective plane at the four points in general position
pr=1[1:0:0,p2=1[0:1:0], p3=[0:0:1] and ps = [1:1:1]. The surface X, is the
quintic del Pezzo surface. It carries five fibrations in conics ¢; : Xy — P! (i =1,...,5)
which coincide with the compositions U; o 3 : X4 --+ P! as rational functions. It follows
that Abel’s identity can be written

5
> & R(¢:) =0 (Abx,)
i=1
for some constants €1,..., €5 equal to 1 or —1, this identity holding true locally at any

sufficiently general point of X, for suitable branches of (the multivalued holomorphic
version of) Rogers dilogarithm.

1.4. Main result: generalization to del Pezzo surfaces of degree < 6

Let r be such that 3 <r < 8 and let

Xr = Blpl,.--,pr (PQ)

3 The 3-term identity of the logarithm can also be considered from a geometric perspective, but it is less
meaningful from this point of view, because it is “too simple”. This is why we only consider the case of
Abel’ equation.
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be the blow-up of the projective plane at r points in general position. Then X, is a
del Pezzo surface of degree 9 — r, i.e., the anti-canonical class —Kx, is ample with self-
intersection (—Kx,)> = 9 —r. If 3 < r < 6, then the complete linear system |—Ky, |
induces an embedding X, < P°~" such that the degree of X, is 9 — r. We define the
degree of a curve C' C X, to be C' - (—Kx,). Smooth rational curves in X, of degree
1, respectively 2, are called lines, respectively smooth conics. A conic fibration on X, is
the equivalence class (up to post composition with an element of PGL3) of a morphism
X, — P! such that a general fiber is a smooth conic.

The following facts are well known:
(¢). The number I, of lines in X, is finite;

(#4). The number &, of conic fibrations on X, is finite as well;

(iii). Any conic fibration X, — P! has exactly r — 1 reducible fibers, each a union of
two lines in X, intersecting transversely at one point.

(iv). The Picard group Pic(X,.) is free and is acted upon by a certain Weyl group W,..
Moreover, this action preserves the intersection product.

The values of [, and &, for r = 3,...,8 are given in the following table:

r 3 4 5 6 7 8

Il 6 10 16 27 56 240
k- 3 5 10 27 126 2160

Let ¢1,...,0.. : X, — P! be k, pairwise non equivalent conic fibrations. We denote
by L. the divisor of X, whose irreducible components are all the lines in X, and we set

Y, =X, \ L,.

From (iii), we know that the complement ¥; of ¢;(Y;) in P! is a finite set with
r — 1 elements denoted by U},...,Ji’ ~1. One assumes that ¢; has been chosen such
that one of the o!’s, say o] !, coincides with oo € P'. Then the rational differentials
wi=dz/(z—0ol) fort =1,...,r — 2 form a basis of the space of logarithmic 1-forms on
P! with poles along ;. For all i = 1,..., K., let AHZ-T72 be the complete antisymmetric
hyperlogarithm of weight r —2 on P\ X; = ¢;(Y,.), defined as the antisymmetrization of
r—2

the hyperlogarithm L , -2 with respect to the logarithmic 1-forms Wiy, w!

i, Le.,

AI‘[Z_2 = ASym(ng...w;—2> = —2) Z (—1)” Lw:(n_”w:(rfz)
veES, _2

where, for any v € &,_,, we denote by (—1)” the signature of v. Each AH 2 is uniquely
defined up to sign.
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Our main result is the following:

Theorem 1.1. There exists (€;);", € {£1}", unique up to a global sign, such that for
any y € Y, and for a suitable choice of the branch of the hyperlogarithm AH;“*2 at
yi = ¢i(y) € P! for each i =1,..., k,, the following functional identity holds true on an
open neighborhood of y in Y,.:

Koy

> e AH[ 2 (4:) =0. HLog(X,)

i=1

A few comments:

e The identity HLog(X3) is nothing else but the logarithm identity (1) and
HLog(X4) coincides with the geometric identity (Abx,) hence is equivalent
to Abel’s relation (Ab). In contrast, the four other identities HLog(X,) for
r=>5,6,7,8 are new.

e For any ¢ = 1,...,k,, the suitable branch of the hyperlogarithm AHZ‘2 in the
statement of the theorem is defined in a precise and constructive way (see (8)).
Furthermore, in Theorem 3.1 we prove an invariant algebraic version of Theorem 1.1
by constructing (an algebraic equivalent of) each term ¢; AH] ~2(¢;) by means of the
natural action of the Weyl group W,. on only one term, which we may assume to be
AH](90).

o At least when r < 7, there is a conceptual interpretation of why HLog(X ) holds
true in terms of the space C*r freely spanned by the set £, of lines contained in X,..
This space is acted upon in a natural way by W, and from a representation-theoretic
perspective, the left-hand side of HLog(X,) can be interpreted as the image of
the signature representation sign, of the Weyl group W, in the (r — 2)-th wedge
product of C*~. The reason why >.7" ¢; AH] *(¢;) vanishes identically is that
sign, does not appear with positive multiplicity in the decomposition of A"~2C~r
into irreducible W,-modules, see §3.6 for more details.

1.5. Structure of the paper

Throughout the paper, we work in the complex analytic or algebraic setting.

In Section §2, we recall the basic facts about hyperlogarithms and del Pezzo surfaces
which will be used in the rest of the paper. In particular, we explain how the functional
identities satisfied by hyperlogarithms can be proved algebraically (cf. Proposition 2.2).
Section §3 is the main section and that is where Theorem 1.1 is proved. Using Proposi-
tion 2.2, its proof is essentially reduced to the verification that a certain (antisymmetric)
tensorial identity hlog = 0 holds true. We include at the end of Section §3 some consid-
erations regarding possible generalizations to higher dimensions (blow-ups of projective
spaces at general points). Finally in Section §4, we make the identity HLog(X 5) explicit

in some affine coordinates.
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2. Preliminaries

In this section, we recall some properties of hyperlogarithms and del Pezzo surfaces.
2.1. Hyperlogarithms

Hyperlogarithms are multivalued holomorphic functions on P! which were used by
Poincaré and Lappo-Danilevsky for building solutions to linear differential equations
with regular singular points on the Riemann sphere. As modern references about hyper-
logarithms, the reader can consult [20,4] or [2, §2.3].

2.1.1. Let m>1and oq,...,0, be m pairwise distinct complex numbers. We set

Y ={01,...,0m,00} C P! and Y =P\ 2.
The 1-forms wy, = dLog(z — o) = dz/(z— o) for k = 1,...,m form a basis of the space
Hy = H' (P, Qs (LogT))

of global rational differential 1-forms on P! with logarithmic poles along .

We fix a base point y € Y. For any word wy, wg, - - - wg,, in the wy’s, of length w > 1,
we define the hyperlogarithm associated to it at y as the holomorphic germ at this point,

denoted by Lgkl R
performed on a sufficiently small neighborhood of ¥, according to the following relations:

defined inductively on the length w by successive integrations

z — Ukw
L, (2) = /Wkw = Log (7) for w=1, and
y

Y — Ok,

ZL% wr (U
LY (z)/kzk”()du when w > 1,
U — O,y
Y

for any z sufficiently close to y on P'. The germ Ly, ..wy, € Oy,y admits an analytic

K
continuation along any continuous path v, : [0, 1] — P!\ X joining y to an arbitrary point

z € Y. The value at z of this analytic continuation only depends on the homotopy class of
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v, and is easily seen to coincide with the iterated integral of the tensor wy, ® -+ - Qwi,, €
('Hz)®w along v,: one has

d d d
LY (Z):/ Y (24 u ®...®7u.

Why oWl U— 0Ok,  U— O, u— o,

Y=

The germ L}j,kl wy., givesrise to a global but multivalued holomorphic function on Y,
with branch points at the oy’s, which we still refer to as the hyperlogarithm associated

to Wy, . ..wg, and that we denote by L

wkl ...wkw .

More formally, we consider the map (where IT stands for “Iterated Integral”)

H%’, t Dw>0 (’H,E)®w — Oplyy , Wk QWi, ® - Q Wk, — L%kl_”wk (4)

w

which in addition to being C-linear, can be proved to be a morphism of algebras if
Dw>0 (HE)®W is endowed with the so-called “shuffle product” (but we will not use this
property in the rest of the paper). The image Im (II';’,) is a complex subalgebra of Op:1
and its elements are called (germs at y of) hyperlogarithms. Moreover, the morphism
(4) is injective. Consequently, for any germ of hyperlogarithm L € Op1 ,, the minimum
w(L) of integers w > 0 such that L belongs to the image of @<y (H2)®w/ by IIY, is
well-defined and is called the weight of L.

As multivalued functions on P!, the monodromy of hyperlogarithms can be proved
to be unipotent (see [20, Thm. 8.2]) from which it follows that these functions also form
an algebra and that the notion of weight still makes sense for them.

2.1.2. The most classical example is for m = 2 with 0; = 0 and oo = 1 which
encompasses the case of classical polylogarithms. Indeed, setting 79 = dz/z and n; =
dz/(1 - z) in this special case, as multivalued hyperlogarithms on P!\ {0,1, 0o}, one has

Log = Ly, , R =~ (Lyyn, — Liyno) and Linyy = Lygn,  forany n >0

N | =

(up to a suitable choice of a ‘tangential base point’, but we will not elaborate on this).

Working locally with germs of hyperlogarithms is more involved but removes all am-
biguity regarding the choice of a branch of the functions considered. For instance, for
any y € P\ {0,1, 00}, the weight 2 hyperlogarithm at y whose symbol is %(770771 —m11M0)
is the holomorphic function unambiguously defined by

z

RY(z) = E(L,,Om (2) - L,,mo(z)) _ }/ Log (’;—:})  Log (5) N

u u—1

Y

for any z € (P!,y). This hyperlogarithm has to be seen as a holomorphic version,
localized at y, of Rogers’ dilogarithm defined in 2.
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2.1.3. We now define the hyperlogarithms involved in this paper, noted by AH".
Even if our results are for weights w less than or equal to 6, the definition of AHY is
completely uniform in w, hence we will not impose any restriction on the weight in this
subsection.

We use the notation of §2.1.1 again: ¥ = {01, ...,0m,0} C P, w, = dz/(z — o},) for
k=1,...,m, etc. We introduce a special class of hyperlogarithms on P!, with respect
to 3, of weight m = |X| — 1. For a C-vector space V, we identify A™V with its image in
V@™ under the standard embedding:

1
APV S VO™ g AL A U — m( Y (D)o ®...® vT(m)> ,

TEG,

where (—1)7 stands for the signature of 7 for any permutation 7 € &,,.

Definition 2.1. The (complete) anti-symmetric hyperlogarithm AH™ of weight m on P?,
with respect to ¥, is the hyperlogarithm whose principal branch at any y € Y = P\ &
is obtained by taking the image of w1 A ... Aw,, € A" Hys C ('Hz)®m under the map
(4): as germs at y, one has

AHS = II%,(wl /\.../\wm).

One verifies that w1 A ... Aw,, € A"Hy is canonically defined, up to a sign. It follows
that +AH{" is canonically defined by X. Here are some easy remarks about the first
three examples:

— m =1 and o; = 0; one has AH{lo s} = Log up to sign;

— m =2and o1 =0, 02 = 1; up to sign, one recovers the holomorphic version of Rogers’
dilogarithm discussed above since AH?0 1,00} = R asgerms at any y € P1\{0,1,00};

— the case m = 3 is new since the weight 3 antisymmetric hyperlogarithm has not
been considered in the literature before as far we know. For any y € P\ ¥ with
¥ = {01,092,03,00}, one can give an explicit integral expression for AHZ (see (19)).
However, one can prove that AH can be expressed as the following linear combina-
tion of products of antisymmetric polylogarithms of weight 1 or 2 since for suitable
choices of the sign of AHZ and of the weight two hyperlogarithms AHg\ {ak}’s for
k=1,2,3, the following relation holds true

3
) ) _
AH3(2) = 3> (=1)*'Log (; Z:) AHS (5, (%)

for any z € P! sufficiently close to the previously fixed base point 7.
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2.1.4. Pull-backs of hyperlogarithms
Let Y be a (not necessarily compact) complex manifold and let # € H°(Y,€3,) be a
subspace of holomorphic 1-forms on Y, such that:

For all w, w' € H, one has dw =0 and wAw' =0. (5)

The conditions (5) are satisfied if, for example, HC¢* (H°(C,Qg)), for some regular
submersion ¢ : Y — C, with C' a smooth (not necessarily compact) curve. The condi-

tions (5) ensure that for any holomorphic 1-forms wy ..., w, in #, the iterated integral
Y o = [*w1 @ ws @ -+ ® wy, defined inductively as in §2.1.1, depends only on

the homotopy class of the path .. Hence, for all m > 1, there is a C-linear map
Iy, BuwsoHEY — Oy,y, defined as in (4). Furthermore, this map is an injective mor-
phism of complex algebras.

A special situation occurs when the conditions (5) are not necessarily satisfied for all
elements of H, but there exist subspaces H; C ‘H for i = 1...,d, such that for each i,
H,; satisfies (5). In this case, we have again a well-defined injective C-linear map given
by the iterated integrals constructed from differential 1-forms which are elements of the

subspaces Z?:l (’Hi)®w C H®Y, for all w > 0:
d
ITY, : w0 ( > ﬂ;@w) — Oy, (6)
i=1

2.1.5. Hyperlogarithms for webs
Fix m > 1. The situation we consider here is when X is a complex projective manifold
and the ¢; : X — P! are surjective morphisms (with i = 1,...,d) such that there exist
subsets of m+1 distinct points ©; = {o},..., 0™, 00} C P! with each ¢, : X\(;S;l(Ei) —
P!\Y; being a regular submersion and with the union D C X of all divisors ¢;1 (af) C X,
for all 4 and all & = 1,...,m such that one has d¢; Ad¢p; # 0 on Y = X \ D, for
all i,5 = 1,...,d distinct. Then the maps ¢; (i = 1,...,d) define a regular d-web of
hypersurfaces on Y .
In such a situation, we consider the following notations:
« we denote by # = H° (X, Q% (LogD)) c H°(Y,Q}) the space of logarithmic 1-forms
on X with logarithmic poles along D;
o fori=1,...,d, wesetY; =P\ %; and
— 0F =dz/(z — oF) for k =1,...,m, which form a basis of
Hy, = H° (Pl,Q}n (Log zi)) ,
— ©F = ¢7(6F) = dgi/(¢; — oF) for k=1,...,m, which form a basis of
Hi =07 (Hs.) © H;

— 0 = AP 0F € AMHy, C (Hz,)""

(#H:)"";

and ©; = ¢7(0;) = Ay, ©F € A™H,; C
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e foranyy €Y and any i = 1,...,d, we set y; = ¢;(y) € P1\ ¥; and we consider the
(germs of) weight m hyperlogarithms

AHE =11Y (0;) € Op1 y, and AH" =113 (0;) € Oy, .

One verifies easily that for ¢ = 1,...,d, the following relation between germs of holo-
morphic functions holds on Y at y:

AH = AHE o ¢.

For any i = 1,...,d, the hyperlogarithm AH]" (or equivalently AHg) is only well-
defined up to multiplication by —1. For each ¢, we fix one of the two possible choices for
AH]". The following result, although elementary to prove, is key since it will allow us to
handle algebraically the functional identity we want to establish in §3:

Proposition 2.2. Forcy ...,cq € C, the following statements are equivalent:
i. One has Z?:l ¢ ©0; =0 in N"MH C HE™.
ii. There exists y €Y such that Z?Zl c; AHY (¢:) = 0 as a holomorphic germ at y.
iii. For anyy € Y, one has Z?Zl ci AHY (¢;) = 0 as a holomorphic germ at y.
iv. One has Z?zl ci AHY (¢:) = 0 as a multivalued function on'Y.

Proof. For a point y € Y, we have Z?:l ci AHY, (¢:) = II@{/(Zle ¢;0;), where I, is
the integration map in (6). The statement now follows from the fact that this map is
injective. O

2.2. Del Pezzo surfaces

Del Pezzo surfaces are smooth projective surfaces with ample anti-canonical line bun-
dle. A del Pezzo surface is isomorphic to either P! x P! or a blow-up Bl,, ... (P2) at
r points py, ..., p, in general position in P?(with r < 8).

In what follows we consider del Pezzo surfaces X, = Bl,, ., (P?) for 3 <r < 8 We
fix a blow-up map 3 : X,, — P2. We refer to [15, Chap. IV] or [7, Chap. 8] for general
facts about del Pezzo surfaces. Here we make a list of the properties that we will use.

(1). The Picard group Pic(X,) is a free abelian group generated by the classes e; of
the exceptional divisors 37 !(p;) (for i = 1,...,r) and the class h of the preimage
under 3 of a general line in P2. The intersection pairing on X, is determined by
the relations h? =1, h-e; =0 and e; - e; = —6;5, for all i,j € {1,...,r}.

(2). The canonical divisor is K = Ky, = —3h+ >.._, ¢; and the degree of X, is
(-K)2=9—r.
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A line on X, is a smooth curve £ C X, with K - ¢ = ¢2 = —1. Such a line is

necessarily a smooth rational curve and it can be naturally identified with its class
in Pic(X,). We denote by L, the set of lines on X,.

A conic on X, isa curve C C X, with C-K = —2 and C? = 0. When C is smooth,
it is necessarily a smooth rational curve. Otherwise, it is the sum of two concurrent
lines on X,.. We denote by K, the set of conic classes.

A conic fibration X, — P! is given by the complete linear system of a conic on X,..
Hence, IC,. corresponds to the set of conic fibrations up to projective equivalence.

. The orthogonal complement K+ = { a € Pic(X,) | a-K=0 } is free of rank 7 and

spanned by the classes
o, =e;—eipq fori=1,...,r—1 and a, =h—e1 —ey —e3.

Together with the positive definite symmetric form —(-,-)|x1 coming from the
intersection pairing, the «;’s define a root system of type FE,., with the convention
that Fy = Ay, E5 = Ds, see Fig. 1 below for the corresponding Dynkin diagrams.

6
E=4,xA4; o o Eos Loy

1

E4=A4 ?—3—3—0 E7 o—o—I7—o—o—o

4 1 2

5
E5= DS ?—g—g—g Es o—o—I—o—o—o—o

3 4 5 6
8
1 2 3 4 5 6 17

Fig. 1. Dynkin diagrams E, (with ¢ standing for «; for any ¢ = 1,...,7).
. For any ¢ =1,...,r, the map
Sa; 10— 0+ (6 (7)

is an involutive automorphism of (Pic(X,), (-,-)) which lets K invariant. The re-
strictions of the s,,’s to R, = K- ®zR are orthogonal reflections and they generate
a Weyl group of type E,, denoted by W,.. In particular, W, is finite.

. For simplicity, we set s; = s,, for any <. When ¢ = 1,...,r — 1, the reflection s,

acts on Pic(X,) by interchanging e; with e;11, leaving other exceptional classes
er and h fixed. The reflection s, acts as a Cremona transformation, i.e., one has
sr(h) =2h —e1 — ez — ez and s, (e;) = h —e; — ey, for any triplet (i, 7, k) such that
{i,4,k} ={1,2,3} and s, fixes e;, for k =4,...,r.

. For an element w € W,, we denote (—1)% = (—=1)"®) € { £1} the signature of w.

Here I(w) stands for the length of w which by definition is the smallest non negative
integer m such that one can write w = s;, -+ s;, for some iy,...,4, in {1,...,r}.
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The map W,. — { £1}, w — (—1)" is a group morphism, called the signature. The
associated signature representation is the unique non trivial representation of W,
of dimension 1.

(9). Any line ¢ (respectively, any conic class ¢) on X, belongs to the W,-orbit of the
exceptional divisor e; (respectively, of h—eq). This follows from Noether’s inequal-
ity (e.g., see [8, p.288]). Equivalently: W, acts transitively on the set £, of lines
(respectively, on the set /I, of conic classes).

(10). Any conic fibration ¢, : X, — P corresponding to a conic class ¢ has exactly r — 1
reducible fibers, each being a union of two intersecting lines. In particular, each
conic class is of the form ¢ = £ + ¢/, with ¢, ¢ lines such that £ - ¢ = 1. We will
often write £ + ¢’ to indicate the reducible conic £ U ¢'.

(11). For r > 3, the stabilizer W, = Stabyw, (e,) of e, € L, is generated by the reflections
s;’s for ¢ ranging from 1 to r and distinct from r — 1. It follows that W,  is
isomorphic to the Weyl group associated to the Dynkin diagram E!_; obtained
by removing the (r — 1)-th node as well as the edge adjacent to it from E,.. Since
E/_, is of type E,_1, one has W, ~ W(FE,_1). In particular, for » > 3 we have
I, = |Lr|= |Wy|/|IWy_1]. For r = 3, one has W, = (s1) ~ {£1} and I3 = |L3]= 6.

(12). The stabilizer W,, = Staby,_(c1) of ¢; = h—e; € K, is generated by the reflections
$2,...,8r. This subgroup of W, is isomorphic to the Weyl group associated to
the Dynkin diagram E!_; obtained by removing the first node as well as the

edge adjacent to it from E,, which hence is of type D,_1.* In particular, we have
ki = |Kol= [Wol /IW (Dr—a)|= [We /(272 (r = 1))).

(13). For any mutually disjoint r — 2 lines ¢y, ..., {,_o, there exists an element w of the
Weyl group W, such that w-e; = ¢; for alli =1,...,r — 2 (¢f. Corollary 26.8.(i)
in [15]).

Some numerical invariants associated to the Weyl groups W, and the sets of lines and
conics L, and K. for r = 3,...,8 are gathered in Table 1 below.

Table 1
Numerical invariants associated to the Weyl groups W, and the sets of lines and conics £, and IC,..
r 3 4 5 6 7 8
ET AQ X A1 A4 D5 EG E7 ES
W, = W(ET) S3 X 6o Ss (Z/QZ)4 X &5 W(Eﬁ) W(E7) W(Eg)
Wy = |W,| 12 5! 24 . 51 27.3%.5 210.31.5.7 214.35.52.7
Iy = |Ly 6 10 16 27 56 240
i = | K| 3 5 10 27 126 2160
An important ingredient in our approach is that for each case r € {3,...,8}, there are

explicit descriptions of both sets £, and I, (when those are seen as subsets of Pic(X,)).

4 Here we use the convention that Dy = A; X Ay and D3 = Aj.
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We mention only the case when r = 8 (from which the other cases can be easily deduced)
and refer to [15, §26] and [7] for details and proofs.

When viewed as elements of Pic(X,.), any line or conic class is uniquely determined
by the tuple of its integer coordinates (d,mq,...,m,) € Z"! with respect to the ba-

sis (h,—eq,...,—e;) of the Picard lattice. Let the type of a coordinate (r 4+ 1)-tuple
(d,m1,...,m,) be a symbol (d; k;“,...,k;“) for some integers k; # 0 and n; > 0 for
t=1,...,s <r,with the defining property that among the non zero integers my, ..., m,.,

exactly n; are equal to ki, this for all ¢ ranging from 1 to s (for example, the type of
(6,2,2,2,3,2,2,2,0) € 2% is (6; 3, 25), etc).

In Table 2 below, we list all the types of line and conic classes on Xg, and indicate
the number of such classes for each (see [15, Prop. 26.1] and [7, §8.8]).
Table 2

Types of lines and of conic classes and their numbers for the degree 1 del
Pezzo surface Xg.

Lines on Xg Conic classes on Xg

Types Number of such Types Number of such
(0; —1) 8 1; 12 8

(1;12) 28 2;1%) 70

(2,15) 56 3;2,1") 168

(3;2,1°) 56 4;23’{1) 280

(452%,1°) 56 45 3,1") 8

( ) 5;20,1) 56

(

5;3,2%,1%) 280

(
(
(
(
(
(
; (
6;3,27) 8 (6;32,2412) 420
(
(
(
(
(
(
(

7;3%,2%1) 280

8;4,3%,2%) 280
9; 4%,3°%,2) 168
10; 4%,3%) 70

3. The identity HLog" 2

In the whole section, we fix r such that 3 < r < 8. Most of the time, we will denote
for simplicity

L., K=K,, etc

X=X, K=Kx,, L=

8.1.  For each conic class ¢ € K, we consider the corresponding conic fibration ¢, :
X — P! and we denote by ¥, C P! the set of r — 1 distinct points corresponding to the
reducible fibers of ¢.. We may assume without loss of generality that £ = {ol,... 0771}
with o7~! = oo, i.e., we are in the situation of a web of hypersurfaces (conics, in our
case) as described in §2.1.5.



A.-M. Castravet, L. Pirio / Advances in Mathematics 442 (2024) 109567 15

We consider the same set-up and notations as in §2.1.5: we have
e Y=X\LwithL=L,=,.,¢CX,and H=H"(X, Q% (Log L));
« and for any conic class ¢ € I, we set:
- Hy, = H (P, Qp. (LogX.)) and H, = ¢F (Hs,) C H;

- 7]2 = /\:;f(i) € /\T727'£z]r C (Hzt)®ri2; and

— ot
ZO't.

_ _ @r—2
o= nz () = or(nl) € A C (1)
Each of the elements 7. generates the 1-dimensional C-vector spaces A"~ 2H,. and is
canonically defined up to sign. In what follows, we identify A" ~2#.. with its image in
ATTEH.
Using the notations of §2.1.5 for any y € Y and as holomorphic germs at this point,
one has

AH™(90) = AHE (60 =Thy(ne) € Or,y. a

It then follows from Lemma 2.2 that Theorem 1.1 is equivalent to the following state-

ment:

Theorem 3.1. 1. Up to a global sign, there is a canonical choice of a K-tuple (7¢)cexc with
T = £n. for each ¢ € K and such that the following equality holds true in A" ~23.:

> me=0. (9)

ek,

2. Moreover, the identity (9) spans the space of linear relations between the 7.’s, i.e., if
c)eexc € CF is such that ZCEIC,. ce e = 0 then all the c.’s are equal.

The rest of this section is devoted to proving this result.

3.2.  The irreducible components of L being the lines ¢ € L, one can define a Poincaré
residue map Res; = @eecResy @ Q% (LogL) — @®pe,O; which makes the following
sequence of sheaves exact:

0— Q% — QX (log L) — @ Or — 0.

As X is a rational variety, we have that H°(X,Q%) = 0, hence the residue map
induces an injective C-linear map Resy, : H — C* = @pecHO (L, 0p), and therefore a
monomorphism of complex vector spaces A"~ 2H — A"2C~.

Given a conic fibration ¢, : X — P! associated to a conic class ¢ € K, we denote
by Cl,...,Cr=t the reducible fibers of ¢., with C! = ¢ 1(oi) for i = 1,...,r — 1 (with
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o7~! = o0). Each conic C? is a union of two intersecting lines £, £%. Tt follows that the

residues
Resy, (de/ (g —o1)) =Ci—Ci ' = (f+8) - (7 + 0 ) e c
fort =1,...,r — 2, form a basis for the image of H. C H under the injective map
H — CF. Consequently, we get that the image of n. € A""2H,. C A""?# under the
injective linear map A" 72H < ATT2C¥ is
(ct-ceynn(ciz—a), (10)
3.3. The Weyl group W acts on the set of lines £ and on the set of conic classes K

in a compatible way. In particular, for ¢ € IC given, the action of any w € W sends the
reducible fibers of ¢, to the reducible fibers of ¢,,.. in the following way:

w-Cl=w-Li+w- 07
On the other hand, the action of W on £ induces a canonical linear action of W on
C*, and therefore on A"“2C~. The action of w € W on any wedge product /\;:12& with
(4;)1=% € L7~ is given by

w-(ﬁl/\--#\&«_g):(w-fl)/\---/\(w-&_g).

3.4. We now fix a base conic class ¢; = h — e; and label the reducible fibers of the
associated conic fibration ¢, : X — P! by

Ci:Cci;lilli+6i for i:2,...,T,
where [1; stands for the class of the strict transform under the blow-up map [ of the line

in P? through p; and p;, i.e., l;; = h —e; — e;. As a generator of (the image in A"~2C*
of) A""2H,, we choose and fix

e, = (02 _ CT) A (03 - CT) AA (cr—l - CT) € AT2CE,
For w € W arbitrary, we have:
wre, = (w-C?—w-C")A(w-C3—w-C")A...A (w-C" 1 —w-C") € N"2CF. (11)
The stabilizer W,, of ¢; is a subgroup of W hence naturally acts on A"2C~.

This action leaves A""2H., C A""2C* invariant hence A"~2H,, is naturally a W, -
representation (of dimension 1).
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Lemma 3.2. 1. As a W, -representation, \"~2H., is isomorphic to the signature repre-
sentation.

2. Forw € W and ¢ € K such that ¢ = w - ¢1, the element

e =(-1)"(w-7,)
is a well defined generator of N""?H. C A\""2C~.

With the notation of this lemma, since the w - C¥’s for i = 2,...,r — 1 are the non
irreducible fibers of ¢., one clearly has that 7. coincides with 7. up to sign, hence, in
particular, is a generator of A" ~2#.. The interest of the second statement in this lemma
is that it asserts that 7. only depends on ¢ and not on w (once 7, has been fixed).

Proof. Proving 1. is elementary. Indeed, being a W, -representation of dimension 1, there
are only two possibilities for A"72H,,: either it is the trivial W, -representation, or it
is the signature representation. To prove that the second case does occur, it suffices
to exhibit an element w € W, such that w -7, = —7,. Using (7) and (11), it is
straightforward to check that any of the generators s, ..., s, of W, (cf. §2.2.(12)) has
this property.

The second part of the lemma follows easily from the first: for wi,ws € W such
that wy - ¢ = wy - ¢ = ¢, one has w;lwl € W,,, hence wz_lwl ST, = (—1)“’51“’17'cl
by 1. Thus ws - (w3 'wy - 7¢,) = (—1)“’271“’1 wgy - T¢,. The signature w — (—1)" being
a group morphism, one has (71)“’_1 = (=1)% for any w, therefore one obtains that
wy - T, = (=1)¥2(=1)"* wy - 7,. This is equivalent to (—1)“ w; - 7¢, = (—1)"2 wy - 7¢,,
which is the relation ensuring that 2. holds true. O

3.5. Proof of Theorem 3.1

We are going to prove that the following statements are satisfied:
1. The 1.’s for ¢ € K form a basis of ®cexc N"~2 H. which is canonical, up to a global
sign.
2. The sum ) .cxc Te in AT2H transforms as the signature under the action of W.
3. One has Y o7 = 0 in N"72H.

4. Any scalar linear relation between the 7.’s in A"~2H is a multiple of the one corre-
sponding to the identity of 3.

The first assertion follows easily from the second part of Lemma 3.2 and from the fact
that each 7. necessarily coincides with 7, up to sign (details are left to the reader). In
this subsection, we are going to establish first 2. (¢f. Lemma 3.5) then 3. and 4. which
will follow in the same time from Lemma 3.6 and Lemma 3.7.
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For k > 1, following Manin (cf. [15, §26]), we call an exceptional k-tuple any k-tuple
of non intersecting lines, that is any (¢;)%_; € £* such that ¢;-¢; = 0 for any i, j verifying

1 <i < j < k. Our approach to prove both 2. and 3. together is elementary and relies
on the following

Lemma 3.3. Let £ be an exceptional (r — 2)-tuple. There are exactly two conic classes
such that each element of € appears as a component of a reducible fiber of the associated
conic fibration.

Proof. Since W acts transitively on the set of exceptional (r — 2)-tuples (according to
§2.2.(13)), one can assume that £ = (es, ..., e,). Concretely, one wants to determine the
conic classes ¢ € K such that ¢ —e; € L for i = 3,...,r. Since the two sets £ and K are
finite and can be explicitly described (see Table 2 above for the case r = 8), the claim
can be checked by a straightforward case by case verification. One finds that only the
two conic classes ¢; = h — e; and ¢ = h — ey satisfy the above conditions. O

We consider the following element of A" ~2C¥:

hlog = hlog" 2 = Z Te.
e

We now prove that this element is equal to zero, by decomposing it in the canonical
basis of A""2C¥ given by the wedge products £1 Ala A ... Al._s of r —2 pairwise distinct
lines ¢1,...,0._o € L.

Let AT2C¥* be the proper subspace of A""2C* spanned by the wedge products ¢; A
ly A ... A Lo for all exceptional (r — 2)-tuples of lines (¢;)/=2. We call such wedge
products ezceptional. We fix once for all a basis of A”7,2C* formed by exceptional wedge

products and call it the exceptional basis of AT, 2C¥. Note that this basis is unique but
only up to changing the signs of its elements. However, the arguments below are not

essentially affected by this ambiguity.

We may assume that A]_se; is an element of the exceptional basis and we denote by

1=

—2L
AN 2Cr —C (12)
the associated linear coordinate form with respect to the exceptional basis we are working
with, i.e., A is the linear form on A’ 2C¥* characterized by the relations A(AT_ze;) = 1

and A(A]_s¢;) = 0 for any exceptional wedge product Al_s¢; such that {£;}_5 # {e;}1_5.
We first prove the

Lemma 3.4. For any ¢ € K, 7. belongs to NI;2C*, therefore hlog = ZCEIC T as well.

exc

Proof. For ¢ € K, 7, is equal to (10) up to sign. The lemma follows easily by noticing
that the conics C},...,CT~! are pairwise disjoint and because each of them is the sum
of two lines. O
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We also need the following
Lemma 3.5. For any w € W, one has w - hlog = (—1)* hlog.
Proof. For a conic class ¢ € I, let w. € W be such that ¢ = w, - ¢;. By the definition of
T, One has

T = (=1)"we 7o, = (1) AT (we - €= we - C7).

Let w be an arbitrary element of W. From (11) and because ww, - ¢; = w - ¢, it comes

that
weTe = (1) ATy (wwc - C" — ww, ~CT) =(—1)"7p.c-

Summing up on the conic classes and because ¢ — w - ¢ is a bijection of K, one gets

w~hlog:2w~nf Z’Twc: “hlog. O
cel ceX

Since the W-action on Pic(X) preserves the intersection product, AL;.2C* is a proper
W-submodule of A"~2C~. Furthermore, W acts on AL;.2C* by permuting the elements
of the exceptional basis. Moreover, by §2.2.(13) this action on the exceptional wedge
products is transitive (up to sign). To check that hlog = 0 in A7;2C¥*, it suffices to
check that any element /\:;12& in the exceptional basis appears in hlog with coefficient
zero. For such AJZ2¢;, let w € W be such that w - (A]_ze;) = AIZ2¢;. Tt suffices to
check that A(w~!-hlog) = 0 (see notation (12)). By Lemma 3.5, this would follow from

verifying that A(hlog) = 0.

From Lemma 3.3, the only conic classes ¢ € K for which A]_se; appears with non-
zero coefficient in the decomposition of 7, in the exceptional basis are ¢; = h — e; and
¢ =h—e9,ie.,

{cEK}A(c)#O}:{cl,cg}. (13)

Consequently, one has

A(hlog) = ZA ) = A(7e,) + A(7e,) - (14)
celC

On the other hand, considering our initial choice for 7,, we have (see §3.2 above)

Te, = (flg +eg — by, — e,.> A <f13 +e3 — b1y — 6r> ARRRVA (51 r—1ter—1— Ll — 6r>
from which we have immediately that

A(7er) :A(—e,.AegAeM...Ae,._l) = (~1)". (15)
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From §2.2.(7), we know that the first fundamental reflection s; acts as the transpo-
sition exchanging e; and ey on the set {h,ey,...,e.}. Therefore, one has s; - ¢; = ¢y
and s7 - (63/\.../\6,«) = (81 -63) AN A (51 -er) = e3 A ... A e, which implies that
A(sy - 7,) = A(7e,). Since 7, = (—1) sy - 7, by definition and because (—1)% = —1,
one obtains that

A1) = (1)1 = —A(r,). (16)

Substituting (15) and (16) in (14) gives A(hlog) = 0 which, as explained above,
implies the

Lemma 3.6. One has hlog = 0.

The assertion 3. at the beginning of §3.5 is proved. We now prove assertion 4. Consider
the graph with vertices the elements of K and with two conic classes ¢, ¢’ joined by an
edge if there exists an element /\;;12&- of the exceptional basis that appears with non-zero
coefficient in the decomposition of both 7. and 7./ in the exceptional basis. We have

Lemma 3.7. For any element €1 A...ALl._o of the exceptional basis, there are exactly two
conic classes ¢, ¢/ € KC such that €1 A\ ... A L._o appears with non-zero coefficient in the
decomposition of T. and T in the exceptional basis. Moreover, these two coefficients are
opposite.

Proof. For egA...Ae,, this has been proved above (cf. (13), (15) and (16)). The general
case follows by considering the action of W. 0O

Assume now that there exists a relation ) c.te = 0 for some ¢, € C. By

ceX
Lemma 3.7, for two conic classes ¢ and ¢ connectfzd by an edge, we have ¢, + ¢ = 0.
Hence it suffices to prove that our graph is connected. As the action of W on K is transi-
tive, it suffices to check that for all w € W the classes ¢; = h—e; and w- ¢ are connected
by a sequence of edges. Furthermore, using again the action of W, it suffices to check
this for w =s; (i = 1,...,r). The reflections sa,..., s, belong to the stabilizer of ¢1, so
there is nothing to prove. If w = s1, then ¢ = w-¢; = h — es. As proved above, ¢; and

¢ are connected by an edge. The proof of Theorem 3.1 is now complete.
3.6. A representation-theoretic interpretation

The K-tuple 7 = (T‘)ceic € Deeck N2 H, is an algebraic avatar of the x,.-tuple of

hyperlogarithms (ei AH; 72(Ui))f;1 involved in the statement of Theorem 1.1. It turns
out that 7ic as well as the fact that the identity

hlog" *=> 7. =0 (17)
cekl
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is satisfied in A"72C* can be interpreted within the representation theory of the Weyl
goup W. This subsection is devoted to an exposition of this. For details, we refer to [19]
where the second author used this approach to give a representation theoretic proof of
the first point of Theorem 3.1 for del Pezzo surfaces of degree d € {2,...,6}.

The key points from this perspective are the following (cf. [19, §3.2] for details):

1. one can define a natural action of W on the direct sum @.cx A" "2 H. such that the
map

tic : Deek ATT2 H. — /\T72CL

induced by the natural linear inclusions A" 2H. < AT 2H Resg pnr-2ct (for any
¢ € K) becomes a morphism of W-representations;

2. as a W-representation, ®.cx A"~2 H. is isomorphic to sign ® C* where sign stands
for the signature representation and where the W-module structure on CX is the
one induced by the action of W on K by permutations;

3. the span of 7 = (Tc)c cx I8 W-invariant and is isomorphic to the signature as a
W -representation;

4. from 1. and 3. it follows that ¢x (TK) =) .Tc= hlog” 2 spans a W-subrepresentation
of A""2C* which either is zero or is isomorphic to sign;

5. the decomposition of A""2C* in W-irreducibles can be determined explicitly (by
means of computations with GAP). In particular, sign appears with positive multi-
plicity in this decomposition if and only if r = 8.

From the points 4. and 5. above, one obtains an alternative, conceptual proof of
the identity (9) of Theorem 3.1. This proof relies on the decompositions of A""2C*
into irreducible W-modules which are interesting on their own and appear to be new
for r > 4 (see [19, Proposition 3.2]). Note that for » = 8 one would need to adapt this
approach in order to prove our main result, possibly by considering the subrepresentation

given by AL 2C* (Lemma 3.4). More generally, it would be interesting to determine the
r—2

exc

decomposition into irreducibles of AT-2C* for any r and to verify whether it admits the
signature as one of its irreducible components or not (we know that it is not the case for

r<7).
3.7. The identity HLog" 2 is defined over Z

By requiring that all the residues considered are integers, one defines canonical Z-
structures HZ, ,H%u ’HCZ on the spaces ‘H, Hsyx., H. respectively, which are compatible
with respect to pull-backs and inclusions, i.e., one has ¢} (’H%c) = ’ch and H. C H
induces an inclusion ’HCZ C HZ for any ¢ € K. Moreover, the residue map Resy, of §3.2
admits a canonical lift HZ — Z% over Z. We leave it to the reader to verify that all
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the statements in §3.3-§3.6 hold over Z. In conclusion, HLog "2 is defined over Z, a
fact which may be interesting from an arithmetic perspective.

3.8.  For any n > 2, it is tempting to consider more generally blow-ups Y,. = Bl,. (P")
at r > n + 2 general points and attempt to generalize Theorem 3.1 by following the
exact same approach as in this section. One defines a symmetric bilinear form (-,-) on
Ky C Pic(Y,) = Z{H,E: ...,E,} (where H is the hyperplane class and the E;’s are
the classes of the exceptional divisors) by setting

(H,H):n—l, (H,Ei):O and (Ei,Ej):—(Sij for i,5=1,...,r.

One can define a Coxeter group W associated to a T-shaped Dynkin-type diagram
T2 pn+1,r—n—1 such that W acts on Pic(Y;.) in a geometric fashion, in particular preserving
the bilinear form (-, -). It is known that W is finite if and only if

1 n 1
n+1 r—n-—1

> % (18)

This condition is equivalent to Y,. being a Mori dream space and translates to r < n 43
ifn>5r<8ifn=4,2 and r <7 if n = 3. Such blow-ups are natural generalizations
of del Pezzo surfaces. We refer to [16,5] for more details.

Assume that (18) is satisfied. One can replace the set of lines £ by the set of Weyl
divisors, i.e., divisors in the finite orbit W - E;, and the set K of conic classes by the set
of Weyl pencils, which we define as the one-dimensional linear systems € = |E + F|, for
E, F Weyl divisors such that (E, F') = 1. Such a linear system € induces a rational map
¢e : Y, --» P! which has r —n+1 reducible fibers, with components E’, F’ Weyl divisors
such that (E',F') = 1 and E' + F' = E + F in Pic(Y;). It is straightforward to check
that the group W acts transitively on the sets £ and K. All the constructions leading
up to Lemma 3.2 hold in this more general context, i.e., for each Weyl pencil € € K we
can construct canonical elements 7¢ € A"""C* (well-defined up to a global sign) such
that Lemma 3.2 and the statements 1. and 2. at the beginning of §3.5 hold. However,
if n > 3, the identity ) ,cx 7e = 0 never holds. One can follow the same approach as
in this section to prove an analogue of Lemma 3.3: for any exceptional (r — n)-tuple £
there are exactly n Weyl pencils such that each element of £ appears as a component
of a reducible fiber of the associated fibration. The analogue of Lemma 3.7 is that the
coefficient with which an element Fy A ... A E,._, in the exceptional basis appears in
> cck Te s (up to a sign) (n — 2), hence, never zero if n > 3. In analytic terms, this
translates as the fact that, if AHyz ™ stands for the hyperlogarithm on P! such that
AH™" (¢¢) = II?{/T (1¢) for any € € K (for a previously chosen base point y general in
Y,), then the functional identity > oo AHg "(¢e) = 0 is not satisfied in the vicinity
of y on Y,.

T—n

However, the complex vector space HLogy " of K-tuples (ce)eexc € CF such that
Y oeck Ce AHG™ (¢¢) = 0 is not trivial.
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Similar to the case of del Pezzo surfaces, for every exceptional r-tuple £ there exist
a blow-up S : Bly, .. 4. (P") — P", for a configuration of r points ¢i, ..., ¢, in general
position in P™ (with possibly {¢;}_; # {p:}i—;), and a small modification Fg : Y, --»
Bly, ,...q. (P™) sending £ to the set of exceptional divisors of 8. Let J C {1,...,7} be of
cardinal n — 2 and let 77 : P™ --» P2 be the linear projection from the (n — 3)-plane
in P" spanned by the g;’s for j € J. Setting ¢;, = m;(qx) for k ¢ J, one has r —n + 2
points in general position in P2. The total space of the blow-up 3 : Bl{q;c}kw (P2) — P2
is a del Pezzo surface of degree d = 7 — r 4+ n which we will denote by dPy ;. We let
Ilg j : Y, --» dPg4 s be the induced rational maps (so that one has S;0Ilg ; = myj080 F¢
as rational maps). If K denotes the set of conic classes on dPy ; and ¢, : dPg ; — P!
denotes the associated conic fibrations for k € K, then the compositions ¢,, = ¥,.0llg ;:
Y, --» Pl are Weyl pencils (and all Weyl pencils are of this form). Consequently one
obtains an injection Ky C K. If Zneic,, e AHTT (w,.;) = 0 stands for the identity
on dP, s given by Theorem 1.1 (with €, € {£1} for any k € K;), one gets that the
hyperlogarithmic identity )", K, € AH™ (qﬁn) = 0 holds true locally at y on Y,.. This
identity corresponds to a non-zero element of HLogy, ", which we denote by HLogg ;.
It follows that HLog}y ™ is not trivial.

="

It is natural to ask whether the span of the set of HLog ;s for all pairs (&,J) as
above coincides with the whole space HLong:" or not. For the case when r = n+2 with
n > 2 arbitrary, this follows from computations in [18]. By direct computations, we have
verified that it is the case as well for (n,r) = (3,6) and (n,r) = (4,7). We conjecture
that this happens in all cases. If true, this would say that regarding functional identities
satisfied by the complete antisymmetric hyperlogarithms AHg " on Y, there is nothing
new since everything comes from the 2-dimensional del Pezzo hyperlogarithmic identity
HLog" ™" (up to pull-backs under the rational maps ¢ ; : Y, --» dPg ;).

4. The identity HLog® in explicit form

The identity HLog? is equivalent to Abel’s relation (\Ab) which is written in explicit
form. One can make the other hyperlogarithmic identities HLog" 2 explicit as well. We
illustrate this with the case when r = 5.

Let X5 stand for the blow-up of P? at the following five points: p; = [1 : 0 : 0],
p2=10:1:0],p3=[0:0:1], ps =[1:1:1] and ps = [a : b : 1], for some parameters
a,b € C such that

abla—1)(b—1)(a—b) #0,

a condition ensuring that the p;’s are in general position and that we assume to be
satisfied in what follows.

We make explicit the weight 3 hyperlogarithmic identity HLog(X5) when expressed
in the affine coordinates z,y corresponding to the affine embedding C? — P2, (z,y)
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[z : y : 1]. Relatively to the coordinates z,y, the conic fibrations on X5 correspond on
P? to the following rational functions U;:

U=z Uy = Us=12 Uy =4 Us = l;(;:;fm)
_ P _ (z=y)(y=b) _ P _ y(z—a) _ z(y=1)
Us=wnewn Ur="—yr  UB=ayea V=usn Vo=

where P stands for the affine polynomial
P=(1-bz—(1-a)y—(a—0).

For any ¢ = 1,...,10, the set of A € P! for which Ui_l(A) is reducible has the form
{0,1,t;,00} where v; € P\ {0,1, 00} is given by

T =a t—1 3 = — t_a—b t_fb(a—l)
te 270 T T a1 EP A
b—a 1 l—a a(b—1)
frd frng :17b = = .
=T T, T TP

For a triple (a,b,c) of pairwise distinct points on C and a given base point £ €
C\ {a,b,c}, we consider the weight 3 hyperlogarithm Lib)c defined by

z us Uo
du1 dUQ du;;
Lt =
abel?) /(/(/u1—C)U2—b>U3—a
¢ et

for any z sufficiently close to &, and we denote by AHS’;C its antisymmetrization:

b,a,c b,c,a c,a,b

: 1
3,
AHa,lic = 6 (Li,b,c - Lic,b - LE + LE + LE - Lib,a) . (19)

We now fix a base point ¢ € C? image (by the blow-up map) of a point in X5 which
does not belong to any line. For ¢ =1,...,10, we set ; = U;(¢) € C\ {0,1,v;} and

AH? = AHJY
Then one can verify that HLog(X5) has the following explicit form
10
> AH(Uy) =0, (20)
i=1

a functional identity which is satisfied on any sufficiently small neighborhood of (.
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